PUBLISHED FOR SISSA BY 4) SPRINGER

RECEIVED: January 12, 202}
ACCEPTED: March 19, 2024
PUBLISHED: April 9, 2024

Elliptic deformations of the AdS; x S x T* string

Ben Hoare™,% Ana L. Retore™? and Fiona K. Seibold ©°?

@Department of Mathematical Sciences, Durham University,
Durham DH1 SLE, U.K.
bBlackett Laboratory, Imperial College,
London SW7T 247, U.K.
E-mail: ben.hoare@durham.ac.uk, ana.retore@durham.ac.uk,
f.seibold21@imperial.ac.uk
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candidates to lead to an integrable string sigma model including fermions.
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1 Introduction

The construction of the Yang-Baxter (YB) deformation [1-3] of the Metsaev-Tseytlin su-
percoset sigma model for semi-symmetric spaces [4, 5] has led to substantial interest in
integrable deformations of strings on AdS backgrounds. YB deformations can be grouped
into two classes: homogeneous and inhomogeneous, depending on whether the deforming
operator satisfies the classical YB equation or its modified counterpart. On the other hand,
the SL(2; R) x SU(2) principal chiral model, the sigma model with target space AdS3 x S?, has
long been known to admit a hierarchy of integrable deformations — rational (undeformed),
trigonometric and elliptic [6].! The adjectives refer to the periodicity of the spectral parameter
in the Lax connection. For a recent review on integrable deformations of sigma models, see [8].

The Metsaev-Tseytlin supercoset sigma model for Z4 permutation supercosets, a special
class of semi-symmetric spaces whose superisometry group is of product form, can be used to

'Recently, it has also been shown that it is possible to generalise and construct an elliptic deformation of
the principal chiral model for higher rank groups [7].



describe strings on AdS3 backgrounds supported by Ramond-Ramond (R-R) fluxes in the
Green-Schwarz formulation [9].2 Starting from the inhomogeneous Drinfel’d-Jimbo bi-YB
deformation [11, 12] of the supercoset sigma model for the semi-symmetric space

PSU(1,1|2) x PSU(L, 1]2)
SU(L,1) x SU(2)

: (1.1)

an integrable trigonometric deformation of strings on AdSz x S x T% was constructed
in [13, 14]. Motivated by these results, our goal in this paper is to investigate the existence
of an integrable elliptic deformation of strings on AdS3 x S3 x T4.

In the space of integrable string sigma models and their deformations, the AdSz x S3 x T4
background has special properties stemming from the product structure of its superisometry
group PSU(1, 1]2) x PSU(1,1]2).® In particular, when only one factor is deformed, which we
refer to as a unilateral deformation, then at least half the supersymmetry will be preserved.
Moreover, for the unilateral inhomogeneous YB deformation constructed from the Drinfel’d-
Jimbo R-matrix, the resulting geometry is smooth with vanishing Ricci scalar and the dilaton
is constant [13, 14].

The unilateral inhomogeneous Drinfel’d-Jimbo YB deformation of the AdSz x S3 su-
percoset sigma model is closely related to the trigonometric deformation of AdSz x S3 [3].
The deformed bosonic sigma models are the same up to a total derivative. While the YB
deformation leads a particular choice of supporting R-R fluxes, by applying sequences of
TST transformations in the 4-torus directions it is possible to write the background in an
SO(4)-invariant way [14], where SO(4) is locally isomorphic to the maximal compact sub-
group of the T-duality group of 6-d maximal supergravity.* We refer to this model as the
trigonometric deformation of strings on AdSz x S3 x T%.

The properties of the trigonometric deformation motivate us to investigate the existence
of an analogous elliptic deformation. Since an integrable elliptic deformation of the Metsaev-
Tseytlin supercoset sigma model is not known, our main approach will be to consider
the elliptically-deformed bosonic sigma model on AdSs x S? and investigate the tree-level
worldsheet S-matrix in uniform light-cone gauge.

In order to quantise the worldsheet sigma model in the Green-Schwarz formalism, one
approach is to fix a uniform light-cone gauge isolating the physical degrees of freedom [17-19].
This relies on a choice of two commuting isometries, with different choices leading to different
gauge-fixed theories related by T'T, JT transformations and their relatives [20, 21]. Whatever

2More precisely, the supercoset sigma model describes the sector of the theory associated with the curved
part of the geometry, i.e. AdSs x S® in the case of the AdSs x S3 x T?. To embed the supercoset in the
Green-Schwarz sigma model additional bosonic fields need to be included to describe the T*, along with
fermionic fields ensuring x-symmetry. The integrability of the supercoset sigma model is expected to extend
to the Green-Schwarz sigma model as shown to second order in fermions in [10].

3The same is true of the closely related AdSsz x S* x S x S! background whose superisometry group is
D(2,1;a) x D(2,1; ).

“This can be extended to include the Neveu-Schwarz-Neveu-Schwarz (NS-NS) 3-form flux starting from
the unilateral inhomogeneous Drinfel’d-Jimbo bi-YB deformation [15] of the AdS; x S* mixed flux supercoset
sigma model [16]. Again by applying sequences of TsT transformations, the background can be written in an
SO(5)-invariant way [14], where SO(5) is locally isomorphic to the maximal compact subgroup of the U-duality
group of 6-d maximal supergravity.



choice is made, the same string spectrum should eventually be the same. Typically, in the
study of strings on AdSs x S3 x T4, the diagonal isometries U(1)qiag C SL(2, R) x SL(2, R)
and U(1)giag C SU(2) x SU(2) are used to fix light-cone gauge, see, e.g., [22-25] and [26] for a
review. However, these do not correspond to symmetries of the elliptically-deformed AdSsz x S?
sigma model, and we are forced to use different isometries. As a result, the undeformed
limit of our results differ from those in the literature by terms that can be interpreted in
terms of JT deformations. Since our main interest is in the elliptic deformation, other than
observing the relation between the light-cone gauge-fixed models, we do not explore this
further. For a detailed study of the different choices of light-cone gauge for AdS,, x S” string
sigma models and their deformations, see [21].

After fixing light-cone gauge, the standard route to quantisation starts by decompactifying
and computing the scattering matrix for the transverse excitations on the worldsheet. When
the model is integrable, we can attempt to use symmetries and the quantum YB equation
to bootstrap an exact result, up to phase factors, valid to all orders in the inverse string
tension. To determine the phase factors additional physical constraints, such as unitarity,
crossing symmetry and analyticity properties need to be imposed, which has successfully been
accomplished for the AdS3 x S3 x T* superstring [27, 28]. The bosonic worldsheet spectrum
consists of 4 gapped and 4 gapless modes, originating from AdS3 x S? and T* respectively.
Supersymmetry requires that there are similarly 4 gapped and 4 gapless fermionic modes.
The full S-matrix, which is a 256 x 256 matrix, can be broken down into 4 x 4 building blocks,
each describing the scattering of 1 boson and 1 fermion.

Deformations of these 4 x 4 blocks compatible with integrability have been classified
in [29, 30]. In particular, there are two families known as the 6vB and 8vB R-matrices, which
are of 6 vertex and 8 vertex type respectively. The former includes the building blocks of
the trigonometric deformation [11], while the latter is naturally expressed in terms of elliptic
functions. Therefore, the existence of the 8vB R-matrix provides an additional motivation
to investigate elliptic deformations of strings on AdSs x S3 x T4.

In this paper, we compute the tree-level worldsheet S-matrix for the elliptic deformation
of the bosonic sigma model on AdS3 x S®. While we do not find agreement with either the
6vB or 8vB R-matrices of [29, 30],> we do find a number of interesting features, including
a hidden U(1) symmetry of the tree-level S-matrix, which is not a global symmetry of the
light-cone gauge Lagrangian. We discuss different options for how our result could still be
extended to include fermions and remain compatible with integrability, or break integrability
mildly by a non-integrable twist.

In order to test these options, and for the light-cone gauge theory to describe a string
sigma model, we require an embedding of the deformed 6-d metric in type II supergravity.
With this in mind, we construct candidate embeddings with constant dilaton and homogeneous
fluxes, motivated by the backgrounds in [14]. While we leave the question of whether these
backgrounds preserve any supersymmetry or lead to an integrable string sigma model for the

5Let us note already that we do not necessarily expect to match with the 8vB R-matrix of [29, 30] that
motivated us to consider this model. Indeed, the 6vB and 8vB solutions to the quantum YB equation only
coincide at the undeformed AdSs x S x T* point, while we expect the trigonometric deformation to be a
special case of the elliptic deformation, assuming an integrable version of the latter exists.



future, the tree-level scattering amplitudes of the gapped bosonic modes associated to the
deformed AdSsz x S? will be unchanged by the fermionic and gapless modes, hence provide
a probe of the string sigma model.

The outline of this paper is as follows. In section 2 we recall the elliptic deformation
of the bosonic AdS3 x S? sigma model and introduce our parametrisation. In section 3 we
light-cone gauge fix the theory. A discussion of the symmetries before and after light-cone
gauge fixing is given in appendix A. The presence of the deformation requires us to consider
an alternative light-cone gauge fixing to the one typically used in the literature, and we
comment on the relation between the gauge fixings in section 5. The tree-level S-matrix is
presented in section 4 and its relation to known integrable R-matrices is discussed in section 6.
Finally, in section 7 we present an embedding of the elliptic deformation of AdSz x S? in type
IT supergravity, and conclude in section 8 with a summary of our results and future directions.

2 Elliptic deformation of AdS; x S3

In this section we define the action and the metric of the elliptically-deformed AdS3 x S3
sigma model.
2.1 Action and metric

Both AdS3 and S3 are symmetric spaces, described by the cosets

50(2.2) _ SL(ZR) x SL(ZR) S0(4) _ SU@) x SU(2)
AdSs = 55 = shew 0 S —som - soe @Y

Bosonic strings on AdSz x S? can then be described in two equivalent ways: either by the
symmetric space sigma model with group element g € SL(2;R) x SL(2;R) x SU(2) x SU(2)
and local gauge symmetry g — gh with h € SL(2; R) x SU(2), or more simply by the principal
chiral model (PCM) on G = SL(2; R) x SU(2), without any gauge symmetry. Here we will
adopt the latter description, which is particularly suited to introduce deformation parameters
into the action. We consider the elliptically-deformed sigma model action

1
S = Z/dea(yo‘B + ) Tr [g_laag()g_laﬁg} , g€ G=SL(2;R) x SU(2), (2.2)
where the indices o, 5 = 0,1 label the time and space coordinates ¢ = 7 and o' = ¢ on the
2-d string worldsheet, v*# = \/—hh®? is the Weyl-invariant auxiliary metric on the worldsheet

and €8 is the anti-symmetric Levi-Civita symbol with €”! = —€!® = 1. The deforming linear
operator O : g — g acts on the generators of g = sl(2; R) @ su(2) = Lie(G) diagonally as

O(Lj) = —Oéij, O(JJ) = BJ’J]', ] = 1,2,3 . (2.3)

The overall coupling, which corresponds to the string tension in the context of string theory,
has been absorbed into the real deformation parameters «; and 3;. The sign convention
in (2.3) is such that a;; = §; = 1 corresponds to the undeformed PCM. The minus sign in the
operator acting on the generators of s[(2; R) is associated to the non-compactness of the Lie
algebra. Alternatively, we could have defined the action (2.2) with the supertrace rather than



the trace, in which case O would simply reduce to the identity in the undeformed case, allowing
the action (2.2) to be generalised to supergroups. Our choice for the generators of sl(2; R) is®

010 1o 0 o3 0
[ = Loy = L3y = 2.4
! <00>’ 2 (O O)’ 5 (00)’ (24)

while for su(2) we choose

00 00 00
! (0 m) ’ 2 (0 m) ’ 3 (0 i03> (2:5)

To obtain the metric of the model we consider a specific parameterisation of the group-
valued field g,

g = TleULs VIt @2 XJs Y1 (2.6)

Gathering all the target space fields * = (T, U, V, ®, X, Y)*, the sigma model action (2.2)
takes the general form

1
S = —5 /deU (’YQBGuuaa\Ijuaﬂ\PV + GQBBNVaa\PNaﬂ\IJV) ’ (27)

where the symmetric tensor G, denotes the metric on target space and the anti-symmetric
2-form B,,, is the B-field. It turns out that for the elliptically-deformed AdS3 x S? background
the B-field vanishes B, = 0, while the metric ds? = G dYHdPY is given by

ds? = ds2+dst (2.8)
ds?1 = (a1 sinh? 2U +cosh? 2U (—ag cosh? 2V + a3 sinh? 2V)) dT?+ o dV?+

+ (a3 cosh? 2V — ag sinh? 2v) dU? =20 sinh 2UdTdV + (a3 — ) cosh 2U sinh 4V dTdU
dsi = (ﬁl sin?2X +cos?2X (ﬁg cos? 2Y + B3 sin® 2Y)) d®?+B1dY >+

4 (53 cos22Y + 3y sin? QY) dX?2—2p,sin2Xd®dY + (B3 —B2) cos 2X sindY dbd X .

The metric decomposes into ds? and ds%, the metrics of elliptically-deformed AdSs and S3
respectively. They are related by the analytic continuation

d—-T, (X,Y) —i(U V), (B1, B2, B3) — (a1, a2, a3) dsi — —ds>.  (2.9)

The scalar curvature R of the metric ds? is constant and given by

R =

(651} a9 a3

dof+oftad) (1, 1, 1y 20t esea (1 10

103 B1B233 B * Ba * 53) - (210

5The Pauli matrices are given by

(01 (0 (10
'Y \10) 2= \i o) 7 \o -1/



{041,042,043}‘ {91, 92,93} ‘ Deformation type

alFaxFaz | NFEFFEN3 elliptic
ar=a3Fay [ 1#V3,72=0 trigonometric

a1 =az=as | y1 =793, 72 = 0 | rational (undeformed)

Table 1. Definition of the rational (undeformed), trigonometric and elliptic deformations.

Note that this vanishes when a; = 3; for j = 1,2,3. For later convenience we also introduce
the alternative deformation parameters 4; and 7; through the relations (assuming a; > 0
and f; > 0)

- (o%) - ap — a3 - ap — a2+ a3

M= —F— 2= V3 =
/10003 ’ K VA SR DIe R} ’ /10203

B2 B — B3 :/81_/824‘/63.

"= NG 2= VB1B283 78 V818283

Our nomenclature for the different types of deformations is then defined according to table 1.

(2.11)

2.2 Remarks on the chosen parametrisation

When o = ; = 1 for j = 1,2, 3 the action (2.2) corresponds to the PCM on SL(2; R) x SU(2),
and we recover the metric of AdS3 x S3, albeit in a perhaps unfamiliar form,

ds3 = —dT? 4 dU? + dV? — 2sinh 2U dTdV + d®* + dY? + dX? — 25in 2Xd®dY . (2.12)
This metric follows from the usual embedding into R?? and R* with

Uy =coshU cosh V cosT —sinh U sinh VsinT', X1 =cos X cosY cos®+sin XsinY sin®,
U1 =cosh U cosh VsinT +sinh U sinh V cos T, Xo=cos X cosY sin® —sin XsinY cos®,
Uy = cosh U sinh VsinT 4 sinh U cosh V cos T, X3 =cos X sinY sin ® +sin X cosY cos P,

Uz = cosh U sinh V cosT —sinh U cosh V'sin T, Xy =cosXsinY cos® —sin X cosY sin®,
(2.13)
satisfying

—UE —UE U UR =1, —dU — dUT + dU3 + dU3 = ds? g,

2.14
XE+ X34+ X2+ X7 =41, dX}P + dX5 + dX3 + dXf = ds? . (214)

A possible solution of the equations of motion and Virasoro constraints for a point-like
(o-independent) string propagating in the background (2.12) is given by

T=d=r, U=V=X=Y=0. (2.15)
On this classical solution the embedding coordinates are

Uy = cosT, Uy =sint, Us =U3 =0,

(2.16)
X1:COST, XQZSinT, X3:X4:0.



At this point it is useful to note that instead of (2.6) we could have chosen another parametri-

sation , ,
g _ e%(t—&-w)Lg earcsinhp L1e%(t—w)Lge%(¢+¢)J3€arcsinr Jleé(qﬁ—go)Jg , (217>

which in the undeformed case leads to the metric of AdS3 x S? in global coordinates,

dp? dr?
2 2\ 142 2712 2\ 7,2 27 2
dsg = —(1+ p*)dt* + e + p?dyp® 4+ (1 — r°)do” + 2 + rodyp*. (2.18)
In terms of
u = pcosy, v=psiny, T =TrCcosyp, y=rsiny, (2.19)

the analytic continuation relating the metric of AdS3 and S? in (2.18) is
o —t, (z,y) = i(u,v), ds; — d3?, (2.20)

while a possible choice for the embedding coordinates is

Uy = /1 +u2 +y2cost, flzmcosqb,
Uy = msint, Xy = msﬁl@% (2.21)
Us = u, X3 =ux,
2;{3 =v, 934 =Y,
satisfying the analogous relations to (2.14). Moreover, on the classical solution

t=¢=r, u=v=x=y=0, (2.22)

the embedding coordinates are again given by (2.16) (now with tilded quantities on the
left-hand sides). Equating the embedding coordinates (2.13) and (2.21) one finds the change
of variables

(sinT+tanhUtanthosT) sin@—tanXtanYcos@)
t = arctan , ,

= t
cosT — tanh U tanh V sinT ¢ = arctan (COS ® + tan X tanY sin @
u = cosh U sinh V' sinT + sinh U cosh V cos T, x=-cos XsinY sin® + sin X cosY cos P,

v = cosh U sinh V cosT — sinh U cosh Vsin T, y =cos XsinY cos® —sin X cosY sin P,

(2.23)
which maps the classical solution (2.22) to the classical solution (2.15). Moreover, for small
excitations (u,v) and (z,y), and setting t = T = ¢ = ® = 7 the relation between the
transverse coordinates is a 7-dependent rotation

U cosT sinT U T cosT sinT X
= . , = . . (2.24)
v —sin7 cosT/) \V Y —sin7T cos7/) \Y

In later sections, when computing the S-matrix describing the scattering of the transverse
excitations U, V, X, Y, we will analyse how this 7-dependent rotation of the excitations affects
the scattering. Let us note that this change of variables also applies when considering the
trigonometric deformation. Indeed, in the case

1
a1=a3=51=ﬁ3=m, ag =2 =1, (2.25)



implementing the change of variables (2.23) in the metric (2.8) gives

1 dp2
2 _ (14 22 2002 — K2((1 + o2\dt — o2dib)?
dsy; 1—1—&2( (1+p°)dt ti T 7((1 4 p7)dt — pdy))
. 2 (2.26)
- 2,742 r 27 2 2001 _ .2 27 12
+1+/€2 ((1 r°)d¢ +1_T2+7’dcp +r7((1 r)dng—rdnp)),

which is simply the metric of the unilateral inhomogeneous YB deformation of AdS3xS? [3, 11].

3 Light-cone gauge-fixed theory

To quantise the model and find the S-matrix it is necessary to remove the redundancies
in the definition of the action. In particular, the sigma model action is invariant under
reparametrisations of the string worldsheet. In the context of strings on AdS spaces, this
redundancy is typically removed by fixing uniform light-cone gauge [17]. In this section we
briefly review this light-cone gauge fixing, both in the Hamiltonian and Lagrangian formalism.
For further details the reader is invited to consult the review [18] as well as the paper [19]. We
then write down the gauge-fixed Lagrangians for the elliptically-deformed model, expanded
to quartic order in the transverse fields.

3.1 Classical solution

The first step in fixing uniform light-cone gauge is to identify a classical solution around which
the action can be expanded. For strings propagating in a background that is invariant under
shifts of two coordinates, this classical solution is usually a point-like string with the two
isometric directions identified with the worldsheet time coordinate 7. The only isometries left
after the elliptic deformation are shifts in 7" and ®, associated to the left Cartan generators.
These can then be used to fix uniform light-cone gauge. Note that this does not correspond
to the standard gauge fixing for strings in (undeformed) AdSs. There, it is usually the global
time ¢ and the angle ¢ in the S3, corresponding to the “diagonal” Cartan generators, that are
used for light-cone gauge fixing. As we will see, this alternative light-cone gauge fixing, which
is forced upon us by symmetries, leads to a modified dispersion relation for the excitations.
For later convenience (in particular to work with canonically-normalised quantities), we find
it convenient to assume positive deformation parameters

Bj>0, Oéj>0, (3.1)
and rescale the fields as
T U % ) X Y
T— ——, U——, V= —, ¢ —, X = —=, Y =& ——.

Vo Va3 Vai VB2 VB3 \/5(1 )
3.2

One can then check that the point-like string parametrised by
T=o=\r, U=V=X=Y=0, AeR, (3.3)

solves the equations of motion and the Virasoro constraints, including for the elliptically-
deformed model.



3.2 Uniform light-cone gauge

We introduce the target-space light-cone coordinates

Xt =(1-a)T+ad, X =-T+®, T=X"—aX", dP=XT+(1-a)X",
(3.4)

with free parameter a € [0, 1]. In the Hamiltonian formalism, to fix uniform light-cone gauge
we introduce the conjugate momenta

P, = Pr+Psp, P_:—CLPT—I—(l—a)Pq;, PT:(I—G,>P+—P_, Py =aPy+P_,
(3.5)
obtained from the sigma model action (2.2) in the usual way
0S y
Fu= 50, Wn G050, (3.6)

where we have set the B-field to vanish, and set

The light-cone gauge-fixed Hamiltonian is then given by
HEL = P (V0,09 P;), (3.8)
obtained by solving the Virasoro constraints
P,0,¥" =0, G'" PP, + G0, "0, ¥" = 0. (3.9)

The index j runs over all target-space coordinates except those involved in the light-cone
gauge fixing. In our case we have U/ = (U,V, X,Y)/.

There is an equivalent way to obtain the light-cone gauge-fixed theory, working exclusively
in the Lagrangian formalism [31, 32]. The procedure is to T-dualise the sigma model in
X, and set

Xt=7r, X =o, (3.10)

where X~ is the T-dual coordinate. Recalling that we specialise to the case of vanishing
B-field, the light-cone gauge-fixed Lagrangian is then given by

i 2\/ — det |Gl 00 WP 07 |, (3.11)

where here U = (X*, X~ U, V,X,Y)*, and

1

B G_pGp
- Gy

G- Gi=Gi=0, Gu=0GCu— o (3.12)

and the index i runs over all coordinates except the one involved in the T-duality.

The light-cone gauge-fixed Lagrangian and Hamiltonian are related through the Legendre
transform

. L5t
gf. _ pyi _ pet -
HEL = P L5 By = s (3.13)



To obtain the S-matrix we need to expand the gauge-fixed Lagrangian or Hamiltonian up
to quartic order in the transverse fields. It turns out that for the action (2.2) there are
no odd terms in the expansion

Henceforth, for convenience, we remove the &f superscript. In the next subsection the
Lagrangians and Hamiltonians will always be those of the light-cone gauge-fixed theory.
3.3 Light-cone gauge-fixed Lagrangians

Fixing light-cone gauge around the classical solution X =Y = U =V = ( as described in
the previous subsection gives the following quadratic Lagrangian

1 /. . . . 2 — 2 — .2 — .
£2:§(U2—U2+V2—V2>+ (=az) s 202=03) 1y o VAL Ho2=as) gy,

(6510 %:} o109 4/ 203 /1oy
Lico va w2 ¢ 2(81—P2) o 2(B2—P3) 0 o VB v 2(02—P3) ¢
+o (X2 X24+Y2-Y?%)+ X2 y?2— Xy -2 22Xy
2 ( ) B203 B152 V3233 vV B1B233 (3.15)
describing four real fields whose equations of motion are given by
. - 2(c1 —ag +a3) ¢
g glrme2) V=0,
o3 \/W
. _ Mg — )
109 10903 (3 16)
. — 2(B1 — B2+ B3) ¢ '
B203 vV B1B2533
. — 2(B1 — P2+ B3) ¢
gy g P2=B)y X=0.
B152 vV B1P233
At this point it is convenient to introduce complex variables
We Lwiw), We-tw-w), z--(x+iv), Z-=-(x—i)
_ = iV, =—(U=-iV), = iY), = —(X —-1Y).
V2 V2 V2 V2
(3.17)

The quadratic light-cone gauge-fixed Lagrangian £, can then be rewritten, up to total
derivatives, as

. 7 s —_ Pp— - - - - 72
Lo = W2 = W[ =i (WW - WW) = (3 = 33 — 3)|W[* + o35 (W? + W) .
+1Z12 = |21 — i3 (2Z = ZZ) = (48 =73 = WIZ1P +12s(22 + Z°)

where the alternative deformation parameters {v;,%;}, j = 1,2, 3 were introduced in eq. (2.11),
while the equations of motion become

Ew =W = W" = 2i%W + (37 — 75 — 33)W — 2929sW =0,
= W — W'+ 2i35W + (32 — 72 — 35)W — 2327sW =0,
Ez =2 —2" =232 + (i =3 —13)Z — 29232 = 0,
E7 = Z—-7" 422 + (V=% — D)7 — 29373Z = 0.

N FEN

(3.19)

,10,



The first two equations &y and & as well as the last two equations £z and & are coupled
differential equations. They become decoupled in the special case F2%3 = y27v3 = 0.

Contrary to Lo, the quartic interaction Lagrangian £4 not only has terms depending
solely on the AdS3 coordinates {W, W} and solely on the S* coordinates {Z, Z}, but it also
has mixed terms depending on all four fields {W, W, Z, Z}. In order to write L4 in a simple
form let us start by defining the TT-operator

OTT =T 150 — Trolor ) (320)

where 7}, denotes the energy-momentum tensor. The energy-momentum tensor gathers the
conserved currents associated to translation invariance on the worldsheet of the string, and,
to quadratic order, can be computed using the standard formula

Lo ;
[ — J _ SH
T v ,u jayll’ (51,,62, (3.21)

where the sum is over all the fields W/ = (W, W, Z, Z)7. Using the quadratic Lagrangian
in eq. (3.18) we then find the explicit expressions

Tor = — (WP = W = (3 =33 = 32) WP + 327 (W + W)
— 2P =122 = (v =3 = 13) 121 + 121s(2* + Z7),
Tog = =W = WP+ (5 =33 = 35) W~ 37s(W? + T7) + ing(WW — W) .
1212 = 1212+ (3 = 23 = 3) 12 — 28(2° + 2°) + in0(2Z - 27), |
T, ——WW -WW —27 27,
Tro = ~WW — WW — 27 — 27 + i535(WW — WW) + i73(2Z — 27).
With the above definitions we can write the quartic gauge-fixed Lagrangian as

« — ~ _ ~ I _ 1
Lo La(W.IV) 4+ £4(Z, Z) + Ea(W, TV, 2,7) (a— 2) O

z’(a2— 1) (51 +32)(W? _WQ) (257+752) + %a(% ) (22 _72) (W5W+W5W)
' i(a; : (n+32) (W2 =T (WSW +W5W) + %a(’h ) (22 =77 (2574-752) .

(3.23)
The remaining terms containing only AdSs fields are given, up to total derivatives, by

y o e : i IS
La==2(3F =3 = AWPIW P+ & | WP (WW - W) + &l
1. —/ o = . . 1._ B B s -2 2
—5BW ((71 +’Y3)W—@W) (WQ—WQ) —5 W ((’Yl +73)W+ZW> (W -w )
o . ’ -2 22 o . — ]-~ — N
— Fo A | W2 (WQ—W2+W —W )+27273\W|2 (W2+W2) 372t (W3W+WW3)
. . . 1_ _ 1 .
2086 | WI* (WW = TWW) — Ba(W+ W) + o (Woew + Wy )

26 (8w (W2 T W) 4 W (W2 w2 iw?))
(3.24)

— 11 —



where the explicit form of the constants §;, j = 0,1,...,5 in eq. (3.24) is
0 =71 + 275 + 37172 + 17,
&1 = 2% + 3% — 73393 — 373 — 2 (%5 + 73)
§2 =72 = WA + 43075 + 33 — (2 +33) + 13 (332 +75)
&3 = 293 + 39743 — 7939 — 29195 — 5175 — 693, (3.25)
&1 =3 — 75 — 27193 — 743 ,
&=+ + %),
&= —% — 2017 — 435 -

The terms containing only S? fields can be obtained from the AdSs3 ones in the following way,

Ly=—Ly . (3.26)
W—)Z,’%—)’yi
Finally, the mixed terms in eq. (3.23) are given by
~ 72 . 7
La=((F =B = B)NZP - vous(2% + 2°)) (W + W)
- - - - . 72 . ’
— (3% =3 = DW= A3 (W2 + W) (1212 + 12P7)
1 B B 5 o — 9 . J—
+ 57 (B = 38 = IV = Awis(W? + W) (27 — 22)
i 2 2 2 2 2 | H2 7 T (327)
— 53 (0 =3 = 2P = 2a(22 + Z°)) (WW — W)
1 - - L , 2 7 . - .z PRI
+§%(ZZ—ZZ)QVWAJVW)—iw(zz—zz)ovwaVWQ
7 . . L ;2 7 - PR .z ;o
—53(Wﬂﬁ—WM0(ZZ+ZZ)—§%(WMﬁ—WM0(ZZ+ZZ).

When 75 = 42 = 0 (corresponding to ay = a3 and f; = f3 in the original set of deformation
parameters, hence describing both the undeformed and trigonometric deformed cases) both
the quadratic and quartic Lagrangians in (3.18) and (3.23) are invariant under the two
u(1) transformations

W =W, Z—ée9Z. (3.28)

As we will see later, these additional symmetries can be used to perform a time-dependent
rotation of the transverse fields and bring the quadratic and quartic gauge-fixed Lagrangians
to their usual undeformed and YB-deformed form.

4 Light-cone gauge S-matrix

With the knowledge of the gauge-fixed Lagrangian we can compute the tree-level S-matrix.
The first step is to make a plane-wave ansatz for the fields in order to define asymptotic
incoming and outgoing scattering states that solve the equations of motion of the quadratic
Lagrangian L. The second step is to use £4 to deduce the interactions between these states.
As we will see, the tree-level S-matrix is diagonal and immediately satisfies the classical YB
equation, which is in agreement with the fact that the elliptically-deformed model is integrable.

— 12 —



Oscillator | Particle | H | J* | J* | Type
al lal) Jwe | +1| 0 | AdS;
al lah)y | w® | =1] 0 | AdSs
bl by | wb | o | 41| P
bt Ly Jwt o | -1| §

Table 2. Conventions for the oscillators. The charges under the two u(1) generators refer to the
rational and trigonometric limits.

4.1 Oscillators

To solve the equations of motion (3.19) it is useful to go to momentum space and make
the following plane-wave ansatz for the fields

W = \}5 /dp (14Jrefiu.zj‘;‘l'Jripa'a+ +A7€7inT+ipoa7 +B+e+iwi7'7ipo'ai +Bie+iwﬁ771paaT—> ’
(4.1)
W= \}i /dp <§+67iwi7'+ipoa+ +§767iw‘jr+ipaai +Z+e+iwiffipoai _{_ZieJriw‘ijipaaT_) ’
(4.2)
_ L —iwb T+ipo —iw® T+ipo +iwd T—ipoyT +iw® T—ipo T
Z_\/§ dp (Cye "™+ by+Cl_e b_+Die™™+ bl +D e bl ),
(4.3)
7 L 7 —iwd T+ipo A —iwd T+ipo A 4iwd T—ipopT A 4iwd T—ipopt
Z_\/Q dp | Dye "™+ by+D_e bo+Cpe™™+ bl +C e b ).
(4.4)

One can check that W and Z are complex conjugates of W and Z respectively. To quantise
the fields we introduce four sets of annihilation and creation operators. For excitations in
AdS3 we have the pairs (a+,a1) and (a,,a[), while for excitations in S* we have (b, bj_)
and (b,,bT_), see also table 2 for the states created by these operators. The coefficients
(Ay, By,Cy, Dy) are fixed by requiring that the equations of motion are satisfied and that
the annihilation and creation operators satisfy the canonical commutation relations. For the
fields to satisfy the equations of motion we find the constraints

M (2i> =0, M} (gj =0, (4.5)

with matrices M§ = M(w%,7;) and M} = M(wh,~;) where

M(w,;) = <w2 +p+ (0 = —3) — 2w L *2272V23 ) ) .
—27273 —w +p + (01 — 7 —3) + 2w
(4.6)
For this system of equations to have a solution we must have det M¢ = det MY = 0, which
leads to the dispersion relations (we are free to exchange the definition of w; and w_)

\/wz"rt(p)2 +95 = \/p2 +9F £ 9, \/Wﬁ’t(p)2 +75 = \/p2 +9f £ 3. (4.7)
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For these expressions to be well-defined we have assumed we are in the regime where

0 < (aq,03) < as, 0 < (p1,B3) < B2,
2 2 2 2 ~2 ~2 ~ ~ \2 ~2 (48)
Y=, (nE) >, >3, (1 £93)° > 93 -

Using the dispersion relations (4.7), the normalisation coefficients in egs. (4.1)—(4.4) are
obtained by solving the equations in (4.5) and imposing that the creation and annihilation
operators satisfy the canonical commutation relations. Up to phases this fixes

V@2 5 %\ oL 0+ 3+

Ay =4, = (4.9)
2\/wi(p)vw(p)
- i\/\/wi(p)2 +33 — Ao + \/\/wi(p)“r:y% + 72 )
- 2,/w (p) V&) ’ |
_ \/\/wj: )2 +73 —72$\/\/Wi 247 +72
Cy=C4t= (4.11)
24/wh.(p)\/@(p
D, \/\/wi + 73 _72"‘\/\/“1 2+ 42 -I-’Yz (4.12)

21/wh (p)y/@b(p
S0 = R, D) =P (113

Note that the coefficients have a non-trivial dependence on the momentum. The oscillator

where

representation of the conjugate momenta follows from the definitions
Pw =W +i%W, Py=W—i%W, Py=Z+inZ, Py=7—inZ. (414)
We can then check that the quadratic Hamiltonian takes the canonical form
ty = [ dp (w§ Pal as (p) + w2 Pal (p)a—(p) + & (PIb ()b () + 2. VL (P (1) -
(4.15)

and proceed to write the quartic Hamiltonian in terms of oscillators. It turns out that, upon
imposing the dispersion relation, the only surviving terms are of the form

= > Z / WDr0p2 KL ()il (p1)by (p2)atr (1) (4.16)

ILJKL, '(p1) + w'(p2)

where I, J, K, L € {+} and a,be {a,b}. THE is then the tree-level S-matrix, obtained from
the exact S-matrix through the expansion

S=1+4T+---, (4.17)

where, as in the rest of the paper, we omit the overall coupling or string tension.
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4.2 Tree-level S-matrix

For the AdS; x S? superstring and its YB deformation, the bosonic tree-level worldsheet
S-matrix in the standard light-cone gauge is diagonal [23, 33, 34]. After elliptically deforming
and using our non-standard choice of gauge, the scattering remains diagonal with the only
non-trivial elements given by

| (pl .u2 (p2 >:( 2"4%#2 Bz?m Dz?m |aL1 (p1)a L2(p2)>’ (4.18)
T!b (p1)b]y (p2)) = (240, + B, = Dy ) |bm p1)bl, (p2)) (4.19)
laf, <p1>bL2<p2)> = (+2G;, = Dpit )l (P)b], (02)) (4.20)
Tbl, (p1)af, (2)) = (2675, — Dit )b, (1), (92)) (4.21)

with coefficients

B 1p1wu2(p2) + p3wst (p1)? — 2pip3

A = 4 p1wiis (p2) — pawph (p1) (422)
Grgiz = i (Preog (p2) + powih (p1) ) (4.23)
Dy, = < ) w2 (p2) — pawyh (p1)) s (4.24)
and
(\/p% + 4% - Ml’h) (\/p% +7f - M2’~V1)
Bty = itz (1 = 3s)* = 73) P, (02) — pa (01 : (4.25)
<\/p? +97 — um) (\/p% +97 - um)
B, = iz (1 —73)* —%3) . (4.26)

pwh, (p2) — paw,, (p1)

In the tree-level S-matrix, only the combination A + %B appears. In A, G and D the
deformation parameters and the charges of the excitations only appear implicitly through the
dispersion relation, while B depends explicitly on ~y;,7; and p1, u2. Because the scattering
is diagonal, the classical YB equation

[T23, Tiz] + [T23, Ti2) + [Ti3, Ti2l = 0, (4.27)

is automatically satisfied. In eq. (4.27) the indices denote the embedding of the scattering
matrix in the tensor product space

Ta=T®1, Tz =1 T, Tis = PasTiaPos = P12T23Pos,

where Pj; is the permutation operator.

A second consequence of the diagonal scattering is that the tree-level S-matrix is invariant
under a u(1) & u(1) symmetry where al and bl have charges (£1,0) and (0,+1) respectively.
While in the rational and trigonometric limits this follows from a global symmetry of the
light-cone gauge-fixed Lagrangian, as shown in appendix A, in the elliptic case there is
no such global symmetry. We can see this explicitly in the quadratic Lagrangian (3.18).
This hidden u(1) @ u(1) symmetry only becomes manifest in the tree-level S-matrix once
appropriate asymptotic states, with momentum-dependent coefficients, are identified. It
would be interesting to see if this hidden symmetry persists for higher-point scattering.
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5 Limits and relation to JT and TT deformations

In this section we analyse the S-matrix for different choices of the deformation parameters.
We restrict to the case in which AdS; and S? are deformed in the same way, i.e. we set
a; = pj for j =1,2,3. In the rational (o; = az = a3) and trigonometric (a1 = «3) limits,
the S-matrix is related to the standard rational and trigonometric S-matrix for strings on
AdS3 x S3 by a JT deformation due to our non-standard choice of gauge [20, 21].

5.1 Rational limit

In the limit o;j = B; = 1, or equivalently v1 = 71 = 73 = 73 = 1 and 72 = 72 = 0, the
dispersion relations become

wi(p) =wli(p)=w+1, w=4/p*+1. (5.1)
The coefficients in the oscillator expansion (4.1)—(4.4) then simplify considerably to
1

A, =B_=Cy=D_=0, A_=B,=C_=D, =—, 5.2
+ + + =75 (5.2)

which prompts the identification
)y = W), ) =w),  phy=[2), [pl)=12). (5.3)

The scattering matrix elements (4.18)—(4.21) can be written as

’ Apy Lg> = (_QAMIIQ —a(pip2 — papi1) — ) \am u2> (5.4)
af,af,) = (+2Amuz (a —1)(p1pa2 — p2p1) ) 165,00, (5.5)
L16L2> = (+26 ~ (a — Vpapsz + apaps — D) [a], ) (5.6)
T}, al,) = (=26 — apasz + (a — Dpayns — D) [} af,,) . (5.7)

with

1 1 (pap1 + M1p2)2 = 1, -
=, G = —(p1w2 + paw1),
12 4 PLwa — Pait 4( )

_ 1 _ _ _ _
D= <a B 2> (p1w2 — pawn), wj = wy, (pj) -

(5.8)

The first terms in each expression above reproduce the usual tree-level S-matrix for AdSz x S3
in the standard light-cone gauge [23]. To better understand the additional terms, it is useful
to use the relation between the excitations (u, v, z,y) of the standard “diagonal” light-cone
gauge fixing and (U, V, X,Y’) of our “unilateral” gauge fixing, discussed in section 2. With
the 7-dependent rotation

W=weT, 7 =ze", (5.9)

the quadratic Lagrangian (3.15) becomes, up to total derivatives, the same as the canon-
ical one,

Ly = [i]* — [wb]* — w]” + 2" — |2 — |2, (5.10)
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describing two free gapped complex fields, with dispersion relation w = +/p? + 1, and
equations of motion given by

gw::w—w/,+w:0’ 5@2:’1;}—’(21”"‘117):0,

5.11
E,=5-2"42=0, Es: ( )

I
I\

|
vy
_|_
N
I
o

To write the quartic Lagrangian it is useful to look at the symmetries of £} and derive
the corresponding conserved currents. The energy-momentum tensor gathers the conserved
currents associated to translation invariance on the worldsheet of the string. For the L5 the
energy-momentum tensor is symmetric, with its components given by

Ty, = =l = [ = Jw]* = [2> = [£]” = |2,
Tpo = —f* = + [w|* — [2]* = |2* + ]I, (5.12)
T =10 = —w — b — 22 — 4%

In addition, there are also the conserved currents associated to the u(1) symmetries realised
as w — e“w and z — €€z These read

JY = ww — ww, JY =ww — ww, JE =222z, JE=22—-%z. (5.13)

Using these we can then construct the following TT and JT operators
O;T = T:TTC:O' - T:UT§T7 O;T = JTT(:U - JUTIU . (514)

There are two different JT operators, one where the current is taken to be J = J% and the
other where it is taken to be J = J?. Note that the energy-momentum tensor (5.12) is related
to the energy-momentum (3.22) after rotating the fields through the relations

T - JW . ¥4 T
Tor — T0, —iJY —id?,  Try—T7,,

Tpr — TV —iJ% —iJ?,  The —T7

oo )

(5.15)

which in particular implies that upon rotation
L Opfo L o’ 1a0", ] " iOT Z.Or
— a—§ TT—>— CL—§ TT+W JU,T+Z(CZ—1) JZT_§ JwT—{—i JET (516)
The quartic Lagrangian can then be written

5 = —2fuwP ] + 20221212 — Pl + [ — 2|22 + |

1 . )
_ <a - 2) Ofg +1a0% 5 +i(a —1)O0"5 + ...

2|Z’2

(5.17)

where the ellipses denote terms that explicitly depend on worldsheet time 7, but vanish on
the equations of motion. The term proportional to (a — %) corresponds to a T'T deformation,
which is usually encountered when fixing uniform light-cone gauge [35, 36]. Due to the
non-standard light-cone gauge fixing, we encounter two new terms: one proportional to a
corresponding to a JT deformation with current J = J¥, and one proportional to (a — 1)

corresponding to a JT deformation with current J = J?. These additional terms also appear
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in the S-matrix (5.4)—(5.7). Indeed, the effect of a TT deformation on the S-matrix of a 2-d
integrable model is known, and given by dressing by a phase

S(p1, p2) — €(e2)PrE2=p2B) G oy (5.18)

which in the tree-level S-matrix gives the term proportional to (a — 1) in eq. (5.4)-(5.7).

The effect of the JT deformation is a twist involving momentum and the u(1) charge of the
excitations, which produces the middle terms on the right-hand side of (5.4)—(5.7). For a
discussion on the connections between different gauge choices and JT deformations see [20, 21].
5.2 Trigonometric limit

If we choose the deformation parameters

1

el ar=02=1, (5.19)

ar=ag=[p1=p03=
or equivalently
N=m=1+r"  Fo=72=0, F=yp=1-r% (5.20)
the dispersion relation becomes

wilp) =wh(p) =wr 1,  wr=\p?+(1+rK2)2Fx. (5.21)

As expected w4 is the dispersion relation of the unilateral YB deformation.” The coefficients
in the mode expansion again simplify, with

1
(% + (14 r2)2)1

A, =B_=C,=D_=0, A_=B,=C_=D,= . (5.22)

prompting the same identification as in the rational case between fields and oscillators (5.3).
The scattering elements can then be written as

Tlak, (p1)al, (p2)) = (=244, — a(p1p2 — p2p1) — Dyypiy)|al, (p1)al, (p2)) (5.23)
T|bL1(p1)bL2 (p2)> = (+2A#1M2 —(a—1)(p1p2 — pap1) — Du1#2)|bL1 (pl)bLz (p2)> , (5.24)
Tlal, (p1)bl, (p2)) = (4+2G .y — (@ — Dprpiz + apapiy — Dyypy)|al, (p1)b), (02)),  (5.25)
TIbl, (p1)al, (p2)) = (—2G s — aprpz + (@ — D)papn — Dyypiy)|bh, (p1)al, (p2)), (5.26)
with
A Llemt pp2)® + 26 (pawn + puw2)? — 267 (p prowr@p + 1) (101 + paco)
! P1W2 — Pawi ’
(5.27)
_ 1 B _ _ 1 _ _ _ _
Guipw = Z(plw2 + pator), Dpyps = (a - 2) (P12 — pawt), Wi = Wy, (pj) .

The scattering amplitudes A, B and D are precisely those corresponding to the unilateral
YB deformation, where we again recall that compared to some literature p — —pu. As

"Note that &4 and @_ are interchanged with respect to some literature, in particular [33] and [34].
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expected, they can be directly obtained starting from (2.26) and performing the standard
light-cone gauge fixing in ¢ and . As in the rational case, the additional terms correspond
to JT deformations.

This relation can again be seen at the level of the light-cone gauge-fixed Lagrangians.
Implementing the same 7-dependent rotation as in the rational case, namely

W = we'™, Z = ze', (5.28)

gives the quadratic Lagrangian

3

L5 = [w]? —[w]? — (1422 |w > +ir? (ww—iw) 4| 2)? — | ) — (1422 |2)* +ik? (22— 22) , (5.29)

which indeed corresponds to the quadratic Lagrangian of the unilateral YB deformation.
The corresponding equations of motion are given by

Ew =1 —w" +2ik%0 + (1+26%)w =0, o =1w—w" —2ik*w+ (14+26%)w=0, (5.30)
£, =5—2"+2ik%2 4+ (14+26%)2 =0, =727 —2ir’Z+(1+2:%)2=0. '
Computing the conserved charges for this theory gives
T7, = —fif? — 6] — (1 + 2622 — 22 — |2 — (1 + 262) 412,
T = —|w]* — |w]* + (1 + 2x%)|w|? — ix*(ww — ww)
— 122 = 122 + (1 4 262)|2]? — ik?(22 — 22), (5.31)
T" = —w — ww — iK% (wi — W) — 2% — 42 — ix*(22 — 47),
T7 = —w — bw — 3% — 4%,
for the energy-momentum tensor and
JY = ww — ww — 2ik*w|?, JF =2z — 2z — 2ik%|2]?,
. ., (5.32)
Jy = ww — ww, JE=12z—- %z,

for the conserved currents associated with the u(1) symmetries. We can now define the 7T
and JT operators as in eq. (5.14). With this, the quartic Lagrangian £} can again be written
in such a way that the terms proportional to (a — %) are given by the T'T operator, the terms
proportional to a by a JT deformation associated to the current in AdS; and the terms
proportional to (a — 1) by a JT operator associated to the current in S3. Explicitly we can

write, up to total derivatives and terms proportional to the equations of motion,

% A ~ 1
Ay, <a - 2) OF 4 ia0" oo+ ila— 1) ... (5.33)

8Note that we can make a further time-dependent rotation such that the quadratic Lagrangian (5.29)
canonically describes two gapped complex fields with mass 1 + 2.
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y 3 :
Lh = =22 w|?|w|* —2(1 + k) |w]?|w)? —ﬁ2|w\4+§in2\wl2(ww—ww)
1 2 :
+§n2Quw+4wxw2—w%+ﬂuw-¢wxw2—w%), (5.34)
Ar . pr
a=—Ly| (5.35)

z

’)

iKk? . .

+5 ((ww—u')w)(]z?\Q—F|é|2+(1+2li2)|z|2)—(22—2‘2)(|w]2+\u’)|2+(1+2/i2)|w|2))
iK? , , . , , .

- (i — ) (234 £2) — (2% — £2) (i + b)) - (5.36)

The three terms /32 + ﬁﬁ + L} constitute the quartic Lagrangian obtained in the standard

light-cone gauge fixing with a = %

6 Factorisation and comparison to an exact elliptic S-matrix

For the AdS3 x S? superstring and its YB deformation, the exact S-matrix computed in
the standard light-cone gauge (involving global time ¢ in AdS3 and the “diagonal” angle ¢
in $%) can be bootstrapped on symmetry grounds and is given by the tensor product of a
factorised S-matrix (up to dressing factors)

§=85®S. (6.1)

The factorised S-matrix S is invariant under the centrally-extended algebra A = [su(1]1), &
su(1|1)g)ce.. This factorisation also applies to the asymptotic states, which are given by
the tensor products

pLy=lé+®@¢1),  PLy=lp-®¢-), |y =|proer), |d)=|-oy),
(6.2)
where (¢4 |¢4) and (¢p_|t—) transform in fundamental (“left” and “right”) representations of
A. The other tensor products describe the gapped fermions. Recalling that we only consider
the gapped sector of AdSs x S? x T4, S further decomposes into the direct sum of four 4 x 4
blocks describing the left-left, left-right, right-left and right-right scattering.

In this section we would like to understand if we can find a similar factorisation for
the elliptically-deformed model that is also compatible with known results in the rational
and trigonometric limits. The perturbative computation in section 4 fixes the diagonal
tree-level entries of the 4 x 4 blocks. However, in the rational and trigonometric limits, the
tree-level factorised S-matrix is not purely diagonal. To directly determine the off-diagonal
entries in the elliptic case, we would need to compute the tree-level scattering of the gapped
fermions. We will instead follow an indirect approach, which is to assume that the tree-level
factorised S-matrix solves the classical Yang-Baxter equation, and then attempt to solve for
the non-vanishing unknown entries. As we will see, we find that there is no such solution
indicating that either factorisation, the direct sum structure or integrability is broken upon
including fermions.
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In the rational and trigonometric cases, the 4 x 4 blocks are known to be of 6-vertex
type, and are contained in the 6vB R-matrix of [30]. A deformation of the rational case built
from four 8-vertex blocks, the 8vB R-matrix, and conjectured to correspond to an elliptic
integrable deformation has been constructed in [30]. As the name suggests, this S-matrix
has eight non-vanishing entries. In the left-left or right-right sectors we have

S|+ (p1)d+(p2)) = 11,44 ]0+(P1) D+ (p2)) + 78 £+ |+ (P1) Y+ (P2)) ,

S|+ (1)Y= (p2)) = 12,44 |+ (p1) £ (p2)) + 76 4+ |+ (P1) P+ (p2)) , (6.3)
S| (p1)d+(p2)) = 13,44 | Y+ (P1) P+ (D2)) + 75,44 | D+ (p1) Y+ (p2))

S| (p1)Y+(p2)) = ra24 [0+ (p1)Y+(p2)) + 77 44|+ (P1) £ (P2)) 5

while for the left-right and right-left sectors we have

Slo+(p1)dx(p2)) = 11,45 |0+ (P1)dx(p2)) + 78 45|+ (P1) V£ (P2)) »
S|px(p1)¥x(p2)) = r2,2x|0+(P1)Y=(p2)) + 1645 [V+ (P1)d=(p2)) , (6.4)
S+ (p1) ¢+ (p2)) = 13,25 ¥+ (P1)dx(p2)) + 7545 |0+ (P1) V£ (p2)) ,

S|y (p1) e (p2)) = T4t [P (P1) V5 (p2)) + 1705 [V (1) Y5 (p2))

The case 7744+ = rg++ = 547 = 76+3 = 0 corresponds to the 6-vertex limit. Again
expanding the factorised S-matrix as

S=1+iT+..., (6.5)

we denote the entries of the tree-level S-matrix T by 7}, 4,. Expanding (6.1) we find

‘ Ay u2> r4,#1u2‘au1 L2> = Tdpipy = AZ?NQ - 282(11/12 - % Z?uz’
T|bL1bL2> =27 ulm‘bm u2> = TlLyps = +~Azbw2 2szwg - %Dzbl,m ) (6.6)
’ Ay u2> - »H1M2|am u2> = T8,z = +93§’u2 N ipz?uz )
T’bm u2> =2r »N1M2|bu1 #2> = T2, papz = _g/lﬁuz - QDZ?M

Therefore, at tree-level we cannot distinguish between 6-vertex and 8-vertex since the
additional matrix entries rs, rg, 77,73 do not contribute at this order in the boson-boson
scattering.

The 6-vertex 6vB and 8-vertex 8vB R-matrices, which describe deformations of the
undeformed 4 x 4 blocks, both satisfy the free-fermion condition [37]

T1T4 — ToTr3 = T'5T6 — TR . (6.7)

In particular, all known AdSsxS? S-matrices in the literature and their integrable deformations
satisfy this condition.” Expanding the free-fermion condition imposes the following constraint
on the tree-level scattering elements

Tlpipe T Tdpipe = T2pu1p0 + T3 s - (6.8)

9The presence of the free-fermion condition in S-matrices related to AdS backgrounds had previously been
noticed in [38] and [39].
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From the expressions in (6.6) it follows that the free-fermion condition is satisfied for the
elliptically deformed S-matrix computed in section 4 provided that a; = §; for j = 1,2, 3.
In other words, AdS3 and S? should be deformed in the same way.

Let us now address the question of whether our elliptic model is of 6-vertex or 8-vertex
type, or neither, by directly solving the classical YB equation. In order to do this we assume
that for pq = pg = +1, 7; with j = 1,2, 3,4 are given by eq. (6.6). We then substitute them,
together with unspecified 7 for kK = 5,6,7,8, into the classical YB equation (4.27). Finally,
we try to solve for the unknown functions 7 such that the classical YB equation is satisfied.

For the 6-vertex case, namely the case with 77 = s = 0, we quickly find an inconsistency.
When solving the equations, the expression for 75(p1, p3)7s(p1,p3) is equal to another expres-
sion that depends on ps. We checked that this is the case both algebraically and numerically,
and also observed that the inconsistency disappears in the rational and trigonometric limits.
The calculation for the 8-vertex case (77 # 0 and 7g # 0) is more involved and needs to
be done numerically, but it ultimately leads to the same type of inconsistencies. These
results indicate that if there exists an integrable string sigma model admitting the tree-level
S-matrix (4.18)—(4.21) as its bosonic truncation, then the exact S-matrix does not take the
factorised form (6.1) with S of 6-vertex or 8-vertex type as considered in [29, 30]. In turn
this suggests that either the full S-matrix cannot be factorised or the factorised S-matrix
itself cannot be written as a direct sum of 4 x 4 blocks.

A further possibility is that integrability is broken. The 8vB R-matrix of [29, 30] is
not a deformation of the ¢-deformed S-matrix in [11, 33], which describes the trigonometric
deformation of AdSs x S? x T%, whereas the elliptically-deformed sigma model is a deformation
of the trigonometric one. In order for the 8vB R-matrix to have the g-deformation as a limit
an extra twist is necessary. However, the introduction of this twist breaks integrability. This
opens up the possibility that including fermions breaks integrability in a controlled way with
the elliptic deformation studied here related to the twisted 8vB R-matrix.

In order to include fermions we need to embed the elliptic deformation of the bosonic
AdS3 x S? sigma model in type II supergravity. In the following section we construct such
embeddings, however we postpone the inclusion of fermions in the S-matrix computation

to future work.

7 Supergravity solutions

In section 3 we considered the light-cone gauge fixing of the bosonic model (2.2). In order
for the light-cone gauge-fixed theory to make sense beyond tree-level, we would like to
find a 10-d type II supergravity embedding of the bosonic background (2.8). We start by
completing the 6-d elliptic deformation of AdSs x S? with a 4-torus, i.e. adding four free
compact bosons to (2.2).

Since we know that the bosonic model is integrable, we would like to find a deformed
supergravity background that describes an integrable string sigma model. We take the
undeformed background to be AdS3 x S? x T4 supported by pure R-R 3-form flux, which has
PSU(1,1|2) x PSU(1, 1]2) global symmetry, preserving half the maximal 10-d supersymmetry,
i.e. 16 supercharges. The elliptic deformation preserves the left-acting SL(2,R) x SU(2)
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global symmetry, Therefore, ideally our deformed background would also preserve one copy
of PSU(1,1/2).

Such backgrounds for trigonometric deformations were studied in detail in [14], and our
construction is motivated by that paper. In particular, we look for a type IIB supergravity
background that takes the following form

4
ds® = g (UP)dUHdP” +Y " d¥,dV,,  Hs=0, P=0,
=t (7.1)
3 . .
F =0, B=F"r), F=> F )AL,
=1

where Hjz is the NS-NS flux, Fj 35 are the R-R fluxes and @ is the dilaton.'® The index
py vy py--- = 0,...,5 runs over the AdS3 and S* directions, i.e. {U*} = {T,U,V,®, X, Y},
while r,... = 6,...,9 labels the 4-torus directions. The 2-forms

J2(1) =d¥g ANd¥7 — d¥Ug A d¥y,
I = qWg A dTg + dU7 A dTy, (7.2)
I = dWg A dTg — A7 A dTs,
are three orthogonal self-dual 2-forms on the 4-torus. Finally, the 3-form and 5-form R-R
fluxes are parametrised in terms of four closed 3-forms, Féz), 1=1,...,4, which we take to
only depend on the AdS3 and S3 directions. We furthermore assume that they are self-dual
*GF?EZ) = FB@, implying that (d %¢ F3(Z) =0) = \Fgfz)|2 = 0, and that they are orthogonal,
i.e. F:,EZ) : F:,SJ ) =0 fori # j. Under these assumptions the type IIB supergravity equations
simplify to
1 (& ;
Fomn = 1 (Z(FS’)M(F?S >>,'zl> = 0. (7.3)
i=1
Introducing the (SL(2,R) x SU(2))-invariant vielbein for the elliptically-deformed
Ang X S3
eV = —"2&2 Tr(g~'dg - Ly) = \/aa(— cosh 2U cosh 2V dT — sinh 2V dU) ,

el = YOy (g~Ydg - L) = \/ai(— sinh 20 dT + dV)

2
€2 = —V;“” Tr(g~'dg - Ls) = /a3(cosh 2U sinh 2V dT + cosh 2V dU)

7.4

.- (74

¢ =5 Tr(g'dg - J2) = \/Ba(— cos 2X cos 2Y d® + sin 2Y dX),

et VB Tr(g~tdg - J1) = /Bi(sin2X d® — dY),

-2
ed = \/573 Tr(g tdg - J3) = /B3(— cos 2X sin 2Y d® — cos 2Y dX),

10We have set the constant dilaton ® to zero since it is straightforward to restore its dependence.
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where the generators L; and J;, and the group element g are defined in eqgs. (2.4)—(2.6),
we have that

G (W)WY = () ()2 4 (22 + ()% + () + ()2, (75)

Let us introduce the following basis of 3-form fluxes

fél):d(el/\€4):2< \Vaea! 60/\62/\64+\/E61/\63/\65>’

Voo vV B203
f:§2) =d(e®ned)=2 (— Va2 et ne? Ned — Vi eo/\e4/\e5> ,

Vvaias VB183 (7.6)
(3) 2 05 VA 0, 1,5 VBs o 5. 4
=d(e*Ne’)=2|— e’ Ne Ne” + e“Ne’Ne™ |,
K ( ) ( NG V152
f§4) =2 At A2+ Aet AED).
Requiring these to be self-dual implies that
B = a1, f2 = g, B3 =as. (7.7)

Moreover, contracting the equation of motion (7.3) with ¢g"”, we see that this implies the
Ricci scalar should vanish. This is indeed the case if we take «; and f; to be related as
in eq. (7.7). From this point on we will assume that eq. (7.7) holds, i.e. AdS; and S? are
deformed in the same way.

We now take the following ansatz for our four 3-form fluxes

RO — @Xﬁl) 0y @XZ@) o @xf”) £ 4 x @ g (7.8)
Jar Vi Vas

Substituting into the equation of motion (7.3), we find that it is solved if we set

D)= Q2 Fasm o @)z X x@ = x@ . @)
Qo3

|x@2 = 227798 @)z, x@ . x@® = x1) . x@) (7.9)
a1

[x®)2 = 2T =8 @y 3 . x@ = 1) @)
a1

Note that since the equation of motion (7.3) is invariant under rotations of the four 3-form
fluxes Fg(i) amongst themselves, this solution is SO(4) invariant, i.e. if we have one solution
we can freely apply an SO(4) transformation to find a new solution. This corresponds to
the freedom to apply TsT transformations in the 4-torus directions. Furthermore, if we
had allowed for a non-zero NS-NS flux satisfying the same properties as Fgfi), then the type
1IB supergravity equations simplify to

1 1< i i
R — ZH?,mle?»ff 1 (Z(Fs( )k (P ))ﬁl> =0, (7.10)
=1

)
Therefore, starting from the solution (7.8) with (7.9), we can apply SO(5) transformations to

which is invariant under rotations of the five 3-form fluxes Hs and FSEZ amongst themselves.
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find new solutions with non-vanishing NS-NS flux. The simplicity of these solutions, with
constant dilaton and homogeneous fluxes, suggests they are good candidates to describe
an integrable string sigma model.

Given the form of the solution in (7.9), it is important to ask if there exist real solutions.
Indeed, if we look at the undeformed limit oy = ay = ag = Ty, we find

DIP = —1x®)? =[x = Tg! = IIx@W]2. (7.11)

HX( _HX( str

To ensure that the solution is real, we immediately see that we need to take

||X(4)H2 —_ Tfl X(l) — X(2) — X(3) =0. (712)

str

This corresponds to the familiar AdSz x S? x T background supported by pure R-R flux
with 16 supercharges with T, playing the role of the string tension.

The trigonometric deformation discussed in [14] corresponds to taking oy = az = 1JF%TM
and ag = Ty, for which

NP = [xP|)? = 1+ )T = [xD12, X = (1482 (14 w2 T+ [ W2
(7.13)
In this case a real solution only exists if we take (1 — k2)(14+r2)T! < [|xW||? < (1+ 82T,

2

which requires k° > 0. Moreover, in order to preserve 8 supercharges, we find that we

also need to set ||x®¥|2 = (1 4+ x?)Ty,., in which case we exactly recover the integrable
background of [14]. This implies that if there is a choice of fluxes (7.8) supporting the
6-d elliptic deformation of AdSs x S? preserving 8 supercharges then this will require an

additional restriction on top of (7.9).

8 Conclusions

In this paper we computed the bosonic tree-level S-matrix for an elliptic deformation of the
SL(2;R) x SU(2) sigma model, which, after adding the 4-torus directions, can be thought of as
an elliptic deformation of the AdS3 x S x T string. This deformation only preserves two (1)
isometries, which we used to fix uniform light-cone gauge. While the quadratic and quartic
light-cone gauge Lagrangians do not have any manifest symmetries, after defining appropriate
asymptotic states the tree-level S-matrix only exhibits diagonal scattering. The classical
YB equation is then trivially satisfied, in agreement with the integrability of the elliptic
model. We checked that in the rational and trigonometric deformation limit our results are in
agreement with the known perturbative S-matrix for strings propagating in AdSs x S? [23] and
YB-deformed AdS3 x S? [33] respectively. Since the two u(1) isometries used to fix uniform
light-cone gauge do not correspond to the usual global time in AdSs and great circle in S3,
our results are related to the standard perturbative S-matrices by a JT' deformation [20, 21].
To pave the way to analysing elliptic deformations of the AdSs x S? x T* superstring we also
constructed an explicit embedding of the elliptically-deformed metric in type IIB supergravity.

An interesting open problem is the formulation of an exact elliptically-deformed S-matrix
that solves the quantum YB equation and reproduces our tree-level results in the large tension
limit. Such an exact S-matrix can in general be bootstrapped from the symmetries of the
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light-cone gauge-fixed theory, up to overall dressing factors whose construction relies on
additional physical input [40, 41]. In particular, for superstrings on AdS3 x S? x T* quantised
in the standard uniform light-cone gauge, the original psu(1,1|2) @ psu(1,1|2) algebra is
broken to a centrally-extended [su(1]1) @ su(1|1)]¥2 algebra [24]. For the trigonometric
deformation, only the four u(1)s are manifestly realised in the sigma model. Fortunately,
there is a hidden quantum-group symmetry [42, 43] which again makes it possible to bootstrap
the S-matrix [11]. In the elliptic case, a careful study of the symmetries of the deformed

sigma model and its gauge-fixed version remains to be carried out.

Another approach to finding an exact S-matrix is through a classification of solutions to
the quantum YB equation, as initiated in [29]. For strings on AdSs3 x S3 x T* in standard
light-cone gauge, the full 64 x 64 S-matrix describing the scattering in the gapped sector
can be written as a restricted tensor product of two factorised 16 x 16 S-matrices. This
factorised S-matrix can further be decomposed into four 4 x 4 blocks S;;, Spr, Srr and
Skr- In [30], assuming that S, and Skr are both of 6-vertex or 8-vertex type, the space
of possible integrable 16 x 16 S-matrices was explored. The standard AdSs string S-matrix
and its trigonometric deformation lie in the 6-vertex case. A new elliptic S-matrix built out
of 8-vertex blocks was also found. However, our perturbative results do not appear to be
compatible with the large tension expansion of this 8-vertex S-matrix. Since the classification
in [30] is complete, this implies that at least one of the three assumptions made there does
not apply to our model after including fermions. Namely, either the full S-matrix does
not factorise, the factorised S-matrix cannot be written as a direct sum of 4 x 4 blocks,
or integrability is broken. To gain a better understanding of this it would be insightful
to compute the tree-level S-matrix for the supergravity embedding of section 7 to see if
integrability is still present once the fermions are included.

Another interesting possibility is to add an additional B-field to the construction. Strings
on AdS3 can be supported by a mixture of R-R and NS-NS fluxes, preserving their integrabil-
ity [16]. The symmetry algebra of the theory, hence also the structure of the S-matrix, is the
same across the moduli space [44]. However, the representation parameters used to match the
exact S-matrix with the perturbative results [45, 46] depend on the amount of NS-NS flux.
The dressing phases also need to be modified, and are yet to be fully determined, although
see [47] for recent progress in this direction. In the case of the trigonometric deformation, it
is known that it is possible to add a B-field while preserving integrability [15, 48] and the
embedding in type II supergravity was found in [14]. However, how the exact S-matrix is
affected by this additional contribution is not yet clear. Indeed, the tree-level S-matrix for a
three-parameter deformation of the AdSz x S? x T% string, which includes the trigonometric
case with B-field, was constructed in [34], but has not yet been matched to an exact S-matrix.
For elliptic deformations it is not known if it is possible to add a B-field to the construction
while preserving integrability.

Finally, other deformations of the SL(2;R) x SU(2) sigma model can be considered,
in particular the A-deformation [49-52], which is related to the trigonometric deformation
considered in this paper through Poisson-Lie duality [53-57]. The A-deformation can be
generalised to Z, permutation supercosets [58], giving rise to a model preserving two mani-
fest u(1) symmetries and 8 supersymmetries. An explicit supergravity embedding for this
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supersymmetric model has been proposed in [59]. Bosonic scattering for the A-deformed
SL(2; R) x SU(2) sigma model was analysed in [60], and it would be interesting to include
fermions. It is an open question if there is a notion of Poisson-Lie duality and an associated
A-deformation for the elliptic model.
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A Symmetries

In this appendix we analyse in more detail the symmetries of the action (2.2) and its
metric (2.8). Since the AdSs part of the action can be obtained by analytic continuation,
we focus on S3.

Undeformed symmetries before light-cone gauge fixing. The undeformed action
is invariant under left- and right-multiplications by global SU(2) elements. Infinitesimally,
the left transformations act on the fields as

61 ={® — ®+esin(2®) tan(2X), X — X +ecos(2®),Y — Y +esin(2®)sec(2X)}, (A.1)
62 = {® — ®+ecos(2®) tan(2X), X — X —esin(2®),Y — Y +ecos(2®)sec(2X)}, (A.2)
B={®d 0+, X X,Y =Y}, (A.3)

The undeformed metric (2.12) is invariant under these transformations (up to O(e?) terms),
which can be shown to explicitly satisfy an su(2) algebra. For the right symmetry the
transformation rules are similar,

6L ={® = ®+esin(2Y)sec(2X), X — X +ecos(2Y),Y — Y +esin(2Y)tan(2X)}, (A.4)
62 ={® — ®+ecos(2Y)sec(2X), X — X —esin(2Y),Y — Y +ecos(2Y)tan(2X)}, (A.5)
B ={0 =X > XY =Y +e}. (A.6)

The associated conserved charges are Q = [doQ with

Q! = —px cos(2®) — sec(2X) sin(2®)(py + pe sin(2X)), (A7)
Q? = +py sin(2®) — sec(2X) cos(2®)(py + pe sin(2X)), (A.8)
Q) =—ps, (A.9)
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and

QL = —py cos(2Y) — sec(2X) sin(2Y)(ps + py sin(2X)), (A.10)
Q2 = +px sin(2Y) — sec(2X) cos(2Y ) (pa + py sin(2X)), (A.11)
Q3 = —py. (A.12)

Assuming canonically normalised fields, {¥ (o), Py(0c’)} = id(0 — 0’) at equal time 7, we have

{Q}(0), Qh(o")} =0, (A.13)
{9%(0), QE(O'/)} = 22’60‘57Q2(0)5(0 —ad), (A.14)
{Q%(0), Q(0")} = 2ie*P7 QY (0)d(0 — o). (A.15)

As expected, we recover the su(2), @ su(2) algebra.

Undeformed symmetries after light-cone gauge fixing. Upon light-cone gauge fixing
pe =apy +p-, p-=1, py=-H, (A.16)

the conserved charges associated to right multiplications do not depend explicitly on X+ = 7,
hence Poisson-commute with the worldsheet Hamiltonian, as follows from the conservation law

)2 _ 0

= =5, T1@H}. (A.17)

Therefore the su(2); algebra survives the light-cone gauge fixing. For the left charges,
Q3 = —pg = aH — 1 trivially commutes with the worldsheet Hamiltonian H. The other two
charges Q! and Q2 depend explicitly on ®, hence are broken by the light-cone gauge fixing.

Deformed symmetries. In the presence of the deforming operator O with generic defor-
mation parameters, only the left su(2), symmetry remains before light-cone gauge fixing.
The infinitesimal transformation rules leaving the action invariant are the same as in the
undeformed case above, and the conserved charges take the same form when written in
terms of the fields and their conjugate momenta. As before, with the exception of Q?,
which is just a constant plus a term proportional to the Hamiltonian, the left charges do
not survive the light-cone gauge fixing. The only non-trivial symmetries in the light-cone
gauge-fixed action arise from right multiplications. For the right symmetry, applying the
above transformation rules we find that

SLL ~ B1— Ba, §L% ~ B — B3, SLY ~ By — Bs. (A.18)

When all the deformation parameters are equal we recover the undeformed case described
above with an su(2); symmetry. If two deformation parameters are equal, then there is a
surviving u(1)z symmetry. In particular, for the trigonometric deformation with g; = (s,
the charge Q = —Q? is conserved. Its expansion in terms of oscillators gives a quadratic
contribution

Qa=1blby —blb_, (A.19)
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indicating that the excitations generated by bl and bl carry charge +1 and —1 respectively.

For generic deformation parameters (all different from each other), the symmetry is completely

broken. We thus naively do not expect any remaining u(1) symmetry in the light-cone gauge-

fixed theory and its S-matrix. However, our results obtained in section 4 suggest that the

S-matrix still possesses a hidden u(1) symmetry once appropriate asymptotic states, with

momentum-dependent coefficients, are identified.
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