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1 Introduction

In the absence of direct new physics discoveries, Standard Model Effective Field The-
ory (SMEFT) [1-3] enables to describe in a model-independent fashion small deviations from
Standard Model (SM) predictions. SMEFT calculations can be systematically improved by
including quantum corrections as well as higher-order terms in the expansion in the new
physics scale A. The investigation of next-to-leading order (NLO) corrections in dimension-six
SMEFT has been a focus of recent studies. While NLO QCD corrections have been fully
automated [4], NLO electroweak (EW) corrections and, in a few instances next-to-next-
to-leading order (NNLO) QCD corrections, have been calculated on a case-by-case basis
for specific processes [5-55].

An essential ingredient common to all NLO calculations is the choice of the EW input
scheme. In the recent work [56], we systematically examined at NLO in SMEFT the commonly
employed «, «,, and LEP schemes, which are defined in table 1 and use combinations of
the Fermi constant Gp, the masses of the W and Z bosons, My and My, as well as
the electromagnetic coupling a as the three independent EW input parameters. This
involved cataloguing the set of Wilson coefficients entering finite parts of observables after
the cancellation of UV divergences in different schemes, identifying dominant sets of universal
corrections associated with contributions from top-quark loops, and providing a methodology
for including these scheme-dependent universal NLO corrections in the LO results, thus
extending previous discussions of EW input schemes in SMEFT [57, 58].

In the SM, several studies have proposed EW input schemes which use the effective
leptonic weak mixing angle sin 6£H‘ as an input parameter [59-64]. The effective leptonic weak



mixing angle has been measured with per-mille level precision at LEP [65], the Tevatron [66]
and the LHC [67-70]. Its numerical precision is (more than an order of magnitude) below that
of other commonly used input values such as the mass of the W boson. Future experiments,
such as the P2 experiment at MESA [71], as well as the Mgller [72] and SoLID [73, 74]
experiments at Jefferson Laboratory, will test this quantity with similar precision at lower
energy scales.

In spite of the past and recent interest in EW input schemes involving sin 9£ﬂ¢, a discussion
in the context of SMEFT has not yet appeared in the literature. The aim of this paper is to
fill this gap by incorporating the {Gr,sin 6%, Mz} and {a,sin 'z, Mz} input schemes into
the methodology of [56]. We find that an attractive feature of these schemes is that large
corrections from top-quark loops appearing in other schemes are absorbed into the definition
of the effective weak mixing angle. On the other hand, the renormalisation condition which
achieves this involves a large number of flavour-specific SMEFT couplings between the Z
boson and charged leptons, motivating simple flavour assumptions such as minimal flavour
violation for practical applications.

We structure the discussion as follows. In section 2 we cover the construction of
UV counterterms in these schemes, assembling and calculating the ingredients needed to
implement them into NLO calculations in dimension-6 SMEFT. Then, in section 3 we
present a short study of numerical results for a select set of electroweak precision observables,
including comparisons between all five EW input schemes listed in table 1 at NLO in the
SM and SMEFT, before concluding in section 4. In addition, some explicit results for
SMEFT expansion coefficients for derived quantities such as the W-boson mass are given in
appendix A, and a short description of minimal flavour violation is provided in appendix B.

The discussion in this paper is focused on providing the building blocks needed for NLO
SMEFT calculations in the input schemes involving sin 9£ﬁ. Of course, an essential part of
the actual implementation is calculating the loop diagrams (and real emission corrections)
needed in the renormalisation process and its application to specific observables, which even
for the modest set of processes considered in this work involves a large number of Feynman
diagrams and dozens of dimension-6 operators. We have carried out these calculations using
an in-house FeynRules [75] implementation of the SMEFT Lagrangian and cross-checked
our results with SMEFTsim [76, 77]. For the calculation of matrix elements we employed
FeynArts and FormCalc [78-80] and we extracted analytic results for Feynman integrals with
PackageX [81]. Numerical results were obtained with LoopTools [79]. Analytic results for
the observables in the v

o
files with the arXiv submission of this work.

and v&! schemes studied in section 3 are provided as electronic

2 Using sin Oﬁff as an input parameter

In this section we discuss renormalisation in two EW input schemes involving sin Ggﬁf:

(1) The “vzﬁ scheme”, which uses as inputs {GF,sin Hgﬁ, Mz}, where G is the Fermi
constant as measured in muon decay and My is on the on-shell Z-boson mass.

(2) The “v¢f scheme”, which uses as inputs {a, sin 0%, Mz}, where « is the fine-structure
constant renormalised in a given scheme.



scheme | inputs

veff Gp, sin Hgﬂ, My

aQ, sinﬁﬁﬁ, My
oy Gr, My, Mz
« a, My, Mz

LEP | GF, a, My

Table 1. Nomenclature for the EW input schemes considered in this work.

In what follows, we shall refer to these two schemes collectively as the “U?,H schemes”, where
the choice o € {a, u} can be used to select between them.
Our treatment of the v schemes follows closely the notation and procedures introduced

n [56]. We write the SMEFT Lagrangian up to dimension six as

L=LW+O; £O=3"c;q;, (2.1)

where £*) is the SM Lagrangian and £ denotes the dimension-six Lagrangian consisting
of the operators ); in the Warsaw basis [3] and the corresponding Wilson coefficients Cj,
which are inherently suppressed by two powers of the new physics scale A. We list the 59
independent operators, which generally carry flavour indices, in table 8. We expand all
quantities up to linear order in the dimension-six Wilson coefficients throughout this work.

In order to implement the vf,ﬁ schemes in a unified notation, we first write the tree-level
Lagrangian in terms of {vp, My, Mz}, where vp is the vacuum expectation value (vev) of
the SU(2) doublet Higgs field H

(H'H) = ”2% (2.2)

The renormalised Lagrangian is obtained by interpreting the tree-level quantities as bare ones
which are replaced by renormalised parameters plus counterterms in a particular scheme.

For the inputs common to the two schemes, we relate the bare and renormalised parameters
according to

Mg = Mz (14 AMy) ,
Sw0 =\/1— 2o =sin0 (1+ Asy) = sy (14 Asy) (2.3)

where here and throughout the paper we indicate bare parameters with a subscript 0, and
cw,0 = Mwo/Mzp. The quantities AMz and As,, appearing on the right-hand side of the
above equations are counterterms, which are calculated in a SMEFT expansion in loops and
operator dimension, including tadpoles in the FJ tadpole scheme [82].

It will often be convenient to work with the quantity

M =c,My, cp=1/1-52. (2.4)



The relation between M{j{g and the bare mass can be derived using eq. (2.3). Writing

Myg = Mt (14 AM (2.5)
one finds
c S 1
AM ff =AMy — - |:A5w + AMZASw + ﬁ (ASw)2:| + ... y (26)

where the ... indicates terms not needed to NLO in the dimension-6 SMEFT expansion.
In addition to the counterterms for s,, and Mz, we also need those for vy. In the

vzﬁ scheme, one uses
1 o) 1
’l)%()—vl%(l—AUM)—va(l—AU“), (27)
while in the v scheme one has instead
1 1 1
= (1-AT) = = (1-A 2.8
7, = e (1 ) = 7 (- A 2
where we have defined
-3 oM s
vy = (\@GF) 2 vgﬁ =g = %. (2.9)

To streamline the notation needed for discussing the vS schemes, our definitions above
suppress the superscript “eff” on all quantities except for the scheme names and M{j“;f , in
order to distinguish it from the on-shell W-boson mass Myy. It is important to emphasize,
however, that the SMEFT expansion coefficients of Av, and Av, are not identical to those
in the a and «, input schemes defined in table 1 and discussed in [56], where My, instead of
Sw 18 used as an input parameter. In the following two subsections we discuss renormalisation
in the v¢f schemes to NLO in SMEFT.

2.1 The vsz scheme

In this section we give results for the SMEFT expansion of the counterterms needed for

renormalisation in the vfff

in the vgﬁ scheme can be obtained by a simple set of substitutions.

scheme, structuring the discussion in such a way that most results

We begin with the determination of the counterterm As,,. To this end, consider the
amplitude for Z — £/ decay, where ¢ = (' € {e,u,7}. We can write the bare amplitude
to NLO in SMEFT in the form

Ao(Z — 1) = Ny [ AL oSt + AR oSr] + .., (2.10)
where we have introduced the spinor structures

Sp = [ulpe- )y Pro(pe+)] €,(pz) s Sk = [u(pe- )7 Pro(pe+ )] €,(pz) (2.11)



with P, = (1—75)/2 and Pr = (1+5)/2. The ellipsis in eq. (2.10) refers to spinor structures
appearing beyond LO in the SMEFT expansion, which do not interfere with those above in
the limit of vanishing lepton masses, and the overall factor Ny is defined by

1)2
./\[0 = ! (1 _ Lo CHD,O) (1 + 6QED) , (212)
’UT70 4

where dqrp refers to QED corrections.

We can write the SMEFT expansion of the bare amplitudes as
R CX ) BN B (X0 I S CS)) 0(6,1)
AL/ro = ‘AL/R,O + UT,OAL/Rp + U%OAL/R,O + ‘AL/R,O ’ (2.13)
where the superscript (i, j) labels the operator dimension ¢ contribution to the j-loop diagram,
and we have pulled out explicit factors of vy such that the coefficients A3) do not depend
on UT’().l The notation makes clear that the dimension-6 amplitudes depend on the lepton
species ¢ while those in the SM do not.

Suppressing the subscript 0, the tree-level SM amplitudes read

ABD = g9 = gy A0 Zog2 (2.14)
while in SMEFT
£(6,0 £(6,0
A = GO0 4 g 10D (2.15)
where the explicit results for decay into lepton species ¢ are
G = —2 Cyp — 2cu50Crws ,
£(6,0 1 3
4109 =ty - ety
(A3 K4
9w = . . (2.16)
K12
Consider now the definition of the effective weak mixing angle
1 G4 (M2
sin? 0% = —= Re < 7 2R( Zé) 5 > , (2.17)
2 GL(M7z) — GR(Mz)

where the G€L7 » are experimentally measured form factors at ¢ = M% [65-70]. The coun-
terterm As,, in eq. (2.3) is determined to all orders in the SMEFT expansion through the
renormalisation condition

sin? 0l = 52 . (2.18)

To implement this renormalisation condition order by order in SMEFT, we first substitute
the G (G%) in eq. (2.17) with the coefficients of S.(Sg) in eq. (2.10), and replace the

! An implicit dependence on vr in the (6,1) coefficients occurs through the Class-1 coefficient Cyy .



bare quantities with renormalised ones plus associated counterterms. We write the SMEFT

expansions of As, and Awv, in the vzﬁ scheme as

As,, = UZASSE’O) + %Asg’l) + As&?’l’“) ,
v

m
) 1 a
Av, = UZAUS”O) + U—QAULM) + Avl(f”l). (2.19)
m

The superscripts (6,0) and (4, 1) have the same meaning as in eq. (2.13), while the coefficient
ASE,? L) contains an extra superscript u to indicate that vy has been renormalised as in

eq. (2.7). Isolating the dependence on Aw, allows us to write
AslB1m) = A6 As%’”AUfﬁ’m + Asgf’o)Av‘(f’l) , (2.20)
where the coeflicient Asgj 1) does not depend on the renormalisation scheme for vr.
The construction of renormalised Z — ¢/ decay amplitudes also requires the on-shell

wavefunction renormalisation factors of the external Z-boson and lepton fields. For the lepton
fields, we can write the SMEFT expansion of the wavefunction renormalisation factors as

_ ) Ly a6
Cr/po = |1+ QUT L/RO T 2AZL/R,O] CL/r
_ 1) 1 (6,1) (4,1)
— l AZL/R +5 (A7) - Aoz )]EL/R. (2.21)

In the first line all terms are expressed in terms of the bare parameters vr, 5,0, while in
the second renormalised parameters are used. The notation is such that

AZ 0(4,1) — A7 £(4,1)

L/R L/R,0 )
Sw,0—7Sw
0(6,1) 60). O A e 0(6,1)
AZpn) = AsP0s wer Aok + ARy : (2.22)
Sw,0—>Sw

where the derivative in the SMEFT counterterm arises from replacing the implicit dependence

on Sy,0 in the SM counterterm AZi(/‘ll’%l 2) with the right-hand side of eq. (2.19) and performing

a SMEFT expansion. We emphasise that the AZIKJ /R do not include QED corrections, which
are instead contained in the factor dqep in eq. (2.12). Wavefunction renormalisation graphs
related to the Z-boson two-point function can be absorbed into the factor Aj in eq. (2.10).
Since Ny drops out of the ratio in eq. (2.17) we do not discuss these two terms further. On
the other hand, contributions from the Z~ two-point function, where v denotes the photon,
are included in the definition of A} IR0

Performing a tree-level SMEFT expansion on eq. (2.17) using the above equations yields

Aso0) — _ 1

w

1 3) A
= 152 2 wCHD + 2cws,Crwp + 25 CHZ + CHl + CQU’CH.S , (2.23)



while the one-loop result in the SM is

1 w
As{D = =2 Re [A(A‘ 3 Zz ARy + e (A2 - Azﬁ(”"”)} . (2.24)
The part of the one-loop SMEFT result which is independent of the renormalisation scheme

for vp is

1 w
As®Y = — - Re {A(6 )+ AL AZD 1+ 20 (AR + AR azgtY)

w 2 2

+ caw (82557 = AZ5Y) } + %vgmggm

1 Cow
— As{® (Asgﬁm +5CHp — 2 CHWB)

2CwSw

+ As(80) [swafwAsgj’l) - 2{1%),4%&) AZp o, )} (2.25)
A couple of comments are in order concerning the form of this counterterm. First, the quantity
Asiﬁ" 0 is obtained from AsgS 0) through the replacement C; — C;, where C; = dC; /dn p;
the term involving this quantity arises from MS renormalisation of the Wilson coefficients
in d = 4 — 2¢ dimensions, and the C; were calculated at one loop in [83-85].> Second,
the final two lines are related to using eq. (2.19) in the lower-order amplitudes and then
performing the SMEFT expansion.

To evaluate the full NLO SMEFT result As{&") in eq. (2.20) requires also the coun-
terterm Av,. This counterterm, including tadpoles and without flavour assumptions, was
determined at NLO in SMEFT in the ¢, scheme in [56], thus generalising the earlier result
w(B:3)

from [25]. Calling the expansion coefficients eq. (2.19) in that scheme Awvj, , the relation

with the present work is

Av(®0) = Ayu(60) — o}H) + C<3> Cuy .

Avl(f’l) = sz‘“(zl’l)

)

My — Ml
Aﬁ‘ﬁl) Asiy )S“’a(jAUMl)JFAU%(M) , (2.26)
w M‘/[/A)]W‘e;‘gE

It will be useful later on to have an expression for the large-m; limit of the loop corrections
to the counterterm As,. Here and below, the large-m; limit of a given quantity means the
approximation where only terms proportional to positive powers of the top-quark mass m; in
the limit m; — oo are kept. In the SM, top-quark loops Contribute to Asq(;l’l) in eq. (2.24)
only through the Z~-mixing contribution to the bare amplitudes A L) R o- It is easy to show,

however, that this two-point function vanishes in the large-m; limit, so

Asiit) =0, (2.27)

2The C; typically depend on a large number of Wilson coefficients, so it is convenient to use the electronic
implementation in DsixTools [86, 87]. As they are one-loop corrections they thus scale as 1/ vi and so the
counterterm is independent of v,,.



where here and below the subscript t refers to the large-m; limit of a given quantity. In
SMEFT, there are three contributions in the large-m; limit, which arise from Z~ mixing, top-
loop corrections from four-fermion operators, and a scheme-dependent correction proportional

to Av(4 Y. The result can be written in the form
A = AsZHOD LA OD L ASGOAE 4 (2.28)
where the ... refers to divergent and tadpole contributions, which drop out of physical

observables. An explicit calculation yields

w M ’
AsHOD _ V2w Mz 1) {cwC’uB (=3 +1652) + suwCupy (—11+ 1653])} In (/g) :
33 33

wit kN m;

2
1560) _ A @) [ A3 A0 L s ”
Boue ™ =8 lcifgs Cngs tC lu3 253, <C”33 03%”” ( 2) ’

1+2In (;ﬁ;)] , (2.29)

where as above we omitted divergent and tadpole contributions, and quoted the results

4,1 4,1
Avit) = —aptY

in units of
4,1 3
Ap( ) = Wm? (2.30)

2.2 The vgff scheme

The v&f scheme differs from the UZH scheme through the renormalisation of vy, which is
performed as in eq. (2.8). The SMEFT expansion coefficients of that counterterm, as well as
those of As,, in this scheme, are defined as in eq. (2.19) after the replacement y — a.

In order to calculate the expansion coefficients of Awv,, we will need those for Mz and

electric charge renormalisation. We define these as

1
Mzo = My (1 s AME L AMp - Avg”vO)AMé‘l’l)) ,

«

co = e (1 + LA ACGD Av&6’0)Ae(471)> , (2.31)
v,

«

where the coefficients with superscript (6,1) are calculated as in eq. (2.22). It will also be
useful to work with expansion coefficients of the derived counterterm AM{}? . We define
these coefficients as

1
My = M {1 + 2 AME OO 4 AME Y ¢ AMﬁf(ﬁ’l’Q)] . (2.32)
,UOC
Performing a SMEFT expansion on eq. (2.6) leads to

2
AMETOO) — 2w A 4(60)

‘w
2 =Pw
w

AMETAD — ApggD _ S A ),
C

w

AMEFOL) = AMgEOD — AMETY AEO 4 AMGETO) AvED (2.33)



where

2
€ w > 1
AMHOY = APV - ;; AsV + AsGOAMGY + S AsGOAG | (234)

With this notation at hand, we can present a compact result for the expansion coeflicients
of Av,. They read

AU&G,O) _ Avg(ﬁ,o) _ 20#

AMETE0)

Sw

41) _ A1)

w

Av) =2 (AMTY + As )
Avgﬁ’l) =9 (AMsg(&l) + ASSE’I) - Ae(G’l)) — Av(ﬁ’O)Avgl’l)

+ [CHWB + CwCHD] As{)

CuwSw 254

2
5 [ AME Y 4 @ AsY] Any

w

9Cw 1| - Cw
—vi—=|C —C . 2.35

vasw { HWB + 1s, HD:| ( )

In the above, we have denoted the tree-level a-scheme result as

Av2(©0) = 9w [CHWB + CwCHD} , (2.36)
Sw 484

which leads to the following tree-level results in the v¢f scheme:

1 1 Cow [ £(6,0 Cow £(6,0
Ap(®0) — —§CHD 2 Cuws — 2 (gL( : @gé )) : (2.37)

The implementation of the v¢f scheme also requires to specify the renormalisation scheme
for a. Ome possible choice is the MS definition @(u) in five-flavour QEDxQCD, where
EW scale contributions are included through decoupling constants [35] and perturbative
uncertainties can be estimated through scale variations. In the current paper we adopt
instead the more conventional on-shell definition a(Myz) [88]. It is simple to convert between

a(p) = a(Mz)

these two schemes using the perturbative relation
a(Mz)
1
+ =2

ch 2 (9 p
= 3 3 M2

«a 2
= a(My) [1 + (fZ) (12070 + % In A%)] : (2.38)

where @ is the charge of the fermion and N/ = 3 (N/ = 1) for quarks (leptons).

3 Numerical results

In this section we present a brief numerical analysis of select electroweak precision observables
in the vgﬁ schemes, covering derived input parameters in section 3.1 before turning to heavy
EW boson decays in section 3.2. We study perturbative convergence and the number of



my | 172.9 GeV vy 246.2 GeV
My | 80.38 GeV Va 246.5 GeV
Mz | 91.19GeV || (sin6%)* | 0.23166

my | 125.1GeV || a(Myz) | 1/128.946

Table 2. Input parameters employed throughout the paper. Note that v, is a derived parameter.

Wilson coefficients associated with these schemes, and make qualitative and quantitative
comparisons with the widely used «, o, and LEP schemes.

In all cases we use the numerical input parameters given in table 2. Furthermore, we
approximate the CKM matrix by the unit matrix. Experimentally, sin® 0ﬁff is typically
averaged over measurements involving electrons and muons. In SMEFT, using an average
leads to some difficulties because it would require a combination of first and second-generation
Wilson coeflicients entering the counterterms, depending on the ratio of electron and muon
data entering the combination. To avoid this issue, we use the most precise available
measurement of sin 9£H from the couplings to electrons only, namely the ATLAS measurement
with one central and one forward electron [68].

Results in SMEFT also depend on the renormalisation scale 1 appearing in the Wilson
coefficients C; = C;(u). When variations of this renormalisation scale are used as a measure
of perturbative uncertainties, we use the following fixed-order expression for the RG running,

Cili) = O™+ (L ) €3t (3.)

where 9 is the default scale for the particular analysis, and the one-loop expressions for
C; are taken from [83-85].

3.1 Derived parameters

In each of the five input schemes in table 1, two parameters in the set { My, a, G, sin ngf}
are derived parameters which can be calculated in a SMEFT expansion. For instance, in
the ve schemes, the on-shell W-boson mass My is given by

60 , 1 @1 6,1,
My = M (1 + Aw) = M§E (1 +op A+ AR+ AR ”)) : (3.2)
(o
where Ay is a finite shift. Similarly, the v, themselves are related according to
1 1 1 1
5= {1 + Areff] = {1 +U§Areff(6,0) + UjAreff(m) + ATeH(G,l)] ’ (3.3)
% a o o

where in the second equality we made explicit that the expansion coefficients are the same
whether v, or v, is used. The form above allows to determine G in the vgﬂ scheme after
setting 0 = «, whereas « in the vzﬂ scheme is easily obtained after setting o = u. We derive
the SMEFT expansions for Ay and Aref including explicit results in the large-m; limit,
in appendix A. Results for sin 0{;3 in the o, ay, and LEP schemes are obtained by evaluating
eq. (2.17), while results for all other derived parameters have been given in [56].3

3We have converted factors of @(u) used in that work to the on-shell definition a(M7) using eq. (2.38).

,10,



M o’ G3 sin? 95’3
i B e
o LO | —0.56% | 0.21% — —
v
K NLO | 0.05% | 0.23% — —
s LO | —0.56% — —0.21% —
v
@ NLO | 0.04% — —0.23% —
N LO — —2.44% — —3.72%
ko NLO — 0.51% — 0.34%
N LO — — 2.50% —3.72%
NLO — — —0.67% 0.45%
L —0.51 — — —0.
LEP 0 0.51% 0.30%
NLO | 0.09% — — —0.32%

Table 3. SM results for derived parameters in scheme s relative to the experimental values in table 2.

The derived parameters are useful for two reasons. First, from a practical perspective,
they are the simplest examples of EW precision observables and therefore play an important
role in global analyses of data. Second, they are the key ingredients for converting results
and understanding differences between EW input schemes. For example, if one calculates a
quantity in the a, scheme, one can convert it to the vzﬂ scheme by substituting My, with
eq. (3.2) with o = p and performing a SMEFT expansion. In the SM, if the derived value of
My in the vfff agrees well with the measured value at a given order, then results for other
observables in the o, and szf scheme will show similar level of numerical agreement. This
should also be true in SMEFT, but in that case the derived value of My, depend on the
Wilson coefficients, whose values are not precisely known and are left symbolic. Differences
in observables between schemes show up in non-trivial patterns of Wilson coefficients and
the level of agreement between schemes is less obvious. In the remainder of this section we
examine derived parameters in the SM across all schemes, and use the prediction of My in
the v schemes to illustrate some of their important features.

SM. In table 3 we show LO and NLO results for derived parameters in the SM, where
NLO is defined as LO plus the NLO correction. In all cases, the NLO and measured values
agree to roughly half a percent or better. In the vgﬁ schemes, the deviation between the
derived parameters and the experimental values is already below the per-mille level at LO,
while the o and a,, schemes involve percent-level NLO corrections to sin 6%, a or G. Such
corrections originate mainly from large-m; corrections to the counterterm for s, in those
schemes; for instance, in the o, scheme the one-loop SM result is

9 Cgﬂ 2 Ap(471) 9
52 o= (s%) 1+< %> — | A () 1 +33%+ ..., (3.4)
’ Sw v#
where the ... refers to terms which are subleading in the large-m; limit, and cu/* = My, /M.

The same result holds in the a scheme after the replacement v, — 2Myy sy /v/4rma.

— 11 —



A noticeable feature of the vSf schemes is that the NLO corrections to G or « are

extremely small. These corrections are related to Ar¢f(41) in eq. (3.3), and an estimate from
the top-loop contribution in eq. (A.11) gives —Ap£4’1) /v2 ~ —1%. To understand why this

estimate breaks down, we split the one-loop SM correction into component parts according to

1 1 1 a(Mz) 100
SApefi@l) T A eff(41) T A eff(4,1) 100
v2 " v2 e * v2 Trem T o7
= (—0.9348 4 0.0049 + 0.9143) % = —0.0156% , (3.5)

where the ordering of the numerical terms on the second line matches those of the analytic
expressions above. We note an accidental cancellation between the large-m; limit result and
that related to the running of « in the on-shell scheme;* the latter correction can be eliminated
by converting to the MS definition as in eq. (2.38). By contrast, the NLO corrections to My
in the vgﬁ scheme do not depend on the counterterm for a. The top-loop contribution in
eq. (A.5) is a good estimate for the NLO correction, as seen in the result

eff 1 1
M =0 [ (Gadt + Al )|

= 79.93GeV [1 + 0.00468 + 0.00137] = 80.42 GV, (3.6)

where the order of numerical contributions in the second line matches that on the first and
we set v, = v, to obtain the numerical value.

SMEFT. Results for derived parameters in SMEFT depend on a number of Wilson
coefficients and are thus quite lengthy. For brevity, we focus the discussion on My, in the
vgﬁ schemes, leaving a comparison of observables across schemes to the heavy-boson decay
rates presented in section 3.2.

We show in figure 1 the LO and NLO SMEFT corrections to My, in the v$f schemes.
The numerical contribution from each Wilson coefficient at the scale y = M7 is obtained
by making the choice C;j(Mz) = 1/v2, and the results are given in units of M&; in other
words, we are quoting results for the expansion coefficients of Ay as defined in eq. (3.2).
A remarkable feature is the large number of Wilson coefficients contributing to My, for
arbitrary flavour structure; the exact number of coefficients at LO (NLO) is 5 (63) in both
schemes. Out of these, 34 Wilson coefficients appearing at NLO correspond to different
flavour structures of ten four-fermion operators. The number of Wilson coefficients is reduced
when we employ additional flavour assumptions. For concreteness, we consider the scenario
of minimal flavour violation (MFV) where the top Yukawa [89] is the only source of the
breaking of the U(3)% symmetry in SMEFT, see appendix B. Under the MFV assumption, 34
Wilson coefficients contribute to Ay at NLO, 16 of which correspond to different flavour
structures of the ten four-fermion operators.

It is clear from figure 1 that many of the NLO SMEFT corrections to My, are numerically
small when all Wilson coefficients are set to a common value. In table 4, we give numerical
results at LO and NLO (defined as the sum of LO plus the NLO correction) for those SMEFT

4A similar cancellation occurs in the NLO correction to sin? 0% in the LEP scheme, whose large-m;
correction is obtained from eq. (3.4) by the replacement c2,/s2, — —caw/c2, and is roughly —1.5% numerically.
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— 12 (6,0)
{Gr, sw, Mz} Ci(Mz) = 1/v}; | Ay
10-10 (6,1,1) 1
Ay
1072, J
= q0-3L i
g 10
10—4, J
107°¢ E
10—6 PUI P Y S L Y Y S SNY Y N SNNY SNY N NTY SNNTY SNY Y SNNNTY SNNY SN SNNTY SNNNTY SNNY SNTY SNNTY SNNNY N SNNTY SNNNTY SNNY SUTY SNNNY SUNY SNY SNNNTY SNY S NY Y
0SS S EIRA;cooR R fgRgisEssSgsSg8EsRESg
ggdao TV G IFTFTOIEISIITAINNST=T 006035285 dSSgaumms s S
vogg& o GV UOU IVIFIVFIEFTEIVOTOLC I3CITETSTSeSd 3
S G Y 3O O TV IFIFYOS O
— 1/,2 (6,0)
{a, sw, Mz}  Ci(Mz)=1/v | Aw
107t A6 LA
w
1072¢ :
= 10-3L ]
J10
10—4, 4
1075} 1
10—6 PRI S S O ) S SN Y Y Y Y Y SN SNTY SSSY AN Y SNAY S SNSNY Y SN Y SY SN SNY SNy SN ) Y SN SNrY SOY SNTY ) B! B! S
2 eI SC iSRRG SR IR RESESSS83SRFISRSE8
S g asd583 3889805088835 ,808033 3
Cgg v GFYLVLVUPgYOIo T VUL 33IvVFssigsdd 3
QO QO S G $ §

Figure 1. SMEFT corrections to the W boson mass in the vfff (top) and v (bottom) schemes,
with As,, determined from Z — ee decay, so that £ = 1. The Wilson coefficients are evaluated at

C; = 1/v2. The flavour indices i and j run over values j € 1,2, and i € 1,2, 3.

operators whose NLO contribution is larger than 1% for the default choice C;(Myz) = 1/v2.
All of these coefficients receive NLO corrections from top loops, and to show their significance
we give results where only the large-m; limit of these corrections is used (NLOy in the table).
In each case, we include scale uncertainties obtained by evaluating the prediction for the three
scale choices p € [Mz, 2Myz, Mz/2], using eq. (3.1) to express the results in terms of C;(My).
In most cases there is a good convergence between LO and NLO when scale uncertainties are
included. The large-m; limit results are generally an improvement for central values, but come
with small scale uncertainties which do not always overlap with the complete NLO result.

3.2 Heavy boson decays at NLO

In this section we analyse W — 7v and Z — 77 decays, focussing on a comparison between
input schemes. We define SMEFT expansion coefficients for the decay X — f1fo in input

scheme s as

4,0 6,0 4,1 6,1
F(X - flfQ) = Figfljé + I1§§f1f)2 + Figflf)z + IM)ngu?z : (3'7)
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Cuws Cup C}ﬂe CS’I)

11
LO oo | —0.275%9:00%  _0.250%901T  —0.175F9:004  —0.151+0-002
ff 0.001 0.003 0.000 0.000
NLo Ui | ~0290IgG0  —0.269%g50 —0.1805505 —0.161 150

vl | —0.276100%  —0.26610005  —0.18510000  —0.15910-9%
0.003 0.006 0.000 0.001
NLO, vfff —0.2800 005 —0.26110008  —0.178 5000 —0.158T0 601
0.002 0.006 0.000 0.001

o —

% Cp Yy
LO ¢ | —0.151739%%  0.00073925  0.000139%  0.000+399
NLO veff | —0.15670000  0.02370002  —0.01970:005  0.0125:009
vl | —0.16070000  0.0237500  —0.01975¢5  0.0127550%
NLO, velf | —0.15430000  0.02470002  —0.02475:005  0.00970:069
v | —0.158739%  0.02470:099  —0.02473:9%5  0.00975-099

Table 4. The numerical prefactors of the Wilson coefficients in the Ufff and v schemes contributing
to Ay for the LO, NLO and NLO; (large-m; limit) perturbative approximations. The SM tree-level
approximation along with vi has been factored out. The results have been evaluated at y = My
and varied up and down by a factor of 2 to give the uncertainties. Only Wilson coefficients whose

numerical prefactor is greater than 1% at NLO have been included.

Moreover, we write LO and NLO results as

— 1s(4,0) 5(6,0)
Pxppro =Uxfn T Txpp
_ (4,1) (6,1)
TS f 00 = D fasio T OX s T UL s - (3.8)
The LO results for s € {v/‘jﬁ,vgﬂ} are given by
2
Meff Meff
WrrLo = —av W) 4 (M)? [201(1:131) + 3A§46/70) - AU((TG’O)} ,
’ 127 Vo 33

. My (M3 v2 (4,0) 9 06,0)  £(6,0) (6,0)\ .(4,0)
s B2 (e s ) -5

+ 2¢90 (92(6,0) . 92(6,0)) + 453) (g;(G’O) . ggb‘,o)) } } : (3'9)

where ¢ = ¢ is the charged lepton species used in the definition of As,, and
g0 =1 452 4852 . (3.10)

To derive the result for W decay we have written W-mass dependence arising both through

two-body phase-space and in the matrix element squared in terms of Mﬁﬁf . Note that in

(6,0)

Z decay the flavour-independent coupling G given in eq. (2.16) has dropped out of
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F?/VZV/ F?/I);Ilfu -1 ZEZ/FZM
o LO —1.30% —0.70%
v
H NLO 0.16% 0.12%
Joff LO ~1.51% —0.91%
« NLO —0.06% ~0.11%
N LO 0.37% —0.08%
’ NLO 0.03% —0.07%
N LO 2.87% 2.41%
NLO —0.66% —0.74%
LEP LO —1.17% —0.66%
NLO 0.31% 0.16%

Table 5. Deviations of the SM predictions for Z — ¢¢ and W — fv decay rates in scheme s from the
experimental measurements of I';}, = 83.98 MeV and I'};/) = 226.4 MeV [88].

Cup Cuwn CHe CHu C}%
33 33 35

o LO [—0.5007005% 0.00075000 —1.843700:% 0.000%5:025  0.00075:000
0.005 4

NLO|—0.527005 0.00470:050 —1.90515:005 0.04815:0%  0.02270:059

o LO | 0.000709%0  2.37070:081 —1.84370930 0.00073993  0.0001095

NLO|—0.001139%0 2.43970:09¢  —1.903+3:954  0.00570:990  0.00273-999

LO |-0.16970011 0.35570013 —1.76470:018 0.0001501%  0.00070001
NLO|—0.289F3:999 0.25819-903  _1.897+0:00¢ 0.0187091L  0.006+3:999
LO | 1.573+0198 4. 088%0-13 176470059 0.00070:162  0.000+3:998

0.002 0.002 0.006 0.030 0.014
NLO| 1.408% 5015 3.8697070%3 —1.898% 0005 —0.14277 060 —0.0731 0006

0.040 0.016 0.048 0.062 0.001
LO |—0.60070010 —0.47470 018 —1.837700.8 0.0000 065 0.00070 601

LEP 0.040
NLO|—-0.63115560 —0-475 5660 —1.899 5500 00572015 0.02575,55

Table 6. Selected SMEFT contributions to the Z — 77 decay rate including scale variation in the
five schemes.

(6,0)

the decay rate due to a cancellation against As,,” . Further simplifications occur only if
¢ = 7 or a flavour symmetry such as MFV is imposed, in which case the contribution in
the final line vanishes.

The LO and NLO results for W and Z decay in the SM are shown in table 5, where we
have normalised the results to the experimentally measured values. The NLO corrections in
the SM bring results from all five schemes into close numerical agreement. These corrections
are at the 1.5% level for W decay in the vgff and LEP schemes, where My is not an input

s(4,1)

and hence factors of 3AJ;, / v2 arise compared to the a, scheme. Corrections of around

—3% arise in the « Scheme, which are mainly due to the top-loop corrections to s,, shown
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in eq. (3.4). As explained in section 3.1, the close agreement between decay rates at NLO
different schemes is a consequence of that for the derived parameters in table 3.

The situation in SMEFT is different, because in that case the relations between input
parameters in different schemes depend on the Wilson coefficients and there can be non-trivial
interplay with other, process-dependent contributions. Therefore, in general, the numerical
prefactor multiplying a particular Wilson coefficient can be very different across schemes.
This point is seen in table 6, where the LO and NLO contributions for an illustrative sample
of Wilson coefficients are shown for the decay Z — 77, using ¢! = e to determine the As,,
counterterm in the vSf schemes. The results include perturbative uncertainties obtained
by varying the default scale choice pqef = Mz up and down by a factor of two. We note
the following features:

¢ The contributions from the coefficients Cyp and Cyw g have rather different prefactors
in each scheme, and convergence between LO and NLO also differs markedly from case
to case — especially in the o, scheme the NLO corrections are large and well outside
the LO scale uncertainties.

e By contrast, at LO the coefficient C. appears only in the Z — 77 matrix element.

The dominant NLO corrections arise from SM counterterms on this LO vertex, and tend
to push the NLO results in different schemes to similar values. The NLO corrections in
the o and oy, schemes are outside the LO scale uncertainties.

e The coefficients C'y,, and Cg’; first appear at NLO for fixed . The contribution of the
33

3
former is well estimated by LO scale uncertainties through the running of Cyp (driven
by the top-loop contribution shown in eq. (A.9)), while that of the latter is unrelated
to RG running and requires a genuine NLO calculation.

Regarding the first two points, NLO corrections in the vfjﬁ schemes tend to be milder than
in the o or ), schemes because in the latter case As,, gets scale-independent corrections of
the type shown in eq. (3.4). In that case including universal corrections from the large-m;
limit using the procedure outlined in [56] can improve convergence between orders.” The
specific pattern of contributions described above is specific to Z decay, but the important
point that the size of SMEFT contributions related to a particular Wilson coefficient is
highly scheme specific is general.

The discussion so far highlights the non-trivial pattern of perturbative convergence across
schemes. It is also interesting to study the number of Wilson coefficients characteristic of
each scheme. In table 7, we show the total number of Wilson coeflicients contributing to
W and Z decay at LO and NLO in the five input schemes for different flavour assumptions.
For both decays, significantly more coefficients are involved in the vgﬁ schemes than in the
others, when no flavour restrictions are made; this is because the counterterm for s,, is
determined from Z — ee decay amplitudes, and involves a number of flavour specific left and
right-handed fermion gauge couplings in addition to four-fermion operators, which would
not otherwise appear in Z — 77 decay. Indeed, if we consider the decay Z — ee instead,

A similar procedure could be followed for the v& schemes using eq. (A.11) as a starting point.
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F'wry Tz (Tzee) Total # unique WC
gen MFV | gen  MFV | gen MFV

w Lo | 8 6 9 (6) 4 10 6
Y NLO || 69 34 || 93(63) 33 | 93 34
s LO | 6 5 7 (4) 4 8 5
Yo NLO || 68 34 | 92(63) 34 || 92 34
N LO || 4 1 8 (7) 6 8 6
ONLO || 25 14 || 67 (64) 34 67 34
., Lo |3 3 5 (5) 5 5 5
NLO || 35 22 || 63(63) 34 | 63 34

gp LO | 6 4 8 (7) 6 8 6
NLO || 39 22 || 67(64) 34 | 67 34

Table 7. Number of Wilson coeflicients appearing in heavy boson decay rates under general flavour
assumptions and MFV. Note that assuming MFV the number of operators appearing in 'z, and
I'zee is the same and hence only one value is given.

the number of Wilson coeflicients appearing throughout all five schemes is far more similar.
The same statement applies if MFV is used — in fact, the number of Wilson coefficients
entering the combination of the two decays is the same.

In a full analysis of electroweak precision observables including gauge-boson decays to
quarks and Z decay to neutrinos, the total number of Wilson coefficients appearing is further
increased through contributions from four-quark operators. For MFV the total number of
operators appearing grows from 34 in the leptonic Z and W decays considered here to 56
in the full set of electroweak precision observables [52].

4 Conclusions

We have implemented to NLO in SMEFT two EW input schemes involving sin Geﬂ as an input
parameter. These “vgﬁ schemes” share as Common inputs sin #¢ g and Mz, but differ through
the use of the fine structure constant o (v scheme) or the Fermi constant G (Uu scheme)
as the third independent input parameter. Details of the renormalisation procedure in these
schemes were given in section 2, and numerical results for a select set of electroweak precision
observables, including comparisons with the other commonly used EW input schemes listed
in table 1, were given in section 3. Analytic results in the v schemes which form that basis
of that numerical analysis are glven in electronic form in the arXiv submission of this paper.

An attractive feature of the v<ff schemes in SMEFT is that sizeable corrections to the sine
of the Weinberg angle related to top-quark loops appearing in other schemes are absorbed
into the definition of the parameter sin Of;ﬁ. On the other hand, the renormalisation conditions
for sin Gﬁﬁ are implemented at the level of form factors for two-body Z — #¢ decay, and are
thus subject to a large number of flavour-specific Z-fermion SMEFT couplings, including
four-fermion operators. For instance, the SMEFT expansion for My in these schemes receives

contributions from five Wilson coefficients at LO, but 63 already at NLO, and as shown in
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table 7 even a simple process such as Z — 77 is subject to roughly 90 coefficients at NLO.
Flavour assumptions on the SMEFT Wilson coefficients imposed by symmetries such as
MFV may therefore be an essential ingredient to practical implementations of this scheme
in global fits to data.

Regarding such fits, observables in each input scheme are subject to a different pattern
of higher-order corrections in both loops and operator dimensions. Therefore, performing fits
in multiple EW input schemes can provide an important estimate on the significance of such
missing corrections, and is a valuable consistency check on the results in any one scheme.
The results of this paper provide an important new component for such analyses.
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A Expansion coefficients and large-m, limit of Ay and Aref

In this section we derive the SMEFT expansions of Ay and Areff| which are used to predict
My, GF, and « in the vf,ff schemes. We also give explicit results in the large-m; limit.

A.1 SMEFT expansion of My

A simple way to derive the quantity Ay, defined in eq. (3.2) is to use the bare mass My
as an intermediary:

Myo = M (1+ AM§T) = My (1+ AMyy) . (A1)

After expressing the expansion coefficients of the on-shell counterterm AMy in terms of
MEE following the notation of eq. (2.22), one finds

A — ApHEO
AGY =AM — AMEY

A1) _ AGD _ AGWD A 60) | A0 (Auff’l) - QAMI%’U) , (A.2)
with
A%?/’l) _ AMsg(&l) . AM‘E{?J) + A%?/’O)AM‘S;LJ) (A3)

To derive the large-m; limit results we first note the SM results

AsthD = Ae§4’1) =0,

w,t
AvtHY =280 = 280V
4, 4,
A = 2aMY . (A.4)
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One then has for the SM correction to Ay in this limit
41 41 41 1, @1
A = AMYD — Ay = §Ap§ ). (A.5)
The result in SMEFT can be written in the form
AR = AR + AR (285650 — A | (A.6)

where d,, is the Kronecker delta. An explicit calculation shows that

61) o n(41) | ~3)  V2ME 1 (6,0 2 A(6,0)1 M
AW,t = 2AW,t [ng — Ttwcug{g/ — §AW — UO'AVV,t ln Ht 5 (A?)

where the logarithmic dependence is governed by

2
: Sw .0(6,0) , C2w .£(6,0)
Cawnpt+ %2 9t i 9rRt > (A.8)

Sw

A (6,0) _
A 2¢y

1.
= ——C —
Wit 4 HD\t
with

v2Chpy = 82p"" [Cyp +20Y) — 20%1 :
33

. [ M 5
V2CHWEBL = 4AP§4’1) Cuwp — \@WZ (CwC'%Jg + 33w0u31§/)] ;
L t

. £(6,0 4,1) | 26,0 1 3
vggL(yt ) = 4Ap§ ) gL( ) C'(lq) + C(lq) + Clu’] ,
433 1433 33t

Uggé(i’o) = 4Ap§4’1) gé(G,O) +Ceu —C qge

e 3%] . (A.9)

A.2 SMEFT expansions of Gy and «

The expansion coefficients for Arf defined in eq. (3.3) are calculated similarly to those for
Myy, except this time using vy as an intermediary. In particular, by equating eq. (2.7)
with eq. (2.8) one finds

ATGH(4’1) — A,Ul(f,l) - A,Ugl,l),
ArefD) = Ap(ED — Ap(ED 4 24y (D ApeT60) (A.10)

Following the discussion of universal corrections in [56], we write the results in the large-m;

limit in the form
Arfff(%ﬁj) _ K(()j’j) _ K,(j’j)' (A.11)

Results for the K, can be read off from [56] (after adapting to our notation), while the results
for K, are new. The one-loop result in the SM is

K@D = —Api*Ys,, . (A.12)
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The SMEFT answer takes the form
K(60) — _ 7,60

o oz Y

g

(6,1) L 56,0 1 (6,1)
K = _§U0K0'7t hl W + ka. . (A13)
t
One has, for the non-logarithmic pieces

o0 = a0 3 [o o |

j=1,2"% JJ 7333
kG = o (4D <K&6’0) + CJ(L?;) , (A.14)
33

whereas the dependence on the renormalisation scale p is governed by

°-(6,0 4,1 3 3
U?TKl(t,t ) — —4Ap§ ) Z {C}ﬂ) — C(lg ] ,
j=1,2 % iJ 533

- L. : 2w (.0 Cow .0
2K = 5CHpy + Cuwpt + % (gL(fZ’O) 20 g (6’0)> . (A.15)

Rt
CwSw w 28%0

All components needed to evaluate the latter result were given in eq. (A.9).

B Minimal flavour violation

The calculations in this work have been performed with no assumptions on the flavour
structure of the SMEFT operators. To reduce the number of free parameters, we can make
the assumption of minimal flavour violation (MFV). In this appendix, we give details on
this flavour scenario.

In the SM, the U(3)® symmetry for the SM fermions
U(3)° = U(3)g x U(3); x U(3)y x U(3)q x U(3)e, (B.1)

is broken only by the Yukawa couplings [90, 91]. The MFV scenario extends this requirement
to SMEFT [89]. Since we consider all fermions except the top quark to be massless, we only
thus only allow the breaking of the U(3)® symmetry by the top Yukawa coupling Y;. In
the MFV case, we thus distinguish Wilson coefficients involving the top quark from those
involving first and second-generation up-type quarks.

We change from the flavour-general scenario to MFV by making a set of replacements on
the Wilson coefficients, see e.g. [52]. For operators with two flavour indices involving leptons
or down-type quarks, we can suppress the flavour indices

Ci — Cy, for Cp € Che, CY), CP) Oy (B.2)
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For the Wilson coefficients with two flavour indices involving up-type quark fields, we
explicitly distinguish top-quark couplings

Ce = Cpforjel,2, Cpgu— Cm, OV ol ol o6 B.3
i orJ By oAb THe T RHQ MHe T HQ (B:3)

For Cyp and Cyw only Wilson coefficients with third-family indices contribute in the first
place so no replacement is necessary.

For four-fermion operators with two different fermion bilinears as well as Cp., which
is simplified by a Fierz identity, there is a single coefficient contributing under the MFV
assumption when no up-type quarks are involved

Cz — Cp for Cp € Cee, Ce, Clg, Ceq - (B.4)

5]
In Wilson coefficients involving up-type quark fields we distinguish the third generation

Ce »Coforjel2, ) wcl), ) ~c), cu —an

i 33 133 133
Cage — qu for jel, 2, Cg — CQE . (B5)
Jjit 3341

For Cy;, which involves two fermion currents of the same species and chirality, there are two
U(3)° symmetric combinations, which we distinguish with a prime

Cuy —Cu, Cy —Cy, Cy —Cyu+Cy. (B.6)

177 1771 1111
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1:X3 2: HS 3: H*D? 5:9?H3 + h.c.
Qc | fABCGAGERGSr  Qu|(HTH)  Quo| (HTH)O(H'H) Qerr | (H'H) (e, H)
Qg | FABCGAGBrGCn Qup| (HID,H) (HD,H)  Quu|(H H)(Gyu,H)
Quw | TEW v Jow K Qan |(H H)(gpd, H)
W EIJK’WJVW;]/JW;(M
4: X2H? 6:¢2XH + h.c. 7:2H2D
Qua | HYHGA,GAw Qew | (Lo e,)oa HW], M (H'i'D . H)([,7"1,)
Qe | HHGA G Qen| (o e,)HB,, @ @D L) G0,
Quw | HTH W1, Wi Quc | (Got” T4, ) H G2, Qe (H'iD H)(@e,)
Quiy | HIHWLW™  Quy|(go"u,)o! AW, Q| YD ) @)
Qup | H'HB,,B" Qus| (40" u,)H By QY |(HYDLH) (G0 v q)
Q,5 | H'HB,,B" Quc | (@ TAd,)H GA, Qua | (H''D  H)(@yy u,)
Quwz|HIeTHWL,BY  Quw|(@o"d)o HW], Qua | (HYD ,H)(d"d,)
Qi |H G HW], B Qas| (G0 d.)H By, Quud + hec.| i(H'D, H)(u,v"d,)
8:(LL)(LL) : (RR)(RR) 8: (LL)(RR)
Qu|  (Lpyule)(Tv*ly) Qee | (Epyuer)(Esyer) Qe | (yyule)(En™er)
Q| (@a) (@7 a) Qua|  (pyuur) (s u) Qu | (pyuly) @y w)
QW @10’ a) (@ o a)  Qaa|  (dpyuds)(dindy) Q| Uyl (deyPds)
Q| Gle) @7 a) Qeu|  (Epuer) (@™ ur) Que | (@1uar)(E"er)
Q| Iy 1) (@ o ar) Qea|  (Epuer)(dsy¥dy) S (@) (@)
QY| (@) (deytdy) 9| @y T ar) (T )
Q) (i TAur ) (dr T QW (@yuar)(dertdy)
QW | (@ T4 a,) (dy T Ady)
8:(LR)(RL) +h.c. 8: (LR)(LR) + h.c.
Queda | (Ber) (dsaiy) Qi (@ur)ein(dhdy)
QW | (@T4u e (@ TAdy)
O Benen(@un)
for | (Boer)ejn(@E o w)

Table 8. The 59 independent baryon number conserving dimension-six operators built from Standard
Model fields, in the notation of [83]. The subscripts p,r, s,t are flavour indices, and o are Pauli ma-

trices.
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