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agrees with the known cross section in the literature.

KeEyworbDs: Effective Field Theories of QCD, Factorization, Renormalization Group,
Higher-Order Perturbative Calculations, Resummation

ARX1v EPRINT: 2306.06037

OPEN AccCESS, © The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP12(2023)028


mailto:alessandro.broggio@univie.ac.at
mailto:sebastian.jaskiewicz@durham.ac.uk
mailto:leonardo.vernazza@to.infn.it
https://arxiv.org/abs/2306.06037
https://doi.org/10.1007/JHEP12(2023)028

Contents

1 Introduction 1
2 Factorization near threshold 4
2.1 Factorization at general subleading powers 7
2.2 Factorization at next-to-leading power 11
3 Collinear functions 15
3.1 Tree-level collinear function 16
3.2 One-loop collinear function 17
4 Soft functions 19
4.1 First order 20
4.2 Second order: virtual-real contribution 20
4.3 Second order: real-real contribution 23
4.4 Asymptotic limits 24
5 Comparison to fixed order results 26
5.1 First order 27
5.2 Second order 27
5.3 Renormalization 30
6 Summary 31
A Soft function master integrals 33
A.1 Virtual-real MIs 33
A.2 Double real MIs 33
B PDF renormalization 35
1 Introduction

It is well documented that the perturbative expansion of QCD fails near the kinematic

threshold, as the phase space for real emission is restricted to contain only low-energy (soft)
radiation. Considering the Drell-Yan (DY) process A(pa) + B(ps) — v*(Q)[— €] + X,
with X being the unobserved QCD final state, the threshold regime of the partonic cross

section is characterised by the limit z = Q?/8 — 1, where Q? represents the invariant

mass of the final state lepton pair and § the partonic centre-of-mass energy squared. In

this region, physical observables are expressed as a power expansion in (1 — z) — 0 and

feature large logarithmic corrections in this variable. Reliable results can only be obtained



by resumming these logarithms to all orders in perturbation theory. This was first achieved
for the leading-power (LP) contribution more than thirty years ago using diagrammatic
techniques in [1, 2] and later using soft-collinear effective theory (SCET) methods in [3-5].

Nowadays the resummation of LP threshold logarithms is understood in DY up to next-
to-next-to-next-to-leading logarithmic (N3LL) accuracy [6-9]. However, comparatively less
is known about terms which are suppressed by a power of (1 — z), the so-called next-to-
leading power (NLP) logarithms, despite the fact that studies of amplitudes with next-to-
soft emissions have quite a long history [10-12]. Focusing on the diagonal (¢q) channel of
the Drell-Yan process, calculations of partonic cross sections at NLP up to next-to-next-
to-leading order (NNLO) in the strong coupling expansion, and partly beyond, have been
carried out using the expansion-by-regions method [13, 14] and diagrammatic factorization
techniques [15-19]. Investigations of the NLP terms for the DY process within the effective
field theory (EFT) framework were initiated in [20] and [21]. In the former, the NLP
logarithms were resummed to leading logarithmic (LL) accuracy, and in the latter, the
complete subleading power factorization theorem was derived. In the present work, we
complete these investigations by deriving and validating up to NNLO the NLP factorization
theorem for the off-diagonal ¢q (qg) channel of the DY production process at threshold,
which constitutes the last missing piece up to NLP accuracy.

The development of this framework is timely as plenty of attention has recently been
given to NLP studies of the analogous off-diagonal channels in deep-inelastic scattering
(DIS) at large Bjorken-z and “gluon thrust” in hadronic e*e™ annihilation, their cor-
responding diagonal channels, and Higgs production in gluon fusion at threshold [19-32].
Progress beyond LP has also been achieved for variables such as N-jettiness [33-38] and the
gr of the lepton pair or the Higgs boson [39—41]. However, the extension of the standard LP
factorization theorems to NLP has not proved straightforward. The main stumbling block
being the ubiquitous appearance of endpoint divergences in the convolution integrals that
connect the hard, (anti-) collinear and soft functions in NLP factorization theorems [21].
This conceptual issue has been investigated in a number of contexts: for instance, conjec-
ture regarding the form of the leading double logarithms related to soft quark emission has
been presented in [26], and refactorization ideas were developed for DIS [29] and for Higgs
decay to two photons (and gluons) through bottom-quark loops [42-45]. Combination of
standard SCET factorization and endpoint factorization was put forward in [32] to arrive
at a factorization formula for the “gluon thrust” valid in d = 4, such that standard system-
atically improvable Renormalization Group (RG) methods can be applied to perform the
resummation of large logarithms. Endpoint divergences have also recently been explored
in QED [46] and B physics [47-49].

Concerning the study of the all-order resummation for the gg channel of DY, results
at LL accuracy have recently been obtained using diagrammatic techniques in [31] and
d-dimensional consistency relations in [50]. In general, the development of a resummation
framework at higher orders will require a genuine prescription for the treatment of the
endpoint convolution divergences in the presence of hadronic initial states. In this respect,
it is crucial to derive a consistent factorization theorem valid in d = 4. As a first step
toward this goal, however, one needs to develop a consistent factorization theorem at the



level of the bare cross section, and calculate all of the contributing functions to the relevant
perturbative order in dimensional regularization. While this task has been completed for
the DY ¢q channel in [21, 51], the ggq channel of DY has not been systematically address yet.
The purpose of this paper is to fill this gap: in particular, starting from time-ordered power
suppressed operators in SCET, we derive the factorization of the partonic cross section
in terms of short-distance coefficients times the convolution of collinear and soft matrix
elements, valid at any subleading power. We then focus on the NLP contribution, and
evaluate the collinear and soft functions appearing in the factorization theorem respectively
at O(a;) and O(a?), which is the required accuracy to reproduce the known inclusive DY
cross section result at NNLO. This provides a strong sanity check of our framework and
allows us to reach the same accuracy as for the diagonal ¢¢ channel in [21, 51].

The collinear function has a purely virtual origin and we evaluate it at one-loop order.
Its appearance is the consequence of the insertion of the power suppressed interaction
which couples a soft quark with collinear gluons and a collinear quark. This function is
practically equivalent (with just some minor differences in its definition) to the radiative
collinear function computed to O(a?) in [52]. The calculation of the collinear function
which appears in the factorization formula for the gg channel turns out to be much simpler
in comparison to the evaluation of the collinear functions which appear in [21] since the
derivative terms acting on the momentum conserving delta function are not present in this
case. The soft function depends on the total energy of the soft emissions as well as two
additional convolution variables. We evaluate the soft contributions at NNLO accuracy
in exact d-dimensions by employing the reduction to master integrals and the differential
equations methods that were also employed in [51]. Other soft functions which appear in
the h — vy decay NLP factorization formula were computed in [53, 54] at O(as).

Working with d-dimensional expressions allows us to carry out the convolution in-
tegrals at fixed-order accuracy. This is the first step needed for the application of the
refactorization ideas developed in [32, 44]. We also study asymptotic limits of the obtained
functions which is useful for any such program. However, additional insights concerning
the operatorial structure of the incoming hadronic states are required to carry out this
program, which we leave to a future investigation.

The paper is organised as follows: in section 2 we derive the general subleading power
factorization formula for the partonic off-diagonal channels of the DY process and we
specialize it to NLP. Then, in sections 3 and 4 we calculate the required NLP collinear and
generalized soft functions up to O(as) and O(a?), respectively. As a last step in section 4,
we consider asymptotic limits of the soft function. The obtained accuracy of the soft and
collinear functions enables the validation of the factorization formula derived in section 2
to NNLO, which is carried out in section 5. We summarize and discuss possible future
developments in section 6.



2 Factorization near threshold

We consider the Drell-Yan invariant mass distribution

dopy A

Q2 — 3N Q4 Z/ dZ/dxad:UM(z—)fa/A(fEa)fb/B(be) Gap(2) +0O (Q)’ (2.1)

where f,/4(24) and f/p(7p) are the usual parton distribution functions (PDFs) of partons

a, b, with momentum fractions z,, xp; G45(2) represents the partonic cross section for
the process a(pqa)b(py) — v*(q)[— €0] + X; 7 = Q*/s and z = Q?/5 are respectively the
hadronic and partonic threshold variables, with s = (pa+pp)? and 8 = (py +pp)? = Taxp 5
the hadronic and partonic centre of mass energy; Q2 = ¢2 is the invariant mass of the final
state photon; last, A is the confinement scale of QCD. In the present analysis, we do not
consider power corrections in A/Q.

Near threshold the partonic cross section has the following power expansion

Ga(2) = Gap (2) + 6,7 (2) + O(N?), (2.2)

where the power-counting parameter is defined as A\ = /1 — z < 1; the leading power
term in the equation above is O(A72) and the next-to-leading power term is O(\°). Only
the diagonal production channel ab = ¢¢ contributes at LP. At NLP more channels open
up: in addition to the NLP correction to the ggq channel, which has been studied at length
n [21, 51], there are also contributions from the gluon-antiquark gq and the quark-gluon
qg channels, which are the topic of the present work. In this section we derive their
factorization structure near threshold, valid at general subleading powers. Given that the
two channels gq and qg give identical contributions, in what follows we focus for simplicity
on the gluon-antiquark gq channel.

We derive the factorization theorem for the bare cross section in d = 4 —2e dimensions:
in this case, dimensional regularization regulates the endpoint divergences arising in con-
volution integrals, hence calculations at fixed orders are well defined. In order to facilitate
comparison with literature, we will consider an equivalent form of eq. (2.1), given by

where the parton luminosity function Lgp(y) is defined as

Ldx
Lals) = [ 5 furale) (), (24
y
and Ag(2) is related to the partonic cross section 644(2) in eq. (2.1) by
1 6w(z)
Ay(z) = . 2.5

In order to obtain the factorization theorem for Agz(z) let us start from the standard
expression for the hadronic d-dimensional differential cross section. After integration over
the phase-space for the final state leptons one has

Ara? . di
=T em —gh* 2.
do 3sq? (2m)d (= 9" W), (2:6)



where W, is the hadronic tensor

9" Whp = /ddx e (A(pa)B(pp)| I (2)1,(0)| A(pa) B(pp))
= > @)Y (pa+ps — g = px, — pxror — pyror)
X
x (A(pa) B(pp)|J}(0)|X){X|J7(0)| A(pa) B(pE)) , (2.7)

and in turn J? =3, eqqﬁq'ypwq represents the electromagnetic quark current. In eq. (2.7),
Px, +pxpor +pxpror = px is the total momentum of the final state radiation X. In order
to not obscure the derivation of the factorization theorem, in what follows we work with a
single quark flavour and set the electromagnetic charge e, = 1.

The partonic kinematic threshold corresponds to the case where almost all of the energy
in the interaction between the two incoming partons is carried away by the intermediate off-
shell boson, v*. The relevant modes consist thus of PDF-collinear and PDF-anticollinear
modes, threshold-collinear and threshold-anticollinear modes, and soft modes. Momenta
are decomposed along two light-like directions nff, defined by n’ = 2pfy /\/s, nfl = 2p/5 /\/s,
such that a generic momentum [ has decomposition I* = niint /2 + n_ink /2 4+ 1.
The scaling of a given momentum [ is thus indicated by the scaling of the compo-
nents (nyl,l;,n_l). The PDF-collinear and anticollinear modes scale respectively as
p&fDF ~ (Q7A’A2/Q) and p'uXCPDF ~ (A2/Q7A7 @), where A < QX = Q(1 — 2)1/2 rep-
resents the confinement scale of QCD, while threshold collinear, anticollinear, and soft
modes scales respectively as p. ~ Q(1,\,A?), pz ~ QA2 \,1) and ps ~ Q(A2, A2, \?).
We work in position-space SCET [55, 56] and describe each mode by its own set of fields.
We have therefore PDF- and threshold-collinear quarks and gluons, and soft quarks and
gluons. These fields are expressed in terms of gauge-invariant building blocks, after the soft-
collinear decoupling transformation has been applied. For instance, we express collinear
fields modes in terms of the gauge-invariant building blocks

XO(2) = V(e )xelz),  ADR(z) = V] (20) AL ()Y (22), (2.8)

where . = W€, and A* = W] [iD# W] represent the original non-decoupled collinear
fields. In turn, the covariant derivative is defined as iD¥ = i0* + gsA¥. In what follows we
will always work with decoupled fields, and drop the index (0). In eq. (2.8) the soft Wilson
lines are defined as

0
Yy (z) = Pexp {igs/ dsngAg (z+ sng)|, (2.9)
—0oQ
while the collinear Wilson lines reads
0
W, (z) = Pexp [igs / dsnyAc(x+sny)|. (2.10)
—o0

In both of the above equations P is the path ordering operator. Notice also that in eq. (2.8)
the soft Wilson lines are evaluated at 2z = (nyz)n" /2, in accordance with the fact that



Figure 1. Schematic representation of the lowest-power contribution to the gluon-antiquark chan-
nel in Drell-Yan. It involves the conversion of a (PDF) collinear gluon into a (threshold) collinear
quark by emission of a soft anti-quark. The emission proceeds first at NLP by means of a time-
ordered product, involving the leading power SCET current J4? times the insertions of the power
suppressed Lagrangian Eé}]), indicated by the index “1” in the picture. The matching of threshold
modes onto PDF modes is trivial for the anti-collinear sector, as there is no power suppression on
this leg [21].

soft fields are multipole expanded when multiplying collinear fields [56]. Concerning soft
fields, we write them in terms of the gauge invariant building blocks

¢F=Ylg. BL=YI[iDI'vy], (2.11)

where the soft covariant derivative is iD¥ = i0#+4g;A¥. The power-suppressed soft-collinear
Lagrangian £() = Eg) + Kgl) + E%\/I is then expressed in terms of these fields, as listed in
appendix A of [21]. We refer to [55, 56] for a thorough derivation of the SCET Lagrangian
and SCET fields definition.

Given that the final state is forced to only contain soft radiation, the hard matching to
SCET fields can be performed at amplitude level, since there are no contributions to the
hadronic tensor where the currents at positions 0 and z are connected by hard partons. For
the process g¢ — 7"+ X to take place in the z — 1 limit, the incoming ¢-PDF gluon must
be converted to a threshold collinear quark through the emission of a soft antiquark. The
threshold-collinear quark retains almost all of the momentum of the incoming ¢-PDF gluon.
The soft-quark interaction with collinear fields is inherently a subleading power effect. This
can be deduced from the fact that soft quarks at leading power only appear in the soft term,
@siD4qs, in the SCET Lagrangian; the soft quarks first appear in soft-collinear interaction
terms at O(A) in [’gz)’

L£8) = 7+ Aerxe + huc.. (2.12)
Therefore, unlike in the case of the gg-channel discussed in [21], the contribution to the
Drell-Yan cross-section from the gg-channel begins at NLP (i.e., at O(\?)), through a
time-ordered product insertion of ’ng) into the amplitude and its complex conjugate, as
represented in figure 1.



2.1 Factorization at general subleading powers

The formal factorization formula for the gg-channel at general subleading can be obtained
following closely the derivation for the gg-channel given in [21], therefore we provide here
a rather concise discussion and draw attention to the differences between the two cases.
Our discussion below follows the derivation given in [57]. In general, one needs to take
into account the contribution of time-ordered products involving the (multiple) insertions
of £ = Eg) + E(Z) + C%ﬁ%\/[ Lagrangian terms and operators arising from the expansion
of the Drell-Yan current, with the constraint that the time-ordered products must involve
a collinear gluon and at least one soft quark emission. Omitting the index structure for

clarity, the general, all power, hard matching of the vector current is given by

vy(0) = Y /{dtk}{dfg}éml’m ({te}, {Tz}) Js(0) I ({t}, {1z}) » (2.13)

mi,m2

where the symbols {dty}, {tx} (and the barred ones for the anticollinear direction) indicate
sets of convolution variables associated to the number of fields in each collinear direction.
The indices m; and mg label the basis of SCET operators (and their corresponding short-
distance matching coefficients C mim2) - following the formalism and notation developed
in [58-60].! The function Js involves only soft fields and starts at O(A\3) [58]. Given that
the DY process involves a collinear and an anticollinear direction, the currents J "2
explicitly read

Tz (fnd, {iRY) = I ({B)) T0om T2 ({4)) (2.14)

where for instance the terms J2 ({t;}) are constructed using collinear-gauge-invariant
collinear building blocks given in eq. (2.8). In this general construction, the indices mj,
mgo comnsist of letters A, B, C etc., labelling the number of fields in a particular collinear
direction, and numbers 0, 1, 2 etc., denoting the overall power of A of the current with
respect to the LP, which is labelled 0. The function I';'v'™2 in eq. (2.14) gives the appro-
priate spinor and Lorentz structure of the operator. For instance, the structure of the LP
operator reads I‘;‘O’AO =1p; at O(A) one has Ffo’Al = Nyp, etc.

Hard modes are integrated out in the matching between QCD and SCET, and ap-
pear as short-distance coefficients Cmimz ip eq. (2.13). In the next step, one integrates
out threshold-collinear and anticollinear modes. As discussed in [20, 21], this gives rise
to a matching equation, which involves on the left-hand-side the SCET Lagrangian with
threshold-collinear and soft fields, and on the right-hand side PDF-collinear and soft fields,
times a short-distance coefficient, defined as “collinear function”, which arises as a conse-
quence of integrating out threshold-collinear modes. The collinear function is the analogue
of the “radiative jet” discussed in [12, 18, 19], and we refer to section 2 of [21] for a detailed
discussion. The specific form of the matching equation is dictated by gauge invariance,
momentum and Fermion number conservation. For the gg channel, the general collinear

!See e.g. [61-64] for the construction of power suppressed operator bases in the label formulation of
SCET.



matching equation reads
m (@ T [{geltns)} < {0
— 203" [du [{dz-} Gi ({1 us {2 ) ;SAED%m)si({zj-}), (2.15)

where {d?z;} = | d?z; and {dz;_} = | dmz] . {zj—} denotes the set of m positions
at which the soft building block insertions are located, and T represents the time-ordering
operator. On the left-hand side, {E(l)(zj)} is a set of m O(\)-suppressed Lagrangian
insertions and {t¢(txn4)} denotes a set of n collinear fields, 1. = x. or A% , each dependent
on one variable from the n-sized set {tx }, originating from the collinear part of the Drell-Yan
current operators. On the right-hand side, the function G; represents the NLP collinear
function resulting from the matching of threshold collinear fields onto the initial state

APPF and is analogous to the NLP collinear function .J; in [20, 21],

PDF-collinear gluon
representing the matching onto an initial state PDF-collinear quark, which appears in
the factorization of the g¢ channel. Last, as in case of the ¢g channel, the soft operator
5;({#j—}) represents a series of soft structures, containing the soft fields originating from
the power-suppressed soft-collinear interaction. In case of the g¢ channel s;({z;_}) must

contain at least one soft quark, i.e.

sllz-h) € {325 e | (2.16)

where the index 7 labels the soft structures, and the ellipsis refers to additional structures
appearing beyond NLP. Note that, for consistency with the qq channel, we normalise the
collinear function such that at tree level it contributes to O(g?), and we absorb a factor
of gs into the soft structures, as can be seen explicitly in eq. (2.16). Notice also that the
collinear gauge invariant building block itself contains a factor of g5, which is compensated
by the explicit factor of g; ' in eq. (2.15). The matching for the anticollinear leg, with an
incoming antiquark, is analogous to eq. (2.15), and involves the anticollinear function J 7
as for the ¢q case, and the soft structures given in eq. (3.45) of [21]. After the second
matching onto collinear and anticollinear PDF modes has been performed, the derivation
of the factorization theorem follows very closely that of the qq channel. Taking into account
the factorization of the state |X) = |X.) ® |Xz) ® |Xs), the gg matrix element reads

(XA Blom) = Y 3 [ {dt} {dig) O™ ({te). (i)

mimz ;3

><27r/du/{dzj+}Jm1 (b @ {25, }) (XEPFIREPT () [ B(ps))
com [[du [{d2,} G ({ted i zi-)) (XEPF | AT (un ) Apa)
)T (T (55 ({25, [V 131 (0) 5 ({-D) 10), (2.17)

where explicit Dirac, Lorentz, and color indices are suppressed. The index k (l%) counts
the number of collinear (anticollinear) building block fields in a given current, and we sum



over all of the possible currents. The index j (j) counts the number of insertions of the
subleading power Lagrangians into each collinear (anticollinear) sector, and again we sum
over all of the occurrences.

In order to take the square of the matrix element in eq. (2.17) it proves useful to
write it in terms of the momentum-space representation of the various functions, which are
obtained by means of Fourier transformation. For the short-distance coefficients C'm1,m2
one has

~ _ d dn_pz\ BT

C () (1)) = [{ T8 | {F52h | ol 00 (). npy)). (218)
T m

then we need to introduce the momentum-space representation of the PDF-collinear and

anticollinear fields. For instance, for the ¢-PDF gluon field we use

dTL a 72n u
AEPT (uny) = [ SR i AP (), (2.19)

with analogous definition for the ¢-PDF antiquark field. Furthermore, the Fourier transform

of the collinear function is given as?

ey [auGre (. w {zo)) étmemionr
d P25 m
= [{52} e @ (nmdnmn () (2:20

with an analogous definition for the anticollinear function. Here the set {w;} denotes the

variables with a soft scaling that are conjugate to {zj } and in the exponents Einstein’s

. . . dw;
summation convention is used. Also, {2—;} = d;?’rl X . d;’;”.

Making use of these definitions, eq. (2.17) becomes

(XL (Ol Apa)Bos)) = > /{dmpk} {dn2—7rpk}

mi,ma 3

< [ d(mip) dinopy) €™ (npid, (i)
X /{d;} Jm1 ({nfﬁ;;},—nfpb; {@3}> <XPDF’APDF(n7pb)|B(pB)>

x /{dwj} G ({n4pr} nipa; {w;}) (XPDFI*APDF(MPMA(?A))

27
xrpme [(dzg, ) [(dzo) e s e
< (X T (55 ({25,3) [V Jo v ] <o>si<{zjf}>) 0) . (2.21)
2Let us notice here that, in order to keep equations compact, we use the same symbol to indicate
= nyzr— s z—n! and 2_ = % Therefore, when z_ appears as argument of functions, as in

G2 ({te}, u; {zj,}), or in scalar products z_ - k, we refer to the vector 2", while when z_ appears in
%i— or dzj—, we refer to the scalar z;— = % or

exponents or integration measures, such as in e "

d(nyzj)
2

dzj— = , respectively.



The matrix element can be written in a more compact form by introducing the following
amplitude level coefficient functions

DI s~ o} () — (27)° / {dn+1)k} {d(npk;)}

27 2m
<€ (i {n-pi}) % ™ ({n-pi) —npsi )
x TP G2 ({n g pr}, nypa; {w)}) (2:22)

such that the matrix element reads

(X[4n"(0)| A(pa) B(pp)) = (2;) DY / d(n+pa) d<”—pb>/ {d;;}/ {dzfr}

mi,ma 5

. / dg dg ¢! +P 9= H =P8 DI (0 py, —n_py; {w;}, {@7})

x (XZPPREP (g n-)|B(pp)) <X5DF;ACPPF(9 ny)|A(pa))

X /{d23+ }/{d?«’j_ }e_i"ji Zjp oWz
X CGIT (534550 [V ] @ =il {25-D) 0) (2.29

We can now insert this expression into the definition of the hadronic tensor W), in
eq. (2.7), with an equivalent expression for the complex conjugate matrix element, and
obtain the factorized expression at general subleading powers for the cross section given in
eq. (2.6). To this end one still needs to identify the PDF-collinear and anticollinear matrix
elements respectively with the gluon and anti-quark parton distribution functions. For the
former we use the following relation from appendix A of [65]3

1 ,
(Awa)l 5 AL @+ gy ) AP (g )| A(pa))

—GLlny 5AA/ ldl‘a ixq(z+g' Ny —gny)-
= e Ty ) Gl (200

while for the anticollinear matrix element we use
(B(pB)|Xton (Gn-)xzs; (x+3n-)|B(ps))
Ss 1 . _,
= —ﬁ (@) (n_pp) / dxyp e~ ign-—g "f—r)'PBxbfb/B(xb). (2.25)
c Sa 0
Let us remark that, although we do not make indices explicit in this general derivation, it is

understood that the indices appearing in eq. (2.24) are absorbed by the collinear functions.
Integrating over the auxiliary variables g, g, ¢’, ¢’ and the momenta np,, nipy, nipl,

3Note the different normalization of the gauge-invariant gluon field building block used in this work,
compared to [65]: here A# = W] [iD* W.], while in eq. (2.26) of [65] one defines A* = g; ! W] [iD* W.].
This difference is at the origin of the factor g; 2 in eq. (2.24).

~10 -



nypj, after some elaboration we obtain the gg-channel Drell-Yan cross-section as defined

in eq. (2.5):
) e

1 mi,msz p . ) — 7L+

- v v {5

mi,mb, i 5
mymz ;G

)

dd 1—' Q )

/ d . o PATat+PBTL—q)-®
(2m 32\/Q2 + g2 2m

X Soqi 7o v (@ {wit @5} {wh b {a%)). (2.26)

This is the result for the general form of the power-suppressed gg-induced partonic cross-

! !
D*.lngll;mz (xan+pA7 TpyN_PRB; {w}/}, {(D;/})]

section in the z — 1 limit. The notation with bars (7) and tildes () is used here in
the same way as in the derivation of the gg-induced partonic cross-section of [21]. They
refer to the anticollinear direction and objects with dependence on the coordinate variables
respectively. Also, the contributions from the complex conjugate amplitude are denoted
with a prime (/) symbol.

In the last line of equation (2.26) we have introduced the generalised multi-local soft
function for the gg-channel. It is given by

Syvii v (o5 s 7 {w;»,}; 55 - Jidzy [1dzy [1dz, ) [tase)
Nj ()T (s;« {r+ 2 ) [YI@)IY-@)] 85 ({z+ 2., 1)
T (55({z,3) [Y1(0) 1Y (0)] si( {z-1) 10)- (2.27)

Let us also recall that, in the same fashion as the ¢g-channel factorization theorem in [21],

the result in eq. (2.26) is formally valid in d-dimensions.

2.2 Factorization at next-to-leading power

Let us now specialise the factorization theorem in eq. (2.26) to next-to-leading power. As
discussed above, near threshold the production of an off-shell photon from an initial gq state
involves at least the emission of a soft quark into the final state. Soft quarks can arise from
the factor Js(0) in the expansion of the vector current, but this term is at least of O(\3),
therefore any such contribution is beyond NLP. Hence, the only remaining possibility to
achieve a power suppression is provided by time-ordered products with insertions of the

Lagrangian terms Eg]). Up to NLP only the two terms with ¢ = 1, 2 can appear. The

Eg) Lagrangian insertion, however, can also be dropped, as the corresponding amplitude

would have to be interfered with a leading power amplitude in order to yield an O(\?)
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power suppressed cross-section, and such contribution vanishes. This leaves solely the
contribution due to /ng) multiplied with the leading power JA4° current. Therefore, using
the Fourier transforms in egs. (2.20) and (2.19), at NLP the collinear matching in eq. (2.15)

reduces to

/ddZT Xenf (tn+) E S / dn+p —i(n4p)t %
s

X Ggq ;Y fa (n+p7 n+pa) ) ;AEPEA(n+pa) /d’zf e_iw == 5£q;a,a(z7)v (228)
S

where we have written indices explicitly: « and ~ are Dirac indices, n is a Lorentz index,
a, f and A are a fundamental and adjoint color indices respectively. This is the analogue of
eq. (3.23) in [21] for the gg-channel at NLP. Here we do not sum over the soft structures,
as at NLP there is only one, originating from [,21), given by the term written in eq. (2.16).

With explicit indices it reads

g
Segoa(7-) = —oaha(20). (2.29)
— Yz

In order to simplify the next-to-leading power factorization formula as much as possible,
we make use of generic properties of the collinear function GE wrvafa (n4p,nype;w) in the
matching equation (2.28). Firstly, as in case of the ¢q channel, the collinear function
must be proportional to the delta function in the collinear momenta, d§ (nyp — n4p,), since
the kinematic set-up does not allow for threshold collinear radiation into the final state.
Therefore the incoming ¢-PDF momentum is the same as the outgoing threshold collinear
momentum. Further simplification arises from the fact that £ (z) does not contain ex-
plicit factors of the position, such as for instance n_z, thus there are no momentum-space
derivatives acting on the collinear momentum delta function, as it happens for the collinear
function Ji in case of the ¢q channel, cf. eq. (3.40) in [21]. Concerning the color structure,
we note that G5 wvafa (nyp,m4pg;w) carries one adjoint color index A and two fundamen-
tal color indices fa, therefore we can extract a T4 %o color generator and transfer it into the
definition of the soft function. The collinear function also carries a single Lorentz index 7
and two Dirac indices 7, . From the matching equation in (2.28) we see that the Lorentz
index is contracted with a L structure. Therefore, in the collinear function a 4] must
appear, as the only other possible single Lorentz index carrying structures are n'l, which
would vanish upon contraction with /lfan 4. Based on these considerations, we expect the

collinear function G} to have the following structure at all orders:

Eq yo,fa
VA
GL o 1a(n4D 14 Pa;w) = Geg(nyp;w) 8(nyp — nypa) Tf, 171 " (2.30)

where we introduced the scalar collinear function G¢,. At tree level the factor 4 _ arises
due to the collinear quark propagator from the point tni to z. At higher orders the
function G€ o f o (NP, Ny pa; w) is given in terms of loops corrections to the collinear quark
propagator, therefore it is constrained by gauge- and reparametrization invariance to have
the form on the right-hand side of eq. (2.30). This can be seen explicitly by noticing
that additional factors of v, cannot appear, because they would be contracted with the
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X )

Figure 2. Graphical representation of the factorization theorem in eq. (2.34), valid for the gq
channel in Drell-Yan near threshold at NLP. In this picture red lines represents soft fields, blue
lines represents collinear fiends, and green lines are anti-collinear fields. The purple circles denoted
by “A0” and “A0*” represent the leading power short-distance coefficient C4°(Q?) and its com-
plex conjugate, respectively. The blue ovals denoted by G, G* represents the (momentum-space
representation of the) collinear functions, introduced in the matching equation eq. (2.15). The red
double lines represent the soft Wilson lines and the red filled circles are insertions of the soft quark
building blocks. Last, w and w’ are the convolution variables between the collinear functions and
the soft function.

collinear momentum, and thus would be power suppressed. The only possible remaining
structures are given by factors of 4, and #_. Given an odd number of these factors, one
has ¢7¢+¢7 = 4, ’¢+¢+¢7 =0, and 7%_7_s_ = 0. Since at least one factor of 7 _
always appears due to the tree level quark propagator, the rules above can be used to
systematically reduce any loop correction to the form in eq. (2.30). We will show this
explicitly at one loop in section 3, and this structure was verified at two loops in [52].

In order to simplify further eq. (2.26), we note now that the time-ordered product
at NLP, both in the amplitude and the complex conjugate amplitude involves the leading
power current JA°, therefore the structure I'™™27 in eq. (2.22) (and the corresponding
f‘zlll’mé in the complex conjugate matrix element) reduce respectively to 7/ and 7, ,. Using
this information, and the structure of the collinear function in eq. (2.30), we find that the
spin structure implicit in the factor D? (%) Dy in eq. (2.26) takes the form

et y ) (ﬁ*) (e i) =422 ey
P

In the following we will absorb the factor of ¢___ /4 into the definition of the soft function,
which we give below.
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The last simplification which can be applied when considering eq. (2.26) up to NLP
concerns the phase space integration. As discussed for the ¢g channel in [21], also the
kinematic factors in eq. (2.26) need to be expanded consistently to NLP: this implies
that the matrix element squared expanded to NLP needs to be integrated against the
LP expansion of the phase space, while the LP matrix element needs to be multiplied by
the phase space expanded up to NLP. These two contributions are identified respectively
as “dynamical” and “kinematic” terms: Anpp(z) = A%%"P(z) + Afin,(2). In case of the
gq channel the matrix element squared starts at NLP, therefore there is no kinematic
contribution:

Agg(2)INLp = AZ™(2)|nrp - (2.32)

Taking the LP approximation of the phase space implies the following replacement in
eq. (2.26):

d—l -
1 / d Q mei(pra+pB$b*Q)'l’ /da: lﬂ ’
22(1 —€)? 2%32\/WQ7T 1_6 |
(2.33)

where Q@ = Q(1 — z). As a consequence of this approximation, we can set ¥ = 0 in

the argument of the position space soft function. Last, we observe that we can carry
out a further simplification by setting the anticollinear function to its LP expression,
J: (n_p,myn_pp;©) = 8(n_p — xpn_pp), given that the suppression to NLP is already
provided by the two insertions of ﬁgz)

Applying all these simplifications to eq. (2.26) we finally get

Agti|NLP(f<7) = 8H(Q2) /dw du' qu(fUaTupA;w/) G&q(ZEanerA;W) S(Q,W,W,) ) (2.34)

where the hard function is also given by the LP approximation of the LP short-distance

coefficient squared: H(3) = [CA%4%(z n pa, xpn_pp)|? = H(Q?) + O(N\?), and the soft

function S(Q,w,w’) is given by

_ s ; 0
qu Q w, w / / wz— o Hiw z_e—HQx /2

T <|T<m - +<x°+z'_>TA{Yl<m°>Y<m°>})
he
Xi
4

T ({Y_T(o)n(o)} TA ,gsq+(z)> 10). (2.35)

in_0,

The Egz) insertion in the amplitude is at position z_, whereas in the conjugate amplitude we
place the same insertion at position 2z’ . The conjugate variables to these coordinate-space
variables are w and w’ respectively. A graphical representation of the factorization theorem
in eq. (2.34) is given in figure 2. We note that the factorization formula in eq. (2.34),
in the same way as the results for the gg-channel Drell-Yan cross-section, is formally
valid in d-dimension. The objects appearing in the factorization formula, G¢y(zan4pa;w),
qu(mamrpA; w'), and Sgg(2,w,w’), should not be treated as renormalized objects, because
the convolution linking the collinear and soft functions must be performed in d-dimensions.
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We stress that the factorization formula in eq. (2.34) is valid at the level of the partonic
cross section. In particular, in the context of SCET, it was argued in [7] that Glauber
modes give scaleless contributions at partonic level and therefore Glauber fields are not
included in the construction of the effective theory. In the next two sections we compute
the collinear and soft functions, respectively to O(as) and O(a?), which is necessary to
achieve NNLO accuracy for the invariant mass distribution.

3 Collinear functions

We now proceed to calculate the collinear function Geg(zan4pa;w) up to one loop, by
means of the matching equation (2.28). Before continuing, let us notice that an equivalent
collinear function has been defined in the context of H — gg in [52], which has been
calculated up to two loops. We provide here an independent calculation and check that
our result for the one-loop collinear function defined in eq. (2.28) is indeed equivalent to
the one considered in [52]. In order to set-up the calculation it proves useful to introduce
the short-hand notation

= . 1
Tyr(t) = z/d%T{Xcﬁf (tny) £éq)(z)} , (3.1)
for the left-hand side of (2.28). We then consider its Fourier transform
Tolnsa) = [ dee 0 T (h), (3.2)
and rewrite the matching equation (2.28) in momentum space as follows
- dn+pa i(nypa)u dw
Tyr(n4q) —27r/ 5, /due o

(3.3)

X Ggéfia,fa (114G, 114 Pa; w) ;ASBFA(U”Q /dz_ e Segaalz-) -
Starting from this definition, we extract the perturbative collinear functions by considering
suitable partonic matrix elements of the operator matching equation. In this case, the
relevant matrix element involves an incoming ¢-PDF gluon and an outgoing soft quark
(gt (k)|...|lg(p)). We compute both sides of the matching equation with the leading power
decoupled Lagrangian, considering the soft fields as external. Hence, we only need the
soft matrix element (g7 (k)|s¢g.a,q(2—)|0) at tree level. Similarly, for the ¢-PDF matrix
element <O]AEBIFA(un+)| g(p)) the loop corrections are scaleless and <0|AfB7F Aluny)|g(p))
contributes only at tree level. The calculation of the left-hand side of eq. (3.3) is done
using the momentum-space Feynman rules given in appendix A of [59]. Before moving
to the description of the actual calculation, we point out that this calculation is far more
straightforward compared to the case of the corresponding collinear functions in the qgq
channel, see [21]. This is because, as discussed above, we need to consider the single soft
structure given in eq. (2.29); furthermore, the Lagrangian insertion L’g

power suppression does not contain any explicit position variables, which means that, in

which induces the
momentum space, no derivatives on the momentum conserving delta functions appear at

subleading power soft-collinear interaction vertices. This reduces drastically the number of
terms which appear in each diagram and the number of integrals involved in the calculation.
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Figure 3. Tree-level EFT diagram in the gg-channel.

3.1 Tree-level collinear function

We first consider the right-hand side of (3.3) and evaluate the tree-level matrix element
+ B dn pa i (n4pa)u dw —lwz_
(g (B)[Ty¢(nyq)lg” (p)) = 2W/T/due @ /—/dz,e
m 2m
A 1
XGlegive fa (M5 4P W) <0|;Afan un)lg® () (g (k)1s¢gaa(2-)10),  (34)

where B is the adjoint color index and b is the fundamental color index of the external
final state. The c-PDF matrix element in (3.4) evaluates to the following

1 —i(n U
(Olg*AfB;FA(um)lgB(pD = 647 \/ Zy por € 1y(p) e ) (3.5)

The factor \/Z, ppr is the on-shell renormalization factor of the c-PDF gluon field. The
soft matrix element on the right-hand side of (3.4) becomes

(i () segna-)10) = ()220 (2)10) = =60 L va(R) 5. (36)
In the second step we have used the form of the soft structure as given in eq. (2.29). As
originally discussed below eq. (4.3) of [21] for the case of collinear functions involving
PDF and threshold quarks, the matrix elements in eqs. (3.5) and (3.6) do not have loop
corrections. This is true in eq. (3.5) because the loop corrections are scaleless, and it also
holds for eq. (3.6) because here the soft field is treated as external. Next, we substitute
the matrix elements evaluated in egs. (3.5) and (3.6) into (3.4) and find

gs
{af (0)| 7 (n1q)lg” (p)) = —(QW)H Gg}ga,fb (n+¢, nyp;n_k)

X Vo (k) \/Zg,pDF €15(P) - (3.7)

This result constitutes the final expression for the matrix element with the chosen partonic
external states of the right-hand side of the matching equation in (3.3). Since the matrix
elements in egs. (3.5) and (3.6) have no loop corrections, the expression in eq. (3.7) is valid
to all orders in o.

Having obtained an expression for the right-hand side of the matching equation (3.4),
we now compute the left-hand side, which corresponds to the diagram in figure 3. The
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Lagrangian insertion in eq. (3.1) can be computed by means of the Feynman rule given in
eq. (A.36) of [59] and we obtain

(i (OITs (14 0)lg” 0)) = ()50 = nsp)—0,TF,

X(@”’?) Va(k)\/ Zg clireec] (0) + O(as). (3.8)
Y&

The tree-level value of the on-shell wave function renormalization factor of the gluon field
is \/Zy c|tree = 1 in the EFT.

Since at next-to-leading power in the gg-channel only a single soft structure is rel-
evant, no additional manipulations relating to the use of equation-of-motion identity, or
on-shell and transversality conditions are necessary here, in contrast to the calculation of
the collinear functions for the gg-channel, see section 4.1 of [21]. At this point, we simply
compare the result for the left-hand side of the matching equation given in eq. (3.8) to the
right-hand side in eq. (3.7) and read off the tree-level result for the collinear function

B T
Ggg;va,fb (n4q,nip;w) = —0(niq —nip) T?b (2%-77) + O(as) - (3.9)
Yo
Using the decomposition introduced in eq. (2.30) we can extract the scalar collinear function
Ge¢q(nyp;w) which appears in the factorization formula in (2.34). Namely, we find

GO nypiw) = -1

& 5 (3.10)

where the superscript (0) denotes the tree-level result.

3.2 One-loop collinear function

We are now ready to consider the O(ay) correction. For the right-hand side of the matching
we use eq. (3.7). Here the on-shell wave function renormalization factor is unity to all
orders in perturbation theory: \/Z;ppr = 1. This holds in dimensional regularization,
which we use to treat infrared and ultraviolet divergences, since the loop corrections are
scaleless. The situation is the same for the \/Z,. factor on the left-hand side of the
matching equation, see eq. (3.8). Given that the calculation is relatively straightforward,
we skip the details of the computation and present the results for the one-loop matrix
element (g, (k)| T, ¢(n+q)|g” (p)) on the left-hand side of the matching equation (3.3), which
is given by the sum over the one loop diagrams represented in figure 4 (a)—(i). Let us only
notice that diagram (e), (g) and (i) are zero, the latter because the collinear loop does not
have a scale. Furthermore, diagrams (a) and (b) contribute with a color factor Cp, (c¢) and
(d) with a color factor (—C'4/2), (h) and (f) are proportional to (Cr — C4/2). We obtain

@ Tl )lgP G = @m)3(nsa = 4p) o2 0. Th(Cr - Ca) (L35

e € —€]? 2—4de— €
v F[Fl[;_]ge[]l I” 2 462 nik (é‘m) va(k) €l (p),  (3.11)
Yo
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(a) (b) (©)
S S s
(d) (e) ()
s S S
() (h) @)

Figure 4. One-loop diagrams contributing to the collinear function.

where the superscript (1) on the left-hand side indicates that the matrix element is con-
sidered at order asz. We match this result to the right-hand side of eq. (3.7), from which
we extract the perturbative matching coefficient, the collinear function, at one-loop order

,B(1 Qg nipw —62_46_62
Gngo(c,])‘b (nyq,nyp;w) = — o T?b(CF —Cy) ( - > -
BE,YEF1+€F]_762 7/'47
) [r[2 —]26[] ] <2ﬂ> 8(n+q —nyp). (3.12)
Yo

Using the decomposition introduced in eq. (2.30), the scalar collinear function G¢q(nyp;w)
at one loop reads

Gy (nepiw) =

—€ 9 __ _ 2 evE _ ]2
_%(CF_CA) <n+pw) 2—4de—e" e"ET[1 + €|I'[1 — ¢ (3.13)

w2 2¢2 ['[2 — 2¢]
This is the O(as) correction to the tree-level collinear function presented in eq. (3.10), valid
to all orders in e. As anticipated it agrees with the result given in [52], see in particular
egs. (1.4), (2.1) and (2.3) there, apart from an overall normalization factor o 1/w, that
by definition we shuffle into the soft function such as to define a dimensionless collinear
function. Expanding eq. (3.13) in € = (4 — d)/2 we arrive at

as
Gy (nipiw)=—1"(Cr—Ca)

- )—i—(’)(e)} (3.14)
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Figure 5. Diagram contributing to the soft function at first order (NLO in «y).

It is interesting to compare the above result for the collinear function appearing in the
gg-channel to the collinear functions in the gg-channel, which have been given in their
expanded form in equations (4.31) and (4.34) of [21]. We note that here, in contrast
to Jl(l) and Jél), the collinear function Gg]) exhibits 1/e? poles, and finite logarithms o
ln2(n+p w/p?). At cross-section level, as we will show in section 5 below, these correspond
to leading logarithmic contributions appearing in the collinear sector. This fact complicates
the adaptation of the resummation treatment developed for the gg-channel [20] to the off-
diagonal gg-channel. We provide additional details in section 5. It is noteworthy that the
leading pole structure in the above equation is proportional to Cr — C4. As discussed
in several instances in literature, cf. [26, 29, 32, 66—68], this structure characterizes the
conversion of a collinear gluon into a collinear quark by means of an emission of a soft-
quark; its factorization into soft and collinear parts typically involves divergent convolution
integrals.

4 Soft functions

The last ingredient needed to reproduce the partonic cross section up to NNLO in pertur-
bation theory are the one and two-loop soft function defined in eq. (2.35), that we calculate
in this section. To this end it is useful to insert a complete set of states between the T and
T products, and use the momentum operator to translate the fields in the anti-time-ordered
part. Performing the integration over 2% in eq. (2.35) gives rise to an energy conserving
delta function. Writing spinor and color indices explicitly one has

Sya(, w, W) Z/ e wetiF W s — 2By )

X FE 1<01T(mﬁgz T (TP YL OV (0)},, ) 1)
X P
4

XA (Y OV 0}, (T7) g5 F5-afs (=) 0)- - (4)

In what follows we evaluate the soft function at first and second order in «g, which is
indicated below by a superscript (1) and (2), respectively.
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4.1 First order

At one loop the final state contains a single soft quark and the matrix element reads

Js TP ae iz_-
En_l)ﬂ Us,ﬁ(k‘) etk + 0(93)7

(4.2)

The complex-conjugate matrix element can be derived accordingly. Inserting these into

(e (B) T (L)Y 00}, () 155555 (2-) ) 0) =

eq. (4.1) and introducing the notation
207\ 1 @9k
pe
dk| = — 4.3
/[ ] ( 4 > /(27T)d7 (43)

(5+(k]:) S(w—n_k)d(w —n_k)5(Q—nik —n_k)

we easily get

Sggé—)(ﬂ,w,w') = 27rg§ Tp/[dk]

2 €
<w (;— w)> 6w =) O(Q —w)b(w), (4.4)

o Tp e® l
4 T[l-¢dw

which we express in terms of the color factor Tr[TATP] = Tp 648 = §48 /2, characteristic
of the quark-gluon channel.

4.2 Second order: virtual-real contribution

At second order in as we need to take into account two different types of corrections:
the virtual-real contribution, involving a soft gluon loop in the matrix element (or in the
complex conjugate one) and the real-real contribution, involving the emission of a soft gluon
in addition to the soft anti-quark. We start by considering the virtual-real contribution.
The one-loop matrix element is given by

(@ecl)IT (VO (0], ()25 ) ) )

n_0,
‘ 2 12— k1
= zgi(TD)ae/[dk]{CF T L

iz_ k1

Ca 2
- (CF - 2) k2(nyk)(—n_k)(—n_k — n_ki)

Ca (F + oo -
B (CF a 2) k2(k + k1)2(n_k:)(—r—;_k k1) e

e

CA (% + kl)ﬂ_ iz—-(k1
* <CF B 2) k2(k + k1)2(n_k)(—n_k — n,/ﬁ)e e
(% + kl)%- iz_ k1
TR )2k (n k) ' }’Usﬁ(kl) +0(g2), (45

where linear propagators are written such that they carry a small positive imaginary factor
+i04, and the terms on the right-hand side represent respectively figure 6 (f), (c), (a),
(b), (d), while (e) is immediately zero. Among these, it turns out that only diagram (c)
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Figure 6. Diagrams contributing to the virtual-real part of the soft function at second order in
as. The part to the left (right) of the cut corresponds to the time-ordered (anti-time-ordered) part
of the diagram, and lines labeled by n4 with in (out)-going arrow correspond to soft Wilson lines
Yo (Yq]:) rl;he filled square in this figure stands for the soft quarks and the Wilson lines contained
ingt = Y/qs.

contributes. We focus on this term and insert the matrix element in eq. (4.1) with the
complex conjugate matrix element taken at lowest order; furthermore, we recall that we
need to take into account also the complex conjugate one-loop matrix element times the
tree level matrix element, such that the full contribution to the virtual-real part of the soft
function reads

S (@) = Re{ighTe(2Cr — ) [lam] [1an

x (2m)8(k3)O(k)6(Q — 2k0) (W' — n_k1)d(w —n_k —n_ki)

ket k)2 — k24 n_ki(nyk +nik) +naki(n_k +n_k) }
k2(k + k1)?(ngy k) (—n—k — n_ky)(—n_k1) '

(4.6)

We evaluate the integrations over k and k; following two independent approaches: within
the first, we integrate directly the terms appearing in eq. (4.6); within the second we first
reduce such terms to a basis of master integrals, in which case eq. (4.6) reads

2 / /
(2)1r1v n_ o TF B 1 . (w+w)(Q—w)A”
Sy3 (Quw,w) = Re{ 7 (4m)? (2CF — Ca) — Jy + L Jal ¢, (4.7)
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Figure 7. Diagrams contributing to the real-real part of the soft function. The part to the left
(right) of the cut corresponds to the time-ordered (anti-time-ordered) part of the diagram, and lines
labeled by ny with in (out)-going arrow correspond to soft Wilson lines Yy(Yi). The filled square
in this figure stands for the soft quarks and the Wilson lines contained in g7 = qus.

where the master integrals J; are defined in eq. (A.3) and calculated in eqs. (A.4) and (A.5)
of appendix A.1. Using the results given there we get

Oz? TF
2

e2ET[1 + €
e[l — ¢

(
XR%(ﬂ;w[w;dgﬂ<Ll+gl—q:»—J}Q_M %2_wy)}@w)

2(w + W) pt T[1—¢?%,  , , Y
ww' (W' — w) ((w’ —w)?(Q— w’)Q) - 26]9(w B w)}@(w (82 ) (48)

S0 4 o) = (2CF — C)

m)
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4.3 Second order: real-real contribution

We consider now the final state emission of a soft gluon in addition to the soft-antiquark.
The matrix element reads

(el (o) T (YT OV 00}, (T2 5 - 55-a,) ) 0)

in_0,
+ (TDTH)aen_<k11+ k) (ni(klf) - W@T —I?I)fig?))ew‘(kﬁkﬂ vs5(k1) + O(g5)-

In practice we have four contributions: three diagrams where the gluon is taken from one of
the three Wilson lines in eq. (4.9), counting also the Wilson line implicit in ¢+ = qus, and
the fourth where the gluon is taken from the insertion of the (leading power) soft Lagrangian
) (y) = qs(y)9sAs(v)qs(y). The soft function is obtained according to eq. (4.1) where the
complex conjugate matrix element can be derived from eq. (4.9). In figure 7 we list the
diagrams which give a non-zero contribution. We obtain

ST w, W) = (2) g T / [dki] / [dka)5(9 — 29 — 2kY)

4
2 0N 5/7.2 0 _
><6<k1>9<k1>6<k2>9<k2>{cF[ T

B 1 ( dn_ky 2(1 — e)n_ko >
(k‘l + k2)2 n_kon_ (k‘1 + k‘z) [n, (lﬁ + kQ)]2

X 0(w—n_ky —n_ko)d(w —n_k — Tl_kg):|

C
(er-9)

S(w—n_k)d(w —n_ky)

1
+

n_ (ki + ko)n_koniks  n_kin_(ki + ka)ny ke
B n+k:1 _ n+(kf1 + k2)

n,k1n+/€2(k’1 + /€2)2 n,(k‘l + kQ)n+k2(k1 + k2)2

2

S

(k‘l + k2)2n,k2

] [5(w —n_k1)o(w —n_ki —n_ko)
+8(w = n_ki)8(w —n_k = n_k)] } (4.10)
As for the virtual-real contribution, we evaluate the integrals over ki and ko both by

directly integrating the expression in eq. (4.10), and by reducing such expression to a basis
of master integrals, in which case eq. (4.10) becomes

S(gﬁ)zroy(Q7 W) = o? TF[ F((4—e)(1—6)(1—26)f 4(2—3€)(1—3¢)

99  (4m)2 w?(Q—w) 6 Zo(Q—w)? f5)6(w_w’)

(1—2¢)(w+w') - (I-2¢)(wt+w') -
+(Ca—2CF) (eww’(Qw)(WW’) I3— eww' (Q—w')(w—w')
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The master integrals I; are defined and evaluated in appendix A.2. After substituting the
expressions for the master integrals in eqgs. (A.14)7(A.17) we ﬁnally obtain

L e R
T2 —e¢ 4
1 air o () e

+(Cy—2CF)

2e2€7E wHw' u
(w o (4.12)

el'[1—2¢] ww' (w' —w) w)(Q—w’)2>

x[2F1<1,—e,1—e, d /)—1}9(w)0(w')9(w’—w)9(9—w’)}.

w—w

Eqgs. (4.8) end (4.12) provide the complete result for the two-loop soft function.

4.4 Asymptotic limits

With the results of the NNLO soft function calculation at hand, we now have the op-
portunity to study the asymptotic limits of this object. This is useful, because endpoint
divergences arise exactly in these limits, thus understanding the emergent asymptotic struc-
ture of the soft function is useful for any future study of endpoint refactorization. Indeed,
as shown for instance for the off-diagonal “gluon” thrust in [32], the asymptotic limits of
the soft (and collinear) functions are the objects one needs to subtract from the full func-
tions, in order to define matrix elements free of endpoint divergences. After this procedure
has been completed, it is then possible to implement the standard resummation procedure,
based on the renormalization-group evolution of the subtracted functions.

At NLO the soft function is relatively simple, and inspecting eq. (4.4) we see that an
endpoint divergence arises for w,w’ — 0:

asTp e” 1<u2
4 Tl — €] w

€
(0,0 1) o0 = ) Sw— ) OQ)w).  (4.13)
In particular, notice that, because of the factor §(w—w’), one has effectively a dependence on
a single variable w. This is analogous to the situation in [32] where the relevant asymptotic
limit is w,w’ — 0o, however identical simplification occurs, namely, the presence of a Dirac
Delta function reduces the functional dependence of the soft function to a single w variable
(see e.g. eq. (27) in [32]).

The calculation of the soft function at two loops in sections 4.2, 4.3 gives us the
opportunity to explore its asymptotic limits for the first time beyond NLO. Indeed, we
find a more involved structure of endpoint singularities, which arise for w — 0, w’ — 0
separately, as well as for w’ — w — 0. To be more specific, let us write the soft function as
follows:

(W' = w)9( ')9(9 — ')
,w) 0(w)O(W)O(w —w)h(Q — ), (4.14)
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(A) (B)

| » W
(€

Figure 8. Integration domain for the three terms of the two-loop soft functions, defined (from left
to right) respectively as S@4)(w,w’), S@B)(w,w) and S (w,w’) in eq. (4.14). The shaded blue
areas represent endpoint regions where the integral of the soft function is divergent.

where for simplicity we have dropped the dependence on 2 and the scale p. In eq. (4.14)
we classify the various contributions in terms of their domain of integration. The term
5@ (w) corresponds to the first contribution of the double-real correction in eq. (4.12):

A 2 29ET[1 — €] 1 4 4 ‘
(2) _ o Tp € [ € [ ( H >
S w) (4m)2 Cr €2 w1 =3 \w(2—w)?

(4—€)T[2 — ¢ " e
" (1 —2€)T'[1 — 2¢)? (w2(g — w)z> ]v (4.15)

and the domain of integration for this term is the same as the one of the NLO soft function.
We then have S@4)(w,w’) and S@B)(w,w’), which correspond respectively to the first and
second term of the virtual-real contribution in eq. (4.8):

2 2€7E
(QA) no_ OZSTF _ e F[]. + 6]
S w, ) (47)? (2Cr = Ca) el'[1 — €]
1 w+w w u ¢
XRe{ (—w)w’|: o 2F1<171+6,1—6, u}/) —1:|<<_w)w,(9_w,)2> },
2 26 T1 1 ¢
(2B) n_ WTF R [
ST ) = e 20F ~ OO = g

<Ref wi(,jjf Z) (@ w)é‘?g = w/)Z)?H - 2]2] } (4.16)
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Last, we have the double real contribution of eq. (4.12) not proportional to 6(w — w’):

2 26’7E /
(20) N O Tr 0 2e w+w
s (w,w) (2Cr = Ca) el'[1 — 2€] ww' (W' — w)

x (w(w, - w‘;f(lQ - w,)2>6 {1 — (1, -6 1—¢, wi"w,)} (4.17)

The integration domains of the three functions are represented in figure 8, with the blue

shaded areas representing the endpoint regions where singularities occur. In this regard, let
us notice that a further divergence for w — oo would be present for the factors S4) (w,w’)
and S8)(w,w’) taken separately, but it cancels in their sum. In the boundary regions of
figure 8, taking the limit w,w’ — 0 with w ~ w’ we have

2 2evE — 1N\€
B 02Ty 2T —d1] 4 [
S( )(W>‘w,w’—>0 = (471')2 F €2 ; F[l — 36] w3

(4—e)T[2— ¢ ( pt >] (4.18)

(1 —26)T[1 — 2¢)2 \ w202
OZET 8257EI‘ 1 + €
§eA (w7wl)|w,w’ﬁ0 = (4%)12 (2Cp — CA)J‘[l[—e]]
1 w + wl w ,U4 €
X Re{ (o) { o o F (1, 14+¢€1—c¢, w’) — 1} <(—w)w’ﬂ2) }’
(4.19)
QETF 62€’YEI‘ 1 + €
S(2B) (W’W/)|w7w/_>0 = (47.(_)2 (2CF _ CA)d_‘[l[e]]

. Re{wi('fjfz> (@ —M:m?)?g = 5]:] } (4.20)

2 2evE /
(20) , o o:lr B 2e W+ w
S W, @) 0 (47)2 (2Cr = Ca) el'[1 — 2¢] ww' (W — w)
4 €
o _ e e Y
x (w(w, = w)92> [1 o Fy (1, €l-e— w,)]. (4.21)

These limits provide valuable information that will be useful to set up a refactorization
procedure such as the one devised in [32]. This analysis goes beyond the scope of this
paper, and we leave it for future work.

5 Comparison to fixed order results

We can now use the one loop collinear and the two loop soft functions, which appear in the
factorization theorem eq. (2.34), to evaluate the partonic cross section up to the second
order in perturbation theory. We check the result by comparing the bare cross section
with an in-house calculation of the NLP NNLO partonic cross section obtained with the
method of regions [69]. Next we remove the initial-state collinear singularities via PDF
renormalization and compare with the finite cross section available in the literature [70].
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5.1 First order

The partonic cross section in the gg channel starts at first order in perturbation theory. At
this order, taking into account eq. (3.10), and the fact that H(Q?) =1 + O(as), we have

Aélq—)(z)]NLp =2 /dw dw' SN (Q,w,w'). (5.1)

We replace the soft function in eq. (4.4) and integrate over w, w’. The exact result reads

A e = =5 () 52
Expanding in ¢, identifying Q2 = Q(1 — z) and setting for simplicity u = @ we get
ALD () Inep = O‘ZTF [ ~2 )+ €(3G2 — 4Ls(2)) + 0(62)], (5.3)
m €
where, in order to keep equations compact, we introduced the notation
L,(z) =In"(1 — 2). (5.4)

Let us notice here that the one loop soft function in eq. (4.4) is finite for w # 0, therefore
the single pole in eq. (5.3) arises from the integration over w, for w — 0: we see explicitly
that the expansion in powers of € and renormalization before taking the convolution in w,
w’ would result in an endpoint divergence.

5.2 Second order
At second order we need to take into account three contributions. The first involves the
hard function at one loop:

AL () Inepp = 2HD(Q?) /d‘*’ dw’ S (Q,w, ). (5.5)

The integration over the soft function is the same as the one occurring at NLO, and the
one loop hard function H™"(Q?), where superscript (1) indicates order ay result, can be
found in eq. (5.6) of [21].* Integrating over w, w’, the result with exact scale dependence
can be expressed as:

2 2\ € 2\ € ¢
2T — ][4 6
qq <2)|NLP,h . FCF R Q2 d‘[l — 26] = + ; 116 + C2
3G

+ 6(32 — 21y — 28343> + €2 <64 — 56 — 14¢3 + 4> + 0(62)]. (5.6)

4 At higher orders the hard function can be obtained from the standard definition H(Q?) = |C*°(Q?%)]?
as given above eq. (2.35), where the two-loop Wilson coefficient can be found e.g. in [7], and the three loop
coeflicient has been given in [71].
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Expanding in powers of ¢, identifying Q2 = Q(1 — z) and setting pu = @ we get

2
s 8 12-16L 32 —24L 16L —40
Aézq‘) (2)INLPn = (Zﬁ) Tr Cr { + 1(2) + 1(2) + 2(2) &2

€3 €2 €
1125

F6a— 1128 L e ()(80Cs — 64) + 24L5(2) — %zg(z) —60C + 0(6)}.
(5.7)

This result is in agreement with the in-house method of regions calculation where the
virtual gluon is hard and the emitted quark is soft.
The second contribution involves the collinear function at one loop:

AL (2)wpe = 8HO(Q?) / dw do |G (zam s pas ') GG (wany pa; w)
1)* 0
+ G @anpai ) G (wanpaiw)] SD(Qw,0),(5.8)
which, taking into account the result for the tree level jet function, simplifies to
Aé%q—)(zﬂNLp’C = —4/dw dw’ (ng) (xanipa;w) + Gélq)*(xan+pA;w’))S(l)(Q,w,w') . (5.9)

Inserting the one loop jet function from eq. (3.13), the one loop soft function eq. (4.4) and
integrating we get

o=~ (3) mer—co () (£

2(2 —€(4+¢€) e27ET2[1 — €]T'[1 + ¢]
e3(1 — 2¢) I'[1 — 3¢] ’

(5.10)

Expanding in powers of ¢, identifying Q = Q(1 — z) and setting u = Q we get

2
O 4 12L4(2 2 —18L9(2) + 12
AP (2)|xLpe = (4 ) Tr(Cp — CA){ -3+ i( ) o) 12
T €

€

€

1046 4 (9(6)}. (5.11)

+4 4 18L3(2) — L1(2)(6 + 36(2) +

This result also agrees with the in-house method of regions calculation, where the virtual
gluon is collinear and the emitted quark is soft. As discussed after eq. (3.14), let us high-
light that, in contrast to the ¢q channel, where the collinear function starts contributing
only at NLL accuracy, in this case it contributes already at LL level. Comparing egs. (3.14)
and (5.11) we see more in detail how this happens. Focusing on the highest pole contri-
bution, which is in direct correspondence with the LL, we see that the collinear function
itself contains a 1/€2 pole, which becomes a 1/€* leading pole by means of the convolution
with the one loop soft function. In this respect, the collinear contribution in the ¢gq channel
contains a 1/e pole (see eqs. (4.30)—(4.34) in [21]), which is then raised to a 1/€? sublead-
ing pole by the convolution integration. A physical interpretation of this phenomenon has
been put forward in [26, 29]. In general, the idea is that in a splitting 1 — 2 4 3 with
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soft 3, the leading pole is related to the difference of the Casimir charge of the energetic
particles 1 and 2. In the diagonal ¢gq channel the collinear quark 1 emits a soft gluon 3,
continuing as the collinear quark 2, thus there is no change of the Casimir charge along the
collinear direction. In the gq channel, a collinear gluon 1 emits a soft quark 3, continuing
as a collinear quark, which has a different Casimir charge. Indeed, the collinear function
in eq. (3.14) is proportional to the difference of the Casimir charges Crp — Cjy.

Last, the third contribution involves the soft function at two loops:
AP (2)|nLps = 2/dw dw' S (Q,w, ). (5.12)

As discussed in section 4, the soft function at two loops receives two contributions, where
the additional soft gluon is respectively virtual or real. These two contributions have
been given respectively in eqgs. (4.8) and (4.12). For a better comparison with the method
of regions, it proves useful to evaluate the two contributions separately. Furthermore,
the integration of the term involving the virtual gluon, eq. (4.8), is comparatively more
involved. In particular, the term in the last line of eq. (4.8) requires some care, because
of the singularity at w = 0, which can be integrated by considering the standard identity
1/(w—104) = P(1/w) 4+ imd(w), where P indicates the principal value prescription. The
term in the second line of eq. (4.8) instead can be integrated over w and w’ without
particular issues. In the end we obtain a result for eq. (5.12) valid to all orders in e:

2 2\ 2€
s
A_E,?(Z)\NLP,SJHV = — <47T> Tr(Ca —2CF) (é;)
2Re[e*™]e2VET[1 — 2€]T'[1 — €]*T'[1 + €]
. 1
% e3T[1 — 4e] (5.13)
Expansion in powers of ¢, identifying Q@ = Q(1 — z) and setting p = Q gives
2
(2) . Qg CA 4 16[,1(2) 32£2(Z) — 28C2
Az (2)INLP s 11y = <47r) Tp (CF - 2) {63 -  t ;
128 224
~204(0) 4 12614 (2) - 3C3 + O(e)}. (5.14)

The integration of the double real contribution, eq. (4.12) is straightforward. Again, we
obtain a result valid to all order in e:

2 2\ 2€ 267E[] — €2
) (s n e [1 —¢] { Cor
Az (2)|INLps2r = <47r> TF<Q2> (1= 2¢)T[1 - 4d C’F[12 (21 e)e}

1 Fi[2.2,3 - 2,1
—(Ca—2CF) | — 9+ 1de — 2 i 1]
€ 1—e¢
FA(1 = 26) 5By [{1, 1, —e}, {1 — €, ~2¢). 1]] } (5.15)
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which upon expansion in e, identifying Q = Q(1 — z) and setting u = @ gives

2
o 8 32L1(2) —3  12L4(z) — 64L9(2) — 7+ 60
A_S]?(Z”NLP,S,% — ( s) TF{CF[ + 1( ) + 1( ) 2( ) CQ

47 €3 €2 .
+ @ES( ) — 24L9(2) + L£1(2)(28 — 240¢3) — 14 + 21(s + 55§C3
+Ca [ - 633 + 8[’612(@ + 126 — 26[’2(2) + %ﬁg(z)
~48eh(E) + 93@] Ot )} (5.16)

Summing together all terms contributing at NNLO we obtain

Oés> TF{CF [9 + 122£1(Z) " 27 — 12£1(Z) — 34£2(Z) + 4o
47 € €

Agzq)(z)lNLP = (

454+ 50L3(2) — L£1(2)(42 + 84C) — 392 + 108(3}

4£1(2’) + 14(2 —2— 1452(2)

C
+A€2

€

44 %453(2) + L1(2)(6 — 68C2) + 34@,} + 0(6)}. (5.17)

This gives our result for the bare partonic cross section at NNLO in perturbation theory.
The result agrees with an in-house computation of the bare partonic cross section obtained
with the method of regions. This provides us with a first confirmation that the (bare)
factorization theorem in eq. (2.34) is correct, and is not missing any contribution up to

O(ad).

5.3 Renormalization

As a final check, we need to compare with the known result in literature [70], for which we
need the finite partonic cross section. As discussed in appendix B, the latter is obtained by
applying PDF renormalization to eq. (5.17), which relies on the finiteness of the hadronic
cross section:

oy L () s [ Le(C)swo. e

where by “ren” we indicate the finite, renormalized functions. In practice, the finite cross
section is obtained by applying a counterterm to the bare cross section. We provide these
counterterms as a function of the Altarelli-Parisi splitting kernels in eq. (B.8). At first
order in perturbation theory, the explicit calculation gives

asTF

Areﬁn(l) (Z) — 4
7

99

AL () + e<3g2 - 4£2(z)> + 0(62)], (5.19)

which agree respectively with egs. (2.19) and (2.21) of [70] upon expansion to first order
n (1 — z). The pole in eq. (5.3) is correctly removed by the term Pq(g)/(e) in the second
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line of eq. (B.8). Proceeding in a similar way and evaluating explicitly the counterterm in
the third equality of eq. (B.8) we have:

Ay G)IREp

9q
2
Qs 0+ 12L1(2)  34La(2) + 12L1(2) — 27 — 4C
= Aé?(ZNNLP—F <47r> TF{CF{— = 1(2) + 2(2) el( ) 2
80
— 64 — 12£5(2) — - La(2) + 51¢2 + 68C2L1() - 32@} (5.20)
AL 24 14Lo(2) — 14
+Cyl| - 612(2) 42t 2(:) G2 _ 16L5(2) + 44CaL1(2) — 3243} }

and in the end we get

Qs

AR e = (22) Te{Cr[2es(e) + L6 - 216) — 1426

47
70

+ | 5L3(2) = 12La(2) = £2(2)(42 + 16¢2) — 10+ 126, + 76(3] + 0(6)}, (5.21)

which reproduces eq. (B.38) + (B.39) of [70]. This concludes our validation of the factor-
ization theorem in eq. (2.34).

6 Summary

In this work, we derived the factorization formula for the gg-channel of the Drell-Yan
production process at general powers in the threshold expansion. Specifying the result to
the first non-trivial power, which is at next-to-leading power in (1 — z) compared to the
leading ¢q channel, we arrived at a compact formula comprising of a LP hard function,
two NLP collinear functions on each side of the cut and one generalized soft function.
The simplicity of this result is in contrast with the more involved structure of the qq
case, where four separate soft functions contribute along with their corresponding collinear
functions [21]. The first main result of this work is the NLP factorization formula given in
eq. (2.34).

In sections 3 and 4 we calculated the collinear and soft functions which appear in
the factorization formula. In order to validate this formula to NNLO accuracy, hard and
collinear functions are needed up to O(as) while the soft function up to O(a?). The
hard function which appears in eq. (2.34) is the LP hard function which is known in the
literature. In section 3, we calculated the NLP collinear function with an external PDF-
collinear gluon which we have defined in an analogous way to the collinear functions with
an external PDF-collinear quark appearing in [21]. Due to its relation to the radiative
jet functions appearing in h — gg amplitude, the radiative corrections of this object are
known up to O(a?) [52]. We found agreement for the O(a;) contribution which is given in
eq. (3.13).

In section 4, we calculated the soft function which contains soft quark insertions on both
sides of the cut. We carried out the computation by utilising state-of-the-art fixed-order
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loop integral methods such as reduction to master integrals and application of differential
equations. The O(as) result for the soft function is given in eq. (4.4), and two-loop soft
function results are presented in eq. (4.8) and eq. (4.12) for the one-real one-virtual and
double-real contributions, respectively. We have retained all-order ¢ dependence through-
out the calculation of the NLO and NNLO contributions to the soft function, which enabled
us to study the structure of its asymptotic limits in section 4.4. In particular, we noticed
a relatively simple structure at NLO, where singularities arise for w — 0. More involved
structure emerges at NNLO which has implications for resummation beyond LL using
refactorization procedures such as the ones developed in [32, 44].

Using the calculations in sections 3 and 4, we tested the validity of the factorization
formula derived in section 2 through a comparison of our results against in-house expansion-
by-regions calculations and known results in the literature. We evaluated the convolutions
over the w,w’ variables obtaining results valid in exact d-dimensions at O(a;) and O(a?).
We then expanded the final results to d — 4, carried out PDF-factorization of the collinear
divergences appearing in initial states, which is standard for fixed order calculations, and
we compared with [70], finding agreement.

In summary, the bare factorization theorem derived here, along with the higher-order
calculations of the functions appearing in our formula and the study of the asymptotic
limits of the soft function, will serve as a spring board for future investigations of this
channel and an eventual desirable four dimensional renormalization prescription.
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A Soft function master integrals

A.1 Virtual-real MIs

The integrals appearing in the calculation of the virtual-real contribution to the O(a?) soft

function are written as

R OEPEN* [k dk {1
= (4m)* / : Al
JT(ala a27 (:YS, a47 (:YB, aG; a7) ( 7T) ( 47T ) (27T)d (27T)d71 bt .P,L-al ) ( )

where k identifies the loop momentum while k; identifies the real emission momentum.

The set of propagators P; are identified by the single topology A which is defined as
Pi=k, Po=(k+k)’ P3=nyk, Pi=k, (A.2)
P5 = (Q—n_k1 —TL_:,_/{?l), P6 = (w—n_k—n_kl), P7= (w’—n_kl),

where the propagators { Py, Ps, Ps, P;} are cut. The virtual-real contribution to the soft
function in eq. (4.7) is given in terms of the two master integrals of topology A

J1(Qw, ') = J4(0,1,1,1,1,1,1),  Jo(Q,w,0') = Ja(1,1,1,1,1,1,1), (A.3)

which can be calculated by direct integration by combining the propagators in terms of
Feynman parameters, or by the differential equation method. We explicitly obtain the
following expressions for these integrals

626 B € 4 €
S Qo) i ;F[I;[i] } { s _w,)Q} 0(-0)0W) 0@ -y, (Ad)
and
2 N o €L — €]L[1 + €] pt O O(w' — w) H(Q — )
TS w,uf) = 2i e[l — 2¢] {(w’—w)z(Q—w’)Q} (W —w) (2 —w')
e2ET[1 + €] ut G(—w) (W) O(Q — ') S
eIl —¢ {(w)w’(Qw’)z} W (2 — W) 2b1 (1’1+€’1 ’w’)'

(A.5)

A.2 Double real MIs

The integrals appearing in the soft double real contribution are expressed as

. EPEN®* [ A A%y 4 1
I = (4m)* / - A6
7(a1, a9, s, ag, as, ag, a7) = (47) < e > @i emi—1 Ll P (A.6)

where the set of seven propagators P; defines a corresponding topology 7. In total, for
this contribution we need to introduce four different topologies. The first, A, is defined by
the following set of propagators:

P = (ki +ko)?, Pr=niks, P3=ki, Py=Fks,
P5 = (Q — n_k:1 — n_kg — n+k1 — n+k2), P6 = (w — Tl_kl),
P7 = (w’ — n,k:l — n,kg) y (A7)
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where the last five propagators are cut. Similarly, the second topology, B, is defined by the
following propagators:

Pr=(ki+k2)?, Pa=nyks, Py=ki, Pi=kj,
P5 = (Q — n_k1 — n_kg — n+k1 — n+k2), P6 = (w — n_kl — n_kQ),
Pr= (W' —n_k1), (A.8)

where the last five are again cut. Topology A and B are related to topology H of [51] by the
following relabellings {w — w1, W' — w1 +wa} and {w — w1 + wa, W — wa}, respectively.
As a consequence we can extract the results for the master integrals of topologies A and
B from the computations carried out for topology #H in [51], after applying the relevant
substitutions. We have then the topology C, which is equivalent to topology A of [51],
defined by the following set of propagators:

Py = (k1 + k2)?, Py =ny ko, Py =n_ky, Py =k, Ps = k3,

P6 = (Q — n_k1 — 77,_/62 — n+k1 — n+k‘2), P7 = (w — n_kl) y (Ag)
where the last four propagators are cut. The last topology, D, is equivalent to topology D
in [51] and it is defined by the following set of propagators:

Py = (k + ko), Py =nyko, Py=mn_ky, Py=ki, P5 = k3,

Pﬁ = (Q — n,kl — n,kig — n+k1 - n+k2), P7 == (UJ - n,krl - n,kg) 5 (AlO)
where the last four propagators are cut. Please note that for topologies A and B we exclude
the 0(w — w’) factor from the topology definition and we include it explicitly in eq. (4.11).

The double real emission contribution of the soft function in eq. (4.11) is expressed in

terms of six master integrals belonging to the above topologies. In particular, two master
integrals belong to topology A

I(Qw,o)=1400,0,1,1,1,1,1), L(Qw,w')=14(1,1,1,1,1,1,1), (A.11)
two belong to topology B

I3(Q,w,w) =15(0,0,1,1,1,1,1), I4(Qw,o') =15(1,1,1,1,1,1,1), (A.12)
and the last two belong to topology C and D

I5(Q,w) = 12(0,0,0,1,1,1,1), Is(Q,w) = Ip(0,0,0,1,1,1,1), (A.13)

respectively. I; can be easily extracted from the results in [51], we find

e2e~/E 4 €
T2 — 2¢] |w(w — w)(2 —w)?

L(Qw,w) = (Q—w)O(w)o(W)O(W — w)o(2 — ).

(A.14)

I, was not explicitly required for the calculations carried out in [51], hence we evaluate it for
the first time here by employing the differential equation method. I appears in a system
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with ; and the differential equation can be solved to all orders in €. The e-dependent
integration constant can be fixed by matching to the version of this integral where w and
w' are integrated over first. We find that the constant is zero to all-orders in € and the final
integral reads

. N 2e2€7E pt B(w)f(w)o(wW — w)f(Q — )
L®ew) = = Fi 5y [w(w’ —w)(Q - w’)Q] (@ —w)(Q — )
X o (1, e 1—e, wi"w,> (A.15)

By exploiting exchange symmetries among topology A and B we find the following relations
among integrals I3(€, w,w’) = I1(Q,w',w) and I4(Q,w,w’) = I5(Q,w',w). Finally the last
two master integrals read

625 E — € 4 €

15(0,w) = 11[3F—[13e] ] [w : i w)g] (O — )2 0(w)B(Q — w), (A.16)
Q2B — €2 4 ¢

To(9,w0) = F”[QF_UW] LQ(QM_ w)Q} W€ — W) H(W)(Q — w). (A.17)

B PDF renormalization

In this appendix we briefly set our notation for PDF renormalization. Let us start from
eq. (2.3), and write it in the form
dopy 1
T = o0 [ dx [ dmdey s(r — wawz) 75 o) 75 (@) A ). (B)
a,b
where we added a superscript to indicate that all functions are unrenormalized.® Due to

renormalization invariance of the differential cross section, eq. (B.1) can be expressed as
well in terms of the corresponding renormalized function:

do 1
o= [z [ dzada 5(r = womnz) £33 0 ) R on ) M 0. (B2)
ab T

The relation between the bare and renormalized partonic cross section can be obtained by
considering the relation between bare and renormalized PDFs:

nh = fias @ Cap, (B.3)

where the convolution explicitly reads

1
a/A(Ta) = /0 dy1dy2 6(xa — y1y2) 2 (y1)b74 Tap(y2)- (B.4)

SHowever, we implicitly assume that UV renormalization has been taken into account, by expressing the
functions in terms of the renormalized coupling constant as(u), related to the bare coupling constant by
CM?(471—)€@76'YE = as(u)ue [1 — ozs/(47r)ﬁo/e] , with ,30 = 11/3 Ca— 2/3 ng.
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In turn, the function I'yp(2) has the following perturbative expansion

o0 o n-l—l()
Top(x) =00p0(1 — ) + = Fanx, B.5
@) =smal -0+ 3 (52) T (8:5)

and for our analysis we need the first two orders:

1O () = _Pégi(x)’
M @) = 5| (PO © P @) + o P )] - - @), (5.6)
inserting eq. (B.3) into eq. (B.2) we get the relation
AL (2) = [Tae © Tha © AP (2). (B.7)

This equation can then be solved order by order in as to obtain the renormalized cross
section coefficients in terms of the bare ones. Taking into account the UV renormalization
and the explicit form of egs. (B.5) and (B.6), for the gg channel one has®
0 bare (0
A5 @) = 20 (),
0
P (%)

)

ren (1 bare (1
Ay V(@) = 8gg W (2) +

ren are 1 3 1 B
AP () = AP () 4 > [Q(P(;g) @ P)(2) + 5(Pg<2> @ P (2) - SEY (z)]

171 bare bare
L) + (P 0 A O) ) + (B & AL D))

are bare
+(PY ® Aga ) (2) — Bo Aga m(Z)} (B.8)

where the last term originates from expressing the bare cross section as an expansion
in terms of the renormalized strong coupling constant. Near x — 1 we can expand the
Altarelli-Parisi splitting kernels in powers of 1 — x, and up to NLP we need

PV (z) = Cp[4Do(2) +36(1 — 2) — 4] + O(1 — z),
PO (z) = 2Tp + O(1 - 2)
PO (z) = Ca[4Dy(2) — 4] + Bo (1 — 2) + O(1 — 2), (B.9)

where we introduced the notation

_In™(1—2)
Dn(z) =z |, (B.10)
and
(1) 271'2 47T2
P,/ (2) = CaTr |4 + =3 ALo(2)| + CpTp |10 — 3 +4L5(2)| +O(1 —2). (B.11)

SNotice that by symmetry we take ¢ = ¢ in the indices of I'qp and Pip.
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