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Torus counting and self-joinings of
Kleinian groups

By Sam Edwards at Durham, Minju Lee at Chicago and Hee Oh at New Haven

Abstract. For any integer d > 1, we obtain counting and equidistribution results for
tori with small volume for a class of d-dimensional torus packings, invariant under a self-
joining I'y, < ]_[lfl=1 PSL,(C) of a Kleinian group I" formed by a d -tuple of convex-cocompact
representations p = (p1, ..., pg). More precisely, if & is a I',-admissible d -dimensional torus
packing, then for any bounded subset E C C? with OF contained in a proper real algebraic
subvariety, we have

nn%sé’u(p) T € P :Vol(T) > s, TNE # 0} =cp - wp(ENAp).
S—>

Here 8;1(p), 0 < 8,1(p) < 2/+/d, denotes the critical exponent of the self-joining I', with
respect to the L!-metric on the product ]_[f-i:1 H3, A, C (CU {oo})? is the limit set of I,
and w, is a locally finite Borel measure on c4nA o Which can be explicitly described. The
class of admissible torus packings we consider arises naturally from the Teichmiiller theory of
Kleinian groups. Our work extends previous results of [H. Oh and N. Shah, The asymptotic
distribution of circles in the orbits of Kleinian groups, Invent. Math. 187 (2012), no. 1, 1-35]
on circle packings (i.e., one-dimensional torus packings) to d-torus packings.

1. Introduction

In this paper, we obtain counting and equidistribution results for a certain class of
d-dimensional torus packings invariant under self-joinings of Kleinian groups for any d > 1.
One-dimensional torus packings are precisely circle packings. To motivate the formulation of
our main results, we begin by reviewing counting results for circle packings that are invariant
under Kleinian groups ([15,22-24,26], etc).

Circle counting. A circle packing in the complex plane C is simply a non-empty family
of circles in C, for which we allow intersections among themselves. In the whole paper, lines
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are also considered as circles of infinite radii. Let I' < PSL,(C) = Isom™ (H?) be a Zariski-
dense convex-cocompact discrete subgroup. We call a circle packing & I'-admissible if

e P consists of finitely many I'-orbits of circles,

* P is locally finite, in the sense that no infinite sequence of circles in & converges to a
circle.

We denote by 0 < 6r < 2 the critical exponent of T, i.e., the abscissa of convergence for the
Poincaré series
P(s) := Z e S du3(&p.p)
gel’

where p € H? is any point and dygs is the hyperbolic metric so that (H?3, dg3) has constant
curvature —1. The extended complex plane C=Cu {oo} can be regarded as the geometric
boundary of H3. The limit set of I is the set of all accumulation points of the orbit I'(z) of
z € C; we denote itby Ar C C.

Theorem 1.1 ([23]). For any I'-admissible circle packing P, there exists a constant
cp > 0 such that for any bounded measurable subset E C C whose boundary is contained in
a proper real algebraic subvariety of C,

lirr(l)ssf#{C € P :radius(C) >s, CNE # 0} = cpwr(E N Ar);
s—>

here wr is the dt-dimensional Hausdorff measure on C N A with respect to the Euclidean
metric on C.

This theorem holds for a more general class of circle packings invariant by geometrically
finite Kleinian groups, which includes the famous Apollonian circle packings for which the
relevant counting result was first obtained in [15] (see [23] for more details and examples).

Torus counting. The main goal of this paper is to prove a higher dimensional analogue
of Theorem 1.1. Let d > 1. By a torus in C? we mean a Cartesian product of d-number of
circles Cq, ..., Cy C C. However, it will be convenient to consider it as a d -tuple of circles

(1.2) T =(C1,....Cy)

rather than a subset C; x --- x Cy C C?¢. A d-dimensional torus packing in C d js simply a
non-empty family of d-tori in C4.
The volume of T is given by

d
Vol(T) = 1_[ 27 radius C;.

i=1

Figure 1 shows some image of a 2-torus packing. Although the torus 7" = C; x C3 in
Figure 1 appears to be in R3, it should be understood as a subset of R, representing the
Cartesian product of the boundary circles of two disks.

We are interested in understanding the asymptotic counting and distribution of tori with
small volumes in a torus packing that is invariant under a self-joining of a convex-cocompact
Kleinian group.
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Figure 1. A torus packing.

Let I' < PSL,(C) be a convex-cocompact discrete subgroup and let

p=(p1 =1id, p2,....pa)

be a d -tuple of faithful convex-cocompact representations of I" into PSL,(C). Let

d
G = [ [ PSL2(O).
i=1

The self-joining of I" via p is defined as the following discrete subgroup of G:
Fp=A{(p1(g).....pal(g)) : g €T}

Throughout the paper we will always assume that I',, is Zariski-dense in G. Each p; induces
a unique equivariant homeomorphism f; : Ar — A, (), which is called the p;-boundary
map [35]. In this paper, we define the limit set of I, by

Ap=A(f1®)..... fa(®) € C¥ 1§ € Ar}.
We call atorus T = (Cq,...,Cy) I'p-admissible if foreach 1 <i <d,
* p;i (I")C; is a locally finite circle packing,
* fi(CiNAr) = Ci N Ay ).

The second condition is equivalent to

TNAp=A{E1....£4) € Ap: & € C1 N AT},

that is, the circular slice C1 N At completely determines the toric slice 77 N A .

Definition 1.3. A torus packing & is called I'y-admissible if
* P consists of finitely many I',-orbits of I',-admissible tori,

» P is locally finite in the sense that no infinite sequence of tori in & converges to a torus.

Remark 1.4. We remark that when #(C; N Ar) > 3, the locally finiteness hypotheses

in the above definition can be reduced to the local-finiteness of the circle packing I'C; (see
Proposition 3.11).
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We denote by 67 1(p) the abscissa of convergence of the series

Nllaxd PLl(S) = Z e s ch‘l=1 dH3(Pi(g)P,P)
gel’

for p € H3, which is the critical exponent of I', with respect to the L' product metric on

]_[1 =1 (H d]HI3)
We first state the following special case of the main result of this paper.

Theorem 1.5. Let P be a I y,-admissible torus packing. There exists a constant cp > 0
such that for any bounded measurable subset E C C 4 \ith boundary contained in a proper
real algebraic subvariety, we have

h%ﬁU@ﬂTe?:%Mﬂ>&TﬂE#Qﬁu@mﬂEﬂAﬂ
s—

where wr, is a locally finite Borel measure on CinA p Which can be explicitly described. In
particular, if P is bounded, then

hn})s ST € P Vol(T) > s} = cp lor, |.

Remark 1.6. (1) Since §;1(p) is bounded above by the usual critical exponent dr, of
I, with respect to the Riemannian metric (which equals the L? product metric) on ]_[l 1 H3
we have

1 2
0< 5L1(p) < é’pp < —max(dim(Api(p))) < —
1

Vd Vvd
by [13, Corollary 3.6]; here the notation dim( - ) means the Hausdorff dimension of a measur-

able subset of C ~ S2 with respect to the spherical metric.
(2) Ifall p; : I' = PSLy(C) are quasiconformal deformations of I" and

d
(%) oo ¢ | Ap)

i=1
then for any bounded torus packing » = I',T with T = (Cy,...,Cy), & is locally finite
if and only if {p;(y)C; : y € I'} is a locally finite circle packing for all 1 <i < d. This is
because theAbouncAlary map f; is the restriction to A, () of the quasiconformal homeomor-
phism F; : C — C associated to p;, and under the hypothesis (x), the F; are bi-Holder maps
on any compact subset of C (see [7,35]).

More general torus-counting theorems. In order to present a more general torus-
counting theorem, we define the length vector of a torus 7 = (Cy, ..., Cg) by
v(T) = —(logradius(Cy),...,logradius(C,)) € R,
where we used the negative sign so that the i -th coordinate of v(7") tends to +o0 as C; shrinks

to a point. The following result is the main theorem of this paper.

Theorem 1.7. Let ¥ be any linear form on R? such that ¥ > 0 on (Rzo)d —{0}.
There exist §y > 0 and a locally finite Borel measure wy, on A, N c4 depending only on T,
and  for which the following hold: for any I'p-admissible torus packmg , there exists a con-
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stant ¢y = cp y > 0 such that for any bounded measurable subset E C C 4 \ith boundary
contained in a proper real algebraic subvariety, we have, as R — 00,

(1.8) lim %#{T e P Yy(T) <R, TNE #8) =cyoy(ENA).
R—o0 e%v

The description of the measure wy, (Definition 6.1) depends on the higher rank Patterson—
Sullivan theory. In fact, it is equivalent to the unique (I',, v¢)-conformal measure on A,
where ¥ is the unique I'p-critical linear form (Definition 2.8) proportional to . We refer
to Definition 2.6 for the definition of .

Remark 1.9. (1) Theorem 1.5 can be deduced from this theorem by considering the
linear form vy : (¢1,...,t7) > t1 + --- + t4 (see Example 8.3).

(2) Our approach can also handle the case where v (v(7')) is replaced by the Euclidean
norm of v(7) in (1.8); indeed, the analysis involved in that case is easier due to the strict
convexity of the Euclidean balls in R4 (see the last subsection of Section 8).

(3) The fact that the sublevel sets {f € R? : y(r) < ¢} are linear (hence not strictly con-
vex) presents new technical difficulties which were not dealt with in related previous works
such as [23] and [6].

We now discuss examples of admissible torus packings arising naturally from the Teich-
miiller theory of Kleinian groups.

Example 1.10. (1) Let I' < PSL,(C) be a Zariski-dense and convex-cocompact sub-
group whose domain of discontinuity Qr := C - At has a connected component which is
around open disk B. Let C; := 0B and d > 2. By the Teichmiiller theory of I', which relates
the Teichmiiller space of the Riemann surface I'\Qr and the quasi-conformal deformation
space of I" (see [19, Theorem 5.27] and [18]) we may choose quasi-conformal deformations
pi : ' = PSL,(C), 2 <i <d, whose associated quasiconformal maps f; : ¢ > C map C
to a circle, say, C;. Then T' = (C1q, ..., Cy) is a I'p,-admissible torus for p = (id, p2, ..., pg)
and hence # = I',T is a I'p-admissible torus packing (see Figure 2 for an example when
d = 2). Note also that J consists of disjoint tori, and hence gives rise to a genuine packing.

=(CHC))

Figure 2. The left-hand side is the limit set of a convex-cocompact Kleinian group I and the right-
hand side is the limit set of a quasi-conformal deformation, say, pg, of I'. Denoting by f
the associated quasiconformal map, f maps the first green circle, say C, to the second
green circle. Hence the torus 7 = (C, f(C)) is a (id x pg)(I")-admissible torus. (Image
credit: Curtis McMullen and Yongquan Zhang.)
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(2) Let I" be a rigid acylindrical convex-cocompact Kleinian group, that is, Q1 is a union
of infinitely many round disks with mutually disjoint closures. Let pg : I' — PSL,(C) be
a quasiconformal deformation of I" which is not a conjugation, and f : C — C the associ-
ated quasiconformal map. Denoting by € the space of all round circles in C, it follows from
[2,20, 21] that the set of all circles C € € such that #C N Ar > 2 and f(C) is a circle is
a finite union of closed I'-orbits in €. Indeed, if C € € meets Ar at more than one point, then
either C separates AT or C C Ar. Since the set of circles contained in Ar is a finite union of
closed I"-orbits, it suffices to note that the set of all separating circles such that f(C) is a circle
is a finite union of closed I'-orbits. This follows from [20, Theorem 1.5] and [2, Theorem 1.6],
since otherwise such a set must be dense in the space € . of all circles meeting Ar, and hence
J/ must map all circles in € . to circles. That implies that f is conformal [19] and hence p is
a conjugation, a contradiction.

Therefore the following 2-dimensional torus packing

P :={(C, f(C)):C, f(C) are circles and #C N Ap > 2}
is (id xpg)(I")-admissible.

On the proof of Theorem 1.7. First of all, the self-joining group I'y is an Anosov
subgroup of G introduced in [10] (see Definition (2.2)), which enables us to apply the general
ergodic theory developed for Anosov subgroups. While certain types of counting problems for
orbits of Anosov subgroups in affine symmetric spaces were studied in our earlier paper [6]
using higher rank Patterson—Sullivan theory, there were certain serious technical restrictions
imposed in [6] which made it unclear what kind of torus packing counting problems could be
approached using techniques there. One of the main novelties of this paper is to have isolated
a natural class of torus packings (which are provided by the Teichmiiller theory of Kleinian
groups) for which we can apply the counting machinery of [6].

It is not hard to reduce the proof of Theorem 1.7 to the case where  is of the form I', T,
where T is the product of the unit circles centered at the origin and v is a so-called I',-critical
linear form (see Definition 2.8). As in [23], we first translate the counting problem for torus
packings into an orbital counting problem in H\G, where H = Stabg (7y); by introducing
a suitable bounded measurable subset By, (E, R) C H\G in (4.12), we are led to consider the
asymptotic of

#([e]T, N By (E. R))

as R — oo. The key ingredient for obtaining (1.8) as R — oo is a description of the asymptotic
behavior of

(L11) ]B o ( [F o T d[h]) dlg)

for f € C.(I')\G), as R tends to infinity, as given in Theorem 7.1. The I'p-admissibility
assumption on > = I', T is used to guarantee

* the existence of some compact subset S C I', N H\ H, independent of R, such that the
integral (1.11) can be expressed as

(112 / ([ rweram)di.
[gleBy (E,R) \ J[h]eS
« the finiteness of the skinning constant of I', N H\ H (see (5.5)).
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With this information, as well as the analysis of the asymptotic shape of the family of the
subsets { By (E, R) : R > 0}, we are able to apply the mixing result from [5, Theorem 3.4] and
[4, Theorem 1.3 & Theorem 1.4], and the equidistribution result from [6] which describes the
asymptotic of the integral (1.11) in terms of the Burger—Roblin measures introduced in [6]. We
emphasize that due to the higher rank nature of the subsets By, (E, R), combined with the linear
nature of ¥, whose sublevel sets are not strictly concave, the uniformity aspect in these results
(see Propositions 5.6 and 5.8 for the nature of the uniformity that is required) is crucial for our
analysis. In fact, working on this article led us to conjecture the precise uniformity formulation
of the mixing results in [4], which were verified and appeared in an updated version by the
authors. Finally, we remark that the measure wy, is the leafwise measure of the Burger—Roblin
measure on the strict upper triangular subgroup of G (~ C%) (see Proposition 6.3).

Organization.

* In Section 2, we start by recalling the basic higher rank Patterson—Sullivan theory of
self-joining groups.

* In Section 3, we discuss an important property of I',-admissible torus packings and its
consequences.

* In Section 4, we define the family {By (E, R) C H\G : R > 0} and explain how Theo-
rem 1.5 can be translated into an orbital-counting problem for a I'y-orbit in H\G with
respect to the family {By (E, R) : R > 0}.

* In Section 5, mixing and equidistribution results from [4] [6] will be recalled with an
emphasis on their uniformity aspects.
* In Section 6, the measure wy, will be given explicitly and analyzed.

* In Section 7, we prove the key technical ingredient (Theorem 7.1) of the paper, which
accounts for the asymptotic distribution of the average of translates of the H -orbit over
the set By, (E, R) as R — oo.

* In Section &, we prove the main theorem (Theorem 1.5).

* In Section 9, we prove that every proper subvariety of C4 has zero Patterson—Sullivan
measure and hence zero wy, measure; this is shown for a general Anosov subgroup of
a semisimple real algebraic group.

Acknowledgement. We would like to thank Dongryul Kim for useful conversations on
a related topic.

2. Self-joinings and higher rank Patterson—Sullivan theory

Let H3 = {(z,r):z € C, r > 0} denote the upper halfspace model of hyperbolic 3-space
with constant curvature —1, d the hyperbolic metric on H3 and 0 = (0, 1) € H3. The geometric
boundary of H? is the extended complex plane C:=cCu {oo}, which is the Riemann sphere.
The Mobius transformation action of the group PSL,(C) on C extends to the action on the
compactification H3 U C, and gives rise to the identification

PSL,(C) =~ Isom®(H?),
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the identity component of the isometry group of H3. Similarly, the product group

d
G =[] PSL2(C)
i=1
acts on C4 component-wise, giving rise to an isomorphism of G with Isom°® (]_[?I:1 H?3), the
identity component of the isometry group of the Riemannian product (H3)4.

Self-joinings of convex-cocompact subgroups. Let I' < PSL,(C) be a torsion-free
convex-cocompact subgroup, that is, the convex core of the associated hyperbolic manifold
'\ H? is compact.

Letp = (p1 = id, p2, ..., pg) be a d-tuple of faithful convex-cocompact representations
of I" into PSL,(C), i.e., each p; (I') is a convex-cocompact subgroup of PSL,(C).

Definition 2.1. The self-joining of I" by p is defined as the following discrete subgroup
of G:

Fp=1{(p1(8),....pa(g)) € G:geT}.

Recall that throughout the entire paper we assume that

I'y is Zariski-dense in G.

Anosov subgroups. Let |- | denote the word length on I with respect to a fixed finite
generating set. Since each p; is convex-cocompact, there exists C > 0 such that

(2.2) d(pi(g)o,0) > Clg|—C™! forallgeTand1l <i <d.

In other words, I'y, is an Anosov subgroup (with respect to a minimal parabolic subgroup) (see
[12] and [10]). This is the most important feature of the self-joining I', which will be used
in this paper. We remark that any Anosov subgroup of G arises in this way in view of the
characterization [12, Theorem 1.5].

Limit set. The product ¥ = C9 is equal to the Furstenberg boundary of G; note that
for d > 1, ¥ is not the geometric boundary of ]—[fl=1 H3. Let P < G be the product of the
upper triangular subgroups of the PSL,(C) components of G, i.e., P = Stabg(oo,...,00).
Then

F ~G/P.

The limit set of T'p in ¥ is defined as the set of all accumulation points of any I",-orbits
in]_[d H3on ¥ = C4:

i=1 - :

Ap = {.lim (p1(gj)o,....pa(gj)o) € c? cgjell, gi — oo}.
j—o0

This definition coincides with the definition of the limit set given by Benoist (see [17, Lem-
ma 2.13] and [1]). Note that for d = 1, this is the usual limit set Ar of the Kleinian group I'.
Let Ap; ) C C denote the usual limit set of pi ().

By the convex-cocompact assumption on p;, there exists a unique p;-equivariant homeo-
morphism f; : Ar — A, (r):

(2.3) fi(g§) = pi(g) fi(§) forallg e 'and § € Ar.
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In particular, we have

Ap ={(f1(8)..... fa(§)) : § € Ar}.

Cartan projection. Fort = (f1,...,17) € R?, set
e% 0 e% 0
(24) ay = 1 e e ey ty .
0 e 2 0 e 2
We let

A={a;:teR¥) <G and AT ={a,:1; >0foralll <i <d).

We respectively identify R? and Rio with the Lie algebra a = log A and its positive Weyl
chamber a™ = log A™ via the map ¢ > loga,. For g = (g1,...,g4) € G, the Cartan projec-
tion of g is defined as

1(g) = (d(g10.0).....d(gg0.0)) € a™.

Limit cone and its dual cone.

Definition 2.5. The limit cone of the discrete subgroup I', is the asymptotic cone of
{uly) € (Rzo)d .y € T'p}, which we denote by &£,. Alternatively, it is the smallest closed
cone in a™ containing {(£1(g).....Lq(g)) : g € T'}, where £;(g) denotes the length of the
closed geodesic representing the conjugacy class of p;(g) (see [3] and [1, Theorem 1.2]).

Since supger(£i(g)/¢;(g)) < oo forall i, j by the convex-cocompactness assumption,
we have
£,— {0} Cinta™,
where int € denotes the interior of a cone €. We denote by a* the space of all linear forms
on a. The dual cone of £, is given by

£y =4y €a*:ylg, >0}
Note that
¥lg,—0y >0 ifandonlyif ¥ €intLy.

Definition 2.6. For ¢ € int £7, let §y € [0, 0o] denote the abscissa of convergence for

the series
§ Z e SV )
yely
Critical linear forms. Let | - || be the Euclidean norm on a = R?. The growth indi-

cator function ®, : at — R U {—o0} (see [29, Section 4.2]) is defined as follows: ®,(0) = 0
and for any vector u € a™—{0},

(2.7) Dp(u) = [lul inf 9,
open cones DCa

uedD

where tg is the abscissa of convergence of the series

Po() = Y el

y€lp, u(y)eD
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Definition 2.8. A linear form ¢ € a* is said to be I'p-critical if
* Y > P,on a’t,

* Y (u) = ®,(u) for some u € at — {0}
The following lemma is due to Quint.

Lemma 2.9 ([29, Theorem 4.2.2, Lemmas 3.1.3 and 3.1.7]). The following statements
hold:

 For each y € int £, there exists s > 0 such that sy is a I p-critical linear form.

o If Y is I'p-critical, then §y = 1.

Proof. Set sg :=inf{s > 0: sy > ®,}; we have sg € (0, 00) by [29, Theorem 4.2.2].
It follows that so¥ > ®, and so¥ (1) = ®,(u) for some u € at with ||u|| = 1, by the upper
semi-continuity of ®, (see [29, Lemma 3.1.7]). In particular, 5o/ is I'p-critical and the first
assertion follows. The second assertion follows from [29, Lemma 3.1.3]. O

Patterson—Sullivan measures. Fix o = (0, 1) € H3. By abuse of notation, we set

d
0=(0,...,0)€HH3.

i=1
For £ = (&1,....&,) € C9 and g=1(g1,....2q) € G, the vector-valued Busemann map is
defined as
Be(go.0) = (Bg,(810.0).....Pg,(840,0)) € a,

where {£; (1) : t > 0} is a geodesic ray in H?> with lim;_ 1 o0 & () = & and
Be; (gio.0) = lim d(gj0.§ (1)) —d(0.§i(7)).
t—>+400

Given a linear form ¥ € a*, a Borel probability measure v supported on A, is called
a (I, ¥)-Patterson—Sullivan (PS) measure if forall y € Iy and § € F,

dyxv ~v (B
— £(v0,0))
) =
We will say that v is a I',-PS measure if it is a (I'y, ¥)-PS measure for some ¥ € a*.
Extending the Patterson—Sullivan theory for rank one groups ([27,33]), Quint [30] constructed
a (I, ¥)-PS measure for each I'p-critical linear form ¥ € a* (see [3] for earlier works on
this). As I', is a Zariski-dense Anosov subgroup of G, the following is a special case of [17].

Lemma 2.10 ([17, Theorem 1.1 and Theorem 4.3]). For each u € int £, there exists
a unique T p-critical linear form Y, € a* such that Y, (u) = ®,(u), and a unique (I'p, Y, )-PS
measure Vy,,. The maps u — Yr, and u — vy, give bijections among

{u eintL, : |u|| = 1} < {T,-critical linear forms}

<> {I'p-PS measures}.
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3. Properties of admissible torus packings

Notations. We will be using the following notations throughout the paper.

For z = (zi)l‘.i=1 € C4, set

3.1) n2=(<1 Zl),...,<1 Zd))eG.
0 1 0 1

We also define the following subgroups:

N={n,:zeC%, N={nl:zeC%,

d d
K =[]Psu@. H=]](PSU.1)u(L2})PSUC.1),
i=1 i=1
where
b
PSU(2) = {( “ ) la)? + | = 1}
-b a
and
b
PSU(1, 1) = {(“ ) al? — b2 = 1}.
b a
We set

et 0 eifa 0
M:{((O e—i91)""’<0 e_ied)):el,...,GdeR};

note that M is equal to the centralizer of A in K.

Let € denote the space of all circles in C (recall that a union of line and {oo} is considered
as a circle with infinite radius) and 77 = € x - -- x € the space of all tori in ]_[fl=1 C. Under the
identification made in (1.2), we may consider a torus as an element of 7, and a torus packing
with a subset of 7.

H -orbits corresponding to admissible torus packings. Throughout the paper, we fix
the following torus:

Ty = (Co,...,Co) evT,
where Co = {|z| = 1} is the unit circle centered at the origin. Note that
H = Stabg(Tp) and K = Stabg(0).

Since G acts transitively on 7, we can endow 7 >~ G/H with the quotient topology on G/H .
Similarly, the topology on € will be induced from PSL(2, C)/PSU(1, 1).
We call atorus 7 = (Cq,...,Cy) I'p-admissible if foreach 1 <i < d,

* {pi(y)C; € € :y € I'}is alocally finite circle packing,
e fi(CiNAD)=C;i N Api(I‘)-

Definition 3.2. A torus packing > C 7 is called I'p-admissible if
* P consists of finitely many I',-orbits of I',-admissible tori,

» P is locally finite in the sense that no infinite sequence of tori in & converges to a torus.
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The following lemma is rather standard (see for instance [23, Lemma 3.2]).

Lemma 3.3. The followings are equivalent:
(1) The torus packing I'yToC T is locally finite.
(2) The inclusionmap f : T, N H\H — I,\G is proper.
(3) T'p\I'pH is closed in T')\G.

Proposition 3.4. If P = T',Ty is I'p-admissible, for any bounded subset O C T',)\G,
the subset

(3.5) {[n eT,NH\H : [h]AT N O # 0}
is bounded.

Proof.  Suppose not. Then there exist three sequences g; € I', (h;,1,...,h; 4) € H,and
(tij,. - tid) € a*t such that (T, N H)(hjy,....hjq) —ooinTyN H\H asi — oo and
foreachl < j <d,

L.j

e 2 0
(3.6) si,j = pj(gi)hi,; 0 g

is a bounded sequence in PSL(2, C).

Let Hy = StabPSLz((C)(CO) and let D be a Dirichlet fundamental domain for the action
of I' N Hg on the convex hull Cy C H? of C. By the adm1ss1b1hty hypothesis, I'Cy is a locally
finite circle packing. Hence the inclusion map I' N HO\CQ — T'\H?3 is a proper map. Since I'
is convex-cocompact, it follows that

oDNAr =49

(see [25, Proposition 5.1]), where 0D := D N Cy C C denotes the boundary at infinity of D.

By replacing h; 1 with an element of (I' N Ho)h; 1 and modifying g; if necessary, we
may assume that 4; 10 € D. Since (I'y N H)(h;,1,....hi4q) > ooin T, N H\H asi — oo,
we must have /; g — oo in Hy for some 1 < £ < d. By (3.6) and by the assumption that the
sequence {s; ; :i = 1,2,...}is bounded foreach 1 < j < d, we have

e s 0 . 1
(3.7) & = lim h; i, | o= lim p;i(g; " )si,jo € Ay ().
1 —>00

i—00 0 e—T

It follows from the p;-equivariance of f; that§; = fj(§;) foreach 1 < j <d.
We will need the following general fact from hyperbolic geometry: for any sequence
h; € Hyand t; > 0 (i € N), the sequence

i
0

(3.8) hi € . |oem?:ieN
0 e 2

accumulates on Cy if and only if {h; € Ho : i € N} is unbounded. In this case, (3.8) shares
the same limit point with {h;o € H? : i € N} along any of its convergent subsequence.
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Now, since h; y — 00, it follows from (3.7) and the above fact that §, € Co N A, (1).

Since Co N Ar = f[l(Co N A,,r)) by the assumption that & is I'-admissible, we
have & = f[l (&) € Co N Ar. By (3.7) and the previous fact from hyperbolic geometry, this
implies that /; ; is unbounded and /; ;0 — § as i — oo. On the other hand, since /; 10 € D,
we have £, € dD. Hence &; € 0D N Ar; this yields a contradiction since 0D N Ay = 0. 0o

Proposition 3.9. If = I',To is I'p-admissible, then the following hold:
(1) the set
{[leT,NH\H :hP € A}
is compact,
(2) for any bounded subset S C G and any closed cone & C a™ such that & N £, = {0},

we have
#(H\HT,) N (H\H exp(€)S)) < oo.

To prove the proposition, we use the following lemma, which is equivalent to [17, Propo-
sition 7.4] in view of the characterization of the limit cone &£, as an asymptotic cone of
{m(y) 1y € I'p} givenin [1, Theorem 1.2].

Lemma 3.10 (Uniform conicality of A ,, see [17, Proposition 7.4]).  There exists a com-
pact subset @ C G such that the following holds: for any g € G with gP € A, and any
closed convex cone D C inta™ U {0} whose interior contains £ , — {0}, we can find sequences
vi € I'p andloga; — oo in O such that

viga; € @ foralli > 1.
Proof of Proposition 3.9. Let @ C G be as in Lemma 3.10. Choose any closed convex
cone D C intatU{0} whose interior contains £, — {0}. Since the inclusion map
I'yNH\H — I')\G
is a proper map, Lemma 3.10 implies that
{[h]eTyNH\H :hP € Apy C{[h] €T, N H\H : [h]expD N Q # 3}.

By Proposition 3.4, the subset on the right-hand side is bounded. Therefore (1) follows.
Suppose (2) is false. Then there exists a bounded subset S C G and infinite sequences
ti€e&,ti > o00,yi €y, hj € H,and s; € S such that

Vi = hiaysi,

and Hy; # Hy; fori # j. Since the image of )/i_lhiati = sl._1 € S~ under the projection
G — T',\G is bounded, it follows again from Proposition 3.4 that there exists a sequence
8; € ', N H such that the sequence /; := ;h; is bounded. Set y; := §;y;. Note that

Hy; = Hy;

and y; = E,-a,i s; € I'p. Since both ﬁi and s; are bounded, the sequences #; and w(y;) are
within bounded distance of each other. Now using the fact that £, is the asymptotic cone
of {u(y):y €'y}, and € N £, = {0}, we have t; ¢ & for all sufficiently large i, which is
a contradiction.
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Closedness of I', Typ. The following proposition says that local finiteness of I',ToC T
is a consequence of the local finiteness of I'CoC € when Ty is an admissible torus with
#(Co N Ar) > 3.

Proposition 3.11. Ler I'Cy be closed in € with the property that #(Co N Ar) > 3. If
Ji(CoN Ar) = CoN A, () for each 1 <i <d, then I',Ty is closed in T and p;(I")Cy is
closedin € forall2 <i <d.

Proof. Suppose that a sequence T,, = (p1(gn)Co, p2(gn)Co., - - ., pa(gn)Co) converges
to some torus 7 = (C1, Ca,...,Cy) for g, € I'. We need to show that 7 € I', Ty. Since I'Cy
is closed and hence locally finite by Lemma 3.3, we may assume that foralln > 1, g,Co = C;
by throwing away finitely many g, (recall p; = id). Observe that

pi(gn) fi(Co N Ar) = fi(gn(Co N Ar)) = fi(C1 N Ar)
by (2.3). On the other hand
fi(CoN Ar) = Co N Ay )

and it contains at least three distinct points. Since two circles sharing three distinct points must
be equal to each other, we get p;j(g,)Co = C;y for all 1 <i <d and all n. It follows that
T, = T = Ty for all n, proving the first claim. The second claim can be proved similarly. D

Although we will not be using the following proposition in the rest of our paper, it is of
independent interest and extends the analogous fact for convex-cocompact groups for d = 1.

Proposition 3.12. Let T be a torus and Hr be the stabilizer of T in G. Suppose I, T
is closed with #(T N Ap) > 3. Then I', N H is a non-elementary Anosov subgroup and

TNAp=Ar,niy.

Proof. Without loss of generality, we assume that Hr is the product of copies of the
group PSL,(R). We use the characterization of an Anosov subgroup as a subgroup of G
satisfying the properties of Regularity, Conicality, Antipodality, shown in [11, Theorem 1.1].
Since Hr N I'y is a subgroup of an Anosov subgroup Iy, it follows that Hr contains A and
Hr/(Ht N P) C G/ P is the Furstenberg boundary of Hr, the regularity and antipodality are
immediate.

We deduce the conicality as follows. Let £ € T N A,. We can choose & € Hr such that
h(Hr N P) = §. Since I', is Anosov, £ is a radial limit point of Iy, that is, there exist a, — oo
in AT and 8, € I'y such that §,hay is bounded. Since the map I'y N Hr\Hr — I'y)\G is
proper by Lemma 3.3 and ha, € Hr, it follows that there exists 8y € I'y N Hr that Sphay is
bounded. This implies that § = A(H7 N P) is aradial limit point of I', N Hr in Hr /(HT N P).
Hence we have shown that 7N A, is equal to the set Arli‘sm Hy of all radial limit points
of 'y N Hr. Since Ar,npg; C T N Ap, it follows that

_ arad
Ar,nHy = ArpmHT-

Thus, I', N Hr is conical. This proves that I', N Hr is Anosov. The hypothesis #(7T' N A,) > 3
now implies that I', N H7 is non-elementary. m)
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4. Torus counting function for admissible torus packings

We write r(C) for the radius of a circle C. Given a torus 7 = (Cy,...,Cy) € T, we
define its length vector v(T) € a U {co} by

v(T) = —(logr(Cy),...,logr(Cy))

if r(C;) <ooforalll <i <d,and v(T) = oo otherwise.
We will call a linear form ¥ € a* positive if ¥ > 0 on at — {0}.
In the rest of this section, we fix

* a I',-admissible torus packing & = I',To,

* apositive I',-critical linear form ¢ € a™*.

Definition 4.1 (Counting function). For a bounded subset £ ¢ C? and R > 0, we set

(4.2) NR(P W, E)=#{T € P :y(w(T)) <R, TNE # 0}

The local finiteness assumption on J together with the positivity hypothesis on ¥ guar-
antees that:

Lemma 4.3. For any bounded subset E C C% and R > 0, Nr(P., ¥, E) < oc.

Proof. Tt follows from the local-finiteness of p; (I")Cy that there are only finitely many
circles in p; (I') Cy of radius bounded from below intersecting a fixed bounded set. In particular,

no:=#T eP :v(T)datand T N E # B} < oo.
By the positivity hypothesis on i, we have
c:= inf Y(v) >0

veaT,|v]=1

and hence ¥ (v) > ¢||v|| for all v € a™. Hence

d
RZ
NR(P. ¥, E)—ng < #{T =(C1.....Cq) € P : Y |logr(C))* < — and T N E # @}
C

i=1
d R
<#) {Cep(MCore e <r(C;)and C Ni(E) # B},
i=1

where 7r; (E) denotes the projection of E to the i-th factor C. The last quantity is finite by the
local-finiteness of p; (I")Cy. This proves the claim. |

We will introduce a subset §¢ (E, R) C H\G and explain how N (P, ¥, E) is related
to the number of I',-orbits in the set By (£, R).

Definition of By (E, R). For R > 0, we define

Ajp=Har € ATy (1) <R},

where a; is defined as in (2.4). As ¥ is positive, A$ g 1s bounded.
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For any subset E C C¢, we define
Ng ={n,eN:zeE}
where 7, is defined as in (3.1). For any ¢ > 0, set

4.4) Ef:= () E+w and Ef:= ] E+w.

lwl<e lwl<e

Definition 4.5. For any bounded £ C C¢ and R > 0, we define the following bounded
subset of H\G:

(4.6) By(E,R) := H\HKA}, {N_g C H\G.

The following proposition allows us to reformulate the counting problem in terms of the
sets By (Egt, R) (cf. [23, Proposition 3.7]): For ¢ > 0, set

d 2
4.7) qo(P.E.¢):= #{T =(C1,....C) e P: Zr(c,-)2 > % and T N E # @}.
i=1

The finiteness of go (P, E, €) can be seen as in the proof of Lemma 4.3.

Proposition 4.8. Ler E C C? be a bounded subset. For any ¢ > 0 small enough and
any R > 0, we have

#([e]Tp N By (E;, R)) — qo < Nr(P, ¥, E) < #([e]T, N By (E;, R)) + qo

where qo = qo(P, E, ).

Proof. Let fo = @0 X oee X 60. Note that

(4.9) #([e]Ty N H\HKAJ pN_p+)
=#y €T, NH\T,: Hy N KAJ g N_po # 0}
=#{y e r,,/r NH:yHKN NESi(AJ’R)_IK £ @)
=#{yTo€ P :yToN NEi(A ) o #0).

Observe that for z = (z,)l_l eCq = (t,)l_1 eR? and o = (0, 1)1_1 € Hz['l=1 H3, we have

d
nza;0 = (zi.t;){=y € [ H>.
i=1

Hence, if yTy € P, yfo N Ng- (AJ,R)_lo # () and fo;l r(p; ()/)CO)2 < %, then
yToNE #0 and v (v(yTy)) < R.

This observation combined with (4.9) gives the lower bound in the statement of the proposniog
Similarly, if yTo € & satisfies yTo N E # 9, W(v(yTg)) < R and Zl_l r(pi (¥)Co)? < &,
then yTy C E.+ and hence yTo NN E+(Aw R) 0 # . This combined with (4.9) gives the
upper bound, proving the proposition. m)
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Definition of By (E, R). Let D C inta™ be any closed cone such that
(4.10) intd O £, —{0}.
Throughout the section we fix one such D and set, for any R > 0,
4.11) D:=expD and DI/,R_DDAJF
Analogously to El/, (E, R), we now define
(4.12) By(E,R) = Bpy(E,R):= H\HKDy rN_g C H\G.
By (E, R) in terms of G = HA* K decomposition. We will now express the set
By (E, R) in terms of the generalized Cartan decomposition G = HATK (cf. [9, p.439)).
Given ¢ > 0 and a subset W C G, let W, denote the intersection of W and the ¢-ball around e
inG.
Lemma 4.13 ([23, Proposition 4.2]). Ford = 1, we have
(1) Ifa; € HKagK for some s > 0, then |t| < s.
(2) For any ¢ > 0, there exists R1(g) > 0 such that

{k € K :a;k € HKA™ for somet > Ri(g)} C K M.

We set

I3
(4.14) Xg := {at e AT : 11‘<I}l£1d ti < Rl(ﬁ)}

that is, the closed R1(¢/~/d)-neighborhood of 94, where Ri(¢/~/d) > 0 is the constant as
given in Lemma 4.13 (2).
We deduce the following.

Lemma 4.15. Foranye > 0and R > 0,
KA p C H(A] p — Xe)Ke U H XK.

Proof. Forany k = (ky,...,k;) € K and a; € AT, using the decomposition
G = HATK,
we can find h = (hy,...,hy) € H,ag € AT and £ = ({1,...,4;) € K such that

i

E 0
(4.16) ki (ez ,-) = I ( si)e,-

0 e 2 0 e 2

foralli =1,...,d, wheret = (t;)1<j<q and s = (8;)1<j<q- From Lemma 4.13 (1), we then
have s; < ¢;. Since ¥|,+ > 0, we have
Y(s) <Y (0).

Hence ifa; € AT R We have ag € A g- Furthermore, if a5 ¢ X, we have s; > Rl(e/\/_)
for each i and hence { e KcM by Lemma 4.13(2). Since K.M = MK, and M C H, this
proves the lemma. |

N\N
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Further refinement. The following lemma appears in [23, Proposition 4.7] for the
case d = 1, and this implies the general d-case as the computations can be reduced to each
component.

Lemma 4.17 ([23, Proposition 4.7]).  There exists £’ > 1 such that for all small enough
>0 anda e AT
aKc:M C H(aApg)Nysg.

Using Lemma 4.17, we obtain:

Lemma 4.18. For any ¢ > 0 and a bounded subset E C C 4 there exists a compact
subset Z = Z(E, D,e) C H\G such that

By(E.R) C H\HDy gApsN .+ UH\H(A" —D)KN_g UZ.

E,

Proof. Since D is a closed cone contained in inta™, it follows that D N X is a compact
subset. Therefore Z := H\H(D N X¢)KN_E is a bounded subset of H\G.
Note that by Lemma 4.15 and Lemma 4.17

(4.19) KA p C H(AJ g — Xe)Ke U HX K
C HDy rK: U H(AT — D)K U H(D N X)K
C HDy rAyeNye U H(AT — D)K U H(D N X)K.

The claim now follows from the definition of E,p (E, R). O

Corollary 4.20. For any & > 0, there exist g1 = q1(E, D,g) > 0 and ' = {'({) such
that ~
#([e]Ty N By (E, R)) < #([e]T', N By (E, R))

< #([e]Tp N By (ES,. R+ l'e)) + q1.

Proof. The first inequality is trivial. For the second inequality, choose a slightly smaller
closed cone g C int D such that £, — {0} C int Do and set

8=a+—£)0.

Note that Dy, g — (Do), RAwe is a bounded set and hence applying Lemma 4.18 to the cone
Do shows
By(E.R) C H\HDV,,RN_E;E UH\HEKN_guZ

for some compact set Z' C H\G. Applying Proposition 3.9 with S = KN_g gives the desired
conclusion. m]

5. Mixing and equidistribution with uniform bounds

We fix a positive I',-critical linear form v € a* and the (I'y, ¥/ )-PS measure vy given
by Lemma 2.10. In this section, we recall the results of [4] and [6] on mixing (Proposition 5.6)
and equidistribution (Proposition 5.8), with emphasis placed on their uniformity aspects that
are crucial in our application.
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Burger—Roblin measures m®R and mBR+, Recall that P = Stabg (0o, . .., 00) denotes
the product of upper triangular subgroups. We also denote by P = Stabg (0,...,0) the product
of lower triangular subgroups.

For g € G, its visual images are defined by

gt :=gPe¥ and g_:=g15€37.
Let ¥ @ denote the unique open G-orbit in & x & under the diagonal action, that is,
FO ={¢".¢7):5€G).

The map
gM = (g+7 g_’b = ﬂg_(O, go))
gives a homeomorphism G/M ~ @ x a, called the Hopf parametrization of G/M. We
define a locally finite Borel measure n"i]f[fR on G/ M as follows: for g = (gT.g7.b)e¥F @ xq,

(5.1) dﬁ;leR(g) — oV (B4 (0.80)+20(Bg—(0,80)) de(ng)dmo(g_)db,

where m,, is the unique K-invariant probability measure on ¥, db is the Lebesgue measure
on a, and o is the linear form on a defined by

(5.2) oty ... tg) =1t + -+ 14.

By abusing notation slightly, we also use /7ER to denote the corresponding M -invar-
iant measure on G induced by 1713R. The measure fﬁiR is left I'p-invariant and induces an
N -invariant locally finite measure on I',\ G, which we denote by myx.

Similarly, but with a different parameterization g = (g*, g, b = f8 ¢+(0,80)), we define

the following N -invariant locally finite Borel measure on G:
(53) dﬁ/liR* (g) — ezo'(ﬂg-i‘ (0,g0))+1//(ﬂg_ (09g0)) dmo(g+) dV1// (g_) db

We have the following decomposition (see [6, (4.8)]).

Lemma 54. For f € C.(PN),

MR (f) = / (/ f(nam) dﬁ)e“”(log“)e'ﬁ(ﬂ”_(0’”")) dmdadvy(n7),
Nam \JN

where dm, da, dn denote the Haar measures for M, A, Z\V/, respectively.

We note that in Lemma 5.4, dm is normalized to be a probability measure on M, da is
normalized to be compatible with the restriction of the Killing form on the lie algebra of A,
and d7i is equivalently given by the density 77 > 2B+ (979D 4,0 i 1), where vo denotes the
unique K -invariant probability measure on ¥ .

Patterson—Sullivan measure p,fls nH\H (see [6, Definition 8.7]). Define a measure

o 8
ME;I/! on H as follows: for ¢ € C.(H), let

Wiy = [

f $(hp)e? Bit @hro) gy 4y (1),
heH/HNP JpeHNP
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where dp is a right-Haar probability measure on H N P (note that H N P is compact for
the pair (G, H) we are considering); for h € H/H N P, h™ is well-defined and independent
of the choice of a representative. The measure defined above is I', N H -invariant: for any
vel,NH,
Vel y = Wiy

Therefore, if I',)\I'p H is closed in I',\ G, then duiiw induces a locally finite Borel measure
on' Co\I'pH =~ Fp.ﬂ H\ H, denoted by '“]Ij‘imH\H,w‘ The skinning constant of I'y N H\ H
with respect to vy, is defined as the total mass:

(5.5) Skr,,y (H) := |40 g\ a1, || € [0, 0]

Uniform mixing. We fix the unique unit vector v = uy, € int £, such that

Y (u) = Pp(u)
provided by Lemma 2.10.
Since the cone a™ is contained in the closed half space {y > 0} and (1) > 0, it follows
that a* can be parameterized by the map
R>o x kery — a,
(s, w) = su + /sw.

The following mixing result is due to [5, Theorem 3.4] and [4, Theorems 1.4 and 1.5]:
the uniform bound as stated in the second part is crucial in our application as remarked before.

Theorem 5.6. There exists an inner product (-, )« on a and k, £ > 0 such that for any
f1, f2 € Cc(Tp\G) and w € ker ¢,

lim st_le(z"_‘/’)(S”“’J“/Ew)/ f1(xexp(suy + sw)) f2(x) dx
T,\G

§—>—+00
= e OmERfymy™ (),
where I : keryy — Rxg is given by

_ IwlE—(wuy )
Iw="mw
Moreover, there are sg, £ > 0and C' = C'( f1, f2) > 0 such that for all (s, w) € (s, 00) x ker {r
with suy + /sw € a*t, we have

(5.7) Sd;le(za_‘”)(s""’_i'ﬁw)/ f1(xexp(suy + /sw)) fo(x)dx| < C'e™ W),
T\G

Uniform equidistribution. Using Theorem 5.6, the following equidistribution result
can be obtained as in [6, Proposition 8.11] and using a partition of unity argument for ¢.

Proposition 5.8. Assume I'y, H is closed, let f € Cc(I'p)\G) and ¢ € Cc(I'y N H\H).
For any w € ker y, we have

(5.9) lim 5“2 e@o—¥)(suy+sw) fr - F([h]exp(suy + /sw))p(h) dh

s—>+00

= e 1O mE ) 1S i @)



Edwards, Lee and Oh, Torus counting 171

where k, £ > 0 and I : kery — R are given by Theorem 5.6. Moreover, there exists a con-
stant C" = C"(f. ¢), so > 0 such that for all (s, w) € (s, 00) x ker ¥ with su + /sw € a™,

(5.10) |57 e@omWuy+5w) / f ([ exp(suy + /sw))p(h) dh| < C"e W),
H

6. The measure w y

Fix a positive I'p-critical linear form ¥ € a* and the (I',, ¥)-PS measure vy, given by
Lemma 2.10.

Definition 6.1. We define a locally finite Borel measure wy, = wr, ¢ on C 4 as follows:
forall f € C.(C%),

wy (f) = /Cd f(Z)ellf(ﬂz(o,nzv)) dvy ().

For each small ¢ > 0, let ¢¢ € C, (NgAngl\vfs) be a non-negative function such that
Jg ¢° dg = 1, where dg is a Haar measure on G and for any z € C?, set

$5(g) 1= /M of (gmnz) dm,

where dm is a probability Haar measure on M .
The main goal of this section is to establish Corollary 6.5, which roughly says

/ ; miR(¢2) dz ~ wy (E).
Let E C C4 be a fixed bounded Borel set and let & > 0 be small enough so that
AeM NeN_gNi C NAMN.

For all z € C¢, define OIS C.(C%) by

o= [ #eegdg= [ gegds
N_gMAN N_gA:M:N;
Recalling the definition of EF from (4.4), we have:
Lemma 6.2. Forall z € C%,

lg-(nz) < ®%(2) < ]lEQL(nZ).

Proof. Trivially, 0 < QDEE (z) <1.Ifz € E_, then n;lNg C N_g, hence

) — € . d > € 2 do = & dg = 1.
= [ pedsz [ geds= [ g

On the other hand, if z ¢ E}, then n;! N N N_g = @, hence we have ¢¢(n,g) = 0 for all
g € N_gMAN by uniqueness of the NAM N decomposition, giving % (z) = 0. |
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We now relate the Burger—Roblin measure of ¢° and Patterson—Sullivan measure of ®¢.

Proposition 6.3. There exist C,c > 0 such that for all sufficiently small ¢ > 0, we have
(1= Cooy (@) = [ @0 dz = (14 Copa (@)

Proof. By Lemma 5.4, we have

| asanaz=[ [ [ [ ¢ zamiiin)

x ¢~V lloga) ;¥ (B-r(0.n210)) gy 15 da dvy(z')ydmdz

Z/ (/ 5 ¢ (nzramiinz)e V€D dz dit dm da) dwy(z'),
cd \JAMNN_;

where all the densities appearing in the expression are those of the corresponding Haar mea-
sures, except for dvy, and dwy,. Note that if ¢*(namiin,) # 0, then namiin, € NyAg Mg Ny,
hence

(6.4) amit € AMN N (0" Nen; exp(Ad,__ (log(A:M:Ng))))
C AMN N (n_lnch/sAc/sMc’eNc’e) = Ac’sMc’ENc’s

for some ¢’ > 1 depending only on E. Decornposmg the Haar measure dg on G according to
AM N N and then restricting to Acrg M ch «N_E gives

e Ve g diidmda = (1 + O(e)) dg

sincea € A¢re and dg = dzdndmda for g = amnn; (see [14, Chapter 8]). Hence

/_ BR(62) dz = (1 + O(¢) / / 95 (1212) dg dwy (),

AMNN_g

with the implied constant depending only on E. Using the maximum of || Ad,_ ||overz € £FE
together with the NAM N decomposition of exp(Ad,_ . (log(A¢re M, ¢Nerg))) as above gives
the existence of ¢ > ¢’ such that

N—E A MsNa C Ac sMc ch aN—E CN E+AcaMcchs

Combined with (6.4), for every z’ € C? we have

/ L9 (nyrg)dg S/ . ¢*(nyrg)dg S/ L9 (nyrg)dg,
N_EL_—EAMN AMNN_Eg N—Ec-t:AMN

giving the desired inequality. m)
Combining Lemma 6.2 and Proposition 6.3 gives the following result.

Corollary 6.5. There exist C,c > 0 such that for all ¢ > 0 sufficiently small,

(1= Ce) oy (Eqieye) < /_ ; my(¢g)dz < (1+ Cs)ww(E(*; rore)-
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7. Equidistribution in average

We fix a positive I',-critical ¥ € a*, vy and u = u, continuing the notations from
Sections 4 and 5. We also fix a closed cone D C inta™ such that intD D £, — {0} and set
D :=exp D as in (4.10) and (4.11). Recall the notation By (E, R) = H\HKDy rN_E for
a bounded subset E C C%, and «, £ > 0 given by Theorem 5.6.

The main goal of this section is to prove the following main technical ingredient of the
proof of Theorem 1.7, using Proposition 5.8.

Theorem 7.1. Forany f € C.(I'y)\G) and a bounded measurable subset E C C? such
that wy (0E) = 0,

lim ¢ R / / F(Tohg) dIhdlg] = cr,.y / mER(£.) dz,
By (E.R) JT,nH\H )

R—00

where
. kskr, w(H) —I(w)
CTp,y += - d>§(u) ([kerwe v dw)

and f; € C.(T',\G) is defined by
Sz(x) = / f(xmnz)dm.
M

In the above, d[g] denotes the G -invariant measure on H \ G which is compatible to Haar
measures dg and dh on G and H respectively, that is, for any f € C.(G),

[ rwas=[ . ( [ s dh)d[g].

Integral computation. For each w € ker , let Q g(w) C (0, c0) be defined as
(7.2) Or(w) :={s € Rug:su+ +/sw e A;R}.
Since ¥ (w) = 0, we compute that for all R > 0, Q g(w) is an interval of the form
Or(w) = (0. 555 R).

The uniform bound in Proposition 5.8 enables us to use the dominated convergence theorem to
prove the following result.

Lemma 7.3. For f € C.(T')\G), ¢ € Cc(H) and a bounded measurable subset E
of C4, define for each w € ker

pr(w) = e_R/ / sd?ez"(s”"'ﬁw)/ Sfz(Cphexp(su + /sw))¢p(h)dhdsdz.
E JORr(w) H

Then:

0 I _ Ry @D ir(w) BR( £) dz and
(1) img—co pr(W) d,w) ¢ Je my, (fz)dz an

2) pr(w) < Ce ™) for some C = C(f, E, ¢) > 0.
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Proof.  For simplicity, set ¢;, = ®,(u) in this proof. For all sufficiently large R > 0, we
may rewrite pr(w) as

R/cy
pr(W) = e_R/ / e “SJ(s,w,z)dsdz
E Jo

0
2/ / ¢S J(s' + R/cy,w,z)ds dz
E J—R/cy
where
J(s,w,z) = stjzle(z"_‘”)(”""ﬁw)/ Sz (Cohexp(su + «/sw))p(h) dh.
H

By Proposition 5.8, J(s, w,z) — Ke_“(w)mﬁR(fZ)uzs(qﬁ) as s — oo and
J(s,w,z) < C"e W),

where C” = C"(sup,cg fz,¢) is as in Proposition 5.8. Hence (1) follows from the dominated
convergence theorem as R — oo. Assertion (2) follows from the bound

0
pr(w) < Vol(E)/R e J(s + %,w,z) ds
by setting C = %VOI(E)C”. O

Proof of Theorem 7.1. Without loss of generality, we may assume that f > 0. For
[g] € H\G, set
PGy i= [ g dh.
T,NH\H
By Proposition 3.4, and using the expression of g with respect to the generalized Cartan decom-
position G = HA1 K, we can choose ¢ € C.(I', N H\H) depending only on the support
of f and E such that

a4) FH(g) = / Fo(Tohg)d(h) dh
\H

N
for all z € E. This will allow us to apply Proposition 5.8 directly to fZH . Furthermore, by
Proposition 3.9(1), the support of ;Ll;-i AH\H.v is compact, so we may additionally assume that
¢ = 1 on the support of /L{li NH\H.y and hence

Ska,z/f(H) = ““FI)‘imH\H,w@S)'
By Proposition 3.9 (2),
/ 75 (g]) dlg] < co.
H\H(A+—D)KN_p

Since da;n;] = e2°Ddt dz, where o (1) = Zf;l t;, we deduce from Lemma 4.18 and the
inclusion By, (E, R) C By (E, R) that

(1.5) lim sup e~ A AT
w(E,

R—>o0

< limsupe R FH ([anz)e?* D drdz.
—-E} JA

+
R—o0 w.R+Le
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Since M C H, we have
FH(amz)) = fH(mamz)) = fH(aimn.)
- [M FH (agmnz)ydm = 2 ([al).

We now compute the upper limit in (7.5).
Using (7.2) and (7.4) together with the fact that = su + /sw on a™ hence

dt = s% ds dw,

we first rewrite (7.5) as lim supp_, o, fkerw pr(w) dw, where

pr(w) =K f . /Q ( )Sdz_lez"(S“W"’)fZH([exp(su+ Jsw))) ds dz
Ly, R+ee(W

= e_R/
—E} JORye(w)

x/ Sfz(Cphexp(su + «/sw))¢p(h)dhds dz.
T,NH\H

S%€20(su+«/§w)

Applying Lemma 7.3 by replacing R with R + £¢ and E with —E J;, by the dominated
convergence theorem,

lim PR(w)dw=/ lim pr(w)dw
R—>o0 ker kBI‘WR_)OO
PS le
K 1 (¢)e
_ KHTnmay / e~ tw) dw/ my*(f2) dz.
<I>p(u) ker Y —EZ;

Altogether, we have thus obtained

lim sup e R / fH([g]) dg] <cr,.y ete / ng(fZ) dz.
By (E,R) —E}

R—o0 te

Similarly, but applying Lemma 4.18 to E,/, (E,,, R—{e) and Do = exp Do, where Dy is
a cone such that £, — {0} C intDg C Do C D, we have

liminfe_R/B - R)fH([g])d[g] > cr, e—“/ - mR(f2) dz.
J(E, _

R—>o0 p
£

Note that by Corollary 6.5, we have

(1= CO0(Egpoe) = [ miR@Edz = (14 Cowy (B0

for all sufficiently small & > 0. Since wy (0E) = 0, taking & — 0" completes the proof.

8. Proof of the main counting theorem

In this section, we prove the following main theorem of this paper.
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Theorem 8.1. Let P be a I'y,-admissible torus packing. For any positive linear form
V € a¥, there exist a constant ¢y = cp y, > 0 such that for any bounded measurable subset
E C C4 with boundary contained in a proper real algebraic subvariety, we have

(8.2) Jim e RNR(P. Y, E) = cywy (E).

Example 8.3. Note that Vol(T) = 27)%e= @I since o(11,....15) =11 + -+ 1.
Hence, we have

NR(P.0,E) =#{T € P : Vol(T) > 2n)%e R, TN E # 0.

Since 0 € a* is positive, Theorem 1.5 is a special case of Theorem 8.1, with §; 1 (p) = §5,
cp = (271)‘1805,350 and wy = or, ¢

The proof of the following lemma is postponed until the final section (Theorem 9.2).

Lemma 8.4. For any bounded measurable subset E C C9 with OE contained in
a proper real algebraic subvariety, we have wy (0E) = 0.

Since every homothety class of a positive linear form can be represented by a positive
I"p-critical linear form (Lemma 2.9) and 6y = 1 for critical linear forms, Theorem 8.1 follows
from Lemma 8.4 and the following.

Proposition 8.5. For any positive T ,-critical linear form ¥ € a* and any bounded
measurable subset E C C? with wy (0F) = 0, we have

lim e_RNR(f/’,W, E) = cywy(E)
R—o0
for some constant ¢y, > 0.

Special case: & = I'yTo. We will first prove Proposition 8.5 for the special case when
P = T'pTy. This will allow us to apply the results obtained in previous sections.

Let O be as defined in (4.10), and for any R > 0, Ar denote the R-neighborhood of e
in A. Fix closed cones D* C inta™ such that

L,—{0}CintD”, D —{0}CintH and D—{0}CintDT.
Let DE = exp DE and Ry > 0 be such that
D™ —Ag,C () Da. | J (D—AgyacD*.
acA acA

Recall the definitions of D j; z and EE from (4.4) and (4.11). Now defining

(8.6) BY.(E.R) := H\HKDg, ryN_E.
By (E,R)” := H\HK D pN-E,

+._ +
BS(E,R)* := H\HKD[}y o N_p+.

+ —

where D[RO,R) =

Df; r — AR,» we have the following inclusions.
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Lemma 8.7 ([23, Lemma 6.3]). Forall ¢ > 0 small enough, there exists a neighborhood
0. C G of the identity such that for all R > Ry,

By (E.R—¢)” C BY(E.R)O, C Bj,(E.R+¢)*.

We now use the sets pr(E, R + )T to obtain the asymptotic of #([e]p N Bf/)/ (E,R)).
Let us define functions Fg, and F;’i on I',\G by

Frg):= ) 1po&r(HY8):
ye(Tp,NH)\T,
and
(8.8) F;,:l:([g]) = Z HB@(E’R:&E):I:(HVg)-
ye(Tp,NH\T,
Note that
(8.9) Fr([e]) = #([e]T, N By (E, R)),

and by Lemma 8.7, we have

FR™([g) < Fr(le]) < F ([g)

for all [g] € [e]O, and all & small enough and less than the injectivity radius of [e] € I',)\G.
Now fix any non-negative function ¢¢ € C.([e]O;) such that [ ¢*([g]) d[g] = 1, where d[g]
is a Haar measure on I',)\G. Then

(8.10) (F~.¢°) < Fr(le]) < (Fg™,¢°),

where

(V1. 2) = f _lehva(lshdle

Tp\
whenever the integral converges. We will use Theorem 7.1 to estimate the integrals { F ;’i, o)
(cf. [23, (6.6), p. 30] and [6, Proposition 9.10]).

Proposition 8.11. For any ¢ > 0 small enough, we have

(Fz’i,qﬁs) ~ c,/,eRiE/Ei ng(qu) dz as R — oo,

&

where the constant ¢y, = cr,, y is given in Theorem 7.1.

Proof. Using unfolding, we have

EE = [ (X e nens o) )o e

ye(TpNH)\T,

:/ Lpe (£ .R+e)=(HZ)9 ([g]) dg
[L,NH\G ¥

- [ ( [ sk dh) d(Hy).
BE, (E,R+e)* T,NH\H

Since the set difference between pr (E,R +¢)* and B Di,w(E ;C R =+ ¢) is bounded inde-
pendent of R, Theorem 7.1 then gives the claimed identity. |
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Proof of Proposition 8.5 when = I';To. Let us note that the set difference between
Bf/), (E,R) and Bp 4 (E, R) is bounded independent of R. Hence, by Proposition 4.8 and
Corollary 4.20,

liminf e~ ®#(le]T, N BY.(E; . R)) < liminfe RN (2. . E)
R—o0 R—00

< limsupe BNR(P, v, E)

R—0o0
< limsup e R#([e]Ty N BY(E( 1y, R+ L'6)).
R—00

Let &9 = (¢’ + 2)&. The above computation, combined with (8.9), (8.10) and Proposition 8.11
gives

cye ™ / MR (¢20) dz < liminfe K N(P. . E)
~Eg R—o00

<limsupe RNg(P, vy, E)

R—o00

< €0 BR/ 1 €0
<cye /—Ej my (¢;°) dz.

0

Corollary 6.5 now gives
— — . —R
cye (1 = Ceo) wy (Ep 1 0)e,) 5111er11;10fe NRr(P. Yy, E)

< limsupe RNg(P, v, E)

R—0

< Cweso(l + Cep) a)‘/’(E(—;—i—c)so)'
Since wy, (0E) = 0 by Lemma 8.4, the regularity of w, gives

. +e + —
El_l)rél+ cye (1 £ Ce) ww(E(2+c)s) = cy 0y (E),
completing the proof. O
General case. Without loss of generality, we may assume that J consists of a single
I'p-orbit; hence let > = I', T be a I'p-admissible torus packing. We write
T = goTo.

where go = nzay,; here zg is the vector consisting of the centers of the circles of 7" and
to = logrg, where ro = (rq,...,rq) are the corresponding radii. Set

5= 26 ' Thgo.
Note that
NR(P. Y. E) = #{T" € T,T : T' N E # 0 and y (v(T")) < R}
=#{T" € TpgoTo:T'NE # @and y(v(T')) < R}
=#T" €8Ty : goT' N E # @ and ¥ (v(goT")) < R}.
=#{y € TN H)\TE : goy ' To N E # @ and ¥ (v(goy ™' To)) < R}.

Similarly to Proposition 4.8, we can obtain the following estimate of Ng(J#, ¥, E) in terms
of By (EE, R).
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Proposition 8.12. For any ¢ > 0, there exists qo = qo(P,e) > 0 such that for any
R > 0 and any bounded measurable subset E C cd , we have

#([e]T5° N By (E; . R)go) — qo < Nr(P. . E) < #([e]T8° N By (ES. R)go) + qo.

Note that Ff’;o is also a self-joining of convex cocompact representations. Let Ago and
é€§° denote its limit set and limit cone, respectively. It is immediate from the definition that

A8 =gg'A, and £50 =%,

Now, writing go = (£0,1--- -, 80,4), the homeomorphisms in (2.3) associated to I’fo can be
written as g, ; ! fig0.1, where 1 <i < d. A direct computation shows that T is I'p-admissible if
and only if Ty is Fg 9_admissible. Hence, we can apply the results obtained in previous sections
for a new subgroup rse.

Transition from T, to T5°. Let ®7° = @0 denote the growth indicator function
associated to Fgo The followmg lemma is standard and can be proved using [1, Lemma 4.6],
[29, Lemma 3. 1 6] and the definition of ®,.

Lemma 8.13. We have
CI>§0 = P,.

Since ¥ is I'p-critical, it follows from Lemma 8.13 that v is Fgo—critical. The unique
unit vectors, as provided by Lemma 2.10 remain the same, regardless of whether we view
as a I'p-critical linear form or Fgo—cntlcal linear form. We denote by vgo the (F ,¥)-PS
probability measure supported on Ag 9. Define a measure vio on C? via the formula

A7 (2) = eV 080D d((g0) ) (2).

Lemma 8.14. We have 0

Yy
|vg0| Vl/,.

Proof. Since the support of vf;fo is A3 = gy 1A, we have

(0)5VE°(Ap) = 15 (g5 Ap) = 1.

Therefore, vf’;jo is also supported on A . Furthermore, for any y € I'y, we have

dy Ty (2) = V100D dy (g0).0f (2)
= e—w(ﬂz(yo,ygw))d(go)*(galygo)*vlgpo(z)
— oV (B:(r0.7800) _‘”(ﬂgglz(gglygoo"’))d( 0)*ng @)
— oV (Bz(vg00,70)) , ¥ (Bz(800,v800)) , ¥ (Bz(0,800)) ;7,80 (z)
— eW(ﬂz(o,gorJ))e1/f(,3z(goo,ygw))eW(Bz(Vgoo,VO))dgio (z)
— eW(ﬂZ(o’yo))dﬁio(z),
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ie.,
~80
dysvy (z) = e~V (B:(ro.0)
dve° '
v
This shows that Ui°/|§i°| is a (I'p, ¥)-PS probability measure. By [17, Theorem 1.3], vy, is
the unique (I',, ¥)-PS probability measure, and hence the lemma is proved. O

Let wg,,y denote the measure defined as in (6.1), associated to I'3° and . Using Lem-
ma 8.14, we can now show the following result.

Lemma 8.15. There exists cg, > 0 such that

wgo,lﬁ(g(;lE) = cgowy (E)

for all Borel sets E C C4.

Proof. By Definition 6.1,

_ ¥ (B,—1_(on,_1_0)
0nu (&' B) = [ devony @) = [ P a0
Now writing as seen above go = n;,dy,, we thus have by Lemma 8.14

—1
wgo.y (8o E) = /E o Peyt= 080 ”Z“’O"”ew(ﬂz(o,goo))dvio(z)

_ (5% / oV (B=(200.1:100) W (B 0.500)) gy, ()
s v
= 55 / ¥ (B=0.120100)) =¥ (B 0.10) gy ()

E

— |’]')'1ng| /; el”(lgz(”zoynzatoo)) da)]/f(z)
— |gi0|e1/f(ﬂo(0,at00))ww(E)
= 75| eV ©wy (E),

as desired. O

Next, let
BR _ _BR
mrg(),]/, = Mgoy

denote the Burger—Roblin measure associated to Fgo and the linear form . Denote the right
G-action on functions on Ff’; \G by (g - /)([h]) = f([hg]) and let G, be the e-neighborhood
of e in G. For any ¢°¢ € C, (Fg 9\ G) whose support is contained in [¢]G, we have the follow-
ing.

Lemma 8.16. For all small enough & > 0,

/Ei mg(lil[/((go : ¢S)Z) dz = eW(t())/

B —

BR
—1 Ei mg07"//‘(¢§) dZ‘
0 3
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Proof. Denote the I'5° -invariant lift of me% ., to G by gy . We use the G = K AN
decomposition to write

(8.17) igs y (kau) = e V2D dy da dv’ (k)
by [6, Lemma 4.9], where the measure Uio on K is defined by

—80 _ 801+
/Kf(k)dvd, (k) = /K/M fM flem)dm dvi® (k™)

forall f € C(K).Forany f € C.(G), and measurable L C C¥, using the fact that gg = NzoA1y,
we have

/L~]§§w((go f)z)dZ—/ //f(gmnzgo)dmgow(g)dmdz
/ZO //f(gmnzafo)dmgow(g)dmdz

820(10)/ //f(gatomnz)dm (&) dmd:z.
a—y(zo—L) /M

From (8.17), we obtain

[ fgagmnz)dise () = / . fkauagmnz)e™V 8D du da dvsP (k)

— p—20(t0) Sf(kaagumnz)e™ vogd) gy dq dvgo(k)
KAN

= 0200 [ f(gmnz) diifh (o)

This gives
[ Ao Nz = [ (s
—L gL

0
proving the claim. |

Proof of Proposition 8.5 for the general case. We define a counting function that we
again denote by Fg, on I'5°\G by

Frigh = > lp@p ().
ye(T; NH\T;°

We have

(8.18) #([e]T80 N By (E. R)go) = (g5 " - Fr)([e]).
Let B; (E, R)* be as in (8.6) and let O, be as in Lemma 8.7. Set now

= .
(8.19) Fe(le) = > g preot(8).
ye(T;°NH\T;°

Then

(20" - FR)(gD) < (g0 Fr)([e]) < (g5 - Fg)([g])
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for all g € ;. Thus, choosing a non-negative ¢° € C, (FgO\G) with support in [e]@, such
that [¢®([g]) d[g] = 1 gives

(8.20) (Fr~ g0 ¢°) < Fr(lgo]) < (FR™. g0 ¢°).
Similarly as in Proposition 8.11, we have
(8.21) (Fr™.g0- ¢°) ~ ceREe / - moR (g0 - ¢%)z) dz

as R — oo, where ¢ = Cpgo
0 s
Similarly to the proof for the special case, from Corollary 4.20, Proposition 8.12, (8.18),
(8.20) and (8.21), we obtain for g9 = (¢’ + 2)e,

Ce_sO/E Mgy (80 - 9°)z )dz < liminfe™ “NR(P.V.E)
Eg

< limsupe RNR (P, V.E)

R—o00

< C"’_BO/EJr mos (80 - $°)z) dz.

0

Applying Lemma 8.16 and Corollary 6.5 gives

ew(t())(l — Cep) wgo,W(galE(_2+c)so) = /E go W((go ¢)z) dz

€0

< e‘/’(ﬂ))(l + Cep) wgoaw(galE(g'i‘c)sO)'

We now use Lemma 8.15 to change wg, ¢ t0 wy and then taking & — 0 as in the case 7" = Ty
gives
lim ¢ RNg(P, v, E) = cowy (E)
R—o0

for some positive constant c¢g > 0. Since the left-hand side of the above equation does not
depend on the choice of go, we in fact have that co cannot depend on gy either, proving the
theorem. m)

On Remark 1.9 (2). There exists a unique vector ¥ = ur , € (Rzo)d with the prop-
erty that ®,(u) = max{®,(v) : [|v|| < 1}, called the direction of the maximal growth of I,
Moreover, u € int £, (see [28,32]). Let ¢y = v, be as defined in Lemma 2.10. Then for all
w € ker v, the subset

(8.22) Or(w) :={s € Roo : [lsu + Vsw| < R}

is an interval of the form (0, %(—llwll2 + V|lw||* + 4R2)). Then using [6, Lemma 9.4] sub-
stituting Lemma 7.3, our proof yields the following:

(823)  lim eI RYHT € P | 0(T)| < R, TNE # B} = ey’ wy(E N A),
—>00

where ér, = ®,(u) and ¢y’ > 0.

We remark that whereas Lemma 7.3 relied on the uniformity in the mixing Theorem 5.6,
[6, Lemma 9.4] did not need such uniformity. The reason is that for each w € ker ¢, the amount
of time the trajectory s — su + /sw spends in the set {v € a™ : |[v|| < R} is much less than
the time it spends in {v € a™ : ¥ (v) < R} to the extent that when viewed from a proper scale,
it gives rise to an L !-function on ker .
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9. PS-measures are null on algebraic varieties

In this section, we prove that vy, (S') = 0 for any proper real algebraic subvariety S of cA.
Since wy, is absolutely continuous with respect to vy, it follows that wy, (0E) = 0 whenever
E has boundary contained in a proper real algebraic subvariety, and in particular, Lemma 8.4
follows.

We will in fact prove this in a more general setup, which we now explain.

Let G be any connected semisimple linear real algebraic group. Let P = MAN < G
be a minimal parabolic subgroup with a fixed Langlands decomposition. Let a denote the
Lie algebra of A. Let i denote the opposition involution on a. We remark that the opposi-
tion involution is non-trivial if and only if G has a simple factor of type A, (n > 2), Dap+1
(n > 2) and Ej§ (see [34, Section 1.5.1]). For instance, when G is a product of rank one groups,
iis trivial.

A Borel probability measure v on ¥ = G/ P is called a (I, y)-conformal measure for
a linear form ¥ € a* ifforally e "and € € ¥,

dy«v
dv

where 8 denotes the a-valued Busemann map [6, Definition 2.3]. When supported on the limit
set A, itis called a (I, ¥)-PS-measure.
We recall the following result: consider the diagonal action of I' on ¥ x ¥ .

(&) = eV (Be(re))

Proposition 9.1 ([16, Proposition 6.3]). Let I' < G be a Zariski-dense Anosov sub-
group of G (with respect to P). Let Y € a* be a linear form. Let v and v; be respectively
(T, ) and (T, ¥ 01)-PS measures. Then (¥ x ¥ ,v x vy, ) is [-ergodic.

Theorem 9.2. Let I" < G be a Zariski-dense Anosov subgroup of G. For any (I', ¥)-PS
measure v for some ¥ € a* with ¥ oi = ¥, we have
v(S)=0

for any proper real algebraic subvariety S of ¥ .
Theorem 9.2 follows from the following by Proposition 9.1.

Theorem 9.3. Let I' < G be a discrete subgroup and let v be a (', y)-PS measure for
some W € a* such that the diagonal T'-action on (¥ x ¥ ,v x v) is ergodic. Then

v(§)=0

for any proper real algebraic subvariety S of ¥ .

Proof. Suppose the theorem is false. Let S be a proper subvariety of ¥ with v(S) > 0
and of minimal dimension. We may assume without loss of generality that S is irreducible.

As (v xV)(S x §) =v(S) x v(S) > 0, it follows that the I"-ergodicity of v x v implies
that I'(S x S) must have full v x v-measure. Since for any yo € I', (v X V)(S X ¥0S) > 0,
there must exist y € I' such that (S N ypS) N (yS x yS) has positive v x v-measure. This
implies V(S N yS) > 0and v(ypS N yS) > 0. Since S is an irreducible variety, forany y € I,
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either § = y.S or the dimension of S N y S is strictly smaller than that of S, and hence we have
V(S NyS) = 0. Therefore S = yS = y0S. Since yy was arbitrary, it follows that I'S = §;
a contradiction to the Zariski-density of I". m)

We deduce the following corollary when G is of rank one. In this case, G = Isom™ (X)
for a rank one symmetric space X and ¥ is equal to the geometric boundary of X. For a non-
elementary discrete subgroup I' < G of divergence type (e.g., geometrically finite), there exists
a unique I'-conformal measure, say vr, of dimension equal to the critical exponent dr and the
diagonal I'-action on (¥ x &, vr X vr) is ergodic [31, Theorem 1.7]. Therefore we obtain

Corollary 9.4. Let G be of rank one and let I' < G be a Zariski-dense discrete sub-
group of divergence type. Then vy (S) = 0 for any proper real algebraic subvariety S of .

This corollary was obtained in [8] when G = SO(n, 1) and I < G is geometrically finite.

References

[1] Y. Benoist, Propriétés asymptotiques des groupes linéaires, Geom. Funct. Anal. 7 (1997), no. 1, 1-47.
[2] Y. Benoist and H. Oh, Geodesic planes in geometrically finite acylindrical 3-manifolds, Ergodic Theory
Dynam. Systems 42 (2022), no. 2, 514-553.
[3] M. Burger, Intersection, the Manhattan curve, and Patterson—Sullivan theory in rank 2, Int. Math. Res. Not.
IMRN 1993 (1993), no. 7, 217-225.
[4] M. Chow and P. Sarkar, Local mixing of one-parameter diagonal flows on Anosov homogeneous spaces, Int.
Math. Res. Not. IMRN 2023 (2023), no. 18, 15834-15895.
[5] S. Edwards, M. Lee and H. Oh, Uniqueness of conformal measures and local mixing for Anosov groups,
Michigan Math. J. 72 (2022), 243-259.
[6] S. Edwards, M. Lee and H. Oh, Anosov groups: Local mixing, counting and equidistribution, Geom. Topol.
27 (2023), no. 2, 513-573.
[7]1 R. Finn and J. Serrin, On the Holder continuity of quasi-conformal and elliptic mappings, Trans. Amer. Math.
Soc. 89 (1958), 1-15.
[8] L. Flaminio and R. J. Spatzier, Geometrically finite groups, Patterson—Sullivan measures and Ratner’s rigidity
theorem, Invent. Math. 99 (1990), no. 3, 601-626.
[9] A. Gorodnik, H. Oh and N. Shah, Strong wavefront lemma and counting lattice points in sectors, Israel J.
Math. 176 (2010), 419-444.
[10] O. Guichard and A. Wienhard, Anosov representations: Domains of discontinuity and applications, Invent.
Math. 190 (2012), no. 2, 357-438.
[11] M. Kapovich, B. Leeb and J. Porti, Anosov subgroups: Dynamical and geometric characterizations, Eur. J.
Math. 3 (2017), no. 4, 808-898.
[12] M. Kapovich, B. Leeb and J. Porti, A Morse lemma for quasigeodesics in symmetric spaces and Euclidean
buildings, Geom. Topol. 22 (2018), no. 7, 3827-3923.
[13] D.M. Kim, Y. N. Minsky and H. Oh, Hausdorff dimension of directional limit sets for self-joinings of
hyperbolic manifolds, J. Mod. Dyn. 19 (2023), 433-453.
[14] A. W. Knapp, Lie groups beyond an introduction, 2nd ed., Progr. Math. 140, Birkhduser, Boston 2002.
[15] A. Kontorovich and H. Oh, Apollonian circle packings and closed horospheres on hyperbolic 3-manifolds,
J. Amer. Math. Soc. 24 (2011), no. 3, 603—-648.
[16] M. Lee and H. Oh, Dichotomy and measures on limit sets of Anosov groups, Int. Math. Res. Not. IMRN
(2023), DOI 10.1093/imrn/rnad188.
[17] M. Lee and H. Oh, Invariant measures for horospherical actions and Anosov groups, Int. Math. Res. Not.
IMRN 2023 (2023), no. 19, 16226-16295.
[18] A. Marden, Hyperbolic manifolds. An introduction in 2 and 3 dimensions, Cambridge University, Cambridge
2016.
[19] K. Matsuzaki and M. Taniguchi, Hyperbolic manifolds and Kleinian groups, Oxford Math. Monogr., Oxford
University, New York 1998.



[20]
[21]

[22]

[23]

[24]

[25]
[26]

[27]
(28]

[29]
(30]
(31]
[32]
[33]

[34]
[35]

Edwards, Lee and Oh, Torus counting 185

C.T. McMullen, A. Mohammadi and H. Oh, Geodesic planes in hyperbolic 3-manifolds, Invent. Math. 209
(2017), no. 2, 425-461.

C.T. McMullen, A. Mohammadi and H. Oh, Geodesic planes in the convex core of an acylindrical 3-manifold,
Duke Math. J. 171 (2022), no. 5, 1029-1060.

H. Oh, Dynamics on geometrically finite hyperbolic manifolds with applications to Apollonian circle packings
and beyond, in: Proceedings of the International Congress of Mathematicians. Volume III, Hindustan Book,
New Delhi (2010), 1308-1331.

H. Oh and N. Shah, The asymptotic distribution of circles in the orbits of Kleinian groups, Invent. Math. 187
(2012), no. 1, 1-35.

H. Oh and N. Shah, Counting visible circles on the sphere and Kleinian groups, in: Geometry, topology, and
dynamics in negative curvature, London Math. Soc. Lecture Note Ser. 425, Cambridge University, Cambridge
(2016), 272-288.

H. Oh and N.A. Shah, Equidistribution and counting for orbits of geometrically finite hyperbolic groups,
J. Amer. Math. Soc. 26 (2013), no. 2, 511-562.

J. Parkkonen and F. Paulin, Counting common perpendicular arcs in negative curvature, Ergodic Theory
Dynam. Systems 37 (2017), no. 3, 900-938.

S. J. Patterson, The limit set of a Fuchsian group, Acta Math. 136 (1976), no. 3-4, 241-273.

R. Potrie and A. Sambarino, Eigenvalues and entropy of a Hitchin representation, Invent. Math. 209 (2017),
no. 3, 885-925.

J.-F. Quint, Divergence exponentielle des sous-groupes discrets en rang supérieur, Comment. Math. Helv. 77
(2002), no. 3, 563-608.

J.-F. Quint, Mesures de Patterson—Sullivan en rang supérieur, Geom. Funct. Anal. 12 (2002), no. 4, 776-809.
T. Roblin, Ergodicité et équidistribution en courbure négative, Mém. Soc. Math. Fr. (N. S.) 95 (2003), 1-96.
A. Sambarino, The orbital counting problem for hyperconvex representations, Ann. Inst. Fourier (Grenoble)
65 (2015), no. 4, 1755-1797.

D. Sullivan, The density at infinity of a discrete group of hyperbolic motions, Publ. Math. Inst. Hautes Etudes
Sci. 50 (1979), 171-202.

J. Tits, Classification of algebraic semisimple groups, Proc. Sympos. Pure. Math. 9 (1966), 33-62.

P. Tukia, On limit sets of geometrically finite Kleinian groups, Math. Scand. 57 (1985), no. 1, 29-43.

Sam Edwards, Department of Mathematical Sciences, Durham University,
Lower Mountjoy, DH1 3LE Durham, United Kingdom
e-mail: samcedwards @gmail.com

Minju Lee, Mathematics Department, University of Chicago,
Chicago, IL 60637, USA
e-mail: minjul @uchicago.edu

Hee Oh, Mathematics Department, Yale University, New Haven, CT 06520, USA;
and Korea Institute for Advanced Study, Seoul, Korea

e-mail: hee.oh@yale.edu

Eingegangen 1. November 2022, in revidierter Fassung 22. September 2023



