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ABSTRACT: We construct analytical self-dual Yang-Mills fractional instanton solutions on
a four-torus T* with 't Hooft twisted boundary conditions. These instantons possess topo-
logical charge @ = %, where 1 < r < N. To implement the twist, we employ SU(N)
transition functions that satisfy periodicity conditions up to center elements and are em-
bedded into SU(k) x SU(¥) x U(1) c SU(N), where £ + k = N. The self-duality re-
quirement imposes a condition, kLi Ly = r¢L3L,, on the lengths of the periods of T* and
yields solutions with abelian field strengths. However, by introducing a detuning param-
eter A = (rfLsLy — kL1Ls)/+/L1LaL3Ly, we generate self-dual nonabelian solutions on a
general T* as an expansion in powers of A. We explore the moduli spaces associated with
these solutions and find that they exhibit intricate structures. Solutions with topological
charges greater than % and k # r possess non-compact moduli spaces, along which the
O(A) gauge-invariant densities exhibit runaway behavior. On the other hand, solutions
with Q = § and k = r have compact moduli spaces, whose coordinates correspond to
the allowed holonomies in the SU(r) color space. These solutions can be represented as a
sum over r lumps centered around the r distinct holonomies, thus resembling a liquid of

instantons. In addition, we show that each lump supports 2 adjoint fermion zero modes.
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1 Introduction, summary, and outlook

Instantons are prominent in studying many nonperturbative phenomena in Yang-Mills
theory, including the vacuum structure, condensates, and confinement. One of the least-
explored instantons are ’t Hooft fluzes of SU(N) gauge theory on the 4-torus T* with twisted
boundary conditions [1]. Such solutions, found by 't Hooft, carry fractional topological
charges and have constant abelian field strength. While the field strength is abelian,
for a general number of colors N, the boundary conditions on T* are implemented via
non-abelian transition functions (i.e. there exists no gauge where all transition functions
commute).

Although 't Hooft’s solutions have been known since the 1980s, relatively little atten-
tion has been devoted to their study since [2]. The notable exception is the work of the
Madrid group over many years, reviewed in [3]. The recent development of generalized
global symmetries [4] resurrected the interest in this subject. It was shown in [5] that in-
troducing background fields for the 1-form Zg\lf) center symmetry of Yang-Mills theory can
lead to new 't Hooft anomalies, restricting the symmetry realizations and thus the infrared
dynamics.

The gauge field of the 1-form symmetry is a 2-form field whose nonvanishing holonomies
implement the 't Hooft twist of the boundary conditions on T#. The fractional 2-form flux
is merely an external field that imposes kinematical constraints. On the other hand, find-
ing the field configurations which minimize the action (or energy) in the presence of twists
requires dynamical considerations. Recently, the authors questioned the role instantons in
the presence of twists could play in determining the dynamics of the theory [6]. In particu-
lar, we examined the gaugino condensate in SU(2) super Yang-Mills theory with twists on
T*. The fractional topological charge Q = % of the SU(2) solution supports two gaugino
zero modes and yields a non-vanishing condensate, which was found to be independent
of the torus size. The computations were carried within the limit of the small-torus size,
taken to be much smaller than the inverse strong scale, so we remained in the semi-classical
domain. Thus, we could perform reliable computations and, thanks to supersymmetry, ex-
tract the numerical coefficient of the condensate. However, our computations gave twice
the condensate’s numerical value on R*. Thus, our results warrant further examination of
the situation for SU(2) and for a general number of colors.

The current work is a continuation of the efforts in this direction. One of the crucial
conditions for studying the dynamics is the self-duality of the fractional instantons. A
non-self dual solution is not a minimum of the action; it has negative fluctuation modes
and hence, is unstable. Insisting on the abelian solutions found by 't Hooft [1], the ratio
between the periods of T* needs to satisfy a specific condition to respect the self-duality
of the solutions. We call such T* a self-dual torus. However, in [6], it was found that
instantons on the self-dual torus support extra fermion zero modes, more than needed to
support the bilinear gaugino condensate.

A way to lift the extra zero modes is to deform the self-dual T. The price to pay,
insisting on the self-duality of the instantons, is to depart from the simple abelian solutions
found by 't Hooft. One is then faced with the fact that a non-abelian analytical solution on a



generic T* with general 't Hooft twists is not currently known. Furthermore, even a descrip-
tion of the moduli space and of its metric! of such self-dual solutions is not available. Fortu-
nately, the authors of [7] developed a systematic approach to obtaining approximate SU(2)
nonabelian self-dual solutions as expansion in a small parameter A, measuring the deviation
from the self-dual torus.? The approach in [7] was generalized in [8] to the case of SU(N).
Nevertheless, it was only used to obtain solutions with minimal topological charge Q) = %

In this paper, we carry out a systematic analysis to obtain self-dual solutions with
generic topological charge @ = &, with integer N > r > 1, on a non-self dual torus. The
main effort of the present work is directed at exploring the structure of the bosonic moduli
space of the solutions as well as the fermion zero modes in these backgrounds.

Summary. The main findings of this rather technical paper are described below:

We let Ly, Lo, L3, Ly be the lengths of the periods of T4. Following 't Hooft [1],
we embed the SU(N) transition functions and gauge fields in SU(k) x SU(¢) x U(1) C
SU(N), such that k and ¢ are positive integers and k + ¢ = N. We choose the transition
functions to give rise to 't Hooft twists on T* corresponding to topological charge Q = N
(section 2). Even though the transition functions are fully non-abelian, the original 't Hooft
solution with topological charge @Q = £ has only an abelian gauge field A, along the U(1)
generator.®> The self-duality of this solution imposes the condition kLiLy = r¢L3L,. As
already mentioned, a T* that satisfies this condition is said to be self-dual.

Next, we define a detuning parameter A, that measures the deviation from the self-
dual T4, as A = (rfL3Ly—kL1L2)/\/L1LoL3L,. Then, the self-dual non-abelian solution is
obtained as an expansion in A, similar to [7, 8]. The solution now has nontrivial components
along the abelian U(1) generator as well as the nonabelian subgroups SU(k) x SU(¢). We
carry out our analysis to the leading order in A, from which we observe the following;:

1. To the leading order in A, the solution of the self-dual Yang-Mills equations is in one-
to-one correspondence with the solution to the Dirac equation of the gaugino zero
modes on the self-dual T* (section 3). Thus, one can borrow the latter’s solutions
and show that they satisfy the self-dual Yang-Mills equations to the leading order
(section 4).

2. Among all solutions with @ = £, the ones with k = r stand out. For this case, we
find 4r arbitrary physical parameters that label the self-dual Yang-Mills solutions, in
accordance with the index theorem. We interpret these parameters as the coordinates
on the compact moduli space: these are the r (= k) holonomies in the SU(k) color
space in each of the 4 spacetime directions (section 5).

3. In addition, we find that gauge-invariant densities for the k = r solutions can be cast
into the form of a sum over r identical lumps centered about the values taken by the
r (= k) different holonomies. This indicates that a solution with topological charge

!These data alone suffice to perform certain instanton computations in supersymmetric theories.

2This is the solution used in [6], which, at A > 0, supports exactly two zero modes needed to give rise
to the bilinear condensate.

®See section 3.1: the @ = & transition functions are in (3.1) and the abelian solution is in (3.2).



Q) = § can be thought of as composed of r “elementary,” yet strongly overlapping

ones—thus, resembling a liquid, rather than a dilute gas [3] (section 6.2.1). See
figure 1 for an illustration.

Further support for this interpretation follows from solving the Dirac equation in the
background of the full non-abelian solution, showing that 2 fermion zero modes are
centered about each of the r holonomies, giving a total of 2r fermion zero modes as
required by the index theorem (section 6.2.2).

4. We also study the A-expansion around the other () = & solutions, the ones with

k # r (section 5). Here, we find that the moduli space becomes non-compact. To
further understand the significance of this finding, we show that gauge-invariant local
densities grow without limit in the noncompact moduli directions, clashing with the
spirit of the A expansion for k # r (section 5 and appendix D). This blow-up leads us
to conjecture that the only self-dual () = & solutions, obtained via the A-expansion,
are the ones with k = r.

Outlook. There are several directions where this work can be applied to or extended:

The study of the present paper sets the stage for a forthcoming paper to shed light
on a few dynamical and kinematical aspects of supersymmetric and non-supersymmetric
SU(N) gauge theories. This includes the higher-order condensates, cluster decomposition
principle, and exactness/holomorphy of supersymmetric results.

We have yet to achieve a deeper understanding of the apparent failure of the A expan-
sion for k # r that we observed in the leading order. This may be require better control
of the higher orders in the A-expansion. Numerical studies of instantons on the twisted
torus can also be used to study the convergence of the expansion as well as the approach
to various large volume limits.

2 Review of ’t Hooft’s constant-flux solutions on T*

This section quickly reviews SU(N) 't Hooft twisted solution on the four-torus T4. We take
the torus to have periods of length L,, = 1,2,3,4, where p,v runs over the spacetime
dimensions. The gauge fields A, are Hermitian traceless N x N matrices, and taken to
obey the boundary conditions

Ay(@+ Luéy) = Qu(@) A (@), (@) — i9,(2)0,2, (), (2.1)

upon traversing T* in each direction. The transition functions 1, are N x N unitary
matrices, and é, are unit vectors in the z, direction. The subscript p in {2, means that
the function Q, does not depend on the coordinate z,. The boundary condition (2.1)
means that the gauge fields A, are periodic up to a gauge transformation. Let us for the
moment use the short-hand-notation [QM]AV to denote QMAVQEI — iQ,ﬁ,,Q;l. Then, the
compatibility of (2.1) at the corners of the z,, — x, plane of T* gives:

AN+ Lt + Ludy) = [Qu(e + L) (@ + Luéy)| Ax (@)
= [Q(x+ Lue,)|[Qu(z + Lyé,)|Ax(x), (2.2)



Figure 1. A 3D plot of the profile given by eq. (6.11), with » = 3, as a function of (z1,x2), for
fixed (z3,24). For better visualization, we show double the periods in z; and z5. We see three
solutions, in red, yellow, and blue, lumped around three distinct centers. These lumps, however, are
not well-separated, comprising a liquid rather than a dilute gas. Earlier [9], similar configurations
were constructed numerically and used to study confinement, see [3].

from which we obtain the periodicity conditions on the transition functions €, (now giving
up the short-hand notation and going back to the original €, that appears in (2.1))

2T
Qu(z+e,L,) Q(x) =7 Q¢+ e,L,) Qu(z). (2.3)
Equation (2.3) is the cocycle conditions on the transition functions Q,. The exponent
2T
TN , with integers n,, = —n,,, is the Zy center of SU(IV). The freedom to introduce

the center stems from the fact that both the transition function and its inverse appear
in (2.1).

't Hooft found a solution to the consistency conditions (2.3) carrying a fractional
topological charge by embedding the SU(NN) transition functions () in SU(k) x SU(¢) x
U(1) € SU(N), such that N = k + ¢ and writing them in the form

ST

T (2.4)

0,(r) = P Qi @ FIQ o



Here, s,,1,,u,, v, are integers, a sum over A is implied in the exponent, and ;) is a real
matrix with vanishing diagonal components without any (anti-)symmetry properties. The
matrices P and Q) (similarly the matrices Py and Q) are the k x k (similarly ¢ x ¢) shift
and clock matrices:

Pe=v ... , Qk:”ykdlag{l,ek,ezk,...}, (2.5)

im(l1—k)

which satisfy the relation P,Q; = T QrPx. The factor v, = e~ & ensures that det Qp =
1 and det P, = 1.

In the rest of this paper, we take primed upper-case Latin letters to denote elements
of k x k matrices: C’,D’ = 1,2,...,k, and the unprimed upper-case Latin letters to
denote £ x £ matrices: C,D = 1,2,...,£. The matric/es P, and @} can then be written
as (Py)por = 53/10/_1 (modk) and (Qr)orp = Yk 6i2w%50/3/. The matrix w is the U(1)
generator. It is given by

w =2ndiag | £, 0,.... 0, —k,—k,...,—k]| , (2.6)
—_—
ktimes ¢times

and clearly commutes with Py, P, Q, Q.
Writing the twist matrix n,, appearing in the cocycle condition (2.3) as n,, = nf},,) +

nfﬁj) , the antisymmetric part of the coefficients cy,,, are taken to be

(2) (1)

n n
M g
G = Qv = N T Nk

(2.7)

Recall that «,, have vanishing diagonal elements; it is convenient, see section 3.1, to choose
a particular form for their symmetric part, which amounts to a gauge choice.

A solution of the transition functions (2.4) obeying the cocycle conditions (2.3) with
ay, and ny, related as in (2.7) can be obtained provided that s,,%,,u,,v, € Z can be

found such that
2

) — w,v, — vyuy + (B, (2.8)

nl(}y) = suty — Sty + kA, n;

where A, and By, are integers, and

nf})ﬁf}) =0 (mod k), nl(f,j)ﬁ;(fy) =0 (mod /), (2.9)
and 7, = %eumgnag.
While the details of the derivation are not shown here (see [1]), the data we have given

above suffice to check that upon plugging (2.9), (2.8), (2.7) into (2.4) one finds, using (2.6)

and (2.5), that the cocycle conditions (2.3) are obeyed, with twist matrices n,,, = n,93+n£?)



An abelian gauge field configuration along the U(1) generator w, which obeys the
boundary conditions specified by the €2, thus constructed, is given by the expression

Ap\T 2\
Ay = —w | 2222 L 22 2.10
A <LMLA Ly (2.10)

The corresponding field strength F,, = 0,4, — 0,A, +i[Au, A,] is constant everywhere
on T*:
Qyy —
F,, = —w "¢ 211
H w LML)\ ( )

The constants z, label the holonomies along the U(1) generator, which are translational
moduli. This solution carries a fractional topological charge:

Q= ~qn " = N

1 N12M34 + N13N42 + N14N23 (2.12)

Without loss of generality, we can always assume ni3 = n4o = nyg = nog = 0. Thus,
we only consider fluxes in the 1-2 and 3-4 planes. Then, a self-dual solution satisfies the

relation Fo = F3y, from which one can find the ratio fifi that defines the self-dual torus.

The action of the self-dual solution is

1 872Q|
5= 502 /T (R F] = S (2.13)
3 Fermion zero modes in the Q = £ constant-flux background

In this section, we study the zero modes of the adjoint fermions in the constant-flux abelian
background with topological charge ;, described in section 3.1 (see eq. (3.2)). These re-
sults are useful when constructing the nonabelian self-dual solution with @) = & on the
deformed T*.

We find that there are 2gcd(k,r) dotted (section 3.3) and 2gcd(k,r) undotted (sec-
tion 3.4.1) constant fermion zero modes. We also find 2r undotted adjoint fermion zero
modes with nontrivial z-dependence (section 3.4.2, see egs. (3.18)—(3.21) for the explicit
solution and appendix A for the rather technical derivation). The latter are the ones
determining the bosonic nonabelian self-dual background on the deformed torus in the

A-expansion.

3.1 The solution with topological charge Q =

A solution with topological charge @ = £ is obtained from section 2 by taking ng) =

—r, n%) = O,ngl) = O,ngi) =1, and, hence njo = —r,nzy = 1. We also take s; = —r,ty =
l,u3 = v4 = 1 and set A,, = By, = 0 and the rest of s,, t,, u,, and v, to zero. Thus,

without loss of generality, we take 1o = {7,021 = 0,34 = NLK ,o3 = 0.



The upshot is that the transition functions (2.4) now read

~ ey P_Teﬂﬂ—h% 0
M = Pk "® Ifelw Nkb2 = F —i27r ’
0 e Nl Ig

Qr 0

Q = I =

2 Qk® J4 l 0 IE ’

o 127

Q3 =1, ® Peeiwﬁ —|€ NL4 I 0

0 —i27k 54— N£L4 P ’

I O

Q=LoQ = : 3.1

where we recall that w is given by (2.6), P and @ in (2.5), and Ij (Iy) denote k x k (£ x £)
unit matrices. Above, we introduced our k X ¢ block-matrix notation, to be used further
in this paper.

The reader can use (3.1), recalling that k + ¢ = N, with k, ¢ being positive integers,
and that P and @ are the clock and shift matrices (2.5), to explicitly check that €2, obey
the cocycle conditions (2.3) with only n12 = —r and n34 = 1 being nonzero, and that these
hold for any 1 < r < N. Likewise, it is easy to check that the abelian gauge field and the
field strength of the constant flux background

21 T 23 x3 2
Al = —wit Ay =— A B A =—
! Y w(NkhLQ 1@)’ 3T YL, M “(Nﬁgul LJ
r 1
F = — B ——— F = — _— .2
12 YNEL Ly, T "Y' NiLsL, (3:2)

obey the boundary conditions (2.1) with transition functions (3.1).*
If we require the self-duality of the solution Fjo = F34, we find that a self-dual torus

sides have to obey the relation
L1L2 . r/

LsLy k-

(3.3)

3.2 Boundary conditions for the adjoint fermions

In the rest of section 3, we solve the Weyl equations D,o,A = 0 and Ducruj\ = 0 for
massless adjoint fermions in the background (3.2).° This will enable us to understand the
fermionic zero modes in the background with topological charge @ = & on the self-dual
torus. In subsequent sections, the results help the construction of the self-dual bosonic
background on the deformed torus in the small-A expansion.

Before we begin, let us discuss the moduli of the solution. We first note that the

constant holonomies z,, in the U(1) direction w, appearing in (3.2), are the most general

41f one of k or £ is unity, the cocycle conditions with n12 = —r, nss = 1 and the corresponding boundary
conditions (2.1) are obeyed with the corresponding P and @ in €, replaced by unity.

"Here, 0, = (i, 1), 5, = (—id, 1), & are the Pauli matrices which determine the p = 1,2,3 components
of the four-vectors o,,5,. The Euclidean action for fermions and the matrices oy, 64, Ouv, Guv, are as

n [10], except that we use hermitean gauge fields, necessitating the replacement A™?* ref. — j Athis paper,



ones commuting with the transition functions (3.1), provided ged(k,r) = 1 (that this is so
follows from the discussion below).

However, when ged(k,r) > 1, there are ged(k,r) different holonomies permitted for
each pu. To work them out for future use, we first note that the holonomies have to be in
the Cartan subalgebra, because they have to commute with @y and @; from (3.1) in order
that (2.1) be obeyed. Thus, the additional (to z, from (3.2)) holonomies would add, to the
background (3.2), 64, = H“lqﬁzl + H%f,, with constant ¢'’s, where HY (¢ =1,...,k—1)
and H® (a = 1,...1 — 1) are the SU(k) and SU(l) Cartan generators, respectively. The
generators H “/, H?® are extended to have zero entries in their respective complement to
SU(N). In addition, H* and H® have to commute with the transition functions (3.1),
which means that P, "H “/P,g = HY and PH aPl_1 = H®. Clearly, there are no nonzero
SU(¢) generators H® allowed, thus we set the corresponding holonomies to zero ¢, = 0.
The condition for H* only allows nonzero gi)zl if ged(k,r) > 1. If ged(k,r) = k, any Cartan
generator obeys P, "H “,P,: = H" and so there are k — 1 (;Sl‘j”s allowed (for reasons that
become clear later, we shall study this case in great detail in what follows). For generic
values of ged(k,r), 1 < ged(k,r) < k, there are only ged(k, r) holonomies along the SU(k)
Cartan generators allowed. Let us now describe them in a manner useful for the future.

For general values of ged(r, k), we combine the allowed holonomies in the SU(k) part
of SU(N) with the z, holonomies (the ones proportional to w, see (3.2)). We use primed
indices C', B’ = 1...k to denote the k x k part of the components of the SU(N) gauge
field and unprimed C, B = 1,...¢ to denote the SU(¢) components. Thus, we describe the
general abelian background (3.2) as

A

AN = (A,u)lof eq. (3.2) with z,=0 + (3.4)

0 104, call

10AL crprl] 0 ]

using the same block-matrix form as in (3.1), with, e.g. |[[0A, ¢'p/|| denoting a k x k matrix
with components dA, cvpr, etc. All holonomies (including z,) are now included in the
second term and are given by

§A, cp = dcp 27rk'z—”, (3.5)
I
z ’

k
where qﬁgl = (bg/_r(m‘jd k) = ¢LC ~"k and Z ¢ul =0.
C'=1

The SU(k) holonomies, denoted by ¢g/, must obey the condition from the last line to
ensure commutativity with P;. In (3.5) we also introduced the short-hand notation that
we shall often use in this paper:°

[z], = z(mod q) . (3.6)

SNotice that, to conform to (3.6), in (3.5) and further, since g(modg) = 0, we take the range of the
SU(k) index C' tobe 0...k—1 instead of 1...k. Likewise, we take the range of the unprimed SU(¢) indices
0...0—1.



We now turn to the adjoint fermions (gauginos), which obey the boundary condi-
tions (2.1) without the inhomogeneous term

A + Lyuéy) = QA (), (3.7)

with Q, from (3.1). Omitting the spinor index, we write the gaugino field, an N x N
traceless matrix, as a block of k x k, k x ¢, £ x k and ¢ x ¢ matrices (recall N =k + {):

N [HACIB/H Irersl

1 ,C'\Befo,...k—1}, C,Be{0,...—1}, (3.8
Aew |l [IAesll

obeying the tracelessness condition

k—1 -1
> Acrer + Y Ace =0. (3.9)
C'=0 C=0
The explicit form of the boundary conditions follows from (3.7) and (3.8). For A¢rpr,
they are
)\C«/B/(.’E + Llél) = )\[C’—T’]k [B’—'r}k(l‘) s
)‘C’B’ (.’IJ + L2é2) = 6i27rc ;B /\C’B’ (1‘) s
Acrp (T + Laés) = Aerpr(2)
)\C’B’(x + L4é4) = A\o'p ((1}) R (3.10)
while Acp obeys
Aep(z + L1é1) = A\ep(z),
AcB(x + Laéz) = AeB(2),
Acs(T + Lsés) = Aot B41),(T)
Aep(x 4+ Lyéy) = 8i27r¥ Aeg(x), (3.11)
and A\¢vp:
Aorg(x + L1é1) = ’Yk_reﬂ "2 Ner—y, B(T),
0 (O'—1)
Aerp(@ + Laés) = ype’” N Acr(7)
A 1 i2mt
)‘C”B(l‘ + L363) = LMLy )‘C”[B—i-l]g(x)’
o (B—1)
)\C/B(w + Lqéy) = ’)/_1671271- =a AC/B({L'). (3.12)

We also note that A\ops obeys the h.c. conditions to (3.12). In addition, the dotted
fermions A obey boundary conditions equal to the ones given above, written in terms of a
decomposition of X in terms of Acvgr, A\cvg, Ao and Aopr, identical to the one in (3.8).

We can now solve the Weyl equations D,o,A = 0 and DHJ,,}\ = 0 with the above
boundary conditions. The covariant derivative is given by D, = 0, + i[A,, ] with A,
already given in (3.4) and (3.5). We solve for the zero modes of the Weyl equation in the
abelian background, beginning with the simplest cases.

~10 -



3.3 Dotted-fermion zero modes

First, we solve the Weyl equation for the dotted fermions, Dua“j\ = 0. Here, we ignore the
allowed nonzero holonomies from (3.5), since (as we shall see later) they do not affect the
solution in an interesting way. We find, keeping in mind the tracelessness condition (3.9),

apqu\CBd =0, 8“0“;\0/3/03 =0, witha=1,2,

. 2rxs \ < ) 2mrxy \ ~ -
(83_184_61;?)1141) )\C/Bl‘i‘(al—ZaQ—M) )\C’BQ —O,
. 2mrey \ < . 271':53)—
0 O+ — | Ao i —03—104— —— | Ay =0 3.13
(1+Z2+I€L1L2> CBI+( 3 104 €L3L4 C'B 2 3 ( )

and similar equations for Ao 4. One can convince themselves that there exist no normaliz-
able solutions for Acvg ¢ and Acp ¢ obeying the boundary conditions. We shall not repeat
the details here but only note that this follows from the analysis of [6] and the realiza-
tion that normalizability of the solutions on the four torus (after expanding in eigenmodes)
ends up requiring normalizability of simple-harmonic oscillator wavefunctions, the solutions
of (3.13), in the infinite z1-z3 plane (the two oscillators being in the z; and z3 directions).

The only normalizable solution involves the diagonal components Acc ¢ and Aorer 4
and is constant. This is because the boundary conditions (3.11), (3.10) only allow for
constant diagonal solutions and also further restrict the solutions as we now discuss. The
boundary conditions for the ¢ x f-components only permit the solution

Aoca=1Vg, VO =0,...,0—1, (3.14)

with equal diagonal entries. Here ¥4 are two Grassmann variables. The k x k part of
the dotted fermions, Acver o allows for ged(k, r) such solutions (due to the first boundary
condition in (3.10)), which can be written as

Morora = 0% T, (3.15)

for arbitrary Grassmann 15([10 7k,

different ﬁf/_r]k, which one can label 92, 9} to ...1§§Cd(k’r)_1. The tracelessness condi-
tion (3.9), however, determines the SU(¢) Grassmann variables (3.14) in terms of the SU(k)
ones, (3.15).

In conclusion, there are a total of 2ged(k, ) dotted-fermion zero modes in the constant-

Clearly, for every value of &, there are ged(k,r) such

flux instanton background.

3.4 Undotted-fermion zero modes
3.4.1 The “diagonal”: U(1), SU(¥) and SU(k) undotted zero modes

Now, we continue with the undotted fermions Apc and A, i.e. their componets in the
U(1), SU(k) and SU(¥) directions. Because the abelian background (3.4), (3.5) commutes
with the U(1), SU(k) and SU(¢) generators, these “diagonal” components satisfy a free
Dirac equation:

8“6—@(;/3/ =0,

k—1 /-1
OuopuAcp = 0, with > Ao+ > Ace =0, (3.16)
C’'=0 C=0

along with the SU(NV) tracelessness condition (3.9).
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One needs to solve these equations with the boundary conditions (3.10) and (3.11).
We now state the results, since the analysis is similar to that in [6, 11]. The first remark
is that, following the steps outlined for the dotted zero modes, one finds that there are
no normalizable solutions for the components of A\ and Ao with C’ # B’ and C # B
obeying the boundary conditions.

Next, we note that the only solution for Ac¢ is the one where Acc o = 74, With a
constant spinor 7, for all C' (this is needed to satisfy (3.11)). The tracelessness condition
in (3.16), however, relates this to the Ap/p solutions on which we now focus. The boundary
conditions (3.10) are satisfied by the constant solutions

ged(or) -1 gaa(en L
Apcra=0pc Y. 99 S Spiiin, (3.17)
7=0 n=0

with ged(k,r) arbitrary constant Grassmann spinors &(Xj ). We conclude that there are
2gcd(k,r) independent zero modes of Ap/cr and, from the above remarks, of the all “diag-
onal” components of the undotted fermions considered in this section.

Note that the number of diagonal undotted zero modes is precisely the same as the
number of the dotted fermion zero modes of section 3.3. In particular, the contribution of

the zero modes of sections 3.3 and 3.4.1 to the index cancels out.

3.4.2 The “off-diagonal” k X £ and £ X k undotted zero modes.

The zero modes most worthy of our attention, the ones which determine the nonabelian
instanton solution to leading order in A, are the ones considered in this section. Finding
the off-diagonal undotted zero modes, the ones for A\cvp (k x £) and Acpr (£ x k), is the
most important and least trivial part of our study. We find that there are r zero modes
for Acvp and r zero modes for A\op/, in agreement with the index theorem which requires
that the number of undotted minus the number of dotted zero modes be 2r.

The derivation of the results quoted in this section is technically involved and the
details are relegated to appendix A. Here, we simply give the explicit formulae for the zero
modes for Acvp, the k x £ ones.” We find that in the background (3.4), (3.5), only one
spinor component has r normalizable zero modes

T o epke o)
AeB1 = Y. plC Pkl L5 (x, 0),
p=0
)\0132 =0. (318)
Here, 1/, j = 0,...,r — 1, are r Grassmann parameters associated with the zero modes

(clearly, [C” + pk], takes r values). Notice that a given zero mode, proportional to 7/ with
some j € {0,...,r — 1}, nontrivially intertwines the gauge indices in (3.18).

Before giving the form of the functions ®® governing the z-dependence of the
zero modes (3.18), we introduce the notation qASE/ to denote the way various gauge field

"Noting that the ¢ x k zero modes (which come with their own Grassmann parameters) are obtained by
hermitean conjugation of ®® in (3.18), as per the remark after (3.12).
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holonomies appear in the equations governing the off diagonal zero modes. These combine
the U(1)-holonomy z, with the extra ones allowed when ged(k,r) > 1, as per the discussion
around (3.5):

A~V / z . A~ AT _

gbg = QSE - QWNL—Z, with gbg = QSLC T, (3.19)
The explicit solution for ¢¢" obeying the relations above (and from (3.5)) can be written
out in a somewhat unwieldy form (which, however, serves to show that there are ged(k,r)
independent holonomies for each 1)?

god(h)-1 gt
qzﬁ,(f — Z SOM Z §C litnrlk (3.20)
n=0

Here, we use the notation (3.6), taking the range of C’ to be 0...k — 1. The sum over
n for each j simply incorporates the fact that the index C’ takes values an “orbit” of
w d(k - Each of the ged(k,r) “orbits,” labelled by j, has the same holonomy gbj and
contains values of C’ jumping by r units, as required by commutativity of the holonomy
with Pg. Although (3.20) explicitly shows that, for each Hs there are ged(k, r) independent
holonomies gpj we prefer to further denote them as qb , remembering the relations they

size

obey. However, we make explicit use of (3.20) later on, see section 5.
The zero modes A¢vp 1 of (3.18) depend on (z, o, 7). Their z- and #-dependence is
through the (k 2k functions ®), given by (for derivation, see appendix A):

12Tr12 2C’7l—k 1212y ) 2B—1-F
2Wprd) = 3 > em MR e
’ n' €7
m= p+gcd(k g ,m'EL
7r(1 k)

(cr 14k(1- zm)) =) (Bil+2(22n/+1))
e

2

kL L CJT A0y L 20! —1—k

kLle[ BTl —idy )*Tl(km+f)]

2
{xa iL3L4(¢[C]r ¢g0/]r)_L3(Zn/_2B—21—£):|

ZL3L4

(3.21)

The explicit form of the functions ®® will be useful later, in our study of the properties of
the self-dual fractional instantons on the deformed torus. Egs. (3.18), (3.19), (3.21) give the
general normalizable solution of the massless undotted Weyl equation D,0,A = 0 for A\crp o
in the abelian constant-field strength background (3.4), (3.5) of topological charge Q@ = +

In summary of section 3, we found that there is a number of dotted and undotted zero

r

modes in the abelian background of topological charge . The total number is consistent

with the index theorem. The solutions for the non-constant fermion zero modes will be

used to construct the nonabelian self-dual solution of charge & on the deformed torus.

8The reason that 27N (and not 27¢) appears here is that qgc' encodes the action of the commutator on
the off diagonal components A\¢/g.
9We note that this is similar to eq. (3.17) for the undotted diagonal zero modes of the next section.

~13 -



4 Deforming the self-dual torus: small-A expansion for the bosonic back-
ground with Q = +

To remedy the zero modes problem we saw in the previous section, i.e., to lift the dotted
zero modes, we now depart from the self-dual torus and search for a self-dual instanton
solution with topological charge () = & on a deformed T4, following the strategy of [7, 8].
We write the general gauge field on the non-self-dual torus in the form

Au(x) = Ay + 8%(2) w+ 6,() - (4.1)

Here, w is the U(1) generator (2.6), flu is the abelian gauge field with constant field strength
defined previously in (3.4) and S;/(z) is the nonconstant field component along the U(1)
generator. The non-abelian part §,(x) is given by the N x N matrix, which, as earlier
in (3.1), (3.4), (3.8), is decomposed in a block form:!?

Op = [ ftgjxk W]/j:é] (E [ HS/.IjTB’C’H HWZ BTJH]) . (4.2)
Wit S, OV es |l IS, sell
The boundary conditions (2.1) with transition functions (3.1) imply that S, satisfy
periodic boundary conditions in all directions (because A, absorbs the inhomogenous part
of (2.1)):
Sz +eé,L,) =8, (). (4.3)

On the other hand, Sl’j, Sﬁ, Wﬁ *£ and Wy %k satisfy exactly the same gaugino-field bound-
ary conditions we discussed in the previous section, and we refrain from repeating (thus,
the boundary conditions are given by equations (3.10), (3.11), (3.12), respectively, for Sﬁ ,
Sﬁ, Wﬁ”, recalling (4.2) and Footnote 10).

The field strength of (4.1), Fy,, = 0, A, — 0, A, +i[Au, A, is given by

Fuy = By + Fiyw + Dyby = Dy + [ S5w, 8] + 1[5, Siw] + [0, 6]

k kxt
B T

=F+F5w+
© pv ‘Fl%Xk Fﬁy

, (4.4)

where lA)M = Oy + i[flu,] is the covariant derivative w.r.t. the gauge field Au- Us-
ing (4.1), (4.2), we obtain:
F3, = 9,82 — 8,8,
Fp, = 0uS) — 0,8) +i[S);, Sp] + W Wik — itk
Ff, = 0,85 — 0,85 +i[S),, ST + iWiPFWEE — iyt
Fixt = DWWt — DO 1 iSEWEE —iSEwit + Wit sl —iwp s,
+i2mN (SEWEE = Sewpt) | (4.5)

OHere Sﬁ and SL are traceless su(k)- and su(l)-algebra elements, respectively, while Wﬁxz is a complex
k x £ matrix with W*** its hermitean conjugate. In the second (bracketed) term in (4.2) we have indicated
the index notation used earlier in describing the zero modes of the adjoint fermions, recall (3.18). Here, we
find it convenient to use the block matrix notation S, 8%, W**¢ W1 ¢xk and will revert to using indices
B'C’, B'C, etc., when needed.
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where ﬁ“Wl]f *£ is understood as

D WEE = [0, +i2n N AZ| WEt, (4.6)
and we have written fl# = A‘ij, for fl# from (3.4).1! Similarly,

D Wk = [, — i2n N Az Witk (4.7)

Next, we impose self duality on the background (4.1) on the deformed T*. Imposing
self-duality is equivalent (see e.g. [10]) to imposing the constraint on the field strength

G Fy = 0. (4.8)

where!? G, = é(&uoy — 0,0,). Now, we recall ﬁ’,“, = Fijw, and use (3.2) to find FY¥ =
—vir, and Fy = —m. Recalling the properties of the self-dual T4, eq. (3.3), we
also define the parameter A, which parametrizes the deviation from the self-dual torus:

T€L3L4 — kLl LQ

A= 4.9
vV )
We assume, without loss of generality, A > 0. Thus, we find that
. 21A
FY o6, =———=03. 4.10
o = N v (.10

To continue, for every four-vector V,, we define the quaternions V = 0,V and y =
0, V. Then, using (4.5) and (4.10), we find that self-duality (4.8) implies that

1 iA _ " Ak Akxf
EO-MVFUV: <_W03+8S —8MS“)UJ+ [ATKXk AZ :07 (411)
where!?
AF = 08" — 8,8 —iS"S* +iS}S); + iWHWTOE — ik
Abxl _ f)kaz . f)uwﬁxe T iSkykxt _ iSﬁWﬁXZ + kLt iWﬁXZSﬁ
+i2mN (S2WRE - Sewpt) |
AL = 08" — 0,8;, —iS'S" +iS;, S, + iWTHIWIXE Tyt (4.12)

In order to remove gauge redundancies, we impose the background gauge condition with
respect to the field flﬂ:
D,A, =0 (4.13)

"For brevity, the nontrivial holonomies’ (allowed when ged(k, ) > 1) are not explicitly shown here. They
should, however, be included in the covariant derivatives in (4.6), (4.7) and our final solution (4.21) does
take these into account.

2Recall that the matrices o, &, were defined in Footnote 5.

3Here and below, the terms that have sums over p should be multiplied by unit quaternion ¢4, which
we have omitted for brevity. Thus, temporarily not denoting explicitly that these are k& x ¢ matrices, we
warn the reader to keep in mind the difference between the quaternions, W = W, o, W = 5,W,,, and the
four-vector W, and, furthermore, note that W' = UHWJ and W' = 5uW,I.
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which in components reads:
k l 2 kx{ ? Ixk
0uSy =0,0,8k =0,0,8, =0, DWW =0, DWI* =0. (4.14)

Using (4.14) in (4.11), we find the set of equations imposing the self-duality condition on
the background (4.1):

< i2m 0'3—{—27Tf85w>1k+85k iSFSF 4iSES) + W WTEE — gtk — o
NkVV
(Z2’7TA

NV
DWW iSEWEXE i SEWEAE LWk ES! — Wt SE +-i2m N (SWhE — Sewpt) =o0.
(4.15)

03— 27rk88‘”) I1+08" —i8'8 +iS} S/, +iWTFWrE ikt — g

We note that here D = 5uDuv precisely the Weyl operator for the undotted fermions,
whose zero modes were studied in section 3.4.

The idea of the method introduced in [7] is that a solution of the self-duality condi-
tions (4.15) can be obtained via series expansions in the deformation parameter A of (4.9).
The approximate solution of the self-duality equations thus obtained is then also an approx-
imation to the minimal action solution of the equations of motion, i.e. a fractional instanton
with @ = §. Comparing the A scaling of the various terms in (4.15), the A-expansion is
found to have the following form

WkXE — \/Zi Aaw(a)kX€7
a=0

S=A> Ars@, (4.16)
a=0
where S accounts for S¥, S¥, and S*.
We proceed to leading order!? in A by considering solutions of W**¢ to order vA
and S to order A, thus keeping only the terms S© and W© in (4.16). Then, to this
order, (4.15) gives

( i \FO'3+27T€85(0) )Ik+55<0>’“+¢W<0>WWT(0)M—z’W{P”“”ijO)M:o,

2 _ _
(ng:}a?,—%kas() )Ig+65<0>f+iW*<O>MW<0>M iWHOEEWORE — 0 (4.17)

and -
DWWkt — ¢ (4.18)

The strategy of solving the leading-order equations (4.17), (4.18) is as follows:

1The A expansion was tested to high orders, and found to converge (even to the infinite volume limit)
in the two dimensional abelian Higgs model in [12]. Convergence is not well understood for the general case
of SU(N) in four dimensions. For SU(2), the comparisons with the exact numerical solution (obtained by
minimizing the lattice Yang-Mills action) of [7] give evidence for the convergence of the expansion for small
A. Tt should be possible to analytically study the properties of higher orders in the expansion (4.16) of the
solutions of (4.15); however, this rather formidable task is left for the future.
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1. Solve (4.18) for the quaternions WOEXL - Thig equation has the form of two copies
of the undotted fermion zero-mode equation, whose general normalizable solutions
were already found in section 3.4.2, recall (3.18).

2. Next, plug the general solution of (4.18) into (4.17). The result is a set of first-order
differential equations for the quaternions S(®), with periodic boundary conditions
for SO« and with S©% SO oheying (3.10), (3.11), respectively. The resulting
equations for S(© have nonvanishing source terms, comprised of a constant piece (the
one proportional to o3 in (4.17)) and of terms quadratic in the just-found general
solution of (4.18), W(OkX¢ Consistency of these equations requires that the source
term be orthogonal to the zero modes of the differential operator acting on the various
components of S(©.

3. One then needs to determine the zero modes of 0, the operator acting on SU), obey-
ing the appropriate boundary conditions. This task was already accomplished in
section 3.4.1, since 9 is simply the undotted diagonal Weyl operator. We then re-
quire orthogonality of these zero modes to the source terms in (4.17). On one hand,
this will be shown to provide restrictions on the arbitrary coefficients appearing in
the general solution of (4.18), W(©#*¢ The coefficients left arbitrary determine the
moduli space of the multi-fractional instanton. On the other hand, imposing con-
sistency of (4.17) allows one to determine S ©) by expanding both sides in a chosen
basis of functions and equating the coefficients on both sides.

The procedure outlined above can be, in principle, iterated to higher orders. The way this
procedure works to higher orders was, in principle, studied in [12]. However, implementing
it to determine the higher-order solution becomes technically challenging. Here, we shall
only study the leading-order and determine the constraints of the arbitrary coefficients in
WO kXL which restrict the moduli space of the multi-fractional instantons.

To begin implementing the above steps, we start with (4.18), written explicitly as

- b Wio)kxz+iwéo)kxz Wéo)k><6+iwfo)k><f . o)
i _Wéo)kx£+iw§0)k><f Wio)kxﬁ_iw?()o)kxg , .

where Du =0, +1 [A,,] is the covariant derivative in the background (3.4). As already
stated, (4.19) represent two copies of the undotted gaugino zero mode equations in the
A = 0 background A%, one for each column of the W-quaternion given above. Further,
as for the gauginos, one can show that normalizability on T* requires normalizability in
the infinite x1,x3 plane of the simple harmonic oscillator wave functions, the solutions
of (4.19). Thus, we borrow the solutions for the gauginos from section 3.4.2, we find that
equations (4.19) have normalizable solutions if and only if

(0)kxt (0)kxt

(O0xE _ Okt (ORxE ) (4.20)

Wy
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noting that these are nothing but the conditions of vanishing of A¢vp o, recall (3.18). The

solutions for W4(O)kX€, )/VQ(O)kXz are then borrowed from (3.18):19
(0)kx £ G [C"+pk)]
(W2 )c/c vy e, d) = Wa e,
p=0
0)kx£ O C'+pk
(i )C/C — vt N e (2 d) = Wy e, (4.21)
p=0

(p)

where @C,C(x,d;) are given by (3.21) and the volume factor is included for future con-

venience. Thus, there are 2r arbitrary coefficients C£0'+p M and Cl[lc’+p Klr

, which are now
complex bosonic variables. In the following, we shall discuss the physical significance of Ca 4.

We now continue with the next step: imposing orthogonality to the various zero modes
of 9 = 0,0y, the solutions of the equation 9S8 = 0. Notice that J is precisely the Weyl
operator for the diagonal undotted fermions discussed in section 3.4.1 and that we shall
borrow our results from that section shortly. To continue, however, it is convenient to
rewrite (4.17) using the index notation, recalling eq. (4.2) and Footnote 10. This neces-
sitates using (4.20) and the definition of the quaternions, in order to express everything
through the general solutions of (4.18), denoted by Wy (o12) cv¢ of (4.21). This produces,
from the first equation of (4.17), an equation determining Scrp/ (which includes the com-
ponent S“w from (4.1)):

dScrpr (4.22)
N oo — 2 (WaWs — WaWi)orp 4 (WoeWi)eopr
4 (WoWi)orpr ~ v e + 2 (WaWs = WaWi)op |

where we introduced the shorthand notation, (WoWj)crpr = Wa crpWj gip, with a sum
over D implied, and similar for the other contractions. Likewise, the equation for Sop
obtained from the second of egs. (4.17) reads:

OScn (4.23)

— NK\FéCB + 2(W2 W2 - W4 W4) *4(WZW2)CB
—4(WsWa)en sz5CB 2(WsWy — WiWy)eB

using a similar shorthand (e.g. (W3Wa)cp = W3 5o Wa p/p with a sum over D').

Next, we recall that the operator 0 is the Weyl operator for the diagonal undotted
fermions, whose zero modes were determined in section 3.4.1. We also recall that S is a
quaternion, hence (similar to (4.18)), we can think of S as of two sets of Weyl fermions,
one for each column of the quaternion matrix. We can thus borrow the results for the
zero modes, recalling (3.16) and (3.17), and then impose their orthogonality of the r.h.s.
of (4.22), (4.23). As shown there, undotted fermions have 2gcd(k, ) constant zero modes.

15For further use, in (4.21), we also introduced the short-hand notation W5 ¢c and Wy ¢ ¢ for the general
solutions of (4.18).
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This implies that there are 4gcd(k,r) zero modes of S, which we label by an arbitrary
quaternionic coefficient €, j=0,...,gcd(k,r) — 1. The corresponding wave functions,
which we denote sp/¢r and spc, have only diagonal entries

ged(k,r)—1 ' gcd(kkﬂ‘) -1
sprcr = Oproy Z 6(]) Z 5B’,[j+m’];C )
j=0 n=0
6BC k—1
SBC = ——— SB'B’ VB:077£_1 (424)
¢ B'=0

The simplest condition is the orthogonality of spc (which is simply a constant quater-
nionic mode) to the source term in the equation for Scp. Multiplying the source term by
the spc zero mode, taking the trace, and integrating over T*, we find that orthogonality
implies that the integral of the trace of the r.h.s. over T* should vanish for every entry in
the quaternion source on the r.h.s. of (4.23). Explicitly, this gives the conditions

* * T
/H‘4(W2 B’CW2 B'C — W4 B/CW4 B’C) — N\/V7
/1r4 WipcWapc =0, (4.25)

with a sum over the full range of repeated indices implied.

However, the conditions imposed by orthogonality to the 4gcd(k,r) zero modes sp/p/
labelled by €\9) are more detailed than (4.25). Proceeding similar to the above, we find the
ged(k, r) conditions:

—1
-1 k—1 gcd(k
(i) T

St it / WaocrsWi g —WacsWiag) = ———VV

-1 k-1 gcd(kT)

Z Z Z (50/ []er,]k/ W4C/BWQC/B—O j —0 ..,ng(k 7“)—1 (4 26)
B=0C'=
That the above ged(k,r) conditions are more general than (4.25) follows by observing
that summing up the ged(k, r) conditions in each line of (4.26) (i.e., summing over j) we
obtain (4.25).
The importance of the conditions (4.26) is that they restrict the 2r complex coefficients
Cy and Cy4, and thus determine the moduli space of the multifractional instanton. Studying
this is the subject of the next section.

5 The moduli of the @ = £ bosonic solution: compact vs. noncompact

To study the constraints (4.25), (4.26) with Wy and Wy from (4.21), we now define, for
each j =0,...,gcd(k,r) — 1 and a,b € {2,4}:

ke et L Feaer ! ClO" +pHlr o* [C"+p/K]r "
b P
Ia Z Z 50/:[j+m"]k Z \/V /4 Z QC/B¢C/B . (51)
p.p'=0 ™ B—o
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In terms of I]C-”b, the constraints (4.25), (4.26) take the form:

B
ged(k, )N’
I;? =0, where j=0,...,gcd(k,r)—1.

22 44 _
oy e (5.2)

The expressions (5.1) are evaluated in appendix B. Substituting I j‘?b from (B.6) in,
we find the constraints (4.25), (4.26) expressed in terms of the undetermined complex
coefficients C4' and Cj' from the solution of the equations for W), (4.21):16

A % Aj A 4% Aj 2w TL1L3 _LiLok dy2  _LaLgl, iy2
clicrdi oo —2=(¢1) —=(¢3)
2, 676 €% T ed(k, )N\ kLol ¢ ¢’ ’

Aj ESj

Sclict=o. (5.3)
AjES]'

Here, S; are ged(k,r) sets of integers (€ {0,...,r —1}), defined in (B.4) and repeated here
for convenience:

Sj:{[[j—l—nr]k—}—pk]r,forn:O,... —l,and p=0,...,

ged(k,r) ged(k, ) - 1}.

Repeated entries in S; are identified so that each set has m elements. The union of
all sets S; is the set {0,...,7 —1}.

As we shall shortly see, the structure of the “moduli space” of C§4 defined by (5.3)
is quite rich. Let us, however, first count the number of moduli for general k and r > 1,
taking into account the constraints (5.3). First, there are 4 ged(k,r) Wilson lines cpf“ as
per (3.20). Then, there are 2r real components of C? and 2r real components of Cf. Thus
the total number of real moduli is 4r + 4gcd(k,r). These are subject to the constraints
of eq. (5.3): the ged(k,r) real constraints on the first line and 2gcd(k,r) real constraints
on the second line. Thus, it would appear that the number of moduli minus the number
of constraints is 4r + ged(k,r). We notice, however, that the gauge conditions (4.14)
are invariant under constant gauge transformations in the ged(k,r) Cartan directions,
the ones along the allowed holonomies (3.20) (i.e. ones that commute with the transition
functions).!” Thus, the total number of bosonic moduli for k # r > 1 is 4r, as required by
the index theorem for a selfdual solution.

We now consider the various cases in detail:

1. The case k = r. This case is singled out by the fact that there are k complex
coefficients C4' (and k C{!). In addition, the 7 sets S; are such that each contains a

16We also note that the origin of the (@{73)2—terms on the r.h.s. is in the imaginary b1, (ﬁg—terms appearing
in the last two lines in ®® from (3.21). One can show that they can be absorbed in the definition of the
coefficients C? (or 7).

17Tn the next section, we shall explicitly see that no gauge invariant characterizing the instanton depends
on these phases.
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single element, one of the r allowed values of A. Thus the r(= k) constraints become,
with ¢ a real number, determined by the r.h.s. of (5.3):

CitezA—citcr? = ¢ (no sum over A), (5.4)

et =0 — ' =0, ' =ee, VA{O,...,r —1}.

Thus, all “moduli” Cf}4 are fixed up to r undetermined phases a 4. These phases are
unphysical and correspond to the already mentioned ability to perform r (=ged(k, 7))
constant gauge transformations preserving the gauge conditions (4.14). Thus, the
only moduli left are the r phases 4,0{“ j=0,...,7, recall (3.20).

Thus the multifractional instanton obtained for k = r, with Q = £, has 4r compact
moduli, as expected from the index theorem. Further studies of the instantons for
k = r and the interpretation of these moduli will be discussed in the next section.

2. The case k # r,r > 1.'® This case is quite different. Here the r sets S; contain
more than a single number each. Thus, the second equation in (5.4) does not set any
modulus to zero (recall that it required that all C' vanish for k = r). Instead, as
we argue below, the constraints permit the moduli Cs 4 to grow without bound, thus
making the “moduli” space noncompact.

To illustrate the noncompactness for k # r > 1, we abandon generality and focus on
a simple example r = 2,k = 3, a case with ged(k,r) = 1 (we shall further use this
example in the following). Here, there is only a single set S, Sy = {0,1} and after
the following relabeling, with all ’s and y’s real,'’

CY — xy +iy, C)—aotiys, Co—as+iyz, Ci— xq+iya, (5.5)
we obtain for egs. (5.3):

Byt astys—as -y -yl =1,
122 + y1Yy2 + 374 +y3ys = 0,
ToY1 — T1Y2 + Y3Ta — T3Yq4 — 0. (56)

Conditions (5.6) eliminate 3 out of 8 real parameters, leaving 4 physical parameters
that parameterize the moduli space in addition to the single arbitrary unphysical
phase mentioned above (recall that here ged(k,r)=1).

The moduli space spanned by the hypersurface given by the constraints (5.6) is non-
compact. To see this, we set for simplicity o = y1 = y3 = x4 = 0. Then, the
constraints become

T1Yo = —T3ys, T5 — Y5+ 95% —y;=1. (5.7)

8We do not consider 7 = 1 here, as it was studied in detail before [8]. As is also easy to see from our
formulae, for » = 1, the moduli Cz 4 are also fixed.
19A trivial rescaling setting the r.h.s. of the first equation in (5.3) to unity is not explicitly shown.
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For every x3 = y4 € (—00,00) we find
2= 41, (5.8)

which has at least two real solutions of ;. We also find that 1 — oo as x3 = y4 — 0.
We conclude that the moduli space is non-compact. For a later convenience, we
parametrize the asymptotic region (u — o0) of this noncompact direction of the
moduli space as

CY~au, Ci~u, C)~Fiu, C;~iu. (5.9)

It is easy to see, even without following the derivation, that (5.9) obey (5.3) with
vanishing r.h.s., i.e. at u — oo

The presence of noncompact moduli for the k # r instantons is difficult to interpret in a T*
geometry. In the later sections, we shall see that on this noncompact moduli space, O(A)
gauge invariants characterizing the multifractional instanton grow without bounds — see
the end of section 6.1 for a brief discussion of the blowup and appendix D for details of its
derivation. This blow up clashes with the spirit of the A expansion. As we mentioned in
the Introduction, it would be nice to achieve a deeper understanding of this finding.

6 Local gauge invariants of the @ = £ solution and its “dissociation”

In this section, we give expressions for local gauge invariant densities characterizing the
multifractional instanton to order A. These expressions are evaluated in the appendices.
We use the results to, first, show that O(A) local gauge invariants grow without bound
along the noncompact moduli directions found for k& # r, and, second, to argue for the
fractionalization of the k£ = r multifractional instanton into r identical lumps located at
positions on T* determined by the r distinct holonomies/moduli.

6.1 Gauge-invariant local densities to order A and their blow up for k # r

The gauge-invariant local density of the lowest scaling dimension is
tr [Fpuyv Fluous] (6.1)

where

o Fk, F
Fu = (FW + ij> w+ [fjf; FEZ] : (6.2)
and we recall that the components of (6.2) were already defined in (4.5).2°

In appendix C, we compute the various field strength components appearing in (6.2)
to order A (shown in eq. (C.13)) as well as the action density and action. Then, following

20For brevity, we have omitted the k x £ and £ x k superscripts in writing (6.2).
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the same steps used in deriving the action density there, we obtain for eq. (6.1) to order A

1 [y Frups ]
= tr[w?] {ﬁ'w Ee 4+ AL

piviT p2ve Hivy

(6#255% _ a,,z,s(o)w) N (5“1 SOw _ g S(O)w)}

n2 V1 V1%

41T

M1Vl

oy, [0, S — 0, S| + 2mlAE,, try, [0, SV — 0, S|
~2mkAE, tr0 [0,,80 = 0,80 | — 2mkAFg,, tre [0, 8 — 0, S|

Hivi 2 Hav2
+i2r NAES, try (Wi, Wi, = W, W | + 2e NAES,, tr [Wa, WY, = W, W, |
Atk (Fuan F ) + At (Fly F ) - (6.3)

Using trgS,(Log) = trkS,SOk) = 0, we obtain

tr [meFuzug]

= tr[WQ] {FlflVl Fﬁzw + Aﬁﬁllﬁ <8ﬂ281(/(2))w - 8”28/(12)“)) + A}?1/721/2 (aﬂlsl(/(l])w - 8V1 SA(L?)N)}

+i2rNAES, try (Wi, Wi, = W, W |+ 2n NAES, tr [Wa, WY, = W, W, |
At (Fuan F ) + At (Fh, F ) - (6.4)

In appendix D, we compute (for definiteness) the gauge invariant density tr [F34F34] for
the k # r solution and show that it grows without bounds along the noncompact moduli
direction of (5.9). This local gauge invariant, from (6.4), is given by

tr [F34F34]
= trfw?] { B By + 2085 (087 — 0:8{7°) } + ian NAFg . [WaW] — W]
= trlw?] { P By + 2055 (087 — 0u8{”) } + 8aNAFg o, W] | (6.5)

and we used W3 = —iW;.

To show the blow up, we use the example » = 2, k = 3 studied in section 5. In
appendix D, we show that in the noncompact direction (5.9) the O(A) gauge invariant
blows up as © — oo. This runaway behaviour of local gauge invariant densities along
the noncompact moduli space runs counter the spirit of the A-expansion. Thus, in what
follows, we concentrate on the properties of the k£ = r solutions with compact moduli space.

6.2 Fractionalization of solutions with topological charges » > 1
6.2.1 Bosonic gauge invariant densities

In this section, we use the results for the local gauge invariants to argue that instantons
with topological charges r > 1 dissociate into r identical components. It is clear from the
discussion in the previous section that unless one takes k = r, one faces the undesired
runaway behavior of the gauge-invariant densities. Thus, we limit our discussion to the
case k = r, where we show that the gauge-invariant densities take the form of a sum over
r independent lumps centered around r distinct holonomies.

~ 93 -



To this end, consider (6.4) taking 1 = ug = 1, uo = pg = 2. Thus, one obtains

tr [FiaFio] = trfw?] { BBy + 2088 (01857 — 0,8(7) } + 8N AFftr, o] |

(6.6)
where, using (D.3), we find

(1887 = 98(") = = (rtk) ™ (83 + 33) i, WEOWI)] (6.7)

W o) = V08 (e,d), C'=1,2,... . k=r, C=12...0  (68)
It is more convenient to express <I)(C,)C(1:, @) in the form given in (A.54)
St (g vif 12) Sakadg’ (19405 12) _ige

cof
1 21 e—l¢3 z3

oY) (2, 8) =

(27‘rz2+L1¢1 )(m+2C —1— k) i(2zz4+ZL3(£‘§/)(7LI_QC§£1_Z
x 2, D e e

m/€Zn'€L

—z‘”(lk_k) (C’— 1+k(12_2m)) Z.Tr(1[e) (Cf 1+z<22n/+1)>

Xe (&

2
T L L2 c’! L 20/ —1—k
— " ry— (z) km G+ =

2
__m _tL3Ly 5c’ g, /_2C—1—¢
we 3la [’m 3 @1 —Ls(fn 2 )

(6.9)

The above egs. (6.7), (6.6) imply that the computation of the gauge-invariant density
tr [F12F12] requires finding the quantity

oy, WEOWE] = Z <Z 5" 2128 o (z, §)| ) . (6.10)

C'=1
To further study (6.10), we need to take into account the fact that the r coefficients Co
are determined by the top equation in (5.3), as described in (5.4). It is important that Co
do depend on the holonomies, which were absorbed into the coefficient ¢ in (5.4). Taking
this into account,?! we find, after some rearrangement, that the expression (6.10), which

determines tr [Fi2Fi2] to order A has the following form:??
tr, WEOW]] (6.11)
r A 27z ~o! , - L{L Ly’ ;_ 14r 2
~3 Y ez( 7,2+ L1df )m—L1L2 [:cl— e A I G )]
C'=1"m'eZ
2
TTY T g o4 / 4 2
<[> e (oS n =iy [ro— A9 s+ 41|
n'€Z
LiLy ~qv  Li;C' LiLo ~pv bL3Ly ~pv €L3L4
ZF<$1 ng r 7:1:2—’_?107‘1‘3 o fuw ¢3 .
C'=1

2'The ¢ 3-dependence of Cy cancels the (¢1)? and (¢3)? terms in the exponent on the first line of (6.9).
This ensures that gauge invariant quantities have periodic dependence on the holonomies.
22Up to an inessential L,,r ¢, N-dependent constant which can be easily determined.
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As indicated on the last line above, for every C' = 1,2,...,r, the summand is given by
the same function F(x1,x2,x3,x4), implicitly defined above, but centered at a different
point z,, on T*. The position of each lump is determined by the moduli gzﬁu , w=1,234
C' =1,...,r. The size of the lumps is, of course, set by the size of T?, the only scale of
the problem. Thus, the “lumps” we find are not well isolated, but strongly overlapping,
rather like a liquid than a dilute gas (see figure 1 for an illustration).

6.2.2 Fermionic zero modes and their localization

The conclusion of the above analysis is that the local gauge invariant density of the multi-
fractional instanton, tr [F19F}9], takes the form of a sum of 7 identical lumps, each centered
at r distinct holonomies. Thus, the solution of topological charge r/N can be thought of
as composed of r distinct lumps. Each lump is expected to contribute 1/N-th of the total
topological charge.

This expectation is strengthened by considering the fermion zero modes in the Q = &
self-dual solution. In appendix E, we show that there are 2r zero modes, labeled by a
2-spinor ﬁgl, with ¢’ = 1,...r. To order (’)(\/Z), the z-dependence of the zero modes

appears in the off-diagonal components:

Mop ~ 7S (83+Z¢3 ) (55 ) =g’ Q3C,D( z, 6%,
Nocip = 0. (6.12)

with the expression for géoé/ plz, qgcl) given in appendix C, see (C.9). Likewise, the zero
mode wave function in the other off-diagonal component is

A1 por = 0,
X per ~ 18 Gy S, 6. (6.13)

Even without consulting the explicit expression, it is clear that the C’-th zero mode only
depends on qgl(f/, which, therefore, governs its x,-dependence, similar to (6.11) above.

Explicitly, one can construct O(A) gauge invariants formed from the zero modes, to
find, as for the bosonic invariants, that they are governed by a “lumpy” structure, with
each of the r lumps supporting 2 zero modes located at a position governed by the moduli
ng/. Explicitly, we find that the order-A gauge invariants built from the fermion zero
modes contain terms like

> MerpAaper

C',D
LiLy 5c! pis L1L2 _ L L.t g, %2
) TiLy |T1 ég"’ —+L15—Lim ’

sz 772 Zeiﬁ e

Z<$3_£L3L4 36— Lytn— L31+f> 8 (g + A GG — [zg—“;,f4 Af/—Lg(fn—l—lTM)}

n

(6.14)

29

X

This expression shows the same “localization” properties (determined by the holonomies
(%Cl) of the fermion zeromodes that were made evident for the bosonic solution in (6.11).
It is also clear that the C'™ fermion zero mode vanishes at the position determined by the
C"th holonomy.
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A Derivation of the off-diagonal fermion zero modes

A.1 The zero modes at zero holonomy

Within this appendix, we present the derivation of one of the main results in the main
text, denoted as eq. (3.18). Our objective revolves around solving the off-diagonal fermion
zero modes of the Dirac equation D,o#\ = 0. This equation pertains to the 't Hooft
flux background, wherein the covariant derivative takes the form D, = 9, + i[A,, ]. To
streamline our approach, we commence by deactivating the holonomies. Subsequently, we
can reintroduce them once we have obtained a general solution.

Using (3.2) and writing A, = Afjw, we find the commutator

(A1)

y 0 Nle
[AH,A]:QWAu[ H CCH‘|7

—Nl[Acerll 0

In this appendix we take the range of C' and C’ to be C =1,2,...,fand C' =1,2,... k.
Substituting the above result into the Dirac equation, D, c#*\ = 0, we obtain for Acv¢ (and
similarly for Accr after replacing +i27 N — —i27N):

" [OuAerc +i2nN A o] =0. (A:2)
Writing Acr¢ in terms of its two spinor components Acv¢ 1 and Acr¢ o, the Dirac equation
reads:
(a 0y — 21T > Aerca + <a iy 4 T ) A 0
— 1 —_ / 1 i =
1 2~ %L C'C 2 3 4 (Lsls cci1 )
. 2rray . 2mxs 8
0 0 Aor -0 O+ —— | Ny =0. A3
<1+2 2+kL1L2> CC1+( 3+ 1 4+£L3L4) c'C 2 (A.3)

A normalizable solution to the above equations can be found provided that we set Ao 2 =
0; an assertion that will be revisited below in the light of the most general normalizable
solution on T* we shall construct.

We proceed further by defining the functions Uqv¢ via:

7r’rz2 7rz2

Ao = e Frtze ki Ugg, (A.4)
which reduces (A.3) to the two simple equations

(01 +102) Ucre =0, (03+104)Ucre =0. (A.5)
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By defnining the complex variables w1 = z1 + iz2 and wy = x3 + iz4, we can cast (A.5) in

the form
oUcic 0 Ucic

owy, 0 Owsy

=0, (A.6)
and, thus, we conclude that Ugr¢ is an analytic function of wy and wo:
Ucro = Ugro(wr, wa) - (A7)

We can also write the boundary conditions (3.12) as (the cyclic nature of the matrix
elements, i.e., Ucvc = Ugr4i;c4¢ Will be imposed below):

wrLy | 2mrwq

Ucro(wr + Ly, w2) = v, "e *22 7 Fo2 Ugr . o(wy, we),

Ucro(wi + iLg, wa) = e MUC/C(U}LHQ)

Ucro(wi,wa + L3) = Vg_le% En Ucr o1 (wr, wa) ,

Ucro(wy, we +iLg) = v, 'e” ZMU(J'c(wl,w) (A.8)

We notice that the transformation properties under imaginary shifts of wy by iLe and wo
by iL, are satisfied by writing Ucr¢ (w1, w2) as the phase factor

67%(20’-1 k)—ﬂﬂmc £-1)

(A.9)
times an analytic function Which is periodic w.r.t. these imaginary shifts, i.e., is a linear

+27rm

combination of functions e>" i where n,m € Z.?3 Thus, the expression for Ucvo

has the form

mwy (207 —1-k) _ mwy(2C—1-20) 27Tm +27m7
Uoro(wi,ws) =e klLg e tly Z dcr . comne La | (A.10)
m,neZ

Our next task is determining the coefficients dcr ¢ . Using the first and third BCs
n (A.8), we obtain the recurrence relations

_wr(l—k) 77rL1(2C/717k) 271"mL1+7rrL1
dC’,C,m,n =€ ke kLo L2 kLz dC”—r,C,m,nv (A~11)

and
jr-p T20tEninoL

dC”C+1,m,n =e ¢ e Ly dC’,C,m,n . (A.12)

These recurrence relations must be supplemented with boundary conditions that

need to be satisfied to guarantee the cyclic nature of the solution, i.e., Ucro(wi, wa) =

Ucryr c(wr,w2) = Ucr cye(wr,we). First, using Ucri(wi,w2) = Ugr14¢(w1,w2) along

with the third equation in (A.8), we obtain the following relationship between the elements
C=1and C =/in SU({):

wLy 2mwg

Ucr c=e(wy,we + L3) = 'y[lememUC/ o=1(wy,wq), (A.13)

23The periodicity in imaginary shifts requires the exponential dependence, while the rest follows by
2
holomorphy. The functions ¢>™™ T4 are normalizable on T?, and the ones with different n’s are orthogonal,

as enforced by the imaginary part of integrals over xs.
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which yields via (A.10):

71,77(2,1) w(1—2n)Lg
dcl,f,m,n =e e Ly d0/717m7n_1 . (A14)

We can generalize (A.12) and (A.14) to

_m-g Zm(=2C+End oLy

dC/7C’m’n =e e CLy dCl7C+1’m’n , fC+1</ (A15)
_m(1—g —m(=20+(Ent+1)0)Lg .
dCl,C,m,n —e 77 e LLy dC',CneW,m,’n—l , Cnew =C+1—/0¢ ifC+1>1¢.

We must also find the boundary condition for the recurrence relation (A.11). Using
Urc(wy,wa) = Up1k o (wy, wa) along with the first equation in (A.8), we obtain the following
relationship between the elements C' =1 and ¢’ =k — (r — 1) in SU(k):

wrLq 27r
Ucr— c(w1 + Ly, w2) = fy]:re Ly ekLy ! UC’:k—(r—l) C(wl, wg) s (A.lﬁ)

which yields via (A.10):

77;7rr(17k) m(r—1+k—2mk) Ly
dl,C,m,n =€ ke F L2 dkf(rfl),C,mfl,n . (A17)

Notice that we had to shift m by one unit since, according to the first equation in (A.8), a
shift in the L1 direction relates the element C’ = 1 to the element C’ = 1—r. However, since
1—7r <0, we needed to replace C' =1 —r by a new C| ., = k — (r — 1). This replacement
forces us to shift m — m — 1 to obey the boundary condition (A.8) in the L; direction.
This shift in m always happens whenever the matrix elements have C’ —r < 0. We may
generalize (A.17) for any C” whenever the first condition (A.11) yields der—c—r ¢ mn With
¢’ < 0. Demanding the cyclicity Ucr4x o(z) = Uer o(x), we replace (A.11) and (A.17)

with

_mr=k) 77rL1(20/717k)727rmL1+7r'rL1 ) ,
dorcommn =€ F € KLz L "R der_pomn, fCT—1 >0,
rr(1—k) _ mL1(2C'—1—k) 27mL; | mrl;
dC”,C’,m,n =e 'k e kLo L2 kL2 dCﬁeW,C,m—l,na
Crow=0C"—r+k, ifC'—r<o. (A.18)

Now we come to the solution of the difference equation (A.15). This is a first-order
difference equation, and thus, it yields a single solution. To this end, we substitute the

following form
e+

Ao mn = F(C',m)e T4 (A.19)
into the first equation in (A.15), to obtain
1 2 1)¢
S(n) = - *{ ;+ ) (A.20)
Thus,
,E(Cii[’4(1*¢>71+£(2n+1))2
dC’,C,mm = F(Cl,m)e e ks : (A.Ql)
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It is straightforward to check that the solution (A.21) obeys (A.15).
On the other hand, the recurrence relation (A.18) is a difference equation of order r,
and thus, it should yield r independent solutions. To solve it, we parameterize it as

2
_mly (C/-‘F’LM-FS/(TTL))
dor comn = € Friz 2k , (A.22)

and, inserting into the first equation in (A.18), we find
1+ k(1 —2m)
—

We can check that (A.22), (A.23) satisfy (A.18). Combining (A.21) and (A.22), we obtain
the final answer

S'(m) = (A.23)

7Ly C .(1—0) Ly  14£(2n+1) 2 wLq c’ .r(1—=k)Lo 14k(1—2m) 2
T \Y v ey 2 e_k7~L2 R 2

dC’,C,m,n =e (A.24)

. —lapn? _Thlpm,2 .
Notice that der cmn — € T4 "e 2" as n,m — oo, and thus, the series (A.10)

rapidly converges. Had we not set Acvc o2 = 0 in (A.3), we would have obtained a divergent
series in m, n, and thus, no normalizable zero modes could be found.

What is not immediately clear from (A.24) is that there are r independent solutions
of Ucrc; this should be expected since (A.18) is a difference equation of order r. The r
independent solutions of Ugcr¢ follow from two distinct cases.

1. If ged(r, k) = r, we can show that there are r independent coefficients

dC’:l,C’,m,n, dC’:Q,C’,m,rw s 7dC’:r,C,m,n ) (A25)

and the sums over m, n in (A.10) are over all integers. The r independent coefficients
yield r independent solutions.

2. If ged(r, k) = 1 and r > 1, then the set of integers m in (A.10) bifurcates into r
sets such that the sum over m € Z in (A.10) is divided into m; = n;r +n, n; € Z,
n=20,1,...,r—1. These form r independent orbits that correspond to r independent
solutions.

The general situation, 1 < ged(r, k) < r, is a combination of both cases.

To ease our discussion, we consider a few examples to understand the essence of each
case. First, consider case 1 above, and take as an example k = 6,7 = 2, where ged(6,2) = 2.
Using (A.18), we see that the coefficients d¢v ¢, are related via (here we ignore C' and n
since they do not play a role. Also the arrow indicates the relations between the coefficients
as we traverse the L; direction, without caring about the pre-coefficients):

dim — dsm—1 — dzm—1 —> dim—1 — dsm—2 —> ...,

d27m — d6,m—1 — d4,m_1 — d27m_1 — d6,m—2 — . (A.26)

Each line depicts a set of coefficients, and the coefficients of line 1 and line 2 are independent
in that a coefficient in line 1 cannot be reached via a coefficient in line 2 and vice versa.
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Notice also, for example, as we start from dj,, and traverse the L; direction 3 times, we
obtain the shifted dj,,—1 by one unit. Thus, we need to sum over all integers m in every
line. This gives the two independent solutions.

Next, consider case 2. For example, take k = 6,7 = 5, where ged(k,r) = 1. Apply-
ing (A.18) we find

dim = dogm—1 = d3m—2 — dym—3 = dsm—a — dem—5 — dim—5 — dom—6.... (A.27)

Thus, the fact that dy ,, shifts to di,,—5 and d2 -1 to d2m—6, etc. means that the set of
integers m bifurcates into 5 sets: m = 5m’+p, p=0,1,2,3,4 and m’ € Z. Thus, we obtain
5 independent orbits corresponding to 5 independent solutions.

Finally, consider the general case 1 < ged(r, k) < r, and take, for example, k = 6,r = 4,
where ged(6,4) = 2. Here, we find

dl,m — d37m_1 — d57m_2 — d17m_2 — e,

dQ’m — d4’m71 — dﬁ,mfz — d2,m72 — .. (A.28)

The two lines depict independent solutions. However, we also find that there are indepen-
dent orbits within each line. For example, dy ,, shifts to di ,,—2, etc. Thus, the integers are
divided into two sets, odd and even. We conclude that there are two orbits in each line,
and in total, we have 4 independent solutions, as expected. In this general case, we find
that a simple relation gives the r solutions:
r
r= ged(k,r X _ . A.29
\JFZ ged(k, ) ( )
number of vertical lines, case (1 N
’ (1) independent orbits, case (2)
It is best to cast the above findings in a more effective compact notation. To this end,
we define the functions:

Tr’I‘I2 Tr1:2

(p) R s ey oy 71
(I)C’C< z) = e Filze sl Z Z
n'€Z
m=p+ gcd(k ),m’EZ
7Ly (o ;(1=OLy 1reen/+1))° Ly (g 'r(l k)L2 _ 1+k(1-2m) 2
xe Ta\ Ty T2 e Frl2 3
ELC 207 —1—ky 27wy s 2C—1-¢
Xe Lo (m+ 2k )6 Ly (n 20 )7 (Ag())
— r - .
forp=0,1,..., gcd(kr) 1. Thus, there are d o) independent solutions correspond to
[ ; (p) .
) independent orbits. We can also rewrlte (I)C',C conveniently as

27Ty (n'— 207174)
20

~ 2nx lo
q)(é)/)c(x) _ Z Z {6 2(m+2 1 k)ez I,

m/ m/ n'€z
m= p+gcd(k ), €Z
k)2 _ _ 1-0)2L 1 ‘ 140020/ +1
x(gmﬁkz LQ_Z-ﬂ‘(lk k) (C,_1+k(12 Qm)) y 6vr( - )4 3 447l )( (2n ))
_ _ar (Zl_Ll(zmk+zc’—1—k))2 o ($3_L3((2n/+1)l—(20—1)))2
xe FE1Lz 2r e sli 2 ) (A.31)
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mr(1—k)2 Lo m(1—0)%Lg
Since the terms e #%I1  and e %L1  are independent of m,n,C, C’, we may drop them

and define the function q)(é),)g(:r) as:

@(p) 27T

hia= X (e

/ n'€Z
m= p+gcd(k g ,m'EL

!
r(1—k) 14k(1—2m) ;7(1—-6) (cf 1+6(2n +1))
—i— (C’— 5 ) % 61 7 2

xXe

- (w L1(2mk+2C’—1—k))2 - (m L3((2n’+1)e—(2c—1))>2
_ - _ ae
xe Ktz 2 e ‘hala ? . (A.32)

The functions @g,)c(x) solve the equation
ot [a o) +i2rNA“o) } =0 (A.33)
r=crc p=cC'c ’ :

and satisfy the boundary conditions

— 27'r'rz
.mr(l—k) 2 ( )

(I)(C’p’)c(x +é1ly) =e " w e *L2 (I)[C’—r}k C( ),
R 271'(20
q)(clvj/)c(x + eQLZ) - e @(CIVJ/) ( )

R w(1—0) .2mxy
O+ EsLy) = e T e T @R) L (a),
2r(20-1-0)
L) (w+ eala) = ¢ 7 BT (), (A.34)

which are the exact same boundary conditions (3.12). The entries with ¢’ = j,j +
ged(k,r), 5 + 2ged(k,r),...,5 + k — ged(k,7), for every j =1,2,...,gcd(k, ), are shuffled
to each other as we traverse the Ly direction. Thus, the rows with C' =1,2,... ged(k,r)
are independent. In total, there are ged(k,r) x

gcd?k 5= independent solutions. In

addition, ol ,)C satisfy the cyclic properties:

1
q)g’)+k 0(37) = @(é’% )(33)7

_ q>(p+m) (). (A.35)

(p)
¢ cc

C’C’( )
Notice the intertwining between the shift in p by 1 and C’ by k.

We can use (A.35), noticing the intertwining between the shift in p and C’, to write
the r independent zero modes of the Dirac equation as

Aere(w) = O (), (A.36)

ged(er) [C'+pk]»
n
0

p=0

where [z], = xmodr, and it is obvious that nl¢"+Pklr yields r independent coefficients.
This is the desired equation (3.18) without holonomies.
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A.2 Turning on holonomies

Next, we turn on the SU(k) space holonomies. In particular, the gauge field is now given
by
Ay == A2+ g w+ H 9 (A.37)

where ¢, = 2,/L, are the abelian holonomies, H“/, a =1,2,....,k — 1 are the k — 1
Cartan generators of the su(k) algebra, and qﬁZ/ are k — 1 holonomies in every direction
pw=1,23,4. Next, we need to compute the commutator:

H 85 Ilere) = (HY6L) 0 Aere = 8 Aerc (A.38)
Recalling (A.1), we find it convenient to define
¢¢ = ¢ — 21N, . (A.39)

Noticing that A, has to commute with the transition functions, then out of k holonomies,
there are at most ged(k,r) holonomies in every spacetime direction. Thus, we find that

el A .
gbf = gbg 7 or we can express this fact as

3¢ = gl (A.40)
Using the above information in the Dirac equation ¢#D,A = 0, we find (compare
with (A.3))
_ nod ]T 27T333 , _
(534-1(253 +104 — ¢y £L3L4> Aicre =0,
2rray
01 + ¢ +idy — G ))\ o =0. A4l
<1+Z¢ +1i0y — +k:L1L2 1c7,C ( )
and we have set A\cvc o =0, as in (A.3).
Next, we use the field redefinition
2 2
mrey (']
)\O/C 1=¢€ T kL1Ly e L3L4 e lCE#(z) UC/O (A42)
in (A.41) to find that Ucr¢ obeys the equations
(01 +1i02) Ui =0, (03+104)Ucre =0. (A.43)

These equations, as before, imply that Uqv¢ is an analytic function of w; = x1 + iz2 and
we = x3 + 124.
The BCS (3.12) can be rewritten in terms of the functions Ugrc:

Ucro(wy + Ly, wy) = GYLL; st Ucr—r c(w1,w2)

Ucro(wi + iLe,we) = e % (¢ -1k +iLadf UC/c(w1,w2),

Ucrc(wr,wz + L3) = eijr wrtilsdy” " Uer cy1 (wn, wa),
Ucro(wy, wy +iLy) = e 1706 DiLad " Upre(w,ws) . (A.44)

~32 -



Similar to (A.10), the transformation properties under imaginary shifts of w; by Ly and
wy by iLy4 are satisfied by writing Ucro (w1, w2) as the phase factor

s C]'r w2 T 31C"Ir
Ot 2 (01 suad) (A.45)

times an analytic function which is periodic w.r.t. these imaginary shifts. Thus, the ex-
pression for Ucv takes the form

~ SO BIOTIr L T (90— R)- T2 (20-1-0) 27m L 27 42
UC',C(’wl?w?) = ew1¢2 T2ty ( ) ( Z dC’ ,Com,n € =) + ﬂn 4

;
m,neZ

(A.46)

which differs from (A.10) by the prefactor w857 gl

As we proceed in the absence of holonomies, our next step involves determining the
coeflicients dcr ¢ n by utilizing the first and third boundary conditions in (A.44). These
conditions lead to the following recurrence relations:

_imr=k) T (90— 14(2m—1 510
dC’,C,m,n — e 7% e ( r—1+(2m—1)k) 2L1(¢ +l¢ )dC’—T,Cmn’ (A47)

and

_.m(=0 L3 oo (ap41)e 2C e AIC )
der G = €T € TEa (2C—(2n+1)0) eila(dy” " +igy ) der Lo - (A.48)

We observe that (A.47) and (A.48) become identical to (A.11) and (A.12) respectively,

when we replace:

v L ATV ATV
= G2 (A )
iLa (5[C, (O,
n—mn- 2 (657 +igg ™) (A.49)

in (A.11) and (A.12). Consequently, the solution to (A.47) and (A.48) is identical to (A.24)
after making the replacement (A.49):

2
L (1—0)Lyg  14+€(2n+1) | LL [’
71&1:2 [C 2L3 4 2 +i 2774 (¢ + ¢4 )}

dC’,C,m,n =€

2
O/ i TA=RLy _ 1k(—2m) kL2 (¢ [c ]T+'q§[c/]”>}
xe er2 |: 2Lq 2 2 , (A50)

and we used the fact that (;3[0 I _ ¢[C/_T]r

Then, all the analyses in the absence of holonomies repeat precisely, with @C,C( qg)
now given by the expression

~ /] ! e a2

- N 1’ [c Acy _ 3
C/C( Q) = e b w19y Irew2ty” " o TRLIL; o TE3la Z Z
n' ez
m= ergcd(k r)’ M/ €L
27w 20/ —1—ky 27w 20—1—¢
xe Lzl(er 2%k )e L42("I* 5 )
L (1-0)L 2(2n’ 4Ly [ 7[C! [c 2
Xefﬁ{cfl( 2L)3 -t <22 H)J”Tf(d’[s ]r+¢ ]T)}
/ 2
O/ 7=k Ly _ 1tk(—2m) kLQ (¢ +i¢3[0]r)}
xe erQ{ 2L, 2 1 2 : (A.51)
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where the tilde service as a reminder that these are not precisely the functions we define
in the bulk of the paper. The latter will be defined momentarily. Manipulating, we can

rewrite ég,)c(x, @) in the more convenient form (easier form for taking derivatives)

Wewd) = X R

m'eZ n'€Z

m=pt gty

ar(1-k)2Ly  .7(1—k Ltk(1—2m) kL A(C ]y
rUhP >(cu (-2m) 2(¢ +igl ]))

Xe
s n/ r I 4 r
» (14/L) Ly ;m(= e)( 1+Z(22 +) £L4 (¢C] H(}54[101 ))
o kL{Lo ,7[C"l+ .3[C"l+y L /- 2
Xe—m {xl_#(d)g ] _Z¢[1 ] )_71 (km-l-W)}
x Ly 3[CNr 210"l 2c—1-0\]>
L S
nr(1—k)2 Lo _;m(=k) ( kLz (¢ +i¢3[c,]’“)) (1-0)2Lg
The terms e L1 | e F ! ? , e WLy and

w(1—0) [ tLy C"]
tLa (Gl 134 - L
e 7 (l o ( ? )) do not explicitly depend on C,C’,m,n’, and thus, it is

convenient to drop them?* and define the function @g,)c(x, ) as:

27T

L) (2, 0) = Z det

m'ez n'€Z

2c’ 71 k 12 2C—1—¢
(m+ o =205t

=Pt ey

. w(1—0) 14+£(2n' +1)
jra= k)(c, 1+k(172m))€l 7 (C— 2" )

xXe 2

2
kLyLg ,2[C'] el L 20/ —1—k
Xe_ﬁ |:$1_#( 2 7‘_wsl T)_Tl km+f

™ eLyLy (A[C]r _5[C]r _2c-1-01]"
— e (e (9 —i. )—L3(fn'— === }
xe CL3Ly |: 2 4 3 ( 2 ) (A53)
We may also write @g),)c(x, gg) in the form
kL1L2 ([N (20C1r | 2[C ) LL3Ly A[C N (2 21C e, 21C" At it
) (zd) +¢ /2) 0. i} +¢: /2] _.a0e 20"y
C’C( ¢) : ! e ™ 7° 4 3 PSP T i
Z( (e ]r)(m+20 SIS (2224 +€L3égCI]T)(n’—Qng_Z)
T S o
'eZ
m= p-i-gcd(k = ,m/'eL™
3 B w(1—0) 1+z(2n’+1))
.m(l1—k 1+k(1—2m (o=
Xe_l (k )(C/_ (2 ))el 7 ( 3
2
__mr _kL1L2 _L1 2¢' —1-k
o [ S (2t )|
2
™ £L3Ly 3[C']r /_2C-1-2 }
ot g 3L glCr g (g 201t
xe £L3L4|: 37 T2x P4 3( 2 ) (A.54)
Finally, the fermion zero modes are given by (compare with (A.36))
Cd?k )71 ’
g " 77[0 +pk]r (p) N
Aoole) = e d). (A.55)
p=0

240One can show that they can be absorbed into the coefficients n[clﬂ’k]”' of the general solution of the
Dirac equation, see (A.36) or (A.55) below.
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B A useful identity

Here, we evaluate the expression [ ]C-”b defined in (5.1), j =0, ..., gcd(k,r) — 1, repeated here

, el Feten L m‘lc[c +pk], C [C"+p' K],
Ia Z Z 5clz[j+nr}k Z /]1‘4 Z q)C/B C/B . (Bl)
p,p'=0

For convenience, we also repeat the expression for ®®) (3.21):

127r952 gc’_1_k i27rx4( /_QB—l—Z)

C’B(x ¢) Z Z e L2 2k e La 20

n'€Z
m= p+gcd(k ),m 'eZ

B om . w(1—0) 14+£(2n'+1)
TR (or_ Lek(2 ))ez 7 (B— 5 )

xXe

kL Lo ,7[C’ . A[c! L 2’ —1—k 2
% e kL1L2 {rl_ 271w2(¢[2 ]T—’d’g ]T)_Tl(km“‘ 2 )]

___m _LL3Ly A[C']r _A[C]py ) 2B—1-¢ 2
A

To calculate I qu , we now make a few observations, which help evaluate (B.1):

1. The integral over x4 can be taken, yielding a factor of L4 and the condition 6,/ s,
where n/ is the index of summation from ®®) and 7’ coming from ') *

2. The sum over B = 0,...,¢ — 1 allows to extend the range of the x3 integral from

—00, 400, implying that the @—dependence disappears.?®

3. The integral over xo can also be taken, yielding an overall factor of Lo and the
constraint 0y, 7, where m is from ®®) and m is from ®P) *. Note, in view of the def-
inition of m (1) in (B.2), m = m implies, recalling the range of p, p/, that p = p’ and
m/ = m/. Thus, in the end of this step, we are left with an expression that contains
only sums over C’, n, p, and m’, and only an integral over the x; direction of T4.

4. We also note that, for each j, only values of C’ equal to [j + nr]x enter the sum (B.1)
defining I;b, with n taking values in the range given. Now is time to recall the
relation (3.20) defining the independent holonomies. It shows that all these have
the same qgf;" and thus [ j‘?b only depends on the ged(k,r) independent cpﬂ — as we
explicitly indicate in (B.3) below.

25 However, some factor of (133 remains which we will have to keep track of when evaluating the Gaussian
integral over xs.
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Explicitly performing the steps outlined in the above list, we obtain an intermediate result
for (B.1),

2L3
I
*\ [[7+nr]p+Dpk]r
x> > (Capltrret
n=0 p=0
szl kp+[j+nr]k+1+k_ k1 kLo @j)z
X Z /dl‘e kLo T 2r gcd(k:,r) 27rLqy T2 ’ (Bg)
m'eZ |

which only contains a single integral over x1, rescaled by L; and denoted by z. For brevity,
we also denote (C,C; ) = CA C 4.

The next step is to rearrange the sum (B.3) for I ]‘-lb by grouping together terms where
the “moduli” product (C,C;)” has the same index. Recall that apriori A can take values
in the range A € 0,...,r — 1. However, it is important to realize not all allowed values of
A appear in the sum defining 1 J‘?b for a given j. One numerically finds that for any given j,
the index A = [[j + nr|; + pk], takes only m of its possible r values as n and p scan
their possible values in the sum in (B.3).

To proceed further, we denote by S; each of the ged(k,r) sets of values that A

gcd( r)
can take for a given j:
S'_{[[HLTLT] + pk],,forn =0 L—l and p=0 7“1}
ST TR TP R TR e () T ged k) TS
r
Sil = SedE ) B.4
511 = el (B.4)

where we stress that repeated values of [[j + nr], + pk|, are identified in S; and that the
set has r/gcd(k,r) elements. The sets S; are straightforward to generate numerically in
each case (we have used numerics extensively to obtain our final answer (B.6) below). A
few examples might be useful:

E=5,r=4(ged(k,r)=1): Sy={0,1,2,3},

k=6,r=4 (gced(k,r) =2): Sop={0,2}, 51 ={1,3},

k=4, =4 (ged(k,r) =4) : So=1{0}, S1 = {1}, S = {2}, S3={3},  (B.5)
k=157 =9 (ged(k,7) = 3): So=1{0,3,6}, S1 = {1,4,7}, S5 = {2,5,8),

while, e.g., for k =9, r =9 (ged(k,r) = 9), all 9 sets S; have a single element, similar to
the k = r = 4 case above. This illustrates a general feature of the k = r case, which will
be important in our studies of the moduli space.

The next step is the most important to obtain our final answer. For each different value

1
of A € S; that appears in I]@b, one also finds that (C,C;)* is multiplied by an integral [ dz.
0

The integral is, however, summed over m times, each time with a different constant
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term appearing in the exponent in the integrand, due to the (kp + [j + nr|)/r term.
Remarkably, in each case one finds that, together with the sum over m’, these constant
terms take precisely the values needed to extend the range of the integration over x to the
entire real line.?® Performing the Gaussian integral over z, the final answer for I ;-lb is then
remarkably simple

(kLo : '
sz o A SREED ST () (B-6)
1L3 Aj€S;

b _
I’ =
The complexity is, of course, hidden away in the definition of the S; sets from (B.4).

C Field strength and action of the multifractional instanton
Here, we compute the field strength F},,, which we shall use to compute the action density

and to verify that the action of the self-dual solution satisfies the relation S = %. The
)

non-zero components of F, (l, are
Fer o = —iDiWicr o +iDsWacro, FYor o = DiWier o +iDiWecre,  (C1)
where W2((2"’,C and ng,c are from (4.21). The covariant derivatives f)u are given by
D, =0, +i2rNA, + il (C.2)

or in terms of the components, with QASLCI}T from (3.20),

2
=0 —i—zqﬁc]r, =0y — Zkzrz; + QS[C]T

~ 2 NV
=95 +iplc D4:84—i€£;?’4+z’¢f]r. (C.3)

One can check that the following identities hold

iD10Y) o = Doo) . iDso¥) = Dyl .. (C.4)
Then, one finds
o —
_U:S)o/,c = ffg)c',ozivfl/él > { —cy g 1.cr,0(T $)+cl +pkrg§%ac(%$)} ,
p=0
]:1(3)0/,0 = ‘FZEZ)C’,C =0, (C.5)

26 Admittedly, we have only numerical checks of this claim rather than an analytic proof. However, the
checks are fairly easy to automate and the result is the same in each of the many cases we have studied.
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where the functions g%, oz, ) and gé%,}c(x, ) are defined as

1c/ (51” 45) = qu)c/ (m, Qb)

2may (n'— 20 1 13)

2rr 2 +20 —1 k
T kLiLy Z Z e " e T (C.6)
m p+gcd(k m/ezm '€Z
Xeiiﬂlkfk) (CL 1+k<1272m))ei”(1[£) (C— 1“(22” +1))
kL Lol L 20" —1—k
“ (xl ELiLagy ™ In <km+>
2mr T 2
’ “io! , 2
Xefﬁ[wr%wé““wﬁc )= (e 251 )]
N 2
Xe_“gu [xS_eLngl (¢ Z-4)[30 ]r)_L3 (én’—QC_Ql_Z)] (C 7)
and
g(p) ) = Dadp® 7
3,0/,0(1'@) =43 cgc(%qﬁ)
2T z27rz2( +QC —1— k) i2ﬂ'z4( ’ 2C 1 Z)
- " (L3L4 Z Z e b2 CRZ (C.8)
_p+gcd(k >7m/€Zn '€
Xe_z.wuk—k) (C’_ 1+k(1—2m))€1;”<1[4) (cf 1+4<22n'+1))
(L3 L4lCNr 20 —1—1
x <a:3 L 24¢ Ly <€n’— == )
T
’ 2
R [ SR i (b 25t ) |
2
N . . I:z3_£L3L4 (¢ C Iry_ Lg((n’—wgl*e)} ©9)
Owing to the self-duality of the solution, we also have:
(0) _ (0 (0) _ (0)
Foscore = Fideres Faore=—Fisenc- (C.10)

In the following, we calculate the action density tr [F),, F},,| of the twisted solution.
Using (4.5), the square of the field strength is

FuF = o (F;V + ij)Q T dr (ﬁgy + F;V)

(Fk,  Fhxt ]
Ixk ¢
Flok —kFt,

Fk: Fk ]:kxf]:fok Fk ]:lcxé ]:k‘xﬁFf
+ ]_—szka +F@ ]:Mxk Ff ol +‘7:-T£><k]:k><£‘| (C.11)

uvs py

Then, the action density is given by the trace
[P Ful =[] (B2, + F3,)°
Are (FW +F; )trk [Fk } — drk (Fw +F} )trg [Ff }

g [, Ef, + FRXCFIE] + o [Fl FL, + FIOFFES] L (Ca2)
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To leading order in A we have:

s w(0 w(0
Fy, = A (0,50 - 9,850
F,]fy — A (aMSLc(O) . aysﬁ(o) + iWﬁO)kXKWi(O)EXk . Z.WISO)kMWIE(O)exk) :
F/fl, — A (8MS£(0) . aVSﬁ(o) + Z-WZL(O)@kalgo)kxz . in(O)ZXkW£O)kXZ) :

}-lifyxe _ \/K]_—lsg)k:xﬂ _ \/Z<ﬁuW£0)kxe . ﬁywlso)kxe) . (C.13)

Substituting (C.13) into (C.12), we find to O(A):

tr (B o) = tr [0%] (B, B, + 28(0,520) — 0,50 )
+47r€AF/j’Vtrk {0“55(0) _ 31/35(0)} _ 47FkAF;Jl,tI‘g [8MS,€(O) _ &,Sﬁ(o)}
HidTCAEY try [W}LO)’MWg(O)@X'f _ Wﬁﬂ)kxfwlm)em]
—’i47rkAFl:uytI'g [WZ(O)MWy)kxf _ WJ(O)EkaIgO)ng]

+Atrg | FORCFIOOE] 4 A [ FHOOHEFORE] (C.14)
Th . . Ok e .
en, using the trace properties tri[S, | = try[Sy | = 0, along with

i v

try, [Wﬁo)kxewl(o)exk o ngo)kxewl(o)exk] E— [WZL(O)EXleEO)kXZ o Wl(O)ZXkW,SO)qu :

try [f(O)ka‘/—_‘IE(O)@Xk} — tr[ [fll(/(])kaf/sg))kxf} 7 (015)

we find to O(A)
tr [Fu B = tr [w?] (B By, + 280,85 — 0,85 ") B, )
+i47TNAF,7,,trk {ngo)kxfwi(o)éxk . W}SO)kaWlE(O)ZXk}

In the following, we perform the calculation of the action setting Cé[lcl]r = 0. Thus,

recalling (5.4), we are particularly interested in the cases r = 1 and r = k, k > 1. However,
the conclusion should hold in the general case. Keeping only the non-zero entries and using

—i]:l(g)ﬁ = ]:l(g)ﬁ along with the self-duality property, we arrive at

e [FOCEO0¥] = 2tr, [FOFDH] 4 e, [FO A0

+2try, [fég)kxzfgéo)exk] iy [fég)kxéfgio)éxk}
= 8try, {fl(g)kxé}-ltémzxk} . ©17

Likewise:

F;jl,trk ngo)kxzwi(O)éxk _ WISO)kXZWl(O)ZXk} = —4iF%tr, {Wéo)kxfwg(ﬂ)m} . (C.18)
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Thus, the action density is given by the expression

tr [Fu Fyu] = tr [w?] (B, B, + 200,85 — 0,82)F)
+167 N AFtry [ OWSO]
+16Atry []:(O)ka]:T(O)EXk} (©.19)
The action is
= 922/1r4 tr [FhuFlul (C.20)
(0w (O

and upon integrating, the term 9,5, drops out because S, satisfies periodic boundary

conditions. Thus, we finally have to O(A):

B A o (0)k x £+ 1 (0)Ex K A (0)kx £ F(0)fxk
S_SO+2fA*416WNF12trk [W W2 ]+2'g2/1r416trk |:f13 ]:13 :| y

where

0= o Lo [] (Fn) = 5z [ o ) 2 (P + it}

2
— (47T2Nk€)92;72 <Z2Z’Z‘ ;Zﬁi) (C.21)
Using the definition of A (4.9) we readily find
Sp = S’ +0(A?). (C.22)
Ng2
Then, using Ffé = —m, we have

B A 8mr (0)kx 0 T(oexk (O)kxf T(O)Zxk
s=50+ 5 (g, fm P s o l). 2

Finally, the remaining integrals are given by (we set all holonomies to 0, as the final answer
will not depend on them):

¢k
/T4 b1 [WZ(O)kaWg(O)éxk] — /I1losla Z Z

Cc=10'=1
1 _2mrLy 2mk+2(j+nr)—1—k\2
<X / i (- metipna)
0
— rm ’
m—p+gcd<k >,m E€Z

2m Ly (5:3_ (2n’ +1)0—(20-1) ) 2

1
x> / dize ‘4 2 , (C.24)
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and

/ - []_-l(g)kxf}—lé )Zxk}
T4

472 L1L2L3

=5 Z Z e hp
C=1C"=1
1 727rT‘L1 ~ 72mk+2(j+nr)flfk 2
X Z / dive” #ra (7 2 ) (C.25)
0
m= p+gcd(k ™ EL
2
/ o . _ 2rmLg (2n'+1)e—(2C—1)
XZ/ d$3<$3_ (2n' + 1)t — (2C 1>>> [ (e e )
n'€Z 2

Now, collecting terms of O(A) and using /L3 Ly = kL1 Lo, thus ignoring corrections O(A?),
we find:

S = So+87r\/; . Z Z ci 2

Cc=1C"=1
1 27rLy 2mk+2(j+nr)—1—k\2
X Z / diie FL2 (71~ 2r ) (C.26)
0
m= p+gcd(k ),m e
/ 2
: drLy (o ((2W'+1)0—(20—1)\?| 3k (r- s oon)
X dZz< —1+ — 4 .
;/0 ,Ig{ € L <$3 9 > e

One can check (using Mathematica) that:?

¢ 1 _ _ 2 omLy ([~ (2n41)l—(20—1)\ 2
ZZ/ d;zg{—1 Am Ly (ws_((2n+1)£ (2C 1))) }eﬂf(mu) o,
oo 0 Ly 2

(C.27)

and thus, we conclude that, as expected

r 8m2

S =S5y+ O(A2) N 92

+ O(A?), (C.28)

i.e. the action of the multifractional instanton is, to the order in A we are working on,
equal to £ times the BPST instanton action.

D Blow up of the gauge invariant local densities along the noncompact
moduli of the k # r solution

To determine the gauge invariant density (6.5), we need to solve for S,EO) “. To this end, we

use (4.17) (or the equivalent forms (4.22), (4.23)). Acting on these equations with 9 = "9,
and using the identity o”c# + o#7" = 24,,,, we find the expression

OsOw = _ % ;v D.1
S ﬂ'ﬁka 0.y, (D-1)

2TOne can show that (C.27) is true by converting the combined infinite sum and the integral over the

unit interval to an infinite integral.
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where (once more, for brevity, we omit the k& x ¢ and ¢ x k superscripts)

e, WEOW — wOW] ] —2try, [WROW]

D.2
—2try, [WZEO)W;(O)} —try [W( )WT(O) WLEO)WLI(O)} ( )

Equating the components of (D.1), we arrive at the following set of equations:

intkD (S +is§™)
= (04 + i03) trk WOW — WOWIOT 2 (i0y + 6y i WOWL)]
imlkd ( SO _ s )
— (04— zas> tri VOWEO — WIWIO] — 2 10y — ) b WOWO]
intkD (i8{0 + 87
= —2 (04 +103) trg [Wéo)Wl(O)} — (0 + Do) try, [Wéo)WQT(O) - Wﬁo)wl(o)} :
intkD) (i8{ — S
= =20y — i0s) tr, [ WPOWE? | 4 01 = o) b VW - WP WP L (D.3)

Thus, we find

) m i
= Oztry, [Wéo)wg(o)_wi )WT(O)} — (81 — s try {Wi )WT(O)} (91 +i0s)try [W§ )WT(O)} 7

Y m (D.4)
= dstr, WOWEO = WP WO | = (601 + 0n) e [WPWE | 4 (301 — o) WEOWL]

and

(0588 = 048 = (mek) ™ { (08 + 07) tm "W — WP W]
+ (=105 — Bpd + i0x05 — 10104) try, | WO W]
+ (0103 — 0p0s — 10005 + i0103) tr, WOWI O] L . (D.5)

We are interested in the case r > 1 and ged(k,r) = 1. Let us consider the example r =
2,k = 3. Then, using the parameterization of (5.9), taking the upper sign for definiteness,

CY=wu, Ci=u, C]=—iu, C}=iu. (D.6)
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we find?®

M=

e, WEOWO] =

IS

ot o] o

I
S

[~ 1~
M- |

D¢ o* + [P o] + P ¢ @8 ¢ + B Pl o, (D7)

Q
~ 1
Q
Il
I

M=

o WOWO] = (0% ¢ — 0] [08 0 - 08 o]

Q
Sl

I
Ql\D
M=

H
Q
I
L

D% o + L | — P P 0 — P Pl o, (D.8)

Q
It
Q
I

A

and

o, PO = i Zéj [(—20c+2lc) (01% +01)

(e nke) (o)

+ (0% + 0ho) (3% + 25 )] (D.9)
oo, WO = —ias? ZE: (200 +@lc) (1% + @1l)
Cc=1
+ (@ + i) (25— 03)
+ (9§ + @b ) (—03% + @3] - (D.10)

It is not hard, using (A.34), to check that the combinations

02 (@), [0 c (@), (-8 ¢ + 0l c) (@) (@1 + @1 ) (@), (D.11)
(98,0 — Dhc) (@) (B3 + B3l (2), (B¢ + @i o) (2) (@3 + B ) (@)

satisfy periodic boundary conditions.?? Then, we use the Fourier transform of these com-

28The sums over C’ and C should be really thought of as being over 0,...,k — 1 and 0,...,¢ — 1,
respectively, to be consistent with the main body of the paper. We apologize to the reader for this slight
mismatch.

2However, the component that carries the subscript C’,C is sent to one with subscript C' — r,C + 1.
Nevertheless, the combinations that give the gauge invariant density are periodic. Also, from the linearity
of the Fourier analysis of the Fourier-transformed components below, the superposition of the various terms
makes sense. The difficulty in the analysis below is that numerical convergence is hard to achieve.
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binations, namely,

0 9 2mpuT)
|Per o(z)]” = e v Xcclp),
PuEL
1 9 ZZTrpy,wu
6 ()P =) e T Xyenolp),
Pu
N Z27rpp,zu
DL o(2)P o(x) =D e T Xooro(p),
Pu
2TpuTy
(~0%c+0lc) (@) (@1% + @) (@) = D¢ B Xao(p),
Pu

Pu
0 1 %0 «1 §22uly
(-@370 + @370) (x) ((1)3,0 + (1)370) (x) = Z e H X57C(p) . (D12)
Pu
to find
.27rpuac”
tre W] = w2 eI 1) (D.13)
Pu
9 2TpuTy .
=2 3 i (e o) + e o) — Yo o) — Yo o)) -
pu,C,C’

The function H(p), the Fourier transform of try [WiO)WZ(O)] modulo 4?2, will play an im-
portant role below. In addition, we find

(k)" {(6§+8§) - [WQ(O)WQT(O) _ LEO)WI(O)H

22 EREIE e
u L i .
g Trgk Z B) 3 P 4 5 <X2,C’7C(p) + X27C/7c(p)) s (D.14)

and

(wek0) {(—8183 — 0004 + 10205 — 10101) try, [WﬁO)WQ(O’]
+ (=103 — D204 — 10203 + 10104) try, [WQ((J)WJ(O)} }

9 Z‘27TPH1'I—L
_ut e _;Pps _ Papa Paps | Pipa
S omlk i p PP LiLs "LyLy LyLs  LiL
puvcflf—i_f%—{_f%_'_f% 143 244 243 144

X (Xs,c(p) + Xyo(p) + Xsic(p))

. P1P3 . P2P4 p2p3 P1P4
* <Z LiL3 * * >

“IoLi  LoLs ' Lils

% (X0 (D) + Xio(p) + Xg:c<p>>} ENRE)
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Finally, one can also define the Fourier components of tr[F3yF34](x):

27rpuzp,
tr[Fyy Fygl(z) = > e Tn . (D.16)
Pu€Z

Using (6.5), we find, apart from an additive constant:

p2 | p?

3 _l’_ 72
20 e Nw(p) + o { }
u?EgA TR cer L2 + 3% + +

2 1 ‘ P1p3 . D2P4  D2P3 . P1P4 )
+— —1 -1 — +
wlk zc: I { ( LiLs  'LoLy LoLs ' LiLy

X (Xz,c(p) + X0 (p) + Xs,0(p))
n (z PP3 . Papa_ P2P3 p1p4)

= (XQ;C’,C(p) + X;;C’,C(p))

LiLs | 'LoLs  ILols  Lils

< (X0(0) + Xicp) + Xc)) | - (D7

We need to check whether the expression on the R.H.S. vanishes for all values of p,. The
easiest check to perform is to choose p, = (0,p2,0,0). With this choice, all terms vanish
except ‘H(p), the Fourier transform of try, {WﬁO)WI(O)] modulo u?. One can check numeri-
cally that #(p) is non-vanishing, indicating that the gauge-invariant density tr[Fs4F34](x)

increases indefinitely as u — oo.

E Fermion zero modes on the deformed-T%, for k = r

In this appendix, we solve for the fermion zero modes in the background (4.1), which we
rewrite in the familiar k/¢ block matrix form, using the notation of (3.5):

o (et A=)+ 00 ) dor+ ESucm ] W,
e
leWies |l || —2mk (A — 74)ocp +€* Sucsl
(E.1)
Here we consider exclusively the k = r case, where:
1. A} is the constant flux background AY = AY =0, A3 = — 717, A7 = —ﬁiu.

2. df/ are the » — 1 allowed holonomies in SU(k = ) (thus obeying > . d)Ml =0)
from (3.5) and z, are the holonomies in the U(1)-direction w, eq. (2.6).

We also recall that these are, after computing the commutator in the Weyl equation,
combined into the 7 independent g?)ff’ of egs. (3.19), (3.20) with no constraint on the
trace.

3. W, is leading order k = r solution. Thus, W3 = W, = 0 and W; = —iWV,, and with
Ws given by (4.21), with the r coefficients C3' fixed by solving eq. (5.4).
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4. The components of S, are obtained by solving (4.22), (4.23) (recall that they obey
the tracelessness condition > S, cvcr +>.¢ Succ = 0).

5. Finally, to remind us of the powers of VA appearing in the leading order solution for
W, and S, we introduced a parameter € (= 1).

Our goal is to solve the Weyl equation 9,,0#A\+ic#[A,,, A\]| = 0 in the k = r background (E.1),
using a series expansion in €, to leading order. We take A also in the block-diagonal
form (3.8), obeying (3.9):

\ = [H)‘C’B’H [[AcBl|

],C’,B’E{O,...k—l}, C,Be{0,...0—1}. (E.2)
IAes | [IAesll

Newt, write the Weyl equation, using the quaternionic notation of section 4: 9 = 0u0y
and A = 5,4, (and similar for all other vectors in (E.1), with 5, defined in Footnote 5) and
obtain the following equations for the components of A of (E.2), with a sum over repeated
indices B, B’ implied:

e = —ieay Wy orpAep — AersOV), Bpr) — i€26,(Sp v Apnr — A Su o),
Ocp = —iea, (W) epApp — Aep Wy 5p) — 1€26,(Syu cBABD — A\eBS) BD),
Drcrp = —i(27NA® + 3 V\erp — i€cau Wy crpABD — AW 51D)

—i€26,(Sy o' A\B'D — Ac'BSu BD)
e = i(2nNA® + 6% epr — iea (W), e dpp — AesOWV), 5pr)

—i625#(8u CB)\BD’ — ACB’SM B’D’) . (E3)

We now observe that we can consistently solve (E.3) in a series expansion in €, assigning
the following (leading-order only shown) e-scaling of the various components of \:

Aorpr = horpr + O(€),
Aep = €Aep + O(e?),
Aerp = € Aorp + O(€%),
Aepr = € dapr + O(€8). (E.4)

Substituting into (E.3) and keeping only the leading terms in € in each equation, we find
the following equations for the leading order (in v/A) fermion zero modes in the back-
ground (E.1):

Mcrpr = 0,
Oep = 0,
(0 +i2rNA“ + $WAerp = —iW, o8 508D — GudersWa D),
(0= i(27N A + 37 DA = =W pe 8w — 6 Wi pig). (E5)
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Now, we recall that the first two equations were already solved in section 3.4.1. From
eq. (3.17), taken with k& = r, we have the diagonal zero mode solutions

!

Ao prer = Oprcr 65
1 /
Aa BC = —0BC 7 >o5, (E.6)
C/

where we momentarily restored the spinor index «. We first define the spinor
C/ C/ 1 k_l B/
=60 + - 0~ E.7
U 7 BE’:O (E.7)

and then plug (E.6) into the last two equations in (E.5) to obtain:

!

(0 +i2rNAY + 67 ) Acrp = W, op 7 1,

/

(0 —i(2rNAY + ¢V Aep = —iW} pre G n” (E.8)

We now recall that for the k& = r solution, W3 = Wy = 0 and W; = —iWs, hence

_ o _ 0 -2
Wycp 6, = (—io1 + 02)Wacorp = Wa orp ( ) ,

00
" _ - X « 00
Wy pre 0u = (i01 + 02)WV3 prio = Wi pie 20 )" (E.9)

and that Wa o ¢ = V—1/Acs légj/)c(x, gE), where CZC/ is as determined in section 5.
The equation for Acvp then takes the form, using the derivatives from (C.3) and noting
that the equations for each C' = 1,...,r decouple:

(D4 —iD3)A1 crp — (iD1 + Do) g orp = 7§ ‘P;O();/D ,
(=iDy 4 D2)M\ ¢rp + (Dy +iD3)Ag crp = 0, (E.10)

where we absorb various inessential constants in the redefined 75" coefficient. The solution
of these equations is given by the function Qéo()j, p defined in (C.9), explicitly

_c' A(0
Mop =0y Q;E, %/D,
Xcop=0. (E.11)

Similarly, one finds that the other zero mode is

Acep =0,
)‘2 CcD = ﬁlD/gg g)/)ct- (E12)

Thus, there are in total 2r zero modes labeled by 7716:/2, with C’ = 1,...,r. The z-dependence
of the zero mode labeled by a given C’ is governed only by the holonomies (;Aﬁg/, similar to
the bosonic case discussed earlier.

47 —



Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

1]

2]

[7]

8]

[9]

[10]

G. 't Hooft, Some twisted selfdual solutions for the Yang-Mills equations on a hypertorus,
Commun. Math. Phys. 81 (1981) 267 [INSPIRE].

P. van Baal, SU(N) Yang-Mills solutions with constant field strength on T*, Commun. Math.
Phys. 94 (1984) 397 [InSPIRE].

A. Gonzélez-Arroyo, On the fractional instanton liquid picture of the Yang-Mills vacuum and
confinement, arXiv:2302.12356 [INSPIRE].

D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, Generalized global symmetries, JHEP
02 (2015) 172 [arXiv:1412.5148] [INSPIRE].

D. Gaiotto, A. Kapustin, Z. Komargodski and N. Seiberg, Theta, time reversal, and
temperature, JHEP 05 (2017) 091 [arXiv:1703.00501] [nSPIRE].

M.M. Anber and E. Poppitz, The gaugino condensate from asymmetric four-torus with
twists, JHEP 01 (2023) 118 [arXiv:2210.13568] [INSPIRE].

M. Garcia Pérez, A. Gonzdlez-Arroyo and C. Pena, Perturbative construction of selfdual
configurations on the torus, JHEP 09 (2000) 033 [hep-th/0007113] [INSPIRE].

A. Gonzélez-Arroyo, Constructing SU(N) fractional instantons, JHEP 02 (2020) 137
[arXiv:1910.12565] [INSPIRE].

A. Gonzélez-Arroyo and A. Montero, Do classical configurations produce confinement?, Phys.
Lett. B 387 (1996) 823 [hep-th/9604017] [INSPIRE].

N. Dorey, T.J. Hollowood, V.V. Khoze and M.P. Mattis, The calculus of many instantons,
Phys. Rept. 371 (2002) 231 [hep-th/0206063] [INSPIRE].

[11] Y. Tanizaki and M. Unsal, Semiclassics with 't Hooft flux background for QCD with 2-index

[12]

quarks, JHEP 08 (2022) 038 [arXiv:2205.11339] INSPIRE].

A. Gonzélez-Arroyo and A. Ramos, Ezpansion for the solutions of the Bogomolny equations
on the torus, JHEP 07 (2004) 008 [hep-th/0404022] [INSPIRE].

48 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/BF01208900
https://inspirehep.net/literature/165302
https://doi.org/10.1007/BF01224833
https://doi.org/10.1007/BF01224833
https://inspirehep.net/literature/199762
https://arxiv.org/abs/2302.12356
https://inspirehep.net/literature/2636318
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.1007/JHEP02(2015)172
https://arxiv.org/abs/1412.5148
https://inspirehep.net/literature/1334564
https://doi.org/10.1007/JHEP05(2017)091
https://arxiv.org/abs/1703.00501
https://inspirehep.net/literature/1515698
https://doi.org/10.1007/JHEP01(2023)118
https://arxiv.org/abs/2210.13568
https://inspirehep.net/literature/2170516
https://doi.org/10.1088/1126-6708/2000/09/033
https://arxiv.org/abs/hep-th/0007113
https://inspirehep.net/literature/530342
https://doi.org/10.1007/JHEP02(2020)137
https://arxiv.org/abs/1910.12565
https://inspirehep.net/literature/1761429
https://doi.org/10.1016/0370-2693(96)01107-0
https://doi.org/10.1016/0370-2693(96)01107-0
https://arxiv.org/abs/hep-th/9604017
https://inspirehep.net/literature/417348
https://doi.org/10.1016/S0370-1573(02)00301-0
https://arxiv.org/abs/hep-th/0206063
https://inspirehep.net/literature/588064
https://doi.org/10.1007/JHEP08(2022)038
https://arxiv.org/abs/2205.11339
https://inspirehep.net/literature/2086495
https://doi.org/10.1088/1126-6708/2004/07/008
https://arxiv.org/abs/hep-th/0404022
https://inspirehep.net/literature/647518

	Introduction, summary, and outlook
	Review of 't Hooft's constant-flux solutions on T**4
	Fermion zero modes in the Q = r/N constant-flux background
	The solution with topological charge Q = r/N
	Boundary conditions for the adjoint fermions
	Dotted-fermion zero modes
	Undotted-fermion zero modes
	The ``diagonal'': U(1), SU(ell) and SU(k) undotted zero modes
	The ``off-diagonal'' k x ell and ell x k undotted zero modes.


	Deforming the self-dual torus: small-Delta expansion for the bosonic background with Q= r/N
	The moduli of the Q= r/N bosonic solution: compact vs. noncompact
	Local gauge invariants of the Q= r/N solution and its ``dissociation''
	Gauge-invariant local densities to order Delta and their blow up for k neq r
	Fractionalization of solutions with topological charges r > 1
	Bosonic gauge invariant densities
	Fermionic zero modes and their localization 


	Derivation of the off-diagonal fermion zero modes
	The zero modes at zero holonomy
	Turning on holonomies

	A useful identity
	Field strength and action of the multifractional instanton
	Blow up of the gauge invariant local densities along the noncompact moduli of the k neq r solution 
	Fermion zero modes on the deformed-T**4, for k=r 

