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1 Introduction

The AdS/CFT correspondence [1] establishes a conjectural map to identify the gravitational
physics in Anti de-Sitter space (AdS) with conformal field theories (CFTs) on the boundary
of AdS, providing a potential Ultra-Violet (UV) completion of AdS gravity in terms of the

Hilbert space of CFTs [2].



The AdS/CFT correspondence has been extensively studied, particularly in the regime
where weakly coupled and local gravitational interactions can be described equivalently by
CFTs with a large-N limit and a sparse spectrum gap [3]. In this regime, AdS observables,
such as scattering amplitudes, can be evaluated using perturbative techniques in quantum
field theory. This is accomplished by generalizing Feynman diagrams to Witten diagrams [2].
On the CFT side, these amplitudes correspond to the conformal correlation functions in the
large-N limit [4]. Therefore, the scattering amplitudes in AdS, as represented by Witten
diagrams, can shed light on understanding universal structures of large-N CFTs. For
example, the four-point amplitude of graviton exchange can be used to build the leading
Regge trajectory of large-N CFT [5]. Witten diagrams can also serve as the expanding
blocks of conformal correlators, known as the Polyakov-Regge block, even beyond the
large-N limit [6-8]. The study of Polyakov-Regge blocks can benefit the analytic conformal
bootstrap program, as seen in works such as [9-14].

Explicit evaluation of Witten diagrams, even at the tree-level, is notoriously challenging
due to the intricate AdS integrals involved. For instance, even the simplest ¢* contact
diagram in position space is expressed by a complex function known as the D-function [15, 16].
Representing AdS amplitudes through Mellin space is a more natural approach [17]. For
example, the D-function simplifies to a constant in Mellin space. Nevertheless, computing
tree-level exchange diagrams in Mellin space using standard techniques is feasible but still
remains challenging, particularly for spinning exchange and higher-point amplitudes [18, 19].

It is noteworthy that Mellin amplitudes are a natural counterpart to flat-space am-
plitudes for various reasons. Mellin amplitudes are rational functions of Mellin variables,
which are analogous to the flat-space Mandelstam variables from a kinematic perspective.
The pole structures of Mellin amplitudes encode the exchanged operators, and factorization
applies to the corresponding residues [20, 21], similar to the analytic structures of flat-space
amplitudes. The scaling limit of Mellin variables enables reconstructing the flat-space
amplitudes [17, 22|, thus realizing the flat-space limit [3, 23-26]. Therefore, it is natural
to speculate that there exists a way to efficiently compute Mellin amplitudes by imposing
correct analytic structures and consistency with the flat-space limit, i.e., bootstrapping
the Mellin amplitudes. Such a strategy turns out to work excellently for supersymmetric
correlators, as supersymmetry imposes stronger consistency conditions. See, e.g., [27-32].
This paper explores how to realize a similar idea for non-supersymmetric amplitudes.

One crucial step in understanding AdS amplitudes is to make the flat-space structures
explicit. This can be achieved using the recently developed differential representation [33, 34].
The differential representation expresses amplitudes as differential operators acting on
a contact diagram. This approach allows for lifting the flat-space amplitudes to AdS
schematically [33-40]. The differential representation in position space yields the Casimir
differential equation for Witten diagrams [15, 41-44]. Fourier-transforming this differential
equation to momentum space yields the bootstrap equation for cosmological correlators
presented in [45, 46] and sheds light on the new structure of correlators in momentum
space [47-49].

In this paper, we present a novel approach to efficiently compute AdS amplitudes
utilizing the differential representation in Mellin space. While our focus is on scalar



amplitudes, we allow for spinning particles to be exchanged. Our bootstrapping strategy, as
previously highlighted, combines the correct analytic structures of Mellin amplitudes with
the differential representation. Specifically, given a Witten diagram, we provide a general
ansatz for the Mellin amplitudes with poles encoding single-trace operators. The differential
representation constructs difference equations, enabling us to determine the coefficients in
our ansatz and consequently solve for AdS amplitudes efficiently. This approach allows us
to quickly reproduce four-point scalar amplitudes with scalar, gluon, and graviton exchange,
for any spacetime and scaling dimension. Using our bootstrap method, we also compute
higher-point amplitudes, such as six-point scalar amplitudes with gluon exchange, and
two examples of eight-point amplitudes. These amplitudes were previously challenging to
compute using standard techniques [18, 19].

This paper is organized as follows. In section 2, we begin by providing a brief review
of the embedding formalism, Witten diagrams, and the definition of Mellin amplitudes.
We then explain how the Casimir equations for Witten diagrams remove the single-trace
operator contribution. In section 3, we outline an algorithm for computing AdS amplitudes
in Mellin space and present several examples of four-point amplitudes. In section 4, we
extend the algorithm to higher-point Mellin amplitudes and include several examples such
as a six-point snowflake with scalar exchanges, a six-point snowflake with gluon exchanges,
and several truncated six-point amplitudes. We also provide two simple examples of eight-
point amplitudes. In section 5, we offer further remarks on the relation between our work
and cosmological correlators as well as the flat-space limit. Finally, in appendix A, we
explicitly derive the boundary Feynman rules involved in graviton exchange and summarize
the Feynman rules for future reference. In appendix B, we review the scalar Mellin
Feynman rules.

2 Generalities

2.1 The embedding formalism

In this paper, we work with the embedding formalism of Euclidean AdS, see [50] for more
details. We use Y to denote the coordinates of d + 2 dimensional Minkowski space M%t2,
which is referred to as the embedding space. and AdSgy1 is defined by a hyperboloid
subjecting to

YZ=-R3. (2.1)

We take Raqs = 1 without further notice. It is instructive to think of Euclidean AdS;;; as
a coset space SO(d + 1,1)/SO(d + 1), so as to apply harmonic analysis and convert to the
isometric frame for analyzing kinematics [34]. Fields of AdS411 can be classified by finite-
dimensional irrep of SO(d + 1) in the embedding space, transverse to the hyperboloid. We
are mostly interested in the spin-J traceless symmetric tensors and it benefits to represent
them as index-free polynomials in embedding polarizations W

F(Y,W) =W ... WA F, 4, (2.2)



subject to
Y -W=W?=0. (2.3)

It is not hard to generalize to mixed-symmetric tensors by using different W for different
rows in Young diagram [51]; see also [41] for the generalization to spinor fields. By this
construction, the contractions between two tensors in the index-free notation can be written
by summing over polarizations, namely

Fppen, HYA = S F(WHYH(W) = ——— F(KW)H(W), (2.4)
w

where the differential operator K 4 is to restore the indices from polynomials [50]

0 0 d—3 0 1 0 9 \?
W f— — - — — - —_— _— —— - —_—
Kﬁ"(mVA+K4CIan)( 2 +W’aw> 2W@<8W2+(Y mv))'
(2.5)

We also need the covariant AdS derivatives acting on symmetric traceless tensors encoded
in polynomials of W [50]

0 0 0
Yy _ Y L L
Vy = PY% + Yy (Y aY) + Wa <Y 8W> . (2.6)

The boundary of AdS can also be embedded into M4+ as a lightcone surface, known
as the embedding formalism for CFT [52], where we denote the coordinate by X and
polarization as Z subject to

X?=X.Z2=2%=0, (2.7)

with “gauge” redundancy Z ~ Z + #X.
Using the embedding formalism, the spin-J symmetric traceless bulk-to-boundary
propagator IIn ;(Y,W; X, Z) with conformal dimension A satisfies the equation

((VY)Q - A(A - d) + J)HA,J(Y7 Wa Xv Z) = 07 (28)
which is solved by

QW -X)(Z-Y)-2X - Y)W - 2))’

HA,J(Y7W;X7 Z) :C<A7J) (_QX_Y)AJrJ )

(2.9)

where
(J+A—1T(A)
(A-DI(A+1-9)

C(A,J) = (2.10)

d
2

2T

In this paper, we only study scattering between external scalars, where only IIx o and its
derivatives are involved.



Figure 1. A general n+ 1-point vertex in a Witten diagram, where there is a bulk-to-bulk propagator
with any possible spin associated with the field ®, represented by the bold line. The shaded region
on the right denotes any possible tree-level processes that are irrelevant to the ongoing discussion.

2.2 Witten diagrams and the bulk Feynman rules

In this section, we review the derivation of Witten diagrams from wick contraction in
AdS/CFT for external scalars. The essential formula is the holographic dictionary [2]

Zhulk = /[D(I)]e_s[q)] = <€f 2 ¢EO)Oi>CFTa (2.11)

where ® denotes all possible fields in the bulk, gzﬁgo) is the boundary value of external scalar
¢; whereas O; is the dual primary operator. The CFT correlator can then be evaluated by

0 ©) 0, o _S
(O1++-0n) = (H S ¢§0))<ef 2O ey = (Haqﬁ”)>< S, (212)

where the bulk expectation value is performed for free theory. The functional derivatives
5/ 890 essentially replace bulk field ¢ by the corresponding bulk-to-boundary propaga-
tor because
8i(Y) = [ a2 XTI, (V, X007 (X) (2.13)
Then we can work on the wick contraction for the rest fields. The wick contraction pairly
groups the same (or complex conjugate, depending on the representation of fields) bulk
field contents under the bulk expectation value, giving rise to products of bulk-to-bulk
propagators (probably with bulk derivatives). This procedure generates bulk Feynman rules.
A single Witten diagram, although not crossing symmetric, still admits the operator
product expansion (OPE) because of the conformal symmetry. A salient property of Witten
diagram is that the bulk-to-bulk propagator with conformal dimension A and spin J signals
the existence of single-trace primary operator Op ; in the OPE. To observe this fact, we
study a general n + 1 point vertex with one bulk-to-bulk propagator, as shown in figure 1.
This vertex, as a part of a Witten diagram, can be schematically written down after
integration-by-parts. One example is

/Dd+2y( ﬁ(vY e )aij (W* ’ VY)JHA¢ (Y7 Xl))<<I)(Y7 W) e > ) (2'14)
i=1



where (VY ), , denotes that there are «;; covariant derivatives are contracted between
i-th and j-th bulk-to-boundary propagators, and ® is a spin-J symmetric traceless tensor
field. We can also change the ordering of derivatives to enumerate all possible vertices.
Without losing generality, any such term, as derivatives on bulk-to-boundary propagators,
must be the sum of functions of X; - X;, X; - W* and X; - Y in the following format

A ﬁ (Xl i W*)ai_bi

- (X; - Y)Dita [I: X%, b= > Bij- (2.15)

1<j J#i

Paiybinﬁij -
=1

This function satisfies the following identity involving the Casimir operator and AdS

Laplacian

ConPry 5= (V2 + (T +d=1)) Py (2.16)
where the quadratic Casimir operator involving n-points Cj...,, is constructed by conformal
generators Lf‘B

C —1(§:LAB>2 LAB — '<XA 4 XB 8) (2.17)
b\ &t ) e T TN Xy T 0Xa ) ‘

Using the identity (2.16), we can see that the differential operator
DA = Clm —C(AT), CAT)=AA—d)+J(J+d—2), (2.18)

as acting on the Witten diagram, eliminates the bulk-to-bulk propagator in the corresponding
vertex. Because we can move the resulting differential operator (VY)2 — A(A —d) + J
from Pcﬁ ,ibi, Bi; to the relevant bulk-to-bulk propagator by integration-by-parts and recall
the equation of motion [50]

((VY)2 ~AA—d) + J)Hﬁ)’J(Y, YW, W) = =@y — )Wy - W) . (2.19)

This is saying the transverse and traceless bulk-to-bulk propagator is removed by Casimir
equation with quantum number (A, .J), proving it contributes single-trace operator in
the OPE. Nevertheless, this is not the end of story. Spinning fields can also contribute
the longitudinal and trace part when two bulk points they connect are the same, namely
the longitudinal and trace part contribute nontrivial contact terms via exchanging the
longitudinal and trace modes, respectively. It is rather easy to deal with this problem for
gauge fields (i.e., conserved operators on the boundary) such as gluon and graviton. In this
case, the longitudinal modes are nonphysical and we can take the convenient gauge choice
to simplify the calculations. In this paper, we take the Feynman gauge for gluon, and the
de Donder gauge for graviton. However, it is worth noting that some Witten diagram has
to be combined with others to ensure gauge invariance (or at least to ensure consistency
with our gauge choice). Such diagram requires cautious treatments, as we will show in
section 4.4.2. On the other hand, to deal with the trace modes, we can decompose the fields
into traceless part and trace part so that we have

(Tra(y,w)--), (2.20)



Figure 2. An n + 1 point vertex with a bulk-to-bulk propagator ® can be decomposed into a
single-trace operator and a sum of multi-trace operators. We use the curved line to emphasize that
it is NOT a Witten diagram, but rather a decomposition into conformal blocks represented by using
the curved lines. The dashed line refers to the exchanged single-trace operator, and the double
dashed line refers to the exchanged multi-trace operators.

Figure 3. The general four-point Witten diagram, where the exchanged single-trace operator has
the scaling dimension A and spin J.

in the bulk Feynman rules. Notice Tr ®(Y, W) has two less W's and thus carries spin J — 2.
This trace term is also removed by Df‘,,’,‘], because it simply shifts (2.16) by J — J — 2 and
consequently we end up with precisely the relevant equation [53]

J(J—=1) (W1 -Wa)7 =250+ (y —Y7)
(d+2J—3)(d+2J—5)

(V¥ =T (T +d=1)+2) (eI (VY W, W) =
(2.21)

We implement such example for graviton in detail in appendix A.1.

For contact diagram, there are no single-trace exchanges and the OPEs only contain
multi-trace operators [15]. For any vertex with one bulk-to-bulk propagator, we can
decompose it into a single-trace operator and the sum over multi-trace operators, see figure 2.

2.3 Casimir equations for Witten diagrams

Since the Casimir operator subtracting the corresponding eigenvalue can remove the bulk-to-
bulk propagator, we then have Casimir equations for determining a single Witten diagram.
The simplest example is four-point amplitude, as shown in figure 3. Dﬁ"] effectively modifies



Figure 4. The action of the differential operator Dﬁ]n is visualized as a Casimir cut, denoted by
the vertical dashed line. The Casimir cut removes the corresponding bulk-to-bulk propagator and
results in a new Witten diagram with a dotted effective vertex.

the OPE by prefactor but essentially keeps conformal blocks intact
C(A1+ Ay +2n+J'J) = C(A,J). (2.22)
As a result, we arrive at an important identity

Dy Wi — 112 (2.23)

contacts

where W denotes the resulting contract contributions from acting with Dio. Eq. (2.23) and
its generalization to higher-points (see eq. (2.24) below) are essential equations for us to
compute Witten diagrams. The explicit information of vertices now enter W 1234

contacts
expect there are corresponding Feynman rules to determine what is W21 . for given the

and we

bulk vertices. As noticed in [33, 34] it is instructive to define the inverse operator D;y" and
then any tree-level exchanged diagram can be written as Dﬁl x (Feynman rules for vertices),
which resembles the flat-space structure 1/s x (Feynman rules for vertices). Similar for
higher-point Witten diagrams, we can insert the Casimir equation operator for each
propagator that connects n-point external legs via n 4 1-point vertex to obtain a new
Witten diagram with one less propagator

AT tirlemee  tprlenes
D Wy =Wyth oy, (2.24)

where V' and P denote the number of vertices and propagators respectively. This insertion
can still be visualized as a cut that we call the Casimir cut, see figure 4 for an illustration.

The Casimir cut is on the right opposite of the unitarity cut (i.e., the double disconti-
nuity [54-56]): the unitarity cut keeps only the single-trace while the Casimir cut kills the
single-trace. By recursively applying the Casimir cut (2.24), we can arrive at pure contact
diagrams which are determined by underlying Feynman rules.

However, this is not the end of story. It would be helpful to reformulate the complicated
contact derived from Casimir cuts as boundary differential operators that act on known
functions, e.g., Da, function constructed by ¢" contact. The simplest such differential
operator is the conformal generator. We refer to the rules of writing contacts in terms of



conformal generators acting on Da,; as the boundary Feynman rules. To achieve this, we
recall that AdS,y; is the coset space SO(d+1,1)/SO(d+ 1), and thus employ the isometric
frame techniques developed in [34] to rewrite the contact diagrams. Refer to [34] for more
details. The idea is to use the Killing vectors

Kap =Kap©dt, Kap© =Yad§ —YpsS, (2.25)
to rewrite contractions by replacing the AdS metric

9aB =naB +YaYp = goperK“" AK"" (2.26)

where gopgr is the Killing metric

1
JCDEF = Z(UCEUDF — NCFIDE) - (2.27)

The Killing vectors can push the covariant derivatives to be the bulk Lorentz generator and
further to be the conformal generator by using isometry, namely

Kpo AVITIA(Y, X) = —iLpcTIA(Y, X). (2.28)

If we are considering two-derivative theories, where any bulk-to-boundary propagator has
at most one derivative, the boundary Feynman rules are straightforward using (2.28). This
is the case that we mostly encounter in this paper.

More generally, for higher derivatives, we can still move the Killing vectors into
derivatives to transform a particular derivative to the conformal generator, trading by
additional terms involving derivatives on Killing vectors. The derivatives of Killing vectors
are also contracting with Killing vectors, which can be expanded by multiple Killing vectors

together with structure constant fapcp P = 3294c P9cpr TgPF 1 G, modulo Y2 = —1
due to the completeness,’ giving rise to terms with only conformal generator (but less).

The simplest such example is
Kap“VEKEr Y = Kpr“VEKas© = faper “PKep ©. (2.29)

We have not found a systematic way to perform this analysis, but it is not hard to work
out simple examples. For example, we find

/ DY (VUVEILA, (Y, X1)) (VY AV PTL, (Y, X2)) Ty (Y, Xa)Tla, (Y, X4) =
1 d—1
(4(L1 - Ly)* + ?Ll : L2) DAy AyAsA, - (2.30)

More examples can be found in [33, 47].

After having the boundary Feynman rules, we then have Casimir equations for any
single n-point Witten diagram, stating that Casimir equation operators acting on certain
Witten diagrams equals the conformal generators acting on the D-function.

! This statement is not rigorous because we cannot prove it. Nevertheless, supporting examples demonstrate
that any remaining bulk coordinates Y and AdS metric gap can be eliminated by employing specific bulk
identities. Refer to [40] for the case involving gluons and gravitons.



2.4 Mellin amplitudes

Although we can translate any Witten diagram to solving differential equations, the
differential equation is still highly nontrivial and intricate to solve. The Mellin representation
of correlator would make life much easier and is also natural to check the flat-space limit [17]

N I'(645)
(010 = —N /[ddz--] Y s, e =A (231)
(2mi) "5 ! 1:[] (—2X; - X;)%u Y ; J
Our convention of normalization is
d
T2 As. —d i C(Ai,O)
N = 2F< 5 )Z:Hl A (2.32)

where Ay, = 371" | A;. The Mellin amplitudes M (6;5) is the object we calculate in this
paper. Notice that the integral contour is along the imaginary axis of independent d;;. By
deforming the contour to real axis and picking up poles in Mellin amplitudes and the integral
kernel (i.e., Gamma functions), one can get the correlation functions in the coordinate
space back.

Without really doing the integral of Mellin variables, we can still analyze the OPE from
Mellin amplitudes by looking into the position of poles for Mellin variables. To analyze the
OPE, we can scale the relevant singular distance by A and count the power of A\. The power
of A is a linear combination of J;;, thus we are able to read off the spectra involved in the
OPE from the position of poles in §;;. From this analysis, one can immediately conclude
that if a Mellin amplitude is polynomials in d;;, it must represent a certain contact diagram
in AdS, because the only poles are integers d;; < 0 and those poles are corresponding multi-
twist operators. To see this, we can analyze @10y — O, which gives rise to A™% ~ A"
for integer n, perfectly matching with OPE singularity (x%z)% for double-twist
operators A = Ay + Ag + J + 2n. Similarly, for higher point functions, we can also analyze
010,03 — O, finding triple-twist operators.

On the other hand, whenever there are additional poles in M (d;;), we conclude there
are corresponding single-trace exchanges. For example

A120
512 _ A1+A22—(A—J)

M(555) ~ (2.33)

This pole captures the leading term of single-trace operator Oa ; in 0102 OPE, where
A120 is the OPE coefficient. There are also subsequent poles in the OPE, more precisely,

one has
A20 fm
M(bij) ~ Y 510 AirAs—(A-J+2n) (2.34)
n=0,1... 012 5

where f,, is function of §;; which may also contain poles giving other single-trace operators.
In general, Mellin amplitudes must have such infinite sum of pole structures to fully encode
single-trace operator, but for special cases where the position of the pole coincides with

~10 -



double-twist operators, the sum truncates there, i.e.,

no—1
A120 fm
M((S”) ~ ZD 512 A +A—(A-J+2n) Al + A2 - (A —J+ 2n0) =0. (235)
n= 5

This is because the Mellin space encodes all multi-twist families by Gamma function factors.
This truncation also appears for multi-twist operators.

In this paper, we reverse the OPE analysis described above. We first analyze the
OPE in the coordinate space and write down the most general ansatz of Mellin amplitudes
compatible with the OPE analysis, followed by solving the ansatz using the Casimir equation.
We will provide more details in the next section.

3 Algorithm for AdS amplitudes in Mellin space

3.1 The difference equation and the algorithm

To compute a Witten diagram in Mellin space, we can formulate the Casimir equation
using Mellin space. For any differential operator D, we can define a difference operator to
describe its action in the Mellin space

N

DO - O) = P /d% HQX—X)ﬁoM(&ij). (3.1)

In this way, we write the equation (2.24) as

D12 n ‘1/"15”'"(5@']‘) Mvmlufﬂ 1(5 ) - (3.2)
This equation is then a difference equation because as we act the differential operators
on the Mellin representation of Witten diagrams, the action effectively shifts the Mellin
variables. Below is the example for identical four-point case with external dimension Ay
~ 1
Cra0M (s,t) = 5 M(s,1) (—2ds—8A% 45240 (s+2t) —2st— 2t
—20% M (5—2,t) =282, M (s —2,t+2) +282, M (s,t+2) +262, M (5,t —2),

(3.3)
where for four-point we use simpler variables (s, t)
s U t
=Ay— = =Ay— — =Ay,——. 4
d12 6 5 013 65 d14 v~ 5 (3.4)

Recursively applying (3.2) to remove all propagators as we explained previously, we
end up with a difference equation where the r.h.s. of equation is pure polynomials in d;;. In
general, it is impossible to solve such difference equation. Fortunately, for tree-level Mellin
amplitudes, we know the generic structure so that we can make most general ansatz with
correct pole structures and power in d;; for yet-to-be-solved Mellin amplitudes by OPE
analysis. The difference action must remove all poles in the ansatz, which is constraining
enough to solve the Mellin amplitudes in terms of recursion equations up to finite number

- 11 -



of undetermined constants. This solution is fixed pure kinematically, thus capturing the
Mellin transform of conformal blocks, i.e., Mack polynomials. These constants encode the
dynamics and can be determined by the action of boundary Feynman rules in the Mellin
space, i.e., the Lh.s. of the difference equation. We summarize this procedure by following
algorithm, in a bit abstract way, however, we will provide examples of four-point function
in a moment.?

Algorithm

1. Given a Witten diagram, write down the most general ansatz of Mellin amplitudes by
clearly separating rational part and singular part

rational polynomials

M (6;5) = + rational polynomials . (3.5)

poles
The part with poles should be irreducible so that it does not give rise to rational
terms overlapping the pure polynomial part. The maximal power of polynomials can
be determined by performing dimensional analysis for the number of derivatives in
the Witten diagram.

2. Write down the difference equation for the Witten diagram given the ansatz made in
step 1. Organize the difference equation so that the Lh.s. is the action by (multiple)
Casimir equation operators, while the r.h.s. is the resulting contact terms given by
the action of boundary Feynman rules.

3. Require the l.h.s. of difference equation poses no pole and solve the resulting recur-
sion equations.

4. Substitute the solution of recursion equations into the difference equation to fully
solve the Mellin amplitude of given Witten diagram.

3.2 Examples of four-point

In this section, we apply our algorithm to reproduce well-known four-point amplitudes
with scalar, Yang-Mills and graviton exchanges [17, 18, 50], as a warm-up exercise and
supplementary demo for the algorithm.

We start with general single-trace exchange in four-point functions, see figure 3. For
three-point vertices, any contracted derivatives can be removed by integration by parts and
equations of motion, thus for spin-J exchange, the vertex carries J derivatives. Thus we
write down the most general ansatz, as well-known in the literature

m=0,1---

2See [42, 44, 57] for a similar algorithm in the position space by using the integrated vertex identities,
which, however, requires that at least one vertex is three-point. Our algorithm below may also be useful for
capturing the AdS bound states by modifying the ansatz for those tree-level Witten diagrams with more
fancy analytic structures [57]. We are grateful to Xinan Zhou for pointing this out to us.

- 12 —



where the maximal power of Q ., and Rj_1(s,t) is J and J — 1 respectively, namely

J

Qum(t) = Z Fremt™,  Ry-1(s,t) = Z Raps®t?. (3.7)

k=0 a+b<J-1

Applying (3.3), we find the Lh.s. of the difference equation is

A Qum(t) AT
Lhs: Di’oMp = N ’ +D%7 o Ry_1(s,t),  (3.8)
0. S T (A—J)—2m

where

QJ,m(t> = (S_Al _AQ) (8_A3_A4) (QJ,m—l(t)+QJ,m—1(t+2>)

—(S‘Ft-Al —Ag) (S+t—A2—A4) ijm(t+2>_(t_A2_A3) (t—A1 —A4) QJ,m(t_2)

+(2(A(A=d) T (d+T=2)+ D5 A0)+5 (24— An+2t) +Ag (Ag +A4)

+A; (2A2+A3+A4)—s2+2t2—2tAE)QJ,m(t). (3.9)
This is equal to an effective contact diagram in the r.h.s., where the details are encoded by
the specific bulk theories we consider. For r.h.s., we will provide the boundary Feynman

rules for scalar, gluon and graviton exchanges case by case shortly.
Requiring the Lh.s. is free of poles yields

Qim(t) = (vo(t) +y1(t)s) (s — (A — J) — 2m). (3.10)
Eliminating yg, y1 we then find the following recursion equation

(( — Ay +2m + 7’) (—A3 — Ay +2m+ T) (Qj,m_l(t) + Qj,m_l(t + 2)))
(— Al Az+2m—+t+7) (A — Ay +2m+t+7) Qum(t +2)

+
+ (4m(m d — 2A3A4 — Ag (Ag + A4) Aq (QAQ + Az + A4) + 4J<1 — J) —4JT
+

Ay(2m+7)+2t (A1 + Ay + As+ Ay —2m — 1) +4m7’—2t2—72)QJ7m(t) =0.
(3.11)

This equation looks heavy, but it is precisely the equation for Mack polynomials provided
by [5]* We can easily solve eq. (3.11) spin by spin, recalling (3.7). Notably, for a general
A, the solution reproduces the Mack polynomials [5, 58] up to normalization. This can
be easily understood, as (3.6) with the Mack polynomials inserted is proportional to the
Mellin transform of the conformal block G®/, which obeys the Casimir equation

DY/ GAY = 0. (3.12)

This equation can only be satisfied if the l.h.s. is also free of any poles. The matching in this
case can be easily achieved by requiring that the normalization has zeros on double-twist

3To identify with eq. (131) in [5], we simply swap 3 <> 4 and factorize out a normalization factor
here P]mchere where 7 = A — J.
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operators to cancel the relevant poles in the Gamma functions inside the Mellin integral.
This is because the complex integral of completely smooth and regular functions is vanishing.
It is worth noting that for those spinning operators saturating the unitary bounds, such as
conserved current and stress-tensor, the solution to the recursion equation contains more
undetermined constants. These constants can be fixed by the matching procedure, and
unsurprisingly, the results also agree with the Mack polynomials. We will consider explicit
examples for scalar, gluon, and graviton exchanges, and we will observe this fact explicitly
by studying gluon and graviton exchanges

e Scalar exchange

For scalar exchange, we consider the following Lagrangian
4
1
L=-— (Vi)* —mi?) — 5((V¢)2 —m?¢?) — g(d1020 + P3040) . (3.13)

1

N | —

)

The boundary Feynman rules then give rise to the trivial r.h.s. and the difference equation is
ﬁlAQ’O o M4A’0 = —g°. (3.14)
The Mack polynomial is solved by

Qom(t) = cPom (3.15)

where c is the normalization constant and Py, is

1 1

(3(r—A1-4, *4))%1 (3(r— 25— Ay +9))
(Dm1 (~§+4+2)

Pim = m-l (3.16)
m—1

We substitute this solution back to (3.6) for J = 0 and R_; = 0, after performing the
infinite sum over m it shall match with the r.h.s. This procedure gives

G(2HA = A1 —Ag)(2+ A — Az — AT (A=HD1EA2 ) (A=diDa bl

16T(2 + A — DT (23-1) ’

=4y (3.17)

which perfectly matches with the result from directly doing Feynman integral in the bulk [17].
¢ Gluon exchange

Let’s then take gluon exchange between four scalars as example. We consider the
following Lagrangian

1 1
£=—3 Y (Do — m2enf?) — T Fa P, (3.18)

2
i=1,3 493\
where Ay = Ay, Ay = As. The boundary Feynman rules for this interaction can be easily
worked out [33]

'Z/jfz_l’l o Mz_l’l = fs(f/z . f/g — _/[:2 . E4> ol
) (3.19)

—2f.(d— 2 (A1 + Ag) (A1+A3—;—t
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where f; = f129f33462 s the colour factor multiplied with the Yang-Mills coupling. In
fact, due to the antisymmetry nature of YM interaction, we can simply replace L;- Ej by
di; up to appropriate overall factor. This property is actually hidden by using (s,t).

The single-trace operator in this case is conserved current on CFT side with A =
d—1,J =1, and we find solution of (3.11) with more unfixed coefficients

1
fiim = c1Pim, fiom = (02 m — §cl(m — 1) (d -2 (Al + A3z + 1)) )le . (3.20)

To determine the coefficients ¢;, Ry, we substitute the solution back to (3.19) and resum
the series. In the end we find
1 d—2A1)(d—2A3)T (A1) T (A
Ro=~fs, e=gald=2(A1+43)), 61=fs( dl)( 3) L)L)
AT (3+1)T (=4 + A1+ A3)

(3.21)

It is important to note that by this matching we solved co in terms of ¢1, which precisely
reproduces the Mack polynomials with A =d —1,J = 1. After summing over all poles, it
perfectly matches with [18].

e Graviton exchange

We consider scalar theories minimally coupled to AdS graviton

L= —% > (Vufﬁivudh‘h#” _ %guuhuy((v¢)2 _ quﬁf)) . (3.22)
i=1,3

The corresponding boundary Feynman rules gives [33]
N 1 o e e e e
DY o M = —87rG(§(L1 LyLy-Ls+1Ly-Lsly-Ly—Ly-LyLg- Ly)

+ A1A1E3 . E4 + AgAgf/l . E4 — 1, (323)

2A1A1A3A3(d + 1))
d—1
where A = d — A is the shadow dimension.
Since the exchanged operator is stress-tensor, similar to conserved current, solution
of (3.11) contains one more undetermined coefficients

foom = c1Pam, foim = (com~+c1(1-m) (d—2(A14+A3+1)) ) Pam »

foom = i(?CQm(d*Q (Ar+Ag+1)+2m)+e1 (441 (d(2m—1)+Ag(2—4m) +2(m—1)?)

(d+2m—2)((d—2)d(2m—1)+4m)
d—1
+A3(4-8m) ) ) Po. (3.24)

+445(d(2m—1)+Ag(1-2m) +2(m—1)?) -

Resuming the series and solving (3.23) yields

R070:87TG(2(A%+A§+A1A3)—d(Al—i-Ag)), R()’l 287I'G(d—2<A1+A3)>, RLOZO,
o 277G (d—2A1) (d—2A3)T (A1 +2)T (Az+2)
T A ) (As+ )T (242) T (444, +Ag)

c1 and co solved above is also consistent with Mack polynomials with A =d,J = 2. Our

ng(d—Q(A1+A3))Cl. (325)

result agrees with bulk Feynman rules [50] by changing conventions s — t,t — s+ A; + As.
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Figure 5. Six-point snowflake Witten diagram with scalar exchanges A, , Ap, and A,,.

4 Higher-point Mellin amplitudes

In this section, we apply our algorithm to study higher point Mellin amplitudes. We focus
on six-point snowflake topology, which is expected to encode building blocks for all other
topologies. Since the implementation of the algorithm for higher points is a bit more intricate
than four points, we start with the scalar exchange as a warm-up, which shall match with
scalar Mellin Feynman rules constructed in [59]. Following the route of the scalar case,
we then solve the most general snowflake six-point amplitude with three gluon exchanges.
Besides, we also report simplified examples (i.e., with special conformal and spacetime
dimensions) for other six-point amplitudes and two examples for eight-point amplitudes.

4.1 Warm-up: six-point snowflake with scalar exchanges

Consider snowflake scalar exchange figure 5, where we include the most general three-point
vertex Y gijk¢:¢j¢r. The corresponding equation is

~Ap 020 00,0

D56p1 D34p2 Dlzpd o M12s,sss,s56,534 = —912,p3934,p2956,p1 9p1,p2,p3 - (4'1)

Using the algorithm, we recursively solve this equation.
First, on the top level, we aim to solve the effective amplitude induced by

Apy,0.548p5,0
1

eff P N AAP170 eff _ -~
M1234s,s56 = D3, 7" D15°" 0 Mi2s,ss5,556,534 Dyt o M1234s,s56 =g (4.2)

where § = 12,3 934,p, 956,p1 Ip1 po,ps- S€€ figure 6 below. This step makes no much difference
from four-point case. The ansatz at this level is

5
eff _ M
Mfs4s,556 = D A, —As—Ag (4.3)

Similar to four-point example, we solve fgg m Dby simply requiring the cancelation of pole in d5¢6

4
eff __ eff Z¢:1 A1'7A5+A67A1’1
56,m — C56P0Ap1m ) (4.4)
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Figure 6. The Casimir cut equation for the effective amplitudes Mf§f34575567 where the black dot
refers to the effective vertices.

where P77 be o is a slight modification of (3.16)

(- a+4))m_1 (3(r—b+9)
(21 (4 +c+2)

ab,c

PJT’H’L - o . (45)

m—1

This function does not depend on J explicitly, the role of J-subscript is nothing but
reminding us what spin is exchanged. We will see this factor is quite universal in our
discussions, and we usually factorize it out to make the difference equation simpler to solve.
Then by the top level matching, we obtain

4 . — 3 —
G (Ap =T A +2) (A — A5 — A +2)T <Zi—1 B+l d) NESS )

16T (2574) 1 (9 + Ay, +2)

eff

C56 =

(4.6)

We can easily check this result matches with scalar Mellin Feynman rules. (we review the
scalar Mellin Feynman rules in appendix B).

The next step is then to solve the equation for an effective amplitude M§£75GS71288 as
shown in figure 7

AP3 aO P27
M12ss ,834,856 +— D12 o M12s7sss,8567s34 ) D3 Mlzss ,534,556 — M1234s 556 7 (4'7)

where the ansatz is

eff
MH 34,556 = SAnm A : (4.8)
e %(634+n+A34)(556+m+A“A5A6)

Now it is more subtle to require the disappearance of poles in d34 after the action of Dj o 2’0.

The action of D3 720 Joads to a reducible expression that can be further decomposed into
irreducible partial fractions with respect to d55, namely

p27 eff J—
DS M1253,334,s56 -

4 f’eHn— m_f‘effn— m— 6 an 6
Z( Uk AMLA;LA:) = i v v {9s4) A 7A57A6) ) (4.9)
2 2 2

poyeny S34-+n+—L2 (534+n+ P2 )(556+m+ Pl
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Figure 7. The Casimir cut equation for the effective amplitudes Mfgssys34,s56.

where

Frm(034) = (2034 — Az — Ay +Ap, ) (—d— 2534+A3+A4+Ap2) S nm
+2034 (2034 + Axz+ Dog+2m+Ap ) 55,1+ (As+As—2m—Ap ) fSE, 1 1)
(4.10)
Notably, the first term in (4.9) completely vanishes, since it allows to shift m — 1 to m

without changing the result. Then kinematically F,,,(d34) should cancel pole in d34. We
factorize an appropriate factor as follows

34,nm - OAPQ n

1
off Apy+ A1+ +2m AstAs Ay, (3(4+Bpy — A5 = Ag)) ) o (4.11)
( . .

(
%(Amm + Ay + A2))m—1 S

Then we find an extremely simple recursion equation for f

f34nm+f34n 1,m—1 f34n 1m =0, (4.12)

which can be simply solved by

ko
34 nm Z C34, k: Jom- . (4.13)
m

We note f34 nm 15 a universal building block that also appears in other diagrams such as
gluon exchange. The dynamics now are encoded in the undetermined coefficients c34 1,
requiring efforts to do the matching procedure. Similar to the four-point case, in the
matching procedure we have to sum infinite series for n, as a result, we obtain a lot of
hypergeometric functions which can be, although not manifestly, easily reduced to simple
Gamma functions. We emphasize again what we aim to match is (4.6), which is itself an
infinite series. The simplest way we can imagine is to do matching m by m, thanks to the
denominator 56 + m + - --. Not surprisingly, ultimately we find a unique solution of cz4 .

C34,k =
A A +AgA — A=Az, Ay, —

—Cs6 (k“‘l)Po,Zszi,k:{ S

(—A3—As+4,,) (= A3—Ast+A,,+2) (—d+28,, +2)T (4 (—d+As+As+8,, +2) )T (5 (—d+ A1+ A2+, +4,,))
2(—A1—A2—Az—Au+Ap +2)T( L (—d+ A1+ 20+ A5+ A4 +Ap, ) )T (—$+A,,+2) )

(4.14)
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Figure 8. The Casimir cut equation for Mios sss 556,534 that defines the effective amplitude

eff
M12ss,s34,s56 .

It is easy to check with (4.6) that the result at this level is symmetric in (m, Asg) <> (n, Ag4),
and also perfectly matches with the scalar Mellin Feynman rules.
Finally, at the bottom level, we have equation

Apy,0 eff
D1 370 M12s,sss,s56,334 = M1255,534,556 ) (415)
as shown in figure 8. The ansatz as usual is given by

f12,pnm
) (83a+n+ B2

M12s,8557356,s34 = Z Al

pnm (512 +p+1737 &) ‘

)(55 +m+4 ==

(4.16)
There is no more subtlety at this level. Similarly, we find it is instructive to factorize
f12.pnm to

Apy +Ap, +2(mA4n), A1 +A2,A,, (%(7A57A6+AP1 +4))m_1 (% (7A37A4+AP2 +4))n_ N

— 1
fl?,pnm - POAPSZ’ (%(API +Apy —Apg ))m+n 1 f12,p7’bm ’
(4.17)
The cancelation of d12 pole then provides another universal equation
fizpnm + fi2p-1,nm-1+ fi2p—1n—1,m — f12p—1,0,m = 0. (4.18)
The solution to this recursion equation is
N k1—k
J12,pnm = Z Z C12 k1k2 “Plntm—ty ks . (4.19)
k1=0 ko=0 1)71 kl(l)m—kQ

By matching to ML, s34,s560 we find

C12.ky ks = c34oz DRt (A = Ag+ Ay, +2) (—d+24A,,+2) (—k1 ), ¥ (4.20)

(5(_d+A1+A2+Am+AP2)>k (3 (—d42hi+A1+ A0+ 8y, +4,,) )

X (% (_d+AP1 +AP2 +AP3))q(% <_2Q+AP1P3 _A:D3+2>)

ko

)

16k1tkolq! (5 (—d+240p,+2)), (5 (—d+24p,+2))

which then gives us the complete answer of the snowflake six-point Mellin amplitudes with
scalar exchange, as expected by scalar Mellin Feynman rules.
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Figure 9. Six-point snowflake Witten diagram with gluon exchanges. The coil lines represent gluon,
giving rise to single-trace conserved current with (A =d—1,J =1).

4.2 Six-point snowflake with gluon exchanges

Educated by the scalar snowflake exercise, we are ready to report the snowflake gluon result
as shown in figure 9. This diagram can be generated by the Lagrangian in (3.18) appended
by additional scalar ¢5. As constructed in [33] (with a slight generalization to any mass),

the boundary Feynman rule for this diagram is (under the action 25?6_ 1’123521’125?2_ Ll

M 129,999,956,934

CSIIOW

((E13E26 — Li3Los + LizLys — LizLas + Loz Las — E23E45) - (3<4)
~(365,466)~ (36,4 5))ol, (4.21)
where Cgnhow encodes the color factor and Yang-Mills coupling
Cunow = 1201 {3402 (505 forsass g (422
This action, as evaluated in Mellin space, gives rise to
Paonow = 2CsnowAx:(2—Ay) ((513526 — 0130254013045 — 013046+ 023046 — 023045) — (3 > 4)

~(34:5,466)—(30:6,4¢5)). (4.23)

As we already observed in four-point case, this function simply replaces L;- ZALJ' by d;; in the
boundary Feynman rule, thanks to the gauge group. Furthermore, we emphasize that this
“flat extension” property enables us to find an extremely simple ansatz, putting gluon and
scalar exchange on the same level

Mf§34 6 = Z f569,mPsnow
9,9 - —2—2A5 "’
m 556 +m+ df

f34 nmPsnow
M 134,956 = > )
99,994,9 ; (534 +n4 d72;2A3)(556 +m+ d7252A5)
fl?g pnmPsnow
Mi24,499,956,934 = : )
9,999,999,9 p%r:n ((512 +p + d—252A1)(534 +n4+ d_252A3)(556 +m+ d—252A5)
(4.24)
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where M is defined through Casimir cuts, similar to those in the previous section by
replacing s by g, J = 0 by J = 1, specifying A, = d — 1. Generally, if we are thinking about
arbitrary spin-1 exchange, we have to make ansatz containing the most general polynomials
up to the degree of the number of involved derivatives, which includes a large number
of yet-to-be-solved functions. The nice property of YM allows us to reduce to only one
function in the ansatz.

The top level makes no much difference from the scalar exchange, we arrive at

2(A1+A3+1),2A5,d—1
f56gm: 5697)1(11 im JRfedt, (4.25)

for which the matching now trivially determines
off _ (d—2A1 —2A3—2)(d—2A5)T (A1 + A3 +1)T'(A5)
16T (4 +1)T (—4 + A1+ Ag+ A5 +2)

At the next level, we obtain

14+ 94— A5))
d+2A14+2m,2A: ,d—1( 2 5
f34g nm — Plji_fZ,ln_'_ e (1 n Al)) . 1f?>4 nm > (4.27)

m—1

where f34 nm Satisfies eq. (4.12) and is solved by (4.13) by replacing cggk by Cgﬁfg,k
(d—2A3)T'(A5)T" <%+A1)

4(A1+A5) (d=2(A1+A5+1))T (§) T (A1 +A3)

(4.28)
Finally, we move to the bottom level and obtain the solution of the target amplitude

2(d-+m-+n),2A1,d—1 <% (2+d- 2A5)>m—1 <% (2+d- 2A3)>n

fr2.pnm = 7Do d—2,p d
(1+9)
m+4n—1

off d+2+201,d-201,0-2
Ca4g ke = C56g(k+1)Pl d—2,k+1

= f12,pnm ) (429)

where J?lZ,pnm is universally solved by (4.19), while the matching changes ¢i2 x,k, to a much
more compact expression ciag k.
g (@=281) (d—245)T(d—1)I (A1) T (As) (52 ) (3 (d+2k2) ) T (G—ke)T(—%+k1—ka+1)
32k1'k2'(d 2A1—2A3— Q)F( ) (d )F(A1+A3+1) (757]€2+1)F(%+k171€2)
(4.30)

We find that our result can be rewritten in a format analogous to the scalar Mellin Feynman

C12g,k1ky = 56g

rules [59]. We should slightly modify the vertex function (see (B.3)) to count the number
of derivatives

(A +2 d+ N\ F (—mj),,
VSt = Z Z F( ;J) ) I1 S (431)
j=1Tj: i

n1=0 nE=0

Then we verify that our result (4.29) and (4.30) can be rewritten by
(A1 —1) (A3 —1) (A5 - 1)
(d =207 (=4 + A1+ Az + As +2)

1,As5—1,A5,d—2v,1,A3—1,A3,d—2y,1,A1—1,A1,d—2 1,d-1,d—1,d—1 gd—2 gd—2 d2
‘/O(Jm ‘/OOn ‘/E)Op Vnmp S S S
(4.32)

fl?,pnm = - X
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Figure 10. Six-point Witten diagram with gluon exchanges. The coil lines represent gluon, giving
rise to single-trace conserved current with (A =d—1,J =1).

4.3 Other truncated six-point amplitudes

For the Lagrangian (3.18), we still have two diagrams for six-point amplitudes as shown in
figure 10, see also [33]. In this subsection, we apply our algorithm to efficiently calculate
these two diagrams by focusing on even integer dimensions and presenting results for
identical scalars with A = d/2 + k for k € Z so that the amplitudes are truncated. Our
target is to demonstrate the efficiency of our algorithm for computing truncated amplitudes,
thus we will not be too strict with the overall normalization that can be absorbed into the
YM coupling. We find patterns analogous to scalar Mellin Feynman rules, which we believe
the final expressions are also valid for other dimensions and identical scalars. Unfortunately,
we are not able to conclude a general Mellin Feynman rules for Witten diagrams involving
gluons from our results.

The boundary Feynman rules can be easily constructed. More generally, since we are
not limited to massless scalar, we should slightly modify the boundary Feynman rules
constructed in [33]

4 1,1Ad—1,1 = s o
Dyy DYy 7 oMisg 456,934 = Cag(L13— Lo+ Los—Lis)o1.

ﬁggl’lﬁfg’gﬁfgl’l0M1zg,933,s4g,g56 =Cygs (En —E22+2E13—2E23) (E55_E66+2E45_2E46) ol,

(4.33)
4where the color factors are given by
ng —_ géM f1291 f3492 (f5b1gz f6b191 + f5b191 f6b192) , Oggs — ggl/MfIle f23g1 f2493 f5693 ]
(4.34)
Following our algorithm, we write the ansatz in a format as follows
mn
Mi2g,9956,931 = Fyg Z 7 J
netm=o (S 401 —A+m—1) (§+-A+n—1)
995"
Mizg.g3s,519.0% = Pogs > (Z+956—Dtm—1) (Z+012+013+023— 22 +n—1) (2+012—A+p—1) ’
m=0,n=0,p=0
(4.35)

4Note that in general Zn * Ezg, but when acting on the correlation functions with Ay = A2 we have
L1101 = Loy 01, precisely embracing the spirit of the on-shell condition for amplitudes.
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Figure 11. The first example of eight-point Witten diagrams with gluon exchanges.

where the kinematic factors are precisely given by the boundary Feynman rules

ng = QCQQ(GA — d) ((513 — (514 — (523 + 524) )
Pugs = 16C45(6A — d)(6A — d + 2)x
((513 — 523) (—2(512 — 2(513 — (514 — 2(515 — 2523 — (524 — 2525 - 534 - 2535 + ?’A) .
(4.36)

We are then ready for solving f 7" and fgri?. We compute these coefficients for d = 4,6, 8,10

and A = d/2 + k for at most k = 5. As expected, we find a general pattern similar to the
scalar Mellin Feynman rules.

mn __ (A-1)2 LA-1,A,d—27 ,1;A—1,A,d—21 ,0;A,A,d—1,d—1 gd—2 ad—2
99 (d_2)2F(3A_g+1>VOOn VOOm V()Onm Sm Sn )
2
mnp __ (Afl)2 L,A-1,A,d—2v,1;A—1,A,d—2v,1;A,A,d—1v,1;A,A,d—1 oA od—2 od—2
ggs Q(d_2)2r(3A_é+2)VY00p ‘/()Om %np ‘/Onm SmSn Sp .
2

(4.37)

It is straightforward to check these results for higher dimensions and higher k. We claim the
results here should also be valid for general dimensions and identical scaling dimensions A.

4.4 Simple examples at eight-point

In this subsection, we provide solutions for two examples of eight-point amplitudes involving
gluon exchange. These examples are among the simplest diagrams at the eight-point level.
In particular, we will consider an example that is not gauge invariant by itself, which
requires a more cautious approach when dealing with the Casimir cut.

4.4.1 Example I

In figure 11, we consider an eight-point example, which is a comb diagram with only two
derivatives. The boundary Feynman rules for figure 11 can be easily constructed as
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D Dl D3, MDY, M 0 Ming sag 569,78

= nggg <(Zl5 - 216 + E26 — f/25) (237 — Egg + f/48 — E47) — (5 7,6 & 8)) ol
+ nggg f/13 - f/14 + f/24 - f/23) (EE)? - f/58 + E@s - Em) - B3+ 7,4+ 8)) ol

%_

((
Cag9g ((E13 — Lyg + Los — Los) (Ls7 — Lss + Les — Ler) — (3¢ 5,4 ¢ 6)) ol,

(4.38)
where C7, . encodes all the color factors and coupling constant and are given by
b d pabe ped b b d bd
nggg — gng12af34 f566f78 fa efc e , nggg — gg’Mle(lf34 f566f78 facef e ,

6 rl12a £34b ¢56¢ ¢78d pade rb
Coggg = gy S “F77 7 2O fe e
With the flat extension properties stated before, we can write down the following simple
ansatz

mnpq
9999

M =P
129.349.569.789 = Paggg D L4610~ Atm—1) (L4031~ Atn—1)(L+056—Atp—1)(L+d7s—Atq—1) ’

mnpq (
(4.39)

where

Pyggg =4(8A — d)? [nggg ((015 — 016 + 026 — 025) (037 — 038 + dag — da7) — (5 4> 7,6 <> 8))
+ nggg ((013 — 014 + 24 — 023) (057 — 58 + s — d67) — (3 <> 7,4 <> 8))
+ Coygq (913 = S1a -+ 34 — 823) (857 — 55 + Gos — d67) — (34> 5,443 6)) | .
(4.40)

We implemented the same strategy for solving the truncated case, and find the following
general pattern for f"""P49999

4
mnpq __ (A —1) 1;A—1,A,d—2Vl;A—l,A,d—2Vl;A—l,A,d—Qvl;A—l,A,d—2
- 00 00 00 00
9999 (d — 2)*T(4A — ¢ +2) " " P e
0;d—1,d—1,d—1,d—1 gd—2 od—2 od—2 gd—2
x Vo Si2gi-2gd—2gd—2

(4.41)

4.4.2 Example II: cautions with nonphysical modes

For the second example, we consider the eight-point amplitudes as shown in figure 12 below.
This is an example that is not gauge invariant by itself. The culprit is the bulk-to-bulk gluon
propagator Ilse 78 connecting ¢7¢g pair and ¢5¢¢ pair. To see this, note that the gluon
bulk-to-bulk propagators can be modified by adding the gauge-fixing term in the Lagrangian.
The gauge-fixing term will bring up spurious longitudinal degrees of freedom. Nevertheless,
the amplitudes, as gauge invariant objects, should be independent of the gauge-fixing term.
In previous examples, although we only consider a single Witten diagram without summing
over to final amplitudes, the gluon bulk-to-bulk propagator always connects two external
scalars anti-symmetrically. This anti-symmetry and the on-shell conditions of external
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2 3

Figure 12. The second example of eight-point Witten diagrams with gluon exchanges, where the
intermediate bulk-to-bulk gluon propagator Ils¢ 78 carries nonphysical longitudinal modes.

T
II56,78
8 5
1 4
2 3

Figure 13. The effective amplitude Mf§789)3456g after performing the Casimir cut Ci2 and Cay.

legs then ensure the gauge invariance, as the fake longitudinal modes are automatically
vanishing by (L; — L;) - (L; + Lj) = L? — sz = 0. However, for our example in figure 12,
the longitudinal modes in the propagator Ils6 78 survive because

(Ll — LQ) . (Ll + Lo+ L7+ Lg) #0. (4.42)

Surprisingly, our method knows that figure 12 is not gauge-invariant by attempting to
solve the effective amplitudes Mf§789,3456g in figure 13. Naively, we can follow our routine

to first make the ansatz

L =
f1278g 999 (443)

Mgf?s 3456 :Z s
955009 4 1 519 4 017 + O18 + Oo7 + dog + 078 — 28 +m — 1

m 2
where

PQQQ = 2(8A - d)(513 — 014 — 023 + 624)0999 ,
ngg _ _ggl/Mf12a1 f34a2 (f5ba3 f6ba2 + f5ba2 fﬁbag)(f7ca3 f8ca1 + f7ca1 f80a3)' (4'44)

Then we try to solve

Digrs' o M, 31569 = Cogg(L13 — Lia — Log + Lag) o 1. (4.45)
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However, we find that there is no solution for fij7g,. This issue is anticipated, as the
Witten diagram figure 13 cannot be represented by the ansatz (4.43). Instead, (4.43) only
captures the transverse part of figure 13. Then the question is that how can we obtain
the transverse part of the amplitude in figure 12 using our algorithm without knowing its
gauge-invariant completion?

Our trick is to append the possible longitudinal contribution My, and the correct
Casimir equation is

D(11271231 o M1278g 34569 + ML = Cygq (L13 Liy— Log + E24) ol. (4.46)

To proceed, we should make an ansatz for M. It is worth noting that My is not contact,
rather it contains all the poles that Mfgm 9,3456 have (and probably more). An intuitive way
to understand this is to think about its flat-space cousin: the longitudinal mode contributes
an additional 1/p?. Formally speaking, the longitudinal part of the propagator (after the
Casimir cut) gives

V,u VP (Us6,78) oo - (4.47)

As the derivatives are moved to the external legs by the integration-by-parts, we are still
left with bulk-to-bulk propagators that contribute poles in Mellin variables. Besides, during
this procedure, we have a new vertex Vja7s, which can help us make an appropriate ansatz
for M. Ultimately, we find that similar to the flat-space, the longitudinal modes should be
proportional to

(Ll — Lg) . (Ll + Lo+ L7 + Lg) X (Lg — L4) . (L1 + Lo+ L7+ Lg) , (448)

motivating an ansatz

-y 7' (027 + 028 — 017 — 018) (045 + d46 — 035 — J36) (4.49)
mg 512+517+518+527+528+578—2A—|—m—1

This ansatz allows us to solve (4.46) and obtain the results for figure 12 with the only
transverse modes

mnp
Mlg 78,956 34:ngg2 d d i ’
9,978,990,9 forent (§+012—A+m—1)(F+03a—A+n—1)(F+012+017+018+027+d28 +d78 —2A+p—1)
(4.50)
where
mnp _
999
1 Vl A—1,A,d— 2V1;A—1,A,d 2V0 AAd—1,d— 1V0 AAd—1,d— ISd—QSd—QSd—l
2(d72)2F(1+4A7 2) 00m 00n OOpn OOpm P .
(4.51)
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5 Further remarks

5.1 Relation to the cosmological correlators

In this paper, we focus on the amplitudes in AdS. Nevertheless, it turns out that the
late-time correlators in de Sitter (dS) space, are closely related to AdS amplitudes through
analytic continuation [60-62]. Typically, transitioning from the Euclidean AdS background
to dS is rather straightforward; one can simply Wick rotate the AdS radial coordinates
to become the dS time, as well as Wick rotate the AdS radius to the Hubble radius. For
example, in the Poincaré patch, we have:

R? Rpqs——iHas H?
dSAdS = %(dzz + d.CUQ) Z—>——lt> dst = %(—dtQ + d.%'Q), . (51)

As is always the case in quantum field theories, the corresponding analytic continuation
of analytic functions, such as scattering amplitudes, is highly nontrivial [63]. We refer
readers to [60, 61] for details on analytically continuing the AdS amplitudes to describe the
cosmological correlator.

In this section, however, we claim that the Casimir equations for any Witten diagrams
remain valid and intact after the analytic continuation (except for switching the signs
of those parameters that explicitly depend on the cosmological constant). The reason is
that the Casimir equations consist of the boundary conformal generators that are purely
defined on either the AdS boundary or the late-time surface in dS, regardless of the analytic
properties of the functions these equations solve. Indeed, if we look into the differential
representation of four-point functions as in figure 3 (but with J = 0), generally we have the

Casimir cut
A0
Dy My = contact, (5.2)

where we should emphasize that DIAQ’O is invariant under the shadow A — d — A. This
equation, as Fourier transform to the momentum space, is precisely the cosmological
bootstrap equation proposed in [45] (specifically see eq. (2.41) for ¢3 theory and eq. (2.46) for
a more general statement in [45])! Our exploration in this paper is then expected to provide
solid and well-defined cosmological bootstrap equations for higher-point correlators, which
may benefit understanding higher spectrum in the slow-roll scenario of the inflation [45, 46].

Nonetheless, for the same equation, how do we know whether we are solving the AdS
amplitudes or cosmological correlators? This is actually reminiscent of the differential
equation method for solving loop Feynman diagrams [64-68], where the Feynman integrals
from any analytic contour (e.g., under certain unitary cuts) share the same differential
equations. Different contours, as reflected by different analytic properties of the integral
results, can be accounted for by the boundary conditions of the differential equations [68-70].
(A)dS tree-level correlators follow a similar pattern: we integrate out the bulk coordinates
to obtain the amplitudes. The analytic continuation is performed for the bulk coordinates
only; therefore, we may find appropriate bulk integral contour in AdS and then deform this
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contour to achieve the transition from AdS to dS [60, 71, 72].° From the perspective of the
Casimir equations, we simply pick up an appropriate boundary condition, as [45] did in
momentum space. This is a very standard trick when it comes to the analytic continuation
of analytic functions, a well-known and most relevant example is the Casimir equation for
the conformal block (3.12): there are 8 independent solutions to this Casimir equation with
a given (A, J), and they have different asymptotic behaviours; the analytic continuation
then picks up specific combinations of these solutions [54, 75]. The Casimir equations for
(A)dS correlators should follow similarly, for example, Ay = A mixes with its shadow
A_ =d— A in dS correlators.

However, this argument may raise a puzzle for our algorithm: solutions of Casimir
equations are ambiguous, as there are integration constants to be determined by the boundary
conditions; however, we find no such constants in the Mellin space. The explanation is that
we have already fixed the relevant boundary conditions by making the Mellin ansatz. Our
ansatz of Mellin amplitudes is made by the OPE analysis in the unitary CFT, which ensures
that we are solving the AdS amplitudes rather than the dS ones. Therefore, a shortcut is
that we may be able to make appropriate ansatz for the cosmological correlators for either
momentum space [45, 46], Mellin space [17, 61] or momentum-Mellin space [71, 72] and
solve the differential representation unambiguously. For example, it turns out that the
correct Mellin ansatz for the four-point cosmological correlators (defined in the Bunch-Davis
vacuum) is [61]

1
M (5,)= 5 sin <g(AE+2J—d)) MASS (5,1)

—sin (;r(A1+A2+A_+J—d)) sin (g(A3+A4+A_+J—d)> flf?S(s,t) ,
(5.3)

where Ay = d/2 £ iv and Fﬁf}s is the Mellin transform of the conformal partial waves.
In the future, it would be of great interest to understand the cosmological ansatz for any
point and then generalize our method to efficiently compute the cosmological correlators to
higher points.

5.2 Flat-space limit

In the end, we would like to comment on the flat-space limit of the perturbative AdS
scattering. This is a kinematic limit where the AdS radius is much larger than any other
scales, e.g.,

Raqs > b > €5 > Ly, (5.4)

where b is the impact parameter and /¢ is the string scale. Intuitively the flat-space limit of
AdS observables should give us back their flat-space versions. However, it is generally a hard
task to verify and prove such a statement. There are different formalisms for extracting the

5 Another well-known example is to define the conformal blocks by the geodesic Witten diagram [73, 74],
where the integral contour is placed to align with the bulk geodesics.
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flat-space observables from AdS amplitudes [17, 21, 22, 76-84], see also [85] for connections
between these formalisms, although the underlying analyticity remains subtle [79, 86]
(for extension to supersymmetric amplitudes, see, e.g., [27, 28, 87-90]). Surprisingly, the
flat-space scattering amplitudes can reversely shed light on the local AdS physics at the
AdS Regge limit [91-93]

Rpaqs ~b> 0> fpl . (5.5)

In this limit, flat-space causality constraints can be lifted to AdS with small errors [93].
In this subsection, we emphasize that the differential representation is even more
powerful, as it completely uplifts (at least tree-level) the flat-space amplitudes to AdS
schematically by replacing the momenta with the conformal generators. For spinning
particles, it is also necessary to include the weight-shifting operators [94], see [40, 95] for
discussions. See also [96] for the differential representation for supersymmetric amplitudes.®
Therefore, the flat-space limit is a corner of this uplifting map, which is now made manifest
by the differential representation. The differential representation then provides a more
comprehensive way to understand the reason that the flat-space limit should work. We can
see this by considering the Inénii-Wigner contraction of the conformal generators [20, 24]

pp = _lim

L v — L vV 5.6
Raasoo Raqs 0p 5 Sp o (5.6)

where p,v are indices of the flat-space R%!; pu and sy, are the translation and the
rotation (with the boost) in R%!. Therefore, the Inonii-Wigner contraction of the conformal
generators gives rise to the Poincare generators in the flat-space [20, 24]. Similarly, the
In6éni-Wigner of the quadratic conformal Casimir gives rise to the momentum squared in
the flat-space

n
1
2 .
N~ lim ——Ci.p. 5.7
L g O o)
It is obvious that this provides a group theoretical understanding of the flat-space limit
from the differential representation, provided the fact that the ¢™ contact Witten diagram
in the flat-space limit is reduced to the momentum conservation delta function [79, 85],
because

RyisLi-Lj — pi - pj + O(Ry5s) - (5.8)

This may provide a systematic way to expand in 1/Raqgs as a probe to study the Infra-Red
(IR) divergence of flat-space S-matrix by viewing Raqs as IR cut-off, e.g., see [98-100]. We
can also easily understand the flat-space limit in the Mellin space [17, 22]: L; - L; acting on
the Mellin amplitudes shifts the Mellin variables, at the large scaling limit of the Mellin
variables, the action is dominated by multiplying d;; to the Mellin amplitudes. We can
easily verify all our results in this paper can be reduced to the correct flat-space amplitudes
by scaling the Mellin variables ¢;; — oo.

5As the differential representation uplifts flat-space amplitudes, it is also expected to provide a formal
explanation for the double-copy structures of supersymmetric amplitudes in AdS observed by [97].
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6 Summary

In this paper, we have proposed a more efficient approach for computing Witten diagrams
in AdS using differential representation. Our investigations emphasized that the differential
representation is not merely a schematic representation of the amplitudes but should
be interpreted as the Casimir equations of Witten diagrams. We used Casimir cuts to
visualize the Casimir equations, removing the targeted bulk-to-bulk propagators which
provide an iteration to build any tree-level Witten diagram from contact Witten diagrams
that are systematically constructed by the boundary Feynman rules. As expected, these
boundary Feynman rules directly uplift the flat-space Feynman rules (without higher
derivative interactions).

We then explored how we can solve the Casimir equations of Witten diagrams iteratively
and efficiently. Our strategy is to study the Witten diagrams in Mellin space, where the
differential equations from the Casimir cuts become difference equations in terms of the
Mellin variables. In this case, we proposed an algorithm that allows us to bootstrap
Witten diagrams in Mellin space from OPE analysis (building the ansatz), analyticity (the
cancellation of pole structures), and consistency (matching to the boundary Feynman rules).
However, it is worth noting that the term “bootstrap” used here differs from the notion of
the nonperturbative bootstrap because we are literally doing perturbative calculations and
need the Lagrangian to build the diagrams and computing rules. Nevertheless, our method
still embodies the spirit of bootstrap by utilizing symmetry, analyticity, and consistency to
obtain results. Using our algorithm, we easily reproduced the four-point Witten diagrams
from scalar, gluon, and graviton exchange. Notably, the graviton exchange diagram required
efforts to address the contact source terms using standard techniques [50], while our method
is more straightforward and efficient.

As for new results, we adapted our algorithm for computing six-point scalar Witten
diagrams, where we allowed both the gluon and scalar to be mediated. We found that these
amplitudes take a form similar to scalar Mellin Feynman rules [101], but with modified
vertex and propagating Gamma functions. Unfortunately, we have not found clean Mellin
Feynman rules involving gluons, due to a limited number of examples. Additionally, we
tested our algorithm by solving two examples of eight-point amplitudes involving gluon
exchange and demonstrated how to obtain the transverse part of a single non-gauge-invariant
Witten diagram.

In the end, we provided non-technical comments on how our methods could be potentially
generalized to bootstrap the cosmological correlators in dS, and a simple remark on
manifesting the flat-space limit using the differential representation. It is of great interest
to follow our routine and compute the cosmological correlators in the future. Besides, it
will also be crucial to understand the subtlety of the analyticity in the flat-space limit by
using the differential representation.

There are several other important areas for future exploration. One natural extension
of our work is to generalize our methods to compute AdS amplitudes at the loop level using
the differential representation of loop Witten diagrams [102, 103]. Furthermore, it is crucial
to extend our method to compute Witten diagrams involving external spinning particles,
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such as gluons and gravitons [40]. This investigation will pave the way for understanding
the renormalization flow in AdS and its CFT dual [102, 104-107], and may facilitate
the computation of loop observables in AdS, e.g., [108-111]. In addition, discovering the
hidden structure among the gauge theory, such as the BCJ relation and the double copy
relation [112-114], would be important for future research. Recent developments in curved
space can be found in [90, 96, 97, 115-120]. Furthermore, our method can likely be applied
to supergravity by incorporating the AdS version of SUSY delta functions. This implies a
brute force method (other than conformal bootstrap [121]) to compute the Virasoro-Shapiro
amplitude in AdSs x S5 (see [122-125]): expand the Kaluza-Klein reduction and evaluate
the diagram term by term. Finally, our results also provide important ingredients for
performing the Mellin bootstrap program [9, 126] for higher-point correlation functions in
holographic CFTs, which could shed light on understanding the multi-twist operators [127].
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A Boundary Feynman rules

A.1 Boundary Feynman rules by exchanging gravitons

We take graviton as example to show how we construct the boundary Feynman rules by
addressing the trace of gauge fields. We follow the logic of [40] to present. It turns out
that it is instructive to decompose the graviton into traceless part and trace part (with
de-Donder gauge) at the level of the Lagrangian.

Il
o

~ 1
h;uz = h;w + mhg,uu ) (Al)

We can then treat iLW and h separately. In the embedding formalism, they give rise to two
different bulk-to-bulk propagators by the wick contractions

WIWyWiws <hw(Y1)hpa(Y2)> = I;* (Y1, Yo; Wi, Wa)
(h(Y1)h(Y2)) = (Tr ) (Y1,Ya) (A.2)
In the second line, we do not write W dependence to explicitly remind us that there are

no polarizations in this case. Typically, when we perform this decomposition, any vertex
function coupled to the stress-tensor also effectively makes this decomposition

1
d+1

Vi h =V, b + TtV h. (A.3)

~ 31—



Without losing the generality, we consider 2-to-n scalar scattering by exchanging graviton
with effective vertices V!}VQ and Vl},',"”

o /5 . . 1
d+2 d+2 12 v o 1--n 12 1--n
Wgﬁn:/p P2V DY, (V2 (R (i) (Va) ) Vs gy TV DAY TV
1 12 T po (71-mn 1 (712 /7 pv 1--n
g TV ()R (Y2)) V) ™ 2 Va2 (R (Y)h(¥) TV ). (A.4)

Our goal is to show how we can construct the boundary Feynman rules by following the
flat-space routine. As we show in subsection 2.2 by using the embedding formalism, we have

DiogWoyp =
/Dd+2Y1Dd+2Y2X
(Vi2(V3, +2) (R (1) oo (Y2) ) V™ + ( djl)Q TeV'2(V2, —2d) (h(Y1)h(V2)) Te V™
+ o TrVI2(VE, —2d) <h(Y1)iLPU(Y2)> Voo "k Va2V, +2) <E”“(Y1)h(Y2)> Ter'“") .
(A.5)

In the next, we have to use the equation of motion in the de-Donder gauge

(V3 +2) (s (Y1) hpo (Y2)) = 26,0 (B(Y1) o (Y2)) =
% <9up9ucr + GuoGvp — W) 6(Y1 - Ya). (A.6)

It is easy to find that upon the trace decomposition (A.5) we have

7 7 1 29 9p0
(vgﬁ + 2) <hlw(Y1)hpU(Y2)> =35 (gupgua + GuoGvp — H) 5(}/1 - Y2) )

2 d+1
(% —24) (hrn()) = X Dy vy,
(V3 = 2d) (h(YD) Ry (Y2) ) = (V3 +2) (y (V1)A(Y2)) = 0, (A7)

where the first two lines are equivalent to (2.19) and (2.21) for massless spin-2 field. Plugging
back to (A.5), it is then straightforward to find

1 291 gP
DioWosn = /Dd+2Y1 V/}E % 5 <gupgua + g/wgup _ Z_gl ) % Vplgmn’ (A.S)

namely, the propagator tensor is precisely the same as in flat-space.

A.2 Summarizing the boundary Feynman rules

In this section, we summarize the boundary Feynman rules for future reference. Sticking
to the Lorentz gauge, interaction vertex and the Casimir cut of the gluon bulk-to-bulk
propagator are given by

Casimir cut of the gluon propagator: lf\/\/\/\/\/‘\/\/\/\/\/yy =gt (A.9)
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The conserved current: { = ifabchM(¢jvu¢i AT (A.10)

Nest let’s consider gravity, for which we take the de-Donder gauge. As we explained in
the previous subsection, the corresponding Feynman rules are

1% : o 1 2qHY gPo
Graviton propagator cut: MW\/\/\/\/@ =3 (gﬂpg”" + ghog¥P — %) (A.11)

v
The stress tensor: = (V,0iV,; + V0,V 0,5
(VudiV,0; OiVu0; (A12)

- g;w(vp(ﬁivpfbj + Az(Az - d)¢z¢]))

To obtain the final boundary Feynman rules, we need (2.28) to rewrite the bulk
derivative as boundary differential operators, therefore arriving at the Casimir cut equations
for the corresponding Witten diagram. However, we should emphasize that the Casimir cut
of the propagator we record here only constructs the correct boundary Feynman rules for
the gauge-invariant diagrams, because we literally have fixed the gauge choice. For those
Witten diagrams with explicit gauge dependence by themselves, we refer the subsection 4.4.2
as a prototype for the cautious treatment.

B Scalar Mellin Feynman rules

In this section, we provide a brief review of the scalar Mellin Feynman rules, which were
summarized in [101]. These rules provide a powerful method for calculating Witten diagrams
in Mellin space involving scalar fields with zero derivatives.

To apply the Mellin Feynman rules, we first assign a fictitious momentum p; to every
line in the Witten diagram, satisfying the on-shell condition —p? = A; for external lines.
Momentum is conserved at every vertex of the diagram.

For each internal line, the propagator has a factor given by

A

- B.1
p? + Aj + 2'mj ( )

where A; is the dimension of the propagating scalar field, and for internal momentum

pij = 0i; the corresponding Mellin variables.

The propagator numerator is given by

S5 — 2 ). (B.2)
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Finally, the vertex function is given by

i} Dk (A +2n5) —d\ £ —m;)n;
Vnﬁlﬂ:}ﬁ: — Z Z r (Zg( ]+2 n;) )Jl—[ln]'(A( _Jd) J . (B.3)

=0  np=0 j— gt 1n;

Lastly, we sum over all integers m; from the internal lines, and each sum runs from 0 to co.
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