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Abstract

We establish that three well-known and rather different looking conjectures about Dirich-
let characters and their (weighted) sums, (concerning the P6lya—Vinogradov theorem for
maximal character sums, the maximal admissible range in Burgess’ estimate for short char-
acter sums, and upper bounds for L(1, x) and L(1 + it, x)) are more-or-less “equivalent”.
We also obtain a new mean value theorem for logarithmically weighted sums of 1-bounded
multiplicative functions.
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1 Introduction
1.1 Conjectures about weighted sums of Dirichlet characters

Let x be a primitive character mod ¢ > 1 and

S(x. N):= Y x(n) forall N > 1.
n<N

The three most widely-used, unconditionally proved estimates about characters sums are:

e The Pélya—Vinogradov theorem:

M(y) = max IS(x, N)| < ci14/qlogg
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for some explicit ¢; > 0;
e Burgess’s theorem [3, 13]: For N > ¢“? (and g cube-free)

1S(x. N)| = o(N)

for any ¢ > %; and
e The Dirichlet L-function L(s, x) at s = 1 satisfies

x ()
2

n>1

IL(L )| = < c3logg

for some explicit c3 > 0. One can also show that for any fixed 7 > 0, there exists a
constant ¢3(7T) > O such thatifr € [T, T] then |L(1 + it, x)| < c3(T)loggq.

The Riemann hypothesis for L(s, x) implies that one can take any cy, ¢z, c3 > 0 but this has
resisted unconditional proof. One unlikely but currently plausible ‘obstruction’ to establishing
this unconditionally is the possibility that x (p) = 1 for all primes p < ¢¢, in which case
c1,¢2,¢3 > c, or indeed if x is 1-pretentious for the primes up to g.!

Inspired by connections highlighted in [2, 5, 16] we show that improving any one of these
bounds will, more-or-less, improve the others.

Theorem 1.1 The following statements are equivalent:

e There exists k1 > O such that there are infinitely many primitive characters x (mod q)

Sforwhich M (x) > k1./qlogq;
e There exists k3 > 0 such that there are infinitely many odd primitive characters

(mod r) for which |L(1, y)| > «3logr.
This follows from a more precise connection:

Corollary 1.1 Suppose that x is a primitive character mod q. We have M (x) > ./qlogq if
and only if there exists a primitive character ¢ (mod £) with §(—1) = —x(—1) and E_ <1
for which |L(1, )| > logq, where \ is the primitive (odd) character that induces x&.

In other words we prove that if M(x) > ,/qlogq then y is &-pretentious for some & of
bounded conductor, and we will also establish a converse theorem.
Next we relate large S(x, N)-values with large L(1 + it, x)-values:

Theorem 1.2 The following statements are equivalent:

e There exists kp > O such that there are infinitely many primitive characters x (mod q)
for which there is an integer N € [q"?, q] such that |S(x, N)| > ko N;

e There exists k3 > 0 and T > 0 such that there are infinitely many primitive characters
x (mod q) for which there existst € [T, T] such that |L(1 + it, x)| > k3 logg.

If we restrict attention here to characters of bounded order then one can take t = 0. The
precise connection is given in the following result.

Proposition 1.1 Fix ¢ > 0. Let x be a primitive character mod q. There exists t € R with
[t] < 1 for which |[L(1 + it, x)| > clogq if and only if there exist k = k(c) > 0 and
x € [g”, q] for which |S(x, x)| > x. If)(k = xo for some k K 1 then we may take t = 0.

I “Pretentiousness” will be defined in Sect. 3.
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In other words we prove that if |S(x, N)| > N for some N > ¢ and « > O then x
is nif -pretentious for some bounded real number 7, and we will also establish a converse
theorem.

We can combine these results: If M(x) > ,/qlogq and [S(x, N)| > N for some
N > ¢*, then x is both &-pretentious and n-pretentious, which implies that & is n'’-
pretentious, where £ is a primitive character of bounded conductor. We will show that this
implies £ = 1 and ¢t = 0, so that yx is an odd character that is 1-pretentious for the primes up
togq.

Corollary 1.2 Let x be a primitive character modulo q. Assume M(x) > c1./qlogq and
IS(x, N)| > N for some N € [q?,q]l, with ci,co > 1. Then |L(1, x)| > logg,
D(x, 1; q) < 1 and x is odd.

Therefore such a putative character is the only obstruction to improving at least one of
our three famous results unconditionally (that is, being able to take any ¢; > 0 in the Pdlya—
Vinogradov theorem, or being able to take any ¢ > 0 in Burgess’s theorem, or being able
to take any ¢3 > 0 in bounds for L(1, x)).

Other new results on this topic will be discussed in Sect. 2.

1.2 Logarithmic averages of multiplicative functions

We prove our results on sums of characters by viewing characters as examples of multiplica-
tive functions that take their values on the unit disk U := {z € C : |z| < 1}. Haldsz’s theorem,
which we will discuss in detail below, bounds the mean value of f(n) for n up to x in terms
of how “pretentious” f is. In particular, if f is real-valued then Hall and Tenenbaum [12]
showed that

Zf(n) < x e PV where D(f, 1;x)> =

n<x p=x

Z 1 —Re(f(p))’ (1.1
p

and

T =0.3286--- = —cos# where 6 € (0, i) satisfies sinf — 6 cosf = %

They gave an example where one attains equality in (1.1) (up to the inexplicit constant).

We give an analogous result for logarithmic averages of the form ), _ . f(n)/n though,
as discovered in [8], we do not need to restrict attention to real-valued f .Here welet 1 € R
be such that

1
/ le(0) — AldO =2 — A,
0
so that L = 0.8221....

Proposition 1.2 Let f : N — U be a multiplicative function.
(a) We have

% < (logx)(1+D(f, 1; x)2)e DAL 4 oo og . (1.2)
n<x
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(b) The exponent A is “best possible” in a result of this kind, since there exists a multiplicative
Sfunction f : N — U such that

Z @‘ = (logx)e_AD(f’l;x)z. (1.3)

n=<x

The A in the bound (1.2) improves on the % in the bound given in Lemma 4.3 of [8].

We deduce Proposition 1.2(b) from Theorem 7.1 which establishes asymptotics for
D n<n f(m)/n for a class of multiplicative functions f : N — U for which f(p) =
g(z log p) for each prime p for some fixed small real 7, where g(¢) is a 1-periodic function
with “well-behaved” Fourier coefficients.

More details, as well as other new results on this topic, will be discussed in Sect. 3.

2 Connections between different sums of characters
2.1 Large character sums

Pélya gave the following Fourier expansion (see e.g., Lemma 1 of [17]) for character sums:
fora € [0, 1)

3 ) = % 3w (1 —e(—na)) + 0(logq), @1
n<ag T <mizg

where e(t) := e?/ fort e Rand g(x) := Y, (mod ) X(a)e(g) is the Gauss sum. When x
is primitive we know that |g(x)| = /¢ and

3 X;") = (1= x (=D)L, 3) + o(1), (22)

1<|n|=q
and so to estimate the left-hand side of (2.1) for any « we are left to estimate the sums

Z X (n)e(£na)
n<q n .

Note that (2.2) is large if and only if x is an odd character and L(1, ) is large.

A
Fix 2 < A < landlet R, := exp(l((l)og%gg)q). For any @ € [0, 1) we may obtain an
approximation |o — %| < m%eq, with (b, m) = 1 and m < R, by Dirichlet’s theorem.
If r, := (logg)>~**(loglogg)* < m < R, then we say that « is on a minor arc. By

straightforward modifications to the proof of Lemma 6.1 of [8], for such o we get

n)e(no log ry)3/?
E x(metna) < loglogg + (logrg)™™ logg +1og R, = o((log ¢)™). (2.3)
n /Tq
n<q

Ifm < r, thenwesay that o is on amajor arc. Let N := min{q, m},so thatR, < N <gq.
By Lemma 6.2 of [8],

b
Y Amened g X)L b ogtoga). (24)

1<in|=q 1<|n|<N
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Therefore, if M (x) > ,/q(log q)A then either y isodd and L(1, x) > (log q)A, orM(x) =
|S(x,aq)| where « lies on a major arc. The following proposition provides more detailed
information in these cases.

Proposition 2.1 Fix % < A < 1 andlet x be a character mod q. We have

M(x) > Jq(ogg)®

if and only if there is a primitive character & (mod £) with §(—1) = —x(—1) and £ <
(log ¢)*~22 (loglog q)* such that
5 .
max | 50 UE s 20 ogg)?.
== n<N n ¢

More precisely, in this case we have

3 (x8)(n) 2.5)

n

N
M(X)Ntxsiq max
T o) 1=N=q

where Ty 1 € %, 3] and 1y ¢ = max{l, |1 — (x&)(2)|} if & # L.

Throughout, N, denotes an integer value of N that maximizes the right-hand side of (2.5).
Using results from the next subsection, we will deduce Corollary 1.1 by showing that for
¥ = x&, when £ < 1 we have

|L(1, )| > logq if and only if

> Y0 toga. 26)

n=<Ny4

However, there is not necessarily a correspondence between these two sums when they are
slightly smaller. For example, if ¥ (p) = 1 forall p < N := exp((loggq)*) and ¥ (p) = —1
for all exp((logq)?) < p < q° where % < 17 < 1and § > 0is some small fixed constant,
then assuming ¥ is non-exceptional (see (4.3)),

A2

-1
1 = (logg)*™ ",

V@[ _
> T‘ = (logq)" while |L(1, )| = [

n<N P=q

which is much smaller. Moreover this (purported) example shows why we cannot assume
that N, = ¢ and that the largest sum is ~ |L(1, ¥)].

Following an idea from [2], Proposition 2.1 has the following consequence for quadratic
non-residues’

Corollary 2.1 A € (%, ). Let ny be the least quadratic non-residue modulo a prime q =
3 (mod 4) and suppose that ny > exp((log @)®). For any odd, squarefree integer £ <
logn,
((log q;IA

)2 we have

M((7)) = (ct = o(1))/q logng where ¢ = 2= 41298 ..,

T

T = % if¢ = 1, otherwise t = 1 or2 depending on whether g = 7or3 (mod 8), respectively.

2 It is worth recalling that the real primitive characters are given by 1(-) as well as (;;) if n > 1, (2%1-) and

(4%') if n =3 (mod 4), for each odd squarefree integer n.
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Proof Let & = (;) and x = (), so that XE = ()1(.0=1 and

(x5 )
Y uom_ 5

n<x n<x
(n,0)=1

(7)

S ‘»&\3

Lety =ny —land N = x = y* where w = e'2. A y-smooth integer has all of its prime

factors < y, and any y-smooth integer here is a quadratic residue mod ¢. Therefore

DRE I R o DI E
n - n n n n
n=<x n=x n=<x n=<x n=<x
(n,0)=1 P(n)<y P(n)>y Pn)<y (n,0)=1
(n.0)=1 (n.0)=1 (n.0)=1
where P (n) is the largest prime factor of n. Therefore, since 1¢, ¢)=1 = Zdl(“) u(d), and

as £ < y we deduce that

@) 1 ) 1 |
2 G L I B LD )
= |€ n=x n=x dle m<x/d m=<x/d
(n,0)=1 dn d|n P(n)<y

P(n)<y
2.7

Let ¥ (x, y) be the number of y-smooth integers < x. It is well-known that ¢ (y*, y) =
yo(u)(l + 0(10 )) as y — oo for bounded u, with p(u) = 1 for0 < u < 1 and
p(u)=1-—1logu for 1 < u < 2. Therefore by partial summation we have

f W gy +0(1)—/w p(u)du -logy + O(1),

n<x u=0
P(n)<y
and
w 1 w 3
/ pw)du = / du +/ (1 —logu)du = —w — 1,
u=0 u=0 u=1 2
so that

1 1
2 E - — E - = — .
o o Qw—-2)logy + 0(1)
n<x n<x
P(m)<y

Since d < ¢ = y°( we can use this in (2.7) with x replaced by x /d to obtain

() d
POt &«m —2)logy + 0(1))
o1 "
) ¢ ¢ (£)
—(2w 2)logy + 0(({)(()) == (2e—2)logny
> %(logq)
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using the hypothesis on the size of £. The hypothesis of the second part of Proposition 2.1 is
therefore satisfied (with g replaced by £g), and so by (2.5) and the last displayed equation
we have

B NG @< > A= 1)%
M)~ e 2o | 2 aten
(n,0)=1
where 7,1 € [, 3] and 7, ¢ = max{l, |1 — (§)|} if& £ 1. O

3 Halasz’s Theorem and beyond

For multiplicative functions f, g : N — U and x > 2, we define the pretentious distance

_ 1/2
5 1- Re(f(p)g(p)))
P

D(f, g:x) == (
p=x

It is well-known that I satisfies the triangle inequality:
D(f, h; x) <D(f, g;x) +D(g, h; x) forall f,g,h:N— U. 3.1

With 2 < y < x we also write D(f, g; y, x) to work only with the primes in (y, x]. We say
that f is g-pretentious (for the primes up to x) if D(f, g; x) < 1; so if f is g-pretentious
then f(p) ~ g(p) frequently for p < x.

3.1 Halasz’s theorem

For T > 0, x > 2 and a multiplicative function f : N — U, we also define
M(f;x,T):= min D(f,n'"; x
[t|<T

Welett = t(f; x, T) be areal number in this range where we get equality. Haldsz’s Theorem
(see e.g., [7, Thm. 1]) states thatif 1 < T < logx then, for M = M(f; x, T),

3 fn) < (1+ MyeMx + ; 3.2)

n=<x
If f(n) = n'’ with |z| < T then M = 0, which reflects the fact that | anx n''| ~ x/|1+it|.
anx Sf(n)

Elementary estimates for ¢ (s) to the right of the 1-line imply that

Halasz’s theorem shows that is o(x) if f is not n'!-pretentious forany ¢ € R.

. log(1 + |¢] 1 1) if |¢] < 100;
D(Lnn;xy:[og( + It logx) + O(1) if [1] < 100; a3

loglogx + O(loglog |¢|) if |t] = 100.

This shows that 1 is nor n'’ -pretentious unless |7| <

10;)(- Therefore if |#1], |2] < T :=
(log x)2M then n't cannot be n'2-pretentious unless || — 12| logx < 1.
If £(f;x, T) is not unique, say 7 and 7, both yield equality above, then (3.1) implies
that D(n'", n'2; x) < D(f, n'"; x) + D(f, n'"2; x) = 2D(f, n'"; x) In particular if f is
n'fl-pretentious then f is not n”2 -pretentious unless , = t; + O(

log x
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3.2 Halasz-type bounds for logarithmically weighted sums

If f is real-valued then we might expect that #(f; x, T) = 0 but there are examples where
this is not so (which lead to the “best possible examples” in Hall and Tenenbaum’s estimate
(1.1)). The examples f(n) = n't show that there cannot be an upper bound in terms of
D(f, 1; x) alone for arbitrary f : N — U, though such bounds are given in [12] for f
belonging to certain restricted families of multiplicative functions (most importantly those
of bounded order).

In this article we will need bounds for the logarithmically weighted sums ), _. f(n)/n.

Proposition3.1 Let x > 3. Let f : N — U be a multiplicative function with M =
M(f;x,1), andlett € [—1, 1] minimize the expression

2 —Re((1 i
“"Z e((1+ f(p)p )7 CelL 1]
p=x p
Iflt] < lo:;x then
f( ) M
Z < (14+ M)e ™" logx + loglogx. (3.4)
Ifl1] = o then
f(n)
Z < —(1 + M 4+ log(|¢| logx))e + loglog x. 3.5)

n=<x
The bound (3.5) improves upon Theorem 2.4 in [6] and Theorem 1.4 in [15] whenever
|t] > 1°2l98X (hough the latter can be used to replace (1 + M)e™M by just e=M).

log x

3.3 Deductions

Using Proposition 3.1 we now prove Corollary 1.1.
Proof of more than (2.6) Let v = x&. By the definition of N,
X&) X&)
Z n - Z n
n=<Ny n=<q

(see (4.1) below), and so (2.6) follows if |L(1, )| > logg.
Conversely, by (1.2) of Proposition 1.2 (which is a consequence of Proposition 3.1), we
have

L= =L, ¥)| + O(1)

&() « (log Ny) exp(—{A + o()D(, 1; N))?)

n=<Ng4
so that exp(—D(, 1; Nq)Z) > (%)—I/M—O(l) > (ﬁ)z. Now as v is non-exceptional
we have (see Sect. 4) that

IL(1, ¥)| < log g e DU LD? — Jog g ¢~ DW 1N =DV 1:Ng.q)?

£ \*[logN,\* r?
> logq =
log N, log g log g
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since D, 1; Ny, 9)* < 2% N _pey 5 < 210g(1:)°gg]\q,q) + O(1). If £ > logg then this

establishes (2.6); if £ > (logg)T then this gives |L(1, ¥)| > (log q)zf—1 showing that the
example given after (2.6) is, in some sense, “best possible”. O

Proof of Corollary 1.1 Suppose that M (x) > ,/q log q. Proposition 2.1 shows that there is &
primitive of conductor £ < log g such that £(—1) = —x(—1) and

logg < M(x) < Ve Z (X%‘Z(n) .
n=<N,

N A

The right-hand sum is < logg, so £ <« 1. If x& is induced by a primitive character v/
(mod £*) with £* | £ then by Lemma 4.4 of [8],

3 w(n) _ 1—[ ( Wp)) )3 (Xiﬂ + o). (3.6)

n=<Ny n=<Nyq

Plg*

50 | ,<n, L1 > logg. By (2.6), we obtain |L(1, )| 3> logq.

Conversely, suppose there is a primitive character § of conductor £ < 1 with §(—1) =
—x(—1) such that |L(1, ¥)| > loggq, where ¥ is the primitive character that induces x§.
By (2.6) and (3.6) we have | anN,, (XiMI > % log g, and so Proposition 2.1 implies
that

Jat
¢ (0)

M(x) >

5 ubo )’ > Jaloga,

n=<Ny4

as claimed. O

3.4 A generalization of Halasz’s theorem

Given a multiplicative function f : N — C, let F(s) := >_, . f(n)/n® denote its Dirichlet
series, assumed to be analytic and non-zero for Re(s) > 1. For such s we write —%/(s) =

anl Ar(n)/n®.

For fixed « > 1 we restrict attention to those multiplicative functions f for which
|Af(m)l < kA(n), where A is the von Mangoldt function. A generalization of Haldsz’s
Theorem to such f (Theorem 1.1 of [11]) states that

n>1

D700 < (4 Mye M x(log 1)~ + = (loglog 1), (3.7)
logx

n<x
where M is defined by
e M(log x)* = max {|s_1F(s)| cs=1+

g it with [¢] < (log ).

In Sect. 5 we will apply this result (with « = 2) to the convolution 1 x f, where f : N — U
is multiplicative, in order to prove Proposition 3.1.

4 Large short character sums and large L(1 + it, y) values

In this section we will prove Proposition 1.1.
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49  Page 10 of 34 A. Granville, A. P. Mangerel

4.1 Truncations of L(1, })
Let ¢ € R. By partial summation we have

x| _ 150 )| [ ISGL) M),
2 | =y +|1+”|f Ay = QD

so by the Pdlya-Vinogradov theorem,

|
L +it, =Y :(".) + 0((2+ |¢|)@), (4.1)

1+it
n<N

We wish to also truncate the Euler product for L(1 +it, x) at ¢ when |¢| < 1, losing at most
a constant multiple. The prime number theorem in arithmetic progressions tells us that there
exist constants A, ¢ > 0 such that if L(s, x) has no exceptional zero then

log x X
w(x,x)zgx(n)l\(n) <<xexp<—clogq) T fogx 4.2)

for all x > ¢g#. By partial summation we deduce that if B > A then

)3 x(p) [ W, ) e b

S = —(A+in | T log g M +oM) <A+ +1.
q

p>q"®
Now let B = max({2A4, (1/c)log(l + [¢|)} so that since Zq<p5qBX(p)/p1+” <
> g<p<qt 1/P < log B, we have

x(p) e ?

]+tt

< lo gB+(1+|t|) + 1« 1+loglog(l+ |z]).

p=q P
Hence, if x is non-exceptional then for all # € R, |¢| < 1,

LX) -
H - pl+it

P=q

IL(1+it, x)| = = (log q)e Do) (4.3)

Taking N = ¢ in (4.1) and assuming |¢| < 1, we have
x () S(x, u)
L(+it, )=y S to) = A +in o du+o(1)
n<q
q18(y,
<</ IS(x, u )Id +o(l),
1 14
and so, for any ¢ > 0, we have
. 1
IL(1+it, x)| < (c+ max flS(x,x)|>10gq 4.4)
q°<x=q X
using the bound |S(x, u)| < u foru < ¢°.
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4.2 Exceptional characters

Landau proved that there exists an absolute constant ¢ > 0 such that for any Q sufficiently
large there is at most one ¢ < (Q, one primitive real character x (mod ¢) and one real
number g € (0, 1) such that

c
logQ’

If such a triple (¢, x, B) exists then we call ¢ an exceptional modulus,  an exceptional zero
and x an exceptional character.

If exceptional zeros exist there must be infinitely many of them (otherwise we can decrease
c as needed). If {8;}; is a sequence of exceptional zeros and {g;}; is the corresponding set
of exceptional moduli then

LB,x)=0andpB>1-—

(1—-p8j)logg; — Oasj — oo.

It is an important open problem to obtain effective lower bounds for 1 — S. Siegel’s theorem
(seee.g., [14, Thm. 5.28]) states that if 8 is the largest real zero of L(s, x) then 1 — 8 >, ¢—¢
for any € > 0, but the implicit constant is ineffective unless € > 1/2.

If L(s, x) has an exceptional zero then x (p) = —1 for many “small” primes. This suggests
(but does not directly imply) the following result:

Lemma 4.1 Suppose that x is an exceptional character modulo q. Then:

(a) |L(14it, x)| =o(ogq) when |t| K 1, and
(b) for fixed c > 0 we have |S(x, X)| = 0400 (x) for all x > g°.

Proof (a) (t+ = 0): As yx is exceptional it must be real, and there is a 8 € (0, 1) such that
L(B, x) =0 withn := (1 — B)logg = o(1). By the truncation argument in (4.1),

1
Lo =Y 00 O(Lf;;)) -y (1 + 0(77)) +0(2 " logg)
n<q n=q
= Z % + 0<nlogq>
n<q

since 7 3> ¢ —°V. By (4.1) we deduce that for any € > 0,

2 Xfl")’ +0(1/4°) < nlogg (45)

n=q

IL(L, )] =

since L(B, x) = 0, which implies (a).
(b) We use the above to observe that

52(1 % 1)) = éme) HE> Xf:’) +0(1) < nlogq + 1:

n<q n=q n=q

on the other hand we have

1 —uet/? 2
*Z(l*X)(n) >e logg + O(1) where u = D(x, 1; q)

n=q
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by [9, (3.5)], so that D(x, 1 ¢)*> = u > loglog(4) + O(1) where 6 := max{n, @}‘3
If x € [¢¢, g] then D(x, 1; x)2 = D(x, 1; )2 + O(1) > loglog(é) + O(1). Therefore
since x is real, Hall and Tenenbaum’s estimate (1.1) yields

1S(x, x)| < xe POl = o(x).

X
(log(1/6))*
(a) (Jt] < 1): We insert the bound from (b) into (4.4), and let ¢ — 0 to deduce our
result. o

Proof (Proof of Proposition 1.1) We may assume that x is an unexceptional character, since
the result follows vacuously when y is exceptional by Lemma 4.1.

Now if |L(1 + it, x)| > loggq for some |t| < 1 and if ¢ > O is sufficiently small there
exists x € [¢€, ¢g] for which [S(x, x)| > x by (4.4).

Now suppose that |S(x, x)| > x for some x € [¢*, ¢q] for some fixed ¥ € (0, 1]. For a
sufficiently large constant 7', Haldsz’s Theorem (3.2) implies that D(y, ni'; x) <« 1 for some
|t] < T, and so

1 —Re(x(p)p™)
p

Io
<L 1+ 2log (ﬂ> < 1.

D , i% 2 =D ; U; 2
n' ) =D’ 0+ Y og x

X<p=q

(4.6)

Then (4.3) implies that |L(1 4 iz, x)| >, logg as x is non-exceptional.
Suppose now that x¥ = yo with k <« 1. As x > ¢* we note then that

X LIS, )| <#n<x:(nqg) =1 @x’

1

which implies that ) pla 7

together with (4.6),

< 1. Next, repeatedly using the triangle inequality (3.1) for D

. . 1 .
D(1, 0’ ) = D(x*, n'*; q) + 0(1 +y 7) <kD(x,n'";q) + O(1) <, L.
plg

By (3.3) we deduce that log(1 + k|¢|logg) <, 1, so that || < @ It follows then that
D(x. 1; ¢)? = D(x, n'’, ¢)? + O, (1) < 1, and so |L(1, x)| = logg e P10’ > logg
by (4.3). o

We would like to deduce that [L(1, x)| > logq from |L(1+it, x)| > logg with || < 1,
for characters of higher order. This is not necessarily guaranteed, though we can prove the
following.

Lemma4.2 Let x be a complex character mod q and fix T > 1. If |[L(1 + it, x)| > logq
with |[t| < T then |L(1 + itg, x)| > logq wherety =t(x; q,T) and |t — ty| K @.

Proof Since yx is not real, it is non-exceptional. By (4.3) we see that

IL(1 +it, x)| > loggq if and only if D(x, n''; ¢) < 1.

3 One can obtain the better lower bound D(x, 1; q)2 > {24 0(1)}1og log(%) by summing [19, (3.23)] over
all m < 4/log 1/n (note that their n is our 1/n).
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Lettyg = t(x; g, T)sothatD(x, n'’; g) < D(x, n'"; q) < 1,and therefore |L(1+itg, x)| >
log g by (4.3). Moreover

D(1, ') g) = D', n'"; g) < D(x.n': @) + D(x.n'": q) < 1
by (3.1), and so we deduce that |t — 1] K @ by (3.3). ]

5 A variant of Halasz’s Theorem

In this section we will prove Propositions 3.1 and 1.2(a), our various upper bounds for
logarithmic averages.

Proof of Proposition 3.1 As in the proof of Lemma 4.1,

Yaspm=Y o] =T 4o,

m<x n<x n<x

Applying (3.7) to the mean value of 1 % f with x = 2, we then obtain

> f(n) Z(l * f)m)+0(1) < (1+M)e M logx + 1
x

n<x m=<x
where e_M(logx)2 = |l§(s)F(v)| withs = 14 1/logx +it, for somereal 7, |t]| < (logx)z.
We have |¢(s)| < ¢(1 + 10gx) < logx,

[F($)] = ¢(1+ ) exp(=D(f, n'": 0)%) =< (log x) exp(~D(f, n'"; x)*) < logx;
(5.1)

and M < loglogx. If |t] > 1 then |¢(s)| < log(2 + |¢]), and so
f( )‘ |F(s)| log(2 + 7])
n<x

<L(1+M < loglogx.
( ) log x 14 |t} 808

We henceforth assume that || < 1. We have
1¢(5)/s] = log y, where y, = min{e'/!, x},

and

o _ BOF©)/s]

— mi it. 2 it. 2
(log x)? Xp( |Irn|1§nl(D(17" ;X)°+D(f, " x) )).

By (3.3), D(1, n'"; x)? = 1og(f§§f )+ 0(1), so we deduce that

> % < logy; exp(=D(f,n'";x)?) - L (5.2)

n<x
= Le Flogx, (5.3)
where we have set

L:=1+D(f,n";x)?*+ log(ll(‘))gg;‘) « loglog x.

From (5.2) and D(f, nit: x)? > M(f; x, 1) we obtain (3.4) when [t| <

and (3.5) when
<|t] < 1. O

on

1
log x
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The next proof continues on using the results in the previous proof:

Proof of Proposition 1.2(a) If |t| < 101 + then D(f, 1; x) = D(f, n't; x) + O(1), and in this
case we also obtain (1.2) (for the previous proof) with the better constant 1 in place of A.

For loéx < |t| < 1, we now prove the lower bound £ > A D(f, 1; x)2 + O(1). When we
substitute this into (5.3), we obtain (1.2) since y — ye™” is a decreasing function for y > 0.

First, as p~* = 1 + O(|t|log p) when p < y;, we obtain

it
L O D m R UD DE—p g}

D=t PVt

The prime number theorem implies that

—it _ —it _ 1
Z Re(f(p)(p 1) < Z Ip Mo </ le(u) — )»|du> log ( log x )
0

Yt<p=x p Yi<p=x p log yi

+ O0(1)

=Q-x Y. %+0(1), (5.4)

Yr<p=x

using the definition of A. Re-organised, this gives

. I
D(f, n'; v, x)? +log( -l
t

) +0(1) = AD(f, 15y, x)* + O(1),
logy

so that
L=, n"; y, 0% +10g(EL ) + D(f, n''; y)? + 1

log y;

> AD(f, 13y, )2 +D(f, 15 307 + O(1) = AD(f, 1; )% + 0(1).

6 Large character sums
6.1 Consequences of repulsion

Suppose that we are given a primitive character x (mod ¢). Fix A > 0. For each primitive
character ¢ (mod ¢) with £ < (log @) select |t| < 1 for which D(x, ¥ n'; ¢) is mini-
mized. Index the pairs (i, t) so that (v}, ¢;) is the pair that gives the j-th smallest distance
D(x, ¥; niti; q) (breaking ties arbitrarily if needed). A simple modification of [1, Lem. 3.1]
shows that for each k£ > 2 we have

D(x, Y n'; ¢)* > (cx + o(1)) loglog g

where ¢y > 1 — ﬁ Asany 1 <n < N <gqhas P(n) < g, [15, Thm. 6.4] yields

3 XY _ 3 (i) (n) < (log q)e DUV 0 4| « (log g)l=exto),
n n

n<N n<N
P(n)=q

6.1)
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Under the additional hypothesis that 11 is an even character (which follows if we restrict
attention to ¥ with (x¥)(—1) = —1) we can take any ¢; > 1 — % as we will see below in
Lemma 6.1.

For each integer k > 1 we define

k—1 k—1
1 1
=2 Zlcos(na/k)l = Z |1+ e(a/k)|.
a=0 a=0

Using the Fourier expansion

4 —1)?
H4e@l=—[1- 4([12 i ce(da) | @ € R/ (6.2)
T d#0
we easily deduce that
2 (=" coseclt/20) if k is odd
="11-2 = k ’ 6.3
Ve ; 42 — 1 7“)[(7;/%) if k is even; (6.3)

k|r

(see also Lemma 5.2 of [10]). Therefore y, = % + O(k%), and the y, with k even, increase
towards 2 = 0.6366.. .:

V2 = % <y4=0.6035--- <y =0.6220--- < y3 = 0.6284 - - -
whereas the yx, with k odd, decrease towards %:
M=1>y3=3>ys=06472-- > 7 = 0.6419--- > 19 = 0.6398 - --
2

For k > 1, we have y; < 3

Lemma 6.1 Fix C > 0 and let m < (log q)C. Let t1, tr € R be chosen such thatt ==ty — t;
satisfies |t| < 1. Let x1 and x2 = x1& be characters with modulus in [q, q2], where &
(mod m) is an odd character. Suppose that D(x2,n'2; q) > D(x1,n'"'; q). Then for any
€ >0,

D(x2.n";q)* > (1 — 2 — €0) loglogg + O(logloglog q),

where 0 := 1 if £/ is exceptional for some 1 < j < min{¢ (m),loglogq)}, and 6 = 0
otherwise.

Proof Suppose that & (mod m) has order k. We note that

. 1 A 4
D(x2,n'?; )% > §<D(X2, n'2; @) + D(x1, n'"; q)2>

—it —it
~loglogg — %Re(Z x1 (PP~ + x2(p)p 2) Lo
pP=q p
—ify —it
=loglogQ—%Re(Z xpp A +5p)p )>+0(1)
P=q p
1 1 —it
zloglogq—EZ%Jroa) (6.4)

P=q
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Using (6.2) we deduce that

1+ 4 i
szf loglogg — Z (27)511 +0(),
» . 4d? — 1

P=q 1<|d|<D

where D := loglog g and
Z f(l’)d
H—tdt
r=q P

If k divides d then &£(p)¢ = 14 and so

1

1 1
Sd:ZW+O Z; :Zpl+dl+0(10g10g10glogq)

P=q plm P=q
The sum over p < z := min{q, ez’md"} equals
gp . 21
Z +0 | ldt |Z = log(min{log g, Z5}) + O(1)
p=z P p=z

= log(min{log g, ﬁ}) + O(logloglogq).

The remaining set of primes z < p < g is non-empty only if z = ¢>*/19"l_ which happens
when |dt| > 1 1an dt‘ € {—1, +1}. Applying the prime number theorem,

1 1 _iar_du X dv
Z 7 = w40 = e(—ov)— + 0(1) = 0(1),
p ¢ ulogu 1 v

2<p<q 27 /|dt|

putting v = ‘d”log “and X = gq (> 1) and then integrating by parts. We deduce that if k
divides d with d < D then S; = log(min{logg, W}) + O(logloglogg).

If k£ does not divide d let o := Sd, a non-principal character mod m, and let T = dt so
that |T| <« D. For € > 0 small, let

__Jexp((log m)10 4+ |T|) ifis non-exceptional,
o exp((logq)©) if o is exceptional.

Trivially bounding the primes p < Y we deduce that

a(p)
Sa= Y. —7 + Odoglogy).

Y<p=q

Since ¥ (v, o) K I oy 5 for y > Y by the Siegel-Walfisz theorem when « is exceptional, and
using (4.2) otherwise, this is

4 dyr(y,a) 1 (v, ) 77 . 7 Yy, )
| j%w(*):[;ﬁi;* Fa4im [y,
y ¥ log y Y y logy 1y y ¥ logy

1
0((10gY)2>

1 a
<<7+T/ — dy <1,
(logY)? y y(logy)?
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We conclude that Sy < loglog ¥ whenever k 1 d.
Putting these estimates into (6.3), we find that

IL+&(p)p™™| 4 2 -
Z LAY loglogg + 2( yx — — ) log(min{log g, |}—I})
p b4 T
P=q
+ O(logloglogg + loglogY),
and loglogY « €6 loglog g 4 logloglog g. Changing € by a (possibly ineffective) constant
factor if needed, we deduce from (6.4) that

it.

D2, n';)* = (1 = 2 =€) loglog g + (7 — yi) log(min{log g, 7)) + O (logloglogq).

Now since £ is odd, its order £k must be even and therefore y; < %; the result follows since
the middle term is > —O(1). ]

Forany € > Olet K > 1/€%sothat 1 — cx < €. As a consequence of (6.1) and Lemma
6.1, established just below, we have

:0((1ogq)€) ify # yy forallk < K,

Z (x¥)(n) )
Oc((logq)™ ) if ¢ =y forsome k, 1 <k < K.

n

max (6.5)

I=sN=q

n<N

The implicit constant in the second case is effective as long as 1/ is non-exceptional for all
j > 1, and in this case % + € can be replaced by % +o0(1).

6.2 Working with large character sums

In this subsection we set the stage for the proof of Proposition 2.1. We recall that A € (%, 1)
and ¢ > 3 are given, and

(logg)® ) 2-2A

R, = exp(loglogq (loglog q)4.

rq == (logq)

Proposition 6.1 For any given primitive character x (mod q) there exists a primitive char-
acter & (mod £) with € < ry and (x&)(—1) = —1 such that if |« — 2| < m%q withm < r,

and N := min{q, m} then

, ,
3 x(mena) _ - 2ng() [Ta-Goen 3 (X?’%nﬂ + o((log ¢)™),

lm
1=<In|=q " ¢(m) 1<n<N

rlg

where, whenever £ | m we write {4 to denote the largest divisor of m /€ that is coprime to q,
mgly =m/l and

0= plmg) x (LE (D) mg) € ST U0},
The proof of Proposition 6.1 is very similar to the proof of the main results in [4].

Proof By (2.4) we have

b
3 xmene) _ 3 W-{—O(loglogq). (6.6)

1<in|=q 1<|n|<N
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With the intent of replacing exponentials by Dirichlet characters on the right-hand side, we
split the nth summand according to the common factors of n with m. Therefore if (n, m) = d
with m = c¢d and n = rd we have

d
> Mempy= XDy M0t
1<|n|<N n cd=m ls\rlsNI/d r
(r,0)=

x(d) . XV (n)
—Zd¢(c) Yo ey Y

cd=m (mod c) 1<|n|<N/d

) _ ]
—2 ﬁ Y dese Y

dqb(C) ¥ (mod c) 1<n<N/d
xy(=DH=-1

cd=m

since if (k,c) = 1 then e(¥) = 5153 (10a o) W (K)g(¥), and then noting the n and —n
terms cancel if y ¥ (—1) = 1.
To control the size of g() we split the sum over characters modulo ¢ according to the

primitive characters that induce them. Since each  factors as ¢* 1//(f ), where Y™ is primitive

modulo e and w(f)

is

is principal modulo f with ef = c, the right-hand side of the above sum

x(d) L. w1 (f) xy*(n)
2 ) 366h) Y Terwtyy) Y

efd=m ¥*  (mod e) 1<n<N/d
X (=1)=—1 (. fH=1
w(f)x ) * - xX¥*(n)
> doeh Yo b Y (%))
efd=m € ¥*  (mod e) 1<n<N/d n
(e, f)=1 xy*(=H=—1 (n,f)=1

since g(W*ys”) = v (H( ™).

Fix ef | m and ¢* (mod e¢). We extend the inner sum in (6.7) to alln < N as

¥ O 0 0, .
1<n<N/d I<n<N
. f)=1 ()=
By Lemma 4.4 of [8],
o (1 _ ) (”)> e 0<(loglog(2+f))2>. 69)
Lsesn " plf PGy "

We next observe the identity

w(f)x(d) ( le*(P)>=X(eq)¢*(mq),u(mq) R
Z asen VO] ) s 10 =G

(e.f)=1
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where now e, is the largest divisor of m /e which is coprime to g, and mgye;, = m/e. The
main terms from (6.9) thus contribute

o )Zu( ey S @t [T - GuHen Y W
elm ¥*  (mod e) p|ﬂ 1<n<N n
XY (=hH=-1 ¢
(6.10)

in (6.7). By noting that |g(¥*)| = /e = /m/df the contribution of the error terms from
(6.8) and (6.9) in (6.7) is bounded by

log2 f)(log 2d
<Vm ) %«ﬁs Vg = o0((logg)®). (6.11)

fdim
We now apply (6.5) with N = min{q, m} Set & := i1, whose contribution,
211(mg) x ()€ (bmg)g (§) - x€(n)
1—
50 [Ta-&em) gst .

m
iy

only appears in (6.10) if the conductor £ of & divides m. By (6.5) the contribution to (6.10)
from all the characters i # v for all k < K is, for € sufficiently small,

Jet(m/e)p(e)

o < Vmllogq)* < /ry(logq)* < (logg)' T

< (logg)© Z

elm
= o((logq)™).

Since the coefficient in front of each individual sum over n in (6.10) is bounded, again by
(6.5) the contribution of the main terms from all of the characters vy, with 1 < k < K is

2
< K - (log q);+€ = o((log q)A), if € is sufficiently small. We insert these estimates into
(6.6) to obtain the result. O

Proof of Proposition 2.1 Let « € [0, 1) be chosen so that M(x) = |S(x,«q)|. Applying
(2.1), we have

Mo _ 1
7

Let & := | once again, and let ¢ be its conductor. The proof is split up according to whether
£>1lorl=1.

Case 1: Assume £ > 1, so & is non-trivial. Suppose first that [M(x)| > ,/q(log -,

In light of (2.3), « is on a major arc, so there is é such that m < r; and | — 2| < ﬁ
q

X(n) x (n)e(na)
2 2 T

1=In|=q 1=|nl=q

+ 0(1).

with £ | m by Proposition 6.1. Note that if we vary « in the interval [f - m—Rq, E + . Rq]
then N = N(«) = min{q,

6.1 also shows that Zlgln\gq % = 0((logq)A), and moreover, writing my{, = m/l as
before,

7“”0[ hl} varies in the range R, < N < q. As £ > 1, Proposition

M) _
Ja 7T¢(m)

H nH-Goel-| 3 ()‘iﬂ‘ +o((log)®)

1<n=<Ny
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provided p(mg) x (€4)&(my) # 0.
Next, we find m = d¢, given & and N,, that maximizes

Sq =

WE) H 11— (XE)(p).

Suppose that p¢||d and D = d/p¢. If p | £ then 54 = sp/p® < sp SO we may assume
that p 4 €. In that case sy < 2sp/¢(p®) < sp unless p¢ = 2. Hence d = 1 or 2 and
¢(dl) = ¢(£), and so

M) _ NG
Ja 7€)

> O ooz,

1=n=<N,

max{l, |1 — (x§)(2)[}

which proves (2.5) when ¢ > 1, and also that | anNq @| > %(log A,

Conversely, assume that

Don< N, M‘ > ﬂ\/?(log q)® for some primitive character

n
¥ of conductor r < ry with ¥ (—=1) = —x (=1). In view of (6.5), it follows that ¢ = & and
r = £. The assumption also implies that log N, + O(1) > (log @)%, s0 Ny > Ry.
i L1 1, 1 — . ..
] ]Selectlngﬁ €y R, T + ZRq] sothat N(B) = N, € [Ry, q] and applying Proposition

> XE,,(") +0(logg)™) > (log)™.  (6.12)

1=n=<Ny

3 X(n)e(nﬂ)‘

(K)

I=ln|=q
Combining (2.1) with (6.12) and a second application of Proposition 6.1, we get

x(n)
>

1<|n|=q

MO > 150 pol = Y2| S KD VA

1=<|n|=q
+0(logq) > Jq(logq)™,

as required.
Case 2: Assume now that £ = 1 and £ is trivial so that x is odd. If « is on a minor arc
then from (2.1) and (2.3) we get

M) _ 1—x(=D
N

On the other hand, if « is on a major arc then by Proposition 6.1,

M(X) 1—x(=1) X(”l) X(Zq),U«(mq) . K1)
NI 2 Rq<N<q Z é(m) 1_[(1 x(p)) Z "

+ o((logg)™). (6.13)

x()’
n<q

1<m=<r, plm 1<n<N
+o((logq)®).
The coefficient of the sum up to N is < 2 (which is attained if m = 2 and x(2) = —1), so
that by the triangle inequality
M) _3 x(n) A
— < — 1 . 6.14
7 Sx Y 5| Holloga)® (6.14)

n=<Ny

We obtain this as an equality when x (2) = —1 with Ny = g and m = 2.
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By (6.13) and then by taking m = 1 and N = N, above, we obtain

M) _ 1 { x (n) x (n) x(n)} A
> — , - +o((
g TR ; p X_; . ;; p o((logq)*)
> L > %‘-ﬁ-o((logq%). (6.15)
n=<Ny

(6.14) and (6.15) imply (2.5). Together these bounds also yield that M (x) > /g (log ¢)* if
and only if | Y, .y, “%2| > (logq)™. .

Proof of Corollary 1.2 Assume that M (x) > c1,/qlogq and |S(x, N)| > N for some N €
[¢%, q]. By Corollary 1.1 and Proposition 1.1, there is |[f| <« 1 and £ < 1 such that,
simultaneously,

IL(1+it, x)| > logg and |L(1, x&)| > |L(1, ¥)| > logq,

where & is_prirnitive modulo £ and £(—1) = —x(—1), and ¢ is the primitive character that
induces x&. By (4.1),

’

Z X(nf(n) ‘ > logg.

n=q

x(mn~i
2

n=q

Applying (1.2) of Proposition 3.1 we obtain D(y, n't; q), D(x, &:9) < 1,50 by (3.1),
D n'"; q) <D(x, & q) +D(x,n'"s q) < 1.

Therefore £ = 1, else we let ¥ := exp((log(2£))'? + |¢]) <« 1, and apply (4.2) and partial
summation as in the proof of Lemma 6.1 to get

—it —it
ZM: 3 %Jro(loglogm <1,

P=q p Y<p=q

which implies that D(¢, n’’; ¢)? = loglog g + O(1), a contradiction.

We deduce that £ is trivial so that x(—1) = x&(—1) = —1 and that |L(1, x)| > logg.
By Lemma 4.1, x must be non-exceptional, so (4.3) gives |L(1, x)| < logg e DOCLD? and
we deduce that D(x, 1; q) < 1. m]

7 A class of examples

7.1 The set-up

Let g : R — U be a 1-periodic function with g(0) = 1 and Fourier expansion

gty = gne(ni)

nez

so that

1
gn=8(n) = / g(u)e(—nu)du for all integers n,
0
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and therefore |g,| < fol lg(u)|du < 1 for all n. We will assume that |g,| < |n|~> for all
integers n # 0 (so that {g, }, is absolutely summable).*

Write o = go + 1 and y, = g, for all integers n # 0. Then ), _, Re(y,) =
ZHEZ Re(gy) + 1 = Re(g(0)) + 1 = 2 so that u := max, Re(y,) > 0. Let £ := {{ €
7 : Re(ye) = p}, which is a non-empty set, and finite as | g, | < |n|~3. Moreover there exists
8 > O such that Re(g,) < u —4éforalln ¢ L.

Fix ¢t € (0, 1]. We define a multiplicative function f = f; : N — U at primes p by

og p
fi(p) = g( 5o ) e, (7.1)
and inductively on prime powers p™, m > 2, via the convolution formula
m m—j tlog p’
fi(p" = Z (" e (72)
1<j <m

Under these assumptions we will prove the following estimate:

Theorem 7.1 Let t € [—1, 1] be such that |t| is small but |t| > (log X)™¢ for all ¢ > 0.
Then

ft( ) Xt Ce(itlog X)¥e™ !
=(14+0 _—
E =1+ 0t E 7 T(e)

n<X

where C¢ := [ ;.o k™5, and ' = 1 if € = 0 and t' = { otherwise.

One can make the weaker assumption that |g,| < 1/|n|'*€ for all integers n # 0, and
obtain the weaker, but satisfactory, error term O (|¢|/?) in place of O(|z]).
Henceforth fix t and use f = f;. By (7.2) and induction on m > 1 we have

m 1 m—j
If(p™)] < Zl;muw h<1,

so that f indeed takes values in U. If F(s) is the Dirichlet series of f for Re(s) > 1 then
F (s) is analytic and non-vanishing in that half-plane, and so —FT(S) is also analytic there.
The convolution identity (7.2) implies that

Fo tlogn\ A(n)
—F(s)—Zg( 27 ) ns

n>1

Integrating —%/(s) termwise, we see that when Re(s) > 1,

zkmt

log F(s) =) | nA{O(’; => g( 2” =) s Z =D gmlogt(s —imi),
k

n>1 P meZ mez

swapping orders of summation using the absolute summability of {g,, },. For Re(s) > 1, we
may thus write

F(s) = 1_[ C(s —imt)sm,

meZ

4 The proof works provided |g,| < 1/ [n|2F€ for all integers n # 0.
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We will work with the finite truncations of this product,

Fyn(s) := l_[ C(s —imt)sm,
|m|<2N
The proof of Theorem 7.1 relies on a technical contour integration argument complicated
by the possibility that the zeros and poles of ¢ (s —imt) might contribute essential singularities
whenever g, # 0. The following key technical lemma will be proved in Sect. 1.
For given 7 € R we define
c

= g@ ey

where ¢ > 0 is chosen sufficiently small so that { (o +it) # 0 whenever o > 1 — o (7).

Lemma7.1 Lett € [—1, 1] be such that |t| is small but |t| > (log X)~€ for all ¢ > 0. Fix
A
A2 let N =802V and T := (N + )|t Also let ro := § min{o (37), |¢1}.

|t

(@) Ifs=o0+itwitho > @andm < T then

F(s 4+ 1) = Fy(s + 1) + O((log X) ).
(b) We have
max |Fy(1 —ro+it)| < (log X)€.
IT|<T

(c) Letn e {—1,+1}. Then
max |Fy(1+4+o0 +inT)| K (log X)€.

—rg=0=rp

(d) If |t] is sufficiently small then for any € € Z,
[] ¢t —itk— 0% = A+ 0@ Celins .

|k|<2N
KA

More generally when |n| < N and |s| < 2r,

[T 16 +s—itk—mn| e og X)°.

[k|<2N
k#n
Proof of Theorem 7.1 Let ¢y = ﬁ, A = 2and N and T be as in Lemma 7.1 so that
T > (logX )2. By a quantitative form of Perron’s formula [20, Cor. 2.4], we have
1 X 1 feotT X 1
3 Fo [ peenEas= L F(s—i—l)—ds—i—O(—).
ax " 278 Jicy) s 278 Jeg—iT s log X
By Lemma 7.1(a),
1 co+iT X 1
3 fo _ 1 FN(s+1)—ds+0<7>. (7.3)
n 270 Jeg—iT s log X

n<X

We now deform the path [co — i T, co 4+ i T'] into a contour intersecting with the critical strip
within the common zero- and pole-free regions of {{ (s —int)} |, <2on . Since [Im(s) —nt| < 3T
we see that { (s+1—int) # Oforall [n| < 2N and |Im(s)| < T whenever Re(s) > —o (3T).
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Let H denote the Hankel contour® [20, p. 179] of radius ; ; , and let ro :=
%min{|t|, o (3T)}. For each |n| < N we write
Hy:=H+int)N{oc+it e C:0 > —rp}.

We glue the paths {H,}, <y together and to the horizontal lines [—ro +iT, co +iT] and
[—ro —iT, co — iT] using the line segments

Ly :=(—ro+inft|,—ro+i((n+ DJt])) for —N <n <N —1,

By :=[—rog—iT,—ro—iN|t]), By .= (—ro+iN|t|,—ro+iT]
Denote this concatenated path by I'y and define the contour

I'i=[co—iT,co+iTlU[co+iT,—ro+iTIUTyU[—rg—iT,co—iT],
traversed counterclockwise. Since Fy (s + 1)/s is analytic in the interior of the component
cut out by I', the residue theorem implies that
1 co+iT s

X
L F(s +1)—ds = M+ R, (7.4)
27 Jeg—iT s

where M = ﬁ Z\n\gN f Hy MX Sds is the contribution from the Hankel contours,

and
1 F 1 F 1 F 1
R;=7</ stds-i-/ stds-i- / st )
B By s Ly

2mi K
—N<n<N 1

1 co—iT F 1 co+iT F 1
_4{/ gwigpm_/ gwigyﬁ)
2ni \ Jromit s ro+iT s

Along the segments L, and B;, where Re(s + 1) = 1 —r¢, we apply Lemma 7.1(b) to obtain

/ FN(v—f-l) ’+ 3 / FN(v—i—l) ’
—N<n<N—1!7Ln j=1.2
e ) 1 1 1
< X" (log X) < > er?) € logX’

In|l<N
Along the horizontal segments we use Lemma 7.1(c) to give

‘/\CoilT FN(S+1)

roxiT

(log X)© 1
X%ds -— .
’ <Le T < log X

Thus, R « @, and it remains to treat M. For each |n| < N note that H,, = Hy + int,
and so by a change of variables,

1 Fn(s+1) Xint Gn(s) X*
IR R OCES I n(s)
2mi Jy, s 2mi Jy, S +int s8n
5 That is, for r := @ the contour consisting of the circular segment {s € C : |s| = r, arg(s) € (—m, 1)}
(omitting the point s = —r) together with the lines Re(s) < —r covered twice, once at argument +7 and

once at argument —z, traversed counterclockwise.
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where we set

Gu(s) = IssG+ DI [T ¢ +1—itm—mn@.
lm|<2N
m#n

G, is analytic near 0, and when [s| < % min{|t|, 0 (3T)} = 2rp we can write

Gu(s)
s +int

Go(s) = Z 1o, (t)s?

Jj=0

=Y n (s ifn #0.
j=0

The functions p,, ;(t) are determined by Cauchy’s integral formula as

o 1 / G, (s) ds 0 <9 (7.5)
(1) = — -t <r < 2. .
Hon.j 2710 Jigier (s + int) im0 si+1 0

Note in particular that

1

— _ 5 8m — 7 _ 8m ;3
no,0(t) = | | A —imt)sm,  ppo(t) Tt | | (1 —i(m —n)t)sm it n # 0,
|m|<2N Im|<2N
m#0 m#n

while for j > 1 we take r = 2rg and apply Lemma 7.1(d) in (7.5) to get6 for all [n| < N,

— itk — 8
HlkliiN 12(s + 1 —i(k —n))s| 2 (log X)©
min{|[, 0 BT)} (1= + Int])”
(7.6)

[tn,j @ <77/ max

€
Is|=

|s + int|!n#o

Integrating over Ho (noting that |s| < r/2 forall s € Ho) and applying [20, Cor. 0.18], when
n # 0 we obtain

Xint t ] X €
M, = X0 s g oo, (log X) / XReO) | 1=Re(gn) | g
27 Ho |nt| minf[t|, o 3T)} J,

X 0(0)
I"(gn)

1
log X)% [ [~ logx
+ OG(M</ o8 |O-|]_Re(gn)X(7dO— + (log X)Re(gn)_2>>

nle \Jy,

((log X)& 14 0(X‘f0)>

B Xint (log X)Vn*l
~int T(w)

1
| | ik — 8 - -
(1 —i(k —n)r)sk + Oe(ﬂog )]_€>

|k|<2N
k#n

and similarly

_ (og Xyt ki) (%)
Mo="rge | L e =m0+ o G
k0

6 Here and below, we repeatedly use the fact that if z € C\{0} then, choosing any appropriate branch
of complex argument, we have |z8"| = \lee(g") exp(—Im(g,) - arg(z)) = Iz\Re(g”) for all n € Z, as
sup,cz |gn| < 1 and |arg(z)| is uniformly bounded.
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We next focus on the products of ¢-values. When n = € € £, Lemma 7.1(d) gives

[T ¢ —itk—0n% =1+ 0Q)Cetin® .
[k|<2N
k#L
We saw above that Re(y;,,) < u — § for all n ¢ £. Combining this with Lemma 7.1(d) and
the estimates |¢|R@0)~1 > 1 (since |g¢| < 1 for all £) and 1/T'(g,) < 1 uniformly (since
1/T is entire), when £ ¢ £ we obtain

. (log X)Re(gn)
1_ k_ 8k
2 T =it = mnt e o

[n|=N [k|<2N
n#l  k#n

(log X)*~!=0%€  (J¢|log X)»—'—0te
e " < m

Accounting for the error term for M, and using § < 1, it follows that

fo‘f’ Cg(itlogX)V“_l+O (Jt] log X )~ 1+e 1
it't T (ve) ‘ lt] (log X)? )

M= (1 + 0(|t|))

tel

Setting 8’ := 16 and taking € < 8" we obtain

1 X1 Cy(itlog X)re~!
M=(1+0(1+—5)) >3 Celitlog X)7 7"
(log X)8 it I'(ye)

The proof is completed upon combining this estimate with our bound for R in (7.4), and then
using (7.3). O

The values of f;(p) at primes p are crucial in obtaining the shape of the asymptotic
formula in Theorem 7.1, not the values f; (p™) with m > 2 at prime powers, as the following
Corollary shows:

Corollary 7.1 Assume the hypotheses of Theorem 7.1. Let f : N — U be a multiplicative
function such that f(p) = f;(p) for all primes p, and define a multiplicative function h so
that f := f; x h. Then

it o ve—1
S HO 5 2 GO OT (1 i) 4+ Ol + 01,
tel

~ n it't T(ye)
where H(s) = anl %; moreover, for each £ € L we have H(1 + ift) # 0 unless
F@Ry = 2% forall k > 1.

One expects that £ typically contains just one element, {£}, and so an asymptotic is given
by this formula for all large X if H (14 i€r) # O (that s, if £(2%) # —2% for some k > 1).
If £ contains more than one element first note that H (1 +i¢¢) = O for at most one value of ¢,
so we have a sum of main terms of similar magnitude. For X € [Z, Z'+°()] we get a formula
of the form (3, c¢ X4 o(1))(log Z)"=1 (where the ¢, depend on Z but not X) and such
a finite length trigonometric polynomial will have size o(1) for a logarithmic measure O set
of X-values (that is for X € [Z, Y Z] where |t|logY — oo with logY = o(log Z)).
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Proof Each h(p) = 0 so that #(n) = 0 unless n is powerful. Since each | f; (p®)|, | f (pF)| <
1, we deduce by induction that |2 (p*)| < 2K~ for each k > 2. We begin by assumlng that
each h(2K) = h(3K) = 0, and so if (n, 6) = 1 then |h(n)| < n* where k = 1og5( .

As h(n) = 0 unless n is powerful and (n, 6) = 1, we have

1
5O et g 3 lh(b)zL ogh _

n
n>N b>1

Select A > 0 so that A(% — k) > 2 — . Then with M := (log X)4 we have Yobem ‘h(b# =
o((log X)*~2), and by Theorem 7.1,

AL ﬁ(a)liz(m . f,(czl):(m

n<X ab<X ab<X
b<M b>M
h(b) fi(a) 1 | (b)]
=25 X oL X
b<M a<X/b a<X M<b<X/a
xit Cg(ltlogX)W L h(b) logh 7!
=1+ 0t - —
=(1+0( |))Z o0 b(ZM b1+wt< logX)

+ o((log X>“—1>.

The claimed formula follows since

ye—1
3 h(b) <1— k’gb) o HO+in+0 3 &), 1 3 [hb)|log b

1+itr
oy bl log X = b log X o b

=H( +ilt) +o(1).

Now suppose that /2(3) is not necessarily 0. The key issue is

h h(3k h h(3*
Y =y B 3 By B vt

n>N k>0 n>N/3k k>0

(n,6)=1
vl s

2k71
k>0 (3K+% )k

&« N<°2

since 32 > 2.
Our assumptions guarantee that the sum for H (s) converges on the 1-line. Is H(1+it) # 0
for = € R? We see that the Euler factors converge on the 1-line and indeed

h(p") |h(p’<>| 2k 1 2
) k(I+it) 1= Z T op-2

k=0 p k>1 p k>2

for each prime p > 3.

Now suppose that 1(2¥) is not necessarily 0. The analogous argument works for any /(.)
for which there exists € > 0 such that |i(2¥)| <« (2K)1—¢. To establish this we first assume
that each | £;(2)| = 1 so write f;(2F) = e(6;) and g(’l°g2 ) = rje(y;) with0 < r; < 1.
Then (7.2) becomes m e(6,,) = Zlfjfm rie(@u—; + yj). This implies that r; = 1 and
Om = Om—j +yjmod 1) for 1 < j <m.Now 0y = y9 = 0and so 6, = y,, = my(mod 1).
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But then >, f:(26) /2% = 3", _o(e(y1)/2)F = (1 — e(y1)/2°)"! and so if k > 1 then
h(25) = £(2%) — e(y1) £(2F~1) and so each |1 (2F)| < 2.

Otherwise there exists aminimal k£ > 1 such that |ﬁ(2k)| < Lylet§ = 1—| f; (24 € (0, 11.
Now select @ > 0 for which §(@ — 1) = a¥(2 — @) so that 1 < a < 2. We claim that
[h(2™)| < ko™ for all m > 0, where k := maxo<m<x [1(2™)|/a™. This is trivially true for
m < k; otherwise for m > k we have (as k(1) = 1, h(2) = 0)

m—1 m—1
Jj=0 )
JEm—k
m—1 ) ‘
< Z ko + (1 — 8™ * < k™ Za_’ —Sa k| = ka™
j=0 i>1
JFEm—k

as 2 < k + ka, by induction, using the definition of «.
Finally we wish to determine whether the Euler factor of H (1 + i£t) at 2 equals 0. This
equals the Euler factor for f at 1 divided by the Euler factor for f; at 1. Since each | f; 2hH <1

the denominator is bounded; since | f (25 < 1 we have Zkzo 2,({1(71(,)[) = 0 if and only if

f(2F) = =2k forall k > 1. O

7.2 Our specific example

We now use Theorem 7.1 to construct a multiplicative function f satisfying the conclusion
of Proposition 1.2(b). We will use the auxiliary 1-periodic function
e) =2 le(u) — Al
gu) = o) — A emu) =3 Zgne(nu).

nez

We see that g takes values on S' with g(0) = 1. We will verify the following properties
of {gn}» in the appendix (Sect. 1), which shows that g satisfies the assumptions required to
apply Theorem 7.1.

Lemma 7.2 For the {g,}, defined just above we have:

(a) gn € Rforalln,

(b) lgnl < (lgz)‘"‘ <0.99" foralln € Z,

(©) g-n < gnforalln > 1,

(d) g1 =0.7994 ..., and there is § > O such that g, < g1 — S oralln #0, 1, and

(e) go<gi— L

1
Deduction of Proposition 1.2(b) Let x be large. Lett € [m, 1]1be small, and set y; := et

and f = f;. For small enough ¢, Theorem 7.1 yields

1
Zf(n)’ = 17t logx)' ! < log x exp ((g1 -2) Z 7>. (7.7)
nex Vi<p=x
Using the definition of A,

5 A_/‘ le(u) — A| _/‘ /‘ _
— A= ———(e(—u) — Ndu = gw)e(—u)du — gw)du = g1 — rgo,
o e(—u)—»x 0 0
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so that g — 2 = A(go — 1). By partial summation and the prime number theorem we have

D Ly = 3 1 —Re(g(55 log p))
Joo s Vs -
YVi<p=X p

1
- Re</ (1 — g(u))du) log ( logx ) + o)
0 log yr

1
=(-g) Y, ST ow.

Yt<p=X

Combining these last few observations we deduce that

f@)
>

n<x

1
xlogxexp(k(go—l) Z —)xlogxexp(—k]]])(f,1;y,,x)2>.

Yr<p=x
Finally, since g is Lipschitz and g(0) =1,
lg(55 log p) — 1| K tlog p forall p < y;,

and so by Mertens’ theorem,

1 —Re(g(55 log p)) lo
D(f, 130" =) - <t Bl
P=n P Py
Combining these last two estimates, (1.3) follows. ]
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Appendix A: Auxiliary results towards Proposition 1.2(b)

We establish the technical Lemmas 7.1 and 7.2, used in the proofs of Proposition 1.2(b) and
Theorem 7.1.

A.1 On the Fourier Coefficients of g

Proofof Lemma 7.2 (a) Since g(u) = g(—u), aterm-by-term comparison of the Fourier series
of each shows that g, = g, and thus g, € R for each n € Z.
(b) We will prove a numerically sharper bound, which will be used in part (d). Note that

e(u) — A -12

A
NS . <1 BNy (e(u) + e(—u)))

As 24 < 0.99(1 4 A?), Taylor expanding the bracketed expression gives

_ e 1/2 Y Y
g(u) mz( )<—>'(1H2> Z'(l)e((zz—nu)

gu) =

j=0 0<i<j
- = (g C)) ()
= e(nu) 27
1+kr§ PX',;' (j+n)/2 AN S
2(n+))
hmfl_)hhm
= 2 elm= G

where we have set

(2] j A/
o 2j
=) 2 (j)<<j+|n|>/2>(1+x2> A-D

Jj=Inl
21(+n)
_y <|n| + 21) (2(|n| + 21))( A )”“l A2)
= — ) .
S\ Inl +1 In|+20 )\4(1+22)
It follows that
hp_1 — Ah
g = L foralln e 2.
14 A2

We use Stirling’s approximation in the form +/2rn(n/e)" <n! <e 12 V2an(n/e)* forn e N

(see [18]), and bound ((1+\n\) ,) by a central binomial coefficient as ((J+|n|)/2) < 5% ((,ﬂ:;;}/z)

where v = 1;;. When n # 0 this gives
. . 1
2—2j 2.] J —2/ 612 22] 612 2j+p
G + D2 VRGN

eE\fZ
T

27,42 | (j +n).
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Setting ¢ := we find using the first expression for %, in (A.1) that

2
1+22°

0 < hy <

1 . 1
> e6ﬁ2i< k >15<e6ﬁ Lm0

. 2 _ 2 ]
Sl Tj 1+ A 1—=c?)m |m|
2[(j+m)

Using the second expression for £, in (A.1), when |n| > 1 we get

hn—l_)\'hn
_Z(Inl—1+2l)(2(|n|—1+21)>( 2 >|n|1+21
a - . IR
>0 In| =141 |n| —1+21 41+ 22)
[ 2nl =144 22
2(jn] +1) 1422
2ln|—1 A2
=|\l- —— At
_< 2|n| 1+A2> n-l

Together with the previous bound, it follows that when |n| > 2,

(A3)

1
] < e6+/2 (1 2n]—1 A2 >c|"|1
8nl = - ,
T T =)+ A2 2ln| 1+42)In|—1

and the bound |g,| < ¢ immediately follows.
(c) We deduce from (A.1) that i, = h_, for any n > 1. Thus,

hy_1 — Mh ifn>1,

h|n‘+1 — )\.h‘n‘ ifn <0.
To prove g_, < g, forall n > 1 we need only show that 1,11 < h,_1 foralln > 1.
To see this, note that

( M >2 (n—1+21)<2(n—1+21)>( N )n—1+2l
hn+1: 272 Z 72
A+23)) S \n—1+1)\ n—1+20 J\4(1+2?)
w
nm+1+1)n+1)

A 2 1420\ 2 —1+2 A n—1+2
2(1 4 A2) ~\n—1+I n—1+2l 4(1 + A2%)

2

and thus A, < hp—1 < hy—1, as required.

2
1422
(d) Since g_| < g1, and g_,, < g, forn > 2 by (c), it is enough to show that there is § > 0
such that g, < gy — é foralln > 2.

The upper bound (A.3) is decreasing with n, and one may verify that it gives < 0.7 <
g1 — % for n = 10. Thus, we clearly have g, < g1 — 2—10 for all n > 10.

On the other hand, a computer-assisted calculation shows that g, < g; — %, say, for all
2<n<9:

g1=0.7994 ..., g,=02848..., g3=0.1659... g4=0.1102..., g5=0.0778...,
g6 =0.0568..., g7=0.0423..., gg=0.0321..., go=0.0246....
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The claim thus follows with § = 2]—0.
(e) Though this may be verified by computer, we give a proof. From (A.4),

1 14+ A
g1—1—=g0=——==(ho — A1 — (h1 — 1hg)) = 1 = ——==(ho — 1) — 1.
V1422 V1+ 22

It is enough to show that hg — hy > ~ 11:1’\2. To see this, we write
20\ (4 PR A 441 A
ho—h1=22721 1— + >1— —
—~ 1)\21)\ 1422 20 +22) [ +1 2(1 4+ A2)
using ST 411+7+11 < 1423\2 < 1 and positivity to restrict to the term / = 0. But we see that

X A X 20\ V1¥A2
o~ = S S
2(1 4+ A2) (1+ )2 1+ A
since, setting t = (1-%)2’ we have
A t 2\ t
l—-———— =1—- - (1+—=|>1-->10-n'2
21+ 12) 4 <+1+A2)_ ;> (=0
as required. O

A.2 On products of shifted zeta functions

Proof of Lemma 7.1 Throughout, set G := ), , |gx| < 00 (since we assumed that |g,| <
1/(1 + [n])*) and Fy (s) := [T}, <oy £ (s — int)r.
(a)Leto > @ Since | f(n)| < 1,
[Fl+o+it)| <¢(l+4+0) KlogX forall |t| < T.
When |n| > 2N, |t —nt| > 2N + 1)|t]| — T > T, so that also
(140 +i(rt —nt)) €log2+ |t —nt]) K log2n|) forall |z| < T.

Now [£(2+20)/¢(14+0)| < [t(14+0 +i(t —n1))| < |£(1+0)| and soif |gn| < W
then

t(I+o+i(t —nt)) % =14 O0(gyloglog X). (A.5)

This holds for |n| > 2N as we assumed that |g,| < |n|73. Since N > (log X)4 for some
A > 2 it follows that

max |[Fy(14+o+it)— F(14+0 +it1)|
[z|<T

exp( Z log

)=

< (logX) ) In| " loglog(2n) < (log X)N "¢ « (log X) 7, (A.6)
n>2N

< max <|F(1—|—0+it)|~ (4o +i(t —nt))™

[7|<T

as required.
() Let|r| < T and |n] <2N,andputo :=1—ro.If |0 — 1 +i(r —nt)| <1 then

C(o +it —n)F <o —1+i(t =) <ryh,
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Otherwise, |¢ (0 + i(t — nt))|*! < log(2 + |t — nt|) < log T. Thus, for any || < T,

|Fy(o +i7)| < I1 rg et [ ogs « (g 1og T)C.
[n|<2N |n|<2N
|=ro+i(r—nt)|<1 |—ro+i(t—nt)|>1

Since min{o (37, |¢]|}~! log T <« (log X)¢, the claim follows.

(c) Assume 1 = +1; the claim with n = —1 is completely analogous. Note that |T — kt| >
[t]/2 for all |k| < 2N.If |o +i(T — kt)| < 1then |kt| > T/2 > N|t|/2,ie., |k| = N/2,
and then

640 +i(T = kn)$| < |T — ke 71860 < 7188l
Splitting the product as in (b) and using |g,| < 1/(1 + |n|)? for each |o| < ro we get

IFy(l+o+iT) < [ e ]  dogmle!
N In|<2N
Inl=% lo+i (T—nt)|>1
< exp(log(ﬁ) > |n|—3>(10gT)G < (loglogx)“,
Ini= 3

and the claim follows.
(d) Observe that if |m| < |f|~! then imtz (1 + imt) = 1+ O(|mt]); otherwise, if |mz| > 1
then when || is small enough m is large and we may Taylor expand

limts (1 +imn)]Em =1+ 0<|gZ—m|10g(2 + Imt|)>,

similarly to (A.5). Thus, since |g¢—m| < (1 + |m — £2])~3 we have

[ Ttimecd + imeyjser — 1‘

m#0
<t Y geemliml+ D" 18e-mllog2 + |mt])
m] <[]~ || >¢] !
_ log(2 + |m|)
Lt 1+ m—e)2+ =KL e
It Z,l( jm — 1) Z,l Ty <1
[m|<|z] |m|>|t|
Since also |¢| > @, it follows that (handling the range |k| > 2N as in (a))
. 1 7 —&l—m 7 7 —n
[] ca-itk—ons = (1 + 0((1%7?()2)) [ [ @mny=sen T [lintz (1 + int))ee
|k|<2N m#Q n7#0
k2L

= (1 + 0(|t|)>C(it)g"_1

since ), .7 & = g(0) = 1, and the first claim is proved.
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Suppose more generally that |n| < N, and that |s| < %min{|t|, o (3T)} = 2rg. Whenever
k # n we have |s — i (k — n)t| > |t|/2. Thus, arguing as in (c),

[T les+1—ik—mn®i <[] 7 [ dogD)$ < (1|7 log 7)Y,

|k|<2N |k|<2N |k|<2N
k#n k+#n k#n
|s—i(k—n)t|<1 |s—i(k—n)t|>1
and since |t| > (log X) ™€ for any € > 0 the claim follows. O
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