n b
Electr® 8biljty

Electron. ]J. Probab. 28 (2023), article no. 103, 1-26.
ISSN: 1083-6489 https://doi.org/10.1214/23-EJP991

Multi-dimensional BSDEs with mean reflection®

Baoyou Qu' Falei Wang*

Abstract

In this paper, we consider multi-dimensional mean reflected backward stochastic
differential equations (BSDEs) with possibly non-convex reflection domains along
inward normal direction, which were introduced by Briand, Elie and Hu [6] in the
scalar case. We first apply a fixed-point argument to establish the uniqueness and
existence result under an additional bounded condition on the driver. Then, with
the help of a priori estimates, we develop a successive approximation procedure to
remove the additional bounded condition for the general case.
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1 Introduction

Let (Q,.#,P) be a complete probability space under which B is a d-dimensional
standard Brownian motion. Suppose (:%;)o<i<7 is the natural filtration generated by
B augmented by the P-null sets and P is the sigma algebra of all progressive sets of
Q x [0,T]. The present paper is devoted to the study of the following multi-dimensional
BSDE with mean reflection over the time interval [0, T,

Yi=&+ [F f(s,Ys, Zo)ds — [ ZodBy +nr —my, V€ [0,T),

J (1.1)
E[Y,] € D, vt € 0,7,

in which the terminal condition ¢ is an R™-valued .#r-measurable random vector, the
driver f : Q x [0,7] x R™ x R™*4 — R™ is a measurable map with respect to P x
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B(R™) x B(R™*?) and the mean of the solution Y; is forced to stay within a possibly non-
convex domain D C R™. Our aim is to investigate the solvability of the mean reflected
BSDE (1.1) under a natural Skorokhod type condition (see Definition 3.1), where the
solution 7 is a deterministic function with bounded variation.

When the constraint is not on the mean of the solution but on the paths of the
solution, i.e., Y; € D, the reflected BSDE (1.1) was first introduced by El Karoui et
al. [21] in the scalar case. Since then, great progress has been made in this field,
as it has rich connections with partial differential equations (PDEs) and mathematical
finance. For instance, the authors applied the reflected BSDEs to provide a probabilistic
interpretation for an obstacle problem of parabolic PDEs in [21] and El Karoui, Pardoux
and Quenez [22] found that the price of an American option could be represented as
the unique solution to the reflected BSDE under a Skorokhod type condition. Moreover,
various types of scalar-valued constrained BSDEs have been formulated due to their
financial motivations. For examples, Buckdahn and Hu [9] used the constrained BSDEs
driven by both a Wiener process and a Poisson random measure to analyze the option
pricing with constrained portfolios in an incomplete market; Cvitani¢ and Karatzas [17]
considered a type of Dynkin games via the BSDEs with two reflecting barriers. For more
research on this field, we refer the reader to [18, 25, 26, 27, 28, 29, 37, 39] and the
references therein.

In the reflected BSDEs theory, the research of the multidimensional case is signif-
icantly more difficult than that of the scalar case. In [24], Gegout-Petit and Pardoux
first obtained the existence and uniqueness results for the case of normal reflection in
convex domains, which was generalized by Klimsiak, Rozkosz and Stominski to the case
of time-dependent random convex regions in [34]. On the other hand, motivated by the
optimal switching problems, certain types of multi-dimensional reflected BSDEs with
oblique direction of reflection were also investigated, see e.g., [1, 12, 13, 14, 30, 33].
Recently, Chassagneux and Richou [16] established the solvability of general obliquely
reflected BSDEs in convex reflection domains.

The theory of multidimensional reflected stochastic differential equations (SDEs)
with non-convex reflection domains has been studied systematically (cf. [20, 36, 40]).
However, there are only few papers dealing with the multidimensional reflected BSDEs
with non-convex reflection domains due to the complicated structure. We would like to
mention that [8, 23] considered certain types of multidimensional reflected BSDEs in
non-convex domains. Recently, Chassagneux, Nadtochiy and Richou [15] first established
well-posedness results for general multidimensional reflected BSDEs with non-convex
domains satisfying a weak star-shape property.

In contrast with the aforementioned paths constraints, the BSDEs with mean con-
straints were formulated recently to analyze partial hedging of financial derivatives in
mathematical finance. In order to deal with quantile hedging problems, Bouchard, Elie
and Réveillac [2] considered a new type of BSDEs, where the terminal value satisfies
a type of mean constraint. Inspired by this, Briand, Elie and Hu [6] introduced the
scalar-valued BSDEs with mean reflection to investigate the super-hedging problem
under running risk management constraint. In this framework, the solution Y is required
to satisfy the following type of mean constraint:

E[((t,Y)] >0, Vte[0,T],

where £(t,-) is a collection of (possibly random) non-decreasing real-valued map.
Subsequently, Hibon et al. [31] considered quadratic BSDEs with mean reflection
and Hu, Moreau and Wang [32] dealt with generalized mean reflected BSDEs, whose
drivers also depend on the law of the solution Y. With the help of interacting particles
systems, [5, 7, 8] studied the approximation of mean reflected SDEs and BSDEs. We
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also refer to Djehiche, Elie and Hamadene [19] which formulated a mean-filed type
of reflected BSDEs motivated by applications in pricing life insurance contracts with
surrender options.

Recently, Briand et al. [4] introduced multi-dimensional mean reflected BSDEs with
normal reflection, in which the marginal probability distribution Py, of the solution Y is
required to stay within a subset of Py(R™)}!, i.e.,

Py, € {p € Po(R™), H(p) > 0}, Vt€[0,T].

Here the function H : Po(R™) — R is concave. Based on this, the authors also studied
the associated propagation of chaos and established a probabilistic interpretation for an
obstacle problem of PDEs stated on the Wasserstein space. Note that the framework
of [4] coincides with the one of [6] when the constraint acts only on the mean of the
solution, i.e.,

L(t,z) =2 and H(p) = /x,u(dw).

We refer to [4, Remark 4] for more details on their connections. Motivated by the
results of [4, 6, 36], we want to investigate the multidimensional BSDE (1.1) with mean
reflection in a possibly non-convex domain D.

In view of the arguments of [36, 40], we assume that the constraint domain D
satisfies uniform exterior sphere and uniform interior cone conditions. Note that the
well-posedness of deterministic multi-dimensional Skorokhod Problem is crucial for our
main result as in [6]. Indeed, when the driver f does not depend on the unknowns y and
z, it follows from (1.1) and the non-randomness of the solution 7 that

T
E[Y,] = E [5 + / fst] “np —m, BV €D, Vi € 0.7],
t

which can be regarded as a deterministic Skorokhod problem. In this case, we can first
define the component 7 and then solve a standard BSDE to find the components Y and
Z. Based on this observation, we can construct an iteration map for the general case.
The key point is to prove that the map is a contraction.

To this end, we firstly establish a priori estimates for solutions to the mean reflected
BSDE (1.1) through It6’s formula and the associated Skorokhod condition. Compared
with the one dimensional case, we cannot obtain the explicit form of the component 7 as
in [6]. Fortunately, the solution 7 is deterministic and then we adapt the discretization
technique introduced by [40] to obtain

d\n|2 < C(rg, 0, a)E[|f(s,}/'S7Zs)|]ds, ds-a.e.

which gives a priori estimate for the total variation |n|%.

Note that the uniform estimate for d|n™|? is crucial to construct a contraction map in
the case of non-convex reflection domains, see Remark 4.2 for details. Then, we apply
a fixed-point argument to establish the existence result under the following additional
condition on the driver,

E[|f(t,Y;", Z!)|] is uniformly bounded by some integrable function g; € L' ([0, T]).

Finally, with the help of a priori estimates, we develop an approximation procedure for
the general case through an appropriate truncation argument. Consequently, we are
able to prove the existence and uniqueness of solution to the BSDE (1.1) with mean
reflection in a non-convex domain, which extends the relevant results in [4]. In addition,

1The collection of all probability measures over (R™, B(R™)) with finite second moment.
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when the constraint domain is convex, we show that the solution can be constructed by
a penalization approach as in [24].

Since the constraint is only on the mean of the solution, the structure of the multi-
dimensional mean re ected BSDE (1.1) is simpler than that of [  4]. Therefore, we can
employ the arguments of [ 36, 40] to tackle the non-convex re ection domains case.

On the other hand, compared with the case of multidimensional re ected BSDEs with
non-convex domains in [ 15], the non-randomness of the solution plays an important
role in our arguments, which makes it easier to establish a priori estimates and construct

a contraction map.

The paper is organized as follows. In Section 2, we recall some basic results of deter-
ministic multi-dimensional Skorokhod Problem. In Section 3, we state the main result
involving the existence and uniqueness for solution of the mean re ected BSDE 1.1),
and some a priori estimates. Section 4 is devoted to the proof of the main result.

Let us nish this introduction by giving some notations which will be used frequently
in this paper.

Notation

For each Euclidian space E, we denote by h; i and j j its scalar product and the

associated norm, respectively. For each p 1, consider the following collections:
LP(E) is the space of E-valued F t-measurable random vectors satisfying E[j jP] <
1;
H P(E) is the space of E-valued F -progressively measurable processes (z)o t T
satisfying
Z 5 L
E jz:j2dt <1;
0
H LP(E) is the space of E-valued F -progressively measurable processes (z)o t T
satisfying
Zr p
E jz:jdt <1;
0

S P(E) is the space of E-valued F -adapted continuous processes  (Yt)o t T satisfying
h i
E sup jyij° <1;
ot T

C(E) is the space of E-valued continuous functions on [0;T];

V (E) is the space of E-valued continuous functions ( t)o t T satisfying =0 and
j j% < 1 ,where j j§is the total variation on [s;t]foreach 0 s t T.

In what follows, for a given set of parameters , C( ) will denote a positive constant
only depending on these parameters and may change from line to line.
2 Multi-dimensional Skorokhod problem

In this section, we will review some basic notions and results about multi-dimensional
Skorokhod problem, which will be used in subsequent discussions.
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Let D be a non-empty open connected subset of R™ with the boundary =~ @D Denote
by D the closure of D. Foreach x 2 @D we dene Ky as the set of all inward normal
unit vectors at X, i.e.,

[
Ky = K(r)yand K(x;r):= n2R™:jnj=1;B(x rn;r)\ D=; ; 2.1)
>0
where B(x;r):=fy2 R™:jy Xxj<rg.
De nition 2.1 (Skorokhod Problem) . Given a function 2 C(R™) satisfying 1 2 D.

Then (; )2C(D) V (R™) is said to be a solution of Skorokhod problem for (D; ) (for
short, SP (D; ))ifforeach t2 [0;T]

M = gt o
R
iy jjo= élf (s2@gdi j2and = é sdj j2 for some Borel measurable function
satisfying 2 K _ dj jS-ae.

Next, we introduce the following two assumptions on the domain D, which have been
used in Lions and Sznitman [ 36] and Saisho [ 40] to guarantee the well-posedness of
SP(D; ).

(H1) (uniform exterior sphere condition ) There exists a constant o > 0 such that

Kx = K(X;rp) 6 ; forall x2 @D:

(H2) There exist two constants > Oand 2 (0; 1] satisfying the following property: for
any X 2 @ Dthere exists a unit vector Iy such that

Hy;ni forany n 2 Ky:
y2B(x; )\ @D

Remark 2.2. (i) Itis easy to checkthat n 2 K(x;r) ifand only if hx y;ni %jx yj?
forall y2 D (see Remark 1.2 in [36] or Remark 1.1 in [40]).
(i) If D is a convex set, it is easy to see that D satises (H1) forany ro> 0.

Remark 2.3. (i) The following uniform interior cone condition is very useful, which is
slightly stronger than (H2) :
(H29 (uniform interior cone condition ) There exist two constants > Qand 2
(0; 1) satisfying the following property: for any X 2 @ Dthere exists a unit vector I«
such that

Cly;l; )V B(x; ) D forany y2B(x; )\ @D;
where C(Yy;lx; ) is the convex cone with vertex y,ie,
Cly;ly; )= z2R™:he vy lki> jz vyj:
(ii) It was shown in Bramson, Burdzy and Kendall (see [ 3, Section 2]) that the uniform

interior cone condition is equivalent to the following Lipschitz boundary condition.

Lipschitz domain :Adomain D R™ is said to be Lipschitz if there exists >0
such that for all X 2 @D there exists an orthonormal basis €1;6;::;en and a
Lipschitz functon f : R™ 11 R such that
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According to Remark 2.3, we give some interesting examples of D which satisfy  (H1)
and (H2) .
Example 2.4. (1) Any bounded convex domain with piecewise smooth boundary satis es
(H1) and (H2) . Such as balls, polyhedrons and cylinders.

(2) (Unbounded) half planes, polyhedral cones and circular cones satisfy (H1) and
(H2) , e.g., see Figure 1 (a).

(3) If the domain D satises (H1) and (H% ,and fB;gl, is afamily of balls such that
f @B, ; @Dare non-tangential, then Dn( inzl Bi) satises (H1) and (H2) , e.g., see
Figure 1 (b).

(a) Cone. (b) Non-convex domain.

Figure 1. Domains satisfying (H1) and (H2)

In this paper, we need to consider the following multi-dimensional Backward Sko-
rokhod Problem.

De nition 2.5 (Backward Skorokhod Problem) . Given a function 2C(RM)with 1 2D.
Then (; )2C(D) V (R™) is said to be a solution of Backward Skorokhod problem for
(D; ) (for short, BSP (D; ))ifforeach t2[0;T]

N t= gt 7 t;
R
@ jjd= élf (s2@di j2and = é sdj j2 for some Borel measurable function
satisfying 52 K _ dj jS-ae.

Remark 2.6. Notethat (; )isasolutiontoBSP (D; )ifandonlyif (€ €)is a solution
to SP(D; ©),where (&;%;e)=( 1 ¢; T t; T 1 ) forany t2[0;T].
Theorem 2.7. Suppose that assumptions (H1) and (H2) are satis ed. Then there is a
unique solution to BSP  (D; ). Moreover, (t; )and (t; ) are continuousin (t; ).

Proof. The proof is immediate from Saisho [40, Theorem 4.1] and Remark 2.6. O

The following lemmas are crucial for our main results.

Lemma 2.8. Assume that assumptions  (H1) and (H2) are ful lled. Suppose that (™M
is the unique solution of BSP (D; pn)foreach n 1and there exist three functions T
such that

supj "j¥ <1 and lim sup j{ d+if d+j{ 4 =0:
n 1 nl oot T
Then (; ) is the unique solution of BSP  (D; ).
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Proof. The proof is immediate from the proof of [ 36, Theorem 1.1] or that of [ 40,
Theorem 4.1]. O
Lemma 2.9. Let assumptions (H1) and (H2) be satised and (; ) be the unique
solution of BSP (D; ). Assume that has nite total variation. Then, there exists a
constant C(rg; ; )suchthatforany O s t T,

jit Clros: )i it (2.2)
Proof. According to Theorem 2.7 and Remark 2.6, (€ e) solves SP (D; €) with

&= 10 &%= roea= 1 1 t2[0TL

Note that j j§ = jejT Land j j§ =& L itsufcestoshowthat (2.2) holdsfor eand ©.

The proof is from [40, Theorem 4.1] by some appropriate modi cations.
Foreach n 1, wedenote " by

=€, n; k2" t< (k+1)2 "k O
In view of Remark 1.4 in [40], there exists a unique solution (&";e") to SP(D; €M), i.e.,
=S+ t2[0T]
It follows from the proof of [ 40, p. 467] that e, converges to e uniformly on [0; T]. De ne
T"O=inf t 0:€"2@D"T;
t" =inf t>To 1:j8 € ) =2 AT

T =inf t ty :€2@DA"T:

Recalling the proof of [ 40, pp. 465-466] and using the fact that st (€ ot si(€),
we can nd an integer Nng landaconstant h> Osuchthatforall n ng,
T Tl R Ty < T (2.3)
and foreach | 1, wehaveforall s;t2[T™ ;7™
je"it  C(ro;; ) 1+exp C(ro;; )1+ ot 5 & st & ; (2.4)

whereforany 0 s t Tand > 0
st(8):=supfi &, &,j:s titp tg;
or: (8):=sup j&t1) ©&(t2)j: 0 tista Tijty o

It follows from  (2.3) that for any s;t 2 [0;T], there exist integers 1 iy jn such
that s2 [T™n L TMnland t2 [T™n L:TMn] Thenforany > O, there is a partition
S=ty {1 tn, = t such that

te ;6] TN LT forsome i, | jn;andjte te 1 ; forall k=1;2;:::;n:
Thus applying (2.4) yields that for any > 0,
. . X . .t
jehig = el
k=1
X 25
C(ro;; ) 1+exp C(ro;; )1+ o1, ©" te e O (25)
k=1

C(ro;; ) 1+exp C(ro;; ) 1+ o142 o 9(® O
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Sending ! 0in (2.5), we have
je"ic C(ro;; ) l+exp C(ro;; )1+ o100 0 (8 j&5:
Note that €, converges to e uniformly on [0; T] and

(s 2 ")_o0.

Iim o7z o 2(®)=0; J®F j €y wrr:

n'1

Consequently, we obtain
jeit  liminf je"i  C(ro;; )it

which ends the proof. O

3 Mean re ected BSDEs

The main purpose of this section is to study the solvability of the multidimensional
mean re ected BSDE (2.1) . In what follows, we make use of the following conditions on
the terminal value and the driver f.

(H3) The terminal condition 2 L?(R™M) satises that E[ ]2 D and the driver f (t; 0;0)
is in the space of HL2(R™M).
(H4) There exists a constant > O such that for any t 2 [0;T], y1;¥2 2 R™ and

71,2, 2 R™ d
ittty zr) f(ty2z)i  (yr Y2+ iz z2j):

De nition 3.1. Atriplet (Y:Z; )2S?(R™) H 2(R™ 9) V (R™) is said to be a solution
to the BSDE (1.1) with mean re ection if it satis es equation (1.1) and the component
t changes only when  E[Y;] is on the boundary of D such that

Lo R .

0 iif= olieveend i3

(i) there exists a measurable function ([0;T]! R™ suchthat s 2 Kgpy, dj il-ae.
and Z,

¢ = sdj j2:
0

Remark 3.2. In [ 4], Briand et al. introduced the following multi-dimensional mean
re ected BSDEs with normal re ection:
(

Rr . Ry Ry . .
Y=+ TH(SYsiZads | ZodBs+ | D H(PY)(Y)dKs; 812 [0T]

m . . LTI T -N- 3.1)
Py, 2 2P, R™ ;H() 0, 8t2][0;T]; 0 H(Py,)dK; =0;

inwhich D H denotes the Lions' derivative (sige [ 11, 35]). When the constraint acts only

on the mean of the solution, i.e., H( )= x (dx), (3.1) reduces to
( Ry R,
Ye= + | f(s;Ys;Zs)ds R ZsdBs + (Kt Ky);8t2[0;T];
E[Vi] 0;8t21[0;T]; o EIYJdK, =0;
which is the same as the equation (1.1) with the convex domain D=fx2R™; x> 0g.

We refer to [4, Remark 4] for more details on this topic.
Now we are ready to state the main result of this paper.

Theorem 3.3. Suppose that assumptions (H1) {H4) hold. Then the BSDE (1.1) with
mean re ection admits a unique square integrable solution (Y;Z; ) 2 S2(R™M)
H2(R™ 9 VvV (R™M).
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Remark 3.4. In[15], Chassagneux, Nadtochiy and Richou studied the multidimensional
re ected BSDEs with the following possibly non-convex domain D:

D= y2R™: (y)<O0;

where 2 CZ(Rm) satis es compactness, smoothness and a weak star-shape property

(see [ 15, Assumption 1.1]). It is easy to check that the domain D satis es conditions  (H1)
and (H2) . Due to the adaptedness issues, the a priori estimate for the total variation

dj j? is much more complicated in this case, which has quadratic terms in Z (see [ 15,
Lemma 2.1]).

In what follows, we are going to prove Theorem 3.3. Firstly, we state some useful
a priori estimates for solutions to the BSDE (1.1) with mean re ection, which is much
more delicate and involved compared with the scalar-valued case.

Lemma 3.5.  Assume that assumptions  (H1) —(H4) aresatised. Let (Y;Z; ) be a square
integrable solution to the mean re ected BSDE (2.1) . Then
Zq , Z 2

E sup jYsj®+  jZsj’ds + j 9 C(ro; ;3T )E jj2+ jf (s;0;0)jds

0s T 0 0

(3.2)

Proof. Note that the Lipschitz continuity of f implies

2yif(ty;z)  2yif (60,0 + 2 +3 2 jyi*+ 5jzj% 8(;z) 2R™ R™ & (39)

Setting a=(2 +3 2)+ bfor some constant b > 0 which is to be determined later. Using

the inequality (3.3) and applying Itd's formula to eathtj2 yields that
2
ejY;j?+ b  €SjYsj%ds+ 3 e*jZsj?ds
Yz, ‘ Z Z
e j2 +2 €*jYsjif (s;0;0)jds + 2 e*hyg;d i 2 €*°hYs; ZsdBsi
t z. t z-. t z -

e j?+2 sup jYsj €Fjf(s;0;0)jds+2  €hYs;dsi 2 €hYs;ZsdBsi:
0s T t t t
(3.4)

R
Nowset = E[Y;]Jand = E[ + tT f(s;Ys;Zs)ds]. Itis easy to check that  (; ) isthe
unique solution to BSP  (D; ). Since  has nite total variation and
t
I JE f(;Yy;2Z) jdrforall 0 s t T;

S
it follows from (2.2) in Lemma 2.9 that

di i C(roi; JIE f(tYeZy) jot: (3.5)
Note that { = Rot sdj j2 for some Borel measurable function satisfying s 2 Kgpy,)
dj j%-a.e. Thus, we obtain
Zq
2E e*hvg;d i
t z.
2C(ro; 5 ) €PE[YSLE f(s;Ys;Zs) jds
‘ Z. (21 (3.6)
C(ro;; )2 +3C(ro;; ) 2 eE jYsj? ds+ 3 eE jZsj? ds
h iz t

+2C(ro;; )E sup jYsj e*E jf (s;0;0)j ds:
0s T t
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Setting b= C(rp;; )(2 +3C(ro;; ) 2) and taking expectations on both sides of (3.4),
we have
Zq
sup €E jYsj2 + E e*jZsjds
0s T 0
Zy
3E €Tj j2 +6E 0suijYSj e*if (s;0;0)jds
S
h i Zq
+6C(ro;; )E OS;JijYSj E . e®jf (s;0;0)jds :

Then we deduce that forany " 2 (0;1)
Zq
sup E jYsj2 + E jZsj?ds
0s T 0
1 Zy 2 h i @.7)
SC(ro; ;5T )Ejj2+ jf (s;0,0)jds +"E sup jYsj?:
0 0s T

According to (3.5) and (3.7), we derive that

1 Z7 2 34 p_h i
P CUroissiT ) by Ejif+ f(s00ds  + 7T E sup Y’
0 S
(3.8)
On the other hand, it follows from the de nition of (1.1) that for any s2[0;T],
NANEES j$ + jf (r; 0; 0)jdr + jZ:jdr + sup Z,dB, + jYrjdr:
0 0 or T s

Applying Gronwall's inequality, we have
iYsi e S ji+jj%+  jf(r;00)dr+ jZ;jdr + sup Z,dB, ;
0 0 oOr T r

which together with Burkholder-Davis-Gundy's (BDG's) inequality implies

h i 5 Z+ 2 Zq
E sup jYsj° C(GT)IEjji2+ jjg “+ if(s;0,0)jds  +  jZsj%ds : (3.9)
0 s T 0 0

Putting (3.7), (3.8) and (3.9) together, we conclude that

h i 1 Z1 2 h i
E sup jYsj2 C(ro;;;:T ) Ejj?+ jif(s;0;0)jds  +"E sup jYsj?
0s T 0 0 s T

Taking " small enough sothat C(rg; ;; ;T )" = % we can get the desired result, which
completes the proof. O

Corollary 3.6. Assume that the same conditions hold as in Lemma 3.5. Then for any
p 2
Zq

E sup jYs° + jZsj2ds  + jj2°
0s T 0

N

Zy p
C(p;ro;; ;T )E jjP+ jf (s;0;0)jds
0
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Multi-dimensional BSDEs with mean re ection

Proof. Without loss of generality, assume that the right-side hand of the above inequality

is nite. Since is a deterministic function, it follows from Lemma 3.5 that
Zy p
9P Cre;; ;T )EjjP+ jif (s;0;0)jds : (3.10)
0
Note that (Y; + 1:Zt)o t T Solves the following standard BSDE:
$= + &(s; ¥; Bs)ds E,dBs; 8t 2 [0; T];

t t

whose generator is given by &s;y;2) = f(s;y+ 1 s;Z). In view of [ 41, Theorem
4.4.4], we deduce that

Z 3
E sup jYsjP + jZsj?ds
0s T 0
Z 5 2
P 1E sup j%P+ j o P+ jEj%ds
0s T 0
Zy p .
C(p;;T)E jjP+ if(ss v s0jds + jj9
0
VA T p

Cpi;T)EjiP+  jf(si00ds + jj9 " ;
0
which together with (3.10) indicates the desired result. The proof is complete. O

Lemma 3.7. Assume that assumptions  (H1) , (H3) and (H4) hold. Let (Y';Z'; ') be

a square integrable solution to (1.1) corresponding to the data (fh,i=1;2 Then,
there exists a constant  C( ;T ) such that
Zq
E sup jRj*+  j&j%ds
12[0;T] 0
Z+ 2
. 23T+ ) 12 £l qov2.52 2 ay2.72 ; .
C(;T )efo T TE ] j+ if* s YS 2 fes Y528 jds
0

where B ="1 “2for * = Y74 o

Proof. Denote by

Z+ 2
l=E Y 2+ jitls;¥2%z2 125s¥2,22jds
0
and
a= 2 +2 P+t 0] A

Applying Ito's formulato €% j2 on [t; T], we have

. Z,
il e iBiP=  etibjtdas 2 e Vftsivhzd flsiv3zE ds
'z, .
+  ejBjlds 2 e Yflsv2z2  f2s¥222 ds
Z - Yz,

2 ethldhgi +2 e h,: BdB.i:
t t
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Multi-dimensional BSDEs with mean re ection

which together with

. . 1. .
2Y5 Y&EPEsYEZe fhsYEze 2 42 2 YO Sizs Z3)°
indicates
14T
% + > e Bj2ds
t 7.
el 2242 exjRifl s ¥2,z2 2 s¥2 22 jds (3.11)
LI ‘ . .
= e ijdj 40+ 3% +2 e hl;dhi 2 ePshb; BdB.i:
0 t t t
o R o ) R . . ..
Note that j 'j} = o lig(vipeoydi jS and { = o &di 'jQ for some Borel measurable
function ' satisfying {2 Kgpyipdj 'j2-a.e. Then recalling assumption (H1) and assertion
(i) of Remark 2.2, we obtain

[y

E e hio.: dAj e EYL EVYZ; ldYe
t t
Z+
+ e EYZ EVYL; Zdj??
t
;

= & EYS EYZ; ! Levipend Ui (3.12)
t, .
+  EEYS EVYS; 2 Lepipend %l
1 tZ T 2 1:0 2;:0
ao  CTEIRTd R
In view of (3.11), we derive that for any t2[0;T]
Zq
E eajj2+  e*jBjids
' Z- (3.13)

e e Rt svZzE £2 sv2ZE jds
t

On the other hand, it follows from

Zt
bh=% EM}R] E fls; vtz £2s,¥%22 ds
0
and (3.13) that
sup jhj?
t2[0;T]
Z T Z T 2
C(;T) sup E jRj*+ jBsj2ds + jfts;¥2,z2 £2s;¥2,22 jds
t2[0;T] 0 0

.
C(;T)e" I +E iRjift s;¥2z2 2 52,22 jds
0
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Multi-dimensional BSDEs with mean re ection

Recalling the de nition of (1.1) and using BDG's inequality and (3.13), we have

h i
E sup j%j?
0s T

Zq
C(;T)e I+E i iRiift 5222 £2 52422 jds
C(;T)e |+ EC( T E jifl s Y222 £2sY¥%22 jds
L h i °
+ ZE sup j%j?:
2 0s T
It follows that h i

E sup j%j>  C(iT)e;
0s T
which is the desired result. O

The following lemma is a direct consequence of Lemma 3.7.

Lemma 3.8. Suppose assumptions (H1) , (H3) and (H4) hold. Then the BSDE (1.1)
with mean re ection has at most one square integrable solution.

Proof. The proof is immediate from Lemma 3.7 by taking (LEHYy=(:f)i=1;2 O

Compared with the uniqueness, the existence of solution to the mean re ected
BSDE (1.1) is much more complicated, which will be stated in the next section. In what
follows, we deal with the case of convex re ection domains to illustrate our main idea.

Lemma 3.9. Suppose that assumptions (H1) «(H4) are fullled. Assume also that the
generator f is independent of the rst unknown y. Then the BSDE (1.1) with mean
re ection admits a unique square integrable solution.

Proof. Let (®;2) bethe S?%(R™) H 2(R™ 9)-solution to the following standard BSDE:
Z - Z-
€= + f (s;25)ds E.dBs; 8t 2 [O;T]: (3.14)
t t

R _
Set (= E[ + tT f (s;25)ds]. It is easy to check that 2C(R™)with 1t =E[]2D.By

Theorem 2.7, there exists a unique solution (; )toBSP(D; ).Set ;=% + 1 and
Z, = 2. Itfollows that (Y;Z) 2S%(R™) H 2(R™ 9) solves the following BSDE
Y= + f(s;Zs)ds ZsdBs+ T t; 12 [0 T

t t

Note also that
Zt
EM]=E + f(s;Zs)ds + 1+ (= (+ 1 (= (2D
t

Therefore, (Y;Z; ) is a square integrable solution of the BSDE (1.1) . The uniqueness
follows from Lemma 3.8 and the proof is complete. O

Note that a non-empty convex set satis es assumption (H1) with any ro> 0. Then it
follows from assertion (i) of Remark 2.2 that for any X2 @Dand n 2 K

tx y;ni 0O; 8y2 D: (3.15)
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Multi-dimensional BSDEs with mean re ection

Theorem 3.10. Suppose that assumptions (H2) «(H4) are satis ed. If the domain Dis
convex, then the mean re ected BSDE (1.1) has a unique square integrable solution.

Proof. For any given (U;V)2HZ2(R™) H 2(R™ 9), it follows from Lemma 3.9 that the
following BSDE with mean re ection

( Ry Ry
Ye= + [ f(s;Us;Vs)ds [ ZsdBs+ 1 q; 8t 2 [0;T];

_ (3.16)
E[Y;] 2 D; 8t 2 [0;T]

has a unique solution  (Y;Z; )2S?(R™) H 2(R™ 9 V (R™). Now we de ne a map

H 2 RM H 2 RmM d 1 H 2 RM H 2 Rm d
(U:V) 7 (Y:2). 3.17)
Then it suf ces to show that the map is a contraction.

For each i2f1;2g, denote by (Y';Z'; ') the solutionto  (3.16) corresponding to the
data (U';V) 2 H2(R™M) H 2(R™ 9). Denote by P= "1 240 > = Y;Z; :U;V and

a=4 2+1. Then applying Ité's formula to e"““j*?’tj2 and using a similar analysis as in
Lemma 3.7, we obtain
Z Z 5

i wi2=a ej%jlds 2 e Yf s;ulvE f s;uZ V2 ds
+  e8jBj%ds 2 Shbdhi+2  e9.B.dB,

z,° ° .z ° (3.18)
R4 B2 ds S & B0+ 0 ds
o i z. 0
2 e hi,; dgi + 2 5P P dB;

0 0

where we have used the fact that
b 1 ... -
2%t s;ul vy fos;UZ V2 4 402 > j0Gj% + 92

in the last inequality. In view of (3.15), we get

Z 5 Z:
E  ethdhi = e EY! EYZ; ! Leyipond 2
0 OZ
T as 2 1. 2 . 2.0 (3.19)
+ 0 e” E Y EYs s 1fE[Y52]2@ngJ Is
0:
Putting (3.18) and (3.19) together yields that
Z 5 1 Z
E &R B ds  JE e B0+ ds
0 0

Therefore, the map has a unique xed point  (Y;Z) 2H?2(R™) H 2(R™ 9). We denote
b
Y Z, Z,
t=Yo Y: f(s;Ys;Zs)ds+ ZsdBg; t 2 [O; T]:
0 0

It follows from the de nition of the map that 2 V(R™) satises (i) and (i) in
De nition 3.1. Finally, with the help of BDG's inequality, we have Y 2 SZ(Rm), which
ends the proof. O
EJP 28 (2023), paper 103. https://www.imstat.org/ejp

Page 14/26



Multi-dimensional BSDEs with mean re ection

Remark 3.11. Note that (3.15) is crucial to construct a contraction map in the proof

of Theorem 3.10. In the non-convex re ection domains case, (3.19) should be replaced
by (3.12), and then we need to estimate dj j2, which results in the main dif culty.

Remark 3.12. In the case of convex re ection domains, the solution to the mean

re ected BSDE (1.1) can be also constructed through a penalization approach as in [ 24],

see Theorem A.5 in the appendix.

4 The existence

This section is devoted to the study of the existence results of multi-dimensional
mean re ected BSDEs with non-convex re ection domains. In what follows, we shall
combine a xed-point argument and a truncation technique to deal with it through a
priori estimates established in Section 3.

Firstly, we employ a xed-point argument to show the existence of solutions under an
additional condition on the generator.

Lemma 4.1.  Suppose that assumptions (H1) {(H4) are satis ed. Assume in addition
that there exists a nonnegative process g 2 H%(R) such that

fty;2)i @ 8ty;2)2[0;T] R™ R™ &
Then the BSDE (1.1) with mean re ection admits a unique square integrable solution.

Proof. Using the same notations as in the proof of Theorem 3.10. In particular, we can
also de ne the map as in (3.17). Setting
z t
aa= 42+1t+b E[glds
0

for some constant b > 0 which is to be determined later. According to the derivation
of (3.18), we have

Z. Z
j Wi = e jRjldas 2 & Bf s;ul vy f s;UZ V2 ds
°7 . 7. Z
+  e™jBj%ds 2 ethbdhsi+2 e P.B.dB,
z.° ° oz, 0 (4.1)
& R B ds S & b+ 07 ds
'z, z7 A
+b  ejRj2E[glds 2  ehP;dhi+2 e PB.dBs:
0 0 0
Taking expectations on both sides of (4.1) yields that
Zy
E e jRj? + jBj2 ds
1° Z -, Z .
SE i e 0,2 + j%j2 ds +2E i e ¥, db(s) (4.2)
Zq
b e*E j¥j% E[g]ds:
0
In view of (3.12), we derive
Z, Z+
E e* . db(s) 1 e iRij? dj 4o+ 30 (4.3)
0 2ro o
EJP 28 (2023), paper 103. https://www.imstat.org/ejp
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Multi-dimensional BSDEs with mean re ection

Next we need to estimate the right-hand sidg of ' 4.3), wl}gTre Lemma 2'.9 plays an
important role. Indeed, denote by t = E[Y{]and {=E[ + | f(s;Ug;Vy)ds] for each
t2]0;T],i =1;2 Thenweseethat ( '; ') isthe unique solution of BSP  (D; '). Itis easy
to check that " has nite total variation with

YA t z t
i 'S B jf nul;V!jds E[gsldr; 0 s t T;i=1:;2 (4.4)
S S
Thus it follows from  (4.4) and Lemma 2.9 that there exists a constant C(ro; ; ) such

that _
di ' C(ro;; )E[glds; dsae.;i=1;2
Consequently, setting b= % and recalling (4.2), (4.3), we deduce that
Z 4

. 17T o b2 b
E e b2+ j22ds JE e BP0 ds
0 0
which implies that the map denedin (3.17) has a unique xed point (Y; Z). Finally,
by a similar analysis as in the proof of Theorem 3.10, we can get the desired result. O

Remark 4.2. In Lemma 4.1, we assume an additional bounded condition on the driver,
which implies that

dj “jg C(ro;; )Ejf s;Y¥0;Z20 jds C(ro;; )E[gs]lds; dsae. (4.5)

Here, (Y";Z"; M) is Picard iteration sequence with respect to the mean re ected
BSDE (1.1) . Then, we are able to prove the convergence of (Y™;Z"™) under the following
norm:
Z ¢ Z,
2C(ro; ; N n
E exp 4°2+1 t+ # Elgslds jY,"j? + jz]'j? dt
0 0 0

[N

In general, it is dif cult to establish a priori estimate: E[if (s;Y;28)j]  E[gs] for some
process g2 H Y (R).

Next, we utilize an approximation approach to remove the above additional condition

when the terminal value has a nite moment of order p > 2. For this purpose, we
introduce the following approximating sequence f"n 1
frty;z)=f t s,(Y); 8,(2;:8ty;z)2[0T] R™ R™ 9 (4.6)

where g, isthe projectionon Bp = fX 2 E :jxj ng for each Euclidian space  E.

Remark 4.3. Note that j g, (X) B, (V)i ] x yjforany x;y 2 E. Hence under
assumption (H4) , f" also satises (H4) with the same Lipschitz constant

Lemma 4.4. Suppose that assumptions (H1) , (H2) and (H4) are satised. Assume
in addition that 2 LP(R™) and f(;0;0) 2 HYP(R™M) for some p > 2. Then the mean
re ected BSDE (1.1) has a unique square integrable solution.

Proof. Without loss of generality, assume that p < 4. Itis easy to check that for any
(ty;2)2[0,T] R™ R™ ¢,
if"(ty;2)j j f(00j+2n 2HY R™ H VI R™;
where f" is given by (4.6) . Thus, it follows from Lemma 4.1 that the following BSDE
with mean re ection
n — RT n . n. n RT n n n. - .

Y= o+ NV sYZ0 ds [ ZJdBs+ 7 o 8t2[0TY @7)

EY" 2D; 8t 2 [0;T]
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Multi-dimensional BSDEs with mean re ection

admits a unique square integrable solution (Y";z"; M) for each n 1. In view of
Corollary 3.6 and noting that f"(t; 0;0) = f (t; 0; 0), we have
Z+ 1
SUPE  sup jY"jP + jzljPds  +sup i "i§ " M (4.8)
n 1 Ot T 0 n 1
with 7 - D

M = C(p;ro; ;; ;T )E jjP+ if (s;0;0)jds
0

In the rest of the proof, we will prove that the limit of (Y™;Z"; M) is the desired solution,
which will be divided into two steps.

Step 1. The convergence. Forany xed k n, set B =k “ngor = vz
Note that

it ot Y Zy "6y ze ] Y"1y Yojeng t iZ{j1 ZMj>ng -

Then with the help of Lemma 3.7, we derive that
Zq
E sup jbsk;an + jbg;andS
s2[0;T] 0
y ) (4.9)
. 23G9+ MY VIE i .
C(;T)ewor T E IYs' 11§ vajon g + 12511 znjsn g dS
0

Applying Hoélder's inequality yields that

Z 2
E IYS'ilGvojon g+ JZ8)1g zojsn g OS
0
Z T %
. .4 . L4
C(p;T)E Jst]plfj Ys”j>ng+ ]Zgjplfj Zj>ng ds
0 z . ; (4.10)
C(p;T ns n- z
(p 2)E sup jY,"jP + jzlj%ds
npP 0ot T 0
C(p; M
neP 2’

where we have used (4.8) in the last inequality. Since j "% is uniformly bounded, it
follows from (4.9) that

Zy
lim E sup jY! YXi2+ jz0 ZzXj?ds =0: (4.11)
kn 11 0s T 0
Note that
z t
b =P ER B fRsvzE £ s vz dsc
0
Recalling (4.10) and (4.11), we obtain
. . k;n -2
oim OsypTJh i
2T C(p;T)M
C(;T) lim E sup jPinjz+  jpinjas+ — 2 % (4.12)
k;n 11 0s T 0 nP
=0:
EJP 28 (2023), paper 103. https://www.imstat.org/ejp
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Consequently, putting (4.11) and (4.12) together, we can nd a triple of processes
(Y;Z; )2S%(R™) H 2(R™ 9 V (R™M) so that

Zy
lim E sup jYO Y2+ jZ0 Z?ds + sup ' 4 =0: (4.13)
n'l 0s T 0 0ot T
Step 2. The solution. Recalling the de nition of f", we have

ey Ze f(6YGZy)) i Yd+izZy Zig o+ ((Midgvigsn g T 241G zen o);

which together with (4.13) indicates that

Zq
nl|i{11 E if" s Yz f(s;Ys; Zs)jds
: 0
Z < i
lim C(;T)E sup jY" Y2+ iz ZsjPds
am o CGTIE sup Y5 Ysl . sz sl 4.14)
T o T
+CUT)E qup v+ jzeds
n 0s T 0

=0:

Thus, letting n ! 1 in (4.7), we conclude that (Y;Z; ) satises equation  (1.1). It
remains to show that the component satis es (i) and (ii) in De nition 3.1, which
is equivalentFEo prove that (; ) is the solution of BSP (D; ) with  := EJ[Y;] and
(= E[ + | f(S;Ys;Zs)ds].
Set Z

f=EY" and = E + f" s Y, 22 ds foral n 1
t

Itisclearthat ( "; ")isthe solutionof BSP (D; ")foreach n 1. Recalling (4.8), (4.13)
and (4.14), we have

supj "j$ <1 and lim sup j{ 4+ ¢ d+jf 4 =0;
n 1 nloo ¢ 7
which together with Lemma 2.8 indicates the desired result. The proof is complete. O
Finally, we are ready to complete the proof of Theorem 3.3.
The proof of Theorem 3.3. It suf ces to prove the existence. Set

(M= 14 | ng* E[ L4 jon gl FM(Ly;2) = T(ty;2) f(60;,0)15¢(ooysng 8N 1

(4.15)
It is easy to check that the data  ( (™);f (") satis es the following condition:
(M) is bounded and E[ (M]= E[ ]2 D.
f (")(t; 0;0) is bounded and " satises (H4) .
By Lemma 4.4, there exists a unique square integrable solution (Y(M;z(™): (M) o the
following BSDE with mean re ection:
( R R
Y= T TEm g™z gs T zMdBg+ (MW (M 8t2 0T, @16)
E Y™ 2D; 8t2[0;T]:
It is obvious that
M 005 jFG00); EJ™MPE 4EjPEin L
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Multi-dimensional BSDEs with mean re ection

which together with Lemma 3.5 implies
Zq
supE  sup jY, "2+ jz{j?ds +sup j M9 °
nl 0¢tT 0 n o1
Z. ) (4.17)
C(ro; ;3T J)E jj*+ jf (s;0;0)jds
0

The rest of the proof is similar to that of Lemma 4.4. For readers' convenience, we give
the sketch of the proof.

Step 1. The convergence. Forany xed k n, set k") = (0 () g~ o
Yi;Zt; t. Note that

i 6y ™M z™M f ™y ™z f (4 0,0) 1 ¢ (1 0i0)jen o

Applying Lemma 3.7 yields that
Zq
E sup jR&Mj? + jBkn)j2ds
0s T 0
o o oZr | , (418)
C(;T et I DE j O (mj2 g jf (5:0;,0)j1 1 (s,0,0j>n gdIS
0

Since j (Mj j j+ EJj j], we can use dominated convergence theorem to obtain

Z+ 2
im Ej ™ 2+ ji(s:0,0)lg1(s00pngds = 0: (4.19)
n'l 0 T
Then it follows from (4.17)—(4.19) that
h i Z
im E sup jkMji2 +E  jBkMj2ds =0:
kn 11 0s T 0

Consequently, in view of the derivation of (4.12), we also have

i inkn)i — -
k;r!lm OsypTJh j=0:

Step 2. The solution. It is clear that there exists a triple of processes (Y;zZ; )2
S2(R™) H 2(R™ 9) V (R™M) such that
h i Z
lim E sup jYM VY% +E jZ0 Zg?ds + sup j ! =0:  (4.20)
n'l 0s T 0 0t T
By a similar analysis as in the proof of Lemma 4.4 ( Step 2 ), we obtain
Zq
lim E ifM s vM:zM  f(s:Ys;Zs)jds =0; (4.21)
: 0

which indicates that that (Y;Z; )satises (1.1) byletting n!1 in (4.16) . Moreover,
satis es (i) and (ii) in De nition 3.1. The proof is complete. O

A Approximation by penalization method

In this appendix, we shall use a penalization method to construct the unigue solution
to the mean re ected BSDE (1.1) when the re ection domain is convex inspired by the
results of [ 24]. Indeed, the unique solution can be represented as the limit of a sequence
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of penalized mean- led BSDEs. Moreover, we can remove assumption (H2) in the convex
case.

Assume that the domain D is convex. Then, forany x 2 R™, there exists a unique
point ( X) 2 D such that

X  (xX)j=dx;D):=inffix vyj:y2Dg:

The following properties of the inward normal re ection is important for our subsequent
discussions.

Lemma Al ([24,38]) . () Forany x2 R™,x°2 D,
XX () 0: (A1)
(i) Forany x;x°2 R™,

0

XX (x) X X (x): (A.2)

(i) There exist a point Xg 2 D and a constant > Osuch that forany x 2 R™,

X Xo;X (%) x (X)) (A.3)
Since @ Dis not regular, let us recall the approximation of D in[24]: Forany > 0,
there exists a convex regular domain D (with smooth boundary) such that

supd(x;D )< and szqu d(x;D) < :
X

x2D
It is easy to check that  jd(x;D) d(x;D )j . Denote by the projection from  R™
to D .
Lemma A.2 (Lemma 2.2 and Corollary 2.3 in [ 247). There exists a constant > Osuch

thatforany < land x2 R™,
. . P
j (%) &3] 2+ d(x;D ),

and

. : PP ——
J( X) (X)Jlfd(x;D )> g d(X;D )1fd(x;D )> g-
Now, we introduce the following penalized mean- led BSDEs:

Y= o+ f s;¥];Z) ds n E VY E YY) ds ZldBs; 0 't T: (A4)
t t t
According to the results of [ 10] up to a slight modi cation, the BSDE (A.4) has a unique
solution (Y™;Z") 2 S%(R™) H 2(R™ 9) under assumptions  (H3) and (H4) . Then, we
de ne 7
t
= n E VY E YS! ds;8t2[0;TI: (A5)
0

The penalized term " forces the mean of the solution Y" to stay within the domain D.
We will show that  (Y";Z"; ") convergesas n!1 and the limitis the unique solution
to the BSDE (1.1) with mean re ection.
Lemma A.3.  Suppose that assumptions (H3) and (H4) hold. Then,
Z1 Zy 2
E sup jYDj2+  jZlj2ds  C(;T)E jxoj®+j j°+ jf (s;0;0)jds
0s T 0 0
Z g 2
i"Y O CGT E o+t if (s:0;0)jds
0
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Proof. The main idea is from [ 24]. For reader's convenience, we give the sketch of the

proof. By a standard calculus, applying It6's formula to iy x0j2 yields that for any
t2[0;T],
Z 5 Z+
E jY" xej?+  jZMj%ds = E | xgj% +2E YO xo;f s Y zZD ds
t Z ! (A.6)
2n EY' XxoEY EY' ds:
t
Since the third term in the right-hand side of (A.6) is non-positive according to (A.3), we
have
Z Z 5
E Y xo?+  jZlj2ds  Ej  xoi? +2E sup Y Xof jf (Sixo;0)jds
t 0ot T 0

. . 1 ns
+ 2 +2 2E iY" Xoj?ds + SE jZlj%ds :
t t

In view of Gronwall's inequality, we obtain
Zq
sup E jY" Xoj* C(;T) Ej xof* +E sup jY" xof  jf(sixo;0)jds ; (A7)
0ot T 0ot T 0
and then
E  jZdPds C(;T) Ej x> +E sup j¥" xoj  jf(sixo;0)ids : (A8)
0 0t T 0

On the other hand, recalling the de nition of (A.4) and noting that " is deterministic,
we get
R
Z T 2
= E Y + f sY);Z0 ds
t
Z+ 2 Z <

C(;T) jxof®+E jj°+ jf (5:0,0)jds  + sup jY" Xoj  jf(siX0;0)jds ;
0 ot T 0
(A.9)

where we have used (A.7) and (A.8) in the last inequality. Note that
sup jY{"  xoj’
0ot T
Z T 2 Z T 2
4§ X+ if ;Y zhjds + sup j T Pj2+ sup ZMdBs
0 0t T 0t T t
It follows from (A.7)—-(A.9) and BDG's inequality that
h [

E sup jY  xof?
0ot T
Z1 2 Z <
C(;T)E jxof*+j j*+ jf(s:0;0)ids  + sup jY" xoj  jf(s;xo;0)jds
0 0ot T 0
Zy 2 1 h i
C(;T)E jxof*+j j*+ jf(s:0,0)ids  + SE sup jY" X0 :
0 2 ot T
(A.10)
Putting (A.8) and (A.10) together, we deduce that the rst inequality holds.
EJP 28 (2023), paper 103. https://www.imstat.org/ejp
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