HEAT FLOW IN POLYGONS WITH REFLECTING EDGES
SAM FARRINGTON AND KATIE GITTINS

ABSTRACT. We investigate the heat flow in an open, bounded set D in R? with polygonal boundary
0D. We suppose that D contains an open, bounded set D with polygonal boundary OD. The initial
condition is the indicator function of D and we impose a Neumann boundary condition on the edges
of dD. We obtain an asymptotic formula for the heat content of D in D as time ¢ 4 0.

1. INTRODUCTION

Let D C R? be an open, bounded, connected set with polygonal boundary 0D such that the
interior angles 6 of 9D satisfy 0 < 8 < 2w. We call such a set D a polygonal domain. Let D C D
be a polygonal subdomain. We consider the heat equation

ou
— = Au
ot
on D with Neumann boundary condition imposed on 0D, that is

ou

on
where n is the inward-pointing unit normal to D (defined up to a set of measure zero), and initial
datum

(t;z) =0, x € 9D, t > 0,

lgﬁ)lu(t; r)=1x(z), z€ D\0D.

Here 15 is the indicator function of D. We denote the unique, smooth solution to this problem
by up, 5. Physically, u, (¢ ) represents the temperature at x € D at time ¢ when the initial

temperature is 1 in D and 0 in D \ D and the total heat contained in D is conserved due to the
Neumann (fluxless or insulated) boundary condition. The solution u, 7 can be obtained from the
unique Neumann heat kernel np(¢; x,y) for D by

uD,f)(t;w)Z/Ddynp(t;:v,y)]lf)(y)Z/Edynp(t;m,y)-

We are interested in the heat content of l~), that is the amount of heat inside D at time t, which is
given by

HD,ﬁ(t) ::/ﬁdquﬁ(t;x). (1)

The function H D, 7(t) is smooth from the smoothness of u D.b and other properties can be deduced

from the L2-eigenfunction expansion of np. Let pj, j =0,1,..., denote the Neumann eigenvalues of
D with corresponding eigenfunctions ¢; that are normalised in L?(D). We recall that the Neumann
eigenvalues can be written in a non-decreasing sequence counted with multiplicity 0 = po < p1 <
o < ..., where the only accumulation point is +00. The Neumann heat kernel has the following
expansion

no(tz,y) =D e Mg(x)d;(y).
j=0
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The heat content of D can then be written

= 2 (f dmj(x))z,

from which we observe that ¢+ H ~(t) is strictly decreasing on (0, 00),

(9t DD Z Me—tlu (/ degbj > <0,

j=
and strictly convex on (0, 00),

0 S ?
@HDﬁ(t) = Z,sz'e thj (/5 dx @(m)) > 0.
=0

Since o = 0 and ¢g(x) = |D|~'/2, we see that

lim Hj, 5(1) = lim </d$¢0 )+Z (/ﬁdwxmf =',ED'|2.

In the rest of this paper, we consider the small-time asymptotic behaviour of H, (t). Thus, in
what follows, by O(-) we consider the limit ¢ | 0. ’

The heat content of polygonal subdomains in, possibly unbounded, domains Q@ C R? can be
defined analogously to (1) by considering the heat equation on 2 with some boundary condition
imposed on 0N (when the latter is non-empty). The small-time asymptotics for such cases have
been obtained in [8], [6], and [5] and we summarise these below. We denote the length of a segment
A C 8D by L(A) so that L(0D) is the length of the boundary of D.

In [8], the authors consider the Dirichlet case, that is = D, D has initial temperature 1 and
Dirichlet boundary condition imposed on dD for all t > 0. The Dirichlet heat content of D is

defined as
~ﬂ=ﬁwﬁ@%Ww%
D D

where 75(t;2,y) is the Dirichlet heat kernel of l~), and the authors obtain that

Qp(t) = |D| - 35 22 (S sy |t o (e,

veA

where: A is the collection of interior angles at the vertices of 5; C1 > 0 is a constant depending
only on D; and, f : (0,27) — R is given by

[, 4sinh((m —7)6)
f(’V) T /0 df sinh (7r9) cosh (’)/9).

We note that in [8], the authors include the case where interior angles can be equal to 2w. One
can also introduce this for Neumann boundary conditions under a suitable generalisation of the
boundary condition which we discuss in Appendix B.

n [6], the authors consider the open case, that is Q = R?, D has initial temperature 1 and R?\ D
has initial temperature 0. The open heat content of D is defined as

)ZLMLWWMLW
D D

where ppe(t;x,y) = (47rt)*1e*|m*y|2/(4t) is the heat kernel for R?. The authors obtain that

~ LD )
Hp(t) = |D| - (1/2)151/2 >a() | t+0 (),
yeA
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FIGURE 1. An example setup for our problem with D highlighted in yellow and the
angles formed by D and D labelled at the vertices.

where: A is as above; Co > 0 is a constant depending only on ]_N); and, a : (0,27) — R is given by

T 7)o T T, 27
a(v)zz{”(l r)eoty, 7€ (OmU(r2m),

0, v = . @)

In [5], the authors consider the Dirichlet-open case, that is 2 = R2\ &D_, where dD_ C 8D is

some collection of edges, D has initial temperature 1, R?\ D has initial temperature 0 and Dirichlet

boundary condition imposed on dD_ for all t > 0. The corresponding heat content of D is defined
as

Gpob. (t) := /d:r/ dyﬂRQ\aD (t;z,y).
The authors obtain
(L(af) \&D_) + 2L(0D_ ))

Gpop. (1) = D] - gy e
(D e+ X s+ D g | e+ 0 (),
~yeAq ~yEA2 yEA3

where: A; is the collection of interior angles at vertices where two open edges intersect; As is the
collection of interior angles at vertices where two Dirichlet edges intersect; A3 is the collection of
interior angles at vertices where a Dirichlet edge and an open edge intersect; C5 > 0 is a constant
only depending on D; a and f are as above; and g : (0,27) — R is given by

3 o dsinh? ((r — %) ) — sinh? (7 — ) 0)
9(7) = —7 +/0 d0 sinh;(ﬁe) cosh (76) '

4

In the Dirichlet, open, and Dirichlet-open cases any boundary conditions are only imposed on

a subset of 8D and so the results only ever depend on the geometry of D. For the problem we
consider in this paper, this is not the case and we also have the relative geometry of D with respect
to D to consider. Thus, in order to state our main result, we require some additional terminology
and notation. Let V denote the union of the vertices of D and the vertices of D lying on aD.
Moreover, let E denote the collection of edges of parts of the boundary of dD between vertices in
V. We call edges in E that lie in D (except, perhaps, the endpoints of the edges) open edges and
edges in E that lie on 9D Neumann edges. Throughout this work we assume each vertex in V is of
one of the following types (see Figure 1 for an example).
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Open vertex NON vertex NOON vertex NN vertex

FIGURE 2. An example of each of the four possible types of vertices that can arise
in the problem. They are magnifications of the vertices in Figure 1 (see angle sub-
scripts). See Figure 3 for an example of the other type of NOON vertex.

We say a vertex in V is an open vertex if it lies in D and it has two incident edges in E
which are open. Let A denote the collection of interior angles at all such open vertices.
We say a vertex in V is a Neumann-Open-Neumann (NON) vertex if it lies on D and has
two incident edges in E , one of which is open and the other is Neumann. Let I denote the
collection of pairs (v, 3) at all such NON vertices where -y denotes the interior angle of D
at the vertex and  denotes the exterior angle relative to D at the vertex (see Figure 2).
We say a vertex in V is a Neumann-Open-Open-Neumann (NOON) vertex if it lies on 9D
and it has two or four incident edges in E , for which two are open and the rest are Neumann.
Let C denote the collection of triples (v, 5, «) at all such NOON vertices where 7 denotes
the angle between the open edges, which we call the middle angle at the vertex, and 8 and
« denote the two other angles between open and Neumann edges at the vertex (see Figure
2). The ordering of o and § does not matter but we only have one triple for each NOON
vertex. Note that NOON vertices either have that v is an interior angle of l~?, or § and «
are both interior angles of D.

We say a vertex in V is a Neumann vertex if it lies on D and has two incident edges in E
which are both Neumann.

Let 8013 denote the collection of open edges in E. Our main result is the following.

Theorem 1.1. There exists a constant C, 5 > 0, depending only on D and 5, such that

where:

~ doD
Hy, 5(t) = 1| - Z00 D) s

+ Z a(V) + Z b(’%ﬁ) + Z C(’%Ba a) t+ 0O <e_CD,f)/t> ’

veA (v.B)eB (v.B,)€eC
a:(0,2m) — R is defined as above in (2); b(7y, [3) is gz’ven by
o cosh (50) cosh —cosh ((5 —
b, o= [ ap R E R0 (G=r=5)9),
0 2sinh ((7 + B) 9) sinh (36)

and c(7y, B, «) is given by

(v, 8, @) :==b(y + B,a) + b(y + a, )
% cosh (36) [cosh ((8 + @) #) — cosh ((8 — a) §)]
+/0 a6 sinh ((y + 8 + ) 0) sinh (56) '

Remark 1.2. If D were to have finitely many connected components, then the heat content of
D would be the sum of its heat content on each of the connected components and thus Theorem
1.1 can be applied on each connected component. Theorem 1.1 can also be gemeralised to apply to
vertices with an arbitrary number of incident edges (see Appendiz A) and to the case where D can
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have interior angles of angle 2w or where the heat content of D is considered in R2 \ 0D+ where
0Dy C 0D is subject to a generalised Neumann boundary condition (see Appendiz B). We omit
proofs of these in the main body of the paper for a clearer presentation.

It was observed in [6] that the function a(vy), which corresponds to the contribution from the
angles at an open vertex, is symmetric with respect to m. We observe that the function b(y, ),
which corresponds to the contribution from the angles at a NON vertex, is symmetric in 8 and -,
and that the function c¢(vy, 8, &), which corresponds to the contribution from the angles at a NOON
vertex, is symmetric in a and § as mentioned above in (iii). By these symmetry properties of

a(7y) and b(v, ) we have the following consequence of Theorem 1.1. If Dy, Dy are two polygonal
subdomains of a bounded polygonal domain D such that Dy =D \ 51, then

(Hp,5,(0) = 1D1[) = (5, = D2l )| = O(=7")

for some constant C' > 0. Moreover, if [D;| = |Ds|, then the heat contents of Dy, Dy have the
same long-time asymptotic behaviour and the same small-time asymptotic behaviour up to an
exponentially small remainder. Analogous statements also hold when D; has NOON vertices due
to properties of ¢(7, 8, a) (see Theorem 3.9).

Considering reflections of NON and NOON wedges with respect to a Neumann edge motivates
the following relations between a(7), b(v, 5), and (v, 8, a).

Proposition 1.3. For~,3,a € (0,7), we have the following.
(i) If v+ B < m, then c(2v, 8, B) = 2b(v, B);
(ii) b(y, ™ —7) = 3a(27);

(i) If v+ B+ a = m and a < B, then 2¢(v, B,a) = 2a(y) + 2k(2a,7,7) and 2¢(v, 5, a) =
a(2a) +a(28) +2k(7, 2a, 2f3), where the function k(a, 0, 0) is given in [6] as part of the open
case when more than two open edges meet at a vertex, and is defined as

k(a,0,0) = -

2ﬂ[—(a—|—9+o¢—7r)cot(a+9+oc)—(a—w)cot(a)

+ (0 +a—m)cot(oc+a)+ (6 +a—m)cot(d + )]
foro+0+a#7m, a#w, o+a#mn, 0+a#7w. Inany of the remaining cases, such as
a=m, k(a,0,0) is defined by taking appropriate limits via I’Hopital’s rule.

Remark 1.4. The identities in the previous proposition ultimately arise from how one can obtain
Neumann heat kernels from the method of images. In particular, (ii) and (iii) arise from the
Neumann heat kernel for the half-plane and so we have the relation with the angular contributions
in the open case.

Proof. We prove (i) by direct calculation, namely
/ cosh 26) cosh ((y — ) 0) — cosh ((5 —~v — B3) 0)
2sinh ((y 4 3) 6) sinh (%6)
cosh 76) (cosh(2y6) + cosh(236) — 1) — cosh ((5 — 2y — 28) §)
/ 2sinh (2 (v + 3) 0) sinh (56)
cosh (56) [cosh (266) — 1]
2sinh (2 (y + ) 0) sinh (56)

5.0+ [ a9

= 5c(27.6.).

For (ii) and (iii) we require an additional identity. For |z| < |r|, we have that by formula 3.511.9
n [15]
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FiGURE 3. Three polygonal subdomains of the square with the same area and same
small-time heat content expansion, up to an exponentially small remainder.

sinh(7f) sinh(%6)  « = — — _cot(z). (3)

sinh*(z) 7 7w

/OO " cosh(50) (cosh(z0) —1) 2 /OO p sinh?(Zz) 1
0 0
We observe that (ii) clearly holds for v = 7. The case v # § is immediate from (3) by
o cosh(50) (cosh((m —27)0)—-1) 1 1 9 1
)= = 21— D) cot(2y) = ~a(2y).
by, m =) /0 40 2sinh (w0) sinh(Z6) or T3l =) cot2y) = 5a(2)

For (iii) it is sufficient to show that this identity holds when 2y 4+ 2a # 7, 2a0 # 7, v + 20 # 7.
By four uses of (3), we see that

a(7)+k‘(2a,%7)=a(v)+%[—(v+a—5)cot(v+a—5)—('y+ﬁ—a)cot(v+6—a)

+2(8 - a) cot(8 — )]
_ /OO " cosh(560) (cosh((y — B+ a)0) — 1)
0

2 sinh(7f) sinh(50)
o cosh(%0) (cosh((y+ 8 — a)f) — 1)
* /0 a0 ) 2 sinh(76) sinh(56)
o cosh(%0) (cosh(m — v)#) — cosh(8 — )h))
- /0 b ) sinh(70) sinh(56)

=b(y+ B,a) +b(y +a,B)

o cosh(50) (cosh(B + «)f) — cosh(3 — a)f))
+ /0 d0 sinh(76) sinh(%@)

= (7,8, ),
as desired. The other identity for ¢(vy, 8, ) follows similarly. O

Inverse problems for the small-time asymptotic expansion of the Dirichlet heat content of polygons
have been investigated in [4, 21, 9]. Some analogous questions for the case of the open heat content
are currently under investigation by the second named author and Y. Wu. For the setting under
consideration in this paper, we can obtain polygonal subdomains of the unit square which have
the same small-time heat content expansion up to an exponentially small remainder, see Figure
3. Given a rectangle R with polygonal subdomain D, the idea is to reflect both of R and D with
respect to one of the edges of R. We then take the union of R with its image under this reflection,
call this Ry, and the union of D with its image under this reflection and call it ]_N)l. Then we observe
that D; is a polygonal subdomain of Ry and

H

.5, (1) = 2Hp 5(1)] = O(e™ "),

R,D
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Outline of the paper: In Section 2, we detail the strategy of the proof of Theorem 1.1 using
a partition of D. In Section 3 we compute a model heat content contribution for each part of
the partition using explicit formulae for the heat kernel. In Section 4 we prove that the difference
between each of these model heat content contributions and the actual heat content contributions
is exponentially small in small-time. We note that the proofs in Section 3 rely on analytic methods
whereas those in Section 4 rely on probabilistic ones via the relationship between the heat equation
and Brownian motion. In the appendices, we discuss some generalisations of Theorem 1.1.

2. PROOF oF THEOREM 1.1

The proof of Theorem 1.1 follows the strategy employed in the papers [8], [6], and [5]. The main
idea is to partition D in such a way that we can model the heat content contribution of each part
of the partition by the heat content of the same part in a different ambient space to D for which a
suitable, locally comparable heat kernel is known explicitly.

Let V be as defined in the last section and V denote the vertices of D. Our first goal is to create
an open sector, or the union of two open sectors at some NOON vertices, based at each vertex in
V given by S,(R) := Br(v) N D for some R > 0, where Br(v) is the open disc in R? centred at v
of radius R. We define the quantities

1 1
Ry:= - inf inf d(u,v), Ry := - inf d(u,0D),
ueVUV veVUV ueV\V

and set R := min{Ry, Ry}. The definition of Ry ensures two things: S,(R)NS,(R) = 0 for u,v € V
with u # v and that S,(R) NS, (R) = 0 also in this case, where S,(R) := Br(v) N D. The second
point here is crucial for our comparisons. The definition of Ry also allows us to do the required
comparisons and calculations specifically for open vertices.

The next part of the partition we want to define is that of rectangles lying inside D for which
one of its sides lies on D. Let E be as defined in the last section. For € € E with length L(€), we
want to have a rectangle of width L(€) — 2R and height 6 > 0 with a side of length L(€) — 2R lying
on ¢ and the rectangle lying inside D. We denote this rectangle by T3(R,d). In order to apply our
comparisons in the proceeding sections, we require that no two of these rectangles intersect so we
must define a suitable choice of § > 0. Denote the collection of interior angles of D by A; and the
collection of exterior angles of D relative to D at NON and NOON vertices by As. Then define the
quantities

v = {,uGAl smg— mlnsmg }

rkEAL
and

Yo 1= {MEAQ:Sng: minsing,}.

KEA2

We set 61 := Rsin % and 0y := Rsin . Then we determine § by setting 0 := min{dy,d2}. The
definition of §; ensures that these rectangles do not overlap and the definition of do allows us to
make our comparisons.

Now let D(R,0) := {z € D : d(z,dD) > & and d(x,V) > R}. We observe that

D+ (S |u| TR, 0) | UD(R,0)
veV ecE
even up to a set of measure zero so we have one final model space to consider. The remainder is

the union of disjoint cusps which up to rigid planar motions are expressible as {z = (z1,z2) € R? :
0 <z <R,|z| > R,0 < x2 <d}. The definition of § ensures no two of these cusps overlap. Each

sector Sy(R) has two such cusps associated with it which we denote by ctt )(R ) and cf? )(R 9).
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Then, up to a set of measure zero, we have that
D=|{JS(RUCPHR,)UCH(R6) | U | | Te(R,5) | UD(R,D).

veV ecE

Now we have this partition, Theorem 1.1 follows immediately from the following theorem, which
is subsequently proved in detail throughout the rest of this paper.

Theorem 2.1. The following quantities are as defined above.
(1)
| da [ dynpltia) = 1D(R,5)] + 0 (7).
(R.5) D

(11) If € € E lies on D, i.e. is a Neumann edge, then

/ dz /~ dynp(t;z,y) = |Te(R,6)| + O <e—52/8t> _
TE(Rvé) D

(i) If € € E lies in D, i.e. is an open edge, then
L(e) — 2R o
/ dwﬁdynp(t;x,y):|T—ev(R’5)|_((Al)l/z)tl/Q_i_O(e 5/&)'
T:(RS) /D -

(i) If C(R,0) is a cusp lying adjacent to an edge € € E lying on 0D, i.e. is a Neumann cusp,
then we have that

/ dan/~ dynp(t;z,y) =|C(6,R)| + O (ef(s?/gt) .
C(R,9) D

(v) If C(R,0) is a cusp lying adjacent to an edge € € E lying in D, i.e. is an open cusp, then
we have that

1/2 R2y2w2
| do [ aynpttia) = jc6m) - g [ / .
C(Rs) JD )z
+0 (6_62/&) .
(vi) Forv € V an NN vertex

/N da:/~ dynp(t;x,y) = |§’U(R)| +0 (6752/&) ‘
v(R) D

(vii) For v € V a NON wvertex with interior angle v and exterior angle 5,

/ daz/ dynp(t;x,y) = |S( )| — t1/2+b(7 Bt

_l_
=
<\
[N}
~
=
[\
\
\
k\’)\»—t

Y R (e—Cz/t) ’

where Cy > 0 is a constant depending on R, v and B.
(viii) For v € V. a NOON wvertex with middle angle vy and exterior angles B, a

/ dﬂ?/ dynp(t;z,y) = |Su(R)| — th/%rc(%ﬁ,a)t

172

where Cg > 0 is a constant depending on R, v, B (md Q.

Y R (g (eng/t) ’

M\H
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The key point to note is that: sectors §U(R) at NN vertices have two associated Neumann cusps

which have trivial contribution, sectors S, (R) at NON vertices have one associated Neumann cusp
and one associated open cusp which cancels out the term

00 1
]1%/2 t1/2/ d“;/ dy Y i 6—R2y2w2/4t7
™ 1o wJo o (L—y?)?

and sectors S, (R) at NOON vertices have two associated open cusps which cancel out the term

e 1
21]%2751/2/ dug)/ dy Y 1€—R2y2w2/4t.
mt/ 1owiJo o (1-y?)2

Analogous results also hold for the case of an open vertex with two neighbouring cusps. Indeed, we
recall the following results from [6].

Lemma 2.2 (Open vertex with two open cusps [6, Lem. 9 & §4.2]). We have that

R ¥ 9] ¥
/ dﬂ“/ d¢/ dro ro/ doo pr2(t; 7, ¢, 70, d0) +2/ dﬂ:/NdprQ(t;%y)
0 0 0 0 C(R,S5) D

> 2
= ISu(R)| + [C(R.8)| ~ ~12 1 a(m)t + O (1= Cslt)
™

where Cy 5 > 0 is a constant depending only on v, 4.

When one sums up all the heat content contributions from each part of the partition we get the
desired form of Theorem 1.1.

3. MODEL COMPUTATIONS OF HEAT CONTENT

In this section we prove some explicit heat content calculations that will act as our model heat
content contributions. This will prove half of Theorem 2.1 and give the explicit coefficients with
respect to the geometry that we are interested in. Full justification of why these approximations
are valid, and thus completing the proof of Theorem 2.1, is given in the next section but for this
section we will only give heuristic explanations so as to aid with the intuition for the problem.

From the construction of our partition in the previous section we see that D(R,d) is compactly
contained in D and thus in D and so in small-time heat should flow similar to as it would if we
simply replaced D by R2. Thus, the model content contribution from D(R, ) is given by

/ dw/ dy prz(t; 7, y)
D(R,5) D

where pge(t; x,y) is the heat kernel for R2. For any z € D(R, ), we have that d(z,dD) > & hence

12/~dym2(t;m,y)=/ dypw(t;x,y)—/ _dypr2(t;2,y)
D R2 R2\D

=1- (47Tt)1/ _dy e leylP/4
R2\D

2
>1- (47Tt)7167%t / dy e~ le—yl?/8t
R2
=12 0/3

This is the analogue of the ‘principle of not feeling the boundary’ that was introduced in [18], see
also [3, Prop. 9(i)]. The idea is that in small-time on the interior we should not detect any heat
loss. Hence, as in [6, Lem. 4], it follows that

S 26752/8t.

[ M[@m@w%@@w
(R,9) D

D
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For an edge ¢ € E lying in D, in small-time the rectangle T5(R, ) should almost look like it is
living in R? but instead in the case that the initial datum is the indicator function of the half-plane
containing Ts(R, d) whose boundary contains €. Up to a rigid planar motion, this reads:

Lemma 3.1 ([6, §4.1]). Let T = (0, L(e) — 2R) x (0,9). Then we have that

/dx/ dy prz(t;z,y) = |T| — (N) 2Rt1/2 +0 (t1/26_52/8t>,

where H denotes the half-plane R x Rg.
The same can be done for a cusp C(R, ) lying adjacent to an open edge and here one has:

Lemma 3.2 ([5, Lem. 2.3]).

. 1/2 —R2y%w? /4t
/C(R’&) dx/depRg(tw,y) |C(R,0)| 1/225 / / 1/26
+o (tl/Qe*‘SQ/‘“) .

Now if € € E lies on 9D, then in small-time both the rectangle Tx(R,d) and any cusp C(R,J)
should look like they are lying in a half-plane with Neumann boundary condition imposed and
initial datum of the indicator function of the half-plane.

Explicitly, one can obtain the heat kernel of the half-plane H with Neumann boundary condition
imposed to be

ma(t; @, y) = pre(t;2,y) + pre(t; 2, y")
where y* = (y1, —y2). It is immediate from standard Gaussian integrals that

/dynH(t;fc,y) =1
H

and hence for A = T5(R,6) or A = C(R, ), we see that

/dw/dymmtxy | Al

So, as expected from physical intuition, we see that the phenomenon of not feeling the boundary
does also occur near edges with solely Neumann boundary condition imposed.

The remaining model computations are those of the sectors S, (R), however these are much more
technically involved. For a vertex v &€ 1% lying on 0D we model the heat content of the sector
§v (R), by the heat content of the same sector but instead lying in an infinite wedge with Neumann
boundary conditions imposed obtained by stretching S, (R) out to infinity radially outwards from
v and initial datum of S, (R) stretched out to infinity in the same way. The idea is that the heat
content of S,(R) in each situation should be similar.

For 0 < v < 27, the Green’s function for the heat equation with Neumann boundary conditions
on the infinite wedge W, := {(r,¢) : 7 > 0,0 < ¢ < v}, that is the solution to

SGWW — 8TTGW7 — ?”_larGWW — 7"_28¢>¢>GWW = T_15(T — T0)5(¢ — gf)o),
9pGw,, =0, ¢ =0,y

can be computed explicitly to be

Gov, (5172070, 60) = 75 [ 00 Klr/5) Kiro/ )0, 6. 6. 60)

where
sinh (76)
sinh (v8)

cosh ((¢ — ¢o) 0) ,

®,(0, ¢, ¢o) = cosh ((m — [0 — ¢[) 0) +

sinh ((m — ) 6)
sinh (v60)

cosh ((¢ + ¢o — ) 0)
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see, for example, [22, Appendix A] and references therein. Here the K, are modified Bessel functions
of the second kind, that is the unique solution to the equation

PKI(2) + 2K (2) — (22 +V*)K,(2) = 0.

We note that the above approach expresses the Green’s function of an infinite wedge as a Kontorovich
Lebedev transform. This approach was used by D. B. Ray to compute the angular contribution to
the small-time asymptotic expansion of the Dirichlet heat trace for a polygon (see the footnote on
page 44 of [20]) as well as in [5, 7, 8]. The unique Neumann heat kernel ny, on W, is given by the
inverse Laplace transform of Gy, i.e.

nw, (7, 6,70, 60) = L7 {Gw, (s:7, 6,70, 00) } (1)

By noting that the only solution to the heat equation on W, with Neumann boundary condition
and initial datum Ty, is v = Ly, it is immediate that the heat content of S,(R) when v is an

NN vertex is |S,(R)|. However, the latter route is not as illuminating as to our method when the
computations become non-trivial. So we recall the relevant computations below to motivate the
following lemmas.

Lemma 3.3. For allt >0,

R ¥ o0 ¥ 1 )
/ Td?“/ d¢/ To dro/ doo nw, (t, 1, 6,70, ¢0) = 571"
0 0 0 0 2

Proof. Observe that we are computing the quantity

R [e's)
/0 rdr/()7d¢>/(] rodro/:dqbozI{Gm(s,w,ro?qbo)}(t)
R 0 [e’s)
_ /0 rdr /O”dcb /0 ro dro /07d¢o£—1{732 /O deKie<r\/§>Kie<rox/§><1>7<e,¢,¢o>}(t>

and that by Fubini’s theorem we can rearrange the integrals. One can easily compute that

/ " do / " doo ®,(6, ¢, po) = %7 sinh (70)
0 0

and hence we now want to compute the quantity

i—zﬁfl {/ rdr/ rodrg/ 9 Kip(ry/s) 19(r0\f)smh(7r0)}()

This quantity has been computed before in [8, §2] and is §7R2 as desired. For the sake of com-
pleteness we give the calculation here. Combining formulae 6.561.16 and 8.332.3 in [15], we see

that
70

2ssinh (%9) )

[ arte -

and formula 6.794.2 in [15] reads

/Oo df Kig(r+/s) cosh (56) =

T
0 2

Hence, applying these successively we see that

et [Mrar [T raare [T Kate o) atros) i) o
=T {/ / d K3g(r+/5) cosh (% )}() (5)

=L {8/0 rdr}() —7R2
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The case of NON and NOON vertices is much more involved and will require the following
technical tools that we shall now prove.

Lemma 3.4. Let T :={(o,p,\) : 0 < A< p<o<2m}. Let £ : T — R be a function in only p and
A, denoted &(p, \), such that 0 < &(p, A) < 20.

(i) We have that the collection {An, BN }Nezs,, where
Ay ={(o,p,N) €T : |5 = 2N +1)o +&(p, N)| < o}

and
By :={(o,p,\) € T : 5 +&(p,A) =2(N + 1)a},
forms a covering of T. Moreover, for N > 1 fized, any (o,p,\) € Ax or (o,p,\) € By,
and any 1 <n < N, we have that 0 < § —2no +&(p, A) < §.
(it) If £(p, A) > 0 then we have that the collection {Cn,Dn}Nez.,, where

Cn :={(o,p,\) €T : |5 - (2N —1)o = &(p,N)| < o}
and
Dy :={(o,p,\) €T : 5 —&(p,\) =2No},
forms a covering of T. Moreover, for N > 1 fized, any (o,p,\) € Cn or (o,p,\) € Dy,
and any 1 <n < N, we have that 0 < § —2(n —1)o — &(p,A) < 3.

Proof. For (i) we have that (o, p, \) € Ay ifand only if —o0 < §—(2N+1)o+£()\, o) < o which occurs
if and only if 2No < § 4+ &(p, A) < 2(IN + 1)o. Now pick an arbitrary point (o,p,A) € T. Suppose
that 5 4+ &(p, A) # 2(M + 1)o for any M € Z>o. Then clearly there exists a K € Zx>q such that
2Ko < 5 +&(p,A) <2(K +1)o and hence (o, p,\) € Ag. If we have that T +&(p, \) = 2(K' 4+ 1)o
for some K’ € Z>q, then (0,p,\) € Bgs. Since our choice of point (o, p,\) was arbitrary, we
indeed have that {An, By }nez., is a covering of 7. Now fix N > 1. Let us choose an arbitrary
(o,p,\) € Ay. For 1 <n < N, we have that

5 —2n0+&(p,\) <5 —20+&(p,A) <

o

and that
T —2n0+£&(p,A\) > 5 —2No+£&(p,A) >2No —2No = 0.
Now let us choose (o, p,\) € By. For 1 <n < N, we have that
T—2no+&p,\) <5 —204+&p,N) <%
and that
T —2no+&(p,\) > 5 —2No+£&(p,\) =2(N +1)0 —2No = 20 > 0.

So we have proven (i).

We prove (ii) in a similar fashion. We have that (o,p,A\) € Cy if and only if 2(N — 1)o <
5 —&(p, A) < 2No. Now pick an arbitrary point (o, p, A\) € 7. Suppose that § —&(p, A) # 2Mo for
any M € Zx>g. Then clearly there exists a K € Z>q such that 2(K —1)o < § —£{(p,\) < 2Ko and
hence (0, p,\) € Ck. If we have that § — &(p,\) = 2K’o for some K’ € Z>, then (o, p,\) € Dgr.
Since our choice of point (o, p, A\) was arbitrary, we indeed have that {Cn, Dn}nezs, is a covering
of T. Now fix N > 1. Let us choose an arbitrary (o, p,\) € Cy. For 1 <n < N, we have that

and that
T—=2(n—-1)0—-&p,A\) > 5 —2(N—-1)0 —&(p,A) > 2(N —1)0 —2(N — 1)0 = 0.
Now let us choose an (o, p,\) € Dy. For 1 <n < N, we have that
5—2(71_ 1)U_§(p7)‘) S % _g(pa)‘> < g
and that
5—=2(n—1)0—&p,\) > 5 —2(N—-1)g —&(p,\) =2No —2(N — 1)o = 20 > 0.

So we have proven (ii). O
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Before moving forward, let us state some known results for small-time asymptotics for inverse
Laplace transforms.

Lemma 3.5. (i) For a,b € R such that |a| < |b|, we have that

{ / rdr / d6 Ko(r C‘;Shéf()w_)l} () =0 <te_R2/4t>.

(ii) For —% < a < %, we have that

- {1 / rdr / deKiH(T\/g)Slnh(ae)}(t) = O (tem o).
S JR 0 0

(i1i) For a > 0, we have that

-1 {i/l:ordr /OOO deKw(r\/E)mm;(“a)} (t) =0 (te*RQ/‘“) .

Proof. Proofs of (ii) and (iii) can be found in [8, §2]. For (i), note that if |a| < |b| then

o0 cosh(af) — 1
df | —————
/0 6 sinh(b0) ‘

and we immediately obtain the result following similar methods to those in [5, §4]. 0

)

Using the previous two lemmata we can now prove the following crucial lemma, which is done in
the spirit of the proof that the remainder is exponentially small in [8].
Lemma 3.6. Let (0,p,A\) € T and £ be as in Lemma 3.4.
(i) Then

£t {i /Roordr /000 do Kp(r+/s) cosh((3 _9(;:;1?(%,))\))6) -1 } # =0 (te—R2C’fvP*}‘/4t> ’

where C7’ PA > 0 s a constant depending only on o, p and .
(ii) If £(p, ) > 0, then

e ]

where C, 7P > 0 s a constant depending only on o, p and .

Proof. Let us prove (i). Let {An, BN}nez., be the covering of T as given in Lemma 3.4(i). For
(0,p,A) € Ay, the result is immediate by Lemma 3.5(i) and for (o, p, A) € By we see that
cosh((5 — o +&(p,A))0) —1  tanh(50)
0 sinh(c0) 6
and the result is immediate from Lemma 3.5(iii). Let N > 1. Suppose (o, p,\) € Ay and observe
that

cosh((§ — o+ (o A)8) — 1. L sinh((5 — 2o + £(p, A))6)
} 0 sinh(o6) g 6

N cosh((§ — (2N +1)o +£(p,N))0) — 1

0 sinh(c6) ’

then the result comes from applying Lemmata 3.5(i) and 3.5(ii). Suppose (o, p, ) € By, then we
can observe that

cosh((5 —o+&(p,A))0) —1 N sinh((Z — 2n0 4 £(p, A))f)  tanh(Z0)
G enh(o) =2) 5 T

n=1
and the result comes from applying Lemmata 3.5(ii) and 3.5(iii). Since {An, Bn}nez., is a covering
of 7 we are done. -
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Now let us prove (ii). Let {Cn, Dn}nezs, be the covering of T as given in Lemma 3.4(ii). For
(o,p,A) € Cp, the result is immediate by Lemma 3.5(i) and for (o, p, \) € Dy we see that

cosh((§ + 0 —§&(p,A))f) —1  tanh(30)
0 sinh(o0) B 6
and the result is immediate from Lemma 3.5(iii). Let NV > 1. Suppose (o,p, \) € Cy and observe
that

cosh((§ +o —E(pA)Y) ~1 _, i sinh(( — 2(n — 1o — &(p, \))6)
0 sinh(c0) — 0
N cosh((§ — (2N —1)o —&(p,N))0) — 1
0 sinh(c) ’
then the result comes from applying Lemmata 3.5(i) and 3.5(ii). Suppose (o, p,\) € Dy, then we
can observe that

cosh((5 + 0 —&(p,A)F) — 1 N sinh((5 —2(n—1)o —&(p,A))0)  tanh(%0)
G enh(0) =2 ; 6 T

n=1

and the result comes from applying Lemmata 3.5(ii) and 3.5(iii). Since {Cn, Dn}nez., is a covering
of T we are done. - O
Remark 3.7. From the above it is clear that for (i) and (ii), if £(p, A) depends only on p, then the
constants C7’ PA S0 and Cg’p”\ > 0 depend only on o and p. Moreover, in case (i) if E(p,A) =0
then Ca’p’ > 0 depends only on o.

With this toolbox now in hand we are ready to compute the model computations for the NON
and NOON vertex cases. First let us state a result that was computed in [8, §2] (see equations
(2.10) and (2.14) there) and will be used in what follows:

’ b ~ 2sinh?(Z6
1 {/0 rd?“/o o d?“o/o de Kie(r\/g)Kie(To\/g)F?Q(QQ)} (t)

R o inh(Z0
—1{1/ rdr/ dGKig(r\/E)ism G )}(t) (6)
s$Jo 0
R 1 R 1 —R%y%w?/4t
mt/ 1/2t/ L 1/26 v,

Theorem 3.8. Let v be a NON vertex with interior cmgle 0% and exterior angle 5. Under the variable
change v = p, B = o0 — p, we have that 0 < p < 0 < 27 and the model heat content contribution
from Sy(R)

/ / dqb/ Todro/ dgo nw, (t;7, ¢, 70, $0)

R

= 5,01%2 St 4 bl o)t

+§2t1/2/ / 1/2€—R2y2w2/4t+0(te—moa,p/zxt)
= [Su(R) —Wt”%b(w)t

+ 1/2151/2/ / dy 1/2 —32y2w2/4t+0(te—mcw/u)’

where

~ [, cosh (56) cosh((c — 2p)8) — cosh ((§ — o) 6)
bo.p) = /0 40 B sinh(c6) sinh(%6) ;
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and Cy.p, C, g > 0 are constants depending only on o,p > 0 and v, 3 > 0 respectively.

Proof. As in the case of the NN wedge, we compute the angular terms first. Again we can do this
by Fubini’s theorem. With standard hyperbolic trigonometric identities, one can show that

/0 " /0 " 460 @, (0, 6, 60)

= 20 Gubr0) + 1y o~ )0) — cosh(r0)) + 2T =00 (o)
m (cosh((o — 2p)#) + cosh(af) — 2 cosh((o — p)f))

2sinh(50)

2p 2 2
= 7 sinh(r0) — g3 sinh*(50) + G2

02
— cosh ((f — 0) 9) }

We know how to treat the first two terms in the last line of the equation above from equations (5)
and (6), so we only need to treat the third term. Applying the identity in equation (4) twice, we
see that

{ cosh (56) cosh((c — 2p)6)

_1{2/0 rdr/o 70 dro/o df Kio(rv/s)Kig(roy/'s) sinh(50)
y cosh (56) cosh((o — 2p)8) — cosh ((§ — o) 0) }(t)

72602 sinh(06)
B 1 [ cosh (56) cosh((oc —2p)8) — cosh ((5 — o) 0)
=L { 252 / 40 : sinh(c6) sinh(%6) : }
_t [ cosh (26) cosh((o — 2p)8) — cosh ((§ — o) 0)
2 /0 b sinh(c@) sinh(%0) ‘

Thus, by the linearity of the inverse Laplace transform, we have that

R p 00 )
/ rdr/ dd)/ rodro/ deéo nw, (t,7, ¢, 70, d0)
0 0 0 0

1 R _R2202
= 5,0R2 . 17/2t1/2 + b(O’, p)t o Sl + 1/2t1/2/ / 1/26 R4y /4t’
where
o 1/°° /°° ‘ cosh (£6) cosh((o — 2p)d) — cosh ((§ — o) 6)
Si(t) =L { 5 ) rdr ; df Kip(r+/s) 0 sinh(00) (t).

Thus, it suffices to show that S1(t) is exponentially small as ¢ | 0. Observe that
cosh (56) cosh((o — 2p)8) — cosh ((§ — o) 0)

70 sinh(o6)
cosh((§ — o +2p)0) + cosh((5 + o —2p)f) — 2cosh((5 — 0)0)
B 276 sinh(o0)
cosh((§ —o+2p)f) —1  cosh((§ +0—2p)f) — 1
B 276 sinh (o) 270 sinh (o)

_cosh((§ —0)f) —1
76 sinh(o6)
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Hence, we have that

S\(t) = { / rdr / 40 Ko (1/3) COSh((QW;S‘I’nI(i;))H) - 1} )

{ / rdr/ do Ky r\f)COSh((%Hsmh( ‘2)9) - 1}@)
{ / rdr/ d6 Kig(r/3) CObh;ésmh(;e)) 1} (t).

Using Lemmata 3.6(i) and 3.6(ii), we see immediately that S1(t) = O (te*RQC”»P/t> where Cy , > 0

is a constant depending only on ¢ and p. Undoing the variable substitution one sees that, ?)\(0', p) =
b(v, ) with b as defined in Theorem 1.1 and 1pR? = 3vR? = |55 (R)|, which concludes the proof. [

Theorem 3.9. Let v be a NOON wvertex with middle angle v and exterior angles 5 and «. Under
the variable change v =p— A, B =0 — p and a = A, we have that 0 < A < p < o < 2w. The model
heat content contribution from S,(R) when 7 is an interior angle of D is

R p 00 p
/ rdr/ dgb/ ro dro/ déo nw, (t;7, ¢, 70, d0)
0 A 0 A

= %(P — MR — 252 12 L 8o, p, Mt
21]/%2 tl/Q/ / 1/2e —R2yPw?/at | ) (te—R2c(,,p,A/4t)
= 1Su.(R)| —1—/2t1/2+c(7,5,a)t
* 7r1/2t1/2/ / 1—y2)l2 e T L0 <te_RQCv,a,a/4t> :

and when B and « are interior angles ofD 18

R 0
/ rdr / dé / ro dro / déo mw, (£ 7, b, 70, do)
0 (0,\)U(p,0) 0 (0,M)U(p,0)

1 2
= O to - R - 202 4 d(ap N

1/2’51/2 / / (1= 212 Tt o <t€_RQCU’p’A/4t)
T
2R )9
= ‘SU(R)|_7/7§ +C(’}/,/B,O[)t
21}/32 t1/2/ / e Y RWa (te*RQCmB,a/‘“) '
7'('

Here,

&a,p,\) =b(0,p) + b0, \)

B /OO 0 cosh (%6) (cosh((o — p — A)8) — cosh((o — p+ A)6))
0 sinh(c@) sinh(56)

and Cyp \,Cy 5.0 > 0 are constants depending only on o,p, A\ > 0 and v, 3, > 0 respectively.

Proof. First let us consider the case where + is an interior angle of D. Again, as in the case of the
NN and NON wedges, we begin with the integrals over the angles. We first observe that by Fubini’s
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theorem

/d¢/dq§0<1> 6, o) = /d¢/d¢0¢ 6,60) + /d¢/d¢o<b 6, 0)

_2 /0 dé /0 do B (0, 6, o)

and we have treated the first two terms on the right-hand side in the NON wedge case. So only the
third term needs to be treated. We have that

A p
/ dé / do cosh((m — |6 — gol)6)
0 0

— % sinh (7)) + 72 [cosh(( — A)8) + cosh((m — p)#) — cosh(rh)

— cosh((m + A — p)6)]

2) . 1 . .
=3 sinh(7) + 307 smh(00) [sinh((m 4+ o — A\)§) — sinh((7m — o — \)6)

+ sinh((7m + o — p)8) — sinh((m — o — p)#) — sinh((7 + 0)0)
+ sinh((m — 0)8) — sinh((7 + 0 — p+ A)#) + sinh((7 — o — p + A)6)],

as well as
I [ [ dow cosn((9-+-60 010
= m [cosh((a — p — A)8) + cosh(cf) — cosh((a — A)8)
~ cosh((c — p)0)] 5)
:%ﬁ@;wﬁpmmmwm%u@—p—»m+gmmw+@m
+ sinh((7m — 0)0) — sinh((7m + o — \)#) — sinh((m — o + \)0)
— sinh(( + o — p)§) — sinh((7 — o + p)0)],
and that
sinh((m — 0)8) [ P B
W /0 d¢/0 deo cosh((¢ — o))
_ sinh((7 — 0)0)
= P enh(o0) [ cosh(Af) + cosh(pd) — cosh((p — A)§) — 1] o
! sinh(( — o + A)8) + sinh((x — & — \)6)

~ 202 sinh(o6) [
+ sinh((m — 0 + p)0) + sinh((m — 0 — p)f) — sinh((m — o + p — X))

— sinh((m — 0 — p+ A)#) — 2sinh((7 — 0)6)].
Summing (7), (8), and (9) we obtain that
Aal pdq)ﬂ —2)\'h9 ! inh(70) cosh )0
[ o [ aon @at6.6.00 = 5 sinnet) + gyt ((sin(a6) coshl( — p— A0
—1gm«w+a—p+mm—1ammw—a+p—mm>
2 2 (10)

_ A sinh(7w#) 4+ m<cosh((a —p—=2N)0b)

—cosh((c —p+ A)H)).



18 SAM FARRINGTON AND KATIE GITTINS
Hence, using the identity (5) and the identity (4) twice, we have that

—1{/Oerr/Ooorod?"o/OAdqﬁ/Opd(ﬁoGWU(3>7"7¢77'07¢0)}(t)

1 o cosh(%0) (cosh((c — p — A)@) — cosh((c — p+ \)6))
= MR = Salt) + t/o 40 ; 2sinh(06) sinh(30)

So(t) = c—l{i /:rdr/ooo df Kig(r+/5)

y cosh (gﬁ) (cosh((o — p — A)#) — cosh((o — p + A\)B)) }(t)
70 sinh (o) .

where

Now observing that
cosh (56) cosh((o — p— A)f)  cosh (56) cosh((c — p+ \)0)

76 sinh (o) B 70 sinh (o)
_cosh((F+o—p—A)0)—1 N cosh((§ —o+p+A)0) —
276 sinh(c0) 270 sinh(c0)
cosh((F+0—p+ X)) —1 cosh((5—c+p—A)0)—
B 270 sinh (o) B 270 sinh(o6)

by using Lemmata 3.6(i) and 3.6(ii) we have Sa(t) = O (te*RQCUﬁP»A/t where Cj , » > 0 is a constant
depending only on o, p and A. Now by the linearity of the inverse Laplace transform we have that

-1 {/()err/)\pcw/ooorodrg/)\pdgboGwa(S,T,¢,T07¢0)}(t)
:£1{/Oerr/Opng)/OooTodro/opdqﬁoGWg(&ﬁ¢7T0,¢0)}(t)
—|—£_1{/Oerr/O)\dqﬁ/OoorodTo/o)\dqﬁoGWJ(S,T,¢77“0,¢O)}(t)
—2L7! {/ORTdT//\déf)/ooTodro/pd%GWG(S,T@,TO@O)} (t)

1 9 2R (/2
:i(p_)‘)R 1/2 /

2R 1172 Y R%y2w? /4t —R2C, 4t
o [ ] e 0 ().

Undoing the variable substitution one sees that, c(a, p,A) = c(7, B, «) with ¢ as defined in Theorem
1.1 and (p NR? = 27R2 ]S (R)|.

The case where 8 and « are interior angles of D follows on from this. Note that by Fubini’s
theorem we have that

/ ds ddo D6, 6, o)
(0,M)U(p,0) (0,M)U(p,)
:/ d¢/ dpo D, (0, b, do) /d¢/ dgo 2o(0, ¢, ¢o)
_QA d¢/0 do @, (0, &, o).

p o _
[0 [ aoowo(6.6.60) = 222 sairo)
A 0

+¢(o, p, Nt

We see from (10) that
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Hence by (5) we have

{/ /d¢/ 7“odT‘o/O d¢ong(sr¢>,r0,¢0)}() (p— \R2,

and by Lemma 3.3 we have

R o oo 7

Thus, we have

{/ /0 Ao d¢/ o dro /(0 o) dgo Gw, (s, 1, b, To,gbo)} ()

2R

2<a+p A=2p = N)R? = S5t + 20, p, Mt

1/2 —R2y2w? /4 —R2C, , 2 /4

1/275/ / / 1/2e v /t—l—O(te w/t)
2

LBt - ift”? + cw, o)t

1/2 —R2y2w? /4t —R2C., g o /4t
+1/2t// / 1/26 el +O(te %B’/)

which completes the proof.

4. COMPARISONS FOR MODEL COMPUTATIONS

We now show that the difference between our model heat content contributions and the actual
heat content contributions are exponentially small as ¢t | 0. Although some comparison results
for Neumann heat kernels are known [23], these were not sufficient for our purposes. In addition,
the Neumann heat kernel does not satisfy all properties that the Dirichlet heat kernel does. For
example, domain monotonicity for the Neumann heat kernel holds in some cases, see for example
[10, 11, 16, 19], but does not hold in general [1].

We obtain the required results using probabilistic methods as has been done before in [8] for
Dirichlet boundary conditions. The probabilistic interpretation arises from the fact that transition
densities for Brownian motion (BM) are given by heat kernels. We note that for us BM will be
associated with the operator —A+3;, which is merely the ‘standard’ BM in the probability literature
run at twice the speed. Moreover, imposing Neumann boundary conditions corresponds to reflecting
BM at the boundary, which we call reflecting Brownian motion (RBM). A good summary of RBM’s
and their relation to Neumann heat kernels for C3 domains is given in [17]. We use the construction
of RBM’s in polygonal domains given by Gallavotti and McKean in [14], which we summarise below
for convenience of the reader.

Let D be a, p0851bly unbounded, polygonal domain whose edges are labelled 1 through n. Then
for each string ajas---a, with 1 < a; < n and a;11 # a; we can obtain a copy Dala2 .a, Of D
by reflecting D across the sides ay, as, ...,a, successively. We also have the copy of D obtained
by carrying out no reflection and simply denote it D. We declare each of these copies of D to be
different and the collection K of all these copies is a covering sheet of D. From K, we can obtain the
open manifold M := K — {images of vertices of D}, which we view as a flat Riemannian manifold
and call it the manifold generated by D. Figure 4 shows a visualisation of this for an equilateral
triangle. For M, there is the self-evident continuous projection Wy, : M — D* := (D U0D)\V,
where V' denotes the vertices of D. We obtain an RBM X on D by simply projecting a BM B on
M onto D* via Wy, i.e. X = U, 0B.

Before proving our comparisons, let us briefly give some notation: P¢ is the probability measure
associated with BM on (Q if € is a manifold and RBM on € if ) is a polygonal domain; X and Y
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1 3
*

LN

FIGURE 4. Visualisation of part of the manifold generated by an equilateral triangle
D*. Note that conventionally we would identify D754, with D3 but we treat them
as distinct here. (This figure is an adaptation of Figures 2 and 3 in [14].)

will denote RBM’s on some given polygonal domains; and B, possibly with some superscript, will
denote a BM on a manifold generated by a polygonal domain or on R?. We note that the following
lemma was inspired by ideas in [2].

Lemma 4.1. Let D be a polygonal domain and § > 0 fixed.

(i) Let x € D with d(z,0D) > 6, then we have that for any Borel sets Ay C D* and Ay C R?
with Bs(x) N A1 = Bs(z) N As,

/ dynD(t;x,y)—/ dprz(t;m,y)‘ < e /8
A1 A2

(ii) Let € be an edge of 0D and x € D with d(x,€) < and d(x,0D\€) > §. Let Hs denote the
half-plane with € C OHg and x € Hz. Then we have that for any Borel sets A3 C D* and
Ay C Hz with AsnN D*N B(;(ac) =A4sNHzN B(;(ac),

/A dy”D(t§$v?J)—/ dymmg(t;x,y)’ < 4e0%/8t,
3

Ay

(111) Let v be a vertex of 0D with interior angle ~y. Let W, be the infinite wedge of angle v with
vertex at v and suppose that Bos(v) N D = Bays(v) N W,. Then for any Borel sets As C D*
and Ag C W3 with A5 N D* N Bas(z) = Ag N W3 N Bas(x),

Y]
/ dynD(t;x,y)—/ dynww(t;w,y)‘ < 4e0/8
A5 AG

Proof. We do the comparisons at the manifold level. Let Ny C My and Ny C My be submanifolds
of some Riemannian manifolds M; and Ms. Suppose there is an isometry h : Ny — N, then we
have that @ o
M.
PMyBY € A, > t) = P,y (B € h(A), v, > 1),
where: A C M is a Borel set, B® is a BM on M, started at x € Mjy; B® is a BM on M started at
h(x) € My; and, Ty, and 7y, are the first exit times of B") and B® from N; and N respectively.
Throughout M; will always be the manifold generated by D and M, will either be R? or another

manifold generated by a polygonal domain. For notational purposes, for a polygonal domain D we
define the set

F(y,0,D) :={x € D* : |z —y| < ¢}
and for an RBM X on D we define 7x(y,0) as the first exit time of X from F(y,d, D), that is

x(y,0) :==1inf{t > 0: | X; —y| > J}.

If y = z, then we simply denote this quantity by 7x(9).
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R mrm )

v

v

(i) R? comparison (ii) Half-plane comparison (iii) Wedge comparison

Fi1Gure 5. Local illustrations of the preimages of subsets of a polygonal domain D,
whose exit times we are interested in, on the manifold generated by D.

For (i), we have My = R? and let B be a Brownian motion on My. Let X := ¥y, 0 B be an
RBM on D given as the projection of a BM B on M. Via the construction of X we immediately
have that

PP(X; € A1, 7x(8) > t) = PM(BY € Wil (A1), 7w, > 1)

where N; is the connected component of 111;411 (F(x,6,D)) containing x. Now Nj is isometric to the
ball No = Bs(x) C R?, see Figure 5(i), and so we deduce that

P (BY € Wik (Ar), 7, > t) = PE(BP) € Ay, my, > 1) = P (B € Ay, 13 (8) > 1),
by the restriction of the exit time and that A; N Bs(x) = A2 N Bs(x). Hence
PP (X, € A1, 7x(0) > 1) = PE (B{Y € Ay, 750 (0) > 1),
and since A1, Ay are arbitrary in the statement we further deduce that
Py (rx (8) < 1) = B (750 () < 1).

From [8, §3], we know the bound PE’ (T (0) <t) < 4e~%/8 Now we have

/ dynp(t;z,y) = P2 (X, € Ay)

Ay
=PD(X; € A1, 7x(6) > t) + PP(X, € Ay, 7x(8) < t)
<PX(B? € A3, 750 (8) > t) + PP (7x(8) < 1) (11)
<P¥(BP € Ay) + de~/8t

= (/ dy pr2 (t;x,y)) + 4e7%/8t,
Ao

Reversing the roles of X and B, we obtain the result.

For (ii) the strategy is essentially the same as for (i) except we are comparing X with an RBM Y
on the half plane Hz. The key subtlety is that the manifold generated by Hs is simply My = R? again
and B® will again denote a Brownian motion in the plane. Except we see that \I/]Tj1 (F(z,0,D))
is now comprised of the disjoint union of sets which are each the union of two overlapping balls
of radius ¢, see Figure 5(ii), and we take N; to be the connected component of \IJX/}I (F(0,z,D))
containing x. Arguing in the same way as in (i),

PE(X,: € A3,Tx(5) > t) = Pgﬂg(}/t € A4,Ty(5) > t)
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and hence we see that PP (7x(6) < t) = Pae(ry(6) < t). It is easy to see that
P (ry (8) < t) < PX (152 (8) < ) < de™* /5%,

Hence following the argument as in (11) replacing B with Y, we obtain the result.

For (iii) again the strategy is essentially the same as for (i) but now Mj is the manifold gen-
erated by the wedge W,, N; and Ny are the connected components of \IIJT/[II(F(U,Q(S, D)) and
\1117412 (F(v,26,W,)) containing x respectively, see Figure 5(iii), and we are comparing X with an
RBM Y on the infinite wedge W,. But N; and N are clearly isometric and thus one determines
immediately as above that

PP (X, € A5, 7x(v,26) > t) = Py ' (V; € Ag, 7y (v,26) > t)

and hence PP (7y (v,20) < t) = Py (1v (v,20) <'t). The radial component of RBM in the Neumann
wedge W7 is the same as that of a BM in R2. So, since x € F(v,d, W, ), we see that Py (1v(v,20) <

t) < 4e=9%/8, Hence following the argument as in (11) replacing B®) with Y, one obtains the
result. O

The proof of Theorem 2.1 now follows by combining Lemma 4.1 with the model computations
proven in the previous section. Let R and ¢ be as they are defined in Section 2.

For D(R, §), we know that cach = € D(R, 8) satisfies d(z, D) > § and so we immediately deduce
that from Lemma 4.1(i) taking A; = Ay = D that

/~ dx[dynD(t;w,y) —/~ dx[dprZ(t;x,y)
D(R,5) D D(R,5) D

S/V da ﬁdynD(t;w,y)—ﬁdpr2(t;x,y)’
D(R75) D D
< 4|D(R,5)|e /3.

This inequality also holds if we replace l~)(R, 0) with an open cusp or with a rectangle T>(R, §) lying
on an open edge. For a sector gv(R) at an open vertex, we note that Bop(v) C D and so for each
z € Sy(R) we have that d(z,0D) > R and we can apply Lemma 4.1(i) as in the other cases.

For Neumann cusps and rectangles lying on Neumann edges, we apply Lemma 4.1(ii) in the same
way except that we take A3 = D and A, = Hs. Moreover, for sectors §U(R) at NN, NON, and
NOON vertices with interior angle o with respect to D, we know that for all z € S,(R) we have
that d(z,v) < R and that Sar(v) N D = Sar(v) NW,, for the infinite wedge W, by our definition of
R. Thus, we can apply Lemma 4.1(iii) as above with A5 = D and Ag a suitable infinite wedge based
at v as described in Section 3 where we calculated the model computations for sectors at Neumann
vertices.

APPENDIX A. MODEL COMPUTATIONS FOR OTHER VERTICES

The computations in Section 3 can be extended to vertices with an arbitrary number of incident
edges in E. The case of open vertices lying in D with an arbitrary number of incident edges which
are all open is dealt with in [6]. Here we outline the case when the vertex lies on the Neumann
boundary dD. The notation used below is the same as that used in the proofs of Theorems 3.8 and
3.9 in Section 3 _

We choose such a vertex v € V with interior angle with respect to D denoted o € (0,27).
Translating v to the origin and rotating as necessary, choose R > 0 sufficiently small so that

k
Bgr(0) N D = Br(0) N (U Wf;)
=1
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where
W)/\)Z = {(T,Qﬁ) r>0N<o< pi}

and 0 < A1 < p1 <A< pg << A < pr <o. Then, as in Section 2, we set gv(R) = Br(0)ND
and we model the heat content contribution from S,(R) by

ZZE {/ rdr/pldqﬁ/ rodro/ d¢0GW7(5r¢77'07¢0)}()

i=1 j=1 Aj

:ijc—l{/err/'mdgi)/oorodm/: deOGWW(S;T,QbaTOaQZ)O)}(t)
+Z Z L~ {/ rdr/pldd)/ ’l“()d’r‘o/. doo Gw, (s; T,¢,T0,¢O)}()

i=11<j<k Aj
J#i

For 0 < A < p < o, we define

0, A=0,p=0
~ /b\(f A=0,p<o
flo,p,A) == "( P) p_ )

blo,c =) A>0,p=0

)

(0,p,A) A>0,p<o

Q

where b and ¢ are defined in the statements of Theorems 3.8 and 3.9 respectively. Then, from
Lemma 3.3 and Theorems 3.8 and 3.9, we know that

R P o0 P
/ rdr/ dgb/ 70 dro/ ddonw, (t;r, ¢, 70, ¢0)
0 A 0 A

1 21 1, _
:2(,0—)\)R2—( 0% ) WO e Fo p o
+ (2 - ]1{0}(A) ]l{a} 1/2t1/2/ / 1/2 e—R2y2w2/4t + O(e—C/t)’

(12)

from some constant C' > 0 depending on R, o, p, and A (note that when A = 0 and p = o we
consider a Neumann vertex so there is no remainder as in Lemma 3.3).
Suppose W.L.O.G. that 0 < A < p <\ < p’ < 0. By Fubini’s theorem we observe that

/d¢/ 00 B, (6, 6, b) = /d¢/ 00 B4 (60, 6, b0) + /d¢/A/d¢o‘I) 0., o)
—/ d<z>/ A B (0, 6, 60) — /d<z>/ Ao By (0, 6, o).

Using (10) on each of these four double integrals, we see that

[ o [ dons16.0.00) = o T (coshi(r — f = )6) — coshl(r — o + )6)
)

+ cosh((o — X — \)#) — cosh((o — X + \)6)
—cosh((o — p' = X\)0) + cosh((o — p + A
— cosh((o — X — p)8) + cosh((c — X' + p

)0)
)
_ sinh(70)
" 62sinh(00)
Using similar arguments as in the proof of Theorem 3.9 and repeated use of Lemma 3.6, one can
deduce that

5(9; U? p7 )\7 p,’ )\/)'
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-1 {/()err/pdd>/oo7“od7"o/;/d¢0GWw(357“v¢vT0>¢0)} ()

/ ” cosh(50)g(8;0,p, A, p', )
2sinh(o6) sinh(56)

= h(Uapa)\ap 7)\ ) +O(€ C/t)a

where C’ > 0 is a constant depending on R and the angles o, A\, p, X, p/. Using (12) and (13), we
see that the model heat content contribution of S,(R) is

+0(e

@k 1) Ly ()R £
|Sy(R)| — {0 i o} t1/2 Zfapla 2)+Z Z h(U,Pi,)\iypj,)‘j) t

i=11<j<k
J#i
_p2 2w2 o
+(2k—1{0}(/\1) 1{0} pk 1/2t1/2/ / 1/26 Ry /4t+0(6 ¢ /t)
for some constant C” > 0 depending on R and the angles o, )\1, D1y -y Ny P-

To extend Theorem 1.1 to include vertices with an arbitrary number of incident edges in E,
one would need to construct a partition analogously to the construction given in Section 2. We
remark that we believe these ideas can be used for such wedges where instead of Neumann boundary
conditions we have Dirichlet boundary conditions or mixed Dirichlet-Neumann boundary conditions.
This would give rise to analogues of Theorem 1.1 in the Dirichlet-Open-Open-Dirichlet (DOOD)
case, the Dirichlet-Open-Open-Neumann (DOON) case, and so on.

APPENDIX B. VERTICES WITH INTERIOR ANGLE 27 AND UNBOUNDED DOMAINS

Theorem 1.1 readily extends to include vertices of D with interior angle 27 as we shall now
describe. To make sense of this we first need to consider a generalised Neumann boundary condition
in the spirit of [12]. Consider the manifold metric

c/l\(x y) := inf{l(y) : v is piecewise C' from z to y}
on D where £(y) denotes the length of v. The topology generated on D by this metric is precisely
the Euclidean topology however the completion D of D in this metric is not a subset of R?, rather
an abstract space. We have a new boundary oD :=D \ D for which the normal derivative n on the

boundary can be defined almost everywhere in the obvious way. The heat equation with Neumann
boundary conditions and initial datum f € L (D) then becomes

0

—u(t; x) = Au(t;z), t>0, z€ D,

ot

0 ~
%(t;x)zo, t>0, z€dD ae.,
1 t; D.
imutio) = f(o),  we

Existence of a solution to this problem comes from the existence of a Neumann heat kernel using
a simple adaptation of the manifold construction by reflection discussed in Section 4 following [14,
§3]. Uniqueness of the solution to the heat equation can be obtained via the classical energy method
using a generalised Green’s formula, see [13, Thm 4.5], in light of D being a pseudo Jordan domain,
see [12]. Alternatively, one can use a suitable generalisation of the maximum principle to prove this.

For a vertex with interior angle 27 the comparison to make is with the 27 wedge War := {(r, ¢) :
r > 0,0 < ¢ < 2r}. We impose the generalised Neumann boundary condition on (‘?Wgﬁ. Existence
of a Neumann heat kernel in this case again comes from an adaptation of the methods in [14, §3],
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or indeed by observation comparing with the Neumann heat kernel for the wedge with angle < 27,
i.e. the inverse Laplace transform of

Gw,, (8:7, 0,70, ¢0) = % /000 df Kig(rv/s)Kig(rov/'s)®2x (0, ¢, ¢0),

using the notation from Section 3. For model computations with this Green’s function, the results
of Section 3 and Appendix A readily extend to this case and the comparisons work in the exact
same way as in Section 4. The only point left to prove is the uniqueness of the Neumann heat kernel
for the 2w wedge. We do not do this directly here and leave an outline of the idea in Remark B.4.

Theorem 1.1 also extends to the case of polygonal domains whose boundary is a collection of
Neumann edges and open edges. Consider a polygonal domain D with each interior angle strictly
less than 27. Now pick a sub-collection 0Dy C 9D of edges of D and define a new domain
Q:=R?\ dD,. In what follows, Q will be a domain of this form and Q will denote its closure with
respect to the manifold metric. On €2 we can consider the (generalised) Neumann heat equation
with initial datum f € L>(), i.e.

g;t(t;x) = Au(t;z), t>0,z€Q,

ou -

—(t;z) =0, t>0,x€00ae., (14)
on

lgi%lu(t;a:) = f(x), zell

Via a simple adaptation of the method in [14], one can construct a suitable generalised Neumann
heat kernel on 2 from the fundamental solution to the heat equation on a manifold constructed
from reflected copies of €2, and so there exists a bounded solution to (14). In fact, such a solution
is unique, see Proposition B.1. In particular, we can take f = 1 for some polygonal subdomain

D C D C Q and consider the heat content of D and obtain a small-time asymptotic formula of
the form in Theorem 1.1 in this case. The comparisons work on the manifold level as in Section 4,
which justifies the local approximations of the heat content in small-time.

Finally, we prove the uniqueness of a bounded solution to (14).

Proposition B.1. Let Q = R?\ 0D, as above. For f € L>®(Q), there exists a unique bounded
solution to (14).

To prove Proposition B.1, we employ a result from [13] (in particular, page 307). This result
relies on three properties. We address the first one in Lemma B.2.

Lemma B.2. We have that Co(ﬁ) N H(Q) is dense in H(Q) with respect to the H'-norm and is

~

dense in Cy(Q2) with respect to the uniform norm.

Proof. Take a finite cover {U;} of Q by open sets in the following way. Let V. denote the collection
of endpoints of connected components of 0D, note that for each v € V4, there is a unique corre-
sponding v € V such that there is a path through 0D, to ©. We call ¥ the connected partner of
v. Fix 7 > 0 such that for all vy, vy € Vi, B.(v1) N Br(v2) = 0. These become our first collection of
open sets of (AZ, which we shall call vertex sets in our cover. Then along each side of the boundary
between a given vertex v € V. and its connected partner v, pick two disjoint bounded open sets Uy

~

and U on each side of the boundary such that B,(v) N Uj, B,(v) NU; # 0, d(V4,U;) > 0 and are

-~

at a positive distance from any other part of the boundary of 9€). These we call boundary sets and
form our next part of the open cover. Finally, choose an open set U that covers the rest of Q and
lies at a positive distance from 6@, we denote this set by U;. Now we have our open cover {U;}, we
take {x;} to be a partition of unity subordinate to this open cover. See Figure 6 for a visualisation
of such an open cover for an example case where 0D is comprised of two edges.
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FIGURE 6. An illustration an open cover Uy, ...,Us of the case when 0D, is com-
prised of two edges. U;j is as described in the proof of Lemma B.2, Uy and Us are
vertex sets in this cover and Uy and Us are boundary sets.

Pick a function u € H'(2). Then we can view yju as lying in H'(R?) and so we can find a

sequence WV e H'(R?) N Cy(R?) such that ) - x1u in the H'-norm as n — oo. In particular,

we can choose the ug) such that their supports are contained U;. For a boundary set U;, ¢ # 1,
we can view U; as a subset of a bounded polygonal domain D’ with interior angles < 27. Then we
can view y;u as lying in H'(D') and so we can find a sequence of functions W e H YD"YnCy(D)
converging to y;u in the H'-norm and moreover we can choose the ug) such that their supports
are contained in U;. Finally for U; = B, (v) a vertex set in our cover, we can view U; as the ball of
radius r centred at the origin with the slit [0,7) x {0} removed. Then we know from [12] that this

is a pseudo Jordan domain and that there exist functions e H LU;) N Co(U;) converging to y;u

(%)

in the H'-norm and again we can choose the u’ such that their supports are contained in U;.
Since our open cover was finite, putting this all together we see that

HY(Q) N Co(Q Zu %qu—ueﬂl(Q)

as n — 0o. Since u was arbitrary, we see that HY(Q) N Cy(Q) is dense in H(Q) in the H'-norm.

The fact that H(Q) N Co(Q) is dense in Cy(€) with respect to the uniform norm can be deduced

in essentially the same way. O
The remaining two required properties of {2 follow by observation:

e There exists a regular exhaustion of (€2,,),>1 of €2, that is a collection of smooth bounded

connected domains with Q,, C Q,4; and Un21 Q, =, such that
sup |(02,) N B,(0)| < 0o, Vr > 0.
n

e For each y € Qand i = 1,2, there exists an open neighbourhood U of y and f € H(Q)
such that f(z) = z; for all z € U N Q.
With these two properties and the result from Lemma B.2 in hand, the following result from [13]
holds.

Lemma B.3. Let Q = R?\ 0D, as above. There exists a process X on Q such that under the

natural quasi-continuous inclusion map t Q- Q, we see that X := 1o X has the following
Skorokhod decomposition

t
Xt—X0+Bt+/ A(X,)dLs, t>0,
0

where B is a two-dimensional Brownian motion martingale additive functional of X and L is a
positive continuous additive functional associated with the surface measure of §2.
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The proof of Proposition B.1 now follows by similar arguments to those in [14].

Proof of Proposition B.1. Existence was already addressed in our preceding dlscussmn It remains
to prove uniqueness. We may assume that X does not hit any of the vertices V of Q. And so for
any u € C*°((0,00) x Q\V), we can deduce a suitable variation of It6’s lemma from Lemma B.3 in
this case. Namely, that

t t
u(t; Xv) — u(0; Xo) = / Vu(s; Xs) - dXs +/ <88t + A) u(s; Xs) ds
0 0

t t t
= / Vu(s; Xs) - dBs +/ Vu(s; X,) - n(X,) dL, —l—/ <86t + A) u(s; Xs) ds.
0 0 0

And since u is a solution to the heat equation on € with (generalised) Neumann boundary condition,
we see that

t
u(T —t; X)) —u(T; Xo) = / Vu(T — s; Xs) - dBs,
0
from which we can deduce the uniqueness of u following the proof of Theorem 3.6 in [14]. O

Remark B.4. The uniqueness of bounded solutions to the heat equation on the 2m wedge with
bounded initial datum can be deduced in a similar way by decomposing a reflecting Brownian motion
on the 2w wedge into its radial and angular parts and following the lines of the final part of the proof
of Proposition B.1.
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