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ABSTRACT: Supersymmetric localisation has led to several modern developments in the
study of integrated correlators in N' = 4 supersymmetric Yang-Mills (SYM) theory. In
particular, exact results have been derived for certain integrated four-point functions of
superconformal primary operators in the stress tensor multiplet which are valid for all
classical gauge groups, SU(N), SO(N), and USp(2N), and for all values of the complex
coupling, 7 = 0/(2m) + 4wi/ giM. In this work we extend this analysis and provide a
unified two-dimensional lattice sum representation valid for all simple gauge groups, in
particular for the exceptional series E, (with r = 6,7,8), Fy and G2. These expressions are
manifestly covariant under Goddard-Nuyts-Olive duality which for the cases of F; and Go
is given by particular Fuchsian groups. We show that the perturbation expansion of these
integrated correlators is universal in the sense that it can be written as a single function
of three parameters, called Vogel parameters, and a suitable 't Hooft-like coupling. To
obtain the perturbative expansion for the integrated correlator with a given gauge group
we simply need substituting in this single universal expression specific values for the Vogel
parameters. At the non-perturbative level we conjecture a formula for the one-instanton
Nekrasov partition function valid for all simple gauge groups and for general (2-deformation
background. We check that our expression reduces in various limits to known results and
that it produces, via supersymmetric localisation, the same one-instanton contribution to
the integrated correlator as the one derived from the lattice sum representation. Finally, we
consider the action of the hyperbolic Laplace operator with respect to 7 on the integrated
correlators with exceptional gauge groups and derive inhomogeneous Laplace equations
very similar to the ones previously obtained for classical gauge groups.
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1 Introduction and outline

In [1] certain integrated correlators of four superconformal primary operators of the stress
tensor multiplet in A/ = 4 supersymmetric Yang-Mills (SYM) theory with gauge group
G have been derived starting from the work of Pestun [2] on the N' = 2* SYM partition
function written in terms of the Nekrasov partition function [3]. Given that A/ = 2* SYM
theory reduces to N’ = 4 in the limit where m — 0, with m denoting the hypermultiplet
mass, we can determine various N’ = 4 quantities via supersymmetric localisation starting
from Pestun partition function, Zg(7,m), for N'=2* SYM on a four-sphere.
In particular we here consider the quantity
Ca(r) = EATGE,L log Zg(, m)‘ , (1.1)
4 m=0

where A, := 4720,0; denotes the laplacian on the hyperbolic plane parametrised by the
47
Iym
Yang-Mills coupling constant. In [1] it was shown that this expression (1.1) is proportional

complexified N = 4 coupling, 7 = 7 +imy 1= % +1i , with 6 the theta angle and g,,, the

to a four-point correlator whose insertion points, x;, are integrated over a measure factor
p(x1, ..., x4), schematically of the form

4
[ TLdzi plar,....21) ©a(@1) ... Onlaa)). (12)
=1



where Os(x) denotes the superconformal primary operator in the stress tensor supermul-
tiplet, which is in the 20’ of the SU(4) R-symmetry group. We refer to [1] for a precise
formulation of (1.2).

While for classical gauge groups, G = SU(N),SO(2N),SO(2N + 1), USp(2N), it is a
relatively easy task to extract from the localised partition function, Zg(7,m), the pertur-
bative expansion at weak coupling, 912/1\4 — 0, of the correlator for any value of N [4-6],
extracting the non-perturbative instanton contributions, which are contained in Nekrasov
partition function, is far more involved.

While for general gauge group we do not expect any simplification, in the case of
classical gauge groups, i.e. G = SU(N),SO(2N),SO(2N + 1), USp(2N), we have the extra
parameter, N, coming to the rescue. In these cases, the problem notably simplifies at large-
N and, as shown in [6-8], SL(2,Z) Montonen-Olive duality [9] (also known as S-duality)
constraints the coefficients in the perturbative 1/N expansion at fixed 7 to be sums of
non-holomorphic, modular invariant Eisenstein series with half-integer index.

Surprisingly, in a series of papers [10-12] an exact and modular covariant expression
was conjectured and then proven for the integrated correlator (1.1) with any classical gauge
group and finite 7.! In the present work, we revisit such results and show that for all simple
gauge groups, classical and exceptional, the integrated correlator (1.1) can be expressed
for all values of 7 via the exceptionally simple formula

Co(r)= 3. / [ Y By(t) + e Y By (1) it (1.3)
0

(m,n)€Z?
where we have defined the quantity

2
Youn(r) 1= w0 (1.4)
T2
Since the correlator (1.1) relates to a four-point function of local operators, it is really
only sensitive to the simple Lie algebra, g, corresponding to the simple gauge group G, and
its Goddard-Nuyts-Olive or Langlands dual “g, i.e. we are not sensitive to global aspects of
G and 'G. In particular the quantity ny appearing in (1.3) denotes the ratio between the

length square of the long and short roots of g. The “Borel transform”, By(t), is a rational

Qq(t)
(t+ 1)2hV+17
where h" is the dual Coxeter number of the Lie algebra g, while Qq(t) is a degree 2hY — 1

function of the form

By(t) = (1.5)

polynomial without constant term and with the “palindromic” property Qq(t) =12""Qq4(t~1).
For simply laced groups G = SU(N), SO(2N), Eg,7s the correlators are expected to
be invariant under the SL(2,Z) action

ab
cd

ar+b
ct +d

Ty T = with v = ( ) € SL(2,Z), (1.6)

!See [13] for a recent review, as well as [14, 15] for the extension to higher-point maximal U(1)y-violating
correlators and [16-19] for the generalisation to integrated four-point correlators involving operators with
higher conformal dimensions and [20] for integrated two-point functions of superconformal primaries of the
stress-energy tensor multiplet in the presence of a half-BPS line defect.



which is a consequence of Montonen-Olive duality. In these cases, we have ny = 1 and
g ="g so that

By(t) = Bry(t) for g = {sun, s09N, ¢6, €7, €8}, (1.7)

and equation (1.3) is manifestly invariant under SL(2,7Z).

For non-simply laced groups we have to distinguish between the classical cases G =
SO(2N+1), USp(2N) and the exceptional cases G = Fy, Ga. Starting with G = SO(2N+1),
USp(2N), we have that ny = 2 so that the integrated correlator (1.3) is only invariant under
the congruence subgroup I'g(2) C SL(2,7Z).2
and sp,y are Langlands duals to each others we have [12]

Bsoyy 1 (t) = Brgy, (1), Bgp, () = Brgoynis (t), (1.8)

which make Goddard-Nuyts-Olive (GNO) duality [21] of (1.3) manifest.
The remaining exceptional groups G = Fy and Go are Langlands self-dual hence we

Furthermore, since the Lie algebras soon1

have
By, (t) = By, (t), By, (t) = By, (t). (1.9)

Furthermore, for these exceptional cases the integrated correlators (1.3) result invariant
under the Hecke triangle group (particular instance of Fricke group) I'(2,2n ,00), Where
ng = 2 for G = Fy and ng = 3 for G = Ga. For ng = 2,3 the group I'g2n, o) IS an
infinite discrete subgroup of SL(2,R) not isomorphic to SL(2,Z) which extends the mani-
fest T'o(ng) symmetry of (1.3) and reproduces the expected Goddard-Nuyts-Olive (GNO)
duality groups [22-25] for the non-simply laced exceptional gauge-groups G = Fy and Ga.

A first consequence of our analysis concerns the small-coupling expansion, giM — 0
of the integrated correlator (1.1). We show that such perturbative integrated correlators
in N/ = 4 SYM are universal in the sense of Vogel universal Lie algebra [26, 27]. From
a mathematical point of view a universal Lie algebra can be seen as a certain tensor
category with a moduli space, usually named Vogel plane, given by the quotient space
P2 /&3 of a three-dimensional projective plane with projective coordinates («, 3,7), called
Vogel parameters, quotiented by the action of the symmetric group &3 on («, 3,7). All
simple Lie algebras arise as special points on the Vogel plane and we define universal
quantities as analytic, in the present case rational, functions on the Vogel plane. With a
suitable (and universal) definition of the appropriate Yang-Mills coupling we show that the
weak coupling expansion of (1.1) is a universal quantity.

We then move to non-perturbative consequences of our result (1.3). While it is rather
straightforward to extract the Yang-Mills instanton contributions from the conjectural
expression (1.3), matching such terms against supersymmetric localisation turns out to
be rather hard. From the supersymmetric localisation point of view, instantons correc-
tions are fully captured by Nekrasov partition function which for classical gauge groups
can be derived from an ADHM construction of the instanton moduli space [3] or alterna-
tively by exploiting the modular anomaly equation satisfied by the prepotential of N' = 2*
SYM [28-30].

*The elements of the congruence subgroup I'o(r) are given by v = (¢ %) € SL(2,Z) with ¢ = 0 (mod ).



Neither of these constructions is available for the exceptional groups G = Fjy, Gs.
Heavily relying on the results of [28-30], we conjecture a very compact formula for the one-
instanton Nekrasov partition function which depends solely on the roots of the associated
Lie algebra. Our conjectural expression reproduces previous results derived in [29] for N =
2* SYM with a non-simply laced gauge group in absence of {2-deformation. Furthermore
in the hypermultiplet decoupling limit, m — oo, where N/ = 2* SYM reduces to pure
N = 2 SYM theory, we find that our conjectural expression reproduces correctly the
one-instanton partition function obtained in [31] for pure N' = 2 SYM on a non-trivial
Q-deformation background. Finally, with this candidate exceptional Nekrasov partition
function we compute from supersymmetric localisation the one-instanton contribution to
the integrated correlator (1.1) which matches beautifully with the conjectural exact lattice
sum expression (1.3), thus strengthening our claims.

Lastly, it was proven in [12] that for all classical gauge groups the integrated correlators
satisfy Laplace-difference equations that generalise the equation satisfied in the SU(N) case
originally discovered in [10, 11]. A striking consequence of such equations is that, given the
initial condition Cgy(1)(7) = 0, all correlators Cg(7) for any classical gauge group, G, are
uniquely determined in terms of Cgy(g) (7). Although we did not manage to find a universal
Laplace difference formula, we show that similar inhomogeneous Laplace equations are
obeyed in the case of exceptional gauge groups as well. For all simple groups G the
integrated correlator Cg(7) is uniquely determined in terms of Csy(a) (7).

1.1 Outline

We start section 2 with a brief review of how the integrated correlator, C¢, defined in (1.1)
can be computed by taking derivatives of the supersymmetric localised partition function
of N'=2* SYM on §* in the limit m — 0. Firstly, we compute the perturbation expansion,
giM — 0, of the integrated correlator where Yang-Mills instantons are suppressed. We show
that such a perturbative series can be written for a universal N' = 4 gauge theory rather
than for each specific and concrete example of gauge group G. Order by order in a suitable
universal ‘t Hooft-like coupling, we find simple coefficients given by rational functions on
the Vogel plane, which reduce to known expressions when we specialise to points on the
Vogel plane corresponding to all classical Lie algebras.

We then review how to derive, using Nekrasov partition function [3], the contribution
to (1.1) coming from G = SU(N) Yang-Mills instantons and how this can be generalised
to arbitrary classical gauge groups [28, 29]. Based on the results of [28-30], we propose
a simple expression for the one-instanton Nekrasov partition function on a non-trivial §2-
deformation background which is valid for an arbitrary gauge group and depends only on
the roots of the associated Lie algebra. Our conjectural formula is shown to reproduce
known results when we specialise it to the flat-space case, i.e. in absence of €2-deformation,
and in the hypermultiplet decoupling limit, m — oo, where N' = 2* reduces to pure
N =2 SYM.

In section 3, we conjecture the exact non-perturbative expression for the integrated
correlator, Cg(7), with arbitrary simple gauge group, G, given as the two-dimensional
lattice sum in (1.3). We briefly review GNO duality for N’ = 4 SYM with arbitrary simple



gauge group G. In particular, we show that, while (1.3) is manifestly SL(2,Z) invariant
under GNO duality for G = FEjg 75, in the exceptional cases G = Fy, G it is invariant under
the respective GNO duality Hecke groups. Furthermore, for the novel cases of exceptional
gauge groups G = FEg, Fy and G2, we show that this formula reproduces the expected
perturbative expansion previously discussed and matches at the one-instanton level with
the supersymmetric localisation results obtained from our conjectural exceptional Nekrasov
partition function.

We then consider in section 4 the action of the hyperbolic laplacian on the exact
integrated correlator (1.3). We show that in the cases where G is exceptional the integrated
correlator satisfies inhomogeneous Laplace equations similar to the ones discovered in [10—-
12] for all classical gauge groups. Even for exceptional groups, G, the integrated correlator
Cc(7) is uniquely determined in terms of Cgy2)(7). We conclude in section 5 with a
summary of these results and of possible future directions.

2 Integrated correlators for general simple groups

The starting point of our analysis is the S* partition function, Zg(m, 1), of N' = 2* SYM
with gauge group G determined in [2] by Pestun using supersymmetric localisation and

given by
1 ~ 5 (wa)e X
ZGOnJOF:ﬁfj/UG&Ue o 28 (s @) | 25 (m, 7 )| da
G
= (Z&" (m; )| 28 (m, 73 0) P e (2.1)

where the integration variable, a, runs over the r-dimensional Cartan subalgebra of G,
vg(a) is the Vandermonde determinant associated with the group G:

vl = ] o) = T[ (a-a?. (2.2
acA aEAT

where A denotes the complete set of roots for G, while A* denotes only the positive roots
of G. In our normalisation the Killing form (a,a)q is given by

(a,a)q :=ng Z a% , (2.3)
i=1

where for future reference it is convenient to define the ratio

o |Oélong’2

Ng :=
g |O‘short|2 ’

(2.4)

with |cuong|? and |agnort|? denoting respectively the length square of the long and short
roots of g. In particular we have

Nng = 17 g:{EUN,gozN, €6, €7, 68}7
Ng = 27 g= {502N+17 5PoN, f4}7 (25)
ng =3, 9=02,



which can be easily checked from the standard root systems summary presented in ap-

pendix A.
The normalisation factor Ng is given by
87r2 < >
———(a,a)q
Ng = /Ug(a)e S da. (2.6)
The matrix model expectation value of a general function F'(a) is defined by
1 - 87'r <a’7a>G r
(Fla))g = —— / va(a)e o Fla)da, 2.7)
Na

so that, with the given definition for Mg above, we have (1)g = 1.
The perturbative contribution to the partition function is one-loop exact and is given
by the classical action factor
872
eXp < - T<a7 a>G> ) (28)
YM

multiplied by the one-loop determinant

1 H(a-a)

aeA [H(a-a+m)H(a-a—m)]
1 H(a-a)?

“a@er W ae e (2.9)

dert(m; a) =

=

The even function H(z) is given by H(z) := e~ (4= G(1 4 iz) G(1 — iz), where G(z) is
Barnes G-function and v is Kuler constant.
The factor |Zt> = Z&st Zinst in (2.1) is the contribution from Nekrasov partition

function which encapsulates the non-perturbative effects coming from instantons and anti-

instantons localised at the north and south poles of S*. While this factor is not known
in full generality for arbitrary group, G, we will provide in the next section a conjectural
expression at the one-instanton level valid for all simple gauge groups.

We now use these results to compute the quantity of interest,

1
Co(r) = ;A7 log Zg(r,m) ’m:o : (2.10)

which, as already mentioned, was shown in [1] to reproduce the correlator of four supercon-
formal primary operators of the stress tensor supermultiplet integrated over their positions
with a specific measure that maintains supersymmetry.

To derive a useful expression for C(7) from the localised partition function (2.1), we
first perform a Fourier mode decomposition with respect to 71 = 6/(27) and write

Ca(r) =€ (m +Z( 2k 08 (ry) + 72 0N (1)) (2.11)

We can then easily separate our analysis into perturbative and instanton contributions
since

0% log Zg| _ = 0% log Z&| _ + 0% log Z5t| (2.12)

=0



where each contribution can be expressed as an expectation value in a gaussian matrix
model,

02 log ZE™| = (02 25| e, (2.13)
02 log 25|,y = (ORI 28|, o = (0% (28 + 237 |, o) (2.14)

using that Zg“t(m = 0,7;a) = 1 and the fact that both de” and Zg”t are even functions
of m.

From the Fourier mode decomposition (2.11) we then see that the k = 0 term is the
purely perturbative contribution,

er 1 er
CE" (72) 1= Cg () = 47302, 07, log 28"

: (2.15)

m=0

while the k& # 0 terms are the instanton and anti-instanton contributions,

: 1 ,
Cast(r) = EAT 92, log ng”t

Z ( QﬂszC )+ 67271'1'197' Cé_k) (7.2)) ) (216)

Since the integrated correlator is real it follows that the k-instanton and k-anti-instanton
contributions are identical, i.e. Cg ) (1) = C(G_k) (12). We will come back to the instanton
sectors in section 2.2 where we discuss how these can be computed in supersymmetric
localisation using Nekrasov partition function and presently focus on rewriting the Fourier
zero-mode sector.

Given the expression for the one loop determinant (2.9), we see that the perturbative

part of the integrated correlator is entirely captured by

Oplog Z&™|, o = 0n 28" | _g)a = (2 D K'(a-a)a, (2.17)

m
aeAT

where we defined

H'(z)
K = — . 2.1
()=~ (218)
From the known [32] integral representation for K'(z),
K,(Z) . /OO 2w[cos(2wz i 2k + 1 C ( 1)k+122k (2 19)
— 0 Slnh2 P 2k+1 3 .
we arrive at
(o]
92, logZperlt (2 Z K'(a-a) Z (2k + 1)Copy1(— )k+1< Z (a-a)2k>g,
acAt k=1 aceAt
(2.20)

where the gaussian matrix model expectation value, (...)q, is defined by (2.7) and can be
easily computed order by order in the above expansion for any simple Lie algebra using
the data provided in appendix A.



Type | Lie algebra g dim g hY Lie Algebra g Q@ B y
An SUN11 N(N+2) | N+1 SN -2 2 N
By S0aN 41 N@2N +1) | 2N —1 S0oN 41 2 | 4 | 2N-3
Cn Py N(@2N+1) | N+1 509N -2 4 2N —4
Dy 509N N(2N —1) | 2N -2 50, -2 4 n—4
Ee ¢ 78 12 P 2| 1 | N+2
E; er 133 18 es —2 6 8
FEyg es 248 30 e7 -2 8 12
Fy fa 52 9 es -2 12 20
Gy g2 14 4 f4 -2 5 6
Table 1(a). Data for simple Lie algebras. 92 -2 | 2 s

Table 1(b). Vogel parameters for simple
Lie algebras.

2.1 Universal perturbative expansion

Before discussing the universal nature of N' = 4 perturbative expansion, we briefly review
the notion of Vogel universal Lie algebra.

In [27] Vogel, motivated by knot theory, defined a certain tensor category to try and
construct a category of modules over a general Lie algebra, thus intended to be a model for
a universal Lie algebra. Given g a complex simple Lie algebra, Vogel considered the sym-
metric square of the adjoint representation, S?g, which decomposes into three irreducible
representations. Fixing a particular choice of invariant bilinear form on g and denoting by
2t the Casimir eigenvalue of the adjoint representation, we then have that each of these
modules have Casimir eigenvalues 4t — 2a, 4t — 23,4t — 2, which can be taken as the
definition for Vogel parameters (a, 3,7).

Given that the choice of an invariant bilinear form on a simple Lie algebra is unique up
to scalar multiples, we are naturally led to considering (o, 3,7) as projective coordinates.
This leads to the notion of Vogel plane, which is defined as the quotient space P?/&3 with
coordinates precisely given by «, 3,7, i.e.

(o, B,7) ~ (ko kB, k) ~ p(a, B,7), (2.21)

with k& # 0 and for all permutations p € Ss.

Vogel showed that many Lie algebraic quantities, like the dimensions of such modules,
are universal in that they can be expressed as analytic functions on the Vogel plane, i.e.
as projective and permutations invariant functions of «, 3,7y. Just to present two easy
examples, for the quadratic Casimir eigenvalue we have

t=a+p+7, (2.22)

and for the dimension of g (or equivalently the dimension of the adjoint representation) we

(a—2t)(8 —2t)(y — 2t)
afy

have

dimg =

. (2.23)



Once we have a universal expression for a certain quantity, its particular value for
a given simple Lie algebra can be obtained by working at a specific point on the Vogel
plane. Choosing what is called “minimal bilinear form” normalisation where a@ = —2,
we present in table 1(b) the special points in Vogel plane corresponding to all simple
Lie algebras. If we substitute the Vogel plane points presented in table 1(b) into the
universal expressions (2.22)—(2.23), it is rather easy to see that in this normalisation we
have t = a+ B+~ = h", with hY the dual Coxeter number of g and that the dimension of
g is correctly reproduced for all Lie algebras, as presented in table 1(a).

Equations (2.22)—(2.23) are the first examples of universal formulae in the study of
simple Lie algebras, while several more universal quantities have been found in the liter-
ature, see for instance [33-38]. Importantly, the notion of universal Lie algebra has been
applied to gauge-invariant quantities in gauge theories.

In particular in [39, 40] it was shown that for Chern-Simons theory on a 3-sphere the
central charge, the partition function, and the expectation value of the unknotted Wilson
loop in the adjoint representation can all be expressed as universal quantities, i.e. for
a universal Chern-simons theory. This constitutes a fruitful playground for establishing
and investigating dualities between theories, such as the Chern-Simons/topological strings
duality [41] and more general level /rank dualities.

We will now show that a similar phenomenon takes place when discussing the pertur-
bative expansion for the N' = 4 integrated correlators as defined in (2.15). Similar to what
happens in universal Chern-Simons theory, we start by considering the original localised
on-shell action appearing in (2.8) and given by

2
82i<a, a)g -
gYM
In order to define a universal perturbative expansion for the integrated correlator we should
not be fixing any particular choice for invariant bilinear form (a, a)g on a simple Lie algebra
g, thus impliying that the coupling constant gaM is not quite a good universal quantity,
since under a rescaling of invariant bilinear form, i.e. under t = a + 8 + v — kt, 931\4 has
to change accordingly as to leave the action invariant.
We conclude that the universal ' = 4 SYM theory must depend on the quotient
moduli space P3 /&3 parametrised by the four coordinates

(950,00, B,7) ~ (kg2 ko, kB, ky) ~ (952, plev, B,7)) (2.24)

with & # 0 and where the symmetric group, p € &3, acts only on (o, 3,7). Let us work
from now on in the minimal bilinear form normalisation convention presented in table 1(b).
To obtain a universal perturbation expansion we are then led to introduce a modified 't
Hooft coupling

t hY

_ 2 _ 2
g - 47T2gY1v! - @QYM ) (2‘25)

where hY is again the dual Coxeter number, presented in universal form in (2.22).



Another important universal quantity to introduce is the central charge (or conformal
anomaly) of N =4 SYM with gauge algebra g, which is given by

_ dimg
==

where dim g denotes the dimension of the Lie algebra, or equivalently the dimension of the

Cgt (2.26)

adjoint representation given by the universal expression (2.23).

Both the modified 't Hooft coupling a4 (unlike gf,M) and the central charge ¢y are indeed
universal functions defined on the quotient moduli space P3/&s3, i.e. they are invariant
under rescaling (g;}i, a, B,7) ~ (kg;}i,ka, kB, k7), with k # 0, and under permutations of
(o, B,7)-

If we compute the perturbation expansion (2.15) for the N' =4 SYM integrated corre-
lators expressed as a power series in the modified 't Hooft coupling, a4, we find the universal
perturbative expansion

Cgert(Tz) —
LI 755 a; N 735 (7 a 6615 (1+ Py(g)) ag . 114345 ¢11 (1 + Ps(g)) a)
a1 2 8 16 32 128
3864861 (13 (1 + P, al  32207175Ci5 (1 + P al
B 13 ( 6(9)) ag N C15 ( 7(9)) ag L0 (ag) ’ (2.27)
1024 2048

where the “non-planar” factors P;(g) = P;(«a, 3,7) are universal functions on Vogel plane
P?/&3, i.e.

Pi(g) = Pi(a, B,7) = Pi(ka, kB, kv) = Pi(p(a, B,7))
for all £ # 0 and for all permutations p € Gs.

Remarkably, if we assume that P;(«a, 8,7) is a permutation invariant, rational function
of the projective Vogel parameters with denominator given by #*~!, or equivalently (hv)i_1
(as suggested by the SO(n) results derived in [12]) then the SU(N) and SO(2N) perturba-
tion expansions uniquely fix P;(«, 3,7) for all i« < 9. If we furthermore input as well the
G2 and F perturbative series, we can uniquely fix the coefficients P;(«, 8,7) up to i < 12.

For the first few orders we explicitly find

Pi(g) = P2(g) = P3(g) =0,
20% — 30109 + 03

P4(g) = - ;
8403
7 203 — 30109 + 03
P5(g) = 5 Pa(g) = —— : (2.28)
2 24073
960? — 1450%02 + 510%03 — 30103 + o903
PG(g) - = 528 5 )
o1
Pr(a) —107760% + 162010f09 — 61710503 + 12450303 — 54100903 + 4203
7(9) = :
3432009
where
o i=t=a+B+7, oy =02+ B +47, o3 :=a’+ 5 +9%. (229)

~10 -



Note that each coefficient, P;(g), is indeed defined on the projective and permutation
symmetric Vogel parameters. In appendix B we present all P;(«, 3,v) up to ¢ < 12 and
furthermore rewrite all of these terms in the alternative basis of symmetric polynomials in
3-variables,

t=a+p+7, s:=af+ay+f, pi=apy. (2.30)

As argued in [12], the reason for referring to the factors P;(g) as “non-planar” is that
in the cases corresponding to classical gauge groups, g € {suy,s02n,502n11,5Poy }, these
non-trivial factors, appearing from four loops onward,® are suppressed in 1/N at large-NV.

It is straightforward to show that if we substitute the Vogel parameters reported in
table 1(b) for the classical Lie algebras, g € {suy,$0on,502N+1,5Pan }, in the universal
non-planar corrections (2.28), we reproduce exactly the results of [12]. For concreteness
we have:

o SU(N), Vogel parameters (o, 8,7)suy = (—2,2,N):

2 1
Py(sun) =~ Ps(sun) = w3 »
2.31
25N + 4 605N + 332 (2:31)
Ps(suy) = N Pr(suy) = BNt

Remembering that the universal NN = 4 SYM is defined by the coordinates
(952, @, 3,7) on the quotient moduli space P?/S3, we see that for su,, we have

= (9;1\2/[’_2727]\[)7

SUn

(9,2, 0, 3,7)

which is equivalent to

:(_g;;a_2v2a —N):(—g;f{,a,ﬁ,*y)

SUnN

N(_g;]aa _ﬁv -G, _’7)

SUn

(9,20, 8,7)

SUu_nN

We have thus re-obtained the formal equivalence su_n = suy for which the correlator
is invariant if we furthermore implement the rescaling 931\4 > —giM so that

= daunlgz

ou—n |_93/M

¢ SO(n)* with n = 2N or n = 2N + 1: Vogel parameters (c, 3,7)so, = (—2,4,n — 4)

n? — 14n + 32 n? — 14n + 32
Py(s0,,) = —W, Ps(s0,,) = —W )
12nt — 221n3 + 1158n2 — 2432n + 1856
P6(50n) = - 22(n — 2)5 ) (232)
P _2(342n° — 7217n* — 48841n° — 153938n? 4 239232n — 149920)
r(son) = = 715(n — 2)0 '

3In [12] the authors denoted the first non-trivial non-planar correction coefficient by Pi(g) rather than
the current convention Py(g). We find it more convenient for later purposes, to start our counting from
O(agq) and denote by Pi(g) the corresponding (and vanishing) non-planar correction.

*We noticed a typo in equation (2.8) of [12] where the denominator of Ps(50,) (Pso(n),2 in the reference)
is off by a factor of two.
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o USp(n) with n = 2N, Vogel parameters (c, 5, 7)sp, = (—2, 1, ”TH):

n? + 14n + 32 n? + 14n + 32
Palopn) = 6oy Plemn) =50 g
12n* 4 221n® + 1158n? + 2432n + 1856
Ps(spn) = 22(n 1 2)5 , (2.33)
Pr(sp,) = 2(342n° + 7217n* + 48841n° + 153938n? 4 239232n + 149920)
7(8Py) = 715(n + 2)6 '

Once more, we can exploit the universality of A' = 4 SYM by using P?/&3 coordinates
(g;ff ,a, B,7) and consider the special points on the extended Vogel plane

- _ _ _ n+4
(gyﬂ247a7/8afy) so,, = (gyj7_2747n_ 4) ’ (gnglva7677)’sp = (gngjv_2717 2) .
(2.34)
We then have the equivalence,
-2
—2 9w B @ 7 2 \—1 ‘”+4>
O S < VA =((2 2.1
(gYMva>ﬁa’7) S0, < 9 ' 97 9o 2) so, (( QYM) y T4y Ly 2
= ((729)2/]”)_1’0‘753’7) o )

manifesting the formal equality so,, = sp_,, when we combine it with the coupling constant
change g2,, > —2¢%,, as to preserve

a =a .
2on ‘Q%M P-nl-2¢3,,

Finally, we note that equation (2.27), can be seen as a modified generating series for

(D (a-a)®),

aEA+

the expectation values

as one can see from equation (2.20). To clarify the statement, we first notice that for
SU(N) we have ag, = A/(47%) with A := Ng2 the standard ’t Hooft coupling. For
SU(N) the leading order in the large-N limit can be easily obtained [11] by setting to
zero all non-planar corrections, Py(suy) = O(N™!), so that (2.27) reduces to the leading
genus-zero planar correction Cg)[}()\),

00 k
pert n2e® oy 2 s (CHMIT(E A+ 5)? ( h )
CSU(N)(Tz) N-Cg;(\) = N kzzjl ATk + 3) C2k+1 yrs) (2.35)

() B () T () () o).

We can then combine this planar limit result with the supersymmetric localisation for-

mula (2.20), to write a somewhat explicit expression for the general non-planar corrections
factors Px(g),

w(k 'k
dim(g) [1 + Pk(g)] = Jk+1 é(;f)%);(;_f)g

)Azk(g), ke N0, (2.36)
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where we defined

Ar(g) = (D (a-a)")c

aEA

= /\/|1/UG(CL) e~ (@a)a [Z(a ) a)k] d'a. (2.37)
ag=1 Glag=1

aEA

Note that Ag(g) = |A| is simply the number of roots for the algebra g, however this term
does not contribute to our perturbative expansion (2.27) since it is killed by the action of
7302,. Furthermore, from (2.37) it is clear that Asg41(g) = 0 while we can check by direct
calculation that

_ dim(g)

Ag)=—5—,  Aalg)

_5 dim(g)

_ 35dim(g)
g B '

32

As(9) (2.38)

By plugging these expressions in (2.36) we find that the first three “non-planar” corrections
are indeed vanishing, i.e. Py(g) =0 for £k = 1,2, 3.
The non-planar corrections are thus all encoded in the generating series,
zk 1

Alg;z) == I;)Ak(g) o m /UG(G) e—2h{a.a)a Z [exp(za-a)]da. (2.39)

a€A

Even with the plethora of high-order corrections reported in appendix B, we did not suc-
ceed in evaluating this generating series in closed form. Of course there are infinitely many
generating series which one may construct from the coefficients (2.37), however, our par-
ticular choice seems “nice enough” to hopefully lead to an exact and universal formula for
A(g;z) and thus for the whole perturbative expansion (2.27) via (2.36).

2.2 Nekrasov partition function

We now turn our attention to the Yang-Mills instanton sector. As already discussed in [12],
the instanton contributions to Cg can be evaluated from

) 1 ;
Cq(r) = 1 0r 25" (m,7)| (2.40)

?
m—0
where Z&t(m, 1) is the N' = 2* SYM instanton partition function, which can be com-
puted by a matrix model integral over the variables a; of the Nekrasov partition function
ZgLSt(m,T; a;).

Given the Fourier mode decomposition (2.16), we can furthermore specify directly the
k-instanton contribution,

, 1 .
p2mikT Cgf) (r2) = ZAT<651 Zgzst,k‘ Ve (2.41)

m=0
where the k-instanton Nekrasov partition function takes the form:
ZgSt’k(m, Tia) = e27rikTZlC€;(m; a), (2.42)

and we have assumed without loss of generality that k > 0, since the anti-instanton sector

is simply given by C(Gfk)(Tz) = Cg) (12)-
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For example, the case G = SU(N) was derived in [2, 3, 42] and the one-instanton
Nekrasov partition function for A" = 2* SYM on S* is given by

—a; +1i)> —m?
it —m? u aﬂ 2.43
SU( )( " ;UI;IZ (ar —aj)(ag — aj + 2i) ( )

Although not manifest in our notation, we stress that Nekrasov partition function here

considered, Zé, refers to N’ = 2* SYM theory defined on a four-sphere, hence Z’é really
denotes Nekrasov partition function computed in a non-trivial 2-deformation background
corresponding to S%. In [3, 42], a formula for Z§U( N) in a general ()-deformation back-
ground, parametrised by €1, €2, was derived starting from the ADHM construction of the
moduli space of SU(N) instantons, and therefore generalisable to the other classical cases
G = SO(2N), SO(2N + 1) and USp(2N) [28, 29]. The four-sphere partition function can
then be recovered as the special case €1 = €5 = 1.

However, for exceptional gauge groups an ADHM construction of the instanton moduli
space is not available and for these cases the method of equivariant localization cannot be
applied to evaluate the instanton partition function. An alternative procedure was derived
n [28-30], by exploiting the modular anomaly equation satisfied by the prepotential of
N = 2* SYM. In particular, by solving this anomaly equation order by order in a small-
mass expansion, expressions for the instanton prepotential were found in terms of modular
forms of 7 and of functions of the root system of g, allowing for a unified treatment of
all Lie algebras. Specifically, for one-instanton contributions these expressions drastically
simplify leading to very compact formulae which depend solely on the roots of the gauge
algebras.

In [28] an expression for one-instanton contributions with simply laced algebras (ADE)
was derived in a general Q-deformation background, whereas in [29] non-simply laced al-
gebras were considered and a one-instanton formula was explicitly found only in the unde-
formed gauge theory, i.e. only for flat space. We now review the results obtained in the case
of ADE groups and then build on the analysis of [28-30] to conjecture an expression for the
one-instanton Nekrasov partition function in a non-trivial {2-deformation background and
valid for general gauge group G, in particular filling the gap for the previously unknown
cases of G9 and Fjy.

Notation: not to clutter our notation, for the rest of this section we drop the index
G from the k-instanton Nekrasov partition function, Zg, and replace it in favour of an
explicit dependence on the particular 2-deformation background considered. In particular,
ZH@ denotes the flat-space, i.e. with Q-deformation parameters ¢; = e3 = 0, k-instanton
Nekrasov partition function in N/ = 2* SYM, while Zfl denotes the k-instanton Nekrasov
partition function for generic €1, ey 2-deformation background. Lastly, 2§4 denotes the
sought-after k-instanton Nekrasov partition function on S%, i.e. for €} = €3 = 1.

Given a simple Lie group G, we denote by A the associated root system and by Ar,
the long roots, furthermore for any root o € A we define the set

Ala):={BeA]| (- 8) =1}, (2.44)
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with 5
V= . (2.45)

(- )

Following [28-30], we then define the auxiliary function

1 x
G(z,e5a) == > CIICIET 11 (1+B-a)’ (2.46)

aEA],

which is a polynomial in x of degree 2h" — 4.

Relying heavily and building on the analysis of [28-30], we conjecture that the one-
instanton Nekrasov partition function for a general simple Lie group G and for generic
)-deformation background, €1, €9, is given by

5=V (m:a) = — 1 2 € 2 €
6 (m;a) = m m + €1€2 (2.47)
2€1€9 4 4

o R (R CA e
2 olgt ) el o) \ag ) Glneiie

with € := €; + €2 and where &,(z) are Euler polynomials which can be easily constructed

)

=0

from the generating series
2e*t > t"
S ZOE"(‘T)H (2.48)
n=

To justify our claim we now proceed to specialise equation (2.47) to particular limiting
cases as to reproduce known results in the literature. Firstly we can easily compute the
flat-space limit, €, €2 — 0, for which equation (2.47) reduces to

- mA 2hY —4 m2n 9 2n mi
Zns (mja) = ——— (> G(x,e;ia)| _ =——-G(m,e=0;1ia
R ( ) €1€9 7;) (271)' 8.2? ( ) 251_:062:0 €1€2 ( )
m* 1 ( m
€1€2 aezA:L (a-ia)? /BGI;I(a) B-ia

We note that in the special case €, = e2 = 0 the function G(z,e=0;a) becomes an even
polynomial in z given that from (2.46) it is manifest that we have contributions from both
B € A(a) and -8 € A(-«) since clearly o € Ay, if and only if -a € Ap.

When G is non-simply laced, this expression (2.49) reproduces precisely the results de-
rived® in [29] for the one-instanton partition function in the flat-space N' = 2* undeformed
theory. While for G simply laced, we firstly note that in this case Ay = A, i.e. all roots are
“long”, and secondly we can easily check that (a-a) = 2 using the Lie algebras conventions
summarised in appendix A. Hence for G simply laced (2.49) can be rewritten as

25N (mya) = — m 3 ! 11 <1 v ) (2.50)
’ (a-ia)? B-ia)’

€1€2 en (a-B)=1

5The factor of ¢ multiplying a stems from a different convention in the parametrisation of the Cartan
subalgebra. To properly compare with [28—-30] we need to perform the replacement @there = #Ghere.
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which again reproduces identically the results of [28] for the one-instanton partition function
of flat-space N' = 2* SYM with ADE gauge group.

Moreover as a second independent check, we can consider (2.47) in the limit m — oo
where the hypermultiplet of N = 2* becomes infinitely massive thus decoupling from the
theory which then reduces to pure N'= 2 SYM. To properly recover pure N' = 2 SYM, we
need to consider the double scaling limit m — oo and simultaneously ¢ = €2™" — 0 while
the N' = 2 SYM strong coupling scale A% = m? exp(%’{#) is kept fixed.% In this limit we
find that (2.47) reduces to

2mirt Sk=1 1 omir, onv [ O S

. T k= . _ . T i -

lim {e VA (mﬂ)} i W}l_r}réo le m <8:L’) G(z,€e;ia) 120]
AR 1 1
cez X (a-ia)(a-ia+e€) BeA(a) B -ia

thus confirming that the conjectural expression (2.47) correctly reduces to the formula
for the one-instanton partition function of pure N' = 2 SYM theory derived in [31] from
coherent states of W-algebras.

Finally, for the purpose of computing the instanton corrections to the integrated cor-
relator (1.1), we want to specialise (2.47) to the four-sphere case, reproduced by an Q-
deformation background where ¢ = €2 = 1 and € = €1 + e = 2. It is then straightforward
to derive from (2.47)

R )| =Y gn<> () Gz, = 2:ia)

2.52
m=0 n! 2/ \ 0z ( )

n=0 z=0

We will shortly see that the one-instanton contribution to the integrated correlator com-
puted from this expression agrees with the predictions we will derive and which are based
entirely on GNO duality and perturbative data, thus strengthening our claim that (2.47)
is the general one-instanton Nekrasov partition function.

We now discuss separately the simply laced ADE groups and the non-simply laced
groups and the consequences of the conjectural expression (2.52) for the one-instanton
contributions to the integrated correlator (1.1).

Simply laced gauge groups (ADE). Let us restrict our attention to the case where
G is a simply laced group, i.e. G = SU(N), SO(2N) and Eg7g. As already mentioned,
we now have Ay = A, i.e. all roots are “long”, and since for all roots o € A we have
(- ) =2, the set A(«) defined in (2.44) reduces to

Ala) ={BeA|(a-p) =1}, (2.53)
so that the auxiliary function G(z,€;a) can be written as
1 x
G(z,e5a) = Z H (1 + ) . (2.54)
aeA(a-a)(a-a—i—e)(a.m:l B-a

5We note that the factor h" at exponent is precisely the one-loop A-function coefficient for pure N = 2

SYM with gauge group G. The strong-coupling scale definition A? = m? exp(Q}f@T) is then the usual

renormalisation-group flow definition for the mass-gap.
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With these considerations, it is easy to see that in the ADE case the conjectural expres-
sion (2.47) is not new and it reduces to the results derived in [28].

Note that, while for Eg7g there is no ADHM construction for the instanton mod-
uli space, for the cases G = SU(N), SO(2N) an ADHM construction does exist and the
computations obtained through equivariant localisation method can be shown [28] to re-
produce (2.47). However, it is important to mention that when comparing to the equiv-
ariant localisation results, (2.47) reproduces the correct one-instanton partition function
up to a-independent terms. This is however not an issue for the present purpose since our
goal is to evaluate the instanton contribution, Cg :1)(7'2), to the integrated correlator as
given in (2.41). We easily see that, thanks to the presence in (2.41) of the laplacian A,
any a-independent term in the instanton partition function (2.47) does not contribute to
&V (m).

For the cases G = SU(NV), SO(2N), the equivariant localisation results derived in [28]
were used in [12] to compute the instanton contributions, CgC )(7'2), to the integrated cor-
relator for low instanton numbers, k. For this reason, we can focus our attention to the
instanton corrections to the integrated correlator in the exceptional case G = FEg7g for
which we can only use (2.47) as there is no analogue ADHM counterpart.

Using the Lie algebra data collected in appendix A, we specialise (2.47) to G =
Es 7,8 and compute the one-instanton partition function, C(G1 )(7'2), from the general expres-
sion (2.41). A technical obstacle to computing the matrix model integral (2.7) arises from
the fact that these groups all have a large number of roots, thus making any manipulation
of the Vandermonde determinant (2.2) extremely arduous to achieve on a laptop.

We content ourselves with considering the case G = FEg as we do not expect any
fundamental difference with respect to the remaining simply laced exceptional cases FEr
and Eg. The one-instanton contribution Cgﬁ) (12) is computed in terms of the matrix model
integral (2.41) which we find convenient to evaluate in perturbation theory, gzM — 0,
by expanding the instanton partition function (2.52) for small a;. Specialising (2.52) to
G = Eg, it is then straightforward (although computationally intense) to compute the
expectation value (2.7) and obtain the first two orders in perturbation expansion for the

one-instanton contribution to the Fjg integrated correlator

1971567 2485431 _,
4104304 41943047

1 _
Ch) () = +0(y7?), (2.55)
where as usual we define y := mmp = g42i. We will retrieve this result later in section 3

YM
starting from the conjectural exact lattice-sum expression (1.3).

Non-simply laced gauge groups. In this case, the one-instanton partition function,
Zk=1(m;a), in the Q-deformation background is in general not known and we have to
conjecture the validity of our proposed (2.47). Let us begin by making some considerations.

First of all, as already remarked in the flat-space limit, €1,e5 — 0, the conjectural
expression simplifies dramatically to (2.49) thus reproducing the results of [29] for the one-
istanton partition function in the A" = 2* SYM. Secondly as discussed above, the decoupling
limit, m — oo, of (2.47) reduces to (2.51) thus matching the result derived in [31] for the
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one-instanton partition function in a general Q-deformation background for pure N' = 2
SYM. Moreover, in the non-simply laced cases G = SO(2N + 1), USp(2N) an ADHM
construction for the instanton moduli space is possible and we can compare (2.47) against
the results obtained through equivariant localisation method [29] finding perfect agreement
(again modulo a-independent terms which do not affect our integrated correlator).

We stress that in our conjectural expression (2.47), the only difference between the
ADE case for which this formula was proven in [28] and the non-simply laced cases is that
in the auxiliary function, G(z,€;a), defined in (2.46) the sum runs over all roots, « € A,
in the ADE case and only over long roots, a € Ay, in the non-simply laced case.

Again, for the classical cases G = SO(2N + 1), USp(2N) the instanton contributions,
Cg ) (72), to the integrated correlator have been computed in [12] for low instanton numbers,
k, using the equivariant localisation results derived in [29]. Here we focus on the remaining
exceptional cases G = Fj and Gy for which we can only rely on (2.47) as there is no
analogue ADHM counterpart.

Just as we did before, the one-instanton contribution ng:l)(ﬁ) is computed in terms
of the matrix model integral (2.41). Specialising (2.52) to G = Fy does not produce a
particularly pretty expression which, as such, will not be presented here. However, using
the definition (2.7) for the matrix model expectation value, we use (2.52) to arrive at

13 y%

Cl) (1) = oot o — AT (By) + Ve Verte (2v5) a(8y)] (2.56)

where erfc(z) := % I et dt is the complementary error function, while ¢ (y) and g2 (y)

are the two particularly unilluminating polynomials

q1(y) == 17y" + 2863y° + 1761755 + 5110965y* + 73337163y> + 494651997y>

+ 1354678605y + 1026765495, (2.57)
@ (y) == 17y® + 2880y" + 17900415 + 5281584y° + 78123150y* + 559329120y
+ 1742611500y 4 1850189040y + 294440265 . (2.58)

For later purposes we find it convenient to expand (2.56) in perturbation theory, i.e. for

y>1,
1y, . 117 4797 _, 78975 _, 552825 _,

nW =55 Y aesY 32768”13072
Finally for G5 we can write the one-instanton partition function (2.52) in the compact

O(y™). (2.59)

form

- 18(3a} + 3a3 + 2)?
m=0 " (3a2 + 2)[9(3a? — a3)? + 48(3a? + a3) + 64]’

O 2&5 (m, a)] (2.60)

which allows us to evaluate explicitly the matrix model integral (2.41),

cy) = %y%{ — 4/y [3(8y)* + 62(8y) + 175] + v/me erfe(2y/5)[3(8y) + 65(8y)>

+231(8y) + 81]}.
(2.61)
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Once again it will result useful to expand (2.61) in perturbation theory

1) 63 63 4725 , 19885

T i o). 2.62
128 T64Y 20067 T 16384 ) (2.62)

In the next section 3 we will show that these results can be reproduced starting from
the completely independent exact lattice-sum expression (1.3), thus strengthening the claim
that the conjectural one-instanton Nekrasov partition function (2.47) is indeed valid for all
simple groups.

Motivated by our perturbative results discussed in section 2.1, it would be extremely
interesting to obtain a universal expression (if any) also for the one-instanton Nekrasov par-
tition function or directly for the one-instanton (and higher) contribution to the integrated
correlator. In this regard a universal formula for the one-instanton partition function of
pure N/ =2 SYM theory (2.51) was derived in [43] for the special case where the vacuum
expectation value of the scalar field, a, is restricted to the Weyl line. To us it is not obvious
how to extend the analysis of [43] to generic values of the scalar field a or how to promote
these results to AN/ = 2* by incorporating a massive adjoint hypermultiplet. It may be
possible that such a universal expression for the general Nekrasov partition function does
not exist, while a universal expression can only be obtained after we have performed the
matrix model integral (2.7) for Nekrasov partition function, i.e. only for the integrated
correlator instanton sectors, Cg ) (12).

3 The duality covariant ansatz

In this section we motivate the validity of the conjectural expression for Cg(7) written
in terms of the Montonen-Olive duality covariant lattice sum (1.3) and rewritten here for
convenience

—tn |m+nng7\2

By(t) +¢ " e Bug(t)]dt. (3.1)

Ca(r)= Y / —inintgel

(m,n)eZ?

Given a simple gauge group G we denote by g the associated Lie algebra and by g its
GNO (or Langlands) dual algebra which will be reviewed shortly.
The integrand, By(t), is a rational function of the form

o8 = Tt ff)(f,?vﬂ , (3.2)

where 1" is the dual Coxeter number of the Lie algebra g, while Qg(¢) is a degree 2h" —
polynomial without constant term. The functions By(t) satisfy the following identities

/Ooo By(t)dt = —by(0), /OOO Bg(t)jz —o, (3.3)
Bo(t) = Byt ), (3.4

where the last identity is a consequence of the “palindromic” property Qq4(t) = 2h" Q(t71).
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The Lie algebra dependent numbers by(0) where determined in [12] for all classical
gauge groups,

N(N -1) N(N -1)
bﬁuN (0) = _T ’ b502N (O) - _T ’
N(N -1 N
broan 0 =~ =D 0= (35)
4 4
while promptly we will show that
3 9
b92 (O) = e bf4 (0) = -3, beﬁ (O) = 9 (3'6)
Concretely, for SU(N) we have (remembering that 2" = 2N for SU(N))
Qauy (t)
Boyy (t) = W (3.7)

with
Quun () = ~gN(N = 1)(1 = )V (1 4 5+

_ (-2 (1+2° 1 2 _ oy pmn) (1
{[3+ (8N + 3t — 6)t] Py (1 )t 1th(3t 8Nt —3)Py T2
(3.8)

expressed in terms of Jacobi polynomials PT(La’b)(

x). This expression was first conjectured
in [10, 11] and then proven in [44] using matrix-models methods. Similarly, in [12] analogous
formulae were derived for By(t) in the case of general classical gauge groups g = so,, (with
n=2N,2N + 1) and g = sp, subsequently expressed in [44] via generating series.

In [10-12] the authors arrived at (3.1) by combining supersymmetric localisation cal-
culations, as discussed in section 2, with constraints coming from Montonen-Olive duality.
Before we review and extend their analysis, let us present two different decompositions
for (3.1).

A first decomposition can be obtained by substituting the Taylor series expansion,
o0 s—1

(t) =D _by(s) (s)’ (3.9)

in (3.1) and then performing the t-integral term by term, arriving at
Ca(r) = —[by(0) + by ]+Zj VE(s:7) + brg(s) E(s; ng)| (3.10)

Here E(s;7) denotes the non-holomorphic (as a function of 7) Eisenstein series,

\m+n7’|2 ts 1

E(s;7) = ) _(mfm) > / ) dt, (3.11)

2s
mamz0 M T Z 00
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which is an invariant function under the action of the modular group SL(2,7Z),

E(s;v-71)=E(s;7), (3.12)
where as usual we defined
ar +b ab
ST = = SL(2,7) . 3.13
VTE <6d>€ (2,7Z) (3.13)

In [45] it was pointed out that for G = SU(N), the formal expansion (3.11) can be rewritten
as a conventional and convergent spectral decomposition for Cgy(ny. This formal decom-
position (3.10), will be very useful when we come back to discussing the covariance of (3.1)
under GNO duality.

Another useful way of decomposing the lattice sum (3.1) is via its Fourier mode ex-

pansion with respect to 7 = %,

CG( ) (0) Z ( 27T’Lk7'c )+ 67271'1‘]@‘7' Cé_k) (Tg)) )

Following [11], we perform a Poisson resummation of the lattice sum (3.1) over the sum-
mation variable m — M and then use the identities (3.3)—(3.4) to arrive at the Fourier
zero-mode formula

dt

C( (o) =4 ex —tmn’m)\/T2 B exp(—tmn“ngT To Br — (3.14
) =43 [ [expltmite) V7 By() + expl—tmingm) VT Brgl6)] 7 (314
X AT (s — 5

~Y 0 Dy + () gl o1~

where y := m7y. In a similar fashion, we obtain the k-instanton sector expression (with

k #0)

¥ (ry) = > /OO exp [— ('\72’ - myﬁ)QW} \/EBg(t)\d/ti (3.15)

¢ 5 [onl ()] v

Note that since 7, n € Z, in the case of non-simply laced groups where ng # 1, the second
contribution to the k-instanton sector is non-vanishing only for instanton numbers which
are a multiple of ng, i.e. only when £ = 0 (modng). We will come back to (3.14)-(3.15)
when discussing the particular cases of exceptional gauge groups G.

We now briefly review how S-duality (Montonen-Olive duality) acts on N’ = 4 SYM
with general gauge group and the crucial role that this property plays in constructing the
lattice sum ansatz (3.1).
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G La g Lg
U(N) U(N) Suy SuN
SU(N) PSU(N) = SU(N)/Zy s0on | S0ay
Spin(2N) SO(2N)/Zs SPon | SO2N41
Sp(N) = USp(2N) SO(2N +1) S09N+1 | SPan
Spin(2N + 1) Sp(N)/Ze = USp(2N)/Zs €6,7.8 €6,7.8
Er—¢738 E, |7y, fa fa
Fy Fy g2 92
G2 G2 Table 2(b). Duality

Table 2(a). Langlands/GNO relation between classi- relations of relevance

cal Lie groups and their dual groups. to this paper.

3.1 Goddard-Nuyts-Olive duality

In a now classic paper by Goddard, Nuyts, and Olive [21] it was shown that in gauge theories
electric charges are associated with the weight lattice of the gauge group G, while magnetic
charges take values in the lattice of a dual group denoted by “G. From the mathematical
point of view, GNO duality is closely connected to the Langlands programme [25] hence
we use the superscript on “G to denote the Langlands, or equivalently GNO, dual group.
The GNO dual groups corresponding to all simple Lie groups are listed in table 2(a).

Building on this, Montonen and Olive [9] conjectured the existence of an electro-
magnetic duality between a gauge theory with gauge group G and coupling constant g,,,,
and a different theory featuring “G as its gauge group and with coupling © Gyr =47/ Gy, -
Witten [46] then realised that for such a duality to hold the theory under consideration
had to be supersymmetry and Osborn [47] finally argued that N' =4 SYM should realise
GNO duality.

As already stressed, since the integrated correlators studied in the present work only
involve local operators, they are not sensitive to global properties of the groups G and G.
For this reason we can discuss the effects of GNO duality on the integrated correlators (1.1)
directly at the level of Lie algebras as shown by the labels in table 2(b).

Let us consider N' =4 SYM with complexified coupling constant

. CArm
T=T1 +1Ty ::%%-192—,
YM

and general gauge group, G. As discussed in [22, 23], the extended duality group of
the theory is obtained by combining periodicity in the topological angle, 8, with electro-
magnetic S-duality which inverts the coupling constant while changing the theory from
having gauge group G to “G. These duality transformations, denoted by T and S, are
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defined by

T:(G,71)—= (G, 17+1),

N 1

S:(G,1)— (LG,—> , (3.16)
ngT

where ng denotes the ratio between the length square of the long and short roots of g.

Following standard conventions summarised in appendix A, we have

ng = 17 g= {EuN7 S02N, €6, €7, 38},
Ng = 2, g= {502N+17 S5PoN, f4}> (3'17)
Ny :37 g=2902.

Let us now discuss what the consequences of GNO duality are for the integrated
correlator (1.1) and how such constraints can be combined with the supersymmetric local-
isation results discussed in section 2 to arrive at the lattice sum representation (3.1). As
one can easily imagine from equation (3.17) and table 2(b), simply laced gauge groups, i.e.
G = SU(N), SO(2N), Es 78, and non-simply laced groups, i.e. G = SO(2N +1), USp(2N),
Fy, G2, have fundamental differences under GNO duality. For this reason we will discuss
the two cases separately.

3.2 Simply laced gauge groups (ADE)

In the simply laced cases, i.e. for gauge groups of ADE type, we see from (3.17) that ny = 1,
hence

N 1
S=S:17—>——,
-

reduces to usual S-duality. Furthermore, we can see from table 2(b) that the corresponding
Lie algebras are Langlands self-dual, i.e. g =’g, so that for ADE gauge groups S and T
are genuine symmetries of the theory (for local observables). When combined, S and
T generate the discrete self-duality group SL(2,Z), which acts in the usual way on the
complexified coupling constant,

at +b ab
ST = = SL(2,7). 3.18
TSL(_2>,Z)7 (—h i (cd)e (2,2) (3.18)

Since for all ADE algebras we have g =g, the corresponding Borel transforms must satisfy
By(t) = Bry(t), (3.19)

hence the lattice sum formula (3.1) reduces to

Cor) =2 3 /Oooemng(t)dt, (3.20)

which is manifestly invariant under the expected GNO duality group, SL(2,Z).
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In [10712],7 the authors used supersymmetric localisation, and in particular the gen-
eral results of [6], to compute the perturbative expansion as g,,, — 0 of the integrated
correlator (1.1) for G = SU(N) and SO(2N), as discussed in section 2. Assuming the
validity of this conjectural expression (3.20), it is possible to use such perturbative data to
reconstruct By(t) from the Fourier zero-mode expansion (3.14). Finally as an independent
check, the k-instanton sector was computed in two different ways: either as reviewed in
section 2.2 directly from Nekrasov instanton partition function or from the Fourier mode
decomposition for the candidate expression (3.15). The two independent calculations yield
the same result thus confirming the validity of (3.20) for G = SU(N) and SO(2N), which
was subsequently proven by other means in [44].

We repeat the same method here for the exceptional series G = Ejg, Er, and Eg. Firstly,
we can use the supersymmetric localisation formula (2.20), or more efficiently the universal
expansion (2.27), to compute the perturbative expansion as g,,, — 0 of the exceptional
integrated correlators. Then from the equivalent Fourier zero-mode expansion (3.14) we
reconstruct By(t) which in the case of g = ¢ takes the manifest GNO invariant form

o0 _Tr|’m+n7'\2
Crp(r)=2 3 /O e TR By (b) dt (3.21)
(m,n)€Z2

=9+2) be(s) E(s;7),
s=2

with (remembering that 2h"Y = 24 for ¢g)

Qe (1)
By (t) = @ ;61)25 : (3.22)
and the palindromic polynomial
Qes (1) =351 peg (1) + 7 peg (t71)] = 171 Qe (171, (3.23)
30227t5  67925t7
Peg (t) :=1 — 25t2 + 226t> — 1390t* + 5110t° — st~ 67036t% 4 105190t

— 150220t + 179578+ — 9590012 .

Given the explicit formula (3.22) for B (t), we can easily check that it satisfies the iden-
tities (3.3)~(3.4)(3.6).

From this conjectural expression for B, (t), we can compute using (3.15) the general
k-instanton sector for the integrated correlator with gauge group G = FEg. In particular
for k = 1 we easily find

13y%

(W) = 4 — meWerfc (2 24

"Note that these references use a slightly different convention. In particular when comparing with
the present case the Borel transform, Bg(t), defined in [12] for G = SU(N),SO(2N), we have Bg(t) =
By (t) + B, (t) = 2Bg(1).
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where the two polynomials ¢;(y), ¢2(y) are given by

q1(y) :=7429y° 4 2386970y° + 308720493y° + 21069931512y7 + 832047379170y°

+ 19598615078220y° 4 274167552296250y* + 22036395972697201>

+ 9483953753164905y% 4 18934598296463850y + 12157131999069225,  (3.25)
g (y) = 7429y + 2394399y'0 + 311092605y° 4 21373952355y° + 852523189650y

+ 20391438408390y5 + 292291551180090y° + 2445570512724150y*

+ 112862793392480251° + 25748332503460875y% + 22782924235560825y

+ 3428445324655575 . (3.26)

We then expand (3.24) for y > 1 to arrive at

et 1971567 2485431 . 148983705 _, 1751460165
CE=(y) = — - y y 2 y
Eg 4104304 4194304 134217728 536870912

240(y™), (3:27)

nicely matching (and extending) the result (2.55) previously found from the independent
supersymmetric localisation calculation starting from the conjectural form (2.52) for ex-
ceptional Nekrasov partition function.

For the remaining two simply laced cases, G = E; and FEg, the story is analogous
albeit extremely more demanding from a computational point of view. If the conjectural
expression (3.2) for By(t) is correct, the palindromic polynomial, Qq4(t), is specified by its
first hY coefficients, with h" the dual Coxeter number of g. We deduce that to determine
uniquely Q.. (t), and Q.4 (t), we need to compute 18, respectively 30, orders in perturbation
theory. Unfortunately, if we try to attack this computation using the supersymmetric
localisation formula (2.20) we immediately encounter a technical issue.

At each order in perturbation theory, we need evaluating very standard matrix model
integrals ((a - a)?*)q, with k € N, simple moments of a multi-variable gaussian distribu-
tion (2.8) with the notable feature that the measure factor does contain the Vandermonde
determinant (2.2) as well. Given that Vandermonde determinant contains 63 positive roots
for E7 and 120 positive roots for Eg, we have not managed to evaluate this matrix model
integral with any computer algebra program running on our laptops. Since no fundamental
change is expected between Fg and the missing F7 and Ejg cases, we content ourselves with
the present analysis.

In [6] following the earlier work [4], an alternative and more efficient approach was used
for determining exactly the perturbative sector of all integrated correlators with classical
gauge groups in terms of a simple integral transform of generalised Laguerre polynomials.
In particular all Vandermonde determinants for classical groups can be simplified dramat-
ically by using Hermite orthogonal polynomials. We are not aware of similar results for
exceptional groups but such methods could potentially lead to a more efficient way of
computing arbitrarily higher orders in perturbation theory for E7 and FEj.

3.3 Non-simply laced gauge groups

In the non-simply laced cases we need to distinguish between the classical groups, i.e.
G = SO(2N) and USp(2N), and the two exceptional cases G = Fy and Ga.
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The classical cases were discussed in [12] so that here we only summarise their results.
From table 2(b), we see that spyy = soon 1 and similarly soony1 =spyy. Furthermore
from (3.17) we see that in both cases ny = 2, so that the S transformation defined in (3.16)
maps the theory with gauge group USp(2N) into the theory with gauge group SO(2N +1)
and a modified coupling constant. From equation (3.1) it is rather easy to see that the
exact integrated correlators (1.1) transform covariantly under GNO duality, i.e.

1 1
Csoen+1)(T) = CUSp(2N)(_§) » Cuspeen)(T) = Csoen+1) (—5) : (3.28)
consequence of
Bio@n+1)(t) = Brgpan)(t) , Bapan)(t) = Brgoan+1)(t) - (3.29)

We note that in these cases, S (which is not a symmetry) acts on the coupling, T,
as an SL(2,R) transformation that is not in SL(2,Z). We can however consider the
transformations ST'S and T which are both symmetries, i.e. they do not change G, and
when combined they generate a I'g(2) subgroup of SL(2,Z), where we remind the reader

Lo(r) :== {fy € SL(2,Z) ‘ v = (Z Z) with ¢ =0 (modr)} . (3.30)

In other words I'g(2) is the self-duality group that leaves the integrated correlators Cq
invariant for G = SO(2N + 1) and G = USp(2N):

Csoen+1) (7 7) = Cso@en+1)(T) , Cuspen) (7 7) = Cuspemy(T), Vv €Tlo(2).
(3.31)
This symmetry is manifest both from the lattice sum (3.1) when ng = 2, or from the
expansion in Eisenstein series (3.10) where clearly E(s;27) is invariant under I'g(2).

Once again, [12] exploited the supersymmetric localisation perturbative results of [6],
to reconstruct By(t) from the Fourier zero-mode expansion (3.14) for g = soon1 and spoy-
The validity of (3.1) was then checked at the non-perturbative level by comparing the k-
instanton sector computed from Nekrasov instanton partition function against the Fourier
mode decomposition (2.41). The conjectural lattice sums expressions for g = soon41 and
spyn were subsequently proven by other means in [44].

We now move to the novel exceptional, non-simply laced cases G = F; and Go. There
are a number of distinctive features involved in S-duality for gauge theories with exceptional
groups [24, 25]. First of all, we notice from table 2(a) that both algebras are GNO self-dual,
i.e. 1f; = f4 as well as gy = go, hence from (3.16) we see that the transformation S is then
again a symmetry of the integrated correlators. However, both algebras have root systems
containing long and short roots so that we must have ng # 1 as presented in (3.17). These
observations have striking implications.

First of all as just discussed, the symmetry transformations STS and T generate the
congruence subgroup I'g(ng). Furthermore given that F and Gg are GNO self-dual, the
corresponding Borel transforms must satisfy

B;,(t) = Buy, (1), By, () = Bry, (1), (3.32)
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so that the corresponding lattice sums (3.1) reduce to

o lmanT? _pplmtngnt?
o= ¥ / m e T mn | By(t)dt, (3.33)

(m,n)€Z?

= —2b,(0 +Zb )[E(si7) + B(singr) |,

which is manifestly invariant under I'g(ng = 2) and I'g(ng = 3) for g = f4 and g respectively
since both E(s; 7) and E(s;ng) separately are.

The discussion is so far very similar to the classical cases soon+1 and spyy. An inter-
esting novelty in the exceptional non-simply laced case, is that now Sand T generate an
infinite group of symmetries forming a discrete subgroup of SL(2,R), denoted by I'(2 an; c0)»
which is not isomorphic to SL(2,Z) and provides a particular instance of the more general
notion of Hecke triangle group or alternatively of Fricke group.®

Rather than discussing the most general definition, we can focus our attention on the
triangle group I'(3,, o) with m € N>1 relevant for the present discussion. The triangle
group I'(3 1, ) can be defined explicitly as the subgroup of SL(2,R)

T (ame) = (S, T, U \ SUT =8 =U™ = —1,) , (3.34)

where explicitly

(01 _ [12cos (L) (0 1
5_<—10>’ T_<0 1 > u_<—12cos(;;)>' (3:35)

Note that (g3 o) = PSL(2,Z) and S, U(=S (T ')) and T are precisely the order 2, 3 and
oo generators of PSL(2,Z).

The cases of interest are given by m = 2ng which is either 4 or 6. The generators S and
T defined in (3.35) can be understood from the GNO transformations (3.16) by rescaling
the coupling constant 7 — 7 := ,/ng7, yielding

N 1 1
S r=—— PN S - F=—=, (3.36)
NgT T
T - r=14+1 & T 7= %+2COS(;1>:%+\/1TQ- (3.37)
9

Rather than redefining the coupling constant, we find it more convenient to describe
the Fuchsian group I'(2 2y, o) In terms of a conjugate Fricke group. The Fricke group of
level » € N>0 is a subgroup of SL(2,R) generated by the congruence subgroup I'g(r) and a
matrix S, € SL(2,R), called Fricke involution and defined by

. 0 1/vr
S, ._< 0 ) (3.38)

8Curiously in N = 2 SYM with SU(N) gauge group and 2N fundamental flavours, other instances of

Hecke triangle group were found to be realised as S-duality group acting on the effective coupling constant
at special loci on the Coulomb branch [48].
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Note that S, is indeed an involution, i.e. S2 = —15, however, it is in general not an element
of SL(2,Z), i.e. S, ¢ SL(2,Z) for r # 1. For r = 2 and r = 3 the Fricke group of level r
is conjugate precisely to the triangle group I'(3 9, o). Furthermore we notice that in these
particular cases the action of the Fricke involution, S, on 7 exactly reproduces the GNO
transformation S defined in (3.16), i.e. S, - 7 = —1/(r7).

We arrive at the conclusion that the N/ = 4 SYM integrated correlator (1.1) with
exceptional gauge groups G = F; and G2 must be invariant under the GNO symmetry
group,

F(272n9700) = Fo(l‘lg) U Snﬂl—‘o(‘[lg) . (339)
As already mentioned, our conjectural expression (3.33) is manifestly invariant under
[o(ng). Furthermore, it is easy to see that under Fricke involution, Sy, the two lattice
sums of exponential factors are exchanged, i.e.

_pplmtnrl? _pplmtiingr?
[ Yo e ] - Y e (3.40)
S,

(m,n)€Z? . (m,n)EZ2
g

where the notation [---], means that v acts on all occurrences of 7 (and 7) inside the
bracket. Alternatively, from the formal sum over Eisenstein series we see that under Fricke
involution the two Eisenstein series factors get again exchanged

ng nQT

{E(s; T)}S =E(s;Sn,-7) =E (s; —) = E(s;ng7). (3.41)

We conclude that our conjectural expression (3.33), for the N' = 4 SYM integrated
correlator (1.1) with exceptional gauge groups Fy and G2 has indeed the expected behaviour
under generalised electro-magnetic duality (3.16).

Given that our expression (3.33) is transforming correctly under the expected GNO
symmetries (3.16), we can now try and see whether it is also compatible with our previous
supersymmetric localisation calculations. To this end, we repeat the same procedure out-
lined above. Firstly we use the supersymmetric localisation formula (2.20), or the universal
expansion (2.27), to compute the perturbative expansion as g,,, — 0 of the exceptional
integrated correlators. Then, from the Fourier zero-mode expansion (3.14), we reconstruct
By(t). Once By(t) is known, we use (3.33) to check whether our conjecture is valid non-
perturbatively.

For G = Fy we have ng=2 and find

- |'m+n7‘\ ﬂ_\m+2n7'\2
Cr(r)= Y, / = e 2 | By (t)dt (3.42)

(m n)622

=64+ Z br,(s) {E(s; 7) + E(s; 27)} ,

with the F; Borel transform given by (remembering that 2hY = 18 for f4)

Qf4 (t)

Bf4(t) = (t+1)19”

(3.43)
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where we defined the palindromic polynomial

Qf4 (t) =234 [pfz; (t) + t18pf4 (til)] = Qf4 (til) (3‘44)
(1) ==t — 26t% + 1983 — 768t* + 19235 — 412815 4 6438t — 8070® + 4560t° .

From equation (3.43), it is a simple matter of calculations to show that Bj,(t) satisfies the
identities (3.3)—(3.4)—(3.6).

Given B, (t), we can use (3.15) to compute the general k-instanton sector for the inte-
grated correlator with gauge group G = Fj. In particular for £ = 1, the integral (3.15) can
be easily evaluated to (2.56) thus identically matching the previous results obtained from
the independent supersymmetric localisation calculation via the conjectural form (2.52) for
exceptional Nekrasov partition function.

Finally, for G = G2 we have ny=3 and find

- \m+n7—\2 - \m+3n7—|2
Cor(r)= 3 / m e TS| By () dt (3.45)

(m, n)€Z2

,_,_me [ ST +E(s3r)},

where the G Borel transform is given by (remembering that 2hY = 8 for go)

p, (1)
By, (t) = 3.46
92( ) (t 4 1)9 ( )
having defined the palindromic polynomial
3 _ _
Qg (t) == o [sz (t) + t8pg2 (t 1)] = t° Qgo (t 1) ) (3.47)

P (1) 1=t — 1147 42413 — 1244

From (3.46) we can then prove that By, (t) satisfies the identities (3.3)-(3.4)(3.6).

Again, we can substitute the candidate expression for By, (t) in equation (3.15) and
predict the general k-instanton sector for the integrated correlator with gauge group Gs.
For k = 1, (3.15) reduces identically to the independent supersymmetric localisation cal-
culation (2.61) which we obtained from our conjectural expression (2.52) for exceptional
Nekrasov partition function.

Since both for Fy and G2 we have ng # 1, we note that in our lattice sum calcu-
lation (3.15) only the first term contributes at the one-instanton level, while the second
GNO-dual factor does not. As it is clear from (3.15), this second term will come into
play at the two-instanton level for Fy and at the three-instanton level for G>. It would be
extremely interesting to check that these terms do correctly reproduce the supersymmetric
localisation results, unfortunately this would require having a formula for general Nekrasov
partition function at higher instanton numbers, which is at the present time unknown. It
should be possible to use Hilbert series methods [49-52] to derive expressions for general
Nekrasov partition function at higher instanton numbers. We are not aware of such results
in N = 2* SYM and arbitrary Q-deformation.
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We stress however, that the Borel transforms By, (t) and B, (t) have been determined
by matching (3.14), which does indeed depend crucially from the presence of the GNO-
dual factor, with the perturbation expansion (2.27). Hence the non-perturbative results
just presented do provide a completely independent check of our conjectural expressions,
even if just at the one-instanton level.

4 Laplace equations

In [10, 11], the lattice sum formulation (1.3) was fundamental in establishing a striking
property of the SU(N) integrated correlator which is the existence of a Laplace equation
that relates it to the SU(N — 1) and SU(NN + 1) correlators. Similar Laplace difference
equations [12] have been shown to hold as well for the integrated correlators with general
classical gauge group.

More in detail, we consider the action of the SL(2,Z)-invariant hyperbolic laplacian,
A; = 73(02 + 02), on Cg(r) with G = SU(N), SO(n) (with n = 2N or 2N + 1) and
USp(2N). Given the lattice sum representation (1.3), it is easy to see that the action of
A; on Cg(7) can be translated into

2 2
[m+nT| o lmEntl

As (e_m 72 ) =t 0} (te_t 72 ) . (4.1)
After an integration by parts we then obtain

ACo(r)= Y /OOO (e Ym0 By (1)) + e~ Y D O (t By (1) | db . (4.2)

(m,n)€Z?

At this point, it was noted in [10-12] that since the Borel transform By, (¢) is related
to Jacobi polynomials (3.8), which are known to satisfy a three-term recursion relation,
the action of the operator t0? (t-) on B, (t) had to close on the same space of Borel
transforms, with a very similar argument holding for By, (t) (with n = 2N or 2N + 1) and
Bgp,, (t). This analysis led to the Laplace difference equations,

A7 Cgu(ny(T) = dcsuy [CSU(N-H)(T) — 2Csywy(7) + CSU(N—I)(T)} (4.3)
+ (N +1)Csun—1)(7) = (N = 1)Csu(n+1)(T)

Ar C50(n)(T) = 26a0, | Cs0(n42)(T) = 2Cs0(n)(T) + Cs0(n-2)(7)] (4.4)
+nCsun-1)(7) — (n = 1)Csu(m) (),

Ar Cusp(n) (7) = 2¢ap, [ Cusp(n+2)(T) = 2Cusp(m)(T) + Cuspn—2)(7)| (45)

= nCsu(nt1)(27) + (7 + 1)Csun)(27) ,

with ¢y = diflg the central charge of the theory.

These equations have powerful consequences. For a starter, given the initial condition
Csu(1) = 0, the first equation (4.3) easily determines the correlator for gauge group SU(N)
in terms of the correlator for gauge group SU(2). Furthermore it gives a very simple

— 30 —



iterative procedure for determining terms in the large-N expansion of the correlator for
gauge group SU(N) both at the perturbative and non-perturbative [44, 53] level in 1/N.
For the other classical Lie groups we first have the identities:

Cusp(0)(T) = Cs0(0)(T) = Cs0(1)(T) = Cs0(2)(7) =0, (4.6)

which can be thought of as initial conditions. Then, combining such initial conditions
with the fact? that Csos)(7) = Csy(z)(27) we can use (4.4)—(4.5) to determine Cgo2n)(7),
with N > 4, purely as a linear combination of Cqy(m)(7) with m =2,3,...,2N — 2, while
Cso@n+1)(7) and Cyspany, with N > 2, again purely as linear combinations of Cgu(m)(7)
and Cgy(pm) (27) with m = 2,3,...,2N — 1.

Given our conjectural expression (1.3) for the exceptional integrated correlators written
in terms of the explicit Borel transforms (3.22)—(3.43)—(3.46), we can repeat a very similar
calculation to arrive at the exceptional Laplace equations (ordered in increasing level of
“complexity”)

A Cq,(T)=
A Cp,(1)=

{13203[}(2)(7')4-2203[](3) (7’) — 123CSU(4) (T)+54CSU(5) (7‘)} +(T — 37‘) , (4.7)

U] =

4
71155 [23031 CSU(Z) (T) — 14139 CSU(3) (7') — 24219 CSU(4) (’7’) +30969CSU(5) (T) — 12753 CSU(G) (7‘)

+28917CSU(7) (7') — 28098CSU(8) (T) — 3808CSU(9) (T) +8064CSU(10) (7'):| + (T — 2’7’) y

(4.8)
A Cr(T)=
% [3600Csuz) (7) —9222Csuy(s) () + 12501 Csuya) (7) — 5382Csuy(s) () + 1116 sy ) ()
— 11268 Cyy(7) (T) + 10728 Csus) (7) + 3964 Cgy o) (T) +252Cs110) (7)
—8766Csu(11)(T) +1221 Csya2) (T) +2178Csu s (7)} . (4.9)

Surprisingly, using the Laplace-difference equation (4.3) for the SU(N) integrated cor-
relator, we can actually solve the inhomogeneous Laplace equations (4.7)-(4.8)—(4.9) and
provide the equivalent algebraic identities,

1
10

2
Cry(7) =~ {722 | 3033Csu(e) (7) —~2322Csu(3) (r) ~ T4TCsu(a (1) +1332Csu(5) (7) +261Csu ) (7)

JVBOGCSU(?) (T) *504CSU(8) (7’) *224CSU(9) (7‘)} +(T — 27’), (4.11)

Car (7) = == = 36Csu(2) () +4Csu(s) (7)+9Csua) (7)] + (7 = 37), (4.10)

Cre(T)= I {— 336Csu(2) (1) +432Csu3) (T) —543Csu(4) (T) +204Csy (5) (T) +132Cs(6) (T)

+132Csu(7) (1) —192Csy(8) (T) —92Csu(9) (T) +36CsU(10) (T) +108Csu(11) (T) +33CsU(12) (T)} -
(4.12)

Tt should be emphasised that the initial conditions Csu(2)(T) = Cso(3)(27) = Cusp(2)(T) are non-trivial
properties. These identities have been checked at the perturbative and non-perturbative level in [12].
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Given the algebraic relations (4.10)—(4.11)—(4.12), it should be possible to rewrite the
exceptional Laplace equations (4.7)—(4.8)—(4.9) in a form more closely resembling (4.3)—
(4.5)—(4.4) where, even for the exceptional cases G = G, Fy and Ep, the source terms
in (4.7)—(4.8)—(4.9) are written in terms of a suitable multiple of ¢; C(7), with ¢4 the asso-
ciated central charge, plus “natural” linear combinations of Cgyy,,) correlators for certain
ranges of m.

We believe there should be a universal way, in the sense of Vogel, to rewrite all
Laplace difference equations (4.3)—(4.5)—(4.4)—(4.7)—(4.8)—(4.9) in terms of a single uni-
versal Laplace equation expressed in terms of Vogel parameters, very much in the same
spirit as our discussion in section 2.1. The remaining missing correlators Cg, and Cgg would
arise naturally as special points of this universal Laplace equation. We hope to solve this
problem in future work.

5 Discussion

In this work we have extended the analysis initiated in [10-12] and we have proposed
a lattice sum representation for the integrated correlator, Cu(7), of four superconformal
primary in the stress tensor multiplet of A’ =4 SYM and valid for arbitrary simple gauge
group GG. These integrated correlators are determined via supersymmetric localisation
and manifest a beautiful set of properties which reflects the constraints imposed by GNO
duality. In particular, we have discovered a new set of inhomogeneous Laplace equations
satisfied by the integrated correlator Co(7) with exceptional gauge groups G = G, Fy,
and E@.

To support our claims we have performed perturbative and non-perturbative checks.
Having defined a suitable 't Hooft-like coupling, a4, we have shown that the perturbation
expansion of Cg(7) is universal in the sense of Vogel. We have proposed a single unifying
perturbative expansion which does not require to specify a particular gauge group. By
evaluating this universal expression at special points on the Vogel plane we have managed
to obtain the weak-coupling expansions of the integrated correlator for all simple gauge
groups.

At the non-perturbative level, we have relied crucially on work carried out in [28-
30] to propose a candidate expression for the one-instanton Nekrasov partition function for
N = 2* SYM in the presence of an Q2-deformation background and valid for a generic simple
gauge group. This conjectural general Nekrasov partition function does reproduce the
correct known results in absence of 2-deformation and in the limit of an infinitely massive
hypermultiplet. Furthermore we have checked the consistency between the proposed lattice
sum representation for Ce(7) and the one-instanton contributions which can be obtained
via supersymmetric localisation from the proposed Nekrasov partition function.

We conclude by mentioning a couple of directions in need of further investigations.
Firstly, it would be interesting to understand whether Vogel universality for the integrated
correlator extends to the non-perturbative level. From the work of Vogel which remains
unfinished and unpublished, it is not quite clear which Lie algebraic quantities enjoy uni-
versal expressions. In particular, it would be remarkable to understand whether all dif-
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ferent instances of inhomogeneous Laplace equations, found for the various specific gauge
groups, GG, can all be encoded universally in a single inhomogeneous Laplace equation for
the integrated correlator corresponding to the universal Lie algebra.

Secondly, focus of the present work is the integrated correlator Co(7) which is directly
related to a four-point function of local operators and, for this reason, insensitive to global
properties of the gauge group G. As a consequence of this fact, GNO duality can be
recast at the level of Lie algebras thus leading to interesting, yet simpler transformation
properties of Cu(7) under S-duality. Extended operators in N' = 4 SYM are extremely
important physical quantities which depend crucially on global properties of G and “G.
Very recently in [20] the authors studied an integrated correlator of two superconformal
primaries in the stress tensor multiplet in the presence of a half-BPS Wilson line defect
in N/ = 4 SYM with gauge group SU(N) at large-N. Similar results are not known for
general gauge groups and do most definitely deserve further studies for general gauge group
G since under S-duality a Wilson line in N/ = 4 SYM with gauge group G is mapped into
a 't Hooft line defect in the “G theory.
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A Root systems for simple Lie algebras

In this appendix we provide a list of root systems for all simple Lie algebras, g, considered
in this paper. We will write all roots in terms of the R" orthonormal basis {ei,...e,}
with r = rank(g). We denote by A the complete root system, while A™ denotes only the
positive roots which we further divide into short, AjSL and long roots, AJLF.

e A, =su,11. The positive roots are
AT ={e;—ej : 1<i<j<n+1}. (A.1)

Since A, is simply laced, all of its roots are by convention long roots hence the ratio

between the length square of long and short roots is

Ngy, = 1. (A.2)
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B,, = s09,,4+1. The short positive roots and the long positive roots are given by
A ={V2e; : 1<i<n}, A ={V2e;+V2e;:1<i<j<n}. (A3)
Note that the ratio between the length square of long and short roots is

o |Oélong|2 o
Ns00, 11 = ‘ashort|2 -

2, (A.4)

where ajong € A‘L" and aghort € AJSr.

Cy, = sp,,,. The short positive roots and the long positive roots are given by

Al ={e;tej: 1<i<j<n}, Af ={2e¢; : 1<i<n}. (A.5)
Note that the ratio between the length square of long and short roots is
|Oélong|2
n =—===2 A6
“Pan ‘ashort ’2 ’ ( )

where ajong € A‘L" and aghort € AJSr.
D,, = s09,. The positive roots are
AT ={ej+e; : 1<i<j<n}. (A.7)

Since D,, is simply laced, all of its roots are by convention long roots hence the ratio
between the length square of long and short roots is

Nso,,, = 1. (AS)
Eg. The 36 positive roots of Fg are

1
At ={ejte; : 1<i<j< 5}U{(:I:e1:|:e2:|:e3:|:e4:|:e5+\/§e6)}
2 # minus signs even

(A.9)
E;. The 63 positive roots of E; are
A+:{eij:ej:1§i<j§6}

1
U {\/587} U {Q(iel +et+estestes e+ \/567)}

# minus signs odd

(A.10)

FEs. The 120 positive roots of Eg are

AT ={ei+e; : 1<i<j<8}
(A.11)

1
U{(:|:e1j:egztegzl:e4:|:e5j:e6ie7—|—e8)

2 }# minus signs even

Since Fg 78 are all simply laced, all of their roots are by convention long roots hence
the ratio between the length square of long and short roots is

ne, =1, re{6,7,8}. (A.12)

T
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e F,. The short positive roots and the long positive roots are given by

1
§=1{V2ei: 1§i§4}U{(elie2ie3ie4)},

V2 (A.13)
AT ={V2(eite;) : 1<i<j<d4}.
Note that the ratio between the length square of long and short roots is
‘Oélong‘Q
M= e 2 A14
B ‘O‘Short’,’2 ( )

where aiong € A}f and agport € A;.

e (3. The short positive roots and the long positive roots are given by

A‘L:{fel, —e + 3 }, AJLF { \[e1+ 3e2,\/6e2}. (A.15)

V2

Note that the ratio between the length square of long and short roots is

|Oélong|2
e ‘Oéshort|2 ( )

where ajong € A‘L" and aghort € AJSr.

B Universal perturbative expansion at higher orders

In this appendix we present higher order terms in the perturbative weak-coupling expan-
sion (2.27) of the integrated correlator expressed in terms of Vogel parameters (o, 3,7)
parametrising the general universal Lie algebra, g. We refer to table 1(b) for the spe-
cific points in Vogel plane which corresponds to the simple Lie algebras of interest for the
present work.

Firstly as in the main text, we choose variables

O-i::ai_{_ﬁi_‘_’yia i1=1,2,3,

as a basis for all symmetric polynomials in (o, 3,7). Given that Vogel plane is P?/&3,
we note that under rescaling (a, 8,7) — (ka, kB3, ky) we have o; — kic;. We recall that
Pyi(g) =0 for k = 1,2,3, while for higher order universal terms we find,

203 —30901 403
P4(9):*184—037
1
208 —30901 403
Ps(g) = *124—037
1
9602 — 1450903 + 510307 —30301 + 0203
Po(g) = AL ,
1
P )771077601 162010901 +6171030% — 12450201+541020301—42J3
= 3432009
Ps(a) 640807 —9337020% 438910305 — 17760305 +940020302 — 270501 — 1080201 + 90303
s(g)=— ’

1372807
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Po(g) = 5277605 — 714430205 4326730307 — 282360201 +1761409030% — 15930507

84864 0%
" 250203 01 80102 0301 +900203
84864 0% ’
Pro(g) = — 2573874409 —304269930207 +15286267030 —2281918803 07 +16446360020307
33860736 09
320663702 03 +2745788020% — 212652303 0301 2+3969003 01 + 388848050301

3386073607

16020073 +1323003 03
3386073607
2257936010 — 21307620205 + 11782300307 — 28983990520% + 2383335020307 — 85809603
Pu(e) =~ 2604672510
4579580301 704568020305 +394470402 4+ 169872050202 — 113760304
2604672510

22059030301 —29700303
a 2604672010 ’
Pra(g) = 160273024011 — 1058182800307 +64726672050% — 258101472030 4-240613575020307
171164160011
1486237770201+526873250301 14587926603 0301 +171343350507%
171164160011
43221915020301 37834740307 — 1333046703 0307 + 1822500501 +
171164160011
310397402030172061000203 607500203
171164160011

Secondly, we present the very same higher-order terms expressed in a different basis
of symmetric polynomials in three variables, namely we define

t=a+ 3+, s:=af+ay+py, p=afy, (B.1)

although ¢ = o it is conventional to keep ¢ as notation. We note again that under rescaling
t — k't, s —» k%s and p — k>p. In this alternative basis we have

p+st
Pale) =555
p+st
P5 (g) - 8t‘3 )
ps—26pt? + s>t —24st3
P =
6(9) ]8 t5 )
63p? +415pst —3314pt3 +3525%t2 — 27365t
P7(g) = 6 )
57201
P _ 81p?t —9Ips?+317pst? —1156pt* —9s3t 4218523 —8465t°
8(9) - 1144t7 ’
p _ 135p2s—1944pt? +531ps?t —5630pst® +11476pt°® +396s°t2 — 316452t + 745250
9(9) - 7072 18 ’
p _ 12015p +158379p2 st — 771644p*t3 —8820ps> +369268ps>t? — 1783612pst* +2304264pt°
0(@)=— 9405761
882()34t 2052645313 +8348585%1° — 13342805t
940576t° ’
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Pii(g) =

P12(g)

8532p3t —2970p?s% 4+62310p% st2 —149168p>t* —8766ps>t+104719ps>t> —286168pst®
B 7235210
—255060pt” +579654t2 — 452895314 +11373052t5 — 1325405¢°
+ 7235210 ’
~ 618300p®s—5984361p°t? +4353048p? s*t — 30858480p? st> +43522246p?t° — 162000ps*
N 9509120¢11
—7536960ps>t2 +40348103ps2t* — 71077202pst5 +46425504pt® +162000s°t — 3478212513
+ 950912011
1410245653t° —243939125%¢7 +217920965t°
+ 950912011 ‘
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