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We consider random walks on countable groups. A celebrated result of Kesten says that the spectral
radius of a symmetric walk (whose support generates the group as a semigroup) is equal to one if and
only if the group is amenable. We give an analogue of this result for walks that are not symmetric. We
also conclude a ratio limit theorem for amenable groups.

1 Introduction

Let G be a finitely generated countable group. Let 1 be a probability measure on G, that is, a function
u : G — Rt such that dec w(@ = 1.Let S, = {g € G: u(g) > 0}, the support of u. We say that u is
non-degenerate if S, generates G as a semigroup. (We do not require S, to be finite.)

Let | - | be a word metric on G associated to some finite generating set. (We do not assume any
connection between this set and S,.) We say that u has finite first moment if

> 1gln(g) < o0

geG

and that u has finite exponential moment of order ¢ > 0 if

> elilu(g) < oo.
geG

The measure pu defines a random walk on G with transition probabilities p(s,t) = u(s~'t). The
convolution u x v of two functions u, v : G — R* is defined by

wxv(@) =D uE)v(sg).

seG

Received: October 9, 2023. Revised: January 10, 2024. Accepted: January 17, 2024

© The Author(s) 2024. Published by Oxford University Press.

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://
creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium,
provided the original work is properly cited.

20 Iudy 80 uo }sanb Aq £8/909//6029/./¥20Z/3911E/uiwl/wod dno-olwapede//:sdiy Woij papeojumoq


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

 13281 16710 a 13281
16710 a
 
mailto:R.J.Sharp@warwick.ac.uk
mailto:R.J.Sharp@warwick.ac.uk
mailto:R.J.Sharp@warwick.ac.uk
mailto:R.J.Sharp@warwick.ac.uk
mailto:R.J.Sharp@warwick.ac.uk

6210 | R.Dougall and R. Sharp

We will be interested in the spectral radius of this random walk, defined by

A(G, ) := limsup(u*"(e) /™.
n—o0

Clearly, 0 < A(G, n) < 1. A celebrated theorem of Kesten (which does not even require G to be finitely
generated) says that if x is symmetric then A(G, u) = 1if and only if G is amenable [8]. (We recall that
G is amenable if and only if it admits a Banach mean, that is, a linear functional M : £*°(G) — R such
that M(1) = 1, infyec f(9) < M(f) < supger(g), and M(fy) = M(f), where f3(x) = f(gx). See the papers of
Fglner [S] and Day [2] for further discussion.) The aim of this note is to generalise Kesten's criterion to
the non-symmetric case.

To state our generalisation, we need to consider the abelianisation of G. Since G is finitely generated,
this has a finite rank k > 0. Let G® = G/[G, G] denote the abelianisation of G and let G2 denote the
torsion subgroup of G®. Now set G = G*/G&> = 7ZF, for some k > 0, (the torsion-free part of the
abelianisation) and let 7 : G — G be the natural projection homomorphism. Write i = 7, (u), that s,

ammy = > u@).
geG
7(g)=m

Theorem 1.1 (Non-symmetric Kesten criterion). Let G be a finitely generated group and let u be
a non-degenerate probability measure on G. Then

G amenable <= A(G,u) = AG, @v).

The special case where p has finite support originally appeared in Dougall-Sharp [4], where it is
written in the language of subshifts of finite type and Gibbs measures.
The value of A(G, 1) may be characterised in the following way. Define ¢, : R¥ — R* U {+00} by

Gu ) = D" e D p(gy = D" e ji(m),

9eG meZzZk

where (v, m) = vymy + - - + vpmy. By a result of Stone [15], [16], there is a unique & € R* at which ¢, (v)
attains its minimum. Then A(G, it) = ¢, (¢). This is discussed in more detail in Section 2.

A probability measure u (with finite first moment) is said to be centred if for each homomorphism
x : G — R, we have

> x(@u(g) =0.

geG

Any such homomorphism factors through G so it is easy to see that u is centred if and only if either
k=0or

2 T@u) = D miam) =0.
meC

geG

In particular, u is centred if and only if 4 is centred.
If, in addition, p has a finite exponential moment of some order then we have the following result.

Corollary 1.2. Let G be a finitely generated group and let 1 be a non-degenerate probability
measure on G. Provided u has a finite exponential moment of some order, we have A(G, u) = 1
if and only if G is amenable and u is centred.

Remark 1.3. In fact, the “if” direction above, which G amenable and p centred implies that
MG, n) = 1, 1s true if p (and hence i) has finite first moment; while the “only if” direction
uses the exponential moment condition.
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Kesten Criterion and Ratio Limit Theorem | 6211

Theorem 1.1 allows us to prove a ratio limit theorem for amenable groups with an explicit limit. To
avoid any parity issues, it is convenient to restrict to aperiodic walks. We say that (G, n) is aperiodic if
there exists ng > 1 such that u*"(e) > 0 for all n > no.

Theorem 1.4 (Ratio limit theorem). Suppose that G is a finitely generated amenable and that u is
a non-degenerate probability measure on G. Assume in addition that (G, w) is aperiodic. Then,
for each g € G,

*N
im # @ _ e T @)
n—oo p*(e)

where ¢ € R* is the unique value for which A(G, ) = ¢,.(£).

Remark 1.5. One should compare this with a theorem of Avez [1] that says that if G is amenable
and p is symmetric, non-degenerate, and aperiodic then limp_.., u*"(g)/n*"(e) = 1, for all g € G.

Remark 1.6. It should be noted that there is no a priori mechanism to guarantee that the ratios
do indeed have a limit. However, notice that if one has the ratio limits

n
im w9 _ e Em@)
n—oo p*(e)

for all g € G, for some & then G is necessarily amenable. We give the short demonstration. From
the hypothesis we have for any s € G,

*‘n (S—l)
*ﬂ(e)

— oleT©)

Now, since

W (@) =D uEu s 1g),

seG

we then have

*(n+1) *Yl —1

we) (s7)

lim lim s s)els@) — ) 1.1

lim —oo= = lim gu() D _SEZS;M() bu(€) (1)
In particular, ¢, (§) < co. We proceed with the proof assuming that £ = 0 and deduce the general
case after.

Now using that

wre e
wie) 5w mD(e)

we see that (1.1) with ¢,(0) = 1 implies that limsup,_, . (1" (e)¥" = 1. This contradicts
Day'’s [2] generalisation of Kesten'’s criterion to the random walk operator spectral radius—a
consequence of which is that, for any non-degenerate probability, we have that if G is non-
amenable then limsup,_, (1" (e)/" < 1.

For the general case &£ # 0, we have already shown that ¢, (§) < oo, and so

el&. (@)

wg) = ™G] ———1(9)

is a well-defined probability measure on G with ratio limits equal to one, and we again conclude
that G is amenable.
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6212 | R.Dougall and R. Sharp

Let us now outline the contents of the rest of the paper. In Section 2, we recall results of Stone on
random walks on Z* that are essential to the formulation of our results, and the rather general results
of Gerl. In Section 3, we give a proof of Corollary 1.2 assuming Theorem 1.1. We prove Theorem 1.1 in
Sections 4 and 5. Theorem 1.4 is proved in Section 6, as a consequence of equidistribution results for
countable state shifts.

2 Results of Stone and Gerl

In this section, we recall classic results of Stone concerning random walks on ZF. Let » be a non-
degenerate aperiodic probability measure on Z* and define ¢,, : R¥ — R U {+00} by

¢ (V) = D> e Maw(m).

meZzk

Lemma 2.1 (Stone [15], [16]). If w is non-degenerate then there is a unique ¢ € R® such that
¢ (&) = inf,z: ¢, (V). Furthermore, M(Z¥, w) = 1 if and only if ¢,(§) = 1, that is, if and only if
£=0.

We note that ¢, (¢) = 1if and only if ¢,,(u) > 1 for all v € R,

Corollary 2.2. A(ZF, w) = ¢, (&).

Proof. Suppose that ¢,,(¢) < 1. Then we can define a new probability measure wg on Z¥ by
we (M) = ($u(6)) M (m).
Then w: has the same support as w and
(M) = (o (§)) S ™M™ (m).

We have

> e M (m) =

meZ*

1 GV +8)
(v+g,m) — 1
G, E erem="0

Hence, A(Z¥, @) = 1 and

MZF, ) = ¢ (OOMELF, 0g) = ¢ (E).

|
We now state a ratio limit theorem due to Stone.
Proposition 2.3 (Stone [15]). Suppose that o is non-degenerate and aperiodic. Then, for each
m e Zk,
O _ ot (2.1)

nl—glc w*N (O) -

Ratio limit theorems are intimately related to the existence of harmonic functions. Given a random
walk (G, u), we define the random walk operator P, : Z}l(G) — Z}L(G) by

Puf(@) =D p@,9f(©) = D n(g ) s).
seG seG

This may be written as a convolution P,f = f i, where ji(s) = u(s™%). A function f : G — R* is called
A-harmonic if P, f = Af, that s, if

D @O S) = A ().

seG
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(Some authors define f to be A-harmonic if p * f = Af.) If we write he(m) = e~®™ for the limit in
Proposition 2.3 then we see that the function Flé (m) = hg(—=m) = e®™ is A(ZF, w)-harmonic (for w).
Furthermore, » = A(Z¥, w) is the smallest value for which there is a A-harmonic function.

One may ask about ratio limit theorems on more general groups than Z*. Following earlier work by
Avez [1] and Gerl [6], a rather general ratio limit theorem was proved by Gerl [7], where it is obtained
as a corollary of the following limit theorem. A detailed account and discussion may be found in the
recent note by Woess [18].

Proposition 2.4 (Gerl’s fundamental theorem [7]). Suppose that u is a non-degenerate probability
measure on G such that (G, ) is aperiodic. Then we have

*(n+1)
. © _
MR MO

Gerl used this to prove the following conditional ratio limit theorem.

Proposition 2.5 (Gerl's ratio limit theorem [7]). Suppose that x is a non-degenerate probability
measure on G such that (G, n) is aperiodic. Suppose thereisaset § C {f : G - R*:f(e) = 1}
such that

(1) if f : G — R*" is defined by

—lim 40
f@ m Se

for some subsequence (”j)fiy then f € §;

(2) there exists a unique h € § satisfying the equation u * h = A(G, wh.
Then

lim w(g)
ii=os 1 (e)

=h(g),
forallg e G.

In particular, if we have uniqueness of a A(G, u)-harmonic function for (G, 1) then we know the ratio
limit theorem holds. The advantage of our Theorem 1.4, for amenable groups, is that we don’t consider
arbitrary harmonic functions instead we directly work with functions coming from the abelianisation.

3 Proof of Corollary 1.2

In this section, we prove Corollary 1.2, assuming Theorem 1.1. We note that ¢, = ¢;, sO we can use
Lemma 2.1.

Proof of Corollary 1.2. If G is not amenable then Theorem 1.1 tells us that A(G, u) < A(G, i) < 1; so it
suffices to show that, if G is amenable, then A(G, i) = 1 if and only if u is centred.

Since f is non-degenerate, ¢, (V) is strictly convex on the set where it is finite. The hypothesis of
a finite exponential moment implies that ¢, (v) is finite and differentiable in some neighbourhood of
0 € R*. Therefore, ¢, (V) has its unique minimum at v = 0 if and only if V¢,(0) = 0. Suppose that
A(G, i) = 1; then, by Lemma 2.1, ¢,, has its minimum at 0 and so

0=V, (0)= > mj(m),

mezk

that is, u is centred. On the other hand, if A(G, i) < 1 then, again by Lemma 2.1, the unique minimum
of ¢, is not at 0 and so

0# Vg, (0) = D m(m),

mezk

thatis, u is not centred. [ |
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6214 | R.Dougall and R. Sharp

4 Proof of Theorem 1.1 (<)

In this section, we show that if A(G, ) = A(G, jz) then G is amenable. (In Kesten’s original theorem, this
was the harder direction but in our case it is the easier implication.) Noting that ¢,, = ¢;, recall from
Section 2 that there is a unique & € R* such that

¢[L(%‘) = 1}?}153 ¢u(U)
and

bu(®) =D n(@e™ P =G, ).
geG

We define a new probability measure u; on G (analogous to the measure w; on Z* in the proof of
Corollary 2.2) by

e (@) = ¢ (&) 1D p(g).

Proof of Theorem 1.1 ( —). Assume that Gisnon-amenable. By Theorem 1 of Day [2] (see also Theorem
5.4 of Stadlbauer [13]), we see that the probability measure u; satisfies

lim sup(u;"(e) " < 1.

n—o00

Unpicking the definitions, uf"(e) = ¢, (£) """ (e). Hence, lim sup,_, (1™ ())*" < ¢,.(£). [ |

5 Proof of Theorem 1.1 (—)

In this section, we will show the harder implication that if G is amenable then A(G, i) < A(G, n), and
hence that A(G, 1) = A(G, ). We remark that the proof given here is significantly easier and more direct
than the one we gave in [4]. Following that proof would introduce a family of measures, indexed by
g € G, on the space S} x G, each describing the paths that visit S} x {g}. These measures (which are also
analysed in [14]) are not required here.

Let us begin by emphasising the following: though we know that 2 has a A(G, i1)-harmonic function it
plays no role in this part of proof! The first element of the proof is the following proposition. Subsequently,
the rest of the section will be devoted to showing its hypothesis is satisfied with » = A(G, w).

Proposition 5.1. If there is a homomorphism h : G — R>?, the multiplicative group of positive real
numbers, such that, for alln e N,

> W (@h(=m(g) < A"

geG

then A(G, 1) < A.

Proof. Suppose such a homomorphism h exists. Since h is positive so we can throw away the terms
where —n(g) # 0 and obtain

> W@ <A
geG
7(9)=0
Hence, for any § < 1,

STATOE N =D D w@)s"a T < oo

neN neN geG
7(9)=0

This says that A(G, i) < A8~1. Since we can take § arbitrarily close to 1 we are done. [ |
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We view A(G, n) as a convergence parameter for the series

) => urer",

neN

where t > 0, that is,

1nf[t eR": Zu*”(e)t’ <00} = hm sup(u*”(e))l/” = MG, ).

neN

This formulation is reminiscent of the Poincaré series used in the construction of Patterson-Sullivan
measures on the limit sets of Kleinian groups and more general limit sets and, indeed, we employ ideas
from this theory. The most relevant reference here is Roblin [9], which covers the basic tools of Patterson—
Sullivan theory and the amenability “trick” we will use in the proof of Proposition 5.6.

The series ¢(t) does not necessarily diverge at t = A(G, ), but one can modify the series, in a controlled
way, to guarantee divergence at this critical parameter. The following appears as Lemma 3.2 in Denker
and Urbanski [3] (see also [14]).

Lemma 5.2. Let (a,)2, be a sequence in R* and let p =limsup,_,  a ai/™. Then there is a sequence
(bn)32, of positive real numbers such that lim,_, o byy1/by = 1 for wh1ch > nen Anbnt™ < oo for
t> pbut

Zanbnpin =

neN

Let (by)2, be the sequence given by Lemma 5.2 for the series with a, = u*"(e). We prefer to use
¢n = 1/by, a decreasing sequence. Note that we have lim,_, o ¢y—r/cn = 1 for all r € N. We will work with
a modified series ¢f(t) defined by

=3

neN n

and also, for each g € G, the series

[N o )
=2 ==t

neN n

Lemma 5.3. For each g € G,

G ()

0< < < 00
HGm<t=2 L8 T <=2 6O

Proof. We begin by observing that, for every g, h € G, we have
M*(nJrk) (9) > M*k (gh—‘l)u*n (h)

and we may choose k > 1 for which u**(gh~!) > 0. This gives us the inequality

#(n+k)
é,C(t)_lel- (9)tm+zﬂ (g)t(yH,k)

m<k neN Cn-k

_ZM (g)t_m—i-u*k(gh 1)t_kzl/- "h) ¢, Cn pm
m<k neN Cn Cn-ti
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6216 | R.Dougall and R. Sharp

Since the numbers ¢, are positive and, for a fixed k, limy_.o ¢n/Cryk = 1, we have inf, ¢, /¢ > 0. Hence,
for A(G, n) <t <2, we have

Ca(g,h, k)

h
Ca® & (D),

& = Cig, k) +

for positive Cq, Cy, and C3. We conclude

(0]
MG <t<2 Lh(t)”

0<

Since g, h are arbitrary the lemma follows. (The choice of 2 as an upper bound for t in the lemma is
arbitrary; we could work with A(G, n) < t < c for any fixed ¢ > (G, n).) [ |

By the previous lemma and a standard diagonal argument, there exists a sequence t, — A(G, ) for
which the following limits are well-defined

)
H(g = lim £ (tn) € (0, 00),

o0 £ (tn)
for all g € G. A crucial observation is the following.

Lemma 5.4. For any r € N, we have

> w(9)Hg) = AH(9)

seG
with A = A(G, w).

Proof. Fixr e Nandlete > 0. Since lim,_,, ¢,_r/cy = 1, we can choose ng such that 1 —e < ¢,_,/cy < 1+e¢,
for all n > ny. We will also use that

whg) =D u (s g).

seG
Then, for n > ny,

1—¢

Cn—r

*N 1 +
D (s ) < “C—(g) < (C—e) > (" (s71g).

seG T seG

Setting

Cig ity =3 D,

C
n<no n

we have

*N *(n—T) S—l
e ED C(g) < Cig )+ A+ > wie > =P - 79

neN n seG n>ng n=r

< Cig, o) + (1+€) D " ©OHE e M),

seG

using that the terms in the series are non-negative. This gives

C1(g, tm, o)

A'H(g) < lim
@ = Jm < ()

+A+0) D W OHE 9 =1+e) D u(©HE 9

seG seG
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and, since e is arbitrary,

WH(g) < D u (9HGE ).

seG

For the lower bound, we have

- *(n—1) (g—1
> Mci(g)tf" DN AODY timir)ﬂ?(sg)

n =T

neN seG n=np
_ o ICa’)
=1-02 W T ——
seG neN
This gives
AH(9) = D w " (OHG9).
seG
]
Lemma 5.4 gives us the following corollary.
Corollary 5.5. For any fixed y € G, we have
0 <inf Hi9) <su Hrg) < oo.
9¢6 H(@) ~ 4ec H@@
Proof. Given y € G, we can find x1,...,xx € S, for some k > 1, such that x; - - - x, = y~1. This gives us
pea) - pCOHEYg) < D p(s1) - p(sH(s 507 g) = AFH(9),
(S1,..-,5¢)€Gk
and so sup,.c H(y9)/H(9) is finite.
Now we put yg on the right-hand side and choose y4,...,y, € S, such thaty;---y, = y to get
ny) - nGOH@ < D pls) - u(sOH((s1 50 vg) = A'H(y ),
(81,...,8¢)€Gt
and so infyec H(yg)/H(g) is positive. |

We are now ready to use the amenability of G. We use the existence of a Banach mean on ¢*(G) to
“average over g”in the last lemma.

Proposition 5.6. There is a homomorphism h : G — R such that, for alln € N,

D Eh(=m(s) < AT,

seG

with A = A(G, w).

Proof. Since any homomorphism h : G — R>° factors through G, it suffices to show that there is a
homomorphism h : G — R>% such that, for all n € N, we have

> whshs™) < A (5.1)

seG
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6218 | R.Dougall and R. Sharp

Let M be a left G-invariant Banach mean on ¢>(G). Jensen's inequality says that if ¢ is convex then

M(p(f)) = o(M(f)).

(This is more familiar when the linear functional is integration with respect to a probability measure.
One can check that we only need monotonicity, finite additivity, and the unit normalisation M(1) = 1.)
We apply this to the function g — (H(yg)/H(g)) in £*(G). (Note we have used Corollary 5.5 to know that
g — log(H(y9)/H(9)) is in £>°(G).) Thus, we obtain

Hyg\ _ H(rg)
M(g ~ Ho ) - M(g ~ explog ) )

H(VQ))
H(g )

> expM (g — log

Now set

H(Vg))
h(y) =expM ( — lo .
) pM\g g H(g)
We will show that h satisfies (5.1), recalling that M is only finitely additive. Let {g};> ; be an enumeration
of Gand, for N > 1,let Gy = {91, ..., 9gn}. Lemma 5.4 gives us that, for any n > 1 and any N > 1, we have

Hs™t Hs™t
A= M(g — ZM*H(S) S(g)g)) >M <g — Z ,bL*n(S) S(g)g))

seG seGy

_ n H(s™'g) “n H(is™'9)
—SEZGN;L (S)M(QH o) )zSEZGNu (S)eXpM(g'—>10g HO) )

=D wEhE™.

seGy

Taking the supremum over N gives (5.1).
It remains to show that h is a homomorphism. Notice that

logh(ab) =M (g — log H(abg))

H(9)

_ H(abg) H(bg)
=M (9 =108 F5g) ) M (9 =108 ) )

=logh(a) + logh(b)

and

Hy™* H
logh(y™H) =M (g — log g(g)g)) =M (g — log H(E/gg)))

H(yg))
H(9)

=M (9 + —log = —logh(y),

using translation invariance of M. The conclusion follows. |

Remark 5.7. In the above proof, any positive A(G, w)-harmonic function H : G — R>? could be used
to construct the desired homomorphism. If ¢ has finite support then it is known that such a
function exists, see Lemma 7.6 of [17].

Combining Proposition 5.1 and Proposition 5.6 shows that if G is amenable then A(G, it) < A(G, ).
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6 Equidistribution and Proof of the Ratio Limit Theorem

In this section, we use Theorem 1.1 to prove a ratio limit theorem for amenable groups, Theorem 1.4.
Our arguments will also give a new proof of Proposition 2.4 in this setting. Our approach is based on
weighted equidistribution results for countable state shift spaces. Suppose that G is amenable, that u
is non-degenerate, and that (G, ) is aperiodic. We let A denote the common value

L= ¢u&) =G, 1) = MG, ),

given by Theorem 1.1. As above, s (9) = A~ th(g)i(g), where h(g) = 7@,
We consider the sequence space T = Sﬁ’ and let o : £ — ¥ be the shift map: o((s))) = (si10),. If
§=(S1,..-,Sn) € S}, we write [s] = [s1,...,Sn] for the cylinder set

[S1,...,80) ={(xDZ, e Zxy =5 Vi=1,...,n}.

We give T the topology generated by cylinder sets (which are both open and closed).
We denote by v, the Bernoulli measure on ¥ given by

Vs([SL .. ,Sn]) = /Lg(sl) s Ils(sn)<

Let
Ap={s=(1,...,5n) €S}:81---sp=¢}

and define a sequence of probability measures m, on = by
1 1
M= s S e(s1) - pue(s)ds, = e > ve(shss.,,
M5 S=(81,...,5n) €A, ME 5=(S1,...,5n) €A

where we use the notation s,, € ¥ to mean the one-sided infinite concatenation of s = (sq,...,s,) and
s, denotes the Dirac measure at this point. We remark that we also have

1
= o D s (s,

5=(51,...,5n)€An

but we do not use this formula. We will need to explicitly evaluate the measures m, on cylinder sets.
Lemma 6.1. For a cylinder set [u, ..., ux] we have that, forn > k,

_ e (U1) -« - pg (Ug)

*(N—k) o —1
M W),
G) §

mp([u1, ..., U]
where U = Uy - - - Ug.

Proof. This is a straightforward calculation. For n > k,

1
Ma(ug, . W) = —— D e(S1) -+ e (Sn) Sesy, s (U -, Ue)
e (e &1

1
- He(S1) -+ pe (Sn)
M;n(e) (51,--”25":)5[,\“

CHCVSIICY) D melSken) e pe(sn)

ut'(e)
§ (S S)ESIE
Spy1-Sn=U"1
e (Un) -+ - pe (Uk) B, 1
=,

wit(e)
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We will show that, for each cylinder set [u1,..., U], Mn([U1, ..., ur]) converges to ve([us, ..., U]), as
n — oo. In order to have convergence (as opposed to an accumulation point) we need x;"(e)*/" to have a
limit. This is a consequence of aperiodicity, as the next lemma shows.

Lemma 6.2. We have

lim (13" (e)'/") = 1.
n—oo

Proof. We know thatlim supn%m(ug“(e))l/” = 1. Since pis aperiodic, we have u*'(e) > 0 for all sufficiently
large n. Recall also that M;‘(””")(e) > it epm(e). This tells us that —log u;"(e) is sub-additive. Hence, by
Fekete’s lemma,

. —logu(e) . _—logu*(e
lim gu ()sz gu (),
n—00 n n=1 n
in particular the limit exists and is equal to the limsup. ]

In order to show the required convergence for the m,, we introduce some ideas and terminology
from thermodynamic formalism and large deviation theory. A function ¢ : ¥ — R is called locally
Holder continuous if

sup sup |p(x) — ¢(y)| < Co", (6.1)

seS), x,ye[s]

forsome C > 0and 0 < 6 < 1, for all n > 1. For a locally Hélder continuous function ¢ : & — R, we
define the Gurevi¢ pressure Pg(¢p) by

) 1 n—1 )
Po(p) = lim - log ZS: exp %(p(cﬂsm) € RU {+o0}.
se. ;‘, j=

(The original definition given by Sarig in [10] is somewhat different, and only requires, (6.1) to hold for
n > 2,but, by Corollary 1 of [11], the above formula gives the Gurevi¢ pressure in our setting.) We now fix

(5D, = log e (s1) = logve ([s1]),

so that, in particular, Pc(p) = 0. Let x be the indicator function of some cylinder. We can easily calculate
from the definition that, for t € R, Pg(p + tx) < max{0, |t|} for all t € R. Hence, by Corollary 4 of [11],
t > Pg(p + ty) is real analytic for t € R and, by Theorems 6.12 and 6.5 of [12],

dP(p + tx)
dt

3 =/X dve. 6.2)

(The same discussion remains trueif x is replaced with any bounded locally Holder function butindicator
functions of cylinders are sufficient for our purposes.)
For s € S, let ts, denote the orbital measure

v

1 n-1
Top = — ) .
s,n n Z 07 (Sac)
J=0

Following, Theorem 7.4 of [12], we have the following large deviations bound.
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Proposition 6.3. Given ¢ > 0, there exists C > 0 and n(¢) > 0 such that

> ve ([s]) < Ce™ ",

SeS),
| [ x drsp—[ xdve |>€

Proof. The proof is standard but we include it for completeness. We consider s € S}, such that [ x dzs, >
J xdve +eand [ xdr, < [ x dvg — € separately. For t > 0, we have

Z Ug([S]) < Z eq;”(soc)ﬂx”(soc)—mfx dvg—nte'

SeS), seS),
[ xdrsn> [ xdve+e

so that,

1imsup%log z ve ([s]) SPG(gathx)ft/xdv; — te.
n—oo SESH

[ x dtsn>[ xdve+e

Using Pc(p) = 0 and (6.2), we see that, for sufficiently small t > 0, we have

PG(¢+tx)—t/de5—te<OA

Similarly, for t < 0,

. 1
hmsupﬁlog > vs([S])SPG(w-HX)—t/Xst +te.
n—oo SESH P
[ xdrsn<[ xdve—e
and, for sufficiently small t < 0, this upper bound is negative. Combing these estimates gives
the result. n

Since A, c S"

n

we have the following immediate corollary.

Corollary 6.4. For € > 0, we have

Z v ([s]) < Ce ",

SEAn
[/ x desn— xdve|>e

The following equidistribution result is now an easy consequence.

Proposition 6.5. For any cylinder set [u1, ..., Ux], we have that
Hm ma(fua, ... ue]) = pe (Ua) -+ e ().
Proof. Let x : ¥ — R be the indicator function of [u, ..., ux], then we need to show

lim den=/xdu§.

n—o0

We have

" 1
'/den 7/xdv5 = m Z Vg([S])/Xde,n

SEA,
[ x desp—[ xdve |>¢

1
+ m Z VS([S])/X dzspn 7/)( dve.

SEAp
[f x dron— xdve|<e
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By Lemma 6.2 and Corollary 6.4, the first term on the right-hand side tends to zero exponentially fast.
Also,

1
m Z Vs([S])/des,n 7/)( dve

SeAy
[ x desn—[ xdve | <e

d
<€+ M Z Ug([S]) <e+ Ce—r](e)n‘

- ug' (e =

n
| [ x drsn—[ xdve|>e€

which, since ¢ is arbitrary, gives the result. |

Combining Proposition 6.5 with Lemma 6.1, we see that for u = u; - - - u, we have

*(n—k) .. 1
u
im 4 W)y (6.3)
n—o00 122 €

Most of the work is done. We prove Proposition 2.4 for amenable groups.

Proof of Proposition 2.4. It suffices to show that

M;(}’Hl) (e) _

n—co  pui"(e)
By the aperiodicity of u, there exists ko such that u**(e) > 0 for all k > ko. In particular, for all k > ko, we

can choose (uUg,...,ux) € Sh with uq - --up = e. Then equation (6.3) gives that lim,_, » p,g(”’k) (@/uf'e) =1,
so that

lim 11" @)/ e) = 1,
n—oo

for all k > ko. Applying this with k = kg and k = ko + 1, we have that both

k k 1
e e e

wn(e) - M;(n#ﬁofl)(e) o Mg”(e)

and

He He

wre R e u e

*(N+Ro+1) © *#(N+ko+1) © Mg(nﬂ) ©)

converge to 1, as n — oo. Dividing the second expression by the first, we conclude that

+ko+1
G

lim =1,

n—oo M;(n+ko) (e)

which is equivalent to the required limit. ]
We can now establish the ratio limit theorem for amenable groups.

Proof of Theorem 1.4. Let g € G be arbitrary. Choosing (uy, ..., u) with u; - - - u, = g~* and applying (6.3)
gives that lim,_ « u;‘m’b (9)/uf"(e) = 1 and hence that

M*(n—k) (g) B )\—k

% ) @)
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Now, applying Proposition 2.4,

w(g) _ wg) M*(n+k)(€) N e,(gyﬂ(g))y
we) - prRie)  p(e)

asn — oo. ]
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