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A B S T R A C T 

Approximate methods to populate dark-matter haloes with galaxies are of great utility to galaxy surv e ys. Ho we ver, the limitations 
of simple halo occupation models (HODs) preclude a full use of small-scale galaxy clustering data and call for more sophisticated 

models. We study two galaxy populations, luminous red galaxies (LRGs) and star-forming emission-line galaxies (ELGs), at two 

epochs, z = 1 and z = 0, in the large-volume, high-resolution hydrodynamical simulation of the MillenniumTNG project. In a 
partner study we concentrated on the small-scale, one-halo regime down to r ∼ 0.1 h 

−1 Mpc, while here we focus on modelling 

galaxy assembly bias in the two-halo regime, r � 1 h 

−1 Mpc. Interestingly, the ELG signal exhibits scale dependence out to 

relatively large scales ( r ∼ 20 h 

−1 Mpc), implying that the linear bias approximation for this tracer is invalid on these scales, 
contrary to common assumptions. The 10–15 per cent discrepancy is only reconciled when we augment our halo occupation 

model with a dependence on extrinsic halo properties (‘shear’ being the best-performing one) rather than intrinsic ones (e.g. 
concentration, peak mass). We argue that this fact constitutes evidence for two-halo galaxy conformity. Including tertiary 

assembly bias (i.e. a property beyond mass and ‘shear’) is not an essential requirement for reconciling the galaxy assembly bias 
signal of LRGs, but the combination of external and internal properties is beneficial for reco v ering ELG the clustering. We find 

that centrals in low-mass haloes dominate the assembly bias signal of both populations. Finally, we explore the predictions of 
our model for higher order statistics such as nearest neighbour counts. The latter supplies additional information about galaxy 

assembly bias and can be used to break degeneracies between halo model parameters. 

Key words: galaxies: haloes – large-scale structure of Universe – cosmology: theory. 
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 I N T RO D U C T I O N  

osmologists are increasingly faced with the task of making accurate 
redictions for the galaxy distribution in ever larger volumes, 
rimarily in an effort to gain access to the invaluable linear modes
hat encode a tro v e of cosmological information. Along with this
ncrease in volume, the precision of small-scale galaxy clustering 
easurements has impro v ed dramatically, and pro vides another, less
ell-trodden path to constraining cosmology and to understanding 

strophysical processes. But in order to stress-test and reliably extract 
onstraints on the Lambda cold dark matter paradigm from small 
cales, cosmologists need to develop accurate models for the small- 
cale galaxy distribution as well. 
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There is a consensus that the most accurate way to do so involves
b initio computations such as hydrodynamical simulations, which 
eticulously trace and evolve the various components of the Universe 

hat contribute to galaxy formation according to the go v erning phys-
cal laws. Unfortunately, current h ydrodynamic g alaxy formation 
imulations are unable to reach the volumes needed for a full analysis
f the data of observational cosmological surv e ys. Accordingly, 
osmologists need to resort to approximate methods to model the 
onnection between galaxies and the underlying matter distribution, 
llowing in that way an interpretation of the wealth of available and
pcoming observational data. 
One of the standard methods for analysing small-scale galaxy 

lustering data from cosmological surv e ys involv es equipping dark-
atter-only simulations with some ‘galaxy-painting’ technique that 

llows a statistical comparison of theoretical predictions to what 
s seen in surv e ys. Empirical models such as the halo occupation
istribution (HOD, Berlind & Weinberg 2002 ; Cooray & Sheth 2002 ;
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ang et al. 2004 ; Zheng et al. 2005 ) and the subhalo abundance
atching (SHAM, Conroy, Wechsler & Kravtsov 2006 ; Behroozi,
onroy & Wechsler 2010 ; Reddick et al. 2014 ; Chaves-Montero et al.
016 ; Guo et al. 2016 ) techniques offer a simple and computationally
ne xpensiv e approach for modelling galaxy clustering by character-
zing the relation between galaxies and host (sub)haloes. In this way,
hey allow the construction of a large number of mock catalogues as
eeded for cosmological inference. 

Ho we ver, one of the main limitations of these empirical models
s their handling of the effect of ‘galaxy assembly bias’ (Gao,
pringel & White 2005 ). Galaxy assembly bias refers to a mani-
estation of a discrepancy between the actual distribution of galaxies
nd one inferred from dark matter haloes using their present-day
ass alone (e.g. Croton, Gao & White 2007 ). Instead, additional

alo properties, for example, halo formation time, local environment,
oncentration, triaxiality, spin, or velocity dispersion need to be
onsidered to describe the clustering correctly. Galaxy assembly bias
riginates from two effects: halo assembly bias and halo occupation
ariation. The former manifests itself as a difference in the halo
lustering among haloes of the same mass, but that differ by some
econdary property (e.g. formation time, concentration, spin, see also
ao & White 2007 ), while the latter comes from the dependence
f the halo occupancy (i.e. the number of galaxies per halo) on
roperties of the host halo other than its mass (e.g. Artale et al. 2018 ;
ehavi et al. 2018 ). 
The standard implementation of the popular HOD model does

ot consider halo properties apart from mass, and hence completely
eglects galaxy assembly bias. Similarly, the baseline SHAM model
oes not take baryonic effects such as tidal stripping and disruption
nto consideration, which affect subhaloes in N -body and hydro
imulations differently and may thus distort our ability to link
ubhalo properties between the two. The most straightforward
ersions of both approaches also fail to implement a dependence
n environmental properties, which have recently been identified
ith a growing body of evidence (e.g. Ramakrishnan et al. 2019 ;
adzhiyska et al. 2020 , 2021a ; Mansfield & Kravtsov 2020 ). 
Several attempts have been made to incorporate assembly bias

nto the HOD framework (e.g. Paranjape et al. 2015 ; Hearin et al.
016a ; Yuan, Eisenstein & Garrison 2018 ; Vakili & Hahn 2019 ;
ang et al. 2019 ), most of which have augmented the model with

 dependence on halo concentration (or closely related quantities).
o we ver, internal halo properties have been shown to be insufficient

n reproducing the full galaxy assembly bias signal (e.g. Croton
t al. 2007 ; Hadzhiyska et al. 2020 ; Xu & Zheng 2020 ). External
alo properties on the other hand, e.g. related to the halo local
nvironment, appear to be able to account for the majority of galaxy
ssembly bias in hydrodynamic simulations and observations, and
an be implemented as extensions to the HOD prescription (e.g.
cEwen & Weinberg 2018 ; Hadzhiyska et al. 2021a ; Xu, Zehavi &
ontreras 2021 ; Yuan et al. 2022 ). 
In this paper, we address the question of how to best model the

ccupation distributions of haloes according to the large hydrody-
amical simulation of the MillenniumTNG (MTNG) project, for
ifferent redshifts and for different galaxy samples. In particular,
e propose a simple and intuitive model for determining the
ccupation numbers of haloes and the distribution of satellites
n haloes, designed for creating realistic mock catalogues that
an be used in observational analyses. In a previous companion
aper (Hadzhiyska, Eisenstein & Collaboration 2022 ), we already
ddressed our modelling of the one-halo term at very small scales,
hile here we focus on the two-halo term. In particular, we test

he ability of our new method to reproduce statistics of the galaxy
NRAS 524, 2507–2523 (2023) 
istribution on small scales, 1 h 

−1 Mpc � r � 30 h 

−1 Mpc , by fitting
he free parameters of the model to the MTNG halo occupancy, and
y making a prediction for the large-scale galaxy distribution. We
nsure that the particular form and the halo properties we have
hosen for our model are not artificially introducing a boost of
he large-scale clustering, but have a physical meaning based on
he halo occupancy. Through these predicted galaxy catalogues,
e explore which and how many assembly bias properties are

equired to successfully reco v er the clustering of MTNG galaxies,
nd we speculate what the physical reasons behind the corresponding
references are. Additionally, we explore alternative statistics to
he standard two-point correlation function with the goal to better
ifferentiate between the proposed models. Doing so with MTNG
ffers an important advantage o v er previous simulations, as MTNG’s
arger volume is crucial for accurately estimating higher order
tatistics. 

The outline of the paper is summarized as follows. In Section 2 ,
e introduce the MTNG simulation suite and the methods we adopt

or selecting galaxies and defining halo properties. In Section 3 ,
e discuss the predictions of our model for key galaxy summary

tatistics such as the two-point correlation function, the redshift-
pace clustering, and the nearest neighbour counts, and compare them
ith the ‘truth’ according to MTNG. In Section 4 , we summarize our
ndings and give our conclusions. 

 M E T H O D S  

.1 MTNG simulations 

he simulation suite of the MTNG project consists of several
ydrodynamical and N -body simulations of varying resolutions and
ox sizes, including also some simulations with a massive neutrino
omponent. A detailed description of the full simulation set is given in
ern ́andez-Aguayo et al. ( 2022 ) and our further introductory papers

or the project (Barrera et al. 2022 ; Bose et al. 2022 ; Contreras et al.
022 ; Delgado et al. in preparation; Ferlito et al. in preparation;
adzhiyska et al. 2022 ; Kannan et al. 2022 ; Pakmor et al. 2022 ). 
In this study, we employ the largest available full-physics simula-

ion box and its dark-matter-only counterpart, containing 2 × 4320 3 

nd 4320 3 resolution elements, respectively, in a comoving volume
f (500 h 

−1 Mpc ) 3 . These simulations use the same cosmological
odel as IllustrisTNG (Weinberger et al. 2017 ; Marinacci et al. 2018 ;
aiman et al. 2018 ; Nelson et al. 2018 , 2019 ; Pillepich et al. 2018a ,
 , 2019 ; Springel et al. 2018 ), and their resolution is comparable but
lightly lower than that of the largest IllustrisTNG box, TNG300-1,
ith 2.1 × 10 7 h −1 M � for the baryons and 1.1 × 10 8 h −1 M �

or the dark matter. In analogy with the naming conventions of
llustrisTNG, we refer to the hydrodynamic simulation as MTNG740
ue to its boxsize of L = 500 h 

−1 Mpc = 738 . 12 Mpc , while for the
ark-matter-only run we use MTNG740-DM. We note that Pakmor
t al. (in preparation) show that the galaxy properties predicted
y MTNG740 are generally remarkably consistent with those of
NG300, in some properties even with TNG100. To first order,
TNG740 can thus be viewed as extending the IllustrisTNG model

o a volume nearly 15 times bigger while otherwise being very
imilar. 

This work is a follow-up study to our companion paper Hadzhiyska
t al. ( 2022 , hereafter Paper I). As in this paper, we refer to the ‘virial’
ass and virial radius of a halo as the mass and radius that encloses
 spherical region around the halo centre with an o v erdensity value
elative to the critical density that is derived from a generalization
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f the top-hat collapse model to low-density cosmologies (Bryan & 

orman 1998 ). 

.2 Galaxy populations 

imilarly to Paper I, we extract in this work luminous red galaxies
LRGs) and emission-line galaxies (ELGs) at redshifts z = 0 
nd z = 1, with two number densities n gal = [7 . 0 × 10 −4 , 2 . 0 ×
0 −3 ] ( h 

−1 Mpc ] −3 ) corresponding to N gal = [87 800, 250 000] galax-
es. Next, we summarize the selection criteria, but for full details on
he selection, we refer the reader to Section 2.2 of Paper I. 

(i) ELGs are selected by applying a stellar mass and a specific 
tar formation rate (sSFR) cut to the subhaloes in MTNG. At 
 = 0 and z = 1, the corresponding minimum stellar masses are
 ∗ = 4.9 × 10 9 and 8.3 × 10 9 h −1 M �, and the minimum sSFR

hresholds are sSFR = 2.9 × 10 −10 and 8 . 2 × 10 −10 h yr −1 for n gal =
.0 × 10 −4 [ h −1 Mpc] −3 , while for n gal = 2.0 × 10 −3 [ h −1 Mpc] −3 ,
hey are M ∗ = 4.8 × 10 9 and 6 × 10 9 h −1 M �, and sSFR = 2.0 × 10 −10 

nd 6 . 0 × 10 −10 h yr −1 , respectively. This selection of ELGs is based
n Hadzhiyska et al. ( 2021b ), who find that the colour-selected ELG
ample is congruous to one selected by sSFR-stellar mass. 

(ii) LRGs are selected by applying a stellar mass cut to the 
ubhaloes in MTNG. Additionally, we impose a maximum sSFR 

hreshold matching that of the ELGs for each corresponding sample 
o ensure that there is no o v erlap between the LRGs and ELGs at
 given redshift and number density. Moreover, making an sSFR 

election in addition to a stellar mass one ensures that we choose the
ost massive quenched galaxies, akin to how observational targets 

re selected. At z = 0 and z = 1, the corresponding minimum stellar
asses are M ∗ = 1.1 × 10 11 and 7.3 × 10 10 h −1 M � for n gal =

.0 × 10 −4 [ h −1 Mpc] −3 , while for n gal = 2.0 × 10 −3 [ h −1 Mpc] −3 ,
hey are M ∗ = 4.8 × 10 10 and 2.8 × 10 10 h −1 M �, respectively. 

Throughout this text, we use the shortcuts ‘low’ and ‘high’ for the
wo considered number densities n gal , respectively. 

We assume that the HOD of the red (LRG-like) sample is well
pproximated by the empirical formula given in Zheng et al. ( 2005 ),
ccording to which the mean halo occupation of centrals, 〈 N cen 〉 , and
atellites, 〈 N sat 〉 , as a function of mass, M , is 

 N cen ( M) 〉 = 

1 

2 

[
1 + erf 

(
log M − log M min 

σlog M 

)]
, (1) 

 N sat ( M) 〉 = 

(
M − M cut 

M 1 

)α

, (2) 

here log ≡ log 10 , M min is the characteristic minimum mass of
aloes that host central galaxies, σ log M 

is the width of this transition,
 cut is the characteristic cut-off scale for hosting satellites, M 1 is a

ormalization factor, and α is the power-law slope. For the blue 
ELG-like) sample, we adopt the High-Mass Quenched (HMQ) 
odel proposed in Alam et al. ( 2020 ), which expresses the mean

entral occupation as 

〈 N cen 〉 ( M) = 2 A ( M ) φ( log M ) � ( γ f ( M )) + 

1 

2 Q 

[
1 + erf 

(
log M − log M min 

0 . 01 

)]
, (3) 

( x) = 

1 √ 

2 π
e 

−( x−log M min ) 2 / 
(

2 σ 2 
log M 

)
, (4) 

 ( x) = ( log x − log M min ) /σlog M 

(5) 

 ( x) = 

∫ x 
−∞ 

φ( t) d t = 

1 
2 

[ 
1 + erf 

(
x √ 

2 

)] 
, (6) 
 ( x) = 

p max −1 /Q 

max (2 φ( log x ) � ( γ f ( x ))) (7) 

ith γ controlling the skewness, Q the quenching rate, and p max 

he o v erall amplitude. The occupation statistics of the satellites are
ssumed to obey the standard functional form of equation ( 2 ). 

.3 Halo properties 

n this section, we re vie w the definitions of the various halo properties
e employ to study galaxy assembly bias. We base our choice of
hich parameters to consider on previous results that have identified 

he most promising ones for explaining the galaxy assembly bias of
llustrisTNG (Hadzhiyska et al. 2020 , 2021c ; Delgado et al. 2022 ). 

.3.1 Adaptive environment 

revious works using hydrodynamical simulations suggest that halo 
odels that condition on ‘environment’ (defined in various ways) as a

econdary parameter exhibit a substantial increase in the galaxy clus- 
ering (Hadzhiyska et al. 2020 , 2021a ). This suggests that in addition
o the well-established halo clustering dependence on ‘environment’, 
here is an additional strong correlation between ‘environment’ and 
alo occupancy, which manifests itself in the HOD of a galaxy
ample (see Bose et al. 2019 ; Hadzhiyska et al. 2020 ; Xu et al.
021 ; Yuan et al. 2021 , for studies of the halo occupancy dependence
n ‘environment’). While this finding signifies that haloes residing 
n denser regions contain more galaxies on average than haloes in
nderdense regions at fixed mass, the explanation for this observation 
s not yet clear and could range from numerical artefacts related to the
alo finding algorithm to astrophysical phenomena such as extended 
plashback, quenching, merger efficiency, and gas feedback in dense 
nd underdense regions (e.g. Abbas & Sheth 2007 ; Pujol et al. 2017 ;
aranjape, Hahn & Sheth 2018 ; Shi & Sheth 2018 ). 
We adopt the following definition of adaptive halo environment 

‘environment’, for short) to assess its effects on the large-scale 
alaxy distribution of MTNG: 

(i) Evaluate the dark matter o v erdensity field, δ( x ), using
riangular-shaped-cloud (TSC) interpolation on a 1024 3 cubic lattice 
f all dark matter particles. In TSC, the fraction of a particle’s mass
ssigned to a given cell of size 
 x along one dimension is determined
y the shape function: S ( x ) = (1 − | x | / 
 x )/ 
 x . Each cell has size of
 x = 500/1024 h −1 Mpc ≈ 0.5 h −1 Mpc in our binning application. 
(ii) Smooth the density field with a Gaussian kernel on scales 

 smooth = 1.1, 1.5, 2.0, and 2 . 5 h 

−1 Mpc . 
(iii) The smoothing scale used for a given halo is selected based

n the halo virial radius: i.e. we choose the closest smoothing scale to
he halo radius rounding up. Thus, we make sure to al w ays define the
environment’ of a given halo on scales larger than its virial radius. 

(iv) The halo property we call ‘environment’ is then determined 
y the value of the smoothed density field interpolated at the halo
entre of potential. 

.3.2 Adaptive shear 

ur procedure for obtaining the adaptive halo shear (‘shear’, for 
hort) is similar to the one we adopted for ‘environment’, the only
ifference being that the smoothed density field is further manipu- 
ated into the shear field (Delgado et al. 2022 ). To calculate the local
shear’ around a halo, we first compute a dimensionless version of
he tidal tensor as T ij ≡ ∂ 2 φR / ∂ x i ∂ x j , where φR is the dimensionless
MNRAS 524, 2507–2523 (2023) 
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otential field calculated using Poisson’s equation: ∇ 

2 φR = −ρR / ̄ρ

the subscript R corresponds to the choice of smoothing scale). We
hen calculate the tidal shear q 2 R as 

 

2 
R ≡

1 

2 

[
( λ2 − λ1 ) 

2 + ( λ3 − λ1 ) 
2 + ( λ3 − λ2 ) 

2 
]
, (8) 

here λi are the eigenvalues of T ij . Physically, ‘shear’ and ‘environ-
ent’ quantify different properties of the dark matter field. While

he density is a reflection of the local distribution of matter at a given
edshift, the ‘shear’ measures the amount of anisotropic pulling due
o gravity at a given point in space. Both ‘shear’ and ‘environment’
re thus ‘extrinsic’ parameters, meaning that they refer to the halo
urroundings rather than intrinsic properties. 

.3.3 Concentration 

he link between halo concentration and accretion history has been
tudied e xtensiv ely in the literature (Navarro, Frenk & White 1997 ;
echsler et al. 2002 ; Ludlow et al. 2014 , 2016 ). F or e xample, it

s well established that mass and concentration exhibit a ne gativ e
orrelation, such that massive haloes tend to exhibit richer substruc-
ure and a more spatially spread out distribution of their subhaloes.

oreo v er, it has been shown that recent merger activity induces
ramatic changes in halo concentrations, and that these responses
inger o v er a period of several dynamical times, corresponding to
any Gyr (see e.g. Wang et al. 2020 ). Rele v ant to galaxy assembly

ias studies is the fact that halo concentration has a bearing on both
he HOD and the halo clustering (e.g. Bullock et al. 2001 ; Dutton &

acci ̀o 2014 ; Ludlow et al. 2014 ; Diemer & Kravtsov 2015 ; Mao,
entner & Wechsler 2018 ). 
In this study, we adopt the following proxy for the concentration

f each MTNG halo: 

 = V max /V vir , (9) 

here V max is the maximum circular velocity of the halo at the
edshift of interest, and V vir is defined as 

√ 

GM vir /R vir , where M vir 

s the virial halo mass as defined by Bryan & Norman ( 1998 ). 

.3.4 Velocity anisotropy 

ecent studies indicate that velocity anisotropy correlates with the
alaxy clustering as predicted in IllustrisTNG (e.g. Faltenbacher &
hite 2010 ; Hadzhiyska et al. 2021a , c ). In this paper, we test this

nding in the much larger volume of MTNG through a more robust
alaxy population scheme. Following Binney & Tremaine ( 1987 ),
e define the velocity anisotropy as 

= 1 − σ 2 
tan 

2 σ 2 
rad 

, (10) 

here σ tan and σ rad are the tangential and radial velocity dispersions,
espectively. We calculate these quantities over all dark matter
articles in the Friends-of-Friends (FoF) halo by projecting the
elocity of each particle along and perpendicular to the radial
irection (defined with respect to the position of the particle with the
inimum gravitational potential) and then computing the standard

eviation of each component (Ramakrishnan et al. 2019 ). Thus, β
epends on the shape of the halo and captures information from
he full phase-space structure of the parent halo. Haloes that have
ndergone recent accretion events tend to have particles which
xhibit higher tangential velocities ( σ tan ) due to deflections caused by
ravity shortly before accretion. This makes the velocity anisotropy
NRAS 524, 2507–2523 (2023) 
arameter well correlated with the recent merger history of a halo
s well as its local ‘environment’ (Fakhouri & Ma 2009 , 2010 ;
orzyszkowski et al. 2017 ; Hadzhiyska et al. 2021c ). 

.3.5 Peak virial mass 

e define the peak halo mass, M peak , as the total mass of the particles
ithin the virial radius of a halo at the time this mass peaks o v er the
alo’s entire history. Recent studies suggest that populating subhaloes
ased on their early history properties (e.g. mass or velocity at time
f infall, or at their peak values) leads to a better agreement with
he observed galaxy clustering (e.g. Chaves-Montero et al. 2016 ).
 reasonable explanation for this finding is that when haloes orbit
ear a more massive neighbour, the outer layers of their dark matter
istribution is often stripped, while their tighter cores remain intact.
hus, their stellar-to-halo mass ratio increases as a result of the

nteraction with the more massive object, making their total halo mass
 poor predictor of stellar mass. In such situations, one expects that
he peak mass would be a better marker of the amount of luminous,
tellar material in a halo. 

.3.6 Splashback radius 

he splashback radius, R sp , has been proposed as a more physically
oti v ated definition of the halo boundary (Adhikari, Dalal & Cham-

erlain 2014 ; Diemer & Kravtsov 2014 ; More, Diemer & Kravtsov
015 ) than the conventionally used halo radius based on a particular
 v erdensity contrast, which does not necessarily correspond with a
hysical feature in the density profile of a halo or the dynamics of
ts particles (e.g. Diemer et al. 2017 ; Diemer 2020a ). On the other
and, the splashback radius is the radius that particles reach on their
rst orbit after infall (apocentre), and as such is directly connected

o the particle dynamics by separating infalling from orbiting matter
Shi & Sheth 2018 ). 

Here, we employ the python package COLOSSUS (Diemer 2018 ) to
etermine the splashback radius based on a fitting function. As input
he method uses the halo radius R 200m 

and the accretion rate, defined
s 

 dyn ( t ) = 


 log ( M) 


 log ( a) 
= 

log [ M( t )] − log [ M( t − t dyn )] 

log [ a( t )] − log [ a( t − t dyn )] 
, (11) 

here M ≡ M 200m 

(mass within 200 times the mean density of
he Universe) and the subscript ‘dyn’ refers to the dynamical time,
efined as 

 dyn ( z) ≡ t cross ( z) = 

2 R 
 

v 
 

= 2 3 / 2 t H 

( z) 

(
ρ
 

( z) 

ρc ( z) 

)−1 / 2 

, (12) 

here t H ( z) ≡ 1/ H ( z) is the Hubble time. 
In Fig. 1 , we show the ratio of the empirically estimated splashback

adius, R sp , based on the halo accretion history, and the radius, R 200m 

,
t z = 1. Since the fitting function available in COLOSSUS loses
ccuracy for higher percentiles of the apocentre distribution, we
dopt the largest credible splashback definition, corresponding to
he 90th percentile of the particle distribution. The figure shows
hat the splashback radius is about 50 per cent larger than R 200m 

or the four mass bins we consider. This suggests that the radii
nd masses of haloes are underestimated when adopting 
 c , m -based
efinitions and that additional substructure is likely to reside outside
he traditionally assumed halo boundary. This finding has important
mplications for the halo model, as a correction of the halo boundary
ased on the splashback radius would alter not only its mass, but
lso redefine the halo parentage of satellite galaxies. We explore
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Figure 1. Ratio of the empirically estimated splashback radius, R sp , based 
on the halo accretion history and the radius, R 200m 

, of the haloes in the dark- 
matter-only MTNG box, at z = 1. On average, the splashback radius is about 
50 per cent larger than R 200m 

for the four mass bins we consider. As we go to 
higher halo masses, the mean ratio R sp / R 200m 

decreases, while the variance 
of the ratio increases. 
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his question in Section 3.2.4 . Additionally, at higher halo masses,
he mean ratio R sp / R 200m 

decreases, while the variance of the ratio
ncreases. Thus, the radii of smaller haloes are more likely to be
ppreciably underestimated, whereas in the case of larger haloes, the 
mount by which their radii are underestimated varies considerably. 
his is most likely a result of the o v erall more complicated dynamics
f massive haloes, which are often located in denser regions and 
xperience more mergers and other interactions with nearby haloes. 
or a more detailed discussion of the splashback radius, see e.g. 
iemer ( 2020a , b ). 

.4 Nearest neighbour statistics 

t is well known that the different galaxy samples targeted in 
pectroscopic surv e ys occupy different parts of the cosmic web 
Orsi & Angulo 2018 ; Alam et al. 2019 ). As a result, a single linear
ias parameter cannot capture the full differences in the samples. The 
earest neighbour framework, on the other hand, does reco v er the full
tatistics of the galaxy sample (e.g. Banerjee & Abel 2021 ; Banerjee,
okron & Abel 2022 ). As such, nearest neighbour measurements 
an be used to study assembly bias of different galaxy samples. 
urthermore, adding nearest neighbour measurements to the data 
ectors used in the analysis of galaxy surv e ys can impro v e constraints
n cosmological parameters even after marginalizing over all the 
alaxy–halo connection parameters. 

To compute the nearest neighbour statistics of our sample, we 
ollow the ‘peaked kNN-CDF’ prescription from Banerjee & Abel 
 2021 ). We first generate a volume-filling sample of random points
istributed o v er the total volume co v ered by the data, where the
umber of randoms is chosen to be larger than the number of
ata points to allow for better characterization of the tails of the
istribution. For each random, we compute the distance to the k 
earest data point by constructing a tree using scipy ’s cKDTree ,
hich returns a list of the distances to the k nearest neighbours.
orting these distances yields the Cumulative Distribution Function 
CDF) in the limit of a large number of randoms. Typically, we show
he peaked kNN-CDF, defined as 

CDF ( r) = 

{
CDF ( r) for CDF ( r) < 0 . 5 
1 − CDF ( r) for CDF ( r) ≥ 0 . 5 , 

ince it allows for better visual representation of the tails of the
istribution. We note that for k = 1, VPF = 1 − CDF( r ) corresponds
o the void probability function. For short, we refer to the peaked
NN-CDF as simply kNN. We compute the error bars on the
NN statistic using jackknife resampling by dividing the simulation 
olume into 125 equally sized subvolumes. We adopt a similar 
rocedure when computing the error bars on the two-point correlation 
unction in real space, and the monopole and quadrupole in redshift
pace, computed via the package CORRFUNC (Sinha & Garrison 
020 ). 

 RESULTS  

n this section, we introduce an impro v ed galaxy population model
nd compare its predictions with the true galaxy summary statistics 
btained from the full-physics MTNG740 simulation. In particular, 
e fit our galaxy population model to the halo occupations of LRG-

nd ELG-hosting haloes in MTNG, and then test how well these
tted models can reco v er observable large-scale structure statistics 
uch as the two-point correlation function, redshift space distortions, 
nd nearest neighbour counts. 

.1 Proposed halo occupation model 

s demonstrated by many recent works (e.g. Bose et al. 2019 ), halo
ass by itself is unable to reco v er the ‘true’ occupanc y of haloes in

ealistic galaxy models such as those provided by hydrodynamical 
imulations and semi-analytic models. Halo properties such as 
oncentration, formation time, and more recently, ‘environment’ (e.g. 
adzhiyska et al. 2020 ; Xu et al. 2021 ) have been shown to play a
ey role in determining the halo occupancy with higher accuracy. 
espite their importance in reco v ering the ‘true’ halo occupancy in

ealistic models, these parameters may not be good predictors for the
rue galaxy clustering. In this work, we explore which halo properties
apable of reco v ering the halo occupanc y in MTNG can also provide
 galaxy sample that matches the clustering properties of galaxies in
TNG. To this end, we develop an intuitive model that extends the

tandard halo occupation model by adding two parameters for each 
ssembly bias property. 

Here, we describe our galaxy–halo model for some galaxy tracer 
e.g. ELGs, LRGs) in the case of two additional halo properties ( a and
 ), but the model is easily generalizable to three or more additional
roperties: 

(i) First, we split the haloes with halo masses log ( M ) = 11 − 14
14.3) into mass bins of size 
 log ( M ) = 0.1 for z = 1 (0), measured
n h −1 M �. We leave the halo occupancies of the top 400 haloes, i.e.
og ( M ) > 14 at z = 1 and log ( M ) > 14.3 at z = 0, unmodified,
s there are very few haloes in that mass regime so that they might
ntroduce a great deal of noise to our findings. 

(ii) For each halo in a given mass bin, we convert the values of
he two halo properties of interest, a and b , into the two normalized
alues, f a and f b , ranging from –0.5 to 0.5. We do so by sorting the a
alues in the mass bin, dividing by the number of haloes in the bin,
nd subtracting 0.5, such that the halo with the lowest a value gets
 a = −0.5, the highest gets f a = 0.5, and the median gets f a = 0 (and
nalogously for b ). 
MNRAS 524, 2507–2523 (2023) 
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(iii) We then model the halo occupancy by modifying the mean
ccupation number at fixed mass. This gives us a prediction for the
umber of centrals and satellites a given halo contains on average.
he predicted halo occupancy of central galaxies for a given halo is
iven by 

ˆ N cen ,i ( M, f a , f b ) = 

[ 1 + ( a cen f a + b cen f b )(1 − 〈 N cen ( M) 〉 ) ] 〈 N cen ( M) 〉 , (13) 

hile in the case of satellites, it is 

ˆ 
 sat ,i ( M, f a , f b ) = [1 + ( a sat f a + b sat f b )] 〈 N sat ( M) 〉 , (14) 

here f a and f b are the normalized rank-ordered halo properties, a cen 

 a sat ) and b cen ( b sat ) are free parameters for the entire central (satellite)
ample, and 〈 N cen ( M ) 〉 ( 〈 N sat ( M ) 〉 ) are the mean number of centrals
satellites) in the mass bin of the halo under consideration. This value
an either be taken directly from the true galaxy sample, or one can
dopt an empirical formula such as equations ( 1 ), ( 2 ), and ( 3 ). 
ote 1: The term (1 − 〈 N cen ( M ) 〉 ) is needed in order to ensure that

s 〈 N cen ( M ) 〉 reaches its maximum value of one (typically for LRGs
n the case of large halo masses), the modification to the occupancy
ecomes negligibly small. 
ote 2: We require that | a cen, sat | + | b cen, sat | ≤ 2 in order to ensure

hat the modified value of the mean occupancy is physical. We have
ested different forms of equation ( 13 ) that a v oid this requirement.
xamples of such forms are odd continuous functions that asymptote

o a constant at some finite value of the argument such as hyperbolic
angent (tanh( x )), error function (erf( x )), Gudermannian function
gd( x )), or inverse tangent (arctan( x )). We find that tanh( x ) gives
lmost indistinguishable results compared to equation ( 13 ), whereas
he rest perform slightly worse. We select the linear form as easiest
o interpret. 
ote 3: We choose the correction to be of the form a sat f a + b sat f b ,

fter having carefully studied the three-dimensional surfaces of the
imulation-predicted quantities N cen ( M , f a , f b ) and N sat ( M , f a , f b ) for
ach mass bin, and finding that they are well-approximated by hyper-
lanes with slopes a cen, sat and b cen, sat that are nearly constant o v er
ass. 

Given the ‘true’ occupancies of the haloes in MTNG, we can
nd the best-fitting values of the a cen, sat and b cen, sat parameters. The

ikelihood function to be maximized for the central occupations is
rovided by the binomial distribution (Bernoulli trials) as 

 ( ˆ N ) = 

N h ∏ 

i= 1 

ˆ N 

N i 
i (1 − ˆ N i ) 

1 −N i = 

ˆ N 

N tot 
i (1 − ˆ N i ) 

N h −N tot , (15) 

here ˆ N i ≡ ˆ N cen ,i , N i = { 0, 1 } is the ‘true’ occupancy of centrals
n MTNG, N tot is the total number of centrals, and N h is the total
umber of haloes. For the satellite occupations, we adopt the Poisson
ikelihood: 

log [ L ( ˆ N )] = 

N h ∑ 

i= 1 

[ N i log ( ˆ N i ) − ˆ N i ] , (16) 

here ˆ N i ≡ ˆ N sat ,i and N i = { 0, 1 } is the ‘true’ occupancy of satellites
n MTNG. We find the best fit a cen, sat and b cen, sat parameters for a
iven galaxy sample via scipy ’s implementation of the Nelder–
ead method. Substituting back the values of the free parameters

nto equation ( 13 ) and equation ( 14 ), we obtain a prediction for the
ean number of centrals and satellites expected in each halo. In the
ost vanilla scenario, we can turn the predicted mean occupancies

nto integers by drawing Bernoulli trials for the centrals, while for
he satellites, we draw from a Poisson distribution. Alternatively, we
NRAS 524, 2507–2523 (2023) 
an resort to using the correlated central-satellite occupation scheme
escribed in Section 3.3 , or the pseudo-Poisson distribution detailed
n Section 3.2 of Paper I. 

.2 Galaxy assembly bias 

alaxy assembly bias is the result of both halo assembly bias and
ccupancy variation, where the former is the dependence of the halo
lustering on parameters other than halo mass, while the latter refers
o the dependence of halo occupancy on halo properties other than
alo mass. A standard way to measure galaxy assembly bias is by
omparing the two-point correlation function of a galaxy sample
ith another sample, where for each halo, the galaxies populating

t are randomly reassigned to another halo within the same mass
in (Croton et al. 2007 ). This ‘random shuffling’ eliminates the
ependence of halo occupancy on any secondary properties other
han halo mass. If the ratio of the two-point correlation function of
he shuffled to the original (unshuffled) sample differs from one, then
he galaxy assembly bias signal is non-zero. This method of defining
alaxy assembly bias is only meaningfully measurable in the two-
alo regime; i.e. for r � 1 h −1 Mpc, as the scale r ≈ 1 h −1 Mpc
orresponds roughly to the transition regime between the one- and
wo-halo terms. We adopt the model for populating haloes with
atellites described in Section 3.4 of Paper I. 

In Fig. 2 , we show the correlation function of the predicted (i.e.
dopting the ‘shuffling’ technique) and the ‘true’ (i.e. from MTNG)
high’- and ‘low’-density ELG and LRG samples at z = 1 and z =
. The shape of the correlation function is self-consistent for the two
LG samples, as well as for the two LRG samples at z = 1 and z =
, suggesting that as intended we are tracing similar populations at
he two epochs. In particular, the large-scale clustering signal of the
RGs is stronger than that of the ELGs as they preferentially occupy
ore massive haloes, which tend to be more biased. Consequently,

he one-halo to two-halo transition also occurs at larger scales for
he LRGs. The ELG samples at both redshift epochs, on the other
and, have similar bias, as ELGs tend to be found in star-forming
ower mass haloes, which have not yet been quenched. As such, there
s less redshift dependence in the selection of ELG-hosting haloes
and thus their bias). Interestingly, we notice that unlike the LRGs,
n small scales, the ELGs appear to be much more clustered, which
eems to confirm the hypothesis of cooperative galaxy formation,
hich manifests itself in the form of central-satellite and satellite–

atellite conformity of the blue galaxies (see Paper I, for a more
etailed discussion). This effect is even more pronounced in the
low’-density regime, suggesting that the most star -b ursty galaxies
re the most likely ones to exhibit conformity, having had their star
ormation most recently triggered. This also agrees with the observed
lustering of ELGs on small scales in the DESI surv e y. 1 On the other
and, since the LRG hosts are the most massive haloes at any given
poch, it is no surprise that with time the hosts grow in mass and the
ample becomes even more biased. 

Galaxy assembly bias manifests itself primarily in the two-halo
erm, so the rele v ant scales for studying its effects are r � 2 h −1 Mpc
or the LRGs and r � 0.8 h −1 Mpc for the ELGs. The ‘shuffled’
ample is equi v alent to the basic HOD recipe as long as one matches
he mean halo occupation of the full-physics simulation in the
ssumed shape of the HOD and the Poisson statistics of the satellite
ccupation holds reasonably well (the effect of which are seen only
n the one-halo term, see Paper I). 
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Figure 2. Correlation function of the simple HOD (predicted) samples 
(dashed lines) and the ‘true’ (solid lines) ‘high’- (upper) and ‘low’- (lower 
panel) density ELG and LRG samples extracted from MTNG740 at z = 

1 and z = 0. The lower segment shows the ratio of ‘predicted’ to ‘true’ 
clustering. The thin line (present below r < 1 h −1 Mpc) shows the impro v ed 
one-halo term ELG model prediction proposed in Paper I, incorporating 
pseudo-Poisson satellite statistics, and central-satellite and satellite–satellite 
galaxy conformity. For all samples but the z = 0 ELG one, the galaxy assembly 
bias signal (defined abo v e r � 1 h −1 Mpc) is nearly constant, ∼5–10 per cent, 
indicating that at constant mass, galaxies prefer to live in more biased haloes. 
For the ELGs at z = 0, we conjecture that vigorous star formation happens 
only for central galaxies in underdense regions and newly merged satellites, 
hence the HOD sample is biased higher. Important for cosmological analyses 
is the scale-dependence of the ELG clustering, as it implies that linear bias is 
a poor approximation for that tracer (see Appendix A , which shows the bias 
and correlation coefficient for some of the samples). 
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As seen in Fig. 2 , all samples except for the ELGs at z = 0 exhibit
 galaxy assembly bias signal at a nearly constant level of ∼10
er cent, where the predicted sample is less clustered than the ‘truth’.
his suggests that at constant mass, the ‘true’ galaxies prefer to live

n more biased haloes. For the ELGs at z = 0, the picture is different.
y z = 0, vigorously star-forming re gions hav e become much rarer,
specially in dense re gions, which hav e long been quenched due to
he large number of mergers they have undergone. Thus, the only
alaxies that are still star-forming are central galaxies in underdense 
egions and smaller satellite subhaloes on their first infall. As a result,
hen we shuffle the occupations at fixed mass, we end up assigning
alaxies to more biased haloes. The importance of detecting galaxy 
ssembly bias is that it heavily implies that according to the MTNG
alaxy formation model, one ought to include extensions to the halo
ccupation model (i.e. expand beyond the mass-only assumption) 
hen performing cosmological analysis of LRG and ELG clustering. 
Noteworthy is the scale-dependence of ELG clustering that we 

otice in the lower segments of Fig. 2 , as it implies that linear bias
s a poor approximation to the clustering on fairly large scales (see
ppendix A , which shows the bias and correlation coefficient for

ome of the samples). This is particularly rele v ant for cosmological
nalyses probing the quasi-non-linear regime because it challenges 
he assumption that those scales are unaffected by galaxy physics 
pushing back the so-called ‘non-local’ scale). We conjecture that 
his scale-dependence reflects the type of astrophysical conditions 
equired to form ELGs. Namely, it is likely that ELGs prefer to form
ar from massive clusters, whose feedback processes and ejected 
as quench the galaxies in a large radius nearby. This radius varies
epending on the size and feedback strength of the cluster and hence,
he signal becomes dependent on scale. We come back to this idea
hen we discuss environmental bias in Section 3.2.2 . On average, this

adius expands as a function of time, which explains why the effect
s stronger at lower redshift. Note that the ELG sample at z = 1 also
xhibits mild scale-dependence (also evident in the bottom-left panel 
f Fig. 3 ), and we test our guess at z = 0.5, for which we also find
trong scale-dependent signal. We note that the scale dependence of 
tar-forming galaxies has previously been observed in Jim ́enez et al.
 2021 ) albeit with a slightly different sample selection procedure
nd a different galaxy formation model. On yet larger scales, we
xpect the ratio to approach a constant as in the case of the LRG
amples. These scales are not reachable by the volume of MTNG
the errorbars become too large for r > 40 h −1 Mpc). Therefore, we
lan to revisit the question of finding the scales at which the ELG ratio
symptotes to a constant in a future study, where we reliably emulate
he MTNG model in a (3 Gpc ) 3 volume based on the MTNG-XXL 

imulation. 
It is also remarkable how poorly the standard satellite population 

echnique does in the case of the ELGs ( r � 1 h −1 Mpc), as seen in
ig. 2 . In this case, for the standard satellite population technique,
e have assumed that the satellites are isotropically distributed in the
alo, with the spherically averaged profile being taken directly from 

he full-physics run at fixed halo mass. Additionally, as traditionally 
one, the shuffling of centrals and satellites is done independently. As
 result, we see a significant discrepancy at r ∼ 0.1 h −1 Mpc, where
he ELGs are three to five times more clustered than the basic HOD
rediction. Interestingly, this issue is almost completely o v ercome 
hen we introduce our one-halo model from Paper I, which takes

nto account the anisotropy of ELG satellites (i.e. their tendency 
o appear in the halo in pairs and triplets) as well as the central-
atellite correlated occupation statistics. We note that the standard 
atellite population technique enjoys much more success with the 
RGs, for which the small-scale clustering is fairly well matched 
MNRAS 524, 2507–2523 (2023) 
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Figure 3. Correlation function ratio of the predicted samples and the ‘true’ ‘high’-density ELG (lower panels) and LRG (upper panels) samples extracted 
from MTNG at z = 1 and z = 0. Here, the predicted samples are obtained ef fecti vely via a mass-only HOD (i.e. by shuffling the halo occupations in thin 
mass bins), and we aim to estimate the amount of galaxy assembly bias at different host halo masses (left panels: M = 10 12 − 10 13 h −1 M �; right panels: 
M = 10 13 − 10 14 h −1 M �). We split the contributions into the autocorrelation of all galaxies (thin line; shading denotes jackknife error bars), just centrals 
(dash–dotted line), and satellites (dashed line). We note that the centrals in the log [ M /( h −1 M �)] = 12.5 ± 0.5 bin make up the largest fraction of the galaxies 
in each sample, and thus dominate the o v erall galaxy assembly bias signal. In the case of the LRGs, we see that the the central galaxies dictate the signal in the 
top left, whereas the satellites make the dominant contribution to the signal at higher masses, top right. In the ELG (lower) panel, the signal is again largely 
dictated by the centrals in the lower mass bin, but the satellites also have a strong influence on it, as their fraction is larger (see text for fractions). For the higher 
mass bin (lower right), we see that the satellites exhibit a moderate amount of galaxy assembly bias, though the precision is poorer due to their smaller number. 
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nder the assumption of spherical symmetry and central-satellite
ndependence. 

.2.1 Halo mass dependence 

ext, we study the mass dependence of the galaxy assembly
ias signal for the satellites and centrals, shown in Fig. 3 as the
orrelation function ratio of the predicted samples and the ‘true’
high’-density ELG and LRG samples at z = 1 and z = 0. The
redicted samples are obtained by shuffling the halo occupations
n narrow mass bins as described in the previous section, and our
oal is to estimate the amount of galaxy assembly bias at different
asses. We split the galaxies into two groups, those hosted in haloes

f mass M = 10 12 –10 13 h 

−1 M � and M = 10 13 –10 14 h 

−1 M �. We
tudy the autocorrelation ratios of all galaxies, just centrals, and
he satellites. We note that the centrals in the lower mass bin, i.e.
og [ M /( h −1 M �)] = 12.5 ± 0.5, make up the largest fraction of the
alaxies in each of the four samples. To quote numbers: for the
LGs, the satellite fraction is ∼36 per cent at both redshifts, and for

he LRGs, it is ∼31 per cent at z = 1 and ∼39 per cent at z = 0.
s a side note, the ‘low’-density samples (not shown) have lower

atellite fractions, but qualitatively the conclusions derived from the
high’-density sample hold true. 

From Fig. 3 , we see that the central LRG galaxies dictate the signal
t lower mass haloes, whereas the satellites have higher contribution
t the high-mass bin than the low-mass bin. At these higher masses,
irtually all haloes have an LRG central, so there can be no galaxy
ssembly bias coming from the centrals. The o v erall galaxy assembly
ias signal receives its largest contributions from low-mass centrals
NRAS 524, 2507–2523 (2023) 
nd thus, the biggest challenge is to find the astrophysical conditions
in the form of intrinsic and extrinsic halo properties) determining
entral occupancy at low masses. The ELG signal is also dominated
y the centrals in the lower mass bin, but the satellites also have a
trong leverage on the overall signal, as their fractions are higher.
n the higher mass bin, we hav e v ery few central ELGs (see fig. 1
f Paper I), and the satellites take o v er the galaxy assembly bias
ignal. It is clear that the assembly bias properties of both centrals
nd satellites affect the accuracy of the mass-only halo model, albeit
o a different extent and in different directions, and thus, these issues
eed to be addressed by a model that considers centrals and satellites
eparately. 

.2.2 Secondary halo property dependence 

n Section 3.1 , we have proposed a model for determining the
alo occupations, which builds on the traditional HOD approach
y adding secondary (and tertiary) assembly bias parameters at
he cost of two (or four) independent variables, a cen, sat ( b cen, sat ),
hich modulate the occupation of the centrals and the satellites,

espectively. In this section, we focus on the simpler version of our
xtended model; i.e. including a dependence on a single halo property
o account for secondary assembly bias. Our goal is to test which of
he halo properties, if any, are capable of reconciling the difference
n the two-halo regime, thus accounting for the galaxy assembly bias
ignal we observe in Fig. 2 . To this end, we fit the two parameters,
 cen, sat , to the ‘true’ halo occupations extracted from MTNG for a
alaxy sample of choice. We note that since our free parameters
re fit to the halo occupations rather than the galaxy clustering, our
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rocedure allows us to test consistently which of the six extended 
odels (one for each of the halo properties in Section 2.3 ) performs

est; i.e. is able to reco v er both the halo occupation statistics and
ake an accurate prediction of the large-scale clustering of galaxies. 
In Fig. 4 , we show our findings for the six extended models in

he form of the correlation function ratio of the predicted samples 
nd the ‘true’ ‘high’-density ELG and LRG samples at z = 1 and
 = 0. We also show the mass-only HOD prediction (Fig. 2 ) to make
he comparison easier. As in the previous figures we have shown, 
greement of the ratio with unity signifies that the model provides a
ood match to the ‘true’ galaxy clustering. As a reminder, the free
arameters are not chosen to fit the clustering, but instead the halo
ccupation. We find that relative to the mass-only HOD, the majority 
f the enhanced models show some impro v ement. 
Intriguingly, the halo property that appears to best reconcile the 

arge-scale deviation of the real-space correlation function for all 
amples is the ‘shear’. This is a promising finding that merits the
ttention of halo modelling prescriptions, as it implies that adding the 
inimum number of free parameters (tied to the halo ‘shear’), a cen, sat 

see Section 3.1 for a re vie w of the model) to our halo occupation
odels has the capacity of fully reco v ering the real-space clustering

f galaxies, according to the MTNG hydrodynamic simulation. The 
ext best property is the ‘environment’, which is not as successful
ith regards to the ELGs, but does an excellent job of reducing the

arge-scale discrepancy for the LRGs. The finding regarding LRGs 
choes previous works (e.g. Hadzhiyska et al. 2020 ; Xu et al. 2021 ;
uan et al. 2021 ). We note that both of these properties are sensitive

o the extrinsic properties of the halo, and as such are difficult to
nterpret from an astrophysical perspective. 

A plausible explanation for the environmental assembly bias of 
RGs is cooperative galaxy formation; i.e. the luminosity of a galaxy 
ay be correlated on large scales with the luminosities of nearby 

alaxies as a result of proto-supercluster collapse (see the discussion 
n Section 3.3 of Paper I). In the case of ELGs, we hypothesize that the
eason ‘shear’ performs better than ‘environment’ is that the former 
s defined via the gravitational potential rather than the smoothed 
ensity, allowing it to receive larger scale contributions from the halo 
urroundings, in contrast to ‘environment’, which is only sensitive to 
he immediate density at the halo boundary. For example, if there is
 large cluster sev eral me gaparsecs a way from a halo, ‘environment’
ould be completely agnostic, whereas ‘shear’ could change in per- 

eptible ways. This is in accordance with our conjecture from Fig. 2
hat ELG formation may be anticorrelated with the presence of large 
lusters at very large distances ( ∼10 h −1 Mpc). This phenomenon is
eferred to as two-halo galaxy conformity in the literature (Hearin, 

atson & van den Bosch 2015 ; Hearin, Behroozi & van den Bosch
016b ) and was first detected in observations and interpreted in 
auffmann et al. ( 2013 ). 
It is noteworthy that the intrinsic halo properties (e.g. concen- 

ration, peak mass, splashback radius) have very little effect on the 
arge-scale clustering of LRGs, but have a more noticeable effect on 
he ELG autocorrelation. For example, the pairings Conc-VelAni , 
onc-R Splash , and Conc-Mass peak show some impro v e- 
ent in reconciling the ELG clustering, b ut ha ve almost no effect

n the LRG clustering. Similarly, R Splash-Mass peak and 
 Splash-VelAni affect the ELGs more than the LRGs (though 
e note that the ELG z = 1 agreement worsens). This suggests that
LG formation is more sensitive to internal halo factors, whereas the 
RGs depend on the large-scale placement of the halo with respect to
ther haloes and its interactions with them (e.g. mergers, disruptions, 
tc.). A few of the parameters appear to yield a worse agreement
ompared with the mass-only HOD for some samples (e.g. R splash for
 = 1, ELGs), hinting that a mass-independent central and satellite
ree parameter a cen, sat (see Section 3.1 for a re vie w of the model) is
nable to capture the evolution of the occupation statistics with red-
hift (and/or account for the dependence on the halo property under 
onsideration). 

.2.3 Tertiary halo property dependence 

ow that we hav e e xplored the performance of our extended halo
ccupation model in the event of augmenting it with a dependence 
n a single additional halo property, it is worth considering the
ffect of adding a second halo property. This exploration is im-
ortant to the analysis of cosmological surv e ys, as it would help
s to shed light on a long-standing question about the minimum
umber of ‘nuisance’ parameters 2 that need to be included when 
nalysing observations in order to extract unbiased cosmological 
onstraints. In addition, it is also of importance to galaxy for-
ation, since it is possible that combinations of several intrinsic 

alo properties would capture the occupation statistics of haloes 
etter than a single halo property. In the previous section, we
ound that both of the best-performing halo properties were ex- 
rinsic to the halo, ‘shear’ and ‘environment’, defined on larger 
cales. Identifying intrinsic halo properties capable of reproducing 
he MTNG clustering would be valuable as these properties are 
uch more readily tied to astrophysical phenomena and physical 

xplanations. 
Fig. 5 shows the correlation function ratio of the predicted samples

nd the ‘true’ ‘high’-density ELG and LRG samples extracted from 

TNG at z = 1 and z = 0. As in the previous section, the predicted
amples are obtained via our extended halo occupation model for 
he two-halo term (see Section 3.1 ), where we have opted to include
 dependence on two additional halo properties, thus testing the 
eed for accounting for tertiary assembly bias. Complementing 
he findings in Fig. 4 , here, we explore 15 models enhanced
ith a different combination of halo properties for the secondary 

nd tertiary assembly bias (see Section 3.1 for a re vie w of the
odel). 
The best-performing models that use only intrinsic halo properties 

nvolve halo concentration and velocity anisotropy. Ho we ver, the 
 v erall best models include either ‘shear’ or ‘environment’. Overall,
shear’-enhanced models show a lesser discrepancy in the case of 
he ELG samples, while ‘environment’-enhanced models provide 
 better one-halo to two-halo transition in the case of the LRG
amples. Thus, the optimal version of our extended HOD model 
dopts both ‘environment’ and ‘shear’. We note that this combination 
emonstrates slightly better agreement with MTNG compared with 
shear’-only or ‘environment’-only (see Fig. 4 ). The impro v ement is
ore notable for the ELG sample at z = 0. Combinations of extrinsic

nd intrinsic properties are also capable of reconciling the ELG 

lustering. F or e xample, the v elocity anisotropy plus shear model
erforms remarkably well for both ELGs (abo v e r � 4 h −1 Mpc) and
RGs. If computational efficiency is a high priority to a pipeline
nalysing cosmological data, we abstain from recommending to add 
 tertiary assembly bias enhancement to the HOD model in the case of
RGs, as those samples are particularly insensitive to the inclusion of
 tertiary assembly bias property. Ho we ver, there appears to be merit
n including both intrinsic and extrinsic properties for reco v ering the
lustering in the ELG case. 
MNRAS 524, 2507–2523 (2023) 
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Figure 4. Correlation function ratio of the predicted samples and the ‘true’ ‘high’-density ELG and LRG samples extracted from MTNG at z = 1 and z = 0. 
Here, the predicted samples (solid lines with error bars) are obtained via our extended halo occupation model (see Section 3.1 ), where we have opted to include 
a dependence on a single additional halo property, thus exploring secondary assembly bias effects. The dotted shaded curves correspond to the mass-only HOD 

prediction (equi v alent to the lo wer panel of Fig. 2 ) and are repeated in each of the six panels for clarity. Each panel adopts a dif ferent halo property as a proxy 
of secondary assembly bias (see Section 2.3 ). Relative to the mass-only HOD (dotted curves), the majority of the assembly-bias ‘enhanced’ models show some 
impro v ement. The halo property that appears to reconcile the difference in all four samples best is the ‘shear’. This finding merits the attention of halo modelling 
prescriptions: the addition of two free parameters (tied to the halo ‘shear’), a cen, sat has the capacity to fully reco v er the real-space clustering of galaxies. Next 
best is ‘environment’, which is not as successful with closing the ELG gap, but does an excellent job of reducing the large-scale discrepancy for the LRGs. 
We hypothesize that ‘shear’ performs better than ‘environment’ because it is defined via the gravitational potential rather than the smoothed density, and thus 
receives larger contributions from the halo surroundings compared with ‘environment’, which is only sensitive to the immediate density at the halo boundary. 
The intrinsic halo properties (e.g. concentration, peak mass, splashback radius) have very little effect on the large-scale clustering of LRGs, b ut ha ve more 
potential to impro v e the ELG autocorrelation. This suggests that ELG formation is more sensitive to internal halo factors. 
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.2.4 Splashback radius correction 

hen adopting the splashback radius/mass definition in our analysis
Section 2.3.6 ), we also reassign galaxies to the splashback-corrected
oF-identified haloes. To obtain the reassigned sample, we proceed
s follows: 

(i) We compute the splashback radii and masses (90th percentile)
f all haloes using the fitting functions in COLOSSUS given R 200m 

nd � dyn . 
(ii) We rank order the haloes in terms of their splashback masses

starting with the highest), and for each, we find the galaxies residing
ithin them. Once a galaxy has been assigned to a halo, it cannot be

ssigned to another one (thus, the preference is al w ays to the higher
ass halo). 
(iii) The lefto v er galaxies ( ∼5 per cent) are given to the haloes

ith highest enclosed density M / R 

3 in their vicinity. 
(iv) We record the new halo parent of each galaxy, and the new

ccupancy number of each halo, which can then be used in the
huffling procedure. 

We next create two types of mock (or ‘predicted’) galaxy cat-
logues using the procedure described abo v e: one that adopts the
plashback radius, and one that adopts the virial radius (defined
NRAS 524, 2507–2523 (2023) 
sing the generalized top-hat o v erdensity) as the halo boundary. This
s done so that we can compare the two boundary definitions more
irectly. We note that this does not apply in the rest of the paper, where
he halo occupations are determined based on the FoF boundaries of
aloes. The predicted samples are generated by randomly shuffling
he satellite and central occupations of all haloes in a narrow mass
in of width 
 log [ M /( h −1 M �)] = 0.1. Once the number of satellites
nd centrals has been assigned (by shuffling the halo occupations
t fixed mass bin), we compute the correlation function by giving a
eight of w = c s + c c to each halo, where c s and c c are the numbers
f satellites and centrals in the halo, respectively. That way, we can
solate the effect on the two-halo term ( r � 1 h −1 Mpc). 

In Fig. 6 , we show the ratio of the correlation function between
he predicted and the ‘true’ ‘high’-density LRG and ELG samples
xtracted from MTNG at z = 1. The most significant contribution to
he deviation from unity (5–10 per cent) that we see on large scales ( r

10 h −1 Mpc) comes from the galaxy assembly bias effect (which
s discussed in detail in Section 3.2 ). On smaller scales, the two-
oint correlation of the splashback-constructed ELG mock catalogue
s largely unchanged with respect to the virial radius-constructed
ock, but in the case of the LRGs, the splashback correction yields

n impro v ement. Specifically, the one-halo to two-halo transition
egion (1 h −1 Mpc � r � 3 h −1 Mpc) shows a smaller discrepancy
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Figure 5. Correlation function ratio of the predicted samples and the ‘true’ ‘high’-density ELG and LRG samples at z = 1 and z = 0. Here, the predicted 
samples (solid lines with error bars) are obtained via our extended halo occupation model (see Section 3.1 ), and we have opted to include a dependence on 
two additional halo properties (tertiary assembly bias). The dotted shaded curves correspond to the mass-only HOD prediction and are repeated in each of the 
panels for clarity. Each panel adopts a different combination of halo properties for the secondary and tertiary assembly bias (see Section 2.3 ). The winning 
combination involves both ‘environment’ and ‘shear’, demonstrating slightly better agreement with the full-physics catalogue compared with ‘shear’-only or 
‘environment’-only variants. 
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Figure 6. Correlation function ratio between the predicted samples and the 
‘true’ LRG and ELG samples extracted from MTNG740 at z = 1. Results are 
shown for the ‘high’ number density. The predicted samples are generated 
by randomly shuffling the satellite and central occupations of all haloes in 
a narrow mass bin of width 
 log [ M /( h −1 M �)] = 0.1, giving us ef fecti vely 
a mass-only HOD catalogue. The two-point correlation of the splashback- 
constructed ELG mock catalogue appears to be largely unchanged with 
respect to the virial radius-constructed mock, but in the case of the LRGs, 
the one-halo to two-halo transition regime (1 h −1 Mpc � r � 3 h −1 Mpc) 
shows a smaller discrepancy with respect to the ‘true’ LRG clustering. The 
two-halo term ( r ∼ 1 h −1 Mpc) receives an improvement of 1–2 per cent. This 
shows that the splashback radius might be a more natural definition of the 
halo boundary. 
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ith respect to the ‘true’ LRG clustering, and the two are almost
econciled at the edge of the halo boundary ( r ∼ 1 h −1 Mpc). The
RG clustering in the two-halo-regime ( r ∼ 1 h −1 Mpc) receives a
ore modest, but consistent impro v ement of ∼2 per cent. The fact

hat the splashback mass results in a smaller discrepancy suggests that
t is a more natural (and physical) proxy of halo mass. We conjecture
hat this is largely due to the boost in mass of small haloes near
arge ones, which makes it more likely for ‘backsplash’ haloes to be
ssigned a galaxy, adding to the clustering near the halo boundary
cale ( r ∼ 1 h −1 Mpc). 

A small additional effect that increases the o v erall bias comes
rom the reassignment of satellites, since our procedure preferentially
ssigns satellite occupations to the largest haloes, which have the
ighest bias. In other words, when we use the splashback definition
ersus the virial radius one, we obtain a larger contribution to the
ignal from more biased haloes. Thus, the reassignment procedure
odifies the HOD by increasing the average number of satellites

f high-mass haloes and decreasing that number in small haloes. In
eality, the splashback radii of nearby haloes often o v erlap, and our
hoice of assigning the satellites in the o v erlapping re gions to the
argest halo is certainly an o v ersimplification. The more accurate
pproach would be to trace the trajectories of the satellite hosting
ubhaloes through time before deciding on their halo allegiance (as
one in e.g. Diemer 2017 , for the dark-matter particles). Ho we ver,
his is computationally e xtremely e xpensiv e, and would only make
 small difference to the clustering, as the fraction of incorrectly
ssigned satellites is quite small. One simple way to test the
agnitude of this effect is to try a hybrid version where we use

he splashback mass as proxy when performing the shuffling, and the
NRAS 524, 2507–2523 (2023) 
irial-radius assignment when ascribing the occupations. We find
hat this change makes negligible difference to the results at z =
. We note that at lower redshifts, this effect matters more as the
plashback radii o v erlap more due to the collapse of structure. 

.3 Redshift-space distortions 

n the real Universe, we do not have the luxury of measuring the
hysical three-dimensional spatial coordinates of a galaxy. Instead,
e can determine the two-dimensional galaxy position on the sky

nd the galaxy’s redshift, which entangles its physical position with
ts velocity along the line of sight. As a result, any statistics that
ncorporates the along-the-line-of-sight direction inevitably gives us
nformation about the peculiar velocities of galaxies. These statistics,
f modelled well, are invaluable for cosmological studies, as they
llow us to constrain the growth of structure via the infall velocities
f galaxies. Ho we ver, making such an inference comes with its
wn challenge, namely, the requirement to model galaxy peculiar
elocities accurately. 

The statistics we analyse in this section are the monopole and
uadrupole moments, ξ� = 0, 2 ( r ), of the two-point function, which are
he lowest order multipoles that capture the anisotropy due to redshift
pace distortions. In Fig. 7 , we compute the quadrupole moment
or our proposed halo occupation model augmented with secondary
ssembly bias and show the difference ( ξ2 , pred − ξ2 , true ) /ξ0 , true . The
onvergence towards zero observed at r ∼ 10 h −1 Mpc for all curves
s due to the fact that ξ� = 2 ( r ) crosses zero around that scale, and thus
he ratio to ξ� = 0 becomes very small. Similarly to Fig. 4 , we find that
he performance of the model augmented with the halo property we
all ‘shear’ performs best in reco v ering the two-halo clustering of all
TNG galaxy samples (i.e. r � 10 h −1 Mpc). Similarly to the case

f the real-space correlation function, the property ‘environment’ is
econd-best in that regime, only struggling to recover the clustering
f the ELGs. 
None of the models enhanced with an intrinsic halo property (con-

entration, peak mass, velocity anisotropy, splashback) can reconcile
he large-scale disagreement in the LRG curves (the most helpful one
eing concentration), but some of them lead to an impro v ement in
he ELG case (e.g. concentration and velocity anisotropy). In terms
f the transitioning between one-halo and two-halo terms, it seems
hat the least discrepant predictions for all samples come from the
concentration’-enhanced model. This is followed by halo ‘shear’
nd ‘peak mass’. A general observation is that all models struggle
ith reco v ering the clustering on smaller scales ( r ∼ 1 h −1 Mpc), and

his is particularly true for the ELG curves. Ho we ver, the intrinsic
roperties splashback radius, concentration, and peak mass appear
o help with the ELG samples, whereas the extrinsic ones appear to
ave almost no bearing on the one-halo term, which makes intuitive
ense. A full analysis incorporating the one-halo model from Paper
 for the ELGs might significantly help with the one-halo to two-
alo transition, but we leave this for future work, as it requires the
evelopment of a likelihood pipeline. 

.4 Higher order statistics: nearest neighbours 

n Section 2.4 , we introduced an alternative summary statistics,
hich uses nearest neighbour counts and may allow us to unlock
aluable cosmological information encoded in the small-scale distri-
ution of galaxies. Before this nearest neighbour statistics can be reli-
bly applied to real data, it needs to be robustly tested in simulations,
nd its sensitivity to both observational and astrophysical effects
uch as assembly bias needs to be understood well. In this work,



Two-halo model for galaxy-halo link in MTNG 2519 

Figure 7. Quadrupole moment difference between the predicted and ‘true’ ‘high’-density ELG and LRG samples at z = 1 and z = 0. The predicted samples 
are obtained via our extended halo occupation model (see Section 3.1 ), and each panel adopts a different halo property as a secondary assembly bias proxy. 
Similarly to Fig. 4 , we find that the performance of the model enhanced with ‘shear’ is the most optimal in the two-halo regime ( r � 10 h −1 Mpc). As was the 
case with the real-space correlation function, ‘environment’ performs well for all samples but the ELGs. None of the models enhanced with an intrinsic halo 
property (concentration, peak mass, velocity anisotropy, or splashback) can reconcile the large-scale ( r � 10 h −1 Mpc) disagreement in the LRG curves, but 
some of them lead to an impro v ement in the ELG case (e.g. concentration and velocity anisotropy). 
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e are interested in the latter question, which, to our knowledge, 
as not yet been tackled through analyses involving hydrodynamical 
imulations. 

In Fig. 8 , we compute the peaked kNN-CDF (CDF, see Section 2.4
or definition) for our proposed halo occupation model augmented 
ith secondary assembly bias (each panel adopts a different halo 
roperty as the extension). We note that when comparing the nearest 
eighbour statistics of two samples, it is necessary to match their 
umber densities, so we randomly downsample either of our galaxy 
atalogues (predicted or ‘true’), assigning equal weight to each 
alaxy. Typically the difference in the total galaxy number after 
ownsampling is ∼1 per cent. 
One can interpret deviations from unity in the plots as an excess or

eficit of galaxies that are k -degree-separated from a random point 
n space at a specific scale r . We have also explored other orders,
 = 1, 2, and 8 (not shown), but find that our conclusions do not
hange qualitatively . Interestingly , we find that the halo property 
hat yields the best performance is ‘environment’, for which the 

aximum value of the ratio is lower than for any of the other samples.
econd best is the ‘shear’-enhanced model. This shows that the 
earest neighbour counts indeed capture additional information about 
he galaxy distribution and as such can be used to study assembly
ias and break degeneracies between (and within) halo occupation 
odel parameters and cosmological parameters. 
Similarly to Fig. 4 , the intrinsic halo properties (concentration, 

eak mass, and velocity anisotropy) are more successful in repro- 
ucing the nearest neighbour statistics of the ELG samples than the 
RG ones. We note that on smaller scales, r � 5 h −1 Mpc, all models
ho w substantial de viations, which is expected, as the value of the
 q
DF function on these scales is dependent on the satellite model and
lose to zero, so the ratio blows up easily . Physically , contributions
o these scales come from galaxies with very dense distributions that
re typically found within a single halo. Thus, they are extremely
ensitive to the three-dimensional distribution of galaxies within 
lusters. The number of clusters we can probe is still quite paltry,
o we ver, as we are limited by the volume of the simulation. On the
ther end of the radial range, r � 20 h −1 Mpc, the CDF is sensitive to
he galaxy distribution in void regions, which are also dependent on
he simulation volume. It is therefore worth revisiting the question 
f how assembly bias affects these extreme scales with larger dark-
atter-only simulations that have been equipped with a plausible 
echanism for populating galaxies based on the predictions of high- 
delity hydro simulations such as MTNG740. 

 SUMMARY  A N D  C O N C L U S I O N S  

he goal of this study and our companion paper (Paper I) is to
reate a flexible augmented halo occupation prescription capable of 
eco v ering the clustering of MTNG galaxies down to very small
cales, r ∼ 0.1 h −1 Mpc, and which can be readily adopted in
he analysis of current and future surv e ys such as DESI, Euclid ,
nd Roman . In this second paper, we have focused on the large-
cale clustering and in particular, on determining the assembly bias 
ignature of red and blue samples. We emphasize that we do not claim
hat the MTNG740 simulation that we use as our benchmark captures
he complex physics of the real Universe perfectly, but rather that it
erves as a good example of what assumptions might reasonably be
uestionable in galaxy–halo modelling. 
MNRAS 524, 2507–2523 (2023) 
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Figure 8. CDF ratio between the predicted and ‘true’ ‘high’-density ELG and LRG samples at z = 1 and z = 0. The order of the nearest neighbour statistics 
shown here is k = 4. We also explore other orders ( k = 1, 2, and 8), but find that our conclusions do not change qualitatively. The predicted samples are 
obtained via our extended halo occupation model (see Section 3.1 ) for secondary assembly bias, and each panel adopts a different halo property as its extension. 
Interestingly, we find that the halo property that yields the best performance is ‘environment’, for which the maximum value of the ratio is 1.01, which is lower 
than any of the other samples. Second best is the ‘shear’-enhanced model. This shows that the nearest neighbour counts indeed capture additional information 
about the galaxy distribution and as such can be used to study assembly bias and break degeneracies between halo occupation model parameters and cosmological 
parameters. 
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We have introduced a novel method for incorporating assembly
ias into the standard HOD framework (Section 3.1 ). Its main
dvantages are: (1) it adds only a small number of free parameters to
he halo model (two per added halo property) and it is generalizable
eyond tertiary assembly bias, (2) it models centrals and satellites
eparately, as they are governed by separate physical processes, (3)
t is independent of the scale of variation of the halo properties
sed as assembly bias proxies, and (4) it is easily interpretable, as
t appears as a correction to the mean halo occupation of centrals
nd satellites. In Section 3 , we have tested the model in a robust and
elf-consistent manner by fitting it to the ‘true’ occupations of haloes
or different tracers and examining how well the occupation-fitted
odels predict a large-scale distribution of galaxies that agrees with

he direct MTNG outputs. 
Our main findings can be summarized as follows: 

(i) Both LRGs and ELGs exhibit substantial galaxy assembly bias
 r � 1 h −1 Mpc) as shown in Fig. 2 . In particular, for all but the ELG
opulation at z = 0, the mass-only HOD samples are less clustered
han the ‘true’ MTNG samples, indicating that the galaxies prefer
o occupy more biased haloes than anticipated by the HOD model.
he ELG sample at z = 0, ho we ver, has positi ve galaxy assembly
ias, which signifies that the mass-only HOD puts galaxies in more
iased haloes than the ‘true’ ELG parents. In addition, the signal is
cale-dependent, which has important implications for cosmological
nalysis, as it suggests that the linear bias approximation breaks down
NRAS 524, 2507–2523 (2023) 
n the case of ELGs at fairly large scales ( r ∼ 10 h −1 Mpc, compared
ith the typically assumed r ∼ 1 h −1 Mpc). 
(ii) In Fig. 3 , we illustrate that the most significant contribution

o the galaxy assembly bias signal comes from centrals in low-mass
aloes, both for the LRGs and ELGs, but the satellite population has
 more noticeable effect on the two-halo term for the ELGs rather
han the LRGs. 

(iii) Similarly to previous analyses (Hadzhiyska et al. 2020 ,
021b ; Xu et al. 2021 ; Yuan et al. 2021 ; Delgado et al. 2022 ), we
how that the galaxy assembly bias gap can be closed by extrinsic halo
roperties (e.g. environment) rather than intrinsic ones (e.g. concen-
ration). Ho we v er, these analyses hav e mostly been concerned with
he red population of galaxies, while in this work we also add a blue
opulation (ELGs) into the mix. In Fig. 4 , we show that the models
nhanced with the halo property ‘environment’ still perform well
ith the two red samples, but ‘shear’-enhanced models are able to

eco v er the clustering on large scales for all samples we consider. We
onjecture that the galaxy formation process of the blue (ELG) sam-
le may be dependent on the presence of massive clusters nearby, to
hich the property ‘shear’ is more sensitive. This supports the idea of

wo-halo galaxy conformity on large scales explored also in Paper I.
e also see that the clustering of the blue (ELG) populations is more

ensitive to intrinsic halo properties than the red (LRG) populations.
(iv) We explored the effect of redefining two important halo

roperties, mass and radius, on the clustering of galaxies, by adopting
he physically intuitive ‘splashback’ correction through an empirical
elation proposed in Diemer ( 2020b ). We showed in Fig. 1 that the
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plashback radius at z = 1 is on average nearly 1.5 times larger
han the virial radius used in the rest of the paper. This finding has
mportant implications for assembly bias. In the case of LRGs, it
eads to a natural boost in the bias and in the one-halo to two-halo
ransition regime, which improves the agreement with the MTNG 

lustering data (see Fig. 6 ). 
(v) In Fig. 5 , we showed that there is slight impro v ement in

he two-halo term when we augment our halo occupation model 
ith tertiary assembly bias dependence. In particular, the model 

ombining ‘shear’ and ‘environment’ does exhibit slightly better 
greement with MTNG than each property separately. The finding 
hat including tertiary assembly bias is not an essential requirement 
or reconciling the two-halo term of LRGs is welcome news for
osmologists who use HOD models to analyse galaxy surv e y data,
ince it saves the need to include more free parameters. For ELGs,
t depends on the required accuracy and the available resources 
or the analysis whether a correction for tertiary assembly bias is
orthwhile. 
(vi) Extrinsic halo properties (environment, shear) play a role in 

educing the galaxy assembly bias signal, likely due to a combination 
f reasons, some of which are of astrophysical character and some 
f algorithmic. The algorithmic reasons involve issues such as 
ercolation of haloes with the FoF halo finder, which mostly affects 
he satellite occupation distribution, or how halo mass is defined, 
hich affects both the mean central and satellite occupations. The 

strophysical reasons are more difficult to pinpoint, but our tests 
rovide some hints for an environmental dependence of star forma- 
ion and for cooperative galaxy formation (see Paper I), which might 
nduce assembly bias in both the red and blue galaxy populations. 

(vii) Since real observations are done using the angular po- 
itions and redshifts of galaxies, we have studied the galaxy 
ssembly bias signal in redshift space through the quadrupole, 
� = 2 , which is sensitive to the peculiar velocity along the line 
f sight in addition to the true position of galaxies. Fig. 7
llustrates the assembly bias effect in redshift space. We con- 
rm that the ‘shear’-augmented models perform best in this 
ase. 

(viii) We have also explored a higher order statistics (Fig. 8 ) based
n nearest neighbour counts (defined in Section 2.4 ) and find that
he ‘shear’-augmented model, which was best at matching the two- 
oint clustering on large scales, exhibits a larger discrepancy than 
he ‘environment’-based model. This demonstrates that higher order 
tatistics supply additional information about assembly bias and can 
e used to break degeneracies between the halo model parameters, 
nd at the same time cautions that looking at two-point statistics
lone can be misleading. 

In this work and our companion paper (Paper I), we have suggested
ugmented HOD models that can reproduce the two-point galaxy 
lustering signals of a state-of-the-art hydrodynamical simulation of 
alaxy formation very well. We consider such models invaluable 
or the analysis of large galaxy surv e ys, and thus ultimately for
ttaining a profound understanding of the physics that go v erns 
ur Universe. While our work has focused on making the HOD 

redictions for two-point galaxy statistics more accurate, and in 
articular to account for assembly bias, we have also seen that 
igher order statistics may not necessarily be impro v ed in lock-step,
nd in fact could prefer different secondary or tertiary parmeters. 
t will be an interesting question left for future study whether 
xtensions of HOD models can perform as well for different 
igher order statistics as they now do for the standard two-point 
tatistics. 
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PPENDI X  A :  BI AS  A N D  

ROSS-CORRELATI ON  COEFFI CI ENT  

he galaxy autocorrelation function, ξ gg ( r ), is related to the matter
orrelation function, ξmm ( r ), through the real-space galaxy bias, ˜ b ( r),
n the following way: 

˜ 
 ( r) = 

[
ξgg ( r) 

ξmm 

( r) 

] 1 
2 

(A1) 

ne can furthermore study the cross-correlation coefficient ˜ r ( r)
hrough the galaxy-matter cross-correlation function, ξ gm ( r ), as
ollows, (Hayashi & White 2008 ; Desjacques, Jeong & Schmidt
018 ): 

˜  ( r ) = 

ξgm 

( r ) 

[ ξgg ( r ) ξmm 

( r )] 1 / 2 
. (A2) 

he equations abo v e are general and may be taken as definitions of
he scale-dependent galaxy bias ̃  b ( r) and cross-correlation coefficient
˜  ( r). We note that the quantity ̃  r ( r) in real space is not constrained to
e less than or equal to one. Ho we v er, one e xpects ˜ r ( r) to approach
nity on large scales, where the observed correlation should be
ourced from the gravity field of the total matter. Deviations from
ne show that the galaxy field does not perfectly trace the total
atter field, which warrants the employment of more sophisticated

alaxy–halo models than simple bias models. 
In Fig. A1 , we show the bias and cross-correlation coefficient for

he ‘high’-density ELG and LRG samples at z = 1 ( z = 0). We
ee that the bias on large scales of the LRGs is higher, around 2
1.4), than that of the ELGs around 1.5 (0.8), as expected, since the
RGs tend to live in more massive and therefore more biased haloes.
urthermore, the cross-correlation coefficient of the LRGs is close

o unity, ∼0.98, for 1 h −1 Mpc < r < 10 h −1 Mpc, suggesting that
he LRGs are better tracers of the total matter field than the ELGs,
hose cross-correlation coefficient is lower. Particularly interesting

s the low-redshift ELG sample, which is made up of the most star-
ursty galaxies (i.e. with highest sSFR) and appears to be strongly
ncorrelated with the matter field. This is because at z = 0 most
igh-density regions are quenched, and vigorous star formation takes
lace away from the highly biased cluster regions. This suggests that
LG formation and evolution processes are more affected by non-
ravitational physics, and thus one should proceed with caution when
eciding on the minimum scale, known as the ‘non-locality scale’,
hat can be modelled with bias models. Beyond r � 10 h −1 Mpc, the

easurement becomes noise-dominated. 
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Figure A1. Bias and correlation coefficient of the MTNG-extracted ‘high’- 
density ELG and LRG samples at z = 1 ( z = 0), with their bias being around 
1.5 (0.8) and 2 (1.4), respectively. We see that the cross-correlation coefficient 
of the LRGs is about 0.98 for 1 h −1 Mpc < r < 10 h −1 Mpc at both redshifts 
and becomes consistent with unity by r = 8 h −1 Mpc. On the other hand, the 
ELG cross-correlation coefficient exhibits larger deviations from unity, with 
the low-redshift sample being substantially less correlated with the matter 
field even at scales of several tens of megaparsecs. This suggests that the 
non-locality scale of ELGs is larger than that of LRGs, as ELGs are more 
affected by astrophysical phenomena. Thus, one should proceed with caution 
when applying bias models to that population, especially at low redshifts. 
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