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Abstract

We consider weighted sums of independent random variables regulated by an incre-
ment sequence and provide operative conditions that ensure a strong law of large
numbers for such sums in both the centred and non-centred case. The existing cri-
teria for the strong law are either implicit or based on restrictions on the increment
sequence. In our setup we allow for an arbitrary sequence of increments, possibly ran-
dom, provided the random variables regulated by such increments satisfy some mild
concentration conditions. In the non-centred case, convergence can be translated into
the behaviour of a deterministic sequence and it becomes a game of mass when the
expectation of the random variables is a function of the increment sizes. We identify
various classes of increments and illustrate them with a variety of concrete examples.
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Toeplitz matrices
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1 Setup, Literature and Overview

In what follows all random variables are defined on a probability space (2, F, P)
and [E denotes expectation with respect to P. Let X:={ Xy, k € N} be a sequence of
independent real valued random variables with finite mean, E[X;] < oo forall k € N
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and let A = (a,.x € R4; n, k € N) be a Toeplitz summation matrix, i.e., A satisfies

ank >0, Vn,keN,

lima, ; =0, (1.1)
n

1115112%,( =1, (1.2)
k

su ap k < O0. (1.3)

A simple example of Toeplitz summation matrix is a, x = n! 1i{k<n), more exam-
ples are given in Sect.4. In this setup, one seeks conditions on X and A to ensure
convergence in probability or almost sure convergence for the sequence { S, n € N},
where

S, = Za”‘ka‘

k

These questions, known as weak/strong Law of Large Numbers (LLN), have been
investigated since the birth of probability theory, see [5], and have been extensively
studied in the XX century, for different summation methods, such as Voronoi sums,
Beurling moving averages, see [6, 7] for more summation methods. We also refer to
[14] and references therein for a classical account of the subject and to [12] for a more
recent account. The quest for operative conditions that apply to a wide range of (X, A)
and ensure weak/strong convergence of S, has been the subject of [11, 13, 15, 16].

When the elements of X are i.i.d. mean zero random variables, the weak LLN
is equivalent to lim, maxy a, x = 0, see [13, Theorem 1]. In [13, Theorem 2], the
following sufficient conditions for the strong LLN are given:

1
E[|X1|1+7] <oo and limsupn” m]?xan,k < 00, for some y > 0.(1.4)
n

For (mean-zero) independent but not identically distributed variables, similar suffi-
cient conditions have been examined in [11, 15, 16]. In particular, in analogy with the
two conditions in (1.4), these references require that the variables Xj’s are stochasti-
cally dominated by a random variable X, satisfying a moment condition, and that the
associated coefficients a, x decay sufficiently fast as a function of n.

Unlike the above references, in this paper we impose concentration conditions on X
and obtain sufficient conditions for the weak/strong LLN when lim sup,, max a, x >
0. Here, as in [11], we consider a family of weights, referred to as masses,
m:= (m; € R, k € N). We see mas an element of R, i.e. we considerm : N — R
to be such that m(k) = my. We assume that the mass sequence m is such that

> i = oo (L.5)

keN
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Set My, ==Y ;_, my and

% ifk <n, (16)
an i = n .
ok 0  otherwise.

For A = (ank,n,k € N), conditions (1.2) and (1.3) hold true by definition. Also,
because (1.5) implies lim, M,, = oo it follows that (1.1) is in force and therefore
A is a Toeplitz summation matrix. We notice in particular that if the sum in (1.5) is
finite, then no LLN can be expected. Indeed, if for some k, X} is not degenerate and
my > 0, then the limit random variable will have finite yet strictly positive variance,
what precludes convergence to a constant. To describe our results we depart from the
setup of [11] and consider X; = Xj(m) to be a one parameter family of random
variables.

First contribution The first goal of this paper is to provide (near to) optimal operative
conditions on X to ensure that for any sequence of positive masses m € RI}]_ that
satisfies (1.5),

n

S = Sa(my:='Y_ X (my) (1.7)
k=1 """

converges to zero as n — 0o both in a weak and in a strong sense. This allows us to
go beyond the fast coefficient decay assumptions made in the existing literature. Due
to the nature of the coefficients in (1.6) we will refer to the sum in (1.7) as incremental
sum. The conditions for the weak LLN are necessary and sufficient for convergence
in the centred case, see Sect.2.3.1. This is reminiscent but not equivalent to the weak
LNN for the classical average, see Theorem 1 in [9, Chap 7, p. 235] or Theorem 2.2.12
in [8].

Motivation and applications in random media Our original motivation to look at this
type of incremental sums came from the analysis pursued in [1, 2, 4] of the asymptotic
speed, and related large deviations, of a Random Walk (RW) in a particular class of
dynamic random media, referred to as Cooling Random Environment (CRE). This
model is obtained as a perturbation of another process, the well-known RWRE, by
adding independence through resetting. RWCRE, denoted by (Z ) ,cN,, is a patchwork
of independent RWRE displacements over different time intervals. More precisely,
the classical RWRE consists of a random walk Z. = (Z,),eN, on Z with random
transition kernel given by a random environment sampled from some law p at time
zero. To build the dynamic transition kernel of RWCRE we fix a partition of time into
disjoint intervals No = |, <y Ix then, we sample a sequence of environments from a
given law p and assign them to the time intervals /. To obtain the sum in (1.7) we let

|Ix| = my and consider S, = 7Mn /M, . In this case, S, represents the empirical speed
(k)
of RWCRE at time M), and X (my) = Zng where (Z.(k), k € N) are independent

m 9
copies of RWRE sampled from px. ‘
This type of time-perturbation of RWRE by resetting in reality gives rise to a slightly
more general sum than the incremental one in (1.7). Hence we will prove statements
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for the above incremental sum but also for the more general one, referred to as gradual
sum, as defined in (2.2)—(2.3) below. It is worth saying that this patchwork construction
can be used to perturb (in time or even in space) other models in random media, for
example, to describe polymagnets [17] based on juxtaposition of independent Curie-
Weiss spin-systems [10] of relative sizes my’s.

A first partial analysis of the asymptotic speed for RWCRE started in [4, Thm.
1.5] and in [1, Thm. 1.12]. The new results here offer a full characterization of when
existence of the asymptotic averages in (1.7) holds.

Second contribution Our second goal is to explore, in the non-centred case, conditions
on the masses m that ensure convergence of the weighted sums in (1.7). In particular, we
will identify different classes of masses and characterize the limit of the corresponding
weighted sums. The limit in (1.7) depends on the relative weight of my; and this is
what we call the game of mass. To illustrate it we construct examples for each of these
classes. In Sect. 4.4 we also treat the case of random masses, a natural question when
the increments sizes are regulated by a random processes, for instance, the return times
to the origin of an auxiliary independent random walk.

Structure of the paper We start in the next two sections by collecting all the main
new results. In Sect. 2 we state the general LLNs for centred random variables: Theo-
rems 2.1 and 2.2, respectively, contain the weak and the strong laws for the incremental
sums; Theorem 2.3 contains the strong law for the more general gradual sums. A dis-
cussion on the hypotheses in our main theorems, illustrated by counterexamples, as
well as on possible extensions, is presented in Sect.2.3.4. Section 3 is devoted to the
game of mass were we explore convergence criteria for non-centred variables. The
subsequent Sect.4 illustrates in details the subtleties of the game of mass for non-
centered variables by presenting a rich palette of concrete examples of various type.
Section 5 contains the proofs of the main theorems organized in successive subsec-
tions, each of them starting with a brief description of the proof steps and main ideas.
Finally, Appendix A covers a technical lemma adapted from [11] and used in the proof
of Sect.5.2.

2 LLNs for Mean-Zero Variables

In this section we state and discuss the general theorems in the centred case.

2.1 Incremental Sums

Let X = { Xx(m),m € Ry, k € N} be a family of integrable random variables that
are independent in k.

Theorem 2.1 (Weak LLN) Assume that X satisfies the following conditions:
(C) (Centering)

VmeR,, keN; E[Xi(m)]=0.
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(W1) (Concentration)

lim supP (| Xx(m)| >¢) =0, Ve >D0.
m— 00 k

(W2) (Uniform Integrability)

lim sup E [|X; (m)] 1x,(myj>A] = 0.
A—o0 k,m

Let S, be as defined in (1.7). Then, for any sequence m € RI}TF that satisfies (1.5),

lim P(|S,] > &) =0, Ve > 0. 2.1)
n—oo

To obtain a strong LLN in the centred case we impose further conditions on X. In par-
ticular the concentration condition will be strengthened by requiring a mild polynomial
decay and the uniform integrability by a uniform domination.

Theorem 2.2 (Strong LLN) Assume that X satisfies (C) and

(S1) (Polynomial decay) There is a § > O such that for all ¢ > 0 thereisa C = C(¢)
for which

C
supP (| Xx(m)| > €) < —-
k m

(S2) (Uniform domination) There is a random variable X, and y > 0 such that
E(|X.|*"") < 0o and for all x € R

supP(Xyx(m) > x) < P(Xy > x).

k,m

Let S, be as defined in (1.7). Then for any sequence m € RI}]_ that satisfies (1.5),

P( lim S, =0)=1.
n—oo

Remarks 2.1 In general, it is not possible to remove Assumption (C) from Theorem 2.2.
If X satisfies (S1) and (S2), the limit of S,, would coincide with the limit of its mean,
which may or may not exist. See Corollary (3.1) and Sect. 3 for a discussion of when
this limit exists.

Random walks with independent dominated steps provide a simple class of exam-
ples for which Theorem 2.2 applies. More precisely if Xy (m):=m ™! Yoy Yii with
EYxi1=0, Yk,,-’ <Y, as. forall k,i € N where Y, is such that E[(¥,)*1®] < oo.
A broader class of examples for which the above applies are systems build as patch-
works of finite lengths of a given converging processes, such as the above mentioned
RWCRE model. In the case of RWCRE we see two applications: the limit speed and
cumulant of the process can be obtained from a non-centred version of Theorem 2.2,
see Theorem 1.10 and Lemma 4.2 in [1] for details.
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2.2 Gradual Sums

Motivated by the random walk model in random media in [1, 4], we next focus on a
more general sum by considering a time parameter ¢ that runs on the positive real line
partitioned into intervals Iy = [My_1, My) of size my: [0, 00) = Urly. Ast — oo
the increments determined by the partition are gradually completed as captured in
definition (2.3) below. For m € I@i, let

b =L4;(m):=inf{£eN: My, >t} 2.2)
and set7 :=t — My,_;. We define the gradual sum by

l—1 -
S =Sim) = Y ZEXelm) + X0, (D). (23)
k=1

The next theorem, is an extension of Theorem 2.2 to treat the gradual sum S;, for
which we require the following concentration condition to hold.

(S3) (Oscillation control) For every ¢ > 0 there exist 8 > 1 and C; > 0 such that
forevery t,r > 0:

C(gm‘3
supP | sup |(r + ) Xi(r +5) —rXp(r)| > te ) < .
k s<m [ﬂ

Theorem 2.3 (Generalized strong LLN) If X satisfies (C), (S1), (82), (S3) and S; is
as defined in (2.3), then for any sequence m € RT_ that satisfies (1.5)

IP’(lim S, = o) —1. (2.4)

—0o0

Remarks 2.2 (a) Note that the incremental sum is a subsequence of the gradual sum,
as can be seen by the relation

tk = My = Sy, = Sk.

Therefore, if X satisfies the conditions of Theorem 2.3 then it follows that that
S, — 0 almost surely and in particular Sy — 0 almost surely. In this sense we
can see Theorem 2.3 as an extension of Theorem 2.2.

(b) Assumption (S3) controls the oscillations between the times M,,’s. For exam-
ple, if the sequence s Xy (s) is a martingale, Doob’s L? inequality yields (S3);
alternatively, if there is f : Ry — R, for which

P10+ 9)Xelr +5) = rXe()] = f() =1 2.5)

then one also obtains (S3). In Sect. 2.3.3 we will argue via a counter-example that
an assumption like (S3) is indeed required.
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(c) Theorem 2.3 is closely related to Theorem 1.10 in [1] which deals with non-centred
random variables in the case of divergent increments, i.e my — 00, see also
Sect.4.2. The result for gradual centred sums stated here has weaker assumptions,
notably, in the context of RWRE of [1] the family X is satisfies (S1), (S2), and

70
(S3) by construction. Indeed, in that framework, for any k, m € N, X;(m) = ¢,

where Z,, ) is the m-th step of RWRE starting from the origin. Condition (S1)
is obtained from the large deviation estimates for the annealed law of RWRE
under the conditions mentioned in Proposition 1.7 in [1]. The nearest neighbour
property of RWRE starting from the origin implies P(| Xy (m)| < 1) = 1, which
gives condition (S2). Finally, again the nearest neighbour property of the walk
implies that (2.5) holds with f(s) = 2 s, which gives condition (S3).

2.3 On the Necessity of the Hypotheses & Possible Extensions

In this section we discuss nature of the various hypotheses in the previous theorems. We
start discussing the necessity of the hypotheses in Theorem 2.1. We next elaborate on
the near to optimality of condition (S1) in Theorem 2.2 and the necessity of condition
(S3) in Theorem 2.3, see Sects. 2.3.2 and 2.3.3 respectively. Finally possible extensions
are mentioned in Sect.2.3.4.

2.3.1 Weak LLN (Theorem 2.1): Necessity of (W1) and (W2)

Both conditions (W1) and (W2) are necessary for the weak LLN. The necessity of
condition (W1) is shown in [11, Theorem 1]. We show below that condition (W2) is
necessary by means of a counter-example.

Counter-example: Consider a sequence { Uy, k € N} of i.i.d. uniform random vari-
ables on (0, 1) and Xy (m):=V,,(Uy), where

An ifu [0, g(m)/2),
Vin(w) = { —A,  ifu € (g(m)/2, g(m)],
0 else.

with this definition, it follows that P (| X (m)| > 0) = g(m). Assume that g : R —
(0, o0) is a strictly decreasing continuous function such that lim,,_, o, g(m) = 0. Let
my:=inf{m : g(m) < 1/k}. This implies that m; — oo as k — oo and so (1.5) is
satisfied. Furthermore by the definition of Xy (m), the assumptions (C) and (W1) in
Theorem 2.1 are verified. Now choose { A,,, , kK € N} to be such that

n—1
my
Ay, > 1+ An,,
Myw " kz:; "
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where N (n) is such that

PE@n<j<N®m:X;(mj;) #0) > %

Such an N (n) exists and is finite. Indeed, since P(X;(my) # 0) = g(my) > 1/k,
we have ), g(my) = oo. Therefore, by the second Borel-Cantelli Lemma, and the
continuity of probability measures:

1=P3j=n:X;jmj) #O):Nli_l)nmIP’(Eln <J<N:Xjimj)#0).

With this choice of A,,, it follows that if there is a j, i < j < N(i) for which
|Xj(m;)| > 0then |Sy)| > 1. Therefore for any i € N,

1
P([Sva|>1) > 5.
AsP(S, >0][S,] >0) = % we conclude that the weak LLN does not hold.

2.3.2 Incremental SLLN (Theorem 2.2): Near Optimality of (51)

One could try to improve the condition in (S1) by requiring a decay smaller than
polynomial, that is:

Ce

P(IXk(m)| > &) < Fom)

: (2.6)

for some f : Ry — R;. When we look for a scale that grows slower than any
polynomial, f(m) = log(m) is a natural candidate. However, as illustrated next, this
already allows for counterexamples.

Counter-example: Let { U, k € N} be a sequence of i.i.d. uniform random variables
on (0, 1) and let X4 (m):=g, (Ux) where

1 ifxe (0
gn()=1_1 ifxe[

0 else.

1
’ 2log2m> ’

1 1
2logym 10g2m) ’

Note that X fulfills assumptions (C), (S2), (S3), and instead of (S1) it satisfies

1
2logym’

P(Xx(m) =1) = and P(Xi(m)=—1)=

2log,m’
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Now take m with m; = 4%. For such an m we see that the incremental sum S, does
not satisfy the strong LLN. Indeed, as

Z]P’(Xk(mk) =1)=o00, and ZIP’(Xk(mk) =1 =00
k=1 k=1

by the second Borel-Cantelli lemma,
P(Xy(mg) =1, i.0) =1, and P(Xi(mg) =1, i.0.) =1.

Note that M,, = (4"t — 4)/3 and that by (1.7)

gn Tl gk 4 3
Sp—Xpl <1 — — A N S
150 = Xnl < M,,+I§Mn gl 4 = 4

Therefore
3. 3.
P |Sn—1|<Zl.0. =1, and P |Sn+1|<Zl.0. =1,

which means that almost surely S,, does not converge.
In light of the above example, we see that the condition (S1) is near to optimal.
Indeed, to improve it, we would need to find f(m) in (2.6) satisfying

logk(m) << f(m) << mb Vke N, § > 0.

2.3.3 Gradual SLLN (Theorem 2.3): Necessity of (S3)

Let (B k € N) be independent standard Brownian motions on R and define

B® (g(k, m))
m~/g(k, m) ’

Xi(m) = 2.7)

where g : N x Ry — R is a function to be suitably chosen and which will serve to
obtain X which satisfies (C), (S1), (S2) and for which (S3) and (2.4) fail.

Note first that (C), (S1), and (S2) hold for the variables defined in (2.7). Consider
an increment sequence m = (myg, k € N) with my > 2 for all k. We now claim that it
is possible to choose g for which both (S3) and (2.4) fail. To see this, let the oscilation
between points r, ¢ € R, be defined by

wx(r, )= sup [Sy — Sl

s1,82€[r,1]
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Define also for any ¢ > 0

w(k,c)::IP’( sup [sXx(s)| > c).

1<s<2

Now note that

w(k,c) = IP’( sup [sXx(s)| > c> < ]P’( sup | Xx(s)| > c/2>

1<s<2 1<s<2

= P(wx (-1, tk—1 +2) > ¢/2).

Finally, note that

B® (g(k, s)) _ C)

w(k,c) = ]P’( sup !st(s)| > c) = IP( sup N0)

1<s<2 glk,1)<s<g(k,2)

Now, if limy g(k, 2) — g(k, 1) = oo, for example when g(k, m):=exp(km), it follows
that limg w(k, ¢) = 1. Moreover, given the sequence m we may choose g to be such
that w(k, M) — 1 and therefore (S3) fails. To see that (2.4) also fails, it suffices to
note that if 74 = M then by Theorem 2.2 lim; S;, = 0 almost surely. On the other
hand

lim sup |S;| > lim sup wx (fx—1, tk—1 + 2)
' k

and since

Y Plox (-1, i1 +2) > 1/2) = ) w(k, My) = 00,
k k

it follows from the second Borel-Cantelli lemma that

P <limsup|8t| > 0> > P(ox (tk—1, tk—1 +2) > 1/21.0) = 1.
!

2.3.4 Possible Extensions

We conclude the discussion on the LLNs by commenting on possible extensions for
more general weighted sums that could have been pursued.

1. Independence Our examples above and proofs below are based on the independence
in k of { Xx(m), m € Ry, k € N}. However, for certain choices of well-behaved
mass sequences m, it seems possible to adapt our arguments and still obtain a
weak/strong LLN in presence of “weak enough dependence”, though the notion of
“weak enough dependence” would very much depend on the weight sequence and
this is why we did not pursue this line of investigation.
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2. Relaxing condition (3.3) In the game of mass described in Sect. 3, for simplicity,
we have restricted our analysis to variables with expected value independent of
k, as captured in assumption (3.3). We note that this is not really needed, as we
might, for example, consider X (m)’s with expected value, say, v, and v), 7# vy
depending on the parity of k. Yet, the resulting analysis would branch into many
different regimes depending on how exactly condition (3.3) is violated.

3. Fluctuations and large deviations It is natural to consider “higher order asymp-
totics”, such as large deviations or scaling limit characterizations, for the sums in
(1.7) or (2.3). However, the analysis for this type of questions relies heavily on
the specific distribution of the sequence of variables X thus preventing a general
self-contained treatment. Still, it is interesting to note that these other questions
can give rise to many subtleties and anomalous behaviour. This is well illustrated
by the specific RWCRE model in random media introduced in [4] that motivated
the present paper, we refer the interested reader to [2—4] for results on crossovers
phenomena in related fluctuations, and to [1] for stability results of large deviations
rate functions.

3 Non-centred Random Variables: The Game of Mass

If the random variables X are not centred, the convergence of (S, n € N) in Theorem
2.2 and the convergence of (S;, r > 0) in Theorem 2.3 corresponds to the convergence
of their mean. Indeed, consider X = (Xk(m), m € Ry) with Xk(m)::(Xk(m) —
E[Xk(m)]) and decompose the sum in (1.7) as

n n
my my ~
s, =Y —Ex =) =X E[S,]. 3.1
gMn K (my) ;Mn x(my) + E[S,] (3.1)

Similarly, decompose the sum in (2.3) as

£—1 - 2,—1 _
m t _ my ~ r ~ _
S =) Tkxk(mk)+gxz,(r>=§ Tkxk(mk>+gxz,(r>+E[sz]. (3.2)
k=1 k=1

Now note that X satisfies ©O). If X satisfies (S1) and (S2) then, by Theorem 2.2, the
random term on the right hand side of (3.1) converges to 0 almost surely. Moreover,
if X also satisfies (S3), then, by Theorem 2.3 the random term on the right hand side
of (3.2) converges to 0 almost surely. This gives us the following result.

Corollary 3.1 (Non-centred strong LLN) Assume that X satisfies (S1), (S2) and let S,
be as defined in (1.7). If lim,, E[S,]=:v exists then

IP’(lim Sn=v>=1.

n—o00
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Moreover, if X also satisfies (S3), S; is as defined in (2.3) and lim; E[S;]=:v exists
then

]P)<li]£n8fk = v) =1

We remark that it is not sufficient to examine the sequence (fy = My, k € N), as
the boundary term in the gradual sum may not be negligible. For instance, if

2k _m

E[Xi(m)] = m,

then for m; = 2F we have E[X;(m;)] = 0 and so for f:=M; = gk“ -2,
limy E(S,,) = 0. However, for t,i::Mk_1+2"_l = 2k42k=1_ 2 wehave = 2k=1
limy E[ X, (t)] = %, and by equation (3.2)

k

f — 1
lim E(S,) = lim éE [X% (z,g)] =<
Interestingly, if E[ X (m)] = v, depends only of m, one can relate the convergence of
(S, t > 0) to the structure of m. This is what we call the game of mass and explore
in the sequel.

In light of Corollary 3.1, it is natural to seek conditions on (X, m) that guarantee
convergence of the full sequence (S;, t > 0). In this section, for simplicity (see Item
2.1n Sect. 2.3.4), we assume that the expectation of X (m) depends only on m and not
on k, that is:

E[Xx(m)] =v, YkeN. 3.3)
We also assume that
m +— v, is a bounded continuous function in R+, 3.4
where Ry = [0, oo] := R U {00} is the compact metric space with the metric
d(x,y) := |arctan(x) — arctan(y)|, 3.5)
where arctan(oco) = /2.

We first divide the mass-sequences m into two classes: regular and non-regular.
Roughly speaking, a sequence is regular when its empirical measure admits a weak
limit. In Sect.3.1 we give the rigorous definition of regular masses and show that,
contrary to the non-regular ones, the LLN always holds true. In Sect. 3.2, we consider

other notions of regularity and examine how they relate to the convergence of the
empirical measures.
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3.1 Regular Mass Sequences

Let P be the space of probability Borel measures on R, where R is seen as the
compact metric space with metric given by (3.5). Recall (2.2) and, for a given mass
sequence m € ]R_‘N_, let (us(-) = ME‘“)(.), t > 0) be the sequence of empirical mass
measures on R, where 1, (-) is given by

-1 -
THCED D NOEEL 708 (3.6)
k=1

Given a measure A € P and a measurable function f: Rt — R, let f S (m)da(m)
represent the integral of f with respect to A. Consider A, € P, (A;, t > 0) withA; € P
foreach t > 0.

Definition 3.1 (w convergence) We say that A, is the w limit of (A;, f > 0) ast — oo

and we write Ay = w-1limA; or A; = My if for any bounded continuous function
f Ry — R we have

Tim / Fm)das(m) = / Fom)dhn(m).

Note that this definition allows for A, ({00}):=1 — L,.(R4) to be strictly positive.

Definition 3.2 (Regular mass sequence) We say that m is a regular mass sequence if

(uy = /Lt(m),l > 0), with u; as in (3.6), converges weakly, i.e., if there is . € P for

which

W = . (3.7)

The following proposition determines the limit of (S;,¢ > 0) for regular mass
sequences.

Proposition 3.1 (Limit characterization for regular sequences) If X satisfies (S1)—
(S3), (3.3) and (3.4), then, form € Ri\i andt > 0:

E[S,] = / omdity (m). (3.8)

In particular, if m is regular and (3.7) holds true, then
P (11}118, = / vmdu*(m)> =1. 3.9

Proof Note first that by (3.4) v € Cp (R+). To prove (3.8) we note that
L1 Mg f
E[S,]1=E —X -Xo (f
[Si] [Z — Xilmi) + = z,()]

k=1
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g r
= Z Tvmk + ;U[ = | vmdp(m) = (uy, v).
k=1

Now, by (3.7) we have that (u;, v) — (u«, v) and (3.9) follows from Corollary 3.1. O

Remarks 3.1 When m is not regular, almost sure convergence is not prevented, in fact,
if vy, = O for all m, then by Theorem 2.3, (S, t > 0) converges almost surely to 0.
On the other hand, Examples XI, XIII presented in Sect.4.2 below show that almost
sure convergence may not hold for irregular masses.

3.2 Regularity and Stability of Empirical Frequency

There are other possible notions of regularity rather than the one in Definition 3.2. For
example, instead of the empirical measure in (3.6), we may examine the empirical
mass frequency (F; = Fl(m), t > 0), where F, € P is given by

-1

Sy 87
F,:= —_— 4+ —. 3.10
: ]; T (3.10)

The reason we consider other notions of regularity is that it allows for a finer control
of the convergence for L' bounded sequences of increments, see Example XIV below.
We note that, for any + > 0 and any arbitrary function f, the following relation
between u; and F, is in force:
4
/f(m)dut(m) = Tfmf(m) dF; (m). (3.11)

In particular, if we take f(m) = v, and f(m) = 1, we obtain, respectively, that

V4
BIS] = = / o dFy (),
and

Zi: /mdF,(m). (3.12)

t

The relation in (3.11) may suggest to consider weak convergence of F, as an alternative
notion of regularity. However, as shown in the Proposition 3.1 below, these two notions
are not equivalent. We find more convenient to adopt the notion in Definition 3.2
for the following two reasons. First, there are masses for which both (u;,¢ > 0)
and (F;,r > 0) converge weakly to some u, and F,, respectively, but the limit of
(S, t > 0) is determined by . and not by F,, see Examples II, IX, and VII below.
Second, among the unbounded masses, those divergent in a Cesaro sense will always
be regular according to Definition 3.2, while the corresponding (F;,# > 0) is not
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guaranteed to admit a limit, see Examples VIII and X. Yet, it is interesting to look at
the LLN from the perspective of masses with “well-behaved” frequencies.
Proposition 3.2 below clarifies how the relation between u; and F; expressed in
(3.11) behaves in the limit. In particular it shows how to relate the behaviour of the
empirical frequencies and empirical masses under different modes of convergence,
which we next define. For this proposition we introduce some definitions to deal with
convergence of the integral of continuous functions which may be unbounded near 0
or 400, corresponding to Definition 3.3 and Definition 3.4 below. Consider A, € P,
(A¢, t = 0) with A; € P foreach t > 0.
Definition 3.3 (w™! convergence) We say that A, is the w™! limit of (A;, # > 0) and
—1

we write Ay = w!=lim A, or A, —> Ay if A; — A, and

lim | m~'dx,(m) = /m_l dry(m) < oo.

—>00

Definition 3.4 (w*! convergence) We say that A, is the w*! limit of (A;, # > 0) and

+1
we write Ax = wH!=lim A, or A, —> Ay if A, — A, and

tlim mdi;(m) = fmdk*(m) < 00. (3.13)
—00

_ - +1 _
If a sequence A = (As,t > 0) in P is such that A; z Ay We say that A is wtl-

stable, similarly, if ), w—l> Ay WE say that & is w™-stable. If the w, respectively wEl
limit does not exist for (A;, ¢ > 0) we write flw-lim A,, respectively Aw*!-lim 2,. One
may note that w*! convergence in P is the same as L' convergence of Borel real
valued probability measures on R, see [8, Thm. 4.6.3, p. 245]. The reason we use w!
is to unify notation.

Proposition 3.2 (Regularity and stable frequencies) Assume m € RIE is such that for
& = €, (m), the limit A:=1im,_, » % € Ry exists. Then:
+1
(a) Fr = Fu # 80 = py = s with [ f(m)dpsu(m):=A [ mf (m)dF.(m),
-1
(b) it ——> i # 800 = Fi = Fuwith [ f(m)dFu(m):=% [ L f(m) dp(m).

Furthermore, in both cases above A € (0, 00).

Proof We first prove item (a). By (3.12), (3.13) we have that

El: /mdF,(m) - A= /mdF*(m)- (3.14)

t

Note that A~ € (0, o0) since by (3.13), we have that fmdF*(m) < oo and by
assumption (a), we have that F,. # §¢. Finally, by (3.11) and (3.14), it follows that for
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any f € Cp(Ry)

14
we(f) = f/mf(m)sz(m) - A/Mf(m)dF*(m).

-1
We now turn to the proof of item (a). Since u; SN I«, we have the convergence of
[ f(m)du;(m) when f(m) = 1/m, thatis, [ f(m)du,(m) — [ f(m)du.(m) < oo.
Moreover, by the assumption that p, # do we have that f % dus(m) > 0 and thus

& :/idu,(m)e/ldu*(m):A € (0, 00). (3.15)
t m m

Therefore, for any f € Cp (RQ, by (3.11) and (3.15) we conclude that

1 1 1
/f(M)sz(M) = %/—f(m)duz(m)% —/—f(m)du*(m).
t m A m O

In the next section, with the help of several explicit examples, we explore more how
these notions of weak and L' convergence for (F;, r > 0) relate to the regularity of
(s, t > 0), all these examples are labeled with roman numbers that can be visualized
in Fig. 1.

Proposition 3.2 explains part of the different relations depicted in Fig. 1 between
the dotted boxes corresponding to masses for which (F;, r > 0) convergences weakly
andin L'.

4 Concrete Examples of the Game of Mass

In this section we explore the relation between these different concepts of regularity
of masses and their relation to convergence of the mean. Section4.1 is devoted to
examples of bounded masses and their relation to the previously defined notions. In
Sect.4.2, we identify the regular regime of mass sequences that diverge. Finally, in
Sect.4.4 we investigate what can be said when the mass-sequence m is random. The
many cases of the game of mass we explore here are summarized in Fig. 1.

4.1 Bounded Masses

In the following sections, whenever the limit exists, we denote by p,, = w-1im p;, the
w- lim of the empirical mass measures (i, t > 0) as defined in (3.6) and we denote
by F. = w-1limF;, the w- lim of the empirical mass frequencies (F;, r > 0) as defined
in (3.10). By Proposition 3.1 when the sequence is regular the a.s. limit of (S;, 1 > 0)
exists and is given by v = [ v, du,(m). The following examples show how regular
masses relate with weak convergence of empirical mass frequencies.

I (Regular + 3w-lim F; # 89) When sup, m; < oo, w convergence of the empirical
mass frequencies plus uniform integrability implies w*! convergence. If F, (1) # 8o,
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Regular m e~ ph Irregular m
Cesaro divergent
o VIII o XV
{| 3w-lim Fy Divergent o VII
unbounded o VI
m : H
o [X :
o X i
XII + ¢ XIi ¢ XIII
g X1V I I I
bounded E I\
m o [II : I

Fig. 1T Summary of the game of mass for (X, m). The above rectangle offers a visual classification of
the possible different mass sequences m. The region in gray corresponds to masses for which the LLN
is valid, that is, (S, 1 > 0) converges. The vertical line divides the masses between regular (left) and
irregular (right) ones according to Definition 3.2. The horizontal line separates the mass sequences between
bounded (down) and unbounded (up). Among the unbounded masses, those divergent in Cesaro sense, and
in particular those divergent in a classical sense, are always regular. The dotted and dashed boxes correspond
to those masses for which the related frequencies are asymptotically stable, respectively, in a weak and in a
wt! sense, as described in the left upward corner of each box. The roman numbers in each of the different
sub-classes correspond to the labels of the different illustrative examples from Sect.4. Note that XIV is
associated to two linked bullets in this diagram because it refers to random increments sampled according
to a finite mean law, which may have bounded or unbounded increments. Note also that labels 1V, V, XII,
XIII are associated to two linked bullets in this diagram, because convergence of irregular sequences may
or may not hold true depending on the value of the speeds, for instance if the random variables have zero
mean then (St, t > 0) converges, see Sect. 4 for details

then the formula for the limit of (S;, r > 0) can be given in terms of F,. Indeed, by
item (a) of Proposition 3.2 it follows that

¢
P(lim S, = v) —1 where v= A/vmmdF*(m), A= 11}117’ € (0, 00).

—00

Il (Regular + 3w-limF;, = §p) This example shows that if F, = w — limF, = §g
then u, may not be given by the expression in item (a) of Proposition 3.2.

Consider the triangular array (a,-,j, i,jeN,j< i) defined by a; 1:=1 and for
1<j<i, ai,j:=2_", see Fig.2.

For the sequence of increment, take my to be the k-th term of this array, more
precisely let i (k) be such that

(i(k)—zl)i(k) ksi(k)(i(§)+l) and j(k)::k—(i(k)_zl)i(k). @1

IA
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1,

1,271

1,471 471
1,871,871 87!

Fig.2 Triangular array representing the increment sizes of the sequence

Let
ME:=a; k), jk)- “4.2)

Note that

kal{mk<1} = sz—k < oo.
k

k

1
Therefore, in this example, F, £> 8o while p; X 1. This shows that the wt! limit
of (F;,t > 0) is not sufficient to describe the limit of (S;, r > 0), which is given by
vi = [ vy dps(m).

One could think that, for bounded mass sequences, if the empirical mass measures
(s, t > 0) converge then the empirical mass frequencies (F;, # > 0) will also con-
verge. This is not true, the following is an example of bounded regular mass sequence
for which the w-lim of (F;, r > 0) does not exist.

Il (Regular + 3 w- lim F,) Consider the sequence m defined by the algorithm below:
(i) Setm; =1,
(i1) while Fpry({1}) > 1/4 set mg = a; k), j) as in (4.2). Otherwise, go to (iii),
(iii) while Fp)({1}) < 3/4 set my = 1. Otherwise, go to (ii).
The difference between the mass sequence in this example and the one in Example 1T is
that we introduced increments of size 1 in the middle of the original sequence defined
in (4.2) in such a way that 3/4 > limsup, F;({1}) # liminf F,({1}) < 1/4. In this
case, [is al 81 and F; does not converge.

Note that if m is not regular, then depending on the function v € Cp(R,), the
sequence (E[S;], t > 0) may notconverge. If thereare K, L € Ry suchthatvgy < vg,
as in the example below, it is simple to construct a sequence m for which (E[S;], t > 0)
does not converge.

IV (Irregular + #w-limF;) Let m be the sequence composed of A; increments of
size K followed by B; increments of size L where the sequences (A;, Bi,i € N)
will be determined later. More formally, let (A;, B;,i € N) be given, define 79:=0
Ty:=T,—1 + A, + B, and set

(4.3)

K if k€ (ty, t, + Apy1] for some n > 0,
mi; =
“TIL ifk e (ty+ Anst, tasr] for somen > 0.
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Choose (A;, B;,i € N) such that foralln € N, A, < A,+1, By, < B,+1 and

L(Bi+...+ By)
K(AL+ ...+ Any1)

K(A1 + ...+ A1)
L(Bi + ...+ But1)

<1 and <L
n n

If vg < vg then (E[S;], t > 0) does not converge as

limsup E[S;] = vy # vk = lim[inf E[S;].
t

V (Irregular + 3wt!-limF,) If we combine the sequence defined in Example II
with the one defined in Example IV we can construct an irregular sequence for which

F, 5 F,.More precisely, let m), be the sequence defined in Example IV and consider

a triangular array a; ; defined by ai,l:zmg and for 1 < j < i, set ai,j:=2_". To

conclude, set my:=a;x), jk) Withi(k), j (k) as defined in (4.1). Note that this sequence
1

is irregular even though F, L 0.

By item (a) of Proposition 3.2 we see that w™! convergence cannot occur in any
of the examples of bounded regular mass for which the empirical frequency does
not converge. Indeed, all those example have a significant amount of increments of
negligible mass, and as such, they modify the empirical frequency without affecting
the limit of the mass sequence. We now move to the study of unbounded masses.

4.2 Unbounded Cesaro’s Divergent Masses
We say that a sequence of masses m is divergent when

lim my; = oo, “4.4)
k—o00

and we say that a sequence of masses m is Cesaro’s divergent when

hmw — 0. 4.5)

n n

In either case u; = 800- Therefore the divergent/Cesaro divergent mass sequences
are always regular and by Proposition 3.1 it follows that

PlimS; = vec) = 1. (4.6)

A particular case of Cesaro divergence is given by the divergent masses as captured in
the next example, which is a very well-behaved class of divergent mass sequences.

VI (Divergent mass= w-1limF; = §,) Since (4.4) implies (4.5) and therefore, for
any divergent mass sequence, we have that (4.6) holds true. Note also that if (4.4)

holds true then F; = 800 This is a consequence of the fact that lim; F; ([0, A]) = 0
forany A > 0.
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The case (4.4) is covered by Theorem 1.10 in [1] in the context of random walks
in dynamic environment. Theorem 2.3 can actually be seen as a generalization of
Theorem 1.10 in [1]. As mentioned in Sect.2.3.4, the present proofs could actually
cover even more general cases, if, for example, we relax the assumption in Equa-
tion (3.3). The following example shows that in the Cesaro divergent regime, the
sequence (F,,# > 0) may converge, but may not be able to capture the limit of
(S, t > 0).

VIl (Cesaro divergent mass + Jw-limF; + u, = 8o) Consider the sequence m,
where

. 1 ifkis odd, and
=1k ifkis even.

Informaly, half the increments are 1, and the other half diverges. More precisely,

w 1 1
Fo 5 281+ 500,

As such, one might be tempted to say that E [S;] — %vl + %voo as t — o0o. This is
not the case because one has to take into account the relative weights of the sequences.
As it turns out, the mass of increments of size 1 for this particular sequence vanishes
in the limit. Indeed, note that the sum of the first 2k increments, My is

Moy = k(k + 1) + k = k? + 2k.
Now note that Msz — 0 and therefore

k

k 1
ESu,]= —vi + — V] = VUso-
* My Moy ; l >

Also in this example, if v| 7# v, then the weak limit of (F;, t > 0) does not determine
the limit of (S;, t > 0), even if it is well defined.

As in the bounded case, see Example 11, also Cesaro divergent sequences may not
have well behaved empirical frequencies, as shown in the next example.

VIl (Cesaro divergent mass + 7 w-lim F,) Take an irregular sequence m’ = (my, k e
N) such as the one defined in (4.3) and intercalate it with a huge increment so that
it diverges in the Cesaro sense. To be more concrete, for k € N let mog_ ::m;( and

moy =k leifl m;. In this example we have that F;([A, 00)) — % forall A > 0 but

1
5= limsupF;({K}) = limsupF;({L}) and
! !

0 = lim inf F ((K})) = lim inf F; ((L}).
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1,
2,1,
3,1,1,

Fig. 3 Triangular array used to obtain the increment sizes in (4.7). The sequence interweaves terms of a
divergent sequence (m;( = k, k € N) with “small” terms of unit size (m,’(’ = 1,k € N), in such a way
that the small terms are negligible to the empirical mass measure, while they dominate the empirical mass
frequency

Therefore, the sequence is regular with i, = 800, but (Fz, t > 0) does not converge.

4.3 Unbounded Masses that do not Diverge in the Cesaro sense

When m € RE is not Cesaro divergent, the sequence is not necessarily regular and
more subtle scenarios may occur, as the following examples illustrate. We start with an
example of a regular sequence that allows an asymptotic positive mass of increments
of finite size and positive mass at infinity.

IX (Regular liminf m; < oo + Jw-limF;) Let m = (my, k € N) be given by
m:=a;),jk = i) Lig=1y + Lijwn “.7)

where (ai, i, jeN, j<i ) is represented as a triangular array in Fig.3 with
i(k), j(k) as defined in (4.1).

In this case F; =z 81 but u; = %81 + %800 and so lim; E[S;] = %vl + %voo.

The sequence above is another example of a regular sequence for which the weak
limit of F; does not determine the limit of S;, even when it exists.

The next example shows a regular sequence with unbounded increments and for
which the empirical frequency does not converge.

X (Regular + # w-lim F,) Take m as in Example III but replace the k-th increment of
size 1 by the k-th increment of the sequence defined in Example IX. For this example,
we have that for any ¢ > 0

lim sup F; ([0, €]) — limtinf F:([0,e]) > 1/2.
t

Since u; g %8 1+ %800, the mass sequence is regular but (F;, t > 0) does not converge.

Xl (Irregular + 3 w-lim F;) Only weak convergence of the empirical measure (F;, r >
0) does not imply convergence of (S;, , t > 0).Indeed, let (K;, N;, i € N)be auxiliary
sequences that we will determine later. The sequence m alternates one increment of
size K; with N; increments of size 1. More precisely, let 7(j):=j + Z{:l N; and set

K; ifkef{r(j): jeN}L
mp .= ’
1 else
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Now choose (V;, K;, i € N) such that

and 1+...+ i
Niti

Ni+...+N;

<
K; =

~]—
~]—

Note that F, g 81, butif vy < vy

1imtinf E[S;] = voo < v; = limsup E[S;].
t

XIl (Irregular + 3w™!-limF,) In this example we construct an unbounded irregu-
lar sequence for which (F;, # > 0) converges in wt!. In particular, from item (a) of
Proposition 3.2 it follows that this limit must be dg. Let (A;,i € N) be an auxiliary
sequence to be defined later. Informally, this is constructed as a combination of Exam-
ple V and Example XI, where we intercalate an irregular unbounded sequence with a
large number of increments of small mass. Formally, let m’ be the sequence defined
in Example XI set 7(1):=1 and for j > 1set (j):=7(j — 1) + A;. Now let

m', if j e {z(j): j € N}
my =

4.8
27k else (4.8)

Finally choose A; such that

14+t my, 1
A; i

Since Y 72, 27% = 1 it follows that

L+, my

14

£
— 0, ast— oo,
t

/msz(m) <

and therefore F; £1> 8o. Furthermore, the mass measure 1, associated with the sequence
(mk, k € N) defined in (4.8) and the mass measure u, associated with the sequence
(my, k € N) defined in Example XI satisfy for any bounded continuous function
f:Ry >R

0—1

o(1) ; 27k
/f(m)dﬂt(m) = / fm)dpg ) (m) + Z Ligie(jy: jeny f(2 )T
k=1
“4.9)
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where o () := Zi’;ll mylre(z(j): jeny counts the mass of increments of the original
sequence. Since Z,fi 1 27k it follows that lo(t) —t] < 1 and by (4.9) it follows that

liminf/vmdu,(m) zliminf/vmd,u;(m) and

lim sup/ Vpdpy (m) = lim sup/ Umdpy (m).
As in Example XI, if voo < v1

limtinf E[S;] = voo < v1 = limsup E[S;].
t

For completeness, we include the following example which contains an irregular
unbounded mass sequence for which the empirical measure does not converge weakly.

Xlll (Irregular + 3 w-limF,) To construct a sequence m that is irregular and such
that F, does not converge weakly, take the sequence defined in Example I1I, and replace
the k-th increment of size 1 by the k-th increment of the sequence defined in XI, which
itself is irregular. More precisely, let (m, k € N) be the sequence from Example III,
let (u;,t > 0) be its empirical mass measure and let (F;,# > 0) be its empirical
mass frequency. Let the sequence (m], k € N) be the sequence from Example XI, let
(u;,t > 0) be its empirical mass measures and let (F/, r > 0) be its empirical mass
frequencies. We define

where N (k) = #{j < k: m} = 1}. Let (;,t > 0) be the empirical mass measures
and (F;, t > 0) be the empirical mass frequencies associated with (my, k € N). Recall
that the sequence (u/, r > 0) admits different w- lim along different sub-sequences
and therefore is irregular. Since ), m) 1 (ml#1) < 00 it follows that (u;, 1 > 0) has

the same sub-sequential w-limits as (1}, ¢ > 0). This implies that m = (my, k € N)
is also irregular. Finally, since mZ > 1 it follows that

lim sup F; ([0, 1/2]) = lim sup F/([0, 1/2]) > 3/4 and
t t

lim inf F/([0, 1/2]) = lim inf F} ([0, 1/2]) < 1/4.

This allows us to conclude that m is both irregular and its empirical mass frequencies
do not admit a w-lim.
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4.4 Random Masses

In this section consider random mass sequences m. More specifically, we let (my, k €
N) be an i.i.d. sequence of random variables, independent of X, each distributed
according to a measure v on R. There are two cases depending on weather v has
finite or infinite mean.

XIV (Regular + (un) bounded + 3 w*'-lim F,( Assume that v({0}) = 0 and assume
that f mdv(m) < oo. Now, let the increments (my, k € N) be i.i.d random variables
with law v. By the Glivenko-Cantelli Theorem [8, Theorem 2.4.9] it follows that almost
surely (F; ([0, x]), t > 0) converges (uniformly in x) to v([0, x])=:Fx ([0, x]). By the
classical LLN for i.i.d. random variables, almost surely, f mdF;(m) — f mdv(m) <

+
00o. Therefore the conditions of (3.13) are satisfied almost surely and so P(F; 2

F.) = 1. By item (a) of Proposition 3.2 it follows that IP’(/M 5 v) = 1. Therefore,
almost surely, the sequence m is regular and

IP’(litmE[B,] :/vxdv(x)) =1.

XV (Regular + Cesaro + 3 w-lim F; ) Now, assume that f mdv(m) = oo and again
let the terms of (my, k € N) be sampled independently from v. In this case

P(M—mo) — 1. (4.10)

Then note that after £ increments, the mass of increments of size smaller than a > 0,

u: ([0, a]), is bounded by mlf—‘ﬁrmk and therefore, by (4.10), for any a > 0, almost

surely u;([0, a]) — 0. This implies that P(u, it 8c0) = 1 and therefore

]P’(li}nB, - voo> —1.

5 Proofs of the Main Theorems
5.1 Weak Law of Large Numbers: Proof of Theorem 2.1
5.1.1 Proof Description

Our weak LLN is very similar to the weak LLN for sums of weighted independent
random variables that can be found in [11]. The main difference in our proof is that
we do not assume m, /M, — 0. This condition is replaced by the concentration
assumptions (W1) and (W2) which allows us to include the case lim sup,, m, /M, > 0.
We rely on this concentration assumption in the first step of the proof. Afterwards, we
are following the strategy in [11] which we give here for completeness and corresponds
to the second and final steps summarized below.
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e First step: uniform bound on the increments We use the concentration assump-
tions (W1) and (W2) to restrict our analysis to the increments of bounded
magnitude.

e Second step: truncation and equivalence We truncate the random variables X ()
according to their relative weights at level n, i.e. we consider the truncation

Yin = Xk(mk)1{|xk(mk)\>Mn/mk}'

Then we show that the weak LLN for truncated random variables is the same as
the weak LLN for the original random variables.

e Final step: convergence of the mean and the variance We prove that the mean and
variance of the sum of weighted truncated random variables both go to zero in the
limit and conclude the proof.

Remarks 5.1 The key technical step in this proof, contained in Lemma 5.1, gives the
asymptotic equivalence of the truncated random variables and the original terms in

the second step. Moreover, the second part of the lemma gives control on the limit
variance of the truncated terms.

5.1.2 First Step: Uniform Bound on the Increments

For each K > 0, let S,f represent the contribution to S,, coming from the increments
larger than K, i.e.

n
K. Mk
S, = ]; Exk(mk)l{mk>1<}~
Now note that due to (W1) and (W?2) it follows that

lim sup supE[| X (m)|] = 0. (5.1

K=o~k &k

Indeed, for any ¢ > O and any A > ¢

E[1Xe(m)l] < &+ AP(e < |Xi(m)] < A) +E ['XW")' Il{|xk<m>>A}] '

the right hand side above can be bounded by 3¢ using (W1) and (W2) and since ¢ > 0
is arbitrary, (5.1) follows. Now let S,{( =S, — Sf be the contribution to S, coming
from the increments smaller than K. By the triangle inequality and the union bound

it follows that
e e
=p(|sf]>3)+2 (5] 3):
> 8) < > > + > 3
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As 351 7 Lime=k) = 1, (5.1) and Markov’s inequality imply

limsupP (S,f > s) =0,

K—o00

and therefore,

Su

limsup P (|, | > &) < inf lim sup[P’(

n—o00 n—oQ

S,
>—).
2

It remains to prove that the right-hand side above goes to zero for arbitrary ¢ > 0.

5.1.3 Second Step: Truncation and Equivalence

We show that (2.1) is equivalent to a limit statement for truncated random variables.
We consider the following truncation

Yk(Mk)I=Xk(Mk)1{ Lyme<kys

X ()| < M2 |

and notice that as M,, — o0,

. nyj
hlgn lrgka;(n E]l{mkd(} =0. 5.2)

SetsK:=Y"7_, TT]; Y, (my). We will first argue that this truncated sum 55 approximates

well S‘f , and then show that its variance vanishes. To perform these two steps we will
need the following lemma, whose proof is postponed to the end of this section and is
an adaptation of the ideas in the proof Theorem 1 in [11].

Lemma 5.1 (Control over truncation) If (C), (W1), and (W2) hold true, then

. M, M,
lim max —P|( [Xx(np)| Lym<ky = — ) =0, (5.3)
mg

n—0o0 1<k<n mp
and

lim max ﬂE[Y,E(mk)] —0. (5.4)

n—>oo 1<k<n n
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By the union bound, the definition of Y (my), using that Zk ,’(’,1—’; < 1 we have that

n
lim sup P (Sf £ 55) <limsup Y P (Xe(m) Lim, <k) # Yi(mp))
n

n

k=1
M,
= lim supZIED <|Xk(mk)| Limy<ky = _n>
k=1 Mk
. M, M, - mig
<1 —P(|X 1 > — —
< lmnSllP 11;1;1; o (I k)| Lpm<ky > mk) M,

n I<k<n my

M,
< limsup max —P (|Xk(mk)| Ljmy<ky = _) ,

the_latter can be made arbitrary small via (5.3). Hence it suffices to consider E,{( instead
of SK. We next control the mean and the variance of 5X.

5.1.4 Final Step: Convergence to Zero of the Mean and the Variance

The mean As (Xy(my), k € N) is a uniformly integrable family of centred random
variables, by (5.2) it follows that lim sup,, sup; E [|Yi(m)|] = 0, and so we obtain
that

n
mE (55) =lim Y TEELY (m)] = 0
k=1 """

The Variance By independence and (5.4) we obtain

lim sup Var ( ) = lim sup Z k Var(Yk(mk))

n noo M;
< lim sup Z — lrgfiin —nVar(Yk(mk)) (5.5)
< limnsup 1?/?; EE [Yk (mk)] =0.
Finally, lim, E ( ) = 0 together with (5.5) and Chebyshev’s inequality yield
limsup P (Ef > 8) < lim sup ;izVar (E,{() =0.
n n
O
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5.1.5 Proof of Lemma 5.1
Let T, := infi<x<n %—:l{mkd(}. Since lim, T, = oo, equation (5.3) follows

from (W2) as

li M”P | X |1 > My <limE||X 1 -0
i mp klmi) {mk<K}_Ink - 1rrln Kmi) {ka(mk)lzﬂ} o

n

To prove (5.4), let Fi ju(a) := P(|Xx(m)| < a) and note first that integration by parts
yields

T T
/ x* dFgn(x) = T*P(1 Xk (m)| < T) — 2/ xP(| Xk (m)| < x) dx
0 0

T
= T*[1 = P(Xx(m)| = T)] — 2/ x[1=P(Xx(m)| = )1 dx  (5.6)
0

T
— _T?P(X(m)| > T) + 2/ ¥P(Xe(m)] = x) dx.
0

Observe further that by the uniform integrability (W2)

lim sup xP(|Xx(m)| > x) = 0. 5.7
xX—>00 k,m

Finally, since lim,, T,, = oo, by (5.6), and (5.7), we have that

1 T
lim sup sup — / x% dFy (%)
n km Ty Jo

Ty
= lim sup sup ( — T P(1 Xk (mp)| = Tp) + 2/ %P(ka(mk)l > X)dX) =0.
0

n k,m n

Since

Mp
fo C 2 d P () = B[ Y200,
it follows that

lim max ﬂ1E[Y2(mk)] < lim sup — " 2 dFy p (x) = 0.
n—00 | <k<n Mn k ~ n—oo km Tn 0 Mk
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5.2 Strong Law for the Incremental Sum: Proof of Theorem 2.2
5.2.1 Proof Description

The proof of Theorem 2.2 is a combination of the ideas in [1] with the convergence
criterion in [15]. As in [1], our proof here relies on an iterative scale decomposition
into “small” and “big” increments. At each scale, the small contribution is defined as
the truncated sum that, thanks to the stochastic domination assumption (S2), can be
dealt with the techniques of [15]. What is left, classified as “big”, is again split (in the
next scale) into a “small” and a “big”. At this level, the small one is controlled in the
same way as before. The iteration proceeds until we reach a scale where the condition
(S1) is sufficient to ensure convergence. Here is a summary of the main steps.

e First step: recursive decomposition We first iteratively decompose the sum S,
into a finite number of sums of relatively small increments and one sum of large
increments.

e Second step: the large increments We show that the large increment sum converges
to zero almost surely using (S1).

e Final step: the small increments Using results from [15] we prove that each of
the small increments also converge to zero almost surely. For the proof one needs
to consider the uniformly bounded increments and slow growing increments. The
uniformly bounded increments are harder to treat because they don’t fit exactly
into the hypothesis of Theorem 2 in [15]. Hence we need a subtler control as stated
in Lemma A.1 whose proof is postponed to Appendix A.

Remarks 5.2 The convergence criterion of Theorem 2 in [15] is an extension of Theo-
rem 2 in [13]. The extension fits our framework exactly as it allows one to obtain a.s.
convergence of weighted sums of independent random variables that satisfy condition
(S2). Importantly, the sums are weighted by coefficients (a, «, k, n € N) of a Toeplitz
summation matrix, just as in our setup. The idea of the proof in [13] is to perform a
truncation, to show equivalence of the truncated and the original sum, and finally to
prove a.s. convergence for the truncated sum.

5.2.2 First Step: Recursive Decomposition

We take § from (S1) and y from (S2) and fix K = K (8, ) € N such that

0K > 1, d 1 2 . 5.8
> an + 1< +vy (5.8)
Now, we let NO::N, and let

N = eN%m; < 1, (5.9)

and N! ::_NO \NO’S. Assume that for some i > 1the set Ni is given, if N is finite, then
we set N/, N/*¥ = ¢ for all j > i, if N’ is infinite, let k' : N — N' be an increasing
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map with k' (N) = N’, with the notation k; = k'(}j), define the (i)-st small increments
by

Si={k} € N: my < jiKy,

let k¥ : N — N** be an increasing map with k**(N) = N’** and denote k;’s =
ks ( j). Now define the next level (large) increments Nit!1:=N \ N5, We let the
cardinality of increments in N' and N"** with indices less than n be denoted by

JG;n):=#{jeN:j<n} and J(@i, s;n):=#{jeN":j<n).

m,; . mki,'s

. k' .
We set X=Xy (mp), a,’w. = M—’:, a;’f/ = Tjn, and k = K2 + 1. Since N =
U2y N UNX, we obtain

S22 3 Ty Xy + Y Tyzugan X

i=1 jeNis JeN¥
k J(,s;n) J(k;n)

=Z Z a5 X s + Z a , Xys (5.10)

K
= S+ Sk
i=l

In what follows we show that
P(limsup |S¢| = 0) =1, (5.11)
n

i,s
Sn’

P(limsup = 0) =1, forie{0,1,...,«}. (5.12)

n

5.2.3 Second Step: the Large Increments Sum

To prove (5.11) it is enough to show that for any ¢ > 0

P(limsup |Sk| <¢) = 1. (5.13)
n

By (S1), and the fact that M > jK , it follows that there is C = C(&) such that

P (|xu

TS ey T R
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Since K§ > 1, it follows that Z?O:l P(X ke > &) < 00, and so, by the Borel-Cantelli
Lemma,

P (lim sup ‘ng < g) =
J

As M,, — oo and Zlf.;ﬂ’") ik < M,, we conclude that (5.13) holds.

5.2.4 Final Step: the Small Increment Sums

The proof of (5.12) will be split in two parts, first we prove it for i > 1 and then we
treat the case i = 0. To ease notation, for fixed i € N and any j, J € N set
J s J
mi=m,is, My .= mj, ajj:= —L1,.;, andlet S; = aj gX,is.
J K, ; J J M, J= ; J K}

Now note that for any n

Mj(i,xgn) b

Si,S —
n Mn

J(i,s;n)-

As =L < it follows that lim sup,, |S,*| < limsup; |S;|. Therefore, it suffices
to show that

P(limsup‘gj‘ =o) =1, (5.14)
J

Now note that, with the convention k?:: j,fori > 1, we have that ki-’s = k’;l with
J' > j. This gives us the following upper and lower bound on m s
J

JOVIK < DK <y = my <, 17K (5.15)
i J

Therefore, there are C, ¢ > 0 for which

- . N C
Mj; > CJl+(l_l)/K, ajj < —%—-
I

(5.16)
Now, as limy a; y = 0, Zj aj,; = 1, and conditions (5.16) and (S2) hold. By the
choice of K and (5.8), one can apply Theorem 2 in [15] with v = % to obtain (5.14)
and therefore (5.12) for i > 1. To conclude the proof of Theorem 2.2 it remains to
verify that S,?’S converges to 0 almost surely. This fact is given in Lemma A.1l in
Appendix A and its proof is an adaptation of Theorem 4 in [11]. O
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5.3 Strong Law for the Gradual Sum: Proof of Theorem 2.3
5.3.1 Proof Description

As previously, we start with a summary of the main steps of the proof.

e First step: reduction to boundary terms In this step we reduce the problem o
convergence of the sum S, from (2.3) to the study of the limit of the boundary
term.

e Second step: oscillation control of small increments In this step we define a notion
of “small increments” (my4+1 < o My) and show (5.17) for them. The notion of
“small increments” is defined in such a way that one can control the oscillations
using Borel-Cantelli argument on the estimates obtained from condition (S3). The
terms that do not fit into the notion of “small increments” are considered to be the
“large” ones.

e Final step: oscillation control of large increments In this step we show (5.17) for
the complement set, the “large increments”. The definition of small increments,
given by the choice of o in the second step, ensures that the “large increments” still
grow as a stretched exponential. The oscillation control condition (S3) does not
give good bounds for large increments. This requires us to proceed into two stages.
First, in a passage called pinning, we prove that the boundary terms converges to
zero along a subsequence. For this passage, we use the polynomial decay condition
(S1). Finally, in the passage called oscillations, we prove the values between the
subsequence also converge to zero using condition (S3).

5.3.2 First Step: Reduction to Boundary Terms

Recall the decomposition of S, from (2.3). We note that S; is a convex combination
of Sp, and the boundary term Xy, (f) with f = t — My, . By the proof of Theorem 2.2,
to prove Theorem 2.3, it remains to show that the boundary term vanishes, i.e.

P <li}n ;th(f) = 0) =1. (5.17)
We divide the proof of (5.17) in two steps.
5.3.3 Second Step: The Small Increments
Let V, = sup {an—ﬂ)]XH](s)‘: s € [0, mu41)} and note that
limtsup ;X ¢, (F) = 1imnsup Va. (5.18)

Thanks to condition (S3), we can control the oscillations V,, for small increments that
satisfy a growth condition defined as follows. Fix a 8 > 1 and for which the condition
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in (S3) holds, fix a € (8!, 1), and for j € N, let
1
o = —.

T

The first small increment is defined by
k/l = inf{k € N: M1 < (1 + a1) My},
and define recursively the j-th small increment by
}+1:=inf{k eN: k> k}, My < (14 ajp1) Mg ).

If for some j, k;. = oo this implies there are only finitely many small increments and

we do not need to worry about them in (5.18). If for all j, k’l. < 00, we claim that
almost surely ‘

limsup Vpr = 0.
j J

Indeed, as my/ | < aj My, by (S83), with r = 0, it follows that for any & > 0 there is
J J
C, > 0 for which

P(Vy > &) <P | sup s|Xp ()| >eMy | < Ceal.
/ Sfotij/_ / /
J

Since oj = j~“ witha > B ~1, by the Borel-Cantelli lemma we obtain

P (lim sup Vk;_ < 8) =1, (5.19)
J

and since ¢ > 0 is arbitrary, we conclude that

P <lim Ve = 0) — 1. (5.20)
J

5.3.4 Final Step: The Large Increments

By (5.20) we can restrict our attention to { k{, k3, ...} = N\{k{, k5, ...}. Note that
sincea; = j¢ € (0, 1), witha € (0, 1) there is some C > 0 for which

(I 4+aj) = Cexp(a;/2). (5.21)
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Therefore, for some ¢, > 0 the following growth condition holds

i i
My = l_[(l +aj)M; = Cexp Z% M > exp(cqi' ™M, foralli € N.
j=1 j=1
(5.22)

The proof now proceeds in two steps, we first show that the boundary term %X ¢, (1)

converges to zero along a subsequence {ti, jr i, J € NuU {0}}, what we call pinning,
and then based on this result we show that the full sequence converges to zero as we
bound its oscillations on the intervals [#; ;,#; j+1].

Pinning We consider a subsequence that growth with rate ((1 +ak), k € N). Consider
the set { k7, k3, ...}, let k§:=i(k;) = O and define recursively forn € N

i
ikp=inf {i >ikyi_): [[ A+e)My > Mip
=ik

We note that (5.21) and Zj aj = oo imply that i (k};) < oo for all n. We define the
pinning sequence as follows: first let #; o := k" and for j € {1, ... ,i(k}) —i(k}_)}
set

_ {(1 i -1 107 <) =ik, (5.23)

Lj= Mk;‘—i—l if j = l(kl*) - l(kz*—l)

Now, by definition # = t — My,_1, with £; as in (2.2). By (5.21), it follows that for all
i,jeN

J
tij=ti,j— Mys = Mk;‘l:l_[(l + ks +n) — 1}

n=1

J
> My | Cexp [ Y eier pan/2 | =11 (5.24)

n=1

By the polynomial decay in (S1) it follows that for any ¢ > O thereisa C = C(¢) > 0
such that for any i, j € N we have

Ce

(@)

fijo -
Py | =X i)
ti,j

> s) < P(‘in*(t_i,j)‘ > s) <
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By (5.24) and (5.22), the sum over i, j € N of the above probability is finite and
therefore for any ¢ > 0

fi.j -
P (;—j ‘Xk_* (tl-,j)‘ > ¢ for infinitely many (i, j)) =0. (5.25)
i
Since ¢ > 0 is arbitrary, it follows that
: fi.j -
P (timsup -2 | X Gy )| = 0) = 1.
ijo il

It remains to control the oscillations of the boundary term in the intervals (¢ ;, #; j+1].

Oscillations Now we use (S3) to compute the oscillations between the pinned values
of the boundary. Fix ¢ > 0 and consider the event 2;, defined by

Li,j _
— Xk (fk:ﬂj)
i,j

Qjy:= {sup
i

<eg, fori >i0}.

Note that by (5.25) it follows that

lim sup P(£2;,) = 1. (5.26)

10

On Q,’O, fort e [ti,ja ti,j+l]a andj >1

t N7y ~
7 Xk (7) - ;;/,Xk;‘ (#i.;)
i
1 + z 7. by i, li i -
= '; [sz? (l) —1i,j Xpr (ti,j)] + <t’T/ — 1) %in* (ti,j) (5.27)
i,J

1 - - _ _
=< ‘thi* (t) - i j Xk (t,-,j)‘ +e.

Note thatif s := ¢ —#; jandr < t; j41, thent < #; ; + 5. Note also that from (5.23)
we have that % < e ). j+1- By (5.27) and (S3), it follows that

fij+s i, tij -

P sup Xir(ti,j +5) — ==X (i ;)| > 2¢,

s<tijp1—tij |t j s lijj !

< ]P’|: sup (tij+ )Xt j +5) — t-i,ij.*(t_i,j)‘ > 8}

s<tijp1—ti; li,j+$ I l
Ceti jr1 —1:. )P 1
S 8”% Sai(k[-*_l)‘l’j*F]CS: - N A aﬂCg.
i (k) +j+1)
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Sincea € (1/p, 1), the sumof the above termsoveri € N, j € {1, ..., i(k])—i(k]_)}
is finite, and therefore by (5.26)

P <lim sup Vi < 8) > limsup P (ﬁm sup Vi < e, Q,-O) = limsupP(€2;,) = 1.
. X .

k io 10

(5.28)

Since ¢ > 0 is arbitrary, from (5.18), (5.19) and (5.28) we conclude that (5.17) holds.
O
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A Control of Bounded Increments in Theorem 2.2

To prove the strong law for uniformly bounded increments in Theorem 2.2, we need
a different approach from the one used in Sect.5.2.4. There we obtain from (5.15)
decay conditions on the coefficients in the sum of small terms, see (5.16). This allows
us to use Theorem 2 in [15]. The case for uniformly bounded increments is different
because we do not have a lower bound on the size of the increments and we do not
obtain the decay rate in (5.16). To assess this issue we will show the following lemma.

Lemma A.1 If Xsatisfies conditions (C), (S1), and (S2) and S,(l)’s = 21}:1 Lgm<nyan,j X j
equivalently, with the notation of (5.9) and (5.10), S,?’s = ZJJ(:Olsn) ag";-Xko,s then
’ J

P(lim sup ‘SS*S =0)=1. (A1)
n
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The proof of this lemma, given below, follows the ideas in Theorem 4 in [11] and
proceeds along the following steps.

e First step: relabelling and proof reduction In this step we simplify the notation
and argue that we may ignore the weight of all increments that are larger then 1.
We next consider a truncation of the terms in the sum and show that the proof will
require showing the equivalence of the truncated sum with the relabelled sum and
prove that the truncated sum converges to zero.

e Second step: equivalence of the truncated sum Here we truncate the k-th term by
the inverse of the relative weight up to k, My /my and prove that the truncation
is only active for finitely many terms, which implies that the limit of the original
terms is the same as the limit of the truncated terms.

e Final step: convergence of the truncated sum We show that the limit of the weighted
sum of truncated terms converge to zero almost surely.

A.1 First step: Relabelling and Proof Reduction

To deal with i = 0, the case of small increments defined in (5.9). If lim,, Zl 1 mn <

oo it follows that Sn ¥ converges to 0. For this reason assume without loss of generality
that

n
lim Z m%9 — oo,
n
i=1

For a short notation, denote m; = mk Jdet My, =34, mk “andlet S, = Y anx X
where, as before, a, y = ﬁ" ‘We next consider the truncated versions of X}

Y = Xk]l{lxk\i%‘}.

We next define S, := ZZ:] an kY to be the truncated sum. Finally, we reduce the
proof of Lemma A.1 to the following two statements:

P (Y, # X} i.0.) = 0, (A2)
and
P@F$=®=L (A3)

The first statement, in (A.2), implies the equivalence of the limits of the original sum
and the truncated sum, i.e. it implies that

P (lim S, — S,| = 0) = 1.

The final statement, in (A.3) establishes the convergence of S, and gives the desired
result in (A.1).

@ Springer



Journal of Theoretical Probability

A.2 Second Step: Equivalence of the Truncated Sum

In this Section we prove (A.2). Let F*(a) := P(]X™*| < a), define
M
N(x) = {k:—gx}, (A4)
m
and note that by the domination in (S2), we have that
M, My
D P # X < ZIP’<|X1<I > —) < ZP(\X*| > —)
k k i k Mk
< prﬂ dF*(x) = /N(x)dF*(x) =E[N(x*)].
k = my

To obtain (A.2) it remains to prove that E [N (X *I)] < oo. This step follows from
Lemma 2 of [11] which states that

<2. (A5)

By (A.5), it follows that N (x) < Cx!*7 and by the first part of (S2), E [N(|X*|)] <
0. O

A.3 Final Step: Convergence of Truncated Sum

In this Section we prove (A.3). Since lim, E [S‘,,] = 0, to prove (A.3) it suffices to
show that

2
my

E —= Var(¥y) < oo. (A.6)
T M

M . )
As m—,’: — oo there is C > 0 for which E [Xi] <C f\xlﬁf—: x2dF*(x) and so

E [Y,f] <E [Xz] < C/x|§Mk X2 dF*(x).

my
Therefore, the sum in (A.6) can be bounded by

ml% 2 * 2 m% *
C E — x“dF*(x)=C [ x E —=dF™*(x).
M2 kaMk 0 / M2 )

k k iy, k: :%‘lel k
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To complete the proof it remains to show that the right-hand side above is finite. This
follows from the following claims whose proofs are given right after:

> m—%szf MO gy, (A7)
X %Z\ﬂ k y=lx| Y
and
/xZ/ &;)dy dF*(x) < 0o. (A.8)
y=lx| Y
O

Proof of (A.8) By (A.5) there are C > 0 and y € (0, 1) such that N(x) < Cx!*7.
Therefore

N C 1+y
/xZ/ @dde*(x) S/xzf y3 dy dF*(x)
y=lx| Y y=lx| Y

C c
=/x2/ - dde*(x):/xz—ldF*(x)
y=>|x| Y -7 1 - V)x v

c
= —E[|x*]""] <.
-y

O

Proof of (A.7) Observe that by the definition of N, see (A.4), and integration by parts

3 mi _ / dN(y)
Mk2 Ix|<y<z y?

ki fxl< gk <z
N N N
_ (Zz) B (I;CI) +2/ (%y) dy.
z x ll<y<z ¥

Furthermore, since N(z) < N(y) for z < y and ;—2 =2 fzoo y1—3 dy it follows from
(A.8) that

N N
—(Z)S2/ (y)dy—>0, as z — oo.
z

22 )3
Therefore
2 2
m m N
Y Moim Y M o<2f P
w, M 7 v M <y Y
ke |x|<—k ki |x|<—K<z

O
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