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1 | INTRODUCTION
1.1 | Acceleration-free curves and main result

In the theory developed in the book of Ambrosio, Gigli and Savaré [2], the notion of geodesic semi-
convexity is a key ingredient in establishing the existence and uniqueness of gradient flows in the
2-Wasserstein space (% (R%), W,). However, without the stronger notion of semi-convexity along
generalised geodesics, we cannot use the theory developed in [2] to establish several other impor-
tant properties of gradient flows such as stability and optimal error estimates. Despite the strength
of convexity along generalised geodesics over geodesic convexity in this regard, it is shown in [2,
Chapter 9] that, for the three energy functionals introduced by McCann in [15], these two notions
coincide. This manuscript shows that this occurrence is not limited to these energy functionals.
On the contrary, in Section 3, we prove the following theorem.
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Theorem 1.1. LetF : %(R%) - RandletA € R. IfF is differentiable on %,(R%), then the following
statements are equivalent.

1. F is A-geodesically convex.
2. F is A-convex along generalised geodesics.
3. F is A-convex along acceleration-free curves.

As a consequence of Theorem 1.1, not only do we hope to highlight the connection between
geodesic and generalised geodesic convexity on the Wasserstein space, we also hope to draw
attention to the connection between these two concepts and the third notion of convexity along
acceleration-free curves (cf. Definition 3.1).

Heuristically, an acceleration-free curve on the Wasserstein space describes the evolution of a
density of particles for which the path of each particle describes a straight line. For example, any
curve of the form [0,1] ¢ — % hI 8. (1—1)+1y,» Whilst not necessarily a geodesic on P(RY), is
certainly an acceleration-free curve.

If we are more specific, then given any non-atomic probability space (Q,P), a curve
[0,1] 3t & p, © P(RY) is acceleration-free if and only if there exist random variables X,Y €
L2((Q,P); RY) such that g, = Law((1 — £)X + tY) for every ¢t € [0,1]. Indeed, this characterisa-
tion of acceleration-free curves is equivalent to Definition 3.1 and, in particular, such a description
reveals a connection between acceleration-free curves and the notion of convexity on the space
L2((Q,P); RY). Convexity on L2((Q, P); RY), often characterised in the form of a displacement
monotonicity or L-convexity condition (introduced by Ahuja (cf. [1, Equation 4.3]) and Carmona
and Delarue (cf. [4, Definition 5.70]), respectively), has been utilised to much success in estab-
lishing various well-posedness results for systems of mean-field games (cf. Gangbo et al. [10];
Mészaros and Mou [16]; Gangbo and Mészaros [9]), and so, whilst the theory of mean-field games
is beyond the scope of this paper, we briefly discuss this connection whilst referring the more
interested reader to the book of Carmona and Delarue [4] for a more comprehensive theory.

Given a function F : %([Rd) — R, we define its lift to L2((Q, P); R9) as the function satisfying
F(X) := F(Law(X)) (cf. [4, Definition 5.22]). It follows immediately from the above characterisa-
tion of acceleration-free curves that F is convex if and only if F is convex along acceleration-free
curves. Moreover, due to the work of Gangbo and Tudorascu (cf. [11, Corollary 3.22]), it is known
that a function is differentiable on %(Rd) if and only if its lift is differentiable on L2((Q, P); R%).
Consequently, when [11, Corollary 3.22] is used in conjunction with Theorem 1.1, it follows that F/
is geodesically convex and differentiable if and only if F is also convex and differentiable.

Since the set of acceleration-free curves includes every generalised geodesic, the notion of con-
vexity along acceleration-free curves is stronger still than the notion of convexity along generalised
geodesics. Consequently, in proving Theorem 1.1, our main focus is to show that every geodesically
convex, differentiable function is also convex along acceleration-free curves. As we demonstrate
in Example 3.9, the notions of geodesic convexity and acceleration-free convexity do not gener-
ally coincide, even if we assume our functions to be continuous. Consequently, the assumption of
differentiability forms a part of our analysis.

1.2 | Strategy of proof — Theorem 1.1

In order to clearly understand acceleration-free curves and their associated notion of convexity,
our analysis focuses on acceleration-free curves between discrete measures. Firstly, this is because
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such curves may be viewed, at the finite-dimensional level, as a collection of straight-line paths
between a finite collection of points in R%. Secondly, we choose discrete measures because the set
of discrete measures on R is dense in (% (R%), W,).

Consider [0, 1] 3 t — u,, an acceleration-free curve between discrete measures. Since the mea-
sure u, is also discrete for all s € (0, 1), we may envision the curve [0,1] ¢t — u, as a collection
of straight-line paths between a finite collection of points in RY. Moreover, since this collection
of straight-line paths is finite, the number of instances at which particles ‘collide’ (i.e. the num-
ber of instances at which two or more particles occupy the same point in space at the same
point in time) is also finite. Consequently, given any s € (0, 1), it is always possible to find two
small windows of time (s,s + ¢) and (s — &, s) during which no particles collide. As we show
in Lemma 3.4, this behaviour means that, for every s € (0, 1), there exist ¢, > 0 such that the
curves [s,s + €] 3t — y, and [s — 8,s] S t — y, define geodesics. If a function F : %(R%) - R
is then assumed to be geodesically convex, then the map t — F(u,) must be convex on the intervals
[s,s +€]and [s — 6,s].

In general, convexity on the intervals [s,s + €] and [s — &,s] does not mean that the map
t — F(u,) is convex on [0,1]. This is because joining the two intervals [s — ¢, s] and [s, s + €] may
create a non-convex ‘cusp’ at t = s. In order to circumvent the existence of these cusps, we show
in Lemma 3.8 that no cusps can exist when [0,1] © ¢ — F(u,) is differentiable. We also show, in
Lemma 3.7, that [0,1] © ¢ — F(u,) is differentiable whenever F is differentiable on %(Rd).

Subsequently, in the proof of Theorem 1.1, we assume that F is differentiable and 1-geodesically
convex. As a consequence of the Lemmas 3.4, 3.7 and 3.8, it follows that F is A-convex along any
acceleration-free curve between discrete measures. Moreover, since F is continuous, the convexity
criterion, Lemma 3.5, states that F must also be A-convex along any acceleration-free curve.

1.3 | Higher order convexity criteria

Supplementary to our first result, we present Theorems 1.2 and 1.3. These theorems characterise
geodesic semi-convexity for differentiable and twice differentiable functions on %,(R%), respec-
tively. Moreover, as a consequence of Theorem 1.1, these results also characterise semi-convexity
along generalised geodesics and acceleration-free curves. Furthermore, whilst we only address
geodesic semi-convexity in this manuscript, we expect that Theorems 1.2 and 1.3 may be suitably
extended to characterise the notion of geodesic w-convexity introduced by Craig in [7].

Theorem 1.2. Let F: % (R?%) — R and let 1 € R. If F is differentiable on %(R%), then F is A-
geodesically convex if and only if, for all u,, u, and ally € T ,(i4y, i), the following inequality holds.

/( (Tl = VPl Jox0) - (e =) e ) > AW, ). )
R

Theorem 1.3. Let F : %(R%) — Rand let A € R. IfF is twice differentiable on %(R?), then F is A-
geodesically convex if and only if, forall u € #(R¥) and all¢ € T#%(Rd), the following inequality
holds.

HessF[1(¢.$) > AUS N, - @
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Theorems 1.2 and 1.3 are proven in Section 4 and may be seen as analogues of the respective
inequalities that characterise semi-convexity for differentiable and twice differentiable functions
on finite-dimensional space. Although the 2-Wasserstein space is not a smooth manifold, the for-
mal Riemannian calculus, proposed by Otto in [17] and further developed by Otto and Villani
in [18], provides a well-established notion of differentiability for functions defined on %,(R%). In
particular, in this manuscript, we refer to the subsequent work of Gangbo and Chow (see [6]) in
which the authors define a Hessian on the 2-Wasserstein space consistent with the Levi-Civita
connection proposed by Gigli in [12] and Lott in [14].

Whilst the current theory is lacunary in a complete presentation of the first- and second-order
convexity criteria presented above, there are well-established first-order-convexity inequalities
such as the aforementioned notions of L-convexity and displacement monotonicity. Furthermore,
Lanzetti et al. show that when a function F : % (R%) — R is differentiable and geodesically semi-
convex, Equation (1) holds for all u,, u, € %(Rd) and all y € T, (u,, u,) (cf. [13, Proposition 2.8]).
Comparatively, in Theorem 1.2, we posit that the converse also holds.

In contrast to the first-order convexity criterion, second-order convexity inequalities, such as
(2), are far less well established. In particular, it seems that there is currently no description of
geodesic semi-convexity purely in terms of the Hessian presented in [6, Definition 3.1] (see also
Definition 2.6). In addition, as we explain in the following subsection, the nature of parallel trans-
port on 2-Wasserstein space means that establishing a second-order characterisation of geodesic
convexity requires particular care.

1.4 | Strategy of proof — Theorem 1.3

As seen in Definition 2.6, the Wasserstein Hessian is defined via its extension from VC;"(IRd) X
VC;"’(IRd); however, it is also possible to calculate the Hessian directly via the covariant deriva-
tive proposed in [12] and [14]. Whilst it is expected that one could employ this latter method to
derive a second-order geodesic convexity criterion, there are some difficulties in this approach.
In particular, as established in [12, Example 5.20], parallel transport does not exist everywhere
along some Wasserstein geodesics. In recognition of this difficulty, we instead choose to estab-
lish a second-order geodesic convexity criterion via an alternative argument which we describe
as follows.

Firstly,let[0,1] 3 ¢ = u, € %(R?) be a geodesic between measures u, v € %,(R%) and assume
that there exists ¢ € C;"’(Rd) such that y, = (id + tVe),u for all t € [0,1]. In Lemma 4.1, we
show (under some additional convexity assumption on ¢) that the second derivative of the map
t — F(u,) may be written explicitly in terms of the Wasserstein Hessian. Consequently, convexity
along any such curve t — u, may be characterised by Inequality (2).

In order to extend this characterisation to a larger class of geodesics, we subsequently introduce
the set 7 ¢(R%). This is the subset of %(Rd) containing measures which are absolutely continuous
with respect to the d-dimensional Lebesgue measure and have compact support. In particular,
in Lemma 4.2, we show that if u,v € %’C(Rd), then the optimal map between u and v can be
approximated by a sequence of smooth optimal maps (T, ),y for which (T, —id) € VCé"’([Rd).
The proof of this result is inspired by the mollifying argument used to prove [2, Proposition 8.5.2].

As a consequence of Lemmas 4.1 and 4.2, it follows that Inequality (2) characterises geodesic
convexity on =9’2’6([R‘7l). Moreover, as a consequence of Lemma 4.5, Inequality (2) characterises
geodesic convexity on the whole space % (R%). Lemma 4.5 states that a continuous function
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is A-geodesically convex if and only if its restriction to %’C(Rd) is A-geodesically convex and is
inspired by the convexity criterion derived in [2, Proposition 9.1.3].

1.5 | Anote

After the initial submission of this manuscript to the arXiv, the author was made aware of the
work of Cavagnari, Savaré and Sodini [5] which was developed in parallel with this manuscript.
The results of [5] present several connections with Section 3 of this manuscript. In particular, the
authors introduce the notion of total convexity and this corresponds to our notion of convexity
along acceleration-free curves.

In addition to this, itis shown in [5, Theorem 9.1; Remark 9.2] that, if d > 2, then the assumption
of differentiability in Theorem 1.1 may be relaxed to the assumption of continuity. To prove this
result, the authors of [5] also find the space of discrete measures crucial to their argument, and
moreover, the findings of Lemma 3.4 may similarly be found in [5, Theorem 6.2].

2 | NOTATION AND PRELIMINARIES
2.1 | Notation

The notation introduced here is largely consistent with the notation used in [2]. We refer the
reader to [2] for a more detailed description of their properties.

The set 2(R?) denotes the space of Borel probability measures over R¢ and the set %(Rd)
denotes the set of u € 2(R?) with bounded second moment. For u,v € %,(R%), the set of trans-
port plans I'(u, v) denotes the set of y € %(R? x R?) with first marginal u and second marginal
v. Subsequently, we define the 2-Wasserstein distance W, : %(Rd) X %(Rd) - R.

1
2
W, v) :=inf{< /( . |x1—x2|2d7/(x1,xz)> ]yerw,v)}.
R

The pair (%(Rd), W,) defines a metric space which we refer to as 2-Wasserstein space and,
throughout this manuscript, we will assume that % (R%) is endowed with the W, distance.
The set of optimal transport plans I',(u, v) is defined as follows.

Lo(u,v) 1= {y € I'(u,v)

/( ay |x; — x2|2 dy(xy,x,) = Wf(/l, V)}
R

Given u € % (RY), we say that y is a discrete measure if there exists n € Nand a;, ..., a, € [0,1]
such that Y | a; = 1 and xy,...,x, € R? such that u = ¥ | ;8, . We let #(R?) denote the
set of discrete measures on R?. The set 4 (R9) denotes the set of 4 € % (R?) that are absolutely
continuous with respect to the d-dimensional Lebesgue measure Z¢ and @;C(Rd) denotes the set
of u € P/ (R%) with compact support. For u € P(R?), the set L?(u; RY) denotes the Hilbert space
of Borel vector fields { : RY — R satisfying [, |{]? du < co. We define VCX(R?) :={Vp | p €
Ce(RY)} and, for 4 € P(R?), the set T, F(R?) denotes the closure of VCX(R?) in L2(u; RY).
Fori, j €{1,2,3}and k € {1, 2}, we define the projection operators 7'/ (x1, x,, x3) := (X;, xj) and
ﬂk(xl,xz) 1= Xx;. Given a set A C RY, its convex hull is denoted as Hull(A). Given a measure
u € P(RY), its support is denoted as supp(u) and, given a u-measurable map T : R¢ — R", the
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1844 | PARKER

pushforward of u through T is the measure T, u € P(R") defined by T, u(A) : = u(T~1(A)) forall
Borel sets A C R”. Finally, we let id : RY — R? denote the identity map on R?, whilst I; denotes
the d X d identity matrix.

2.2 | Preliminaries

In this subsection, we recall a number of established definitions and results for use throughout the
remainder of the manuscript. In particular, since Theorem 1.1 concerns both geodesic convexity
and convexity along generalised geodesics, we first recall the definitions of such concepts from
[15, Definition 1.1] and [2, Definition 9.2.4], respectively. Furthermore, we recall from [2, Lemma
7.2.1], a useful lemma concerning the properties of Wasserstein geodesics.

Definition 2.1. We say that a curve [0,1] 3t~ g, € (RY) is a geodesic if there exist
Uy, iy € B(RY) and y € T, (1, 4,) such that u, = (1 — )7 + tn?),y for all t € [0,1]. Given
F: #(R%) = R and 1 € R, we say that F is A-geodesically convex if, between every pair of mea-
sures u;, ik, € PB(RY), there exists a geodesic [0,1] D t = , € B (RY) such that the following
inequality is satisfied for all t € [0, 1].

Fy) < (1= OF () + tFG) = 261 = OW 3y, 1), 3)

Definition 2.2. Let F: #(RY) - R and let 1 € R. We say that F is A-convex along gener-
alised geodesics if, for every triplet of measures u;, u,, u; € %(R%), there exists u € B((R)?)
with 7T#1¢’2,u e T',(uy, 1) and 71'11#’3/1 € T, (uy, 43) such thatthecurve [0,1] D ¢ = u, := (1 —)7? +
t7r3),, u satisfies the following inequality for all ¢ € [0, 1].

A
F(u,) < (1 —t)F(u,) + tF(us) — Et(l —1) iy [x, — x3|2 du(xy, x5, X3).
R

Lemma 2.3. Let i, € A(RY), let y € T,(4y, ) and let [0,1] Dt 1= (A —-t)xt +
t7w%),y. The set T, (1, u,) has a unique element for {s, r} # {0, 1}. In particular, this element is given
by [(1 = )7t + s72), (1 — )zt + r?)],y.

Remark2.4. IfF : %([Rd) — R is A-geodesically convex, then F necessarily satisfies Equation (3)
for at least one geodesic between every pair of measures in %,(R%). However, if F is A-geodesically
convex and continuous, then F necessarily satisfies Equation (3) for every geodesic between every
pair of measures in % (R%). This is a consequence of Lemma 2.3.

In order to establish Theorems 1.2 and 1.3, we first require notions of differentiability and
twice differentiability on the 2-Wasserstein space. Subsequently, we recall these concepts from

[8, Definition 4.9] and [6, Definition 3.1], respectively.

Definition 2.5. Let F : %(R%) — R. Given u € %(R%) and ¢ € L*(u; RY), we say & € OF[u] if

FO =P = [ 8- (= 0) dr(,x) +oW0e)
R4)2
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forallv € #,(R%)and ally € T,(u, v). If 0F[u] is non-empty, then we say that F is differentiable at
u and define the Wasserstein gradient V  F|[u] to be its element of minimal norm. We also define
the differential dF[u] : L2(u;R?) —» R, dF[u](¢) :=¢ - Flu] := (¢, VoF D)2

Definition 2.6. Let F be differentiable in a neighbourhood of u and let v — ¢ - F(v) be
differentiable at u for all { € VC?"([Rd). We define HessF[u] : VC;"’(IRd) X VC;X’(IRd) — R as
follows.

HQSSF[#](§1»§2) =81 - (§y - FluD) — (V85 $1) - Flul.

If HessF[u] exists and there exists C € R such that HessF[u]($1,$5) < ClISy 120 1S3 1112, for
all ¢,,¢, € VC;"’(IRd), then HessF[u] has a unique extension onto Tﬂ%(Rd) X Tﬂ%(ﬂ%d). In
addition, we denote this extension by HessF[u] and say that F is twice differentiable at u.

Throughout this manuscript, we differentiate functions of the form f : [a,b] — R. When we
say that f is differentiable on [a, b], we mean that f is differentiable on (a, b) and its respective
right- and left-sided derivatives exist at the points a and b. When evaluated at a generic point
on the interval [a, b], we denote derivatives of f : [a,b] - R by f’ or %; however, when evalu-
ated specifically at the endpoints, we utilise the right- and left-sided derivatives which we denote
by %Jr and %_, respectively. Using this definition of differentiability, we derive the following
convexity criterion which we will use to prove Theorem 1.2.

Lemma 2.7. Let f: [a,b] —» Rand let A € R. If f is differentiable on [a, b], then f is A-convex if
and only if it satisfies (f'(x) — f'(y)) = A(x — y) foralla < x,y < b.

Proof. Since x — f(x) is A-convex if and only if x — f(x) — ’%xz is convex, it suffices to show
that f is convex if and only if (f'(x) — f'(¥))(x —y) = 0 for all a < x,y < b. Furthermore, since
f is assumed to be differentiable, it is also continuous. Consequently, it suffices to show that f is
convex on (a, b).

It is a well-known result in convex analysis that f : [a,b] — R is convex on (a, b) if and only
if f satisfies (f'(y) — f'(x))(y — x) = Oforall a < x,y < b (cf. [3, Theorem 12.18]). Furthermore,
it is shown in [19, Appendix C, Theorem 1] that the left- and right-sided derivatives of a convex
function satisfy the following inequality:

df

dx —|,=

af

b- — .
b-a) dX +|x=q

\ > fb)-fl@=0b-a)
Identifying the one-sided derivatives at b and a with f’(b) and f’(a), respectively, the
above inequality implies that (f/(b) — f(a))(b — a) = (f(b) — f(a)) — (f(b) — f(a)) = 0. Conse-

quently, it follows that f is convex on [a, b] if and only f satisfies (f'(x) — f'(y))(x — y) > 0 for
alla < x,y <b. O

3 | CONVEXITY ALONG ACCELERATION-FREE CURVES

In this section, our goal is to prove Theorem 1.1. To achieve this, we first introduce acceleration-
free curves and their associated notion of convexity. Subsequently, we examine some properties
of these curves and develop a number of preparatory lemmas concerning the differentiation of
functions along such curves. Finally, we prove Theorem 1.1 and construct an example to show
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that, in general, the notions of geodesic convexity and acceleration-free convexity do not coincide,
even if we assume that our functions are continuous.

3.1 | Acceleration-free curves

Definition 3.1. We say that a curve [0,1] ¢ = u, € % (R?) is acceleration-free if there exist
Uy iy € P(RY) and y € T(uy, 4,) such that w, = (1 — t)z! + t?),y for all t € [0,1]. Given
F: #(R?%) — R and 1 € R, we say that F is A-convex along acceleration-free curves if, between
every pair u;, 4, € %(R?), Equation (4) is satisfied for all y € T'(u;, u,) and all t € [0,1].

F(((l—t)nl+m2)#y)s(1—r)F(u1)+tF(u2)—%t(l—t) - Ix; — %512 dy(x1,%,).  (4)
R 2

Remark 3.2. An acceleration-free curve may be induced by any transport plan; however, a Wasser-
stein geodesic is an acceleration-free curve induced by a transport plan which is optimal for the
transport between the initial and final measures.

Remark 3.3. A function F: %(Rd) — R is A-convex along acceleration-free curves (resp. 4-
geodesically convex) if and only if the map % (R%) 3 u = F(u) — % f[Rd |x|?du is convex along
acceleration-free curves (resp. geodesically convex).

In the following lemma, we show that an acceleration-free curve between discrete measures
also defines a Wasserstein geodesic when we restrict ourselves to small enough sub-intervals of
[0,1]. This property is key to our further analysis of acceleration-free convexity as it allows us to
study acceleration-free curves using the properties of Wasserstein geodesics.

Lemma 3.4. Let uj,pu, € PLRY), let y € T(uy,py) and let [0,1]5t -y, 1= (1 -7 +
t7?),y. For every s € [0, 1), there exists € > 0 such that, up to a time re-scaling, [s,s +€] Dt — p,
defines a unit time geodesic between g and g, .. Likewise, for every s € (0, 1], there exists 6 > 0 such
that, up to a time re-scaling, [s — 8,s] © t — , defines a unit time geodesic between u,_s and .

Proof. Since uy, 1, are discrete measures, we may denote u; = Zle a;6, and u, = Z;”: b j5yj
in such a way that x; # x fori # k and y; # y, for j # l. Additionally, since y € I'(uy, i4,), it fol-
lows from the marginal properties of y that there exist non-negative coefficients ¢;; satisfying
27}":1 ¢;; = 1 and such that y, = 271"211 Cij0(1—oyx,+1y, for all £ € [0,1]. Define I := nm and, for
i,je{l,..,n}x{1,..,m}, define

Oi—1ym+j *= Cijs Zi—Dymej = Vj = Xi» Wislyma+j -= Xi

It follows that s, = 31" €i8(1-tyxyety; = Tiemr OBzt

Fix p,q € {1, ..., I}. Since the elements of x,, ..., x,, and yy, ..., ¥,, were chosen to be distinct,
there exists at most one ¢ € [0,1] such that z,t + w, = z,t + w,. Consequently, there exists a
finite set Q C [0, 1] such that z,t + w, # z,t + w, forall p,q €{1,...,l}and t € [0,1] \ Q.

Fix s € [0,1), fix p € {1,..., [} and let P; C {1, ... I} denote the set of integers g such that z,;s +

W, = 2,4 + W,. In particular, we remark that, p € P; forall p € {1, ... 1}, and consequently, the set

p
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SOME CONVEXITY CRITERIA FOR DIFFERENTIABLE FUNCTIONS ON THE 2-WASSERSTEIN SPACE | 1847

P; is always non-empty. Since the set Q is finite, we may choose €, >0 such that (s, s + Ep] nQ =
@. Consequently, there exists & »>0 such that |z,s +w, — (zqt + wq)l >0 P forallg ¢ P; and all
t €[s,s+ ep]. Additionally, for any q € P;, it follows that

ltl_rg |zps +w, — (z4t + wy)| = 0.

Consequently, we may re-choose an even smaller €,>0 such that § p > 1zps+w, — (zqt + wq)l
forallt € [s,s + sp] and all g € P;. In particular, by re-choosing a smaller € it still holds that
|Zps +w, — (zqt + wq)l > 6, forall g ¢ P; and all t € [s,s + Ep]. Moreover, Equation (5) holds
forallt € [s,s + sp] andallq € P;.

q}g}%lzps tw, — (gt +wy)l > 6, > |z,5 +w, — (zgt + wy)|. (5)

We subsequently define ¢ :=inf, ¢ €.

Claim. Fix t € [s,s+¢€]. There exists an optimal plan o € I',(u,, ;) of the form o :=
I
zk=l ek(azks+wk ® 6Zkt+wk)' D

Proof of Claim. To show that o is an optimal plan, it is sufficient to show that the support of o is
cyclically monotone. This result is a consequence of [2, Theorem 6.1.4]. Moreover, the support of o
is cyclically monotone if the following inequality is satisfied for any permutation p of the integers

{1,.... 1}

l

I
Z |zs + wy — (zp(k)t + wp(k))l2 > 2 |zis + wy — (zt + wk)|2.
k=1 k=1

We firstly assume that p is a permutation map such that p(k) € P} for all k € {1,...,1}. By the
definition of stc’ it follows that z;.s + wy, = Zo()S + Wo(i) for all k € {1, ..., 1}. Consequently, the
following equality holds.

l l

20128 + Wi = Coot + o)l = D 120008 + o) = (Zpgot + o)l
k=1 k=1

l

= Z |Zies + wy — (2t + wy)|%
k=1

On the other hand, assume that p is a permutation map and there exists a set R C {1, ..., 1} such
that p(k) & Pi for all k € R and such that p(k) € Pi for all k € {1,...,1} \ R. As a consequence of
Equation (5), the following system of inequalities holds.

l
Z |ZkS + wy, — (Zp(k)t + wp(k))lz
k=1

= 2 |ZkS + wy — (Zp(k)[ + wp(k))|2 + Z |ZkS + wy — (Zp(k)t + wp(k))|2
ker k&R
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> D8+ X 12k + W = Zpot + Wa)P = D6+ D 120008 + Woge) = Fpgiot + W)l
keRrR k&R keR k&R
1 1

> Z |Zp(k)s + wp(k) - (Zp(k)t + wp(k))lz = Z |ZkS + Wy — (Zkt + wk)|2.
k=1 k=1

Since the two cases we have considered include all possible permutations of the integers {1, ..., I},
we conclude that the support of o must be cyclically monotone, and hence, the plan o must be
optimal between u, and ;.

Since o defines an optimal plan, Equation (6) holds.

W (s, ) = </ Ix —y|? dcr(x,y)> ’
(Rd)2
6)

1
l 2 l 2
= <Z Oclzics + wy — (2t + wk)|2> = |t —S|<Z ek|Zk|2> :
k=1

k=1

As a consequence of Equation (6), the following equality also holds for all ¢t € [s,s + €].

Wi, R ,
2(:“5 Iut _<Zeklzk|2> — 2(#5 :us+s)‘

|t—s| €

Moreover, it follows that eW, (1, u,) = [t — s|W, (1, usy) forall t € [s, s + €], and so, up to a time
re-scaling of a factor ¢, the curve [s,s + €] 3 t — u, defines a unit time geodesic between ; and
Ugre- By a similar argument, for every s € (0,1], there exists 6 > 0 such that, up to a time re-
scaling, [s — J,5] S t — y, defines a unit time geodesic between u,_s and p. O

To further motivate the study of acceleration-free curves between discrete measures, the follow-
ing lemma shows that it is enough, in the context of proving Theorem 1.1, to show that a function
is convex along acceleration-free curves when restricted to the set %d(Rd).

Lemma 3.5. Let F: %(R%) — R. If F is continuous, then F is A-convex along acceleration-free
curves if and only if its restriction to %d(Rd) is A-convex along acceleration-free curves.

Proof. 1f[0,1] © t — u, defines an acceleration-free curve between two discrete measures, then
U, is a discrete measure for all ¢ € [0,1]. Consequently, if F is A-convex along acceleration-
free curves, then its restriction to 9’2‘1([Rd) is A-convex along acceleration-free curves and
it is left to prove the converse implication. Let u;, u, € %(R%) and let y € T'(u;, 4,). Since
PRI xR?) is dense in F(RY x RY), there exists a sequence of discrete measures (7,,),en
such that lim,_, . W,(y,,y) = 0. Defining the curves [0,1] 3t — ul' := (A — 7' + t7?)y,y,
and [0,1] 2t — u, := (1 — t)7* + t7?),y, it follows from the convergence of (¥,),cn that
lim,, o, Wy(u?', i) = 0 for all t € [0,1]. Moreover, since y,, € Z(R? x R?), for every n € N, the
curve [0,1] 3 ¢ = ' defines an acceleration-free curve between two discrete measures which
we denote y, , and y, ,. Consequently, if we assume that F : P (R%) — R is continuous and its
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SOME CONVEXITY CRITERIA FOR DIFFERENTIABLE FUNCTIONS ON THE 2-WASSERSTEIN SPACE | 1849

restriction to szd(le) is A-convex along acceleration-free curves, then the following system of
inequalities holds for all t € [0, 1].

F(p) = lim F(u)

<@-1) hm F(ﬂl n)+t hm F(#z n) —t(1— t)— nhm X1 = x,|% dy (1, x,)
— 00 (Rd)z
A
=1 =0F(u) +tF(uy) —t(1 =)= X, = x, 1% dy(x;, x,).
2 (Rd)Z

Since uy, u, and y € I'(uy, u,) were chosen arbitrarily, we conclude that F is A-convex along
acceleration-free curves. O

3.2 | Differentiation along acceleration-free curves and proof of
Theorem 1.1

Before attempting to calculate the derivative of a function along an acceleration-free curve, it is
firstly useful to establish the following lemma which characterises the derivative of a differen-
tiable function along geodesics. Since acceleration-free curves between discrete measures behave
somewhat like Wasserstein geodesics, we may also use Lemma 3.6 in order to characterise the
derivative of a differentiable function along these curves.

Lemma 3.6. Let F: %(R%) — R and let [0,1] 3t = y, := (1 — ! + tw?)y with uy, uy €

P(RY), and y € T, (4, 1,). If F is differentiable, then [0,1] 3 t = F(u,) is differentiable on [0,1].
In particular,

d
d—F(/"t) = / VPl (@ = 0)x; + £x5) - (x5 = x1) dy(xy, X5).
t (Rd)z
Proof. Lety), denote the unique element of I',(u,, i, ,) characterised by Lemma 2.3.

d .
TP (y) = lim = () = F(ky)

oW (1s My i)

= lim —~ / VPl 1) - 2 = 1) dyn 01, ¥2) + 11m A

h—0 h

. h
= }llml — Vo Flu 11 — 0)x; + tx;) - (3, — %) dy(x1,%,) + 0
-0 h (R4)2

= / Vi FluJ((X = 0)x; + tx3) - (X5 — x1) dy (X, x,).
(R4)2

In the chain of equalities above, we used that t — g, is a geodesic which meant that we could also
utilise the following equality.

lim oW, (Mg, pyyn)) — i oW, (Mg, pyyn)) o Wo(kys Meip,)

=0 W,y tp) =0
hod n R0 Wolip f)  hod h 2t pa)
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Lemma 3.7. Let F: #R%Y) - R and let [0,1] 3t p, := (1 -t + t7w?),y with py, u, €
%d(Rd) and y € T'(uy, uy). If F is differentiable on %([Rd), then the map [0,1] 2t — F(w,) is
differentiable on [0,1]. In particular,

Lr) = [ VP = 03 +15) - G = x) dr ).
(Rd)2

Proof. Given s €[0,1), it follows from Lemma 3.4 that there exists € >0 such that
[s,s+¢€] ¢t u, defines a geodesic. Moreover, by Definition 2.1, there exists an optimal
plan y,, € T,(ug, pyye) such that p . = (1 — ' + tn?),y,  forall t € [0,1]. Consequently, it
follows from Lemma 3.6 that
d _1d

= === F(u,
de + = edts+ Whstc)

1

F3) = 1 L, VeFIRI0D -0 = 3 7 ).

t=0
Since (1 — (s + te))' + (s + t)?)yy = pgype = (1 — 7' + t7?) 7, for all ¢ € [0,1], we may
express ¥ . in terms of y. In particular, the following equality holds.
(1 =07 + 72, ([(1 = )" + 572, A = (s + 7' + (s + )7 ]47)
= (@ = 0Or" +t7?)o[Q — 7' + 57, (1 = (s + )" + (s + )7?]) 4¥ 7
=(A =+t + (s +te)m)yy = (A — 7' + t7%)74..

From Equation (7), it follows that y, = [((1 — )" + s72),((1 — (s + &)7! + (s + €)7?)] 4y, and
consequently,

d
— F
dr+ (mp)

1

- / VoFlugd(v) - 02 = ¥1) dvs (v, ¥2)
t=s & (Rd)Z

4/(Rd)2 VwF[:us]((l - S)Xl + sz) . (_)(:2 — xl) dV(xpxz)-

For s € (0, 1], it also follows from Lemma 3.4 that there exists § > O such that [s — §,5] 2 t — y;
defines a geodesic. Consequently (and using a similar reasoning to the calculation of the right-
sided derivative), there exists an optimal plany, s € T'; (i, ps_s) such that (1 — (s — t&)mt + (s —
1))y = py_s = (1 — 7' + t?),y, 5 for all t € [0, 1]. Moreover, it follows from Lemma 3.6
that

d
ZF
dt - ()

1d
=19 pF
s 5dt— (/"{S—[a)

1

-5 / Vi Flusl3) - 02 — 1) dy5, 501, 32)-
=0 (Rd)?

As established in Equation (7), it follows that y,. = [((1 — )7' + s7%), (1 — (s + )7’ + (s +
€)m?)],y. By a similar reasoning, we deduce that y; s = [(1 — s)7' + s72),((1 — (s — &) + (s —
8)7?)],y, and consequently,

d
E_F(:ut)

1
=3 [ VIO 02 =) drs 0.3
t=s (R9)2

= _/(Rd)z VwF[:us]((l - s)xl + sz) . (x2 — xl) dy(xl,xz).

Since s was an arbitrary point in the interval (0,1), the left- and right-sided derivatives of t = F(u,)
agree on (0,1). Moreover, we conclude that [0,1] © t » F(y,) is differentiable on [0,1]. O
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Lemma 3.8. Let f: [a,c] — R. If f is differentiable on [a, c] and there exists b € (a, c) such that
the restriction of f to[a, b] and [b, c] is convex, then f is convex on [a, c].

Proof. Since f is differentiable, it follows that f is convex on [a, ] if and only (f'(x) — f'(¥))(x —
y) = 0foralla < x,y < c(cf. [3, Theorem 12.18]). Without loss of generality, we fixa < x <y <c.
If x,y > b or x,y < b, then, since f is convex on [a, b] and [b, c], it follows as a consequence of
[3, Theorem 12.18] that (f/(x) — f'(y))(x — ) > 0. Subsequently, we consider the case x < b < y.
Since f isconvex on [a, b] and [b, c], it again follows from Lemma 2.7 that (f'(y) — f'(b))(y — b) >
0and (f'(b) — f'(x))(b — x) > 0. Moreover, since x < b < y, we know that f'(y) > f/'(b) > f'(x),
and consequently, (f'(y) — f'(x))(y — x) > 0. We conclude that f must be convex on [a,c]. []

Proof of Theorem 1.1. The set of acceleration-free curves contains every generalised geodesic and
the set of generalised geodesics contains every geodesic. Consequently, if F is 1-convex along
acceleration-free curves, it must also be A-convex along generalised geodesics and, similarly, if F is
A-convex along generalised geodesics, then F must also be A-geodesically convex. It is left to show
that A-geodesic convexity implies A-convexity along acceleration-free curves. We first consider the
case in which 1 = 0.

Let [0,1] © t — y,; be an acceleration-free curve between y;,u, € %d(ﬂ%d). Given s € (0,1),
Lemma 3.4 implies that there exist §, ¢ > 0 such that the maps [s — §,s] 2t — y, and [s,s + €] D
t — u, define geodesics. Moreover, since we assume F to be geodesically convex, the restriction
of [0,1] © t — F(u,) to the intervals [s — &, s] and [s, s + €] must be convex. By Lemma 3.7, the
map [0,1] © t » F(u,) is differentiable on [0,1], and consequently, we conclude from Lemma 3.8
that the restriction of the map [0,1] ¢t — F(u,) to the interval [s — J,s + €] is also convex.
Since the map ¢ — F(u,) is continuous on [0,1] and convex on a neighbourhood of s for every
s € (0,1), we conclude that the map [0,1] S ¢ = F(y,) is convex. Now, since ¢ — y, was an arbi-
trary acceleration-free curve between measures in %d(Rd), we conclude that the restriction of F
to %d(Rd) must be convex along acceleration-free curves. Moreover, since F is differentiable, it
must also be continuous, and so, as a consequence of Lemma 3.5, F must also be convex along all
acceleration-free curves.

We now assume that F : %(R%) — R is differentiable and A-geodesically convex for A # 0. By
Remark 3.3, the map %,(R%) 3 u - F(u) — % f[Rd |x|2du(x) is differentiable and geodesically con-

vex. As we have shown, this implies that the map %(R%) 3 u - F(u) — ’21 Jra 1x17du(x) is convex

along acceleration-free curves. and so, we conclude by Remark 3.3 that F : %,(R%) — R must be
A-convex along acceleration-free curves. O

In the following example, we construct a function on %(R) which is both geodesically convex
and continuous but not convex along acceleration-free curves. This demonstrates that, in general,
one cannot hope to relax the assumption of Theorem 1.1 from differentiability to continuity.

Example 3.9. Let ¢ > 0. We define 7, : A(R) — R,
e—|x—yliflx -yl <¢,

W) = /R /R W, (x,y) du) duy),  Wo(x.) :={

0 otherwise.
We also recall the definition of the sets A* and A~ from [20, Proposition 7.25].

At i={(x,y) €R%y>x}, A :={(x,y) R’ y<x}
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1852 | PARKER

Since W, is continuous and bounded, it follows from [20, Proposition 7.2], that %/, is continuous
on (%(R), W,). In addition, since the restriction of W, to the sets A* and A~ is convex, it follows
from [20, Proposition 7.25], that %, geodesically convex. However, as we now show, the func-

. . . . 1 1
tion 7 is not convex along acceleration-free curves. Consider the measures u := 6, + 58,, and

1 1 _
v := 36, + 56, andlety € I'(,v) be the plan such that supp(y) = {(x, y), (x’,y"}. Furthermore,

define [0,1] Dt > p, 1= (1 — )7 + t72)47.
Wt = SWl(L= D% + 19,1 = DX + 1)

+ %WE((l — x4 1y, (1= Dx + ty) + %WE((l —0x + 1y, (1= Dx +1y')

= %(WE((I — x4 1y, (1= DX + 1Y) +¢).

In particular, if we choose (x,x") and (y,y’) such that x —x' =C > candy—y' = —C < —¢,
then 7, (u) = w.(v) = %s. However, it also follows that

V) =3 (e = 31— XV + =Yl +¢) = 26+ ==

Since % (u1) > %(‘7/6(#)+%/E(V)), we conclude that 7, is not convex along acceleration-
2

free curves.

To emphasise that the function %, is not differentiable, we pick x,x’,y,y’ € R such that
x <x’ and y <y’ and, subsequently, consider the geodesic [0,1] D¢+ y; := %(5(1_,)x+[y +
S(1—t)x'+1yr)- If W was differentiable on % (R), then, by Lemma 3.6, the map [0,1] 3 ¢ = 7 (k)
would also be differentiable. However, if we choose x’ = x +§ and y’ =y + 2¢, it follows
that

Vi) = 3Wel(1 = Ox + 1y, (1= X + 1) +9)

31—t
¥£ift<%,

(W€<(1 —Hx+ty,d—t)x+ty+ 1-;3t£) +£> =

DN | =

1 .
5 ¢ otherwise.

Moreover, since [0, 1]  t — %,(u,) is not differentiable, we conclude that 7, is not differentiable
on %(R) either.

4 | FIRST- AND SECOND-ORDER CONVEXITY CRITERIA

In this section, we prove Theorems 1.2 and 1.3. Whilst the proof of Theorem 1.2 is relatively self-
contained, in contrast, and, as we outlined in Subsection 1.4, the proof of Theorem 1.3 requires us
to first establish a number of helpful lemmas.
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SOME CONVEXITY CRITERIA FOR DIFFERENTIABLE FUNCTIONS ON THE 2-WASSERSTEIN SPACE 1853

4.1 | First-order convexity criterion

Proof of Theorem 1.2. Firstly, we assume that F is differentiable and A-geodesically convex and
show that Equation (1) holds. If F is differentiable and A-geodesically convex, then, for any
geodesic [0,1] 3 t + u, with endpoints u;, u, € %(R4), the map [0,1] > t — F(u,) is differen-
tiable by Lemma 3.6 and /1W§(,u1, U,)-convex by Remark 2.4. Using the convexity characterisation
of Lemma 2.7, the following inequality holds.

d

— F(u)

d
di— — F(u,)

=1 dt+

> AW3(uy, 1) ®)
0

t=

Furthermore, using Lemma 3.6 to characterise the one-sided derivatives of t — F(u,), we con-
clude that Equations (8) and (1) are equivalent and, since the choice of geodesic was arbitrary, we
conclude that (1) must hold for all u;, u, and ally € T, (141, i,)-

We now assume that F is differentiable and that Equation (1) holds for all u;,u, and all y €
I, (u;, 4,) and show that F is also A-geodesically convex. Let [0,1] 5 t — p, be a geodesic with
endpoints u;, 4, € % (R?). By Lemma 2.3, the curve [0,1] 3 ¢ — ,u:’s := uo((r — s)t + s) must be
the unique geodesic between u, and .. Moreover, since Equations (8) and (1) are equivalent, the
following inequality must hold forall0 < s < r < 1.

_4
t=1 dt+

d rs
— F(u"
T (i,

F(uy™)

> AW3 Uy, ). ©)

Subsequently, the following inequality must hold forany 0 < s < r < 1.

(= F—s\dt-

d
- — F(u™)

d
- —F
dt (k) o1 dt+

d
EF(MI)

t=r

t=0>
r

-3
> Amwg(#ra #s) = AW%(/"I’#Z)(}’ - S)‘

Since the choice of geodesic was arbitrary, we conclude that there exists a geodesic [0,1] 2 ¢ —
4, between any pair of measures u;, 4, € %(R%) such that the function [0,1] 3 ¢ = F(y,) is
AW%(,ul, U,) convex. Subsequently, we conclude that F is 1-geodesically convex. O

4.2 | Second-order convexity criterion

To begin this subsection, we first calculate the second derivative of the map ¢ — F(u,) when F is
twice differentiable and [0, 1] © ¢ — u, defines a suitably ‘smooth’ geodesic.

Lemma 4.1. Let F: $(R%) — R be twice differentiable on %(R?) and let u,, u, € P(R%) be
measures for which there exists an optimal map T between u, and u,. Let [0,1] Dt — p; 1= ((1 —
)id + tT) 4, and let T, denote the optimal map between u, and u,. If there exists ¢ € CC°°(IRd) and
U, a convex neighbourhood of Hull(supp(u,)), such that the restriction of ¢ to U is (—1)-convex and
suchthatT —id = Vo, thenthemap [0, 1] 3 t — F(u,)is twice differentiable on [0,1). In particular,

d> 1 . ,
EF(M) = mHessF[,u,](Tt —id, T, —id).
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Proof. Fort € [0,1), wedefineg, : U — R4, g;/(x) 1= V(%lxl2 + tp(x)). Since g, is the gradient of
a smooth strictly convex function, g, is invertible and its inverse, which we denote g, : ¢,(U) — U,
is smooth. In particular, using the inverse function theorem, the following system of equalities
holds.

t N o o " " N
\Y <5|V¢°gtl2 + coogt) = V(§)(t(V2po§,)Veoj, + Vpoy,)

= ((Vgt)_logt)((tvzan@t +1;)Veoy,)
= ((V(tVe +id) o) (tVpoj, + I)Vpoj,)

= (tV2poj, + 1) N (tV2poj, + I,)(Vpoj,) = Veoj,.

(10)

From Equation (10), it follows that Vgog, € VC(g,(U)). Moreover, there exists f, € C?(Rd)
such that Vf,|, )= Vgog,. It also follows from Lemma 2.3 that there is a unique opti-
mal plan between u; and u, for all s €[0,1] and ¢t € [0,1). In the following system of
equalities, we show that this optimal plan is induced by an optimal map of the form
id+ (s —t)(Vpog,).

/ lid—(id + (s — )(Vpoa)I? du, = (s — 1) / Voo du,
R4 Rd
A / (T = idyol(id + t(T — id)) ]2 d,
[Rd
=(s—1t)* / (T — id)o[(id + t(T — id))~*]|* d(id + t(T — id))upy
[Rd

. / TP dyy = (5 = W, o) = WG b)
R

Now, since U is a neighbourhood of Hull(supp(x;)) and u, = (g;)uH,, it follows that supp(u;) is
a subset of g,(U). Moreover, since the optimal map id + (s — t)(Vgog,) is only uniquely defined
p-almost everywhere and since Vf|, ) = Vgo§,, we may identify the optimal map with id +
(s — )V f;. In particular, this means that T, = id + (1 — t)V f;.

Utilising Definition 2.5, we calculate the first derivative of Fou, as follows.

d 1 . h oW (s 1))
S = fim AP~ F ) = lim % [ 9]V, i+ fim TS
1 .
= [ VuFl1 V5, disg = Vf, - Flud = 27, - id) - Flu]
: .

Since F is twice differentiable, it follows from Definition 2.6 that the map ¢t — { - F[y,] is
differentiable for all { € VC;”(Rd). In particular, for s, r € [0, 1),

LVf Flwl| = VS, (Vf Fla).

t=r
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We calculate the second derivative as follows.

d? .1
WF(M) = }ll_ff(l) E(Vfwh “Flpyypnl = V- Flu )

= 1im 30V i Flbten] = V- FLD) + lim = (Vf - Fli] = V£, - FlD

= lim S (Vf, - Fli ) + @V - Fliwl = V- (Vf, - FlaD + G,V ) Flay]

Since Vfil, w)= Vgoj, and via the application of the chain rule, the following system of
equalities holds u,-almost everywhere.

oVf + sztvft = 0,(Vpog,) + V(Vpog,)Veoy,

)
= (Vzgoogz)(at(?]t) + V(fh)(wooﬁt)) = (Vcho.@t)(az(.@t) + V(!A]z)(atgtogt))-
Via the application of the chain rule, we also derive Equation (12).
0 = 00§, = 0;ido; = 0,(g;09,)09;
(12)

=(0;9,)0g;09; + (V(§)og,05,)(0,9;)08; = 9,(g;) + V§,(3, 9,08,

By substituting Equation (12) into Equation (11), it follows that 3,V f, + V2f,V f, = 0, u,-almost
everywhere. We conclude as follows.

d2

dtzF('ut) =Vf - (Vf - Flu D+, Vf) - Flu ] =Vf, - (Vf - Flu]) — szzvfz Pl

= HessFlu \(Vf,, Vf,) = ﬁHessF[ut](T[ —id, T, - id).

O
Lemma 4.2. Letu,v € %/ °(R?) and let T denote the optimal map between u and v. There exists a
sequence of Cf"(le) functions (¢,,),en and U, a convex neighbourhood of Hull(supp(u)), such that
each ¢, is (—1)-convex on U, and (Vo, +id) — T in L*(u;R%) as n — oo.

Proof. In [2], Theorem 6.2.10, it is shown that, for u € QJJ(R”’), there exists a convex function ¢
such that V¢ = T in L?(u; RY). It is also shown that if v is compactly supported, then ¢ is locally
Lipschitz. Since v and u are compactly supported, it also follows that T is bounded u-almost
everywhere. Let y, be a positive mollifier and let (x,,),,c be a sequence of smooth cutoff functions
such thatx, = 1and Vx,, = 0on B,,(0). Since u has compact support, there exists N € N such that
Hull(supp(u)) C B,,(0) for all n > N. We fix such an N, we define ¢, :=x, y(x1 * ¢ — %lidlz)

and we let U, = B, 5(0). Since mollification preserves convexity and x,,y(x) =1 for x € U,,,
each ¢,, is (—1)-convex on U,, for all n € N. Now, using the convergence properties of a mollifier,
the gradient Vg, (x) converges to T(x) — x for Z% almost every x € Hull(supp(u)). Moreover,
since u is absolutely continuous with respect to #¢, it follows that V¢, (x) converges to T(x) — x
for u-almost every x € R?. Using this convergence and the boundedness of T, it follows that there
exists C € R such that |Vg, | < C u-almost everywhere. Moreover, by applying the dominated
convergence theorem to the sequence Vg,, it follows that (V¢,, + id) converges to T in L>(u; R)
asn — oo. O
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The following results, Lemmas 4.3 and 4.4, are not used directly in the Proof of Theorem 1.3;
however, they are necessary in the proof of Lemma 4.5 which, in turn, is utilised in our proof of
the main result. Lemma 4.3 can be seen as an immediate consequence of the combination of [2,
Propositions 7.1.3] and [2, Propositions 7.1.5], whilst Lemma 4.4 follows as a consequence of [15,
Proposition 1.3].

Lemma 4.3. Let (i, ,),cn and (4 ) pen be sequences in #(R%) and let (y,,),,cy, be a sequence such
thaty, € T',((y > My ) foralln € N. Ifthere exist uy, u, € P (RY) such thatlim,,_, Wik, py ) =
0 and lim, _, ., W,(u,, 4, ,,) = O, then there exists y € T',(uy, 4,) such that, up to a subsequence,
(¥n)nen narrowly converges to y.

Lemma 4.4. The space @;C(Rd) is geodesically convex.

Lemma 4.5. IfF: %(R%) — R is continuous, then F is A-geodesically convex if and only if the
restriction of F to %¢ (R9) is A-geodesically convex.

Proof. By Proposition 4.4, the set %’C(Rd) is geodesically convex. Consequently, if F is 1-
geodesically convex, then the restriction of F to %”(Rd) is A-geodesically convex and it is left
to prove the converse implication. Let uy, 4, € Z(R%). Since 22/°(RY) is dense in F(R?), there
exists at least a pair of sequences in Q’JC(IRd) which converge in (%,(R%), W,) to u; and y,, respec-
tively. We fix one such pair, denoting the sequences (; ,,),en and (4, ,),en- Additionally, we let
(7n)nen be the unique sequence of optimal plans satisfying y,, € T',(u; ,, 4, ,) for all n € N. Using
Lemma 4.3, we extract a subsequence of (y,),cy Which narrowly converges to y € T', (14, i)
We denote this subsequence (y,),cy and denote its marginals (u; ,) ey and (u, ,) ey to avoid
relabelling. Now, for ¢ € [0,1], let u)! := ((1 — t)! + tw?),y, and let u, := (A — O + t7?),y.
Since y,, converges narrowly to y, it follows that ' converges narrowly to u, for all ¢ € [0, 1].
Moreover, since the sequence fRd |x|2,uf’(x) is uniformly bounded, it follows from [2, Proposi-
tion 7.1.5] that lim,,_, ., W, (', u,) = O for all t € [0, 1]. If we now assume that F : PR - Ris
continuous and its restriction to % ¢(RY) is A-geodesically convex, then the following system of
inequalities holds for all t € [0, 1].

. . . A
Flu) = lim F(u) < (1= 0) lim F(gy ) + ¢ im Flu ) = 61 = 0 Tm WG 2,0)
A
=1 = )F(uy) + tF(up) — t(1 — t)zwg(/ll’#z)-
Since u; and u, were chosen arbitrarily, we conclude that F is A-geodesically convex. O

Proof of Theorem 1.3. We first assume that F is A-geodesically convex and prove that Equation (2)
holds for all u € #(RY) and all ¢ € T, % (R?). Choose u € %(R?) and ¢ € CX(R?). Since ¢ has
bounded derivatives of every order, there exists ¢ € R such that %go + % |x|? is convex. It is shown in
[20, Theorem 1.48] that, if £ is the gradient of a convex, differentiable function and & € L?(y; RY),
then & defines an optimal map between u and &,u. Consequently, V(%go + %|x|2) defines an
optimal map between u and (%Vgo +id)su. Welet [0,1] 3 ¢ = u, € P(R?) denote the geodesic
induced by this transport. By Lemma 4.1, the one-sided second derivative of [0,1] © t — F(u,)
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exists at t = 0 and the following equality holds.

d2
— F(u)

. = HessF[u](Ve, Vo).

t=0

Furthermore, since we have assumed that F is 1-geodesically convex, the second derivative of
t — F(u,) is bounded below by AW%(,M, (%qu + id)4u). Consequently, the following inequality
holds.

d2
HessF[ul(Vo, Vo) = ¢~ F(w,)
dt? +

e (& (%Vgo + id># 1) = AVolR,

As u and ¢ were arbitrary, Equation (2) must hold forall u € %(R%)and ¢ € VC;"’([R{d). Moreover,
by Definition 2.6, HessF[u] is continuous, and consequently, Equation (2) must also hold for any
u e AR and ¢ € T,P(RY) since VCX(RY) is dense in T, A (RY).
We now suppose that Equation (2) holds for all u € %,(R%) and ¢ € TW%([Rd) and prove that
F is A-geodesically convex. We let u,v € %’C(Rd), we let T be the optimal map between u and v
and we let [0,1] © t — p, be the geodesic induced by this transport. By Lemma 4.2, there exists a
sequence of Cé"’([Rd) functions (¢,,),,en and U, a convex neighbourhood of Hull(supp(u)), such
that each ¢, is (—1)-convex on U,, and Vo, — (T —id) in L*(u; R%) as n — oo. Since Vo, +id
is the gradient of a function whose restriction to U,, is convex, it follows, again from [20, The-
orem 1.48], that Vg, + id must be the unique optimal map between u and (Vg, + id),u. We
let T, := Vo, +id, we let [0,1] >t~ w' :=((1 —1t)id +T,)yu and we let T,, denote the
unique optimal map between w;' and (T,);u. By Lemma 4.1, the map [0,1] ¢t = F(u}') is
twice differentiable on [0,1) and, in particular, the following system of inequalities holds for all
t €[0,1).
d2

ny —
a0 =

1 . . . 1 .2
(1 — t)ZHeSSF[,u[ ](Tt,n —1id, Tt,n - ld) = (1 — t)z/llth,n - ld”Lz(ﬂf)
1 2 2
= (1 _ t)2 /1W2(:u:la Tn#:u) = AWZ(#’ Tn#:u)

The above inequality implies that [0,1] 3 ¢ = F(u}') is AW%(/,L, T, 4u)-convex. Furthermore, as
T, converges to T in L?(u; R?), it follows that lim,,_, ., Wy, 1) = 0 for all ¢ € [0,1]. Since F
is continuous, this means that [0,1] 3 t = F(y;) is lW%(,u, v)-convex. Moreover, since u and v
were arbitrary measures in %" ¢(R9), the restriction of F to P ¢(RY) is A-geodesically convex. We
subsequently conclude, by Lemma 4.5, that F must be 1-geodesically convex on % (R%). O
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