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A B S T R A C T 

The timing argument connects the motion of a two-body system to its mass in an e xpanding Univ erse with a finite age, under 
the assumption that it has evolved on a self-gravitating orbit. It is commonly applied to the present-day Milky Way (MW)–M31 

system in order to infer its unknown mass from the measured kinematics. We use a set of Local Group analogues from the 
UCHUU simulation to investigate the timing argument over cosmic time. We find that the median inferred mass remains almost 
constant o v er the past 12 Gyr, even while the haloes themselves grew in mass by more than an order of magnitude. By contrast, 
we find a closer, and nearly time-invariant agreement between the timing argument value and the mass within a sphere of radius 
equal to the MW–M31 separation, and we identify this as the total mass of the system. We conclude that the comparatively close 
present-day agreement between the timing argument and the sum of the halo masses reflects no underlying relation, but merely 

echoes the fact that the MW and M31 now contain most (but not all) of the mass of the Local Group system. 

Key words: methods: numerical – Galaxy: kinematics and dynamics – Local Group – dark matter – cosmology: theory. 
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 I N T RO D U C T I O N  

he standard structure and galaxy formation theory (White & Rees 
978 ; White & Frenk 1991 ) predicts that most of the mass of our own
ilky Way (MW), of the neighbouring Andromeda galaxy (M31), 

nd of the Local Group (LG), is contained in dark matter, which
s presently detectable only through its gravitational effect on the 
isible components of galaxies and on the orbits of the galaxies 
hemselves. 

An elegant approach to infer the total mass of the LG is presented
n the ‘timing argument’ (Kahn & Woltjer 1959 ; Lynden-Bell 1981 ),
hich relates it to the observed kinematics of the LG and the age
f the Universe. This argument assumes that the present MW–M31 
ystem is on its first approach in a two-body orbit which expanded
fter the big bang before collapsing under its own gravity. Initially 
pplied under the assumption of a purely radial orbit (Li & White
008 ; van der Marel & Guhathakurta 2008 ; van der Marel et al. 2012 ),
he timing argument has since been extended to include eccentricity 
Li & White 2008 ), the effects of dark energy (Partridge, Lahav &
offman 2013 ; McLeod & Laha v 2020 ; Benisty, Da vis & Evans
023 ) and modified gravity (McLeod & Lahav 2020 ; Benisty &
apozziello 2023 ), cosmic bias (van der Marel et al. 2012 ), or the

ecoil velocity of the MW with respect to the Large Magellanic Cloud
Benisty et al. 2022 ; Chamberlain et al. 2023 ). It has been invoked
o exclude a past encounter of the MW and M31 (Benisty 2021 ), and
as also been used to model the dynamics of galaxies in the Local
olume (Lynden-Bell 1981 ; Pe ̃ narrubia et al. 2014 ; Pe ̃ narrubia et al.
015 ). As our focus is on the fundamental relation between the
iming argument and the mass of the LG, rather than on a precise
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ass estimate, we only consider the Keplerian case, but our findings
hould equally apply to more complex models. 

Comparisons between results from the timing argument and other 
ass estimates or results from numerical simulations (e.g. Li & 

hite 2008 ; Guo et al. 2011 ; Lemos et al. 2021 ; Hartl & Strigari
022 ; Sawala, Teeriaho & Johansson 2023 ) generally equate the
ormer with the sum of the two halo masses, each defined as the
irial mass, the bound mass, or via a density threshold. The timing
rgument itself does not invoke any specific mass definition, but 
nstead a ‘total mass’ of the system, a rather ill-defined quantity in
osmology. 

In this work, we aim to identify the mass associated with the
iming argument in the LG and, closely related, extend the previous
nalyses beyond z = 0. This is particularly significant because while
he implicit assumption of constant halo masses evidently breaks 
own at early times, the timing argument itself is time-independent. 
nlike a definition based on halo masses, the mass associated with

he timing argument should be timeless . 

 T H E  TI MI NG  A R G U M E N T  

he timing argument derives the mass, M , and other orbital variables
rom the measured separation, r , radial velocity, v r , and transverse
elocity, v t , via the following set of equations (e.g. Marel &
uhathakurta 2008 , and references therein): 

 = a ( 1 − e cos η) , (1) 

 = 

(
a 3 

GM 

)1 / 2 

( η − e sin η) , (2) 

 r = 

(
GM 

a 

)1 / 2 
e sin η

1 − e cos η
, (3) 
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 t = 

(
GM 

a 

)1 / 2 (1 − e 2 ) 1 / 2 

1 − e cos η
, (4) 

here e is the orbital eccentricity, a is the semimajor axis, and η
s the orbital phase at (the known) time t since the big bang. For a
urely radial orbit, v t = 0, e = 1, in which case the problem reduces
o the three equations already given by Lynden-Bell ( 1981 ). 

Conceptually, the initial conditions of the orbit are set at the time
f the big bang as r ( t = 0) = 0 and v r ( t = 0) > 0, given by the
niv ersal e xpansion. It is worth noting, ho we ver, that an orbit with
on-zero angular momentum is not fully consistent with the big bang
icture, and requires the action of external tidal forces caused by the
volving inhomogeneous matter distribution. 

A direct numerical solution to equations ( 1 )–( 4 ) requires finely
djusted initial values, which pro v es impractical when the variables
re not constrained to the observations at z = 0. We therefore split the
quations, obtaining a single equation with η as the only unknown: 

t v r 

r 
= 

sin η

( 

η

((
v t 
v r 

)2 
sin 2 η + 1 

)1 / 2 

− sin η

) 

( 

cos η −
((

v t 
v r 

)2 
sin 2 η + 1 

)1 / 2 
) 2 . (5) 

To understand the behaviour of equation ( 5 ), we note that, because
 and t are both positive, both sides of the equation take the sign of
 r . For v r < 0 (indicating the approach of two galaxies), the RHS can
ake values in the interval ( − ∞ , 0), while for v r > 0 (indicating that
he galaxies are moving away from each other), it can take values in
he interval (0, 3/4). Orbits with v r > 

3 
4 

r 
t 

are unbound. For η ∈ (0,
), the RHS is al w ays positive, and for a given tv r / r , equation ( 5 ) has

t most two solutions. For η ∈ ( π , 2 π ), the RHS is negative, and for
 given tv r / r , the equation has at most one solution. 

When tracing the LG analogue systems backwards in time, we
egin with v r ,0 < 0 in each case, resulting in a unique solution.
t times when v r becomes positive and equation ( 5 ) admits two

olutions, we choose the one that causes minimal discontinuities. 
After solving equation ( 5 ), we obtain values for e , a , and M via: 

 = 

( (
v t 

v r 

)2 

sin 2 η + 1 

) −1 / 2 

, (6) 

 = 

r 

1 − e cos η
, (7) 

 = 

a 3 

Gt 2 
( η − e sin η) 2 . (8) 

The mass, M , semimajor axis, a , and eccentricity, e , are all
onstants of the motion and as such should be constant o v er time.
n Section 4 , we examine to which extent this is true as we measure
hem for real orbits of LG analogue systems that form and evolve in
 cosmological simulation. 

When we determine the mass of the LG from the kinematics using
quations ( 1 )–( 4 ), we refer to it as M TA to distinguish it from other
ass definitions which we introduce in Section 3 . Throughout this

aper, we express masses in physical M � and velocities in physical
m s −1 , i.e. radial velocities include both the peculiar velocity and
he contribution from the Hubble expansion. Distances are expressed
s either physical kpc or comoving ckpc. To identify quantities
easured at z = 0, we use a 0-subscript. 
NRASL 526, L77–L82 (2023) 
 L O C A L  G RO U P  A NA L O G U E S  

ur analysis is based on the MINI-UCHUU simulation (Ishiyama
t al. 2021 ), containing several thousand LG analogues with enough
esolution to resolve MW or M31 mass haloes and to trace their
ain progenitors o v er a large fraction of cosmic time. Crucially for

ur work, both merger trees and full particle data for all snapshots
re publicly available. The UCHUU simulations use cosmological
arameters corresponding to the Planck Collaboration IX ( 2020 )
esults, namely, �0 = 0.3089, �b = 0.0486, �� 

= 0.6911, h =
.6774, n s = 0.9667, and σ 8 = 0.8159. The simulation outputs have
een processed using the ROCKSTAR phase-space structure finder
Behroozi, Wechsler & Wu 2013a ). 

We define the mass of each halo as M 200 , i.e. the mass enclosed
ithin a sphere whose density is 200 × the critical density. Through-
ut this paper, we refer to the sum of the values of M 200 for the MW
nd M31 analogues as M �200 but note again that, although common,
rom a dynamical perspective, it is a rather arbitrary definition. 

We select LG analogues based on their present-day kinematics.
e require two haloes with an M 200,0 mass in the range [0.5–5] ×

0 12 M �, and a mass ratio no more than 5 between the two haloes.
 ollowing Sa wala et al. ( 2023 ), we also require that the LG analogues
orm ‘true’ pairs at z = 0, that is, their mutual interactions dominate
 v er those with any third haloes. 
Our goal is not only to understand the timing argument as it

ertains to our LG, but also investigate it for analogues more broadly.
or this reason, we select pairs with two sets of kinematic criteria. We

dentify a set of 425 ‘strict’ LG analogues with r 0 = 770 ± 150 kpc,
 r,0 = −110 ± 30 km s −1 and v t,0 < 60 km s −1 , and a larger set
f 4902 ‘broad’ LG analogues with r 0 = 770 ± 300 kpc, v r,0 =
110 ± 90 km s −1 and v t,0 < 150 km s −1 . 
For each system, we also measure the mass enclosed in spheres

entred on the midpoint of the two haloes using the simulation
articles, irrespective of whether or not they are within r 200 of either
alo. We obtain sequences of mass measurements by varying the
adius of the sphere. We refer to these masses as M ( < R ). 

In order to trace their evolution, haloes are linked using merger
rees, which have been constructed using the CONSISTENT TREE

lgorithm (Behroozi et al. 2013b ). We follow the most massive
rogenitors, and include only those pairs where both haloes can
e traced back to z = 4.63, which includes 96 per cent of haloes and
3 per cent of pairs. 
We apply a Savitzky–Golay filter (Savitzky & Golay 1964 ) to the

ime series of all properties measured directly in the simulation. This
revents discontinuities in case halo positions and velocities change
iscontinuously during mergers, whilst ensuring that gradual changes
o the kinematics caused by mergers and interactions are preserved.

e measure the halo masses M 

∑ 

200 and M ( < R ) at each output, and
lso solve the timing argument equations at every snapshot. 

 TIME  E VO L U T I O N  

n Fig. 1 , we show the time evolution of the LG analogues. On
ach panel, thick lines showing the median value are bracketed by
reas indicating the equi v alents of ±1 σ scatter. Blue and red colours
epresent the ‘strict’ and ‘broad’ samples, respectively. 

The top row shows the three variables of the LG analogues
easured in the simulation: separation, r , radial velocity, v r , and

ransv erse v elocity , v t . Initially , the LG analogues expand with
he expansion of the Universe, reaching apocentre with a median

aximum of r ∼ 1000 kpc at z ∼ 0.5 ( t ∼ 9 Gyr), after which the
edian radial velocity transitions from positive to negative. 
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Figure 1. Evolution of the three kinematic variables measured in the simulation, r , v r , and v t (top row, from left to right), the variables of the timing argument, 
e , a , and η (middle row, from left to right), the timing argument mass estimate, M �200 , M TA , and the ratio M �200 / M TA (bottom row, from left to right). On all 
panels, blue lines show the median evolution of ‘strict’ LG analogues, red lines show the median for ‘broad’ LG analogues, shaded regions show percentiles 
equi v alent to ±1 σ . Vertical dotted lines indicate the median time of maximum expansion. On the top left panel, grey dashed lines indicate the expansion of the 
Universe. On the top centre panel, the horizontal line indicates v r = 0, the grey dotted line indicates the Hubble flow. 
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The median transverse velocity, v t , being unaffected by the Hubble 
xpansion, shows much less evolution. We see a late-time decrease 
n v t between for the ‘strict’ set only, explained by the fact that v t 
or each individual system is generated by random torques, and LG 

nalogues in the ‘strict’ set are selected to have low v t at z = 0. In
oth sets, we also see a growth of v t before z = 3, which we attribute
o tidal torquing, analogous to the effect for proto-galaxies (Hoyle 
951 ; Peebles 1969 ; Doroshkevich 1970 ; White 1984 ). 
The fact that the distributions converge towards higher redshifts 

lso indicate that differences between the ‘strict’ and ‘broad’ sets 
re primarily caused by short-term, random variations. It is another 
anifestation of the irreducible uncertainty in inferring fundamental 
G properties from present-day measurements (Sawala et al. 2023 ). 
In the middle row of Fig. 1 , we show three components of the

rbital solution that constitutes the timing argument: the eccentricity, 
 , semimajor axis, a , and orbital phase, η. The first two show only
imited evolution. Both sets of LG orbits are highly eccentric, with 
edian values of e 0 = 0.95 for the ‘strict’, and e 0 = 0.85 for the broad

et. The median eccentricities remain abo v e e � 0.8 throughout the
volution. The median inferred semimajor axis is a 0 ∼ 500 kpc in 
oth cases, and a remains between ∼400 and ∼550 kpc throughout 
he evolution. As expected, the orbital phase increases continuously, 
o η0 ∼ 1.3 × π . Although not perfect, the median LG analogue 
s a reasonably close approximation to a system evolving along a 
wo-body orbit. 

In the bottom row, we show the evolution of the sum of the
rogenitor masses, M �200 , the mass of the timing argument solution, 
s

 TA , and the ratio between the two, M �200 / M TA . The sum of the two
alo masses, M �200 , increases by a factor of ∼30, from ∼10 11 M �
t z = 4.6 to ∼3 × 10 12 M � at z = 0. Interestingly, the timing
rgument mass, M TA , sho ws much less e volution, with the median
alue decreasing by less than a factor of two o v er the same time.
onsequently, the ratio between M �200 and M TA evolves significantly. 

t approaches unity at z = 0, but is far below unity at earlier times. 

 A  TI ME-I NVARI ANT  MASS  

revious works have noted a conceptual inconsistency in applying the 
iming argument to a system whose mass has, presumably, increased 
ignificantly o v er time (e.g. Marel & Guhathakurta 2008 ; Yepes,
ottl ̈ober & Hoffman 2014 ). However, we find that the LG analogues

re, in fact, behaving close to what would be expected for systems
hose mass remains nearly constant. This result is consistent with 

he analytical work of Pe ̃ narrubia et al. ( 2014 ), who showed M TA to
e an adiabatic invariant. 
This observation, combined with the fact that the sum of the two

alo masses is clearly not constant, leads us to look for a time-
nvariant mass associated with the LG that matches M TA . In Fig.
 , we compare the median evolution of the mass enclosed within
pheres of different sizes, all centred on the midpoint of the MW–

31 system or their progenitors. On the left, we consider spheres of
xed physical sizes, in the middle, spheres of fixed comoving sizes,
nd on the right spheres whose radii are a multiple of the evolving
eparation of the MW–M31 pair. 
MNRASL 526, L77–L82 (2023) 
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M

Figure 2. Evolution of the median mass enclosed within spheres of fixed physical radii (left), fix ed como ving radii (middle), or multiples of the separation 
(right). On the left and the middle panel, thin dotted lines show the evolution assuming a density that evolves with the cosmic e xpansion. F or an y fix ed physical 
or fixed comoving radius in the range 500–2000 kpc, or 500–2000 ckpc, the enclosed mass changes o v er time. Ho we ver, the mass enclosed within a sphere of 
radius equal to the separation, R = 1.0 × r , is nearly constant. There is no significant difference between the ‘broad’ or ‘strict’ sets. 
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Figure 3. Evolution of the median ratio between the mass enclosed within 
a sphere of radius equal to the separation, M r , and the mass according to the 
timing argument, M TA , (black solid line), and of the median ratio between 
the sum of the halo masses, M �200 , and the mass according to the timing 
argument, M TA (pink dashed line). Results shown are for the ‘broad’ set but 
the ‘strict’ set is nearly identical. Shaded regions indicate ±1 σ scatter. 
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The mass enclosed in a sphere of physical radius is constant if its
ensity is constant. Ho we ver, as sho wn in the left panel of Fig. 2 , for
ll fixed radii, the enclosed masses evolv e. F or spheres of radius R
 1000 kpc, the density monotonically decreases, initially at a rate

onsistent with the expansion of the Universe, and then more slowly.
or spheres of smaller radii, an initial period of decrease driven by
xpansion is followed by a period of increase due to the collapse
f the LG system. While for some fixed physical radii, the enclosed
ass varies considerably less than the M �200 mass, no fixed-size

phere results in a constant mass. 
A sphere fixed in comoving coordinates expands in line with the

xpansion of the Universe. The enclosed mass remains constant only
f the evolution of the enclosed density matches that of the Universe.
s shown in the middle panel of Fig. 2 , this is not the case for our LG

nalogues out to any radius up to R = 2000 ckpc. The LG analogues
xpand more slowly than the Universe on average, leading to an
ncrease in the mass enclosed within comoving spheres. 

In the right panel of Fig. 2 , we show the mass enclosed within
hells whose radius, R , is a multiple of the evolving separation, r ,
etween the MW and M31 or their progenitors. For spheres of radius
 > r , we find a monotonic decrease in mass o v er time. Here, the
volution is go v erned more by the expansion of the Universe than
y the collapse of the LG analogue. At R < r , we find the opposite
ehaviour: the enclosed mass typically increases o v er time, now
riven by the collapsing LG. 
Interestingly, at R ∼ r , the median enclosed mass is nearly constant,

mplying that there are no net in- or outflows through the surface of
his sphere. Such spheres of radius R = r thus provide a definition
f the LG system that does not change with time. We subsequently
efer to this enclosed mass, M ( < R = r ), as M r . 

In Fig. 3 , we compare the mass inside a sphere of radius equal to
he separation, M r , to the mass inferred from the timing argument,
 TA . Unsurprisingly, as both estimators are nearly constant in time,

heir ratio stays close to constant. More importantly, their ratio is
lso very close to unity: at all times, M TA is close to M r . This is in
tark contrast to the relation between M TA and M �200 . While the sum
f the two halo masses approaches the mass of the timing argument
t z = 0, it is far lower at earlier times. As indicated by the shaded
reas, the ±1 σ scatter in the relation between M r and M TA is also
maller than that in the relation between M �200 and M TA . 

In Fig. 4 , we show the correlations of M �200 and M r with M TA 

or individual objects at six different redshifts. At z > 0, we
NRASL 526, L77–L82 (2023) 

s  
dditionally show the correlations of both M �200,0 and M TA,0 with
 TA . All correlation coefficients, ρ, are computed between the base-

0 logarithms of the given quantities. Already at z = 0, the correlation
etween M r and M TA is significantly stronger than that between M �200 

nd M TA . This difference increases further with redshift: while the
orrelation between M �200 and M TA is very weak at redshifts above
 � 1, the correlation between M r and M TA is strong at all redshifts. 

In fact, at z > 1, the correlation between M r and M TA becomes
ncreasingly tight. This is explained by the fact that, as shown in Fig. 1
nd consistent with the assumptions made in setting up equations ( 1 )–
 4 ), the velocity component of the timing argument at high redshift
s mostly driven by the universal expansion, while the lower density
ontrast means that the enclosed mass strongly correlates with the
istance component. We limit our analysis to redshifts below z ≤ 4.6
ue to the mass resolution of our simulation, but see no reason why
he method would not also extend to much higher redshifts. 

Comparing the M �200,0 and M TA,0 values with M TA , we find
ignificant correlations at each redshift. As expected, the correlation
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Figure 4. Correlation between different mass estimators and M TA at six different redshifts. Points show individual LG analogues from the ‘broad’ sample, 
contours correspond to 1 σ of a Gaussian distribution. Black curves show M r , pink curves show M �200 . At z > 0, we also show M �200,0 (in purple) and M TA,0 

(in blue). At every redshift, the correlation between M r and M TA is stronger than that between M �200 and M TA , and the difference increases with increasing 
redshift. As expected, the correlation between M TA,0 and M TA is strongest at low redshift, but also remains strong at higher redshifts. At all times, the correlation 
between M �200,0 and M TA is stronger than that between M �200 and M TA , and the difference increases with increasing redshift. 

b  

a  

b
M  

s  

a
o  

r

6

I  

M  

M  

c  

f  

0  

e
w  

s  

t
 

o  

t  

o  

p  

t  

t
 

i  

M  

M
t  

s
i  

H  

a  

t
 

2  

i  

i  

t  

t  

a  

t  

t

A

W  

d  

U
0  

g
g
C
a
K  

–

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nrasl/article/526/1/L77/7246918 by guest on 06 February 2024
etween M TA,0 and M TA is strongest close to z = 0 but remains high
t all times. Interestingly, at all redshifts abo v e z = 0, the correlation
etween M �200,0 and M TA is stronger than that between M �200 and 
 TA . At any time t < t 0 , M TA is more strongly correlated with the

um of the halo masses at z = 0 than with the sum of the halo masses
t that time. This further illustrates that M TA only indirectly depends 
n M �200 via the total mass of the system, best captured by M r and
easonably well approximated by M �200 only close to z = 0. 

 SU M M A RY  

n the context of the LG, the mass derived from the timing argument,
 TA , has often been associated with the sum of the masses of the
W and M31. Ho we ver, we sho w that, while M TA is approximately

onstant o v er time, the sum of the halo masses is substantially lower
or much of their evolution, and only approaches M TA close to z =
. By contrast, we find that the LG mass that decouples from the
xpansion, that is constant over time, and that is closely correlated 
ith the timing argument value at all times, is contained within a

phere whose radius is equal to the separation of the pair. We identify
his as the total mass of the LG. 

Curiously, at times when both haloes contain only a few per cent
f their z = 0 masses, the timing argument appears to already foretell
heir future gro wth. Ho we ver, nothing in the timing argument marks
ut the present age of the Universe as special. Instead, this apparent
remonition merely reflects the fact that the orbit al w ays depends on
he total mass of the system, of which the fraction contained within
he two main haloes only approaches unity close to z = 0. 

At z = 0, the mass within r from the centre of our LG analogues
s 25 + 9 

−8 % larger than the combined mass within r 200 of the MW and
31. This alleviates the reported difference between the sum of the
 200 values measured independently, and the mass inferred via the 

iming argument (Benisty et al. 2022 ; Sawala et al. 2023 ). It also
upports the notion that dynamical measurements of the LG’s mass, 
ncluding via the virial theorem method (e.g. Diaz et al. 2014 ) or
ubble flow perturbations (e.g. Pe ̃ narrubia & Fattahi 2017 ), measure
 total mass that is greater than the sum of the masses of M31 and
he MW. 

In previous descriptions of the timing argument (e.g. Yepes et al.
014 ), it has been stated that the assumption of constant point masses
s a simplification made in the timing argument. We suggest that this
s misguided: in fact, the growth of the two haloes is irrele v ant to the
iming argument. It is only the fact that, coincidentally, by z = 0,
he MW and M31 encompass a large fraction of the total mass that
llows an (albeit not particularly accurate) conflation of the sum of
heir present masses with the mass of the system derived from the
iming argument. 
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