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The MacWilliams Identity for the Skew Rank Metric

Izzy Friedlander* Thanasis Bouganis! Maximilien Gadouleau?
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Abstract

The weight distribution of an error correcting code is a crucial statistic in determining its performance. One
key tool for relating the weight of a code to that of it’s dual is the MacWilliams Identity, first developed for the
Hamming metric. This identity has two forms: one is a functional transformation of the weight enumerators,
while the other is a direct relation of the weight distributions via (generalised) Krawtchouk polynomials. The
functional transformation form can in particular be used to derive important moment identities for the weight
distribution of codes. In this paper, we focus on codes in the skew rank metric. In these codes, the codewords are
skew-symmetric matrices, and the distance between two matrices is the skew rank metric, which is half the rank of
their difference. This paper develops a g-analog MacWilliams Identity in the form of a functional transformation
for codes based on skew-symmetric matrices under their associated skew rank metric. The method introduces
a skew-q algebra and uses generalised Krawtchouk polynomials. Based on this new MacWilliams Identity, we
then derive several moments of the skew rank distribution for these codes.

Keywords: MacWilliams identity; weight distribution; skew-symmetric matrices; association schemes; Krawtchouk

polynomials
MSC 2020 Classification: 94B05, 15B33, 20H30

1 Introduction

Error correcting codes have been extensively and successfully used both for encoding of data in communications
and storage [16][22] and for code based cryptography [17]. Besides the very important real life applications, they
have also some very deep connections to other mathematical objects such as lattices and modular forms [4].

Linear codes form an important subclass of error-correcting codes which has been extensively studied and used
in practice, since the vector space structure can be used, among other things, for efficient encoding and decoding
algorithms. The first, and perhaps a natural metric to consider for many applications, is the Hamming metric
[16][13] but others have since followed including, perhaps most notably, the rank metric explored by Delsarte [6]
and Gabidulin [10]. This has since been applied in many practical fields, such as error control in data storage [18],
space-time coding [21], and error control for network coding [19].

An important statistic of a linear code is its weight distribution which encodes the number of codewords of
various weight in the form of a homogeneous polynomial (weight enumerator) in two variables. This statistic has
been studied extensively and had been used to obtain important bounds on the existence of codes. Among the
tools that have been derived to analyse the weight distribution of a code is the widely used MacWilliams Identity
originally identified for the Hamming metric [16]. The identity relates the weight distribution of a code to that of
its dual under the operation of an inner product defined on the space. There are various forms of the MacWilliams
Identity with each one having its own merits. For example the form stated in [16], and extended in this paper
here, can be used in combination with invariant theory to study self-dual codes. Here we have in mind the famous
Gleason theorem and its consequences [12].

*Department of Computer Science, Durham University, UK. isobel.s.friedlander@durham.ac.uk
TDepartment of Mathematical Sciences, Durham University, UK. athanasios.bouganis@durham.ac.uk
fDepartment of Computer Science, Durham University, UK. m.r.gadouleau@durham.ac.uk
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Codes with the rank metric have been studied in depth by Delsarte [6][8] and Gabidulin [10]. Delsarte developed
a version of the MacWilliams Identity using the theory of association schemes and subsequently Gadouleau and
Yan [11] derived an alternative g-analog form of the identity using character theory and the Hadamard Transform
[16]. Both theories can be compared through the associated generalised Krawtchouk Polynomials [6].

Specifically, the identity developed in [11] is in the form of a functional transformation and is, as a result, both
computationally effective and remarkably similar in form as a g-analog of the original MacWilliams Identity for the
Hamming metric. In this paper a new g-analog MacWilliams Identity is derived for codes based on skew-symmetric
matrices (and their corresponding alternating bilinear forms) which similarly has the form of a functional transform.
The method builds on the work of Gadouleau and Yan to construct the components and structure of the identity
but uses the theory of generalised Krawtchouk polynomials to complete the proof. In doing so, a new explicit form
of the generalised Krawtchouk polynomials has been established.

The new MacWilliams Identity then allows us to derive several results on the weight distribution of codes.
Notably, we derive g-analogs of the relations between the binomial moments of the weight distribution of a linear
code and that of its dual. In particular, depending on the minimum distance of a dual, we determine the moments
of the weight distribution exactly. As a final application of our results, we then give an alternate proof of the weight
distribution of optimal codes given in [8].

The rest of this paper is structured as follows: In Section 2 the necessary definitions and properties are introduced
and some important identities are derived. Section 3 defines the skew-g-product, skew-g-power and skew-g-transform
for homogeneous polynomials. In particular, the powers of two specific key polynomials are found and related to
the weight enumerators of skew-symmetric matrices of any order. In Section 4 a new explicit form of the generalised
Krawtchouk polynomials is established and is used to prove a g-analog of the MacWilliams Identity for the skew
rank metric as a functional transform. Section 5 introduces two derivatives for real valued functions of a variable
and derives some results for homogeneous polynomials including the two key polynomials explored in Section 3.
The derivatives are then used in Section 6 to identify moments of the skew rank distribution for linear codes based
on skew-symmetric matrices.

The results presented in this paper are included in [9], and they open clearly the possibility of obtaining similar
results for other association schemes. Already in [9] the case of Hermitian matrices is investigated and it is also
natural to ask whether this may be extended to more general schemes such as translation association schemes. The
crucial question here is whether one can define the analogue of the g-product in a general setting such that the
MacWilliams Identity can be stated in a functional form, as the one in [11] and the one obtained here.

2 Preliminaries

We first introduce key definitions and background theory required for development of the MacWilliams Identity as
a functional transform for the skew rank metric.

2.1 Skew-Symmetric Matrices

Definition 2.1. Let A be a matrix of size ¢ x ¢ with entries in a finite field F, where ¢ is a prime power. Then
A = (a;;) is called a skew-symmetric matrix, if AT = —A.

The set of these skew-symmetric matrices is denoted o7, ; and the order of the matrix is ¢t. Each skew-symmetric
matrix, A, can be associated with a corresponding alternating bilinear form, which is a map

A: VxV =T, (2.1)
where V' is a t-dimensional vector space over Fy with fixed basis {e1,es,...,e;} [8] and
A(ei,ej) = Q4j- (22)

The set of these bilinear forms is denoted B(¢, ¢). There is a one to one correspondence between <7, ; and B(t, ¢).

Theorem 2.2. o7, ; is a (;) -dimensional vector space over IF,.
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Proof. The proof of Theorem 2.2 is trivial and hence omitted. O

For o7, ; we define the parameters

n= VJ ,m= =1 (2.3)

where 7 is the maximum skew rank of A € /¢ and m is ¢ or t — 1 depending if ¢ is odd or even. We also follow
the convention that empty product is taken to be 1 and the empty sum is taken to be 0.

2.2 Properties of Skew-Symmetric Matrices

An alternative way of defining a skew-symmetric matrix is as follows:
Definition 2.3 ([1]). A matrix, A is skew-symmetric if and only if for any vector z, x AzT = 0.

Definition 2.4. Two matrices A and B in 47, ; are said to be congruent if there exists a non-singular ¢ x ¢t matrix
P over [F, such that B = PAPT.

The following properties of skew-symmetric matrices are proved in [1].

1. Two skew-symmetric matrices are congruent if and only if they have the same (column) rank.
2. The rank of a skew-symmetric matrix is even.

3. If the rank of a skew-symmetric matrix, A is 2s with 0 < s < n, say, then A is congruent to the matrix

Ly
Ey

E,
Ot—2s

0 1
-1 0
diag{E2, Fa, ..., F2,O¢_os}, and call it the canonical form of A.

where Fy = and O;_os is the zero matrix of order ¢ — 2s. We will denote this matrix as

2.3 The Skew Rank of a Skew-Symmetric Matrix

Definition 2.5. For all A € &7, with column rank 2s we define the skew rank of A, SR(A), to be s.
For all A, B € </, ;, we define the skew rank distance to be

dsr(A, B) = SR(A — B). (2.4)

It is easily verified that dgg is a metric over o7 ; since SR(A — B) is the rank metric [10] [11] divided by 2 and we
will call it the skew rank metric.

2.4 Codes based on Subspaces of Skew-Symmetric Matrices

Any subspace of o7, ; can be considered as an I -linear code, %, with each matrix of skew rank s in & representing
a codeword of weight s and with the distance metric being the skew rank metric defined in Section 2.3.

The minimum skew rank distance of such a code €, denoted as dgr(%), is simply the minimum skew rank
distance over all possible pairs of distinct codewords in 4. When there is no ambiguity about %', we denote the
minimum skew rank distance as dgg.
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It can be shown that [8, p.33] the cardinality |€’| of a code € over F, based on t x t skew-symmetric matrices
and minimum skew rank distance dgg satisfies

‘%I < qm(n—dSR—i-l) (25)
In this paper, we call the bound in (2.5) the Singleton Bound for codes with the skew rank metric. Codes that
attain the Singleton bound are referred to as maximal codes or Maximum Skew Rank Distance (MSRD) codes.

Definition 2.6. For all A € o ; with skew rank weight s, the skew rank weight function of A is defined as

the homogeneous polynomial
fsr(A) =Y X"7%, (2.6)

Let € C 7, be a code. Suppose there are ¢; codewords in ¢ with skew rank weight ¢ for 0 < ¢ < n. Then the
skew rank weight enumerator of ¢, denoted as W2 (X,Y) is defined to be

WERX,Y) =Y fsn(A) = aY X" (2.7)
Ae? =0
The (n + 1)-tuple, ¢ = (cg, ..., cn) of coefficients of the weight enumerator, is called the weight distribution

of the code ¥.
Example 2.7. An example of such a code with ¢ = 3 and t = 4 is where € is the set of skew-symmetric matrices,
A = (a;;) with 1 <4, j <4, such that;
ay; € Fq, j>1
az; =0 fori<j (2.8)
asy € ]Fq
There are 81 matrices (codewords) in this code. The only codeword of skew rank 0 is the all-zero matrix. It is easily
seen that a codeword has skew rank 2 if and only if a12 and as4 are both nonzero. Therefore, there are exactly

36 codewords of skew rank 2, and consequently exactly 44 codewords of skew rank 1. Thus, the skew rank weight
enumerator of the code is X? + 44XY + 36Y2.

2.5 Counting the number of Skew-Symmetric matrices of a given size

Multiple ways of describing the number of skew-symmetric matrices have been developed by various authors such as
[20, Proposition 2.1, p627], [15, Theorem 3, p155], [16, Theorem 2, p437] and [8]. The following is (for the purpose
of this paper) in the best format.

Theorem 2.8 ([3, Theorem 3, p24]). The number of skew symmetric matrices of order t and skew rank s is

2s—1 )
H (qtﬂ _ 1)
20 =0 ;
7 x —— if0<s<mn,
€y = y / (2.9)
[T -1
i=1
0 otherwise.
We also note the skew rank weight enumerator, denoted €, of 47 ; to be
Q= &Y' X" (2.10)
i=0
Example 2.9. For t = 4 and ¢ = 3 the skew rank weight enumerator of .27 4 is
X2+ (3241) (3 -1) XY +32 (3% —1) (3—-1)Y? = X2 + (10) (26) XY +9(26) (2)Y? (2.11)
= X? 4+ 260XY + 468Y2. (2.12)
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2.6 Inner product of two Skew-Symmetric matrices

We define an inner product on 47, ; by
(A,B) s (A,B) = Tr (ATB) (2.13)
where Tr(A) means the trace of A.
Definition 2.10. The dual of a code, €, denoted by € is defined as
¢t ={Aec, |(A,B)=0Y Be%}. (2.14)

Theorem 2.11 ([8, Theorem 5]). A code € C <7, with minimum skew rank distance dsg is MSRD if and only if
its dual €+ is also MSRD with minimum skew rank distance dep =n—dsg+2.

2.7 Skew-g-nary Gaussian Coefficients and other useful identities

In establishing the results later in this paper we have used some identities to simplify the notation and algebra.
i(i—1
Firstly we define o; = ( 5 ) for ¢ > 0.

Definition 2.12. For any real number ¢ # 1, k € Z* and z € R (usually an integer), we define the Skew-q-nary

Gaussian Coefficients [§], [ﬂ, to be
k-1 og 2i
%‘] ) e (2.15)
2k _ 2 :
Lﬁ Lttt —q
with
x
M = 1. (2.16)

If € Z* then these skew-g-nary Gaussian coefficients count the number of k-dimensional subspaces of an z-
dimensional vector space over Fg2 [10, p3]. Here are some identities relating to the skew-g-nary Gaussian coefficients
that are useful from [8]:

HE 1
=l 219
il (y—d*) = i:(—l)‘””’“qz"“ m v (2.19)
=0 k=0

x k—1
> m [l w-a) =y (2.20)

‘ k=0 =0
S ]

The following additional identities are proven in [2] and are each used in the rest of this paper but can be shown
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trivially to be equal..

|  |xz—1 2a—k) [T —1
P R
z—1 2k rz—1
e
_ q2(x—k+1) -1 T

- g%k —1 k—1

_ ** -1 [z—-1
e 1| k

_q21_1 r—1
Tk 1 k-1

Definition 2.13. We define the Skew-q-nary Gamma function for x € R, q,k € Z* to be

k—1

v k) =[] (" =)

=0

The statement of the count of matrices of size ¢t x t, Theorem 2.8, can then be rewritten as

§tk = {Z} y(m, k).

Lemma 2.14. We have the following identities for the skew-q-nary Gamma function:

Proof.

(1)

k—1

Y, k) =" * DT (¢ - 1),
=0

(2, k) H IS (@7 - 1)
vk k) LR T (e -1

V(@ +2,k+1) = (¢""* — 1) ¢*Fv(z, k),

v(@, k+1) = (¢" — ¢*") y(z, k).

k—1
Y, k) =[] (¢" - ¢*)
=0
k—1 ) k—1 )
_ (H q21> H (qa:—2z 1)
=0 i=0
k—1
_ qk(k—l) H (ql—Ql 1)
=0
k—1 k—1
(q2;v o q21) ( 2x—21 1)
E} 7 v(2z, k) =0
kol 2k k) -k
H (q2k: _ q2z) H ((]21 _ 1)
=0 i=1

(2.22)
(2.23)
(2.24)
(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)
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Definition 2.15. We also define a Skew-qg-nary Beta function for x € R, k € ZT as

|

Blak) = 1]

k
=0
k—1 .
_ (qa: _ q2k) H (qw _q2z)
=0

=0

These are closely related to skew-g-Gaussian coeflicients.

Lemma 2.16. We have for allz € R, k > 0,

and

Proof. We have

as required. Now we have

T

1

k-1 .
{x —i

o) = [7] 50

i T —1
5(*% k) - H 1

| 8tk 18 = b~
7 ]i:[l q2(x71) 1

i=0 ¢ -1

k-1 (q2(z—z) 1 (q2(k—i) _ 1)

S T e 7t

k—1 <q293 o q2i> lﬁ <q2(k2) -1
k _ 42 _

o \a*F ) ¢t —1

T

[4&&@

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)
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k—1 2x _ 21 k—1 2(k—r) _ 1 z—k—1 2(x—k—s) _ 1
ot e =TT (G ) () T (T) e
=0 =0

1=0 4 T s
el 2(e—i) _q
q
— H (2.52)
2 _

i 1

~ Bz, ) (2.53)
as required. 0

3 The Skew-g-Algebra

The weight enumerators of any linear code ¢ C 7, ; are homogeneous polynomials. We introduce an operation, the
skew-g-product, on homogeneous polynomials that will help to express the relation between the weight enumerator
of a code and that of it’s dual.

3.1 The Skew-¢-Product, Skew-¢g-Power and the Skew-¢-Transform
Definition 3.1. Let

T

a(X,Y;0) =D a;(\NY' X", (3.1)
1=0

b(X,Y;\) = i bi(\)YIX* (3.2)
1=0

be two homogeneous polynomials in X and Y, of degrees r and s respectively, and coefficients a;(\) and b;()\)
respectively, which are real functions of A and are 0 unless otherwise specified, for example b;(A) = 0 if ¢ ¢
{0,1,...,s}. The skew-g-product, x, of a(X,Y;\), of degree r, and b(X,Y; \) of degree s, is defined as
(X, Y50) =a(X,Y;0) «b(X, Y5 )
r+s
3.3
=Y eyt 33)
u=0
with N
cu(N) =) ¢ a;(\)by—i(A — 2i). (3.4)
i=0
We note that as with the ¢-product in [11, Lemma 1], the skew-g-product is not commutative or distributive in
general. However, if a(X,Y;\) = a is a constant independent of A, the following two properties hold.
axb(X,Y;0) =b(X,Y;N) xa=ab(X,Y;A) (3.5)
and if also the degree of a(X,Y;\) and ¢(X,Y; \) are the same then,
{a(X,Y;0) + (X, Y50 0(X, V5 0) =a(X, Y5 0) #0(X, Y5 0) + (X, Y5 0) «0(X, Y5 ) (3.6)

and
a(X, Y5 0) « {b(X,Y;0) + (X, Y50} =a(X, Y5 0) «b(X, Y5 0) +a(X, Y50 xe(X, Y5 0). (3.7)
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Definition 3.2. As in [11], the skew-g-power is defined by

ad(X,Y;N) =1,
all(X,Y352) = a(X,Y; 0, (3.8)
a"(X, V50 = a(X,Y;0) «aF~ (X, V5 \) for k> 2.

Definition 3.3 ([11, Definition 4]). Let a(X,Y; ) = Zai()\)YiXT_i. We define the skew-g-transform to be
i=0
the homogeneous polynomial

a(X,Y;\) Zal s« X[l (3.9)

where Y is the i*" skew-g-power of the homogeneous polynomial a(X,Y’; A) =Y and X[r=1 is the r — it" skew-¢-
power of the homogeneous polynomial a(X,Y;\) = X.

3.2 Using the Skew-¢-Product to identify the Rank Weight Enumerator of Skew-
Symmetric Matrices

In the theory that follows we consider the following polynomial. Let
w(X,Y;0) =X+ (¢* —1)Y. (3.10)

The skew-g-powers of u(X,Y;m) provide an explicit form for the weight enumerator of <7 ;, the set of skew-
symmetric matrices of order ¢.

Theorem 3.4. If u(X,Y; ) is as defined above, then

k
pF (X, Y5 N) Z A\ K)YUXEY for k> 1, (3.11)
where
k
pu (A k) = [u} v, u). (3.12)

Specifically, the weight enumerators for oy +, the set of skew-symmetric matrices of size t > 1, denoted by €, is
given by,
Q, = p" (X, Y;m) (3.13)

t(t—1)
2n

where n = {%J and m =

Proof. The proof follows the method of induction. Consider k = 1, so

(XY = (X, Y30 =X + (¢* - 1) Y. (3.14)
Then
1
1) = 1= |00 (3.15)
=6 -1 = [ 20
So
D) = [0 1)
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Now assume the theorem is true for k& > 1.

pFX YN = (X, Y5 A) V) (3.18)
k
=(X+ (@ -1)Y)=x (Z THON k:)Y“Xk_“> (3.19)
1 . k
- (Z ,uu()\,l)Y“X1“> * <Z uu(A,k)YUX’““> (3.20)
k+u1=0 u=0
= LY xR (3.21)
=0
where .
Fi0) =D a7 i\ D (X = 25, k) (3.22)
j=0

by definition of the skew-¢-product.
Ifi=0,
foA) = o\, Dpo(N\ k) =1, (3.23)

and if ¢ > 1 we only need to consider the first two terms of the sum since when j > 2 then p;(A, 1) = 0. Then

Zq2jkuj (A D i (A = 25, k) (3.24)
= po(\ Dpa(A k) + @2 (N, Dpg—1 (A — 2, k) (3.25)
:H (A 9) +¢* (¢ —1)[ k }7()\—2,1'—1) (3.26)
(2.25) q2(k +) 1 Tk+1 . (231)(2.26) N — o1 [k +1 .
B | o T e P ) (3.27)
(k1] [ @it 1 4 g2e—itD) (q — 1)
- 7()\,1){ ; } ( s — (3.28)
N
=0T (3.20)

so it is true for k + 1. Therefore by induction the first part of the theorem is true. Now consider ul™ (X,Y;m),
then clearly

p (XY im) =) [Z]v(m,uW“X” (3.30)
u=0
293 g yrxn 2 g, (3.31)
u=0
as required. 0
Now let (X, Y;\) =X - Y.
Theorem 3.5. For allk > 1,
k k
VYA =D (A k)Y RX R =Y (gt m yuxhk-u, (3.32)
u=0 u=0

10



s Proof. We perform induction on k. It is easily checked that the theorem holds for k = 1.
Now assume the theorem holds for £k > 1. Then

V(XY = w(X, Y50 « v (X, Y0 (3.33)
k
k

_ - ~_1yu,u(u—1) u yk—u
(X —Y)x (ZO( 1)%q MY X ) (3.34)
k+1 _ _

= Zgi()\)Y’LXk+l_1' (335)
=0

Then if ¢ > 1 we only consider the first two terms of the sum as when j > 2 then v;(A,1) = 0. For clarity,
vo(A, 1) =1and v1 (A1) =—1, so

A
=>_ (AN i (A= 4, k) (3.36)
)
_ i.0 i(i—1) k _ _1)i—1,2k (i—1)(i—2) k
RN L (3.37)
o 2(k—i+1) _ (2.26) , 21
@25) iy @0 ) = L[k 1 ig2hgiti-ng—26-1_9_ —1 [k+1
=" (-1)q pEIC= [ i + (=1)'¢"q q @ED) 1| i (3.38)
_1)igiti-1) , , , ,
_ ((12(16);{)1 {k -Zi— 1} {q2(k71+1) L4 k24242 q2k72z+2} (3.39)
_(_yigit-n |k +1
(~1)'q { i } (3.40)
19 as required. O

« 4 The MacWilliams Identity for the Skew Rank metric

11 In this section we introduce the skew-g-Krawtchouk polynomials which we then prove are equal to the generalised
102 Krawtchouk polynomials that are identified in [7, (15)][6, (A10)] for the association schemes of alternating bilinear
s forms over F,. In this way a new g-analog of the MacWilliams Identity for dual subgroups (or codes) of alternating
s Dbilinear forms over Fy is presented and proven by comparison with a traditional form of the identity as given in [8,
s Theorem 3] and proved in [5] and [6, (3.14)].

w 4.1 Generalised Krawtchouk Polynomials

w7 We first recall the definition of the Krawtchouk polynomials in the setting of skew-symmetric matrices as in [7].

18 Definition 4.1. For any real number b > 1 and ¢ > % and for z,k € {0,1,...,y} with y € ZT the generalised
1w Krawtchouk Polynomial, Py(x,y), is defined by

D=3 ()8 ey (5 L -

j=0

20 where we define the b-nary Gaussian coefficients to be {i] = H ﬁ which has the same properties as the
. _ _

21 skew-g-nary Gaussian coefficients (Definition 2.12). Note that if b = 1 these Pi(x,y) are the usual Krawtchouk
20 Polynomials as used, for example, in [16].

11
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In this paper use is made of the recurrence relation below and it’s family of solutions, generalised Krawtchouk
Polynomials, as defined above. The recurrence relation, for b € R, y € Z* and z,k € {0,1,...,y} is

Pk+1(15+1,y+1) :bk+1Pk+1(I7y) 7bkpk(1‘7y) (42)

and it’s solutions are examined in [7].
The Py(z,y) are the only solutions to the recurrence relation (4.2) with initial values

k—1
P(0,y) = {Z] H (cb? — ") (4.3)

b i=0
Py(z,y) = 1. (4.4)

In particular, these become generalised Krawtchouk Polynomials associated with the skew-symmetric matrices of
order t with the particular parameter b = ¢2 then,

i) = 3o agim [ [ (@.5)

i=0 /
and in particular,

n

RO =[] 7m0 (4.6

Py(z,n) = 1. (4.7)

Note. From here [ﬂ is as defined in Definition 2.12.

These initial values, Py(0,n), count the number of matrices at distance k from any fixed matrix. Now let
P = (py) be the (n + 1) x (n + 1) matrix with p,x = Pi(z,n). The matrix P can be used to relate the weight
distributions of any code and it’s dual. The following theorem is given in [8] in relation to alternating bilinear
forms but is proved in general for any association scheme in [5]. Here it is written specifically in relation to codes
as subgroups of o7 ;. It is analogous to the MacWilliams Identity relating the distance distributions of a code and
it’s dual [16][14].

Theorem 4.2. Let € C o, be a code with weight distribution ¢ = (co,c1,...,¢,) and &+ be its dual with weight

distribution ¢’ = (¢, ¢y, ..., ch,). Then,

e n

¢ =—-cP. (4.8)

4.2 The Skew-g-Krawtchouk Polynomials

We now consider the following set of polynomials which arise in finding the skew-g-transform of p(X,Y;m) and
v(X,Y;m) defined in Section 3.2.

Definition 4.3. For t € Z*, z,k € {0,1,...,n} where n = [£], and m = % we define the the Skew-q-
Krawtchouk Polynomial as
& o " x| [n—z
Culam) = S0 4] [0~ 4] an = 20k ), (49)
§=0

Note. We note that the value of the skew-g-Krawtchouk polynomial Ci(x,n) depends on m, which in turn depends
on the parity of ¢. However, it behaves in the same way regardless of the parity of ¢, and as such we shall use our
shorthand notation and only make the dependence on n explicit.

12



225 We first prove that the Cy(x,n) satisfy the recurrence relation (4.1) and the initial values in (4.3) and (4.4) and
26 are therefore the generalised Krawtchouk polynomials.

27  Proposition 4.4. For all z,k € {0,...,n} we have

Crr1(z+1,n+1)= q2(k+1)Ck+1(:17, n) — qQkC’k(x, n). (4.10)

Proof. We look at all three terms sequentially. First noting that L. f 1] = 0 when j = 0, then

k+1
— N (L)) i [T = Py iy
Cr1(z+1,n+1) ZO( 1)7q q [ ) k+1_j7(m+2 2j, k41— j) (4.11)
=
= Crri(z+Ln+ 1), (4.12)
k
(2.26) o o z g n—zx
—1)I g2 (n—2)+5(G-1) ) 25 | ) 2_9ik+1—1
+ j:O( )4q i TG ke Y22 k1)
(4.13)
= Crri(z+Ln+ 1), (4.14)
k
_1)y i) +iG=1 | T n— — 9 —j
+Zl( 1)q L._J Lﬁl_j}y(mw 2,k +1—3) (4.15)
j=
3 syt [2] [ - ki
EDYER S peeie-n
=
i z|| n—z
— _1)i g2i(n—2)+i(G-1)+2k - I V- A
jgo( 1)’q H {,Hl_j]v(m 2,k =) (4.17)
= C’k+1($+1,n+1)\j:k+1+a1 4+ g+ as (4.18)
228 where oy, @, a3 represent summands (4.15), (4.16), (4.17) respectively and for notation, |j—x+1 means “the
29 term when j =k +17.
Second,
a z|| n—=z
2(k+1) - _ 1) g2(k+1) ;2§ (n—x) ,i(G—1) - — 9 — g
A R Y O e 1] | A YRR (4.19)
J:

= %) Crpa (a,m)| (4.20)

j=k+1

k
(2.32) L o , _
T § :(_1)Jq2j(n—x)+3(3—1)+m+2+2(k—1) {m] [ n—e }y(m — 25,k —j) (4.21)

= Jllk+1—j
& .y (i ; T n—x
=D (1) g G Rk H {k 1o j] y(m — 25,k — ) (4.22)
§=0
= ¢t Gy (2,n)|j_ppyy + 02 + Br (4.23)

20  Where 1 represents the summand (4.22). Third,

k
ok o i 92 ‘(nfa:)+j(j71)+2k iC:| |:'I'L — .’E:| o o
Cir(z,n) = —1)7¢% . Av(m =25,k )
¢**Ci(a,n) =) (~1)’q [ K[V =20k =) (4.24)

13



2 Solet C=Chir(x+1,n+1) — @*FVC 1 (2,n) + ¢**Cr(z,n). So,
C=ar+as—Bi+p+ Crple+Ln+1),_ — %™ Crpalj_pys -
Consider az — 1 + p. Then

k
n—x . . i
ag — 1 = ZO( 1>J+1 2j(n—x)+j(j—1)+2k [ } [k Ll ]’y(m — %k — j) (1 B qQ(k J+1))
i=

(2:24) Z 1)it1gi(n—a)ili=1+2k (1 _ g2(k=j+1) 2] A== — 1y g
4 il @ — 1

k

2(j+1) (n—a)+i (1+1) ”—ﬂ?] i i
Z M [k_] y(m = 2j,k — j)
j=
i n—x
=D (F1)gHn T ”*”“[Hk_ }v(m_m,k—j)
J
7=0
=T—=p
232 where T represents the summand in (4.28). Thus,

C=01+74+ Crri(z+1,n+ 1)‘j:k+1 _ g2(k+1) Ck+1(x7n)\j:k+1 .
Now,

Crt1 (@ +Ln+1)|_pq — F2*+D Cr1(z,n)|;_p 41

kL 2k D) (n—a) k(k+1) ) [T+ 1] oggn)| @
= (=" e {[/ﬁl 1 k+1

(2.23) — x
e (_1)k+1q2(k+1)(n x)qk(k+1) |:k:|

= —Tlj=k

Now consider as.

k
Z ) g¥ (=) +i G- 1)Li1] [lﬂilx :|'y(m—|—2—2j,k+1—j)

>—t>—-

; Y ()i (4 z|[n—=z . )
=) (-1 Ut e G M [k _J}W(m —2j,k — j)
=0

=—T+T|j=k-
23 Thus C = 0 and so the Ci(x, n) satisfy the recurrence relation (4.10).
2 Lemma 4.5. The Ci(x,n) are the generalised Krawtchouk polynomials. In other words,
Ci(x,n) = Py(z,n).
Proof. The Cy(x,n) satisfy the recurrence relation (4.10) and the initial values of the C(x,n) are

- 0
Z Y g g1 [J {kﬁj} y(m — 24,k —j)

j=0

[Z]v

<.

14

k_j}v(m%kj)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)



235

236

237

238

239

240

241

242

243

244

245

246

247

since [ﬂ =0 for j > 0, and

T I i R (1.2
_ 1 (4.43)
O

We note that this explicit form for the generalised Krawtchouk polynomials is distinct from the three forms

presented in [7, (15)].

4.3 The MacWilliams Identity for the Skew Rank Metric

We now use the skew-g-Krawtchouk polynomials to prove the g-analog form of the MacWilliams Identity for skew-
symmetric matrices over F,. We note that this form is similar to the ¢g-analog of the MacWilliams Identity developed
in [11] for linear rank metric codes over Fym but differs in the parameters of the ¢-transforms and the meaning of

the variable m.

Let the skew rank weight enumerator of € C 7, be

n

WX, Y) =) aYixn

and of it’s dual, €+ C &, be

i=0

n
=Y dyixn,
i=0

(4.44)

(4.45)

Theorem 4.6 (The MacWilliams Identity for the Skew Rank Metric). Let € C o7, be a linear code with weight
cn) withn = |L] and m = %, and €+ C oy, it’s dual code with weight distribution

distribution ¢ = (cq, .. .,

c = (ch,...,c,). Then

WER(X,Y) =

Proof. For 0 <1i < n we have

(X V)T (X + (g™ -

I‘f\

1) Y)[nfi] = (I/[i] (X,Y;n)) * (,u[”fi] (X,Y;m))

(3.11)(3.32) : w u(u— U Vvi—u
= (Z( 1)q"t ”HYX )

2y

k=0

u=0

n— — i
(qu o]

- ZC’k(i,n)YkX’“k

k=0

(4.39) zn:

k=0

P(i,n)Y*X"F,

15

n—1

kE—1¢

— WX 4 (" - 1Y, X —Y). (4.46)

(4.47)
5 {”_’] (m, )Y X"
7=0
(4.48)
}'y(m — 2,k — £)> YFRX"F(4.49)
(4.50)
(4.51)



248

249

250

251

252

253

254

255

256

257

258

259

260

261

So then we have

1 39) 1 < " ) e
@W% (X +(¢" - 1Y, X —v) % ﬁZciZPk(z,n)YkX k (4.52)
=0 k=0

n 1 n

=3 (Cﬂ c,»Pk(z',n)) ykxmok (4.53)
k=0 =0
DAL G (4.54)
k=0

=W2E(X,Y). (4.55)

O

In this way we have shown that the MacWilliams Identity for a code and it’s dual based on skew-symmetric
matrices over F, can be expressed as a g-transform of homogeneous polynomials in a form analogous to the original
MacWilliams Identity for the Hamming metric and the g-analog developed by [11] for the rank metric.

5 The Skew-¢g-Derivatives

In this section we develop a new skew-g-derivative and skew-¢~!-derivative to help analyse the coefficients of skew
rank weight enumerators. This is analogous to the g-derivative applied to the rank metric in [11] with the parameter
q replaced by ¢2.

5.1 The Skew-g-Derivative

Definition 5.1. For ¢ > 2, the skew-q-derivative at X # 0 for a real-valued function f(X) is defined as

f(?X) — F(X)
(¢*-1X

FYx) = (5-1)

For ¢ > 0 we denote the ¢! skew-g-derivative (with respect to X) of f(X,Y;\) as f(#)(X,Y; ). The 0" skew-¢-
derivative of f(X,Y;\)is f(X,Y;\). For any real number a, X # 0,

[F(X) +ag(X)]P = FO(X) + agM (X). (5.2)

Lemma 5.2. 1. For0<p </l ocZT,0>0,

(X9 = (e, ) X%, (5.3)

2. The o' skew-q-derivative of f(X,Y;\) Zfi MY X" s given by

F@(X, YN Zfl VB(r — i, @) YIXT I, (5.4)

3. Also,
WF@ (X, VN = Bk, o)l # (X, Y3 N) (5.5)
VM@ (X, Y5 N) = Bk, )P 9 (X, Y \). (5.6)



22 Proof. (1) For ¢ =1 we have

2 v\¢ ¢ 2¢
o (X)) —-X" ¢t -1, 0] o _
(X9 = ((q2 )_ X gt T H X =l )X (5.7)
263 The rest of the proof follows by induction on ¢ and is omitted.
(2) Now consider f(X,Y;\) Zfl NY? X" We have,
r (1)
FO(X, YN = (Z fi(A)Y1XT—1> (5.8)
i=0
_ - 7 r—i (1)
=Y AY (X (5.9)
i=0
r—1 ) .
= VB — i)Y iXT (5.10)
i=0
264 The rest of the proof follows by induction on ¢ and is omitted.

k
(3) Now consider pl* = Z (N, K)Y U X P~ swhere iy (N, k) = {S]'y()\,u) as in Theorem 3.4. Then we have

u=0
. (1)
O (X7 N) (Z (N, E)Y U X R u) (5.11)
u=0
k 2 u k—u
_ u (q X) - X
= ;uu()\,k)Y ( DX ) (5.12)
k=1 2(k—u) _ 4
q k u yh—u—
=> T My(/\,u)y Xhk-u=1 (5.13)
u=0
k=1 ok 2(k—u) _
(2.25) = (*F = 1) (¢ 1) {k —~ 1} P
2 A u)YUXku 5.14
e T R o1
2"
_(q _1) F-1(X, 5 \) (5.15)
P2 Bk, )X, Y. (5.16)
265 So ulFl@) (X, Y5 \) = B(k, o)ulF=#1(X,Y; \) follows by induction on ¢ and is omitted.
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266

267

268

269

270

271

Now consider v¥l = Z(—l)

VR (X Y ) =

So vIFI) (X V5 \)

k

u=0

ugute=h) Llj] Y“X* % as in Theorem 3.5. Then we have

;:(_l)uqu(ul) q2(227i) ; 1 {i] yuxh—u-1

(2:26) - (—=1)4que=D (¢ = 1) (@ - 1) [k u 1} yuxh—1-u
pur’ (@F=w —1) (@ —1) | u

= fzk_f”[k” (X,Y;2)

CAY g0k, D1 (X, Y3 N).

= B(k, p)r*=¥I(X,Y; \) follows by induction also and is omitted.

We now need a few smaller lemmas in order to prove Leibniz rule for the skew-g-derivative.

Lemma 5.3. Let

1.

2.

Proof.

If ur(\) = 0 then

If vs(A\) =0 then

(1) Tf un () =

Hence

1

uw(X,Y; )

v(X,Y;N) =

Zul YiX'rfi

D> wui(YXeT

i=0

u(X,Y;N) .

Y[U(X,Y;)\)*U(X,Y;)\)]: e v(X,Y;N).
L X, 0 (XY 0)] = u (X, 2V ) * VX Y5A)
X X
0,
r—1
X Y )\ Zuz YiX’r‘—i—ll
. r+s—1 k
(X;(Y7 )\) (X, Y; )\) (3:4) (Z q%SUZ()\)kaZ()\ _ 2€)> YerJrsflfk

r+s—1 k
(Z QQZSUZ(A)'kae(A _ 24)) YkXT-l-s—k

18

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)



272

273

274

275

276

277

278

since Vpqs—¢(A—20) =0for 0 < £ <r—1and us(A\)=0forr <L<r+ss0

r+s
e Z A us( N vy s_o(N — 20)YTH X0 = 0. (5.31)
(2) Now if vs(A) =0,
s—1
X Y;\) 4 ,
Zuz NYixs—1=7, (5.32)
Then similarly,
X Y )\ r4+s—1 k
u (X, 2V N) GICSRSTINERS (Z 205=1) 200, (N vg_p (A — 2£)> ykxrHe-l-k (5.33)
k=0 £=0
1 r+s—1 k
_ e 2@(5 1)q2£’U¢()\)Uk7f()\ o 2@) ykxrts—k (5.34)
k=0 £=0
1 r4+s
+ 5 > P u( Mg s—o(A = 20 YT X0 (5.35)
=0
1 r+s k
=5 > (Z D P uy (N oo (A — 212)) ykxrts—k (5.36)
k=0
1
= 5 (X, Y3 0) #0(X, Y5 )] (5.37)

since Vpqs—g(A—20) =0for 0 <L <7 and uy(A\)=0forr+1<€<r+sso
r+s
% Zq” MNopgs_e(A— 20 YT X0 = 0. (5.38)
O

Theorem 5.4 (Leibniz rule for the skew-g-derivative). For two homogeneous polynomials in X and Y, f(X,Y;X)
and g(X,Y;\) with degrees r and s respectively, the ©*" (for ¢ > 0) skew-q-derivative of their skew-q-product is
given by

[F(X,Y;0) % g (X,V;\)]@ i[ ] (e=O=0 O (X, VM) x gD (X, Y3 \). (5.39)
£=0
Proof. Let,
F(X,Y;0) Z fiYix (5.40)
g(X,Y;\) ZgZ NYiXsTE (5.41)

For simplification, we shall write f(X,Y;A) as f(X,Y) and similarly g(X,Y) for g(X,Y; ). Now by differenti-
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ation we have

F(PX,Y) % g (?X,Y) — f(X,Y)*g(X,Y)

[F (X, V)% g (X, V)W = CES (5.42)
Z(qg_ll)X{f(th,Y) xg (®X,Y) — f(°X,Y) % g (X,Y) (5.43)

+ (X, Y)*g(X,Y) = f(X,Y)xg(X,Y) } (5.44)

~ g XY (0 (@PXY) g (X)) (5.45

+ M{ (f (®X,Y) = F(X,Y)) % g(X,Y) } (5.46)

P2 F (X, 4Y) + {g (qQ)i;zf)_l)i((X’ 2 } (5.47)

o3 { f (qz)i’qf)_l)ﬁ((x’ 4 } (XY (5.48)

=" f(XY)# gD (XY) + fO(X,Y) * g (X,Y) (5.49)

oo since gs(A)Y® (q2X)O = gs(A\)Y*X?, then we can use (5.24). Similarly, f.(\)Y" (qQX)O = fr(\)Y"X? then we can
20 use (5.23) So the initial case holds. Assume the statement holds true for ¢ = g, i.e.

[F(X,Y) g (X, V)P = i: H E=00=0 0 (X, V) % g® D (X,Y). (5.50)
?=0

20



Now considering @ + 1 and for simplicity we write f(X,Y;\), g(X,Y;\) as f, g we have

- (1)
[
[+ gD = lz m LE-0E=0 0 ng)] (5.51)
£=0
2] 200 [50 , -]
=3 |7 |70+ 9%70] (5.5
£=0
7
(5.49) —_ _ _ — —_
=% m FE00=0 (q2<r O fO 4 g@=t41) 4 pe+1) (@ e)) (5.53)
=0
[ B B B+l - _ 3 3
_ Z [f] q2(<p—€+1)(r—2)f(€) % g(<p—€+1) + Z [é f J q2(<p—e+1)(r—e+1)f(e) *g(cp—l-‘rl) (5.54)
£=0 /=1
- P
_ [g PO 4@ 4 3 m LEHO0=0 4(0) , (@=t+) (5.55)
/=1
7] _ __
+Z f FEHI=00—60D) £(0)  (@=t41) | |P) 2@H1-F-D(r=F-141) $(B+1) 4 ¢ (5.56)
— /-1 P

% - _
S T LN I o ([‘2’] PPEICAR [g v 1D PEHDE=0 (0 | (G=t+1) (557)
(=1

(2.22) 2 o+1 = — o+1 _ _
s Z |: ’ :|q2(g0+l—€)(r—f)f(€) *g(so-l—l—@) + |: 0 :|q2(tp+1)rf *g(go-i-l) (558)
=1
e

N {Zi 1] £EH=F-D (@), (5.59)

541 0w _
-3 [90 ! }q2<w+1—e><r—e> O 4 @10 (5.60)

=0

281 since [zi ﬂ = [SD(J)F 1] = 1. Thus the theorem holds. O
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282

283

284

285

286

287

288

289

5.2 The Skew-g !-Derivative
Definition 5.5. For ¢ > 2, the skew-q~-derivative at Y # 0 for a real-valued function g(Y') is defined as

. Cg(q7Y) —g(Y)
gt )= (¢2-1Y

(5.61)

For ¢ > 0 we denote the ¢! skew-g~!-derivative (with respect to V) of g(X,Y;\) as ¢gt?}(X,Y;\). The 0
skew-¢~!-derivative of g(X,Y;\) is g(X,Y; ). For any real number a, Y # 0,

(V) +agV)) ™ = FI(Y) + agtB(Y). (5.62)

Lemma 5.6. 1. For0< o<l oeZ",£>0,

(Ye){w} _ q2(tp(1—£)+0¢)6(€7 (p)yf—tp. (5.63)

2. The @ skew-q~-derivative of g(X,Y; \) Zgl YiX57t is given by

g (X, YN Zg )2 PA=0F00) B ) YiTe X1, (5.64)
3. Also,
W (X YN = 727 Bk, o)y (O, @)l F (X, YN — 29) (5.65)
VY (X, V) = (=1)2B(k, o)vF=? (X, Y \). (5.66)
Proof. (1) For ¢ =1 we have
—21\¢ £ -20
nil} (q QY) -Y q -1
(v = T — )Y (5.67)
G q*z‘”%’(z, YL, (5.68)

So the initial case holds. Assume the case for ¢ = % holds. Then we have

1 ) N\
(Ye){w } _ (q2(<p(1 )+ ”’)ﬁ(f, (p)yf LP) (5.69)
_ —2(-P)yt-% _ yt—%
— P2@1-0+05) gy )4
q B, 2) TSN (5.70)
_ —2(0-9) _1 _
4o (4 A —T—
= f@UI=0Fo?) (q2_1> Bl p)Y P (5.71)
200-9) _ 121 ~
(244) 95(1-0) B(@E-1) g 2=?) 2! E—ilyep1
24 q R H) LY (5.72)
— 2EDA-0+o541) g 4 1)y E-PHL, (5.73)

Thus the statement holds by induction.

(2) Now consider g(X,Y;\) Zgl YiX*~% For ¢ = 1 we have
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S

{1}
g{l} X Y )\ <Zg’t YiXs—i> Zgz Yz {1} Xs T Zg 2( z+1 (Z ]_)Yi_lXS_i,

290 As B(i,1) = 0 when ¢ = 0 we have
{1} X Y )\ Zg 2((1—i)+01)6(i’ 1)yi—1Xs—i.

So the initial case holds Now assume the case holds for ¢ =9 i.e.,

9P (X, YN Z 9i(N)*P I F202 3(i Z)Y 7P X7 Then

{1}
{50+1} (X,Y;N) Zg 2(5(1—1')4-0?)5(@"@)}/1'—5 X5t

= Zg PU=DT92) 34, 3)g 2P VB> — 5, 1)Y P IX T
(2.44) 2(F+1)(1—i)+20 ) - (qz(iim 1) i1
= Zgl()‘) (@+1)(1—i)+205 H P pe yi-#-1x
i=p 7=0
_ Zg 2(p+1)(1—1 +2G“’ﬁ(1 (P + I)YZ p— 1XS i

S g NPFIODRE g 1)y e
i=p+1

201 since when i =@, (%, %+ 1) = 0. So by induction Equation (5.64) holds.

(5.74)

(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

(5.80)

k
2 (3) Now consider pl* = Z (N, K)Y U X P swhere puy (N k) = {Z]’y()\,u) as in Theorem 3.4. Then we have

u=0
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{1}
fra (N, k)Y“Xk‘“> (5.81)

k
A (X, Y30) = (Z

u=0
k
=3 (A k)P0 Blu, 1Y xR (5.82)
u=1
k—1
=3 et AR B 4 1, 1)y (5.83)
r=0
k—1
= L J N4+ Dg 2 B(r +1, 1)y " XF1=r (5.84)
r=0
(2.26)(2.31) = [k —1] ¢** —1
2 2}{ . }qw“)_ (= 1) g y(A=2,7)B(r+1,1)Y" X177 (5.85)
0a1) 2 Tk — 1] 2 =1
<':)Z[ ) ]221 (@ = 1) ¥ 2y (A = 2,r) Y X 1T (5.86)
=0
=q 2Bk, D)y(A DX YA - 2) (5.87)

Now assume that the statement holds for ¢ = . Then we have

_ _ {1}
pHEH XY = [q‘2"“’ﬁ(k7tp)v(&w)u““‘“’] (X,YiA~ 290)} (5.88)
90— _ _ 1
= Bk PP [ YA - 29)] (5.89)
= {1}
(3.11) _g, _ _ — _ ryvk—g—r
=" ¢ Bk, 2 (A P) (Z { . w]v(k—%,r)Y Xhe ) (5.90)
r=0
k—p L—3
=ik 3 |1 Pl - e ) e (5.91)
r=1
& k-7 0} yhog
2% B(k, B)(, ) [Hﬂw—mw 1) (Y xte (5.92)
u=0
k—p—1 -
_ 205 — = -
=q 277 B(k,2)7(\, D) > {UH] (5.93)
XA =25, u+ )¢ (a4 1, 1)y X (5.94)
k—(o+1) _ 2(k—p) _ 2(ut1) _
(2.26)(2.31) _o, _ _ k—o— 1] (q 1) (¢ D) 9 o
FAS #6(k, A, 5.95
N I S (T (5.99)
(72 = 1) y(A — 2@ + 1), u) Y X+~ @+1)— (5.96)
=q 277 A+ DBk, + Dl FIX YA - 2(5+ 1)) (5.97)
= 25y (A, 7+ 1)B(k, 7+ Dl FF(X, VoA — 27+ 1). (5.98)

k
As required. Now consider v* = Z(fl)“q”(ufl) [ﬂ Y*X* " as defined in Theorem 3.5. Similarly to

u=0
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w(X,Y; A), we have

k {1}
k
[k]{1} ) — _1uu(u—1) uyk—u
LIS 'S EDY) (Z:)( 1)% MY X ) (5.99)
d k

=S [E] o e (5.100)

u=1

k—1
= Z(_1)("”+1)q7'(7’+1)q2(1—(7"+1)) |:T i 1:| B(T +1, 1)YT‘+1—1X]€—7‘—1 (5101)

r=0

) k-1 2%k _ 2(r41) _
(2.26)(2.31) r r(r—1) 2r —2r k— ]-:| (q 1) (q 1) ryk—r—1

AS — —1 Y'X 5.102
7;)( ) q q g |: T (q2(r+1) _ 1) (q2 _ 1) ( )
= (=1)'Bk, (X, YN, (5.103)

Now assume that the statement holds for ¢ = . Then we have

_ _ — {1}
XY ) =[-8k, )P (X, V5| (5.104)
k—p L3
— (1PB05) 3 (-1 [P O ke (5.105)
u=1
k—p—1 R
= (C1PB(kF) D (~1) gD [ N ﬂ B(r+1, 1)y HLxkFr-1
r=0
(5.106)
k—p—1 _
2.26 _ r =1 |k —(@+1
B2 (1P B(k, p) (—1)rg Y [ (f )} (5.107)
r=0
(@* P D) (V1) e,
Y'X (5.108)
(@0 1) (7 1)
= (—1)PHB(k, 7+ k- FFDI (X v N). (5.109)
203 as required.
294 D
205 Now we need a few smaller lemmas in order to prove Leibniz rule for the skew-¢~!-derivative.
Lemma 5.7. Let
w(X,Y50) =) u;(\Y' X" (5.110)
i=0
s . .
v(X,Y50) =) u(AYIXT (5.111)
i=0
296 1. If UO()\) =0 then
% (X, V) 0 (X,Y;0)] = q2sw £ 0 (XYM —2). (5.112)
297 2. If Uo(/\) =0 then
% [ (X, Y5 0) %0 (X, Y3 0)] = u (X, %Y A) * w (5.113)
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28 Proof. (1) Suppose ug(A) = 0. Then

r r—1
X Y;A) , . ,
Zuz YITXTT =) i (V)YIXTT (5.114)
Hence
X.Y: 7"+s 1
QU(#A) v (X, YA —2) g1 (N)vu_p(A— 20— 2) | Y*XTHs=1=%  (5.115)
r+s 1 /u+1
< %0 (AN vg—ip1 (A — 22‘)) yuxrtssizu (5.116)
r+s J ) )
<Z A THON DI O - 22‘)) yITlxrte—i (5.117)
i=1
r+s , )
? quul Joj_i(A — 2i)> Yy xrtsTi (5.118)
1
= & (W(X,Y:0) xv (X, Y5 )) (5.119)
299 since when j =0, ZZ 0 @ ui(AN)vj_i (A — 2i) = 0 as up(A) = 0.
(2) Now if vg(A) = 0, then
X, Y5\ ¢ ; :
% = w(ANYI X (5.120)
j=1
s—1 ) )
=> v (MY X (5.121)
So,
(X, V3N T [
u(X,q°Y; ) * — = > Z(fﬂs Dg®uj(N)vy—j1 (A —24) | YuxrTs—izv (5.122)
u=0
r+s —
=3 Zq%é Nve—j(A—2j) | Y xTet (5.123)
=1 \ j=0
1 r+s
=y X Z(f“ Nvg_j(A=2j) | YEXTHt (5.124)
=1
1 r+s
=5 > Zq%éuj Joe_j(A —25) | YixTHe—t (5.125)
1
= ?(u (X, Y5 0) xv(X,Y;0)) (5.126)
300 since when j = ¢, Z?:o 5 uj(N)ve—j(A — 25) = 0 as vo(\) = 0.
301 D
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s Theorem 5.8 (Leibniz rule for the skew-¢g~!-derivative). For two homogeneous polynomials in Y, f(X,Y;\) and
w g(X,Y;\) with degrees v and s respectively, the @' (for p > 0) skew-g~'-derivative of their skew-q-product is given
304 by

[f(X,Y;0) % g (X, V3 0] i [ ] Ws=ot0 11 (X, V5 0) % gto 8 (X, V0 — 20). (5.127)
=0
Proof. Let,
f(X,Y3)) Zfl NY X" (5.128)
g(X,Y;\) ZgZ NYiIxXsT0 (5.129)

For simplification we shall write f(X,Y;\), g(X,Y;\) as f(Y;A), g(Y; ). Now by differentiation we have

F@2Y50) % g (@72Y50) — fF(Y50) g (Y5 Q)

[F (VN «g (VN = TR (5.130)
= (qzll)y{f (@2Y30) %9 (a72Y5A) = F(a7°Y50) % g (Y3 A) (5.131)
ST R (Vi) - VN g (Vi) | (5.152)
- (q_Ql_l)Y{f (¢2V0) * (9 (72Y50) — g (V3 ) } (5.133)
e Y - ) s vin | (5.139)
G ¢y ) (9 (q‘:’?)_z)géyﬂ)) (5.135)
T g Y (qz;/_;:\)_ 1)J;(Y; M), g(Y:A—2) (5.136)
= F V0 x gt (V) + (V0 x g (YA - 2). (5.137)

w5 So the initial case holds. Assume the statement holds true for ¢ = B, i.c.
[f(X,Y50) %9 (X, V3 )] = f: m ¢ U (XY ) g (X, YA - 20). (5.138)

=

ws  Now considering ¥ + 1 and for simplicity we write f(X,Y;\), g(X,Y;A) as f(A), g(A) we have
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307

308

309

310

311

P {1}
[F(N\) *g ()\)]{¢+1} _ [Z [80} GHe—et0 10 (A) * gle-t (A — Qg)‘| (5.139)

14
£=0
@ {1}
_ Z { }QQZ ) (f{f} (A) * gt7= (A = g)) (5.140)
L=
©
(5.1:37) Z |:L§:| q (s— <p+£)f{12} ( ) g{aff%»l} ()\ _ 24) (5141)
=0
% B _ _
n Z [ﬂ U0 2740 p LT (\) 5 o170 (X — 20 — 2) (5.142)
£=0
? 5 _ _
_ Z [ﬂ GH—ot0 10 (\) * glte—t+1 (A —20) (5.143)
£=0
Pl _ B _ _
i [6 f J QDD 2= (1) ({8} (\) 4 o171 () — 20) (5.144)
{=1
P o
RS S [ﬂ PUFHO F0 () 4 g(F-641) (\ — 2) (5.145)
=1
7o
n Z [g f J AUV 2 =2+(0=1) 116 () 5 gTP—6H1E (X — 2¢) (5.146)
{=1
+ [i] 5@ P (N kg (A — 23+ 1)) (5.147)
= F =g () + Z ([ } [z ’ J) PP () 5 g #1701~ 20) (5.148)
+ q%(*”*”f“’“} (A xg(A=2(3+1)) (5.149)
? _
2.23) o - +1 s—p TH+1-
P2 p ) g ) + Z " [g, ‘ }qw PO () x g (0 - 20) (5.150)
P+ 1] 2Gt1)(s—B-1+(F+1) p{7+1} {B+1-@+D)} () _ 9(5
N [w ! J FE () % g A—2G+1)) (5.151)
P+
-3 {w -; 1} QU= @HDH0 (e} (3 4 gTTH1-0 () _9p) (5.152)
£=0
as required. O

5.3 Evaluating the Skew-g-Derivative and the Skew-¢ !-Derivative

At this point we need to introduce a couple of lemmas which yield useful results when developing moments of the
weight distribution.

Lemma 5.9. For j/cZt, 0</(<jand X =Y =1,

VIO (11, 0) = B4, 7)dje- (5.153)

28



312

313

314

315

316

Proof. Consider

So

@) (X,Y:)) (5 6)

l,[j](@)(l 1;\)

(2.45)

(2.17)(2.18)

(2.21)

(G, OV X, Y7 \)

J

u

&

:0

u u(u 1)|: £:| YuX(j—E)—u-
u

Jj—
], Z u u(u 1) |:J _£:|

u=0

u=0

S

ooz

B, €)605 = (4, 5)dje-

Lemma 5.10. For any homogeneous polynomial, p (X,Y; ) and for any s > 0,

(p * u[s]) (1,1;0) = *p(1,1; A).

.
Proof. Let p(X,Y; ) = Zpi(/\)Yin_i, then from Theorem 3.4,
i=0

and

where

S

WY =30 |

t=0

t u -
)\ Yth t _ [5] Yth t

(,;*,L[Sl) (X,Y: )

cu(A)

u

> pi(N)

=0

r+s

>

29

cu(A

nali

YuX r+s—u)

(A — 2i).

|

(5.154)

(5.155)

(5.156)

(5.157)

(5.158)

(5.159)

(5.160)

(5.161)

(5.162)

(5.163)



317

318

319

320

321

322

323

324

325

326

Then

1:4;” O r+s—j
=> ¢7*p;(\) ( Sl 2]))
=0 k=0
= Zqusp ( (O 23‘))
=0
i(A) (
k

since p;(A) = 0 when j > r and MLS](/\ —2j) =0 when &k > s.

6 Moments of the Skew Rank Distribution

(5.164)

(5.165)

(5.166)

(5.167)

(5.168)

(5.169)

(5.170)

Here we explore the moments of the skew rank distribution of a subgroup of skew-symmetric over IF, and that of
its dual. Similar results for the Hamming metric were derived in [16, p131] and for rank metric codes over Fym in

[11, Prop 4].

6.1 Moments derived from the Skew-g-Derivative

Proposition 6.1. For 0 < ¢ < n and a linear code € C g+ and its dual ¢+ C g+ with weight distributions

c=(coy...,cn) and & = (cg,...,c,), respectively we have
— [n—i _ g =9) {n—z}/
c
2[5 ey

Proof. We apply Theorem 4.6 to €+ to get

1 —
WERXY) = oWt (X + (" = DY X —Y)
or equivalently
n 1 n
SoeVixni= =3 (X =) X 4 (g - ) Y]
=0 | ‘ =0
= LZ WX, Y m) s p (X, Y m)

(6.1)

(6.2)

(6.3)

(6.4)

For each side of Equation (6.4), we shall apply the skew-g-derivative ¢ times and then evaluate at X =Y = 1.
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327

328

329

330

331

For the left hand side, we obtain

n (¥) n—ep
(Z CiYiX"_i> (5:4) Z ciB(n P Gald (6.5)
=0

Letting X =Y =1 we then get

gaﬂ(n —1i,9) @29 nioci {”; q Ble,¢) (6.6)
i=0 i—0
= ﬂ(w,w)gci [H;Z} (6.7)

We now move on to the right hand side. For simplicity we write u(X,Y;m) as p and similarly v(X,Y;n) as v.
We have by Theorem 5.4,

=0 =0 =0
1 n
=0
where o -
(X, Yim) =) ﬁ] OO IO (X Y m) s« p 1m0 (X Y m). (6.10)
=0 -
Then with X =Y =1,
o -
55) 11— 3 n— 1
Gi(1, 1m) 2y [i PO B0 — i o = 0) (VIO s ==t ) (1,13m) (6.11)
£=0 -
%
(.00 §~ m 206050 _ i 5 — p)gmn=i=(e=O) O (1 1, ) (6.12)
=0
(5.153) 2 ; © .
189) § 2Ae-0(i=0 M B — i, 0 — Og™ === 37, 1)y (6.13)
=0
(2.45) n—1 . N m(n— .
| R (6.14)
(2.46) |1 — 1| pin—
e G T o) (6.15)
2 1
So
®
(1,1 — m(n—¢) 6.16
WHch ,1;m) % 2 {_} Be, ) (6.16)
=) P T
_ 6.17
3100 g 2 il (6.17)
Combining the results for each side, and simplifying, we finally obtain
4 . m(n—yp) P .
n—1 q =1
Ci = c; 6.18
IR oLl 619
as required. O
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332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

Note. In particular, if ¢ = 0 we have

quL , qmn
= S — 6.19
2%~ [T 1] (019
In other words
Ellet] = g, (6.20)

_ . . (=1 . . .
We note that mn = w for skew-symmetric matrices and qt = is the number of skew-symmetric matrices of

size t X t. This is the simple fact that the dimensions of a code and that of its dual add up to the dimension of the
whole space they belong to.

We can simplify Proposition 6.1 if ¢ is less than the minimum distance of the dual code.

Corollary 6.2. Let dgp be the minimum skew rank distance of €. If 0 < ¢ < dsp then

S [ o= e l] (6.21)
CG = —— . .
Zle "7 e

Proof. We have ¢y =1 and ¢} =... =c, =0. 0

6.2 Moments derived from the Skew-¢ !-Derivative

The next proposition relates the moments of the skew rank distribution of a linear code to those of it’s dual, this
time using the skew-g~!-derivative of the MacWilliams identity for the skew rank metric. Before proceeding we
first need the following two lemmas.

J .
Lemma 6.3. Let §(\, ¢, j) = Z [ﬂ (=1)'q*7iy(\ — 2i,). Then for all \€ R, p,j € Z,

1=0
5N 0, 5) = 720, )7\ — 24,0 — 5)g? A, (6.22)
Proof. Initial case: j = 0.
0 o
5\ ,0) = [o] (—1)%% v (X, @) = (X, @) = v(2¢,0)7(X, ¢)g" . (6.23)

So the initial case holds. Now assume the case is true for j = 7 and consider the 7+ 1 case.
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@.—i—
—_

1ot -2
7 H + L J 1]) (—1)'¢*7i (X — 2i, )
:i M( 1)'q*7 g%y (A — 24, ) i H D gomiy(A = 2(i 4+ 1), ¢)

7
2.31 95 204 { A—Di _ ‘
=Y H (—1)'¢%¢* (% — 1) 2 V(A - 2i — 2,0 — 1)

(2.32)

> M (—1)'g*e+ (qA*Q"*Z’ - qQ(“"’”) YA—-2i—2,0—-1)
=0

7
=> H (—1)'¢*7iy(A =2 — 2,0 — 1)¢*? (¢°F — 1)
7 (* —1)0(A—2,0—1,7)
=2 (g% - 1) 7(2(p — 1), DFPN T Dy(A -2 25,0~ 1 —7)
31)

quTIO=20E0) (20, 5+ 1)y(A — 27 + 1), — (G + 1)).

a7 since [ J

i 1} = 0 when 7 = 0. Hence by induction the lemma is proved.

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

w Lemma 6.4. Let c(A,p,i) = H [A B Z} PO (1) %7y (2(p — 0),i — £). Then for all A € R, p,i € Z,

14

=0 vt

(i) = (-1 | £ T2

Proof. Initial case ¢ = 0,

-

s So the initial case holds. Now suppose the case is true when ¢ = 7. Then

GLi+1][A—1—1
€(A,QD,Z+1)Z|: ¢ :|[ ’ :|q2€(Aﬂ9)(1)Zq20z,y(2((pg)’l+1g)

=0 Y-
1 -
2.22 A_7-1 B ) ]
(2:22) [z][ @ig ]q%(A cp)(_l)qu (2o — 0,741 0)
£=0
il . A1
+ t1=0 [ﬁ N J [ oot }qﬂ(A—w)(_l)éqzawm((p _0),i41-20)
(=1
=A+ B, say
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(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)

(6.39)



350

351

352

353

Now

2.32 . 7 [A—7—1 1 - _
A2 o) O[] [P e o e - 000 (6.40)
=0
= (q2‘P — q%) e(A—1,0,7) (6.41)
N iaae [A—7—1
_ 20 21\ (_1\?,207
= (¢* —¢") (-1)'q [Alw}. (6.42)
and
p=> 0 ][]l pemacaays g - - .- (6.43)
=0
oA —g) [ [A-1-7 20(A—¢) ¢ 20, -
= e Y[ AT ey - - 1,5 -0 (6.4)
=0
7q2(i+Af<p)€(A —1,0—1,7) (6.45)
T 790 | A—1—17
— _ 20@+A—p) —1)? 207 . 6.46
ey A (6.40)
So
e(A,p,1+1)=A+B (6.47)
. S TA—1—7 . A—1-7
1\t 207 20 2% _ 20+ A—p)
= (-1)q {(q q)[A_l_A q {A_@H (6.48)
B B 1= . 2(A—yp) _ 1 1=
(224) _1\i+1 207 2(1+A—¢) A 1 1 _ 20 21 (q ) A 1 1
=7 (-1)"q {q Ay (¢*¢ — %) @ -1 | Ao (6.49)
_ oy [A D) A (@D — 1) — (¢*0 = ") (¢ 7P - 1) (6.50)
(@ 1) :
= (—1)*? ’*1 27q? -1 6.51
@2le=n — 1
_ (=)o {A A T+ 5 ] (6.52)
as required. 0

Proposition 6.5. For 0 < ¢ <n and a linear code € C oy with dimension k and its dual ¢+ C A+ with weight
distributions ¢ = (cg, ..., cn) and ¢’ = (¢}, ..., c,), respectively we have

n

2¢(n—1) i . k‘ me z 201 2i(p—1) o A\
Zq LD} ci = Z [n_w} y(m — 24, ¢ —i)c;. (6.53)

1=

Proof. As in Proposition 6.1, we apply Theorem 4.6 to €+ to get

WZR(X,Y) = I‘fll Wl (X +(¢"—1)V, X —Y) (6.54)
or equivalently
ZCZWX" i = |<gl| Zc X -V (X 4 (" - 1)y (6.55)
=0
I‘fll Zc VXY m) s (X Y m). (6.56)
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354

355

356

357

358

For each side of Equation (6.56), we shall apply the skew-g~!-derivative ¢ times and then evaluate at X =Y = 1.

For the left hand side, we obtain

n {¢} n
(Z CiYan_i> (5£4) Z CtiW(l—i)+2U¢B(i7 (p)yi—aan—i
=0

1=¢p
(2.45) 2p(1—i)+20, | ¢ -
= C; @ L) Y'Y X .
Z q ML
i=¢p
Then using X =Y =1 gives

n

> gttt H Bl @)Y PX" =3 g? Um0 5(p, ) [;] ¢

- ® -
1=@ 1=

(6.57)

(6.58)

(6.59)

We now move on to the right hand side. For simplicity we shall write u(X,Y;m) as p(m) and similarly

v(X,Y;m) as v(m). Now ,

n {¢} n ®
1 i n—i (5.127) 1 i i il o
(wLZ¢”WHM]W0 ::%HEFKZEFM ¢WWWWHM]W”m—m>
=0

i=0 £=0

1 &,
i=0

say. Then,

%)
bi(m) (5.66)(5.65) Z {ﬂ G n—ime+0) {(_l)eﬁ(i,@y[i—z] (m)}
=0

N {q—2aweﬁ(n — i, 0 —O)y(m — 20, — Z)lu[n—i—ga—M] (m— 290)} .

Now let ‘ ‘
U(X,Y;m —2p) = (X, Yim) s y(m = 26,0 — Oul" =X, Vm — 2¢).

Then we apply the skew-q-product, reorder the summations and set X =Y =1 to get

n—p [ u .
U(1,1;m—2p) = Z [Z qzi"("_l_"””)ul[f_a (m)y(m —2¢—2p,p — f),uLn:plin] (m —2¢p — 2p)]

u=0 [p=0

i—¢ n—i—p-+~ .
— Z q2r(n—i—<p+€)y7[‘i—€] (m)v(m — 20— 2,0 — 6) [ Z M][fnfzftPJrf] (m —2p — 27“)]
r=0 t=0

i—0
(2£O) Z q2r(n7i7go+€)q(m72tp72r)(n7ifga+€)VT[,iff] (m),y(m — 90— o, o — g)
r=0
(3.32) ) £  — 4
e ) ) G e e A

-
|

I
=)

r

= q(m=2) (im0 5y 20 o — £,i — ()

(6-22) (4 n—i— i—£)(m—21 . ; ;
=7 gl 20 nmimet gm0 =20 (20 — £),i — £)y(m — 24, — i),
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(6.60)

(6.61)

(6.62)

(6.63)

(6.64)

(6.65)

(6.66)

(6.67)

(6.68)

(6.69)
(6.70)



Noting that q2£(n7i7<p+f)q72a¢_g _ q2€(n7i)q72a¢q2m{ we have

©
bl 15m) = 3 (<1)" [ﬁ] PO 20w B 0B — i, — OB (1, T — 2¢) (6.71)
£=0
(2.46) o4 & ¢ 20(n—i) 20, |T] | —1
=" 47276, 0) Y (-1’ T, | Y@ 1m = 20). (6.72)
£=0 $-
Writing that
q72awq2£(n7i)q(m72gp)(nfapfiJrl)q(ifZ)(mei) — q2¢7¢ q2ap(1fn)qm(nfap)QQE(nfgp)q%(npfi) 6.73
— q9q2l(n ©®) (674)
we get
e oy oo [0 —i _
Vi1, 1;m) = ¢°Ble, 0)y(m — 2,0 —i) Y _(=1) > " M [(p _ g] Y2 —0),i—10) (6.75)
£=0
(6.33) i - n—1 . .
=7 (=17 B, ) {n _ Lp]v(m = 20, —i). (6.76)
359 Combining both sides, we obtain
i g1 ITR7e B(0, ) H ¢ = o an &(-1)ig > Blo) |7 i]v(m — 2,0 — ). (6.77)
i=p ¥ €] i=0 ' n-y
0 Thus n )
2¢(n—1t) i . m 120'1 21( %) n—i o oA
;q ® LO] c; = %H z; L {n ) y(m — 2i, ¢ — i)c;. (6.78)
sr Then if ¥ has dimension k we have
€| = ¢*, 1€ =™, (6.79)
362 SO ( ) ( )
qm n—e qm n—e .
I g (6.80)
3 as required. O
364 We can simplify Proposition 6.5 if ¢ is less than the minimum distance of the dual code. Also we can introduce

s the dual diameter, ¢y, to be the maximum distance between any two codewords of the dual code and simplify
w6 Proposition 6.5 again.

57 Corollary 6.6. If 0 < ¢ < dp, then

{ ¢ = qk me |:'fl

Jtm. e (6.:81)

we For oqp < ¢ < n then
%) -

i 205 2i(p—i) |~ 1 . .
Z(—l) adladsant n_(p]’y(m—Qz,g@—z)Ci =0. (6.82)
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Proof. First consider 0 < ¢ < dgg, then ¢ =1, ¢} = ... = ¢, = 0. Also since {n ﬁ @} = [:ﬂ the statement holds.

Now if ¢4 < ¢ < n then applying Proposition 6.5 to € gives

n , ® .
20 (n—i) | b = mn—k—me -1 i 20 2i(p—1) |:7’L - Z:| m — 2 —i)e;. 6.83
;q Ml q ZZ_;( )'q*7'q n_ |7 =20 =) (6.83)
So using ¢/, = ... = ¢}, = 0 we get
’ n—1
_ Vi 204 2i(p—i) | TV T PN
0 ZO( 1)'q*q [n B @]v(m 2i, 0 —i)c; (6.84)
1=
as required. O

6.3 MSRD Codes

As an application for the MacWilliams Identity, we can derive an alternative proof for the explicit coefficients of
the skew rank weight distribution for MSRD codes to that in [8, Theorem 4]. This is analogous to the results for
MRD codes presented in [11, Proposition 9].

Firstly a lemma that will be needed.

Lemma 6.7. If ag,aq,...,a¢ and by, by, ... by are two sequences of real numbers and if
I 10—
aj =y &_ } bi (6.85)
i=0 J
for 0 < j </, then
: i og. |L— ]
o i—3 20 ; ] .
b= S (6.56)

for0<i</{.

Proof. This result uses the property of skew-g-nary Gaussian coefficients [8, Equation 10], that

zj:(_l)k_iq%k*i m m = dij- (6.87)

k=i
Then for 0 <i < ¢,

i [ - S ) ()

J=0 j=0 k=0
A 7 i . 0— il — k
= D (—1)i g [ei] Lj]bk (6.89)
k=0 j=k
i —k
i—l+s 20, t—k
= Zbk ( Z (—1)itFsg2oimtss {Eiz} { . D (6.90)
k=0 s=L—1
- Zbk(sik (6.91)
k=0
— b, (6.92)
as required. O
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The following proposition can be seen to be equivalent to [10, (15)].

Proposition 6.8. Let ¢ C 7, be a linear MSRD code with weight distribution ¢ = (cg, ...

co=1and for0<r <n-—dgg

a i \dsgp + 7 n
_ 1\t 20,5 SR
Cdsp+r = ZO( 1)"q |:dSR + Z:| [dSR +7)

Proof. From Corollary 6.2 we have

'~ [n—i 1 [
S m e
¢ |6+

=0

7 ( qm(d5R+i)

)

,¢n). Then we have

(6.93)

_1)'

€+

(6.94)

for 0 < ¢ < dyp. Now if a linear code ¢ is MSRD, with minimum distance dgpr then €' is also MSRD with
minimum distance d'gp = n—dgr +2 [8, p35]. So Corollary 6.2 holds for 0 < ¢ <n—dgr = dg; —2. We therefore

have co =1l and ¢y =ca = ... = c4g,—1 = 0 and setting p =n —dgg — j for 0 < j < n —dsr we get
n dsr+j n—i 1 n
|+ T e = g srta) { ] 6.95
[n_dSR_]] i:zd;R {n_dSR_Jilc |C€L|q n—dsr —J (6.95)
J m(dsr+j)
n—dsg —7T _ n q _
3] i C [ G e (040
Applying Lemma 6.7 with { = n — dgg and b, = ¢,14, then setting
m(dsr+j)
n q
P = || — -1 6.97
=] (i 1) (697
gives
J n — dSR —-Tr
; [n i j} = a; (6.98)
and so
_ (GEG) . r—i 20,_; |70 — dSR -1
by = Cridsn = 2(71) {n o r] (6.99)
- .
_ —_ d — 1 n qm(dSR+1)
= 1)rig2or—i |t T OSR i 1) 6.100
1:0( )" [n—dSR—r n—dsgp —1 |6+ ( )
But we have
n—dsp —i n (2.17) 'n — (dsgp +1) n (6.101)
n—dsg—r||n—dsg—1 n—(dsr+7)]| |dsr +1 ’
2.18) [dggp +r n
= . .102
_dSR-I-Z] [n— (dSR+T):| (6.102)
(2.17) _dSR—FT’ n
= . . Nl
_dSR+Z:| [dSR+T:| (6 03)
Therefore ., ( )
i Ndsgr + 7 n qm(dsrti
_ _q\r—i 20,—; |“SR _
Crtdsr = ;( 1) q |:dS’R +Z:| |:dSR + ,,,:l ( |<€L| 1 (6104)
as required. O
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w5  Note. We note again that mn = w for skew-symmetric matrices and |¢||¢"*| = ¢™" which can be can be used
w6 to simplify this to

4 i \dgp + 1 n .

— 1\t ,200—i SR m(dsr+i 'rL) _

Cridsp = z;( 1)"™q {dsgﬂ‘} [dSRJrT] (I%Iq 1). (6.105)
=
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