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RESUME

Nous analysons ’approximation du spectre du systeme de Maxwell anisotrope a
conductivité bornée o sur un domaine lipschitzien €2, par troncature de domaine.
Nous démontrons d’abord une nouvelle envelope non convexe pour le spectre
du systéme de Maxwell, avec des hypothéses faibles sur la géométrie de Q et
sans hypothéses sur le comportement des coefficients a ’infini. Nous établissons
également un critére simple de non-accumulation des valeurs propres vers l'axe
iR ainsi que des estimés du résolvant. Pour des coefficients asymptotiquement
constants, nous décrivons le spectre essentiel et montrons que la pollution spectrale
ne peut se produire que dans I'image numérique essentielle W, (L) C R du faisceau
quadratique Loo(w) = ! curl? —w?eo, agissant sur des champs vectoriels sans
divergence. De plus, chaque point spectral isolé du systéme de Maxwell situé a
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Pextérieur de We(Loo) et & l'extérieur de la partie du spectre essentiel sur iR
est approximé par des points spectraux du systeme de Maxwell sur les domaines
tronqués. Notre analyse est basée sur deux nouveaux résultats abstraits sur le
spectre essentiel (limitant) des faisceaux polynomiaux et des matrices triangulaires
par blocs d’opérateurs, qui sont d’intérét général. Nous croyons que notre stratégie
de démonstration pourrait étre utilisée pour établir I'exactitude spectrale de la
troncature de domaine pour des classes plus générales d’opérateurs différentiels non
auto-adjoints et de systémes a coefficients non constants.
© 2022 The Author(s). Published by Elsevier Masson SAS. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Given a possibly unbounded domain ) C R? with Lipschitz boundary, and an increasing sequence of
bounded Lipschitz domains 2, C  exhausting (2, we are interested in the spectral properties of the
anisotropic Maxwell system

—ioE +icurl H = weE
inQ, vxE=0 onodQ, (1.1)
—icurl B = wpuH

and in its spectral approximation via the sequence of problems

—ioE, +icurl H,, = wekE,
inQ,, vxE,=0ondQ,, neN. (1.2)
—icurl £, = wuH,

Here w is the spectral parameter, ¢ the electric permittivity, i the magnetic permeability and o the con-
ductivity; v is the outward unit normal vector to the boundary. We allow the coefficients ¢, u, o to be
non-constant and symmetric real-tensor-valued, bounded on ) with non-negative matrix values; for some re-
sults, e.g. involving the essential spectrum, we assume € = €, id, gt = o id and o = 0 at infinity.

We denote by V(+) and V,,(-) the operator pencils associated with problem (1.1) and (1.2) in L*(Q, C3) @
L?(Q,C3) and L?(Q,,C3) @ L?(Q,, C3), respectively, given by the same matrix differential expression

—io icurl e 0
V(w) = (—icurlo 0 ) —w(o H)’ weC, (1.3)

on their respective domains which are independent of w, see (2.4) below. Here curly indicates that curl is
considered with the boundary condition in (1.1).

An important feature of our Maxwell systems is that the conductivity o is assumed to be non-trivial,
making the problem dissipative rather than self-adjoint, see e.g. [1-4]. Furthermore, we avoid any hypotheses
on the permeability, permittivity and conductivity, or upon the geometry, which would allow the use of TE-
and TM- mode reductions to second order operators of Schrodinger or conductivity type. This lack of
simplifying hypotheses introduces significant additional hurdles in the analysis compared to the self-adjoint
case, some of which were already apparent in the paper [4] on the essential spectrum (see also [5] for bounded
domains). The non-convexity of the essential spectrum, consisting of a part which is purely real and a part
which is purely imaginary, might be expected to lead to much more spectral pollution.

In the self-adjoint case, this phenomenon is well known when variational approximation methods are
used, see e.g. [6]: following discretisation, the spectral gaps may fill up with eigenvalues of the discretised
problem which are so closely spaced that it may be impossible to distinguish the spectral bands from
the spectral gaps. For finite element approximations to Maxwell systems on bounded domains, this may
be avoided by the use of appropriate conforming elements, see [7]. The study of which finite element bases
pollute for a given class of problems has been taken up by many authors: see, e.g. [8] for self-adjoint Maxwell
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systems on bounded, convex domains; [9] for an application to Maxwell resonances; and [10] for self-adjoint
Dirac and Schrédinger equations. Unfortunately, in our non-self-adjoint context, elegant techniques such as
quadratic relative spectrum [11] or residual-minimisation algorithms [12,13] are not available. For Maxwell
systems on infinite domains with coefficients which are constant outside a compact set, one may also use
domain decomposition and boundary integral techniques. These approaches are extensively researched,
see e.g. [14-16]; they result in bounded-domain problems with non-local boundary conditions depending
analytically upon the spectral parameter, presenting a whole new set of challenges, particularly in the
non-selfadjoint case.

For particular differential operators on infinite domains or with singularities, spectral pollution caused
by domain truncation is also well studied. To avoid it one may, for instance, devise non-reflecting boundary
conditions [17,18], or resort to the complex scaling method [19], which reappeared as the perfectly matched
layer (PML) method in the computational literature [20]. In fact this technique replaces a self-adjoint
problem by a non-self-adjoint one.

In our opinion the clearest way to think about these methods, and about dissipative barrier methods
more generally, is that they replace the underlying operator by one whose essential numerical range [21]
does not contain the eigenvalues of interest. The results in [21] then give a unified explanation of why such
methods work, within a wide operator-theoretic framework which also allows a uniform treatment of many
of the finite element approximation schemes.

The Maxwell system, however, presents some additional challenges: for a start, (1.3) defines a pencil of
operators, for which fewer results on spectral pollution are available. We generalise the concept of limiting
essential spectrum, presented in [22], to sequences of pencils of closed operators T, : C — C(H) with
domains dom(7},()\)) independent of A for each n € N, by means of the formula

0e((Tn)nen) :== {A € C: II C N, I infinite, 3z, € dom(T,), |lzn|| =1, n e,
with z, — 0,[|T,,(A)z,| — 0}.

This generalisation is important because the best results on spectral pollution come not from considering
the linear Maxwell pencil (1.3), but rather by eliminating the magnetic field H to obtain a quadratic pencil
L(+) whose numerical range is not convex. Another key ingredient is the operator matrix structure of the
pencil £(+) induced by the Helmholtz decomposition.

Our main result, see Theorem 2.4, establishes a surprisingly small enclosure for the set of spectral pollution
of the domain truncation method for (1.1), which is much smaller than the one given by the essential
numerical range W, (V'), a convex set enclosing the essential spectrum, see [21,23]. In fact, Theorem 2.4 goes
beyond what can be achieved using essential numerical ranges, whether for pencils or operators: it relies on
new results which we develop in Sections 6 and 8 on limiting essential spectra of sequences of polynomial
operator pencils and operator matrices. To the best of our knowledge, the domain truncation results we
present here for the Maxwell system in unbounded domains are new even in the self-adjoint setting.

Much of the proof of Theorem 2.4 relies on new, non-convex enclosures for the spectra of Maxwell
problems, which we present in Theorem 2.1. These are valid for the original problem (1.1) on €, for all the
truncated problems (1.2) on €, and, if they exist, for corresponding ‘limiting problems at oo’ In particular,
they provide what are, to our knowledge, the first enclosures for the essential spectrum if the coefficients do
not have limits at oo, and novel bounds for the non-real eigenvalues. The non-convexity of our enclosures
allows them to be much tighter than bounds obtained from the numerical range, which is a horizontal strip
below the real axis. In fact, apart from the imaginary axis, the new spectral enclosures are contained in a
strip whose width is half that of the numerical range. They also provide an incredibly simple criterion for
non-accumulation of the spectrum at iR, including non-accumulation at 0.

The paper is organised as follows. In Section 2 we present our main results, illustrate our new spectral
enclosure and give some examples showing e.g. that the latter is sharp. Section 3 contains the proof of the
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spectral enclosure theorem and some auxiliary results such as resolvent estimates. In Section 4 we study the
relations between the spectra and essential spectra of the Maxwell pencil V(-) and the quadratic operator
pencil £(-). This enables us to explicitly characterise the essential spectrum of the Maxwell pencil in terms
of the asymptotic limits of the coefficients €, p and o in Section 5. In Section 6 we prove abstract results
on spectral pollution, limiting approximate point spectrum and limiting essential spectrum for polynomial
operator pencils. In Section 7 we investigate the limiting essential spectrum of the Maxwell pencil V() via
the associated quadratic operator pencil £(-). As a consequence, we prove absence of spectral pollution for
domain truncation outside the union of two sets on the real and the imaginary axis, the essential numerical
range of the self-adjoint limiting quadratic operator pencil Lo, (-) on the real axis and the convex hull of
the essential spectrum on the imaginary axis. Section 8 and the Appendix contain the abstract results
on essential spectra for upper triangular operator matrices and computational details for the example in
Section 2, respectively.

2. Main results and examples
As explained in the introduction, we are interested in domain truncation methods for the anisotropic

Maxwell system (1.1). We assume that the coefficients €, i and o are non-negative symmetric matrix valued
functions in L (1, R?’XS) such that, for some constants €yin, Emax, Mfmin, MFmaxs Omins Tmax,

0< E€min S n-en S E€max;
0 < fimin <040 < fhmax,  NER? n|=1. (2.1)
0 S Omin S n-omn S Omax;

The magnetic field H and electric field F lie respectively in the function spaces

H(curl, Q) := {u € L*(Q)? : curlu € L*(Q)%},
Hy(curl, Q) := {u € H(curl,Q) : v X ulpq = 0},

1/2 Unless stated otherwise, our function spaces

with the canonical norm [|ul ey 0) = (Jlul® + [leurl u||*)
consist of complex-valued functions and so we write, for example, L(Q2) = L?(Q2, C) for short.

We associate two operators with the symmetric differential expression curl in L?(Q)3, first, the operator
curl on its maximal domain dom curl = H/(curl, Q) and, secondly, the adjoint curly = curl® of the operator
curl, given by curl on the domain dom curly = Hy(curl, 2).

We now recall the definitions of other function spaces used in the sequel. The homogeneous Sobolev spaces
H}(Q) and H*(Q) are defined as the completions of the Schwartz spaces D(Q2) and D(R), respectively,
with respect to the seminorm [[ul g1y = [|Vul|p2(q). These spaces are in general strictly bigger than
the usual Sobolev spaces Hg(2) and H(Q) if Q does not have finite measure or if [2] < oo but fails to
have quasi-resolved boundary in the sense of [24, Sect. 4.3, p.148-150] (note that Lipschitz domains have
quasi-resolved boundary).

The spaces VHE () and VH(Q) are the images of H}(€) and H'(f2), respectively, under the gradient.

Further, we define

H(div,Q) := {u € L*(Q)? : divu € L*(Q)}, (2.2)
H(div0,Q) := {u € L*(Q)? : divu = 0in Q}. (2.3)
Here we equip the space H(div,() with the canonical norm |lullggiy.0) = (lul|* + [|dive]®)!/2 and

H(div0,9) is considered as a closed subspace of L?(Q2)® with the L?-norm which coincides with || - || r(aiv,0)
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on H(div0,). Finally, we equip the space H(curl, ) N H(div, €2) with the norm [[ul| 7 ey 0)nrr(div,0) =

lull freun,0) + 1l aiv.0)-
We are now able to state our first new result, which yields non-convex spectral enclosures for dissipative

Maxwell systems. This enclosure yields the first bounds for both the essential spectrum and the non-real
eigenvalues.

Theorem 2.1. The Mazwell operator pencil in L?(2)® & L?(Q)? given by

—ic icurl
V(w) = (—icurlo 0 )

for w € C satisfies the spectral enclosure

—w (8 2) , dom(V(w)) := Hy(curl, Q) & H(curl, Q), (2.4)

max : 1 max 1 min
U(V)Ci[—o . ,O}U{UJEC\IR:Imwe |:__O-_a __g_]

) )
min 2 €min 2 E€max

maX >\Q
(Rew)? = 3(Imw)? + 2" Imw| > $}
m Emax/‘l‘max

where ALy, = min o (curlcurly |g(givo,0)) = 0. In particular, if AL, >0, then

o0 (= () 0) u (o, () ) <o, (2.5)

and if N} w, then o(V) NiR C i — gm?",()] is isolated from o(V) \ iR.

min e2 min

Remark 2.2. The enclosure in Theorem 2.1 becomes larger when the domain 2 does, provided we choose
for Q as the bounds in (2.1). In this case, €, |
are increasing. The threshold AS!, may

; Q Q
the optlmal values e, pShi ) ok and &}
and A\,

Hmins O mm min
be strictly positive, e.g. for a problem on a waveguide such as in Example 2.6 below, or on certain quasi-

max? /‘Lmax’ max

are decreasing with Q, while e, pfl.., oSk,

cylindrical domains (cf. [25, Sect. X.6]), while A%, = 0 in any domain for which a Poincaré inequality does
not hold.

The possible different shapes of the above non-convex spectral enclosure are illustrated in Fig. 1 below,
see Remark 3.1 for details. While in all cases accumulation of spectrum at iR is excluded at the complex

interval i[ — Zmax, —%% accumulation is also excluded successively i) near 0, ii) near —1%m and iii)
everywhere at iR at the following thresholds for A\, ,
)\Q )\Q 1 Jrznaxgmax,ufmax AQ 1 O—rznaxsmaxﬂmax 2 6
) min ) min Z 2 3 111) min > g 2 . ( . )
€min €min

The proof of Theorem 2.1 is given in Section 3.
For non-self-adjoint problems, it is crucial not only to establish spectral enclosures, but also resolvent
estimates. The resolvent bounds below which we prove in Section 3 also apply in the cut strip {z € C \ iR :
—Imax <Imz < —1 ‘7““”‘} inside of the closure of the numerical range of the Maxwell pencil.

€min

Theorem 2.3. For w € {z € C \iR : Imz < —2 3 22} we have

1 1 (% am-fix )2
V w —1 1 _|_ Emin ,
” ( ) ” = mln{smm, ,Umm} |Imw| 1 anx ( (Rew)Z
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Im

O max -

€min

O max

€min

O max

€min

Fig. 1. Spectral enclosure in Theorem 2.1 (yellow) in cases i) (top), ii) (middle), iii) (bottom) of (2.6) for omin = 0; the dashed
lines are the boundary curves (Rew)? — 3(Imw)? 4+ 22w | Imw| = —uw

ETI— (For interpretation of the colours in the figure(s), the
reader is referred to the web version of this article.)

and hence, forw € {z € C:Imz < —Zmax},

| | (§ gnax)? |
Viw) 1 < min Zuin
S et ™™ T — 32\ (Rew)? ) Tma] — 2o

€min

Note that the last resolvent bound in Theorem 2.3 follows since in the half-plane {z € C : Im z < —Z=ax}
also the classical resolvent bound in terms of the numerical range of V(-) applies (see Fig. 2).
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X
[}

Fig. 2. Level curves of the resolvent norm bound in Theorem 2.3 for the case €min = fmin = 1, Omax = 2, also for regions inside the
numerical range W(V) = {z € C : Im 2z € [—2,0]} of the Maxwell pencil.

The next group of new results concerns approximations of the Maxwell pencil. Since ) is a Lipschitz
domain, we may assume that there exists a strictly increasing sequence' of bounded Lipschitz domains
(2)nen such that |, o 20 = Q.

It is clear that if & = R3, or Q has smooth boundary, we may choose 2,, to be smooth domains for
every n € N. We note that sequences of domains (€2,),cn as described above can always be constructed
by setting 2, = Q2N B(0,n), n € N.

Define V,,(-) to be the Maxwell pencil in L%(£,,)® & L?(Q,,)? with domain

dom(V,,(w)) = Ho(curl, Q) ® H(curl,Qy,), we C, neN,
and the set of spectral pollution for the domain truncation method (V},),eN as
poll(Vi)nen) i={w e C:w e oV),Jw, € 0(Vy) : wyp = wh. (2.7)

For approximations of an abstract linear pencil A—AB, A € C, spectral pollution for the domain truncation
method was localised inside its essential numerical range in [23, Thm. 3.5]. For the Maxwell pencil V(-), it
is not difficult to show that the essential numerical range W, (V') is contained in the closed horizontal strip
{z € C:—2max <Tmz < 0}.

€min

Our second main result improves this enclosure substantially if we assume that the coefficients ¢, u, o

have limits at oo. It shows that, in fact, spectral pollution is confined to the real axis, with possible gaps
on either side of 0.

Theorem 2.4. Suppose that Q is an unbounded domain and that € — e id, pt — poo id and o vanish at infinity
for some €00, poo >0, e

R=oo | z|>R

lim { sup max ([le(x) — e id ||, [|(z) — poo id [, |U(x)||)} =0. (2.8)

Let Lo be the operator pencil in the subspace H(div0,8) of L?(Q)? defined by

Loo(w) := curl p} curly —w?en,

dom (Lo (w)) :={F € Ho(curl, Q)NH(div0,Q) : curl E € H(curl,Q)},

! We use N to denote the positive integers {1,2,...} and Ng := N U {0}.



S. Bogli et al. / J. Math. Pures Appl. 170 (2023) 96-135 103

and let W(-) be the operator pencil in L?()3 defined by W(w) := —w(we + i), w € C. Then, with
/\?,min := min o, (curl curly | g(dgivo,0)) > 0,

Q

((Vinen) (L) A2 (1/2 A2 (1/2
Opoll VnnN CWeLoo :(—OO,—<ﬂ) }U[(ﬂ> 700)ng
P © Eoolloo Ecolhoo
and for every isolated w € op(V) outside We(Loo) U 0e(PyW(-)|g 1 ())s and hence outside We(Loo) U
i[ — %,O], there exists a sequence wy,, € 0(V,,), n € N, such that w,, — w as n — co.

The proof of Theorem 2.4 which relies on a combination of analytic and operator theoretic tools is given
at the end of Section 7.

Remark 2.5. The enclosure for spectral pollution in Theorem 2.4 is a subset of the spectral enclosure in
Theorem 2.1 on the real axis, see (2.5), since )\gmin > A >0 and foo < Emaxs Moo < Hmax-

Note that, depending on €2, it may happen that A}, > 0 or )‘?,min > A}, > 0; in the former case, both
enclosures for the spectrum and spectral pollution have a gap on either side of 0, in the latter case, the
enclosure for spectral pollution has a gap on either side of 0 and thus eigenvalues in these gaps are safe from

spectral pollution.

As far as we know, Theorem 2.4 is new even in the self-adjoint case, see also Theorem 7.7. In the

general case, it yields spectral exactness for every non-real, isolated eigenvalue of the Maxwell system and,
if )‘?min

The following examples illustrate our results on spectral enclosure, the essential spectrum and spectral

> 0, also for the real eigenvalues in the gaps of the essential spectrum to either side of 0.

pollution. The first example also provides an idea of the complex spectral structure that may arise even for
rather simple Maxwell systems (1.1).

Example 2.6. We consider the semi-infinite cylinder 2 = (0, 00) x (0, L2) % (0, L) and suppose that e = p = id
everywhere, and o = id if 1 € (0,1), else 0 = 0, i.e. 0 = x i id with K := (0,1) x (0, L) x (0, L3), so that
the Maxwell pencil V (-) is non-self-adjoint with piecewise constant coefficients.

In the Appendix we show how Fourier expansion for E together with [4, Thm. 6], or Theorem 5.5 below,
can be used to deduce that the essential spectrum of V in the infinite half-cylinder € coincides with the
essential spectrum for the infinite cylinder R x (0, L2) x (0, L3) and hence satisfies

0e(V) = (—o0,—/L|U [r/L,4+00) U (—i{0,1/2,1}), L :=max{Ly,Ls}. (2.9)
Now we truncate the domain to €, := (0,X,) x (0,Ls2) x (0,Ls), with X, > 1 and let V,,(-) be the
corresponding Maxwell pencil in (1.2). It turns out that w € C is an eigenvalue of V,,(+) if and only if, for
some n = (ng,n3) € N2 with |n| > 0,

(@) coth(am(w)) + B (w) coth(Ba(w)(Xn — 1)) =0, n € N; (2.10)

the construction of the eigenfunctions is given in the appendix. Here

an (W) = \/WQH%/L% +m2n3 /L3 — w(w+i),

Ba(w) == \/WQnS/Lg + m2n} /L3 — w?,

(2.11)

where the branch of the square root is taken with non-negative real part. Note that there are no square root
singularities since z — z coth(z) is a meromorphic function.



104 S. Bogli et al. / J. Math. Pures Appl. 170 (2023) 96-135

Im
Re
=5 57T geet-4TT —ain = =i V0 2 3 Amen,, 57T 61T
. '....... 0o ® o o LAY ....'.“. .
- L e . 05 . os
conn ® S000ss0me c0® © OO X L Ctencea %0 e @ce cwsocncee o snce
-0.5

-1

Fig. 3. Spectrum of V in Q = (0,00) x (0,1) x (0,2). The essential spectrum is in red, the eigenvalues in blue. The yellow region is
the enclosure in Theorem 2.1 for the eigenvalues away from iR and R.
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Fig. 4. Eigenvalues of V' in Q50 = (0,50) x (0,1) x (0,2), ¢ = p = id, o(z) = x(0,1)(®1). The yellow area is the spectral enclosure
given by Theorem 2.1. The picture below is a zoom in the area [0, $7] + i[—0.1, 0].

A little change in the Fourier ansatz allows us to also compute the eigenvalues of the problem in the
whole domain 2 = (0, 00) x (0, Lz) x (0, L3); the eigenvalue equation for w € g,(V) becomes

an(w) coth(an (W) + Ba(w) =0, n = (ng,n3) € N, |n| >0, (2.12)

which is also obtained from (2.10) in the limit X,, — occ.

The solutions to equations (2.12) and (2.10) can be plotted using a standard computational routine,
see Figs. 3 and 4. There are many isolated eigenvalues in the region R x —i[0,1/2] that seem to lie along
determined curves, see Fig. 3. Let us give a brief idea of what these curves are. Provided that an(w) # 0
and w # 0, we rewrite the eigenvalue equation (2.12) in the form

coth(am(w)) = — 2n(&) _ \/1+ i

an(w) m2n3 /L3 + m2n3 /L% — w? —iw’

We follow an eigenvalue branch (wy,) which we write as wy, = pp+i(—1/240y) with u, € R and §;, € [0,1/2].
We show that, if |ug| — oo, then there exists a subsequence for which §;, — 0 as k — oco. Without loss
of generality, let pr — oco. We assume that liminfy_,, 0 > 0 and show that this leads to a contradic-
tion. Clearly,
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wio(wk +1) = (W +1/2)% + 1/4 = p +1/4 — 6} + 2003

note that the corresponding n for which wy satisfies (2.12) may depend on k. If we abbreviate ¢, =
7°n3 /L3 + 7°n3/L3 > 0, then

ap(wg) = \/ck — 2 —1/4+ 62 — 2040y,

1/2 — 65 + g
Ck —/j,ﬁ — 1/4+5z _iQIJk(Sk'

coth(an(wg)) = \/1 +
If e — p2| > g, then coth(apy(wg)) — —1 as k — oo and

7 2
Vew — o if e — py — oo,
KOk

Re ap(wg) ~ " >
—LESE if ¢ — —00;
Vier—uil B Mk ’

note that coth(an(wy)) — —1 requires Re an(wy) — —o0, but in both cases we have Re an(wy) > 0 asymp-
totically. It remains to consider the case |¢j — pi| = O(pg). By the assumption lim infy_, o 0 # 0, there is a
subsequence on which ¢ — p2 —1/4+ 62 —i2u, 6y, ~ Cpy, with Im C' # 0. Then coth(an(wi)) — —/1 +1i/C.
But Re am (wi) ~ Re(vVC)/fix — oo implies that coth(an(wk)) — £1. The obtained contradiction proves
lim infk_,oo 5k =0.

For this example, we therefore see that the presence of the compactly supported conductivity generates
infinitely many eigenvalues, both in unbounded and bounded domains. These eigenvalues are approxi-
mated without spectral pollution due to our result Theorem 2.4, since in this example W,.(Ls) and
0e(PyW(')|g 11 () are subsets of the essential spectrum of V.

Moreover, one can verify that A%

min

= 72/L%. This and the fact that the eigenvalues approach the line
Imw = —1/2 as |z| — oo show that our spectral enclosure in Theorem 2.1 is sharp.

Example 2.7. In the case of zero conductivity the Maxwell pencil is self-adjoint. Taking the same domain
Q as in Example 2.6, but now with coefficients y = id, 0 = 0 and ¢ = (1 + §) id with constant § > 0 if
x1 € (0,1), else e = id, i.e. € = (1 + 0 xk ) id with K as in Example 2.6, we lose the imaginary part of the
essential spectrum from Example 2.6, leaving just

0.(V) = (—o00,—m/LIU{0}U[n/L,4+00), L =max{Ls,L3}. (2.13)

By calculations similar to those which led to equation (2.12), the eigenvalues are the real zeros of the set of
analytic functions

W G (W) coth(Gn(w)) + Ba(w), n = (ng,n3) € N2, |n| >0, (2.14)

in which now an(w) = \/m2n3/L3 + 72n3/L% — (1 + §)w?. Taking Ly = 1, Ly = 2 and & = 10, we have
0e(V) = (=00, —7/2] U{0} U [7/2, +0). Elementary numerics show that the gap (—n/2,7/2) contains four
eigenvalues, given approximately by +1.4622 (both simple) and +1.5643 (both multiplicity 2). These eigen-
values can be approximated without pollution using a domain truncation method: this follows immediately
from Theorem 2.4, by verifying that A, ;, = 72/4 and since oe(PeW()lv i) = {0} C oe(V). It may
also be seen from the fact that, just as in Example 2.6, the functions (2.14), whose zeros are the eigenvalues,
are the locally uniform limits as n — oo of the functions

W = G (w) coth(m (w)) + Bn(w) coth(Bn(w) (X, — 1)),
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whose zeros are the eigenvalues for the truncated domains. Thus we have a total absence of spectral pollution
in this self-adjoint example despite the fact that, by [21, Thm. 3.8], it has W, (V) = R.

3. Proofs of the spectral enclosure result and resolvent estimate
In this section we prove the spectral enclosure in Theorem 2.1 and the resolvent estimate in Theorem 2.3.

We also show some auxiliary results that are used for the spectral pollution result.
Since € and p are bounded and uniformly positive, the linear Maxwell pencil V(-) in (2.4) admits the

v = (% ) A-en (T ). .1

factorisation

in which

) —ie"20e72  —ie~z curl /2
.A = s —1/2 _1 ’
ip=/“curlpe 2 0 (3.2)

dom(A) := e'/2Hy(curl, Q) & pu'/2H (curl, Q).

Proof of Theorem 2.1. Since the matrix multiplication operators ¢ and p are bounded and uniformly posi-
tive, V(w) is bijective if and only if so is \A — w, and hence o(V') = o(A). Observe that

—ie= Y2012 —w eV curl pm1/? —-iQ B
Amw= <—i;r1/2 curlg e~ 1/2 iy =B o) W (3.3)

note that (p= /2 curlye~/2)* = e=%/2 curl = 1/? since p~/? is bounded and £~'/? is bounded with range
equal to the whole space, see [26]. Since A is a bounded perturbation of the self-adjoint off-diagonal part of
A, it is obvious that both the upper and lower half-plane contain at least one point of the resolvent set of
A. Hence it suffices to prove the claimed enclosures for the approximate point spectrum oqpy(A).

So let w € 04y, (A). Then there exists a sequence ((fn, gn)")nen C dom(B*)®dom(B), £l +llgnll® = 1,
with

(—iQ —w)fn+ Bgn =1 hy, = 0, n — oo, (3.4)

B*f, —wg, =k, -0, n— oo. (3.5)

If w = 0, there is nothing to show. Hence we can suppose that w # 0. In this case f,, # 0 for sufficiently
large n € N since otherwise (3.5) would imply the contradiction g, — 0, n — oo; hence, without loss of
generality we can assume that f, # 0, n € N.

If we decompose g, = gL +¢2 with g2 € (ker B)*, g2 € ker B = (ran B*)~, then we have ||g} >+ [|¢2]* =
||gn||2 <1, n € N. Now we take the scalar products with g} and g2, respectively, in (3.5), to conclude that

(B* fry gn) — w(gns gn) = (kn, gn) = 0, n — o0, (3.6)
—w(g2,g2) = (kn,g2) = 0, n— oo, (3.7)

Taking the scalar product with f,, in (3.4), we arrive at

(—iQ — W) fn, fr) +(BgL, f1) = (hn, fn) = 0, n — 0. (3.8)

If we subtract the real part of (3.8) from the real part of (3.6), it follows that
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- Rew”grleQ - Re<<_iQ - w)f?’u fn> =Re (<knagr1L> - <hna fn>) — 0, n—oo.
Since Q = e~ 1/2¢6e71/2 is a self-adjoint matrix multiplication operator, this implies
Rew(|[fall” = llgall*) = 0, n— oc. (3.9)

If we add the imaginary parts of (3.6) and (3.8), we obtain

- Imw”grlL”z +Im((—iQ — w) fu, fn) = Im (<knagi> + (hn, fn>) —0, n— oo,

and hence

(Imw) ([lgall* + 11 £ll*) + (@fs fu) = 0, 1 = oo (3.10)

Since [|f ||+ lgn|I*+1921% = I fal*+llgall* = Land [|g2]|* — 0, n = o0, by (3.7), we have | ful|*+[lgn]|* — 1,
n — co; hence we can assume without loss of generality that || f,[|* + [lg1]|* > ¢1 > 0 with ¢; € (0,1].

Since w # 0, either (3.9) or (3.10) shows that f, — 0, n — oo, implies the contradiction ||gt| — 0,
n — co. Hence, if w # 0, we can assume without loss of generality that || f,|| > c2 > 0 with ¢o € (0, 1]. Then
(3.10) can be equivalently written as

2

T3 5 5— — —Imw, n—oo.
lgnll” + 1fall” Il
—_—

€[0,1] EW(Q)

Since @ is self-adjoint, its numerical range W(Q) := {(Qf, f) : f € L?(Q)3,||f]| = 1} satisfies W(Q) =
convo(Q) C [0, %} and thus (3.11) implies

Imw € —conv (W(Q) U{0}) = [— UmaX,OL

€min

which proves the claimed estimate on the imaginary axis.
Now suppose that w € C \ iR, i.e. Rew # 0. Then (3.9) implies that

1£all* = llghl®> =0, n— oc. (3.12)

Noting that (|| f|* +1lgil1?) =2l full® = g2l — | full> — 0, 7 — oo (due to (3.12)) and using this in (3.10),
we obtain that

2Imw||fol® + (Qfn, fu) = 0, 1 — o0, (3.13)
and hence
_L{Qfn: fu) ];"> — Imw, n— oco.
2 |l
——
EW(Q)

This proves that

1 max 1 min
Tmax T ] (3.14)

11—
C\iR = I W [—— ,
weC\i muw € 5 Q) C 5 e
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In order to prove the second inequality for w € C \ iR, we use the reduced minimum modulus of a closed
linear operator T, defined by

| T]]

T):= _
V(T) zedom T dist(z,ker T)’

see e.g. [27, Thm. IV.5.2, p. 231]. Note that v(7") > 0 if and only if ran 7' is closed; in this case v(T') = ||TF|| "
where Tt is the Moore-Penrose inverse of T, v(T') = y(T*), see [28, Cor. IV.1.9], and, if T # 0,

Y(T)? = min (o(T*T) \ {0}) = min o (T T |aom(r-)n(ker 1)+ )+ (3.15)

cf. [29] for the bounded case. In the unbounded case, T*T is self-adjoint and its dense domain dom(7T*T) is
a core for T, see [27, Thm. V.3.24]. Hence

e fTer L [T
’Y( ) - 2
z€dom TN(ker T')+ ||.’£H z€dom T*TN(ker T') - Hx||
. (T*Tzx,x) . i
= nf —— =m T . .
zEdomTlTﬁ(kerT)L ||{IJ||2 m 0'( |dom(T T)ﬁ(kerT)i)

For B = ie /2 curl u='/2, we have dom B = p'/2H (curl, Q), ker B = p'/? ker curl and thus

e~/ curl p= 22| ) lle=1/2 curl u|

B = i f =
1(B) wEMl/;II}(CurI,Q) dist(z, u1/2 ker curl) ueHl(Iclurl,Q) dist(pt/2u, ut/? ker curl)

1 ) |l curl w|

_ f
T Emax/? uEHl(rclurl,Q) dist(pt/2u, ut/2 ker curl)

1 ) || curl w|
= e Pt /2 e H(ur ) dist(u, ker curl)
1 1
= —Emax1/2umax1/2 ~(curl) = EVEIYE ~(curlp).

Here, we have used v(T') = v(T™) to replace curl by curly at the last step. Also, in the second estimate, we
have used the equality

dist(,ul/2u7ul/2 ker curl ) = 1an IHMUQU - u1/2yH < fimax -/ ?dist (u, ker curl).
y€Eker cur
If A2, = 0, then rancurly is not closed and hence y(curly) = 0. If A%, > 0, then ran curly is closed and

thus (ker curly)t = rancurl C H(div0, ). Hence, by (3.15), in both cases, it follows that

1 o 1/2
M) 2 T2 i (310
Now we can estimate
VB Ifall® = 1B lgall* = (B (Igall* = 1) < IBgall* = +(B)* (lgnll* = l1£21)
and further, since g2 € ker B and ||f,,|| > ¢2 because w # 0,
B (3 _ 2 s _ 2 1112 2
e o TtV [ S VA R 1 el VA o

[[£nll? 1/l [1/nl?
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For the middle term on the right-hand side we have

= + 2Tm w222 )2, (3.18)
[ fnll? Il fnll? 1fnll?
Using that @ is self-adjoint, we can estimate
1Qfl® — (Qfn, Qfn) (Qfns fn)
= < ||Q|ifminl -y e N. (3.19)
TR VAR TATE

Altogether, by (3.17), (3.18), (3.19) and since Imw < 0 by (3.14), we arrive at

: 2 2
By’ — 9| Tm ] QI Sn) |Bgn = (1Q =) full® __ pallobl” = Iall®
(B < el = 2ttme) Zy7 7P R

If we use (3.13) and that by (3.4)and (3.12), the last two terms tend to 0, we obtain

+ |w|* +

A(BY < (JQ]l - 2/ Tmew])2| Imw| + fwf? = 2Q Tmw| — 3| Tmw|® + | Rew]

Now the remaining claimed inequality follows from ||Q|| = ||e~!/20e~1/2|| < Zmax and (3.16). O

€min

The following remark details the three different possible shapes of the spectral enclosure near the imagi-
nary axis and the corresponding thresholds of A%}, .

Remark 3.1. Theorem 2.1 shows that (V') \ iR cannot approach o(V)NiR C 1[7 Tmax 0} in the lower half

i[— Tmax 1 "‘“J} and that there are three thresholds of A2, for where o(V)\ iR may approach the upper

€min 2 Emin min
halfi{ — %me“‘ , O], see Fig. 1:
i) if A, > 0, then o(V) \ iR does not approach i[— %%, O} near 0;
Q 03 axEmaxmax : : lo :lo
i) if Ay, > Pmepmexfmex then o(V) | iR does not approach i| — 5%2=2x 0| near —ig Zmex;
min mi €min

2
iii) if AfL, > Zmasmmexkimex then o(V) \ iR does not approach i{— %%, 0} at all.

The following special case in Theorem 2.1 of constant matrix functions ¢, o, but still varying u, is useful

e.g. for ‘limiting problems at oo’ if they exist.

Corollary 3.2. If the matriz functions € and o are constant multiples of the identity, ¢ = e id > 0,
0 =051d > 0, then emin = Emax = €oor Omin = Omax = Ooo aNd thus

) 0o 1o 102, A
U(V)Cl[-a,O}U{WEC\IR Imw-—ia (R CU) 452 Zm},
in particular, o(V) NiR C i — %,0] is isolated from o(V) \ iR if ASL,, %%:“

Next we prove Theorem 2.3 providing a resolvent norm estimate of V'(+).

Proof of Theorem 2.3. Let w € C \ iR, Imw < —3Zmax or w € iR, Imw < —Zm2x, Then w € o(V) = o(A)
by Theorem 2.1 and ||V (w)7}| < WH( — w)7 Y| due to the factorisation (3.1) where A is
the operator matrix in (3.3). In order to estimate the resolvent of A, we continue to use the notation

Q=c"120c"Y2 B =¢e"1/2curl p='/? introduced in (3.3).
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Im

Gmax

Imax
2

_q[f

Fig. 5. The geometry in the proof of Theorem 2.3: The blue line measures the distance of w = = + iy to 95, since the lines meet at
a right angle, the angle between the blue and the vertical dashed lines is also ¢.

Since A is a self-adjoint operator perturbed by the bounded operator diag(—iQ,0) and W(Q) C [0, ¢max]

S S
[ Tm w]—gmax

With @max = 2225 a numerical range argument for A yields the resolvent estimate ||(A—w) ™! <
q €min

forall w e C, Imw < —@max-

Now let w = z+iy with 2 > 0, y < —%=2=; the proof is analogous if z < 0. Let ¢ € (0, §) be the argument
of v +i%=ex Let B = diag(e™¥,e¥) in L*(Q)* @ L*(Q)?, and let S := {z € C : arg(z —7) € (-7 + ¢, —p)}
be the open sector with vertex 7 := & — igmax/2 and semi-angle 5 — ¢. Note that w € §.

We claim that SNW(BA, B) = 0, where W(BA,B) :={z€ C: 0 € W(BA — zB)}. Then [23, Thm. 4.1 ii)]
implies S C p(A) with

1

-1
A =2l < cos(¢) dist(z,09)’ 2e5.

By means of Fig. 5, one can check that for z = w we have dist(z,dS) = (|y| — 222) cos() and cos®(¢) =
2?/(2? + (2222)?), which implies

(%‘%)2)
z2 /)

To prove that SN W (BA,B) = (), assume that there exists z € S N W (BA, B). This implies that there
is a normalised sequence ((fn,gn)")nen C dom(A) with (B(A — 2)(fn,9n)", (fn,9n)!) — 0 as n — oo; in

particular, the sequence also converges to 0 if we take imaginary parts. Let t,, := ||f.||*> € [0, 1]. Then one
can write (Q fn, frn) = anty for some a,, € W(Q) C [0, ¢max]. We obtain

1+

1
A—w) | <
(A=) < g (

Im (t,e™ ¥ (ia, + 2) + (1 — t,)e¥2) = 0, n— oco.

Note that we take convex linear combinations of points in e71°(z 4+ 1[0, ¢max]) and {e¥z}. Using that z € S,
one can see that both of these compact sets are in the open lower complex half-plane, so no sequence
of convex linear combinations of points therein can converge to the real line. This contradiction proves

SNW(BA,B)=0. O
4. Spectral relations between V and £

In this section we establish the intimate relations between the spectra of the linear Maxwell pencil V ()
in the product space L?(Q,C3) @ L?(Q,C3) and of a quadratic operator pencil £ in the first component
L2(2,C3). They will be used later for our description of the essential spectrum and for our results on
spectral pollution for the original Maxwell problem.
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The quadratic operator pencil £ in L?(2)? appears naturally in the matrix representation of the resolvent
of V(+), see Theorem 4.5, and is defined by

1

L(w) := curl p~ "curly — w(we + io),

(4.1)
dom(L(w)) := {E € Hp(curl,Q) : p~curl E € H(curl,Q)}.

For studying the relations between the Maxwell pencil V(-) and £ we require some technical lemmas.

Lemma 4.1. In L?*(Q)® we define the operators Ty = p~'/?curly, domTy = Ho(curl,Q), and W(w) =
—w(we +i0), w € C. Then C(Q)3 is a core of (TyTo+ I)'/?, dom((T¢Ty + I1)/?) = Hy(curl, ), and, for
allw e C,

L) = (TTo+ 1) (1+ @ To+ D72 (W) = 1) (T3 To + D7) (T T+ 1)

~1/2

further, for allt > e/~ L(it) is boundedly invertible,

H (I + (T3 Ty + 1)~ Y2 (W(it) — I) (T To + I)*W) B H <1, w2

LG~ < 1.

Proof. Since T§Ty is self-adjoint and non-negative, the square-root (T§7o + I )1/ 2 > ] is self-adjoint, uni-
formly positive and boundedly invertible with

I(T5To+ 1) < 1 (4.3)

and, e.g. by [30, Prop. 3.1.9], dom((T§ Ty + I)'/?) = dom((T3Tp)'/?) = dom(|Tp|) = dom Ty = Hy(curl, Q).
By the second representation theorem [27, Thm. VI1.2.23], a subspace of L*(92)? is a core of (T¢Ty 4 I)*/?
if and only if it is a core of the associated quadratic form

tlu, v] = (Tou, Tov) + (u,v), domt=domTy = Hy(curl, Q).

Since C°(Q2)? is a core of Ty, the first claim follows. The second claim, i.e. the operator factorisation of
L(w), is obvious since W(w) is bounded.
For all w = it with ¢t > 571/2 we have W(it) — I > 0 and hence

I+ (T{To+ Y2 (Wit) — 1) (T Ty + 1) V2 > 1, (4.4
which implies the first estimate in (4.2); the latter and (4.3) yield the last estimate. O

Lemma 4.2. Let w € o(L). Then curly L(w)™! is a bounded operator in L*(Q)* and L(w)~!curl,
curly £L(w) ™ curl are closable operators with bounded closures in L*(£2)3.

Proof. The operator curly £(w)~! is bounded in L2(02)3 since dom(£) C dom(curly) = Ho(curl, ) and £(w)
is a closed operator. Since (£(w) ™! curl)* = curly £(w)~* is bounded by the same argument, £(w) ™! curl has
a bounded closure in L?(£2)3. The boundedness of curly £(wp) ! curl for wy = it with ¢ > sr_mll{ ? follows from
Lemma 4.1 using that curly(TyTy 4+ I)~/? and (T¢To + I)~'/2 curl are bounded. For a general w € o(L)

the boundedness then follows from
curly £(w) ™! curl = curlg £(wo) ™! curl 4 curly £(w) P (W(w) — W(wo))L(wo) " curl

since W(w) = —w(we + i0) is a bounded operator. 0O
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Remark 4.3. The claims in Lemma 4.2 continue to hold if we replace £(w) ™! by (£(w)+K)~* for any bounded
operator K in L2(Q)®. In fact, if we choose ¢ > e,1/*(1+||K]|))*/2 in Lemma 4.1, then Re W(it) + K —I) >

t?eminl + Re K — I > (14 ||K||)I — (I = Re K) > 0. Hence the numerical range of the modified operator on
the left-hand side of (4.4) satisfies

dist (0, W (I + (TgTo + 1) "2 (W(it) + K — I)(TgTo + 1)7/?)) > 1

which implies the first estimate in (4.2) with W(it) replaced by W(it) + K. Now the proof of Lemma 4.2
can be completed if we note that W(w) + K is still bounded.

Remark 4.4. The resolvent estimate in Lemma 4.1 for the quadratic operator pencil £ can be made more
precise and extended to the whole region {z eC:Imz ¢ [ , — Tmax ]} \i[O7 —”‘“a"], e.g. on i(0,00) by

2 Emin ’ €min

1

t2 min

|£(it) Y| < , te(0,00). (4.5)

Since we focus on the Maxwell pencil V(+) in this paper, we restrict ourselves to the properties in Lemmas 4.1
and 4.2 which we need in order to investigate absence of spectral pollution for V().

Theorem 4.5. The Mazwell pencil V (-) in (2.4) and the quadratic pencil L in (4.1) satisfy

o(V)IN{0} = o(£)\ {0}, a(V)\ {0} = a(£)\ {0}, (4.6)

and the resolvent of V (-) is given by

V(w) ! = wl(w)t iL(w)~tcurlp™!
—ip~teurly L(w)™r w i (—pt + pteurly L(w) T eurlp )

for w € o(V'). Moreover,

op(V)IN{0} = 0p(£)\ {0}, 0c(V)\{0} = 0o(£)\ {0}, 0n(V) = 0 (L) = 0,
and o (V) = 0er(L) and 0 € 0., (V) for k=1,2,3,4.

Proof. Suppose that w € o(£) \ {0}. Then, by Lemma 4.2, all entries in the operator matrix on the right-
hand side of (4.7) are bounded and it is easy to check that the latter is a two-sided inverse for V(w). This
proves w € (V) \ {0}. Vice versa, let w € o(V) \ {0}. Then, for arbitrary f € L?(2)3, there is a unique
(u,v)t € dom(V (w)) = Hp(curl, Q) & H(curl, Q) such that V(w)(u,v)* = (f,0)" or, equivalently,

(—io —we)u+icurlv = f,
—icurlyu — wuv = 0.

1

Since p is strictly positive and w # 0, we can solve the second equation for v to obtain v = —iw ™ p~! curly u.

Since v € H(curl, ), the latter yields u € dom £(w) and, inserted in the first equation,
wiL(w)u = (—ioc—we+ wteurl gt curly Ju = f.

Because f € L?(Q)3 and u was unique, it follows that w € o(£) \ {0}.
If we set f = 0 in the above reasoning, it follows that dimker V(w) < dimker £(w). Conversely, if
u € ker L(w) and we set v := —iw™ ! curlpu, then the above relations show that (u,v)® € ker V(w).
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Altogether this proves that dim ker V(w) = dim ker £(w) for w # 0 and hence, in particular, the identity for
the point spectra.

The claim on the residual spectra follows from [25, Lemma I11.5.4] since V' (w) and L(w) are J-self-adjoint
with respect to complex conjugation J in L?(Q)3 @ L?(Q)3 and L?(Q)3, respectively. Then o.(V) \ {0} =
(@(V)\op(V)\ {0} = (0(£) \ 0 (£)) \ {0} = 0c(£) \ {0}

Due to [25, Thm. IX.1.6], the J-self-adjointness also implies that all o.x(V'), k = 1,2, 3,4, and all o.;(L),
k =1,2,3,4, coincide. The last claim is proved if we show that o, (V) = o.;(L) for any j, k € {1,2,3,4}.
Here we show that o.2(V) D 0e2(L) and gea (V) C gea(L). First we consider w € C \ {0}.

To show 0e2(V) D 0e2(L), suppose that w € oe2(L) \ {0}. Then, by [25, Thm. IX.1.3] there ex-

ists a singular sequence (up)neny C dom L(w) of L(w) in 0, ie. [Juy]| = 1, n € N, u, — 0 and
L(w)u, — 0 for n — oo. If we set v, := —iw tu~teurlyu,, n € N, then v, € H(curl,Q) and the
sequence with elements wy, := (un, vy)"/\/||unl]? + ||vn]|?> € dom V(w) satisfies ||w,| = 1, n € N, and

V(w)w, = (W L(W)un, 0)°/v/[[unll? + [[vn]|2 — 0 for n — co. In addition, for any wy € o(L),

Vp = —iw ™t curly £(wo) T L(wo)uy,
= —iw tp "t eurly L(wo) T (L(w)uy, 4 (W(w +1i0) — wo(woe + i0))uy) — 0;

here we have used L(w)u, — 0, u, — 0 and that curly £(wp)~! is bounded by Lemma 4.2. Now

Vunll? + lonll? > ||un|| = 1 yields w,, — 0. This proves w € oe2(L£) \ {0}.

To show 0eq(V) C 0ea(L), assume that w ¢ o.4(L) \ {0}. Then, by [25, Thm. IX.1.4] there exists a
compact operator K in L?(Q)? such that 0 € o(L(w) + K). If we set K := diag(K,0), then K is compact in
L?(Q)3® L?(Q)? and, using Remark 4.3, we conclude that the operator matrix obtained from the right-hand
side of (4.7) by replacing £(w)~! by (£(w) + K)~! is bounded and a two-sided inverse for V(w) + K and
hence 0 € o(V(w) + K). Now [25, Thm. IX.1.4] yields that 0 ¢ o.4(V (w)), as required.

Finally, it remains to consider w = 0. It is not difficult to see that V(0)(0, H)* = 0 for all H € ker curl
and hence {0} @ VH{(Q) C ker V(0). This proves 0 € oeo(V). Further, £(0) = curl = curly is self-adjoint
with VH(Q) C ker curly = ker £(0) and hence also 0 € 0eo(L). O

5. The essential spectrum of the Maxwell problem

In this section we determine the essential spectrum of V(-) via the essential spectrum of the quadratic
operator pencil £. Here we assume that €2 is an infinite domain and that o, u, € have limits 0, £ id, o id
in the sense of (2.8) at infinity, as in Theorem 2.4; note that €., oo > 0 by assumption (2.1).

To this end, we work in the Helmholtz decomposition L?(Q) = VHA(Q) @ H(div 0, Q), see e.g. [4, Lemma
11], and denote by Pyer(aiv) the corresponding orthogonal projection from onto H(div0,(2). We begin with
a general result which applies in a wider context.

Proposition 5.1. Let m : Q — C3*3 be o tensor-valued function with

lim sup [m(x)| =0. (5.1)
R=o0 izl >R

Then mPyer(aiv) is compact from (H(curl, Q), || g (cur ) to (L2(Q)3, 10l L2 02)2)-

Proof. For any 6§ > 0 we can write m = m. + mgs where mgy is a bounded multiplication operator with
|lms|| < & and m, has compact support in some domain Qp := Q N B(0, R) for sufficiently large R > 0.
We show that mcPyer(aiv) is compact for every ¢ > 0. Since [|m Pyer(div) — chker(div)HB(H(curl,Q),Lz(Q)a) <9
vanishes as 6 — 0, we deduce that m Pier(aiv) is the norm limit of the compact operators m.Pier(aiv) and
hence compact.



114 S. Bogli et al. / J. Math. Pures Appl. 170 (2023) 96-135

Let xgr be a smooth cut-off function with xz = 1 on supp(m.) C Qg and x = 0 outside Q. Then there
exists a constant Cr > 0 such that, for all u € H(curl, ),

”(XRPker(div)u)'QR ||H(Curl,QR)ﬁH(div,QR) < CRHUHH(Curl,Q)a

where we use that div(x r Prer(div)¥) = VXR * Prer(div)% and curl(x g Prer(aiv)t) = VXR X Prer(aiv)t+ X r curl u
since curl Pyep(givyu = curlu. The compactness of m.Pier(aiv) follows from the compactness of the composi-
tion

MePrer(div)t = Met(X R Prer(div) ) |Qr;
here ¢ is the compact embedding of Ho(curl, Qg) N H(div, Qr) in L?(Qr)3, see [31]. O
Definition 5.2. We define quadratic pencils of closed operators acting in the Hilbert space H(divO0,)
equipped with the L?(Q)3-norm by

1

L, (w) := curl g~ curly —eoow? id,

weC,
dom(L,(w)) := {u € Hy(curl, Q)NH (div0,Q) : p~ ! curlu € H(curl,Q)},

and

Loo(w) := curl u ! curly —esow?id,

w e C;
dom(Leo(w)) := {u € Ho(curl, Q)NH (div 0,) : curlu € H(curl, Q)},

note that L., can be regarded as a special case of L, namely when p = po id.

Lemma 5.3. The following are true.

1 1 € ()p@? 111507 w CuIl 18 clLosaole ’lef b()u’ﬂ ed Cl()su7 e jrom t() li 1V (), .
- w > E_: ] p curlp [e's) 18 un m 5 5 n S S n
11 F(n w ]t lh 1’; 1‘[111{ ]’;h@ o 67(7/1&07 Il L w bO ded H dl\/ O Q a d al 0 as a

operator from H(div0,Q) to H(curl,Q) with

1/2
_ Moo
|| curly Loo (w) ™ | 8(a(div 0,0),  (curl,0)) < (€w|w|2 +,u§o) . (5.2)

Proof. The boundedness claims follow analogously as in Lemma 4.2, using that v € H(div 0, () satisfies
l|wll f (giv,0) = ||ul]. It remains to prove (5.2). Noting that || L (w) || < 1/(es0t?) < 1/(eco|w?|), we estimate,
for u € L3(Q)3,

|| curly Loo (w) ™ 'ull? = poo (curl p curly Log (w) ™', Loo (w) ™M u)|
- Moo<(l - EootZLOO(w)_l)ua Loo (w)_1u>

< oo (U, Lo (w) 7Hu) < MWWHUHQ
(o]

and, since 0 < I — exot?Loo(w) ™! < 1,

|| curl curly LOO(CL})_lHB(LZ(Q)S’LQ(Q)S) =i sup ((I— EootzLoo(w)_l)u,u> < oo
ueL?(Q)3
llull=1

Together, this implies the claimed resolvent norm bound. O
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Note that unless y is differentiable, the intersection between the (operator) domains of the pencils L,,, L
could be trivial. Nevertheless they have the same form domain, and the following result holds.

Proposition 5.4. If o, ¢ and p satisfy the limiting assumption (2.8) and L,, Lo are as in Definition 5.2,
then oer(Ly) = 0er(Loo) CR for k=1,2,3,4,5, and hence

1 1
mgek(curlcurlo)l/2) U (maek(curlcurlo)l/2)) \{0}

oL\ {0} = (( -

Proof. Let w € C and set 2 := esw?. Then w € o.x(L,,) if and only if 2 € 0., (C,) and w € oe(Loo) if and
only if z € 04 (Cs) where C,, := curlp™! curly and C := curl po! curly are self-adjoint in H(divO0, ©2).
Thus it suffices to show that 0. (C)) = e (Cx) for some k € {1,2,3,4,5}. Since the associated quadratic
forms ¢, and ¢, have the same domain, domc¢, = domc, = Hy(curl,§2), the second resolvent identity

takes the form
(Cp—2)' = (Cx — 2) 7' = (curly(C, — E)_l)*(u;} — Y eurly(Cop — 2) 71 (5.3)
for 2 € C \ R. In fact, for arbitrary u, v € L?(Q2)? and z € C \ R, we can write

(((Cy=2)7" = (Cox — 2) N u,v) = {(C — 2) Mu,v) — (u, (Coo — 7))
=((Cy—2)"", (Coo = 2)(Cox — 2) ") = ((Cy — 2)(Cpy — 2) ", (Coo — 2) " 0)
= (oo — Cu) [(C’H —2)"u, (Cop — E)flv];

together with ¢, = (u~* curly -, curly -) and analogously for ¢o, the identity (5.3) follows. The first factor on
the right-hand side of (5.3) is bounded since dom C, C dom curly. By assumption (2.8), the tensor-valued
function (p=!—pu2t) id satisfies condition (5.1) of Proposition 5.1 and thus the operator (u=!—put) id Pier div
is compact from H (curl, Q) to H(div0,Q) C L?(2)3. By Lemma 5.3 (ii), curly(Coo — 2) ™' = curly Loo (w) !
is bounded from H(div 0, ) to H(curl, ). Altogether, we see that

(pot — p Y curly(Coo — 2) 71 = (uzd — 171 id Prer giv curly(Coo — 2) 71

is compact. Hence, by (5.3), the resolvent difference of C), and C is compact and, by [25, Thm. IX.2.4],
0ek(Cp) = 0er(Cx) follows for all £ =1,2,3,4, and for k = 5 since C),, Cs are self-adjoint. O

Now we can characterise the essential spectrum of the Maxwell pencil V(-) and show that it lies on the
real axis and on some bounded purely imaginary interval below 0.

Theorem 5.5. Suppose that o, € and p satisfy the limiting assumption (2.8). Let Py := id —Pyeraiv be
the orthogonal projection from L*(Q)* = VHL(Q) @ H(div0,Q) onto VH(Q) and recall that W(w) =
—w(we +10), w € C, in L*(Q)3. Then

Uek:(‘c) = Uek(Loo) U Uek(PVW(')‘VHé(Q))7 k= 17 2a 374a

with ek, (L) C R given in Proposition 5.4 and Uek(PvW('”VHé(Q)) C i[—‘;‘;‘ﬁ, 0].

Proof. Let w € C. By Proposition 5.1, M(w) := (w(we + i0) — w?eso) Prer(aiv) in L*(2)? is curlyp-compact
and hence Ty-compact with Ty = p~ /2 curly. Since L£(w) = T3Ty + W(w) where W(w) = —w(we + io),
bounded sequences whose £(w) graph norms are bounded have bounded Ty graph norms. Hence M (w) is
L(w)-compact which yields o.(L(w)) = g.(L(w) + M (w)).



116 S. Bogli et al. / J. Math. Pures Appl. 170 (2023) 96-135

Since VH{(Q) C ker(curly) = ker Ty and hence TyPy = PyTy = 0, VH{(Q) is a reducing subspace for
T5To. Therefore the operator
T(w) == L(w) + M(w) = T; Ty — w(we +10)(Py + Prerdiv) + (w(we +i0) — w?e0s) Prer(aiv)
=T;To — w(we +i0)Py — w2500Pker(diV) (5.4)

which is a bounded perturbation of Tjj7T, admits an operator matrix representation with respect to the
decomposition L?(Q)? = VHL(Q) @ H(div0,Q) given by

T(w) = PvT(W)|vH3(Q) Py T (w)|H(ivo,0)
PeeraT (W)lg i)y PreraivT (@)[m(divo,0)

_ Py (—w(we +10))|g g1 (o) 0
Perdiv(~w(we +10))lgaa)  Preraiv(Ty To — w?eco) | (divo,0)

_( PoWWlvaye 0 (5.5)
PeeraW(W)lv gz ) Lu(w) .

with domain dom(7 (w)) = VH(Q) @ dom(L,(w)). Apart from L, (w), the other two matrix entries in 7 (w)
are bounded and everywhere defined, and o2(L,(w)) = )5 (Lyu(w)). Thus Theorem 8.1 in Section 8 below
and Proposition 5.4 yield that

oe2(T (w)) = oea(Ly(w)) U UeQ(PVw(Wﬂng(Q)) = 0e2(Loo(w)) U aeQ(PVw(W>|VH3(Q))
and hence, since w € C was arbitrary,

0e2(L) = 0ea(L+ M) = 0e2(T) = 0e2(Loo) Uoea(PyW( )y 113 (0))-

Finally, the inclusion ocx(PeW(')|g 1)) C i[—Z2,0] follows since the spectrum of PoW(:)|g 1 (o) i

€min

contained in the closure of its numerical range, and hence in the closure of the numerical range of W(.),
which is a subset of i[—Z=ex 0]. O

Remark 5.6. Whenever the coefficients € and o are constant in a non-empty open set O, the corresponding
value w := —iZ is an eigenvalue of PyW()|g g1 (o) (and hence of £) of infinite multiplicity, since (we +
i0)V¢ = 0 for every smooth ¢ with support in O.

Remark 5.7. Theorem 5.5 generalises [4, Thm. 6] since we do not suppose [4, Ass. 14] on 2, which requires
the subspaces K (1) of H(div 0, ) and Kr7(9) of Hy(div0,£2) to be finite dimensional. If the latter holds,
see [4, Prop. 15] for a list of sufficient conditions, then both Theorem 5.5 and [4, Thm. 6] apply and we
obtain the interesting equality

ok (PoW( )y i () = oer(divOV()V))  k=1,2,3,4, (5.6)
where PyW(w)|g () is a bounded operator in L2(Q;C3), while div(W(w)V) is defined as a bounded
operator from HZ () to H='(Q) in [4]. In fact, (5.6) follows from the identity

Ter(Loo) Uoer(PoWC)lgizy(an) = 0eb(£) = ek (V) U e (divOV()V))

where V((?) is the Maxwell pencil iV () with constant coefficients e, it and o = 0 defined in [4, Thm. 6],
by observing that o (V(O)> ={0}Uoek(Le) CR, k=1,2,3,4, and that the sets in (5.6) lie on iR and
both contain {0}.
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Note that, in concrete examples, identity (5.6) is useful to explicitly determine the purely imaginary part
of the essential spectrum of the Maxwell pencil. In fact,

ek (divOW()V)) = {w € C : 0 € g (div((we + i0)V)) } U {0}
={iv €iR : 0 € o (div((ve + 0)V))} U{0}.

Fredholm properties of operators div(aV) with non-definite coefficients a also arise when studying Maxwell
equations in dielectric media with sign-changing permittivity and/or magnetic permeability, see e.g. [32-34]
or [35,36] for relations to spectra of Neumann-Poincaré operators.

6. Abstract results for polynomial pencils

Before proceeding with the analysis of the spectral pollution for the domain truncation method applied
to £ we need some abstract results providing an enclosure for the set of spectral pollution of sequences of
polynomial pencils.

Let Hy be a Hilbert space, H, H,, C Hy, n € N, be closed subspaces. Let P: Hy - H, P, : Hy — H,
be the corresponding orthogonal projections and assume that P, — P strongly in Hy, which we write as
P, > P. For fixed M € N, let Aj, j =0,...,M, be densely defined operators in H and, for n € N, let
Ajn, j=0,...,M, be densely defined operators in H,,. We assume that A;, j # 0, are bounded and A; .,
j # 0, are uniformly bounded in n € N; in particular, only Ay and Ay, may be unbounded.

In addition, we assume that there exists a ray € (—00,¢) C (,,en ©(Ao,n) N0(Ag) with ¢ € R, vy € (—m, 7]
such that

Clim o (A=t =0,  lm o sup [[(Aow— )71 = 0. (6.1)
teel"R,e"1vt——o0 teel"R,e~1Vt——o00 N
This assumption is satisfied e.g. if Ag and Ag,, n € N, are m-accretive (then with v = 0) or self-adjoint
(then with v = § or —7). In the sequel we assume, without loss of generality, that v = 0.
Consider the pencils of operators acting in H and H,, respectively, given by

M
T(A) := Z MA;, dom T'(\) := dom(Ap) C H,

Jj=0

M
T,(\) =Y MAjn,  domT,(\) :=dom(Ags) C Hy, neN.
j=0

The boundedness of all higher order coefficient operators implies that all derivatives T)()), T (M), n €N,
k=1,2,..., M, are bounded operators and that

M
T*(\) = T(N)* =Y _MNA;,  domT*(\) = dom Aj,

=0

0,n

M
Tr(\) :=T,(N)* =Y _ NA;,, domT;(\) =domAj,, neN.
j=0

We define the region of boundedness of the sequence (T},),eN by

Ap((Th)nen) == {X € C: Ing € N with X € o(T},),n > ng, sup |[|T,(A) | < oo};

n-=no
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note that, for the case of monic linear operator pencils T, (A) := A— Ag », A € C, with unbounded Ay ,,, this
notion coincides with the region of boundedness of the operator sequence (Ag )nen, see [37, Def. 2.1 (iii)].

Lemma 6.1. i) Let A € Ay((T,)nen) with X € o(T,,) for n > ny. Then there exist rx,mx > 0 such that
B, (\) C Ab((Tn)neN) with

Ve BN pe o), ITa() M <ma 0>y
ii) Let K C Ab((Tn)neN) be a compact subset. Then there exist ng € N, mg > 0 with
VpeK: peo(Tn), [Tu(w) ' <mr, n>ng.

Proof. i) Let \ satisfy the assumptions and let n > ny). By a Neumann series argument, the operator

(= AP
To(p) = (I 2 (A)anl) T.(N), n>no,
k=1 ’

is boundedly invertible if ;1 € B, (A) and r\ > 0 is so small that

Mk
r _
ey = E k_/\' sup || TN, (A7 < 1.
k=1

s n>ny

Note that, for every k = 1,..., M, the operators flk)()\) = Z]M:1 (jf—!k)!)\j_kAj’m are bounded uniformly in

n € N. We obtain that B, (A) C o(T},) for every n > ny, with

Suann; ||Tn()‘)_1||
1-— C)

1T ()71 < . 1€ B, (\).

ii) By i), the compact set K can be covered by open disks (around each A € K) on which u —
SUP,, >y, |70 (1) 1| is uniformly bounded. Since K is compact, there exists a finite covering of such disks.
Now the claim is easy to see. O

Proposition 6.2. No spectral pollution occurs in Ab((Tn)neN).

Proof. Let A € Ay((T},)nen). Lemma 6.1 i) implies that B,, (A\) C o(T;,) for n > ny, and so, in the limit
n — oo, points in o(T},) cannot accumulate at A\. O

Lemma 6.3. Assume that there exists Ao € (,en 0(T) N o(T) with
To(Xo) PPy 5> T(No)'P, n — oo, (6.2)
and that A; P, > A;P for j =1...,M. Then for every \ € Ay ((Th)nen) No(T),
T,N)7'P, S T(\)'P, n— .
Proof. Let A € Ay((Th)nen) No(T). Define the bounded operators
M
SO =T () = Tho) = D_(N = X)4;,

j=1
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M .
Sn(A) i=To(A) = Tn(Xo) = Y (N = M)A, neN.

Jj=1

Assumption (6.1) together with the boundedness of the operators A; ,, n € N, j =1,..., M, implies that,
by a Neumann series argument, there exists tg € R such that (—oo,¢) is contained in the (operator) region
of boundedness Ay ((T7(Xo)),,en)> see [37, Def. 2.1 (iii)], and in o(T'(Xo)), with

lim  [(T(Ao) =)' =0, lim sup [[(Z(Xo) — )7 = 0. (6.3)

teR,t——o0 teR,t——o0 peN
Then (6.2) and [37, Prop. 2.16 i)] imply that, for ¢t € (—o0, tg),
(T,(No) —t) ' Py 2 (T(No) —t)'P, n — 0.

By the assumptions, S, (A\)P, = S(A\)P as n — co. This and (6.3) show that the perturbation result [37,
Cor. 3.5], applies to T'(A) = T'(Ag) +S(A), Tn(A) = T5,(Ao) +Sn(A), n € N, and yields that, for all sufficiently
negative t € (—oo, o),

(T,(\) —t)"'P, > (T(\) —t)"'P, n — oo

By the choice of A we have 0 € Ay ((T())),,en)Ne(T(N)), and hence another application of [37, Prop. 2.16 1)]
implies the claim. O

Proposition 6.4. Suppose that the assumptions of Lemma 6.3 are satisfied. Then, for each A € o,(T) such
that for some € > 0 we have

B-(M\{A} € Ay ((Th)nen) Ne(T), (6.4)

there exists a sequence of elements A, € o(T,), n € N, with \,, = A\, n — co.

Proof. Let A € 0,(T") and € > 0 satisfy (6.4). Assume the claim does not hold. Then there exists a ¢ € (0,¢)
and an infinite subset I C N with dist(\, 0(7,,)) > 26, n € I. Define bounded operators Q and Q,, n € N,
by the contour integrals

1 M-1
Q=5 TA+2)"* Z T<’<+1>(A) dz,
|2l=3 h=0
1 M-—1
Qn =5 n(A+2)7! Z T,S’““)()\) dz, nel;
|2i=5 k=0

recall that the sums on the right-hand side are bounded operators since all higher order coefficients of T'
were assumed to be bounded. Since z + T, (A + 2)~! is holomorphic in Bas(0), we have Q,, = 0, n € I.
Since A € 0,(T), there exists € dom(T") with ||z|| = 1 and T'(A\)x = 0. Using this in the Taylor expansion
of T in A, we conclude that

I

, Z€ BQ&(O),

M
T+ 2)x Z

k=1

w‘N

and hence
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1 M-1
“x=TM\+2)"" T (N)z, 2 € Bys(0)\ {0}
Z

k=0

Now Cauchy’s integral formula implies that

Qx = L / 1dz x=ux#0. (6.5)

2mi z
|z|=6

For every n € I, define the function f,, : {z € C: |z] =0} — [0,00) by
M-1 M-

T(’““)()\)Px — T, (A+2)7? T7§’€+1>anH.
k=0 k=0

,_.

fnlz *HT)\Jrz -1

Then

1
QPe - QuPutl < 5= [ fle)disl, mer

|z|=6

The assumptions together with Lemma 6.3 imply that f,(z) — 0, n — oo, for every z € C with |z| = 4.
Note that f,, n € N, are uniformly bounded by the compactness of the circle {z € C : |z| = §} and by
Lemma 6.1 ii). Lebesgue’s dominated convergence theorem implies ||QPx — Q. Prz| — 0asn € I, n — 0.
Since @, =0, n € I, it follows that QPx = 0. However Px = « since 2 € dom(T") C H and P is a projection
onto H. Thus Qx = 0, a contradiction to Qz =z #£ 0, see (6.5). O

Next we define the limiting approzimate point spectrum by
Capp (Tn)nen) = {X € C: 31 C N, I infinite, 3z, € dom(T,), ||lzn| =1, n € I, with || T,,(A)zn || — 0}
and the limiting essential spectrum by

0e((Tn)nen) == {A € C: 31 C N, [ infinite, 3z, € dom(T,), |lzn| =1, n €I,
with z, — 0,[|T,,(A)z,| — 0}.

It is easy to see that, as in the operator case, see [22, Lemma 2.14 ii)],

(C\Ab(( )neN) = Uapp((Tn)neN) U Uapp((Tz)neN)*~ (6~6)

Proposition 6.5. Suppose that the assumptions of Lemma 6.3 are satisfied. Then

Uapp((T;)neN)* C O-e((T;)neN)* Uop(TH)".

Proof. Let \ € Uapp((T;)neN)*. By definition, there exist an infinite subset I C N and z,, € dom(T}),
n € I, with ||z,|| = 1 and || T,(A)*z,|| — 0 as n — oo. The sequence (z,)nen C Hp is bounded and thus
has a weakly convergent subsequence (z,)necz, with infinite I C I; denote its weak limit by = € Hyp. If
x =0, then A € ae((T;)neN)*.

Now assume that & # 0. Define y,, := T,,(\)*z,, n € Is. Then y, — 0 as n — oo. Note that, if
z € Ay((Ty)nen) N o(T), then Lemma 6.3 implies T;,(2) "' P, > T(2)~' P, and
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- E- N
To(2)*zn = kz T:r;gk)(x)*xn 4+ Yn, n€ I

—

Thus

- -V
Zn =Ta(2)"" TT}/“)(A)*% + T(2) *yn, 7€ . (6.7)

Let w € Hy be arbitrary. The convergence assumptions, 4, — 0 as n — oo and T*)(\) = PT®*)()\) imply
that

E-N <xn,TT(L’“)()\)Tn(z)_1in> + (Y, T(2) " Pyw)

(E;—'w <x PT(k)(A)T(z)_1Pw>

M~ Yk
_ <T(z)** 3 %T“W\)*Pm, w>

as n — oo. By the uniqueness of the weak limit, we obtain that

—% - (E_ )\)k (k * *
r=T()"") T )(\)* Pz € dom(T(2)*) C H,

hence Px = z and

zZ—A)F .
%T(’“)(A) .

=
o
H*
I
B

>
Il

1

The uniqueness of the Taylor expansion of T'(-)* in X implies that 0 = T'(A\)*z = T*(\)z. Since x # 0, we
conclude that A € g,(T*)*. O

Now we prove the main result of this section.
Theorem 6.6. Assume that there exists Ao € [, 0(Tn) N o(T) with
To(Xo) ' Po = T(Xo)'P, Tn(Xo) Py = T(Xo) *P.
If also Aj , P, 5 A;P and A} P, 5 AGP for every j =1,..., M, then spectral pollution is contained in

Ue((Tn)n6N> U Ue((T:)neN) ) (6.8)

and for every isolated A € o,(T) not belonging to oc((Tn)nen) U Ue((T:{)neN)* there exist A, € o(T,),
n € N, with A\, — \.

Proof. First note that Ay ((T},)nen) = Ab((T;{)nEN)*, see (6.6). The latter and Proposition 6.5 imply that

(C\AY((Tn)nen)) N o(T) = (Tapp (Tu)nen) U dapp (T)nen) ) N o(T)

C Je((Tn)neN) U Je((T;)WEN) )
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note that A € o, (7T*)* implies that {0} # ker T(\)* = ran T(\)* and hence A ¢ o(T"). Now the claims follow
from Propositions 6.2 and 6.4. 0O

7. Limiting essential spectrum

In this section, along with the linear Maxwell pencil V(-) in L*(Q)% @ L?(2)3, see (1.3), the associated
operator matrix A in L2(Q)%@® L2(2)3, see (3.2), and the quadratic operator pencil £(-) in L2(2)3, see (4.1),
we now consider their analogues V,,(-) and A, in L?(Q,)% ® L?(Q,)® and £,(-) in L?(£2,)3, respectively.
The objective of this section is to determine the limiting essential spectrum o ((Ly,)nen) and then to prove
Theorem 2.4.

Note that all our results in Sections 3 on spectral enclosures and resolvent estimates for V(-) and A as well
as in Section 4 on the relations between the spectral properties of V() and £(-) hold for both bounded and
unbounded domains, and thus cover, when applied on the domains €,,, n € N, equally V,,(-), A, and L, ().

For convenience, we briefly recall that, in line with (3.1), (3.2) and (4.1),

51/2 0 81/2 0
@ = (% ) a-an (55 D).

(7.1)
dom V,,(w) = Hy(curl,Q,) @ H(curl,2,),
in which
A = —ie"20e72 —ig~2 curl p=1/2
" g Y2curlpe 2 0 ’ (7.2)
dom A,, := 51/2H0(curl, Q) & ,ul/QH(curl, Qn),
and
L, (w) := curl p~teurly — w(we + io),
(w) ( ) (7.3)

dom(L,(w)) := {E € Ho(curl,Q,) : p~'curl E € H(curl,Q,)}.

In the sequel, we define the orthogonal projection P, : L%(Q)? — L?*(Q,)3 by Pou = xq, u for u € L*(Q)3.
Note that L?(,,) is understood as a subspace of L?(f2) by extending each function by zero.

Proposition 7.1. Let w = it with t > 5;11142, Then L, (W)™ P, > L(w)™ as n — oo.

Proof. In the sequel we use Lemma 4.1 applied to both £(-) and to its truncated analogues L,(-); the
truncated analogues of Ty = p~ ! curly, dom Ty = Ho(curl, ), and of W(w) = —w(we + io), w € C, in
L?(Q)3, are operators in L?((2,)? which we denote by Ty, = p= 12 curly, dom Ton = Hp(curl,£2,), and
Wh(w) = —w(we +i0).

Because Q = [J,, .y s and C°(Q)3 is a core of (TgTy + I)/2, see Lemma 4.1, it follows that for every
u there exists N,, € N such that suppu C Q,, for all n > N,,. Then (TTo + I)1/2u = (T(inTo,n + I)l/zpnu
for n > N,. By Lemma 4.1 sup,, ey |(T5,To,n +1)7*/?|| < 1 < 0o and hence [37, Thm. 3.1] yields that

(Lo o +1)7V2P S (TyTo + 1)7V2, n— oo,

It is easy to see that (W, (w) — I)P,, > W(w) — I as n — oo for all w € C. Since the product and sum
of strongly convergent operators are strongly convergent, we obtain that
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(14 (T Tom + D72 OWa(w) = D(T5, To +1)712) Py

(7.4)
ST+ (TyTo+ D7 YV2PW(w) = D)(TETo + 1) 7Y%, n— .
Now let w = it with t > 5;111{ ?. Then Lemma 4.1 implies that
-1

(14 @+ D2 ove) - DT+ 077) | <1

» (7.5)
sup (I + (T3 Tom + 1) 72 Wilw) — (T4, Tom + I)*l/z) H <1< oo.
ne

Hence, by [37, Lemma 3.2], the inverses in (7.4), converge strongly as well,

~1
(14 (T3 Ton + D72 Walw) = DTG Tow + 7V2) Py
-1
N (I + (T3 To + ])*1/2(W(w) — )T} To + 1)71/2)  n— oo

Altogether, we arrive at

-1
La@) ™ Po = (T, Tom + 1) 74 (T4 (T, Tom + D7 W) = D(Tg,Ton +D7F) (T3, Tom + 174 P
S (T To + )78 (T+ (T Ty + 1) H V(W) - (T3 To + 1))

Applying Theorem 6.6 to the quadratic pencils £, and using that £,, is J-self-adjoint with respect to
conjugation for all n € N so that 0. ((L})nen)™ = 0e((Ln)nenN), we immediately obtain

O’poll((ﬁn)neN) - Ue(([:n)neN) U O'e((‘C:L)RGN)* = Ue((£n)n€N)- (76)

Proposition 7.2. Suppose that o, € and p satisfy the limiting assumption (2.8). Denote by Tp(w) the triangular
operator matrices given by (5.5) with Q replaced by Q,, i.e. acting in L*(,)> = VHY(Q,) ® H(div0,,).
Then the limiting essential spectra of (Ln)nen and (Tn)nen are equal,

0e((Ln)nen) = 0e((Tn)nen)-

Proof. The proof is closely modelled on the proofs of Theorem 5.5 and Proposition 5.1. Let w € C be fixed.
Let My, (w) := (w(we +i0) = w?) Prer(div,0,,) i L?(2,)3. Then T, (w) is the operator matrix representation of
Lo (w)4 M, (w) in L2(Q,)? = VH(Q,)® H(div 0, Q2,). First note that, for any u,, € dom(L,), ||u,|| = 1, the
sequence (||L,(w)un||)nen is bounded if and only if the sequence (||(L,(w) + M, (w))un||)nen is bounded.

Now we argue that it suffices to show the following claim: if any of the above two sequences is bounded,
then for any infinite subset I C N the sequence (M, (w)u,)ner C L%(2)® has a convergent subsequence.
To see that this claim proves the theorem, assume that v, — 0 and £, (w)u, — 0 as n — oo, i.e. w €
0e((Ln)nen). Then, by the claim together with u, — 0, and the uniqueness of the weak limit, we get
M, (w)u, — 0 as n — oo, whence w € 0.((Ly + My)nen). The proof is analogous if we start with
w € e ((Ly, + Mp)peN)-

To prove the claim, let (||£,(w)un||)nen be bounded. Then (|| || g (curl,0,))nen is bounded as well, and
thus the property that, for any infinite subset I C N, (M, (w)uy)ner C L?(2)? has a convergent subsequence
is equivalent to

My, (W) Preraiv : (H(cwl, Q4), ||+ [ eur.0,)) = (L2(Q0)%, |1 - lz2(0,), n €N,
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being a discretely compact sequence, see [38, Def. 3.1.(k)] or [37, Def. 2.5]. As in the proof of Proposition 5.1,
for any ¢ > 0 we can write M, (w) = M, ,(w)+ Ms ,(w) where Ms ,(w) is a bounded multiplication operator
with || Ms.,(w)|| < ¢ vanishing uniformly in n as 6 — 0 and M, ,(w) has compact support in some domain
Qrn = Q, N B(0,R) C 2N B(0,R) = Qg for sufficiently large R > 0. Since the uniform limit of a
discretely compact sequence is discretely compact, see [37, Prop. 2.9], the sequence (M, (w))nen is discretely
compact if each sequence (M, ,(w))nen, 6 > 0, is discretely compact. To show the latter, let I C N be
an infinite subset. Let xg be the same cut-off function as in the proof of Proposition 5.1 and let ¢ be the
compact embedding of Ho(curl, Qr) N H (div, Qr) in L?(Qg)3, see [31]. Then, for all sufficiently large n € I,
supp M¢ n(w) C Qg C Q, and

Mc,n(w)Pkerdivun = Mc,n(w)L<XRPkerdivun)|QR,TL'

As in the proof of Proposition 5.1, we now deduce that (M, ,(w)u,)ner C L*(2)? has a convergent subse-
quence. O

Proposition 7.3. Suppose that o, € and p satisfy the limiting assumption (2.8). Let Ly, ;, and Loy, be defined
in the same way as L, and Lo, see Definition 5.2 with Q replaced by Q,. Then

06((Lu,n)n€N) = Ue((LOO,n)nEN)-

Proof. Recall that L, ,(w) = Cp, — cow?id, Loon(w) = Coon — ecow?id, n € N, w € C, are closed
operators acting in the Hilbert space H(div0,9,) € L*(Q,)3, endowed with the L?(£2,,)3-norm, and C,, ,, =

1

curl =t curly, Coo,n = curl pgt! curly are self-adjoint therein.

The proof is modelled on that of Proposition 5.4. Here it suffices to prove o¢((Lyn(w))nen) =

Oe((Loo,n(w))nen for only one w € C, which we choose as w = it with ¢t > ¢ or equivalently

min

0e((Cum)neN) = 0e((Coon)nen). By [22, Thm. 2.5] the limiting essential spectrum has the spectral mapping
property for the resolvent. Due to [22, Thm. 2.12 (ii)] it is then enough to show that, for z = e,ow? < —1,

Kn(z) = (L/wl(w))_l - (Loo,n(w))_l = (Cuyn - Z>_1 - (Coo,n - Z)_l

is such that (K, (2))nen is discretely compact and (K, (2)*P,)nen is strongly convergent. The strong
convergence follows from Proposition 7.1 which yields that

Kn(z)*Pn = (E#’n(w))_lpn - (Eoo,n(w»_lpn i> (‘Cu(w»_l - (‘600(5»_1-
Applying (5.3) in the proof of Proposition 5.4 on §2,,, we deduce that

Ky (2) = (curlg(Cpn — E)_l)*(u;} —pu Y eurly(Cogp — 2)7 1 (7.7)

By Lemma 5.3 (ii) on €, the operators curly(Coo, — 2)~! = curly(Loo.n(w))~! are bounded from

H(div0,$,) to H(curl,Q,) with uniformly bounded operator norms,

1/2
- u
sup || curl(Loo,n () B(#(div0,020), H(curl,0,)) < ( = -HLZo) < 0o0.
neN 600‘0‘)‘

By Lemma 5.3 (i) on €y, the operators (curly(C,, ., —E)*l)* = (L,n(w)) ! curl are bounded from L?(£2,,)3
to H(div0,,). Moreover, they are strongly convergent, (£, ,,(w))~L curlP, > (£, (w))~tcurl as n — oo,

since for every u € H(curl,Q) we have P,u € H(curl,Q,) with curl P,u = P, curlu as curl is a local
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operator, and since (£, ,(w)) 1P, = (£, (w))™?

Proposition 7.1. Analogously to the proof of Proposition 7.2 for M, (w), one can show that

as n — oo, which follows by analogy with the proof of

(lu71 - id)Pker(diV,Qn) : (H(Curla Qn)’ ||'||H(curl7Qn)) - (L2(Qn)3, ||'HL2(QH)3)3 ne N7

form a discretely compact sequence of operators. Now (7.7) and [37, Lemma 2.8 i), ii)] imply that (K, (2)),en
is a discretely compact sequence. 0O

Lemma 7.4. For every n € N, the closure of ¥, = C2°(2,)> N H(div 0,$,,), with respect to the H(curl, §,,)-
norm equals H, = Ho(curl, ,,) N H(div0, ).

Proof. The subspace H,, of Hy(curl, Q) equipped with the norm ||- || 7 (cur1,02,,) is closed since Ho(curl, €2,,)N
H(div 0,€,) with its norm || - || g(curt,,) + | - [| Fr(div,0,.) 1 closed and the norms [|u|| g (curl,0,) + vl #(div,0.)
and |[ul g (cur,0,) are equivalent for u € Ho(curl,€2,) N H(div0,$,). Consequently, H, is a Hilbert space.
Since %, C M., the statement is equivalent to proving that #,,N%,;- = {0} where the orthogonal complement
is taken with respect to the inner product (-,-) + (curl-,curl-). Let h € H,, N ¥,;-. Then

(h,v) + {curl h,curlv) =0, v € ¥,. (7.8)

First we claim that every ¢ € C2°(£,)® can be represented as ¢ = V& + v with £ € C®(Q,), v € ¥,.
Indeed, the Dirichlet problem

—Af =—divyp inQ,, £=0 ondf,

has a unique solution £ € C°(Q,,) and we can set v = ¢ — V& € ¥#,. Using ¢ = V& + v, curl V€ = 0,
(h, V&)= —(divh,&) = 0 and (7.8), we conclude

(h, ) + (curl h, curl @) = (h,v) + {curl h,curlv) = 0, ¢ € C(Q,)>. (7.9)

Since C2°(€,,)? is dense in (Hg(curl, $2,),]| - | 5 (curt,02,))s equality (7.9) also holds for all ¢ € Ho(curl, Qy,).
Thus we can choose ¢ = h € Hy(curl, ,,) in (7.9) to obtain

0 < [leurl hl|? = —[|A|]* < 0,
so all the inequalities are equalities and hence h = 0. O

Theorem 7.5. Suppose that o, € and p satisfy the limiting assumption (2.8). Let W(w) = —w(we + i0),
w e C, in L2(Q)? and W, (w) correspondingly in L*(2,)2. Then the limiting essential spectrum of (L,)nen
satisfies

Oel(Lalnen) € Tl (Locnlnen) U oe (PeWa (g3, Jnen)
C We(Loo) Uoe (PVW(‘”ng(Q)) :

Proof. By Proposition 7.2 we have 0.((Ln)neN) = 0e((Tn)neN)- Since Tp(w) is a diagonally dominant
operator matrix of order 0 for all n € N, w € C, with bounds a = [[W(w)|g 1 (q)ll, b= 0 in (8.8) uniform in
n, Theorem 8.6 in Section 8 below implies that its limiting essential spectrum is the union of the limiting
essential spectra of its diagonal entries,

O'e((lﬁl)neN) C ae((Lu,n)neN) Uoe ((PVWn(')‘VHé(Qn))nGN) .
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By Proposition 7.3 it follows that oe((Lyn)neN) = 0e((Loo,n)nen) C R. Next we show

Ue((Loo,n)neN) C We(Loo)-

If w € 0e((Loo,n)neN), then, by definition there exist w,, € dom Lo, ,(w) C Ho(curl,Q,,) NH(div 0, ,),
lwn|| =1, n € N, w, = 0 and Lo n(w)w, — 0 as n — oo. Taking the scalar product with w,,, we find that

(Lo (W) wn, wy) = [|ut/? curly wy||* — extw? = 0

as n — 0o. By Lemma 7.4, for each n € N there exists v, € C2°(Q,,)3NH (div 0, Q,,) with |Jv, —w,|*> < 1/n,
[eurl(v, — wy)||? < 1/n. Let 02 € Hy(curl, Q) N H(div0, Q) be the extension of v, to Q by zero for n € N.
Then

-1,.,2
+ew

1
<7 eurlwn |* = e Jwn|*) +

012
n” - oo

— — 2
15" curlw e w?[lonll”] < [l

as n — o0o. Since |[v2]| — 1 as n — oo, upon renormalisation of the elements v2, we obtain w € W, (L)
Finally, it remains to be proved that o, ((van('”vﬂg(ﬂn))nEN) C 0. (va(')lvﬂg(ﬂ)) If we

Oc ((Pan(')|vHé(Q))neN), there exist u, € H}(Qy), |[Vun| =1, n € N, such that Vu, — 0 and

||PVH8(QH)W(OJ€ +i0)Vu,|| = 0, n— co.

Let u® € H}(Q) be the extension of u,, € H§(Q,) to Q by zero for n € N. By standard properties of Sobolev
spaces, Vul = (Vu,)°. Hence the sequence (u9),eny C HE(Q) is such that ||[Vul| =1, n € N, Vul — 0
and

1Pg 11 (0, yw (we + i0)Vul| =0, n— oo.

Now the claim follows if we observe that PVH& (Q)f = ng(Qn)f for all f € L?(2) with supp f C Q,. O

n

Remark 7.6. In fact, o, ((Pan(-)|vgé(Q ))neN) = 0o, (PVW(-)\VHé(Q)); here the inclusion ‘D’ follows

by [22, Prop. 2.7] since PeW(:)lg 10y, PoWa()lvii(a,) m € N, are bounded and PoWn()lv g1 (0, >

n

PeW()lv i) as n— oo, see [37, Lemma 3.2].

Proof of Theorem 2.4. Due to Theorem 4.5, we have 0 € 0.(V) = 0.(£) and hence 0 ¢ opon((Vi)nen);
0 ¢ opon((Ln)nen). Then, by (4.6) and (2.7), it follows that

Upoll((vn)neN) = Upoll((vn)neN) \ {O} = Upoll((ﬁn)neN) \ {0} = Upoll((ﬁn)neN)- (7~10)

Now (7.6) and Theorem 7.5 imply that

Upoll((['n)neN) Coe((Ln)nen) C We(Loo) Uoe (PVW('”VH(%(Q)) . (7.11)

Since Theorems 5.5 and 4.5 yield that
oe (PoWO)lgay@)) € 0e(£) = 0e(V) C o(V),

we easily deduce that opon((Va)nen) Noe (va('”vflg(ﬂ)) = (). This, together with (7.10), (7.11) shows
that opon((Va)nen) C We(Loo), as required.
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The approximation of isolated eigenvalues outside of o.((Ln)nen) U 0e((LE)nen)* = 0e((Ln)nen), and
hence outside of We(Loo) U ¢ (PVW(')lvHé(Q)) by (7.11), is a consequence of Theorem 6.6. O

If 0 = 0, we can improve the spectral approximation part in Theorem 2.4 to all spectral points in o (V).

Theorem 7.7. Assume that o = 0. In addition to the conclusions of Theorem 2.4, for every w € o(V) there
exists a sequence wy, € o(Vy,), n € N, with w,, — w as n — oo.

Proof. When o = 0, the spectral problems for V and £ reduce to classical spectral problems for
the self-adjoint operator matrix A in (3.2). We therefore have a domain truncation problem for a se-
quence of self-adjoint operators converging in strong resolvent sense, (A, — w) 'P, > (A — w)™ !,
where P, := diag(P,, P,,). In fact, the strong convergence V,,(w)~'P, = V(w)~! follows from (4.7) and
Proposition 7.1; here we need that L?(Q)% @ p'/2H(curl, Q) is dense in L*(Q)% @ L?*(Q)> and that, for
u € p'/?H(curl, ), Pyu € p'/?H(curl, Q2,,) with curl u*/2P,u = P, curl u'/?u since curl is a local operator.
Then (A, —w)"'P, 3 (A—w)~! by (3.1) and (7.1). The spectral approximation now follows from classical
results, see e.g. [39, Thm. VIII.24 (a)]. O

8. Abstract results for essential spectra and limiting essential spectra of triangular operator matrices

In this section we prove the abstract results on essential spectra and limiting essential spectra of trian-
gular operator matrices used in Theorems 5.5 and 7.5 and employed to prove our main result on spectral
approximation, Theorem 2.4. The results below are more general than what we needed there since we also
admit unbounded off-diagonal entries. Thus we decided to present them in a separate section.

In a product Hilbert space H = H1 ® Hs we consider lower triangular 2 x 2 operator matrices

A= <é 10)) (8.1)

such that A, D are densely defined, C, D are closable, dom(A) C dom(C) and ¢(A) # 0. Then, e.g. by [40,
Thm. 2.2.8], A is closable with closure
— A 0

The Schur Frobenius factorisation [40, (2.2.10)] of A simplifies to

A—A:(C(A{A)1 9) (AO_A EEQ’ A€ o(A), (8.2)

and the first factor therein is bounded and boundedly invertible since C'is closable and A is closed. Therefore,

oex(A)\o(A) =0 (D), k=1,...,5.
In the sequel we study the relation between o.;(.A) and the union o.x(A) U o (D), mainly for k = 2. Here
we denote the set of semi Fredholm operators with finite nullity and finite defect by ®, and ®_, respectively,
see [25, Sect. 1.3].
Note that even for diagonal operator matrices A = diag (A, D), i.e. C = 0, equality does not prevail for
every k € {1,...,5}; in fact, by [25, IX. (5.2)],



128 S. Bogli et al. / J. Math. Pures Appl. 170 (2023) 96-135

oe1(diag (4, D)) D
oer(diag (A, D)) = o (A) Uoer(D), k=2,3, (8.3)
A, D)) C

)

ok (diag (

It is well-known that, for C' # 0, the assumption dom(A) C dom(C') is essential to have the inclusion
oer(A) C o (A) Uoer(D), k = 1,...,5. In fact, if A, D = 0 and C is boundedly invertible with dense
domain dom(C) € Hy, then e (A) = 0.1(A) = C # {0} = 0er(A) = oer(D) for k=1,...,5.

On the other hand, certain relative compactness assumptions may ensure equality; e.g. if for some u €
o(A) N o(D) the operator (D — pu)"*C(A — p)~! is compact, then, by [40, Thm. 2.4.8],

0'33(./—4) == O'eg(A) U Jeg(b).
For the case k = 2, we now describe the difference between o.2(.A) and the union c.2(A) U oe2(D) and
establish criteria for equality. Here, for a closed linear operator T', set o}5(T) := {A € C : ran(T — )
closed, codim ran(7 — \) < oo}; note that then A € 075(T) if and only if X € g.2(T*); see [25, Sect. IX.1].

Theorem 8.1. Let A be as in (8.1), i.e. A, D are densely defined, C, D are closable, dom(A) C dom(C) and
o(A) #0. Then

(0e2(A)\ 025(D)) Uea(D) C 0e2(A) C 0ea(A) Uoea(D), (8.4)

and hence

in particular, if 0%y(D) = 0ea(D) or if 0wa(A) Naiy(D) =0, then

UQQ(Z) = 0'62(14> U UEQ(D).
Proof. First we prove the left inclusion in (8.4). The enclosure o.2(D) C 0ea(A) is trivial; we just add a zero
first component to a singular sequence coming from D. Now let A € ge2(A)\ 05(D). Then D — X € ®_ and
hence D — \ has an approximate right inverse Ry € B(Hz), see [25, Thm. 1.3.11], i.e. (D — \)Ry = I3, + F\
with F)\ € B(H32) of finite rank. Since A € o0.2(A), there exists (z,)peny C domA, |z,] = 1, z, — 0,
(A— XNz, — 0, n — oco. This implies that (Azy),en is bounded. Since C' is closable and dom A C dom C,
C'is A-bounded and hence (Czp)nen is bounded as well.
Now set y,, := —RxCxp, n € N. Then (y,)neN is bounded and, for n € N|

Cxp+ (D — Ny, = Cz,y — (D — \)R\Czy, = Cxpy — (I3, + F\)Cxp, = —F)\Coxy.

Since (C2p)nen is bounded and Fy € B(Hs) has finite rank, upon choosing a subsequence, we may assume
that

Cxp+ (D — Ny, = —F\Cx, -0, n— oo.

It remains to be shown that y, = —R)\Cz, — 0 for n — oo. To this end, let u € o(A) (# 0). Then
C(A — )~ is bounded since C'is closable and A is closed. Thus

Cxp=C(A—p) (A= Nz, +(\— n ) —0, — 00,
@ (A=) (A= Nza +(A = ) @0 ) n— 00
—0 —0
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and hence, since Ry is bounded, y, — 0 for n — oo, as required. Finally, if we set v, := (Zn,¥yn), n € N,
and normalise v,,, we obtain a singular sequence for A at A and hence \ € g.2(A).
In order to prove the second inclusion in (8.4), let A\ & 0e2(A) U oea(D), ie. A— X, D— X € &,. For

arbitrary p > 0, set

_ A 0 ul 0
. 1 _ .
Ay = M7UAM,, = (uC D), M, = ( 0 I). (8.5)
Then oeo(A) = 0e2 (-A_u) because M), is bounded and boundedly invertible. Due to the stability of semi-
Fredholmness, see [25, Thm. .3.22, Rem. 1.3.27], and since diag (A — A\, D — \) € ®,, we can choose y > 0
so small that A, — X\ € @ and thus A ¢ oea(A).

Finally, the last two claims are obvious from (8.4). O

Remark 8.2. For the second inclusion in (8.4), in the same way as in the proof of Theorem 8.1, one can also
show that o, (A) C oek(A) Uoer(D) for k = 3,4,5. Here the Fredholm stability results [25, Thm. 1.3.22
and Rem. 1.3.27] for &4 and hence ®, together with the stability of the index therein, give the inclusions
for k = 3,4, while for k = 5 the stability of bounded invertibility [27, Thm. IV.1.16] is used.

The first inclusion in (8.4) also holds for k = 3, i.e. oe3(A) U (0e3(A) N 03(D)) = 0e3(A) U oea(D),

whereas for k = 4 the difference between 0.4(A) and 0.4(A) U oes(D) has a much less elegant description.

Corollary 8.3. Let A be as in (8.1). If D is J-self-adjoint for some conjugation J in Ha, i.e. T* = Iz,
(jl',jy) = (Iay) fOT’ T,y € H?) then

O'ek(.A)ZO'ek(A)UO'ek(D), k=2,3,4.

Proof. We prove the claim for & = 2; the proof for k = 3,4 is left to the reader. Since D is J-self-adjoint,
dimker(D — \) = dim ker(D* — ) for A € C by [25, Lemma II1.5.4]. Hence, either ran(D — )) is not closed
or dimker(D — ) = dimran(D — \)® so that D — X is a Fredholm of index 0 for A € C. This proves that
0e2(D) = 0% (D) and hence Theorem 8.1 yields the claim. O

The following counter-examples show that, in general, neither of the inclusions in (8.4) is an equality,
even when all entries of A4 are bounded.

Example 8.4. Let D € B(Hz2) be a bounded linear operator in some Hilbert space Ha such that 0 €
0%(D)\oe2(D), e.g. dimker D < oo and dim(ran D)+ = co. For example, we can choose D : £2(N) — (?(N)
given by Dey, := eqr, k € N.

i) If A in H; = Ho is compact with oea(A) = {0}, C = A and D is as above, then, for A as in (8.1),

0¢ (0—62(14) \ O’ZQ(E)) Uoea(D) = 0ea(D), 0€ oea(A);

for the latter note that since 0 € oe2(A), there exists a singular sequence (x,)nen for A and then, since
C = A, it follows that ((zn,0))neN is a singular sequence for A. This example shows that the first inclusion
in (8.4) is not an equality.

ii) If Pan py+ is the orthogonal projection on (ran D)t =kerD*, A=1— Pran pyr in H1 = Hy and
C = Pan py-, then ker A = (ran P)* so that 0 € 0e2(A) and, for A as in (8.1),

0¢ 0e2(A), 06 0ea(A)N (055(D)\ 0e2(D)) C oe2(A)Uoea(D).

To prove the former, suppose to the contrary that 0 € og.2(.A). Then there would exist a sequence h,, =
(T, yn)t € H1 @& Hy such that ||h,| =1, b, — 0 for n — oo, and
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I— Pran )x, —0,
( (ran D)) n — oo. (8.6)
P(ranD)an + Dyn — Oa

The second relation in (8.6) implies Pyan pyrzn — 0 and Dy, — 0 as n — oo. Together with the first
relation in (8.6), we conclude that x, — 0 and hence ||y,|| — 1 for n — o0; hence upon choosing a
subsequence we can assume that y,, # 0, n € N. Since h,, — 0 for n — oo implies that y,, — 0 for n — oo,
we conclude that ¥, := yn/||lynll, » € N, is a singular sequence for D, a contradiction, since 0 ¢ ogea(D).
This example proves that the second inclusion in (8.4) is not an equality.

Remark 8.5. We mention that Theorem 8.1, see also Corollary 8.3, provides a direct proof of [4, Prop. 25]
on Maxwell’s equations. Indeed, our results apply to the lower triangular operator matrix V,, in [4, (26)]
therein whose entries A,,, C\,, D, are 2 X 2 operator matrices themselves with unbounded entries. Standard

computations show that oe2(D,,) = 0¥ (D,,) and hence Theorem 8.1 yields the equality oe2(V,) = dea(Au)U
0e2(D,,), which had to be proved in [4, Prop. 25] for the concrete operators therein.

Finally, we provide some results on the limiting essential spectrum of sequences of lower triangular
operator matrices. The first results of this kind were established in the thesis [41, Sect. 2.3] without the
assumption of triangularity for bounded off-diagonal corners.

Let Ho = Hi,0 ® Ha,0 be a Hilbert space, H;, Hin C Hio be closed subspaces for n € N and ¢ = 1,2.
Let P : Hio — Hiy Pin : Hio = Hin, n € N, be the corresponding orthogonal projections and assume
that P; ,, 5 P in Hio-

In addition to A as in (8.1), in the subspaces H,, = H1,n ® Hapn of Ho = H1,0® Ha0, n € N, we consider
the lower triangular operator matrices

m(& &) (8.7)

satisfying analogous assumptions as A, i.e. A,, D, are densely defined, C,,, D,, are closable, dom(A,) C
dom(C,,) and o(4,) # 0.

While the assumptions ensure that each C, is A,-bounded, we suppose that the operator sequence
(Cp)nen is uniformly (A, ),en-bounded, i.e. there exist a, b > 0 and N € N such that

Cpz||® < allz]® + bl|Anz|, 2z € dom(A,), neN, n> N. (8.8)

Theorem 8.6. Let A,, be defined as in (8.7), n € N, and assume that (Cy,)neN s uniformly (An)nen-bounded,
e. (8.8) holds. Then

0e2((Dn)nen) C 062((A_n)n€N) C oe2((An)nen) U oe2((Dn)nen)-

Proof. The proof is similar to the proof of the respective parts of the proof of Theorem 8.1; note that, due to
assumption (8.8), we can choose p > 0 in the transformation of A, see (8.5), independently of n € I C N.
The proof is also analogous to the proof of [41, Prop. 2.3.1 i)] if we observe that the sequence B,, = 0 of zero
operators is discretely compact and we replace the uniform boundedness property of (]|Cy||)nen therein by
(8.8). We leave the details to the reader. 0O

Data availability

All data are contained in the text.
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Appendix A. Computations for Example 2.6

In this appendix we provide the computations for Example 2.6 where we considered the semi-infinite
cylinder Q = (0,00) x (0, L2) x (0, L3) and supposed that e = u = id everywhere, and o = id if 27 € (0,1),
else 0 =0, i.e. 0 = xx id with K := (0,1) x (0, Ly) x (0, L3).

With this choice of the coefficients the Maxwell system in € in (1.1) becomes

curl’ B =w(w+1)E, 0<z <1,
curl? E = W?E, 1<x < Xy,
with the condition that E and curl E are continuous across the interface x1 = 1. The boundary condition

in (1.1) was v x E = 0 on the boundary 9. We use the notation n = (ny,n3) € N2.
Case 1, 1 € (0, 1): For this range of x1, if we set

an(w) == \/7T2TL%/L§ +m2n3 /L3 — w(w + i),

the correct ansatz to use for the solution of this problem by Fourier expansions is

h(an
Ey (1,22, 3) = Z Ei(n)sin (L—x2> sin (@x?,) cosh(an (w)z1)
2

<, Ls cosh(an(w)) ’
N o . [ Tng sinh(an (w)z1)
E pu— E - ¥ NN
2(21, T2, x3) neNZXN 2(n) cos < I, xz) sin ( I x3> sinh(cn(@))
™s sinh(ay (w)z1)
E- E - Tainhlo (o))
3(21, 2, 73) = neg;No 3(n) sin ( Ly x2> cos ( Ls " ) sinh(ap(w))

Case 2, 1 € (1, X,,): For this range of z1, if we set

Bn(w) := \/77277,%/_[/% + m2n3 /L3 — w?,
the correct ansatz to use for the solution of this problem by Fourier expansions is

Bann) = 3 B Sm(—@ o (T) i, )

neN2 Ly

Baoyana) = 3 Faln)os (L_) in <_) Sl?ilﬁ?;i?iiiiz - %)»,

wns ) sinh(Ba() (X~ 21))
Blonn)= e pn () os (o) Sk
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In the definition of ay(w) and Bu(w) we choose the branch of the square root with non-negative real part.
The above two ansétze ensure the continuity of E across the interface 1 = 1. To ensure continuity of
curl F across this interface, a direct calculation shows that the first component of curl ¥ is automatically
continuous across the interface x; = 1; it is therefore v x curl E for v = (1,0,0) that gives rise to non-trivial
conditions. Direct calculations using the formulae above yield the condition that for some n € NZ with
In[ >0,

an(w) coth(an(w)) + fn(w) coth(fn(w)(Xn — 1)) = 0.
Next we prove equation (2.9), namely
0.(V)=(—o0,—m/L)U [r/L,+00) U (-i{0,1/2,1}), L = max{Ls, L3}.
Indeed, due to [4, Thm. 6], see also Remark 5.7, we have
0e(V) = 0c(VO) Uoe(diviW()V)), W(w) := —w(w +ixx), w € C,

where V7 is the Maxwell pencil iV (-) with ¢ = 0 and div(W(w)V) acts from HJ(Q) to its dual H—1(Q) for
each w € C. Clearly, o.(divW(-)V)) = {0} U o (div(U(-)V)) with U(w) := —(w +ixk), w € C. We start by
showing

oe(divilU(-)V)) = —i{0,1/2,1}. (A1)

By inspection, one has the inclusion o, (divl{(-))V)) C —i[0, 1]. The values w = 0 and w = —i are both easily
seen to be eigenvalues of infinite multiplicity, with eigenfunctions which are C2°-functions supported entirely
outside K (for w = 0 where U(0) = —ixx) or in the interior of K (for w = —i where U(—i) = —ixq\x). It
remains to examine whether any other w € —i[0, 1] have the property that 0 lies in the essential spectrum
of the Dirichlet operator — div((w + ixx)V). Since the coefficient w + ixx takes only the values w + i and
w, whose ratio is 1 4 i/w, the results in [42] suggest that the only value of w for which this may happen is
w = —i/2, which has the property that 1 + i/w = —1. Unfortunately the hypotheses in [42] do not quite
cover our case, so we outline a proof by direct calculation. By Glazman decomposition, one shows that

—div((w + ixx)V) is invertible <= (—iw + 1)Ap — iwAg is invertible,

where Ay and Ag are the left- and right-hand Dirichlet to Neumann maps on the interface z; = 1. Take

. . . . . nor . nar .
a basis of transverse eigenfunctions (v, (22, 3))eN, €.g. some ordering of sin (%2{172) sin (%3{173)7 with

strictly positive eigenvalues (k2 ),cn. In such a basis, both A, and Ag are represented by diagonal matrices,
Ay, = diag((kn coth(k,))nen),  Ag = diag((n)ner).
Putting w = —iv with v € (0,1), we find
(—iw+ )AL —iwAgr = diag((k, ((1 — v) coth(kn) — ¥))neN)-
If 0 < v < 1/2, then this infinite matrix has a bounded, positive inverse, so no w € —i(0,1/2) lies in the
essential spectrum. If 1/2 < v < 1, then the matrix has (at worst) a finite-dimensional kernel, but is still a

finite-rank perturbation of a matrix with bounded inverse. From this fact and the Glazman decomposition,
one is able to argue that 0 lies outside the essential spectrum of — div((w + ixx)V) for w € —i(1/2,1). It
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remains only to show that w = —i/2 does indeed have the property that 0 lies in the essential spectrum of
—div((w + ixx)V). We prove this by directly verifying that the functions

(1= (21— D)fin(coth(kn) — 1))pn (w2, 23) ezt 2y € (0, 1),

VY (T2, 23) exp(—kn(r1 — 1)), zy > 1,

Un(fl,ffz,f:a) = {

form a Weyl singular sequence for — div((—i/2 + ixx)V) acting from H}(Q) to H—(Q). They satisfy the
compatibility conditions across x1 = 1 and, by direct calculation,

—div((—i/2 + ixx)Vu,) = £(i/2)Au,
with — for 1 < 1 and + for z; > 1. Since Au,, = 0 for 2y > 1, we have

—div((—i/2 + ixx )Vuy) = —(i/2) Auy,
in all cases, and it suffices to show that

Ay, || -
Al o (A2)

||Un||H3(Q)

Since the Dirichlet Laplacian in  has spectrum [k2,c0), we have A > k2 and thus, by testing with C2°(£2)
functions, one may show that

1
”Aun”H—l(Q) < H_1||Aun||L2(Q)~

By direct calculation, Aw,, is non-trivial only for z; < 1, and

cosh(kpx1)

Auy, = —2k7 (coth(k,) — 1)y (22, 23) sinh(k,)

It follows from elementary estimates that, for n — oo,

[ Atnl|L2) < Ok (coth(kn) — 1)) [[¥nllL2((0,L2) x (0,L2))»

IVunllz2 (@) = [1Vtn ]| 22((1,00) % (0,L2) % (0.2)) = QKL %) 19l 22((0,2)x (0,La)):
and hence

[Avn |l gr-1(0) < 1 lAun]rz o)

lunllzy@) — m1 IVunllLoo

= O(k3/2(coth(ky,) — 1)).

This completes the proof of (A.2) and hence of (A.1).
Regarding o.(V?), we can use the Fourier expansion

Ei(x1,x9,23) = Z E1 ) sin (L—2x2> sin (2—?933) cos(&xy),

neN?

Eo(x1,x9,23) = Z E2 ) cos (L—$2> sin (WL—?x;g) sin(€x1),

neNyxN 2

Es(zq,29,23) = Z E3 ) sin <—x2> 0S (WL—?Q:;),) sin(&xy).

neNxNjg
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In the new Fourier coordinates the matrix differential expression <c_1i(;{ ciu:1> corresponds to
—iw 0 0 0 s
L L
0 —iw 0 -t 0 £
0 0 —lw IRz I3 0
V(w,§,n2,n3) = 0 I 1 lL(j 0 0
3 2
— % 0 —£ 0 iw 0
-t 13 0 0 0 iw

Lo
Then we have
TNy - Tng

2,2 2,2 2
det V(w, €, ng,n3) = w? (52 + =+ == - w2> .
L3 L3

As in [4, Ex. 10] the essential spectrum is the set of w € C such that for some £ € R and (ng,n3) # (0,0),
one has det V(w, &, na,n3) = 0. This yields

2

O'e(VO) = {O}U {w S le2 2 m}
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