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ABSTRACT: The choice of an electroweak (EW) input scheme is an important component
of perturbative calculations in Standard Model Effective Field Theory (SMEFT). In this
paper we perform a systematic study of three different EW input schemes in SMEFT, in
particular those using the parameter sets { My, Mz, Gp}, {Mw, Mz, a}, or {or, Mz, Gp}.
We discuss general features and calculate decay rates of Z and W bosons to leptons and
Higgs decays to bottom quarks in these three schemes up to next-to-leading order (NLO) in
dimension-six SMEFT. We explore the sensitivity to Wilson coefficients and perturbative
convergence in the different schemes, and show that while the latter point is more involved
than in the Standard Model, the dominant scheme-dependent NLO corrections are universal
and can be taken into account by a simple set of substitutions on the leading-order results.
Residual NLO corrections are then of similar size between the different input schemes, and
performing calculations in multiple schemes can give a useful handle on theory uncertainties
in SMEFT predictions and fits to data.
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1 Introduction

Standard Model Effective Field Theory (SMEFT) is an important tool for investigating
small deviations from Standard Model (SM) predictions. Such indirect descriptions of new
physics can be made more robust by including quantum corrections not only in the SM, but
also in SMEFT. Indeed, the study of next-to-leading order (NLO) corrections (and in a few
instances next-to-next-to-leading order (NNLO) corrections) in dimension-six SMEFT has
received much attention in recent years, either calculated on a case-by-case basis for specific
processes, [1-44] or moving towards full automation as in the case of QCD corrections [45].

An important consideration for SMEFT predictions and fits is the choice of the
electroweak (EW) input scheme. Ideally, the input parameters should be measured with



very high accuracy such that their effect on SMEFT fits is subdominant or even negligible.
However, even beyond that, the choice of the input parameters influences perturbative
convergence as well as the pattern of Wilson coefficients appearing in leading-order (LO) and
NLO predictions. Typical choices of the input parameters include the Fermi constant G, the
mass of the W and Z bosons, My, and Mz, as well as the electromagnetic coupling constant
«. Invariably, the NLO SMEFT calculations described above have been performed in one of
three different schemes, which use either {My, Mz, Gr} (o, scheme), {My, Mz, a} («
scheme) or {a, My, G} (LEP scheme) as inputs. Some discussions of these input schemes
can be found in [46, 47]. However, there has been no systematic study which elucidates
general features of these EW input schemes beyond LO in SMEFT, much less a numerical
exploration of benchmark results at NLO in the different schemes. The aim of this paper is
to fill this gap.

We structure the discussion as follows. First, in section 2, we describe the ingredients
needed to construct UV renormalised amplitudes in the three schemes, introducing a
notation that makes the connections between them transparent. In section 3 we identify
salient features of the different schemes, including patterns of perturbative convergence
and Wilson coefficients associated with finite parts of counterterms for typical weak or
electromagnetic vertices. We give a first set of NLO results at the level of derived parameters
such as My, in the LEP scheme or GF in the a scheme in section 4, also laying out our
method for estimating perturbative uncertainties from scale variations in the SM and
SMEFT. In section 5 we perform a thorough numerical analysis of heavy boson decays at
NLO in SMEFT in the three schemes, covering W and Z decay into leptons, and Higgs decay
into bottom quarks. Finally, drawing on the insights from the aforementioned sections, we
propose in section 6 a simple procedure which can be used to deduce a set of universal and
numerically dominant input-scheme dependent NLO corrections in SMEFT. Concluding
remarks are given in section 7.

While the main focus of the paper is to elucidate the role of EW input schemes in SMEFT,
as a by-product we have produced quite a few NLO results which were not available in the
literature so far. These have been obtained using an in-house FeynRules [48] implementation
of the dimension-six SMEFT Lagrangian, and cross checked with SMEFTsim [49, 50]. Matrix
elements were computed using FeynArts and FormCalc [51-53], analytic results for Feynman
integrals were extracted from PackageX [54], and numerical results were obtained with
LoopTools [52]. Phase-space integrals arising from the real emission of photons and gluons
were calculated analytically using standard methods. The results have been further cross
checked by performing calculations in both unitary and Feynman gauge. We include the
most important NLO SMEFT results, namely the heavy boson decay rates, Ar as defined in
eq. (2.20), and the W-boson mass in the LEP scheme, as Mathematica files in the electronic
submission of this work.

2 Three EW input schemes
The dimension-six SMEFT Lagrangian can be written as

L=LW+L® £O=N"C0;, (2.1)

_9_



where £ denotes the SM Lagrangian and £ is the dimension-six Lagrangian with
operators O; and the corresponding Wilson coefficients C; = ¢;/A? which are inherently
suppressed by the new physics scale A. For the dimension-six operators we adopt the
Warsaw basis [55] — the 59 independent operators in this basis (which in general carry
flavour indices) are listed and grouped into eight classes in table 11. Throughout this
work, the SMEFT expansion of a given quantity is truncated to linear order in the Wilson
coefficients and thus treated consistently at dimension six.!

Predictions in SMEFT depend on a number of input parameters and the renormalisation
schemes in which they are defined (see for example [57] for an excellent discussion of
renormalisation and input schemes in the SM). A number of these are rather standard and
are adopted throughout this work. The Wilson coefficients C; = Cj(u) are renormalised in
the MS scheme, and are thus functions of the renormalisation scale ;. Moreover, we use
on-shell renormalisation for the top-quark mass m; and the Higgs-boson mass M}, and set
masses of fermions lighter than the top quark equal to zero, with the exception of h — bb
decay where we keep a non-zero mj, renormalised in the MS scheme in a five-flavour version
of QCDxQED as described in section 5.2 of [58]. Furthermore, we approximate the CKM
matrix as the unit matrix.

The difference in EW input schemes used in the literature is related to how the U(1) and
SU(2) gauge couplings, denoted by g1 and g2 respectively, as well as the vacuum expectation
value v of the Higgs doublet field H, defined by

(HTH) = ”2% (2.2)

are eliminated in favour of three physical input parameters. In this paper, we consider the

following three schemes:?

(1) The “a scheme”, which uses as inputs {«, My, Mz}, where My, and My are renor-
malised on-shell and « is the fine-structure constant renormalised in a given scheme.

(2) The “a, scheme”, which uses as inputs {Gp, My, Mz}, where Gp is the Fermi
constant as measured in muon decay. This scheme is sometimes called the “Myy
scheme” in the SMEFT literature.?

(3) The “LEP scheme”, which uses as inputs {o, Gp, Mz}. In contrast to the first two
schemes, My is not an input. This scheme is sometimes called the “a scheme” in the
SMEFT literature.

!Power corrections appearing at dimension eight and beyond come in two distinct types: those which
scale as the vacuum expectation value of the theory and those which scale as some kinematic factor p®. A
powerful formalism where the distinction between these two becomes important is the so-called Geometric
SMEFT [56], where corrections of the former kind can in some cases be computed to all orders in the
power series.

2More input schemes have been proposed in the literature for specific processes. For instance, it has been
shown that using the sine of the Weinberg angle, s,,, as an input parameter leads to good convergence for
the prediction of the forward-backward asymmetry at the Z pole [59].

3Unfortunately, the SMEFT and SM naming conventions for the schemes do not agree. We choose to use
the SM naming conventions.



In sections 2.1-2.3 we discuss the ingredients needed to implement these three EW
input schemes to NLO. In order to treat them in a unified fashion, it is convenient to use as
a starting point the tree-level Lagrangian written in terms of vy, My, and M. In practice,
this is obtained by transforming to the gauge-boson mass-basis using the field rotations
defined in [60] and making the substitutions

_ 2Myy S v%
= - —=(C 4 C 2.3
g1 e [ 43120( D + 4cwswCrwn)| » (2.3)
_ 2M
go = =1 (2.4)
ur

which are valid up to linear order in the Wilson coefficients. The sine and cosine of the
Weinberg angle are defined as

M,
Sw=1/1—¢2, cw:M—‘Z. (2.5)

The renormalised Lagrangian in a given scheme is then obtained by interpreting the tree-
level parameters and fields as bare ones, denoted with a subscript 0, and trading them for
renormalised quantities through the addition of counterterms appropriate to that scheme.
For instance, all three schemes use counterterms §C; for the Wilson coefficients in the
MS scheme, which are defined as

1 . 1 dC;
Cio = C; +6C;, 0C; = %Ci = 2cdmp’ (2.6)

where € is the dimensional regulator in d = 4 — 2¢ space-time dimensions. Explicit results
for the dC; at one loop can be derived from [60-62].

2.1 The o scheme

The a and «, schemes share as common inputs My and Mz, renormalised in the on-shell
scheme. They differ through the way the bare quantity vr is related to renormalised
parameters and counterterms. In the o scheme we use

1 1 1

-5 = ) 1-— ’UiAU&&O’a) — 7AU&4’1’Q) - AU&GJ’Q) . (27)
G vZ
We have introduced the derived parameter
2M
Vg = 2 W0 (2.8)
4o

where a = €2/(4r) is the QED coupling constant defined in a given renormalisation scheme.
The superscripts ¢ and j in the counterterms Avg 99 Jabel the operator dimension and
the number of loops (j = 0 for tree-level and j = 1 for one-loop) respectively, while the
superscript « refers to the fact that the expansion coeflicients are multiplied by explicit
factors of v,. The dependence on the perturbative expansion parameter 1/v2 ~ « is

then explicit.*

4There are a handful of exceptions to this in Avgf’l’a); all appear in tadpoles, with the exception of the
contribution from the Class-1 coefficient Cyy .



My | 125.1GeV || mp(My) | 3.0 GeV
my | 172.9GeV || vo (M) | 241.7 GeV
Myy | 80.38 GeV vy 246.2 GeV
My | 91.19GeV || as (My) | 0.1125

Table 1. Input parameters employed throughout the paper. Note that v, is a derived parameter.

The expansion coefficients in eq. (2.7) are determined by the counterterms for the
input parameters My, Mz, and the electric charge e. These are calculated from two-point
functions as in [58]. In the « scheme, we relate the bare and renormalised quantities up to
NLO as

1

Xo=X (1 + S AX G 4 AX(‘“’Q)) : (2.9)
UO{

where X € {My, Mz, e} and Xy are the corresponding bare parameters. We use the

same notation for the expansion coefficients of the derived parameters ¢, and s, so that,

for instance,

2
1,1, Cw i,1a ,1,a
Asiite) = — 2 (AMGH — AMPH) (2.10)

At tree level the relation between vy and v, is given by [58]

1 1 c c

— = <1 + 2022 [CHWB + wC’HD]) : (2.11)
vE o v Sw 454,

Interpreting this as a relation between the bare parameters, renormalising them as in
eq. (2.9), and matching with eq. (2.7) we find

ApB0@) — _oCe [CHWB n CwCHD] , (2.12)
Sw 45y,
Av{Le) = 2 (AMG + As{ie) — Aee)) | (2.13)
AvO1) =2 (AMPHY) + As(®1) — Ae®1)
C
Cw (4,1,0)
+ — [CHWB + 25, CHD:| Asyy (2.14)
2w {wHWB + Cw(scHD} .
Sw 45w

When calculating EW corrections to heavy boson decay rates, it is natural to use a
renormalisation scheme for o that avoids sensitivity to light fermion masses in counterterms.
In the remainder of the paper, unless otherwise stated, we will use the MS definition of o
in a five-flavour version of QED xQCD, where the top quark and heavy electroweak bosons
have been integrated out and thus contribute finite parts to the Ae through decoupling



constants, see the discussion in section 4.2 of [58].% This running coupling, a(u), is related
to the effective on-shell definition at /s = Mz, a95 (M), according to
a(p = Mz) = a®>(My)

1+ (2.15)

OéO'S'(O) @

s 27 |
Numerically, using the values 1/a®5(0) = 137.036 and 1/a®5-(Mz) = 128.946 (from [63]
and [64] respectively), the coupling constant and the derived quantity v, evaluate to

1/a(My) =127.85,  wva(My) = 242.16 GeV . (2.16)

The (fixed-order) solution to the RG equation for the running of « to other scales necessary
for this work is discussed in more detail in section 5.2 of [58] and is given as

a(p) = a(Mz) (1 +27.(Mz)In AZ;) : (2.17)
where v.(Myz) = % X %. Values for these parameters at other scales considered in this

work are given as

1a(My) =128.03,  vo(My) = 242.33GeV,
1/a(My) = 127.40, Va(My) = 241.74GeV .

2.2 The o, scheme

In contrast to the o scheme, the oy, scheme uses G rather than o as an input parameter.
This can be implemented by modifying the counterterm for vy in the a scheme, eq. (2.7),
to read

1 1 1
1 _1 [1 —2aefEon) - Ly - pgsan) (2.18)

2
Vo Ui 1
The superscripts on Av, have the same meaning as in eq. (2.7), so that in particular the
superscript ¢ means that the expansion coefficients multiply distinct powers of v,, instead

of v,, where

_% _ 2Mw sy
VZU T

We have introduced the derived EW coupling ¢, in the final equality of the above equation.

Using the PDG value of G = 1.166 x 107°GeV~?2 [63] gives a, ~ 1/132, and the
corresponding value of v, is given in table 1.

vy = (\/EGF) (2.19)

The expansion coefficients in eq. (2.18) are obtained by a renormalisation condition
relating muon decay in SMEFT with that in Fermi theory. We give the technical details of
the calculation, and results for the coefficients Avfj Tob ), in appendix A. A previous result for
these coefficients has been given in [19], using a simplified flavour structure for the SMEFT

Wilson coefficients, and omitting tadpoles such that the results are gauge dependent and

)

5The running « defined in the five-flavour version of QEDxQCD is denoted as @'® in that reference.



limited to R gauge. While we have made no flavour assumptions and included tadpole
contributions in the FJ tadpole scheme [65], so that the coefficients are gauge invariant, we
have checked that our results are consistent with those in [19] when the same calculational
set-up is used, thus providing a strong check on both sets of results.

We can convert results in the o, scheme to the o scheme using the perturbative relation
between v, and v,. A useful quantity for this purpose is

=1+ Ar. (2.20)

‘:@w ‘ ch

Two equivalent SMEFT expansions of this quantity are

= viAr(G’O) + %AT(M) + ArGD) (2.22)
v
1w

The expansion coefficients are the same whether expanded in v, or v,, so we use superscripts
for operator dimension and loop order only.® They are obtained by equating the two
expressions for vy given in eq. (2.7) and eq. (2.18) and performing a SMEFT expansion,
yielding the result
6,0) _ 6,0

Ar(60) = Av}(m ),

ApdD — Avfjﬁ;l) 7 (2.23)

Ar6D — Avfgl) + 2Av£4’1’“)Avl(g;0) ,

where we have defined
AvED = Avfhim) — Ayl (2.24)

For two-body decays of heavy bosons, the SMEFT expansion coefficients in the o, or o
scheme take the form

r=

1
[1 + UZA(FG’O’“) + ITZA(FM,#) + A(F6,1,u)]
w

N | T

6,0, 1 4la 6,1,
=2 [1 + 02 A0 EA(F )+ Al )} , (2.25)

where F' does not depend on v, in the first line or v, in the second. The relation between
the expansion coefficients in the two schemes is

A%G,O,Oé) — A%‘Gyﬂaﬂ) + AT(67O),
A(F4,1,04) _ A§4,1,u) + Af,,(4,1)7
AGL) Z AGI) 4 061 4 9 AU AL60) (2.26)

5Tt is understood that any implicit vr dependence in the (6,1) term is expressed in terms of v, in the
first line or v, in the second.



Conversions from the « to the o, scheme work in a similar manner. As a simple example,
the expansion of counterterms X in eq. (2.9) in the oy scheme is obtained by replacing
a — u in that equation, with expansion coefficients related through

AX@L = Ax@La) o Ax(GLm) = Ax6La) _ Ap6OA x (A1) (2.27)

Note that although both the o and the «;, scheme use on-shell renormalisation for My,
and Mz, the perturbative expansions of the counterterms differ at one-loop in SMEFT.

2.3 The LEP scheme

At LEP and in SMEFT analyses, one often considers the LEP scheme, where the on-shell
W-boson mass is not used as an input, but is instead expressed as a SMEFT expansion in
terms of the three independent input parameters {a, Gp, Mz}. The SMEFT expansion of
the on-shell W-boson mass in this scheme is most easily obtained by re-arranging eq. (2.20)
and then expanding in Ar to find

. &2 62 v
M, = N3, i + 0 (ard) (2.28)
CQw cZw
where
R M2 471'047)2 R M2 . R R
Mi%[/—2<1+ M%H>’ C%U:ngl—si), Cow =282 — 1. (2.29)

In the LEP scheme, the appropriate SMEFT expansion of Ar depends only on the derived
parameter Myy. We therefore define expansion coefficients

Ar = v2 Ar(G0) 4 5 AT(4 D4 ApGD) (2.30)
C
where the “hat” on the expansion coefficients Ar(3) means that the dependence on the
on-shell mass Myy in the Ar(*7) in eq. (2.22) has been eliminated in favour of My through
iterative use of eq. (2.28). A short calculation yields the following results:

Ar(6:0) = Ap(60) ‘MW Ny

AL(4,1 (4,1)

ArD = Apl |MW Ny
)

Ar©D = Ap®) — ZL [AO0 g, ArD 4 Ar@D gy, Ar©0)] ‘ . (2.31)
2w My =Mw

where the notation | My =1y, eans that Myy is to be replaced by My and we have defined

0
ow = M, 2.32
w = Mg (232
Notice that the term Ar®1) involves derivatives of Passarino-Veltmann functions, which at
one-loop level are simple to evaluate.



We can now write the SMEFT expansion of My, in the LEP scheme as

A " 1 4 A
My = My |1+ 02AG 4 ﬁA%l’“) + A&V’W] , (2.33)
o
where
ABO _ S R,(60)
w %
a2
Al _ Sw ArD
W 26211) " ’
A ~4 A
AE?/,L/J) _ é:w Ay (6D _figu 1+‘f& Ar60)Ap(4:1) (2.34)
262w 46211} Cow

The above expressions allows for the conversion of the SMEFT expansion of any quantity
from the o, scheme to the LEP scheme. The conversion takes the form

1
X (M) [1 + A0 + AR 4 Ag?,l,u)]

: (2.35)

. ) - )
= X (M) |1+ 2A% 4 vaAE?’l"” +A§§71’#>] |

m

where the expansion coefficients Ax (A x) are functions of My, (My). They are re-
lated through

. . X
AR _ A6 | A<V6V,o,u>3v§( 7

AL _ AL _i_A(;Il/vl,u)%’
AS?’”‘) _ Ag?,w) +A$’O’”)3WAE?’1’”) +A$;1,’1’#)3WAE?’O’#) (2.36)

1 ~ ~ A~
+ ? |:<A§/?/117M) + Ag?’lhu)A%?/jo’H) + Aggvovﬂ)Ag/évlvu))aWX

+ A%O’“)A(;&l’“)a&,){} ,

where X = X (M ), in a slight abuse of notation we have defined
82

(2.37)
and one is to set My, = My on the right-hand side of the relations in eq. (2.36).

As a simple example, we can relate the counterterm for My in the on-shell scheme to
that in the LEP scheme. Setting X = My in eq. (2.35), and recalling that the on-shell
definition of My has no tree-level dimension-six contributions, we can write

1
My = Mw (1 + U—gAMIEé’L“) + AM{SSvLN))
w

1 (2.38)
= My (1 + 2 AN ¢ U—QAJ\ZI&V“’“) + AMéﬁ’l’“)> .
m



The terms on the second line as determined from eq. (2.36) read

AN = AR (2.39)
AN = A At : (2.40)
My =My
AM&??LM) :A%LM) + AM&?J?M) + Ag}?/vovu)AMlsévlvu)
. (2.41)
+ ASOM o A o
My =My,

We emphasise, however, that the LEP scheme uses {«, Gr, Mz} as input parameters, so
the result is ultimately a function of these parameters and the associated counterterms
{Ae, Av#, AM 7}, which can be obtained from expansion coefficients in the a or o, scheme
similarly to AMW

3 Salient features of the EW input schemes

We are mainly interested in two features of the EW input schemes: the number of Wilson
coefficients they introduce into physical observables through renormalisation, and perturba-
tive convergence. Ideally, one would like a small number of coefficients to appear, so that
the finite parts of observables are dominated by process-specific Wilson coefficients rather
than those related to the EW renormalisation scheme. Furthermore, one would like to avoid
large corrections between orders, so that perturbation theory is well behaved and can safely
be truncated at a low order. We discuss these two issues in the following subsections.

3.1 Number of Wilson coeflicients

It is a simple matter to count the number of Wilson coefficients appearing in the finite parts
of counterterms for the bare parameters My, My, and v in the different input schemes.
The results at LO and NLO are listed in table 2. Here and below we exclude Wilson
coefficients which contribute only through tadpoles and therefore drop out of observables.
This includes C'yg and Cy g in each of the three counterterms considered here. Note that
although all schemes use‘;3 3the on-shell renormalisation scheme for My, its dimension-six
counterterm still differs between the schemes. To see this explicitly, we note that expansion
coefficients in a,, and o schemes can be written in the form

Mo = M; (1 + U%AM?’I) + AMSY — AUC(,G’O"’)AM?’I)) : (3.1)

where here and throughout the remainder of the paper the choice of o € {u,a} selects
between the o and «, schemes. An analogous equation holds for the counterterms for Myy .
The coefficients AM 24,1) and AM 26’1) are the same in the two schemes, but differences in
the dimension-six piece arise due to the renormalisation of vy. In the LEP scheme one must
use 0 = u and in addition apply eq. (2.33) to trade My, for MW, which gives an additional
scheme-dependent contribution.

~10 -



H My My vp H Total # unique WC

O] o o0 2 2
“ NLO|| 12 29 29 29
O || o o0 3 3
“ NLO| 13 30 12 33
o || 5 0 3 5

LEP
NLO || 33 30 12 33

Table 2. Number of Wilson coefficients introduced in the dimension-six counterterms for the bare
My, Mz and vy at LO and NLO, as well as the number of unique coefficients between them.

The specific Wilson coefficients appearing in the various counterterms in the « scheme
are determined by the two-point functions shown in figure 1. The counterterm for the
W-boson mass contains the following coefficients:

AME) {CW7CHE|7CHD;CHWycHWB7CSl)’CS;701%Ig/}) i=123. (32

W i

Cyo and Chw contribute to the two left-most topologies in figure 1, while Cgwp and
Cyw contribute to topologies three and four, which involve vertices with at least three
gauge bosons. Cyp appears in all four purely bosonic diagrams. We see that 7 of the 12
coefficients appearing are due to flavour-specific W couplings to fermions, arising from the
right-most graph in figure 1. Since in the SM the W boson couples only to left-handed
fermions, the SMEFT operators must also be left-handed unless they contain a top-quark
loop (in which case a chirality flip is associated with a power of m;), which explains the
relatively small number appearing. For the Z-boson mass, on the other hand, both left and
right-handed couplings are relevant even for massless fermions, and operators containing
the field-strength tensor for the hypercharge field B,,, namely Cyp and Cyp, contribute as
well. This leads to a much larger number of coefficients compared to My,. The full set is:

AMGH . {Cw, Cuo, Crp, Cuw, Cp, Cuws, Cyy), ngv Cigl. CJ(L?‘)I’ C“3V3V’ C%?’

CHC’CHd’CHP}’ 1=1,2,3. (3.3)
7 (13 3
The counterterm Av((f’l’a) requires also the counterterm Ae, as shown in eq. (2.14). Only

those Wilson coefficients appearing in W, top-quark or Higgs loops contribute to the finite
parts of the counterterm for electric charge renormalisation (through decoupling constants,
as explained in [58]), which limits the result to the following 6 coefficients:

Ae®LY) - LCw . Cuw, Cup, Cws, Cuw, Cun} - (3.4)
33 33

All of these are already contained in AM 26’1’04), so the set of coefficients contributing to
Av®) is the same as in eq. (3.3).
In the ay, scheme, one needs the counterterms Av,(f”’“ ), which are calculated from

muon decay in appendix A. In SMEFT, two kinds of coefficients appear at NLO — those

- 11 -
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Figure 1. Representative Feynman diagrams contributing to the WW  ZZ, ~Z, and v~ two-point
functions in SMEFT.

Figure 2. Representative Feynman diagrams contributing to the decay of the muon at one loop
and involving four-fermion operators.

that involve modified couplings of the external fermions, including four-fermion operators of
the kind shown in figure 2, or those that contribute to the W-boson two-point function at
vanishing external momentum. The latter condition eliminates some operators compared to
what is seen in AMyy itself (in the case of massless fermions or certain derivative couplings),
while the former increases it mainly due to four-fermion operators. The end result is that
the following set appears:

1 3 3 .

JjjJj 33 7333
The counterterms for My, and My are also modified compared to the a scheme, as follows
from eq. (3.1); one finds that the a, scheme contains the four-fermion coefficient C' j; in

addition to the a-scheme coefficients listed in egs. (3.2), (3.3). e

Finally, in the LEP scheme the counterterm AM&?’LM ) (see eq. (2.41)) is a function of
those for e, Mz, and vy (renormalised in the o, scheme), and thus contains the full set of
33 unique coefficients that also appear in the o, scheme, while no additional coefficients
appear in the counterterms for My or vy compared to the o, scheme.

The conclusion of this counting exercise is that there is a large overlap between the
set of operators appearing in the NLO counterterms in the different schemes. The main
difference is that a handful of four-fermion operators related to muon decay appear in the
LEP and o, schemes but not in the o scheme.

The number of Wilson coefficients contributing to observables in the different schemes
is process dependent and is determined by the structure of the LO amplitude. For instance,
consider a process involving a v£¢ vertex, where £ is a charged lepton and ~ is a photon.
In the a scheme, the square of the bare vector-coupling vertex plus SMEFT counterterms
(other than from field strength renormalisation) reads

2 2 (4,1,a)
Wﬂ (1 _|_ 2A672 + 2Ae(6’170‘)> . (36)

2
Vo «
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In the o, scheme, on the other hand, the bare vertex plus associated counterterms read

2 .2 41,0
AMiy s { 28eH) +2Ae6:10) _ 4Ae(4,1,a)AT(6,O)}
v Y
AME,s? 1 3.7
iy, {1 C A0 - L AD A6 2Ar(6’°)Ar(4’1)} |
Y UL

The two results are equal to each other if eq. (2.20) is used to relate v, to vy, but when the
numerical value of v, is used as an input the terms on the second line of eq. (3.7) contribute
a large number of coefficients compared to what one has in the a scheme. The same set of
coefficients contributes to muon decay calculated in the a scheme, or in the LEP scheme
when My appears in a tree-level vertex.

3.2 Perturbative convergence

Generally speaking, one uses renormalisation schemes that avoid sensitivity to large loga-
rithms of light fermion masses in fixed-order corrections, and also tadpole contributions
to finite parts of observables in cases where some parameters are renormalised in the
MS scheme and some in the on-shell scheme [58]. As long as those two issues are dealt with,
top-quark loops are the main source of enhanced NLO corrections in the finite parts of
counterterms. These can be especially important when associated with the counterterm
As,,, since they involve inverse powers of s2 ~ 0.25 through the relation

2
2As, = —2-%(AMyy — AMyz) ~ —T(AMy — AMy), (3.8)
S’LU
where the factor of 2 is chosen to match that in eq. (2.13).

In the SM, enhanced corrections from top-loop contributions to As,, related to the
renormalisation scheme are easy to trace. First, by analysing the one-loop Feynman
diagrams in the large-m; limit, one can show that in the «,, scheme

AUS’L’LH) = A’U(4’1”u) — QAMéé:tl,#) . (39)

it
me—r00

The subscript “t” here and below refers to the large-m; limit of the given quantity, i.e. the
terms containing positive powers of m; in the limit m; — co. Second, using egs. (2.13), (2.23),
along with the fact that the SM contributions to Ae are subleading in the large-m; limit,
the a-scheme result is

Aol = —ArtY o aaMY, (310
where
At 28s @t (3:.11)
) v2 A7+ o |
and we have defined
Ap§4’l) 3 ﬁ? 1% (3.12)
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The numerical values above use u = My to evaluate the running parameter v,, along
with the inputs in table 1. Finally, using egs. (3.9), (3.10), the counterterms for vr in the
large-m; limit in the two schemes can be written as

1 1 1 (4,1) (4,1) ]
- =~ |1+ = (ar®Ys,, —2aMED)]| | 3.13
i [ + o (arf W) (3.13)

where 0., is the Kronecker delta, and we have used that AMéé’l’a) = AMéé’l’“) = AM&%’I),
see eq. (3.1).

For the heavy boson decays considered in this work, the tree-level decay rates all scale as
1/ v%. Therefore, eq. (3.13) produces a simple pattern for the NLO corrections in th;e a and

oy, schemes. In the ), scheme, the tadpole and divergent contributions in AMIEé’tl cancel

against other such contributions in physical observables, producing one-loop corrections

proportional to Ap§4’1) ~ 1% in the large-m; limit. In the « scheme, the AM‘%’;) term is

accompanied by a factor of Art(4’1), which produces a correction of roughly —3.4% compared
to the o, scheme. One indeed sees this pattern in the NLO SM corrections to W decays,
Z decays, and Higgs decays into fermions, shown in tables 3, 4, and 5. Input-scheme
dependent NLO corrections to weak vertices are thus better behaved in the o, scheme, and
the numerical differences between the two schemes are nearly process independent.”
We now ask whether a simple relation between the dominant NLO corrections in the «
and «a, schemes also exists in SMEFT. To this end, we first define
M

M 6,0 L1 6,1
Zw‘ = {1 +opKy T+ S KT+ Kt (3.14)
g o2

m¢—r00

2

UT0

where zy is the squared wavefunction renormalisation factor of the W-boson field. After
replacing the bare quantities on the left-hand side by their renormalised counterparts, it
is straightforward to determine the Kl(,[z,’J’U) in terms of AM&,’%’U), Azg}i’g), and Avfﬁf’a).
This yields KI(,IG,’O’U) — —Ap%0)

ot at tree level, and substituting in the explicit results for
the counterterms leads to the following one-loop expressions in the « scheme:

K‘(/é,l,ﬂc) — Art(471)7
K6La) _ _EK(G’O’Q) In M—Q + ArdD {ICHD + Cawn
w 2 w m? t 8120 CwSw

2v/2(1 — 2¢2) M
+20§{33+ V2( _ w) e }7 (3.15)
33 Cy my 33
where
. 2s
K{(ﬂe},o,a) = —4ArM Y Cup + 2O + 20231 — 2CHu
Cw 33 33
2v/25, M 5

_ \/; w W <CwCuB + SwCuW) :| : (316)

ch, oMy 33 3 33

“On the other hand, if the bare vertex contains a photon, then examining eq. (3.7) shows that the
situation is reversed and +3.4% correction is associated with the «, scheme.
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In the oy, scheme one has instead

K‘(/é71’u) - 07
1. p?
t j=12"% Jj 333
where
SO = —anp™D 3 [CS’I) — C(% } . (3.18)
j=12 b il 33

One sees that the SMEFT expansion of Ky is tadpole free, finite, and independent
of the renormalisation scale up to NLO. This is not an accident — it gives the flavour-
independent part of the large-m; limit of W decay into fermions. Furthermore, rearranging

the above expressions yields the following result for the vy counterterms:®
AU = K 4 2ar)
Av((fﬁ,o,cr) _ 7K‘(/[6/,0:<7) ’
3l51) = ) ¢ A MR Al s

The SM part of eq. (3.19) is identical to eq. (3.13). The dimension-six parts are the
generalisation to SMEFT. In each case, the counterterm for vy is split into two distinct
parts: a physical piece that is a finite, gauge and scale-independent quantity (the Ky ),
plus remaining terms which contain tadpoles and divergent parts that cancel against other
such terms in physical observables. While at one-loop in the SM it was simple to identify

the physical factor Ar(*1) in the « scheme by studying the counterterm vofl’l’a)

alone, in
SMEFT it is helpful to choose an observable process in order to split the counterterm into
the two distinct parts. While the choice of W decay is not unique, it leads directly to the
SM results obtained from studying vy alone.

We can now use our expressions for the counterterms for vy in eq. (3.19) to check
whether, as in the SM, a simple pattern emerges for input-scheme dependent SMEFT
corrections to weak vertices. As an example, consider the following expression, which gives

a flavour-independent correction to Z-boson decays into fermions:

M?2 C M?2 1
4 U2Z70 (1 - U%,O gD> ‘ = 722 [1 + v?,k:(Zﬁ’o’a) + 0—214:?’1’0) + k:(ZG’l’U) . (3.20)
T,0 m—00 o o

where zz is the wavefunction renormalisation factor squared of the Z-boson field.” The
expression on the right-hand side is finite, tadpole free, and scale-independent up to NLO.

8We omit here Wilson coefficient counterterms 6C;, which contribute only divergent parts and thus do
not play a role in the discussion of perturbative convergence.

9Compared to eq. (3.14) an additional factor of Cgp arises for Z-boson decays. This arises from the
relations between the W/Z-mass and the Lagrangian parameters in SMEFT and can be seen by considering
the flavour independent part of eq. (5.25) in addition to eq. (5.27) in [60].
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Writing the counterterms for vy using eq. (3.19), one has

§000) _ g(60.0) | 1(60)

z 2
kgl,l,a) _ K{(/é,lﬁ) + k‘gl’l), (321)

k(Zﬁ,l,a) _ KI(;}.’I’U) + 2]{7?’1)}(‘(/3’0’0) + k(Z&l)-

Here we have split each term in the perturbative expansion further into scheme dependent
and independent parts (the latter being denoted without the o superscript). Both the
scheme dependent and independent parts are separately scale independent and tadpole free.
The results for the scheme-independent pieces are

Ko = -CE,
kgD =2 (AMP - AMED) = aptY (3.22)
j:(6,0) 2
z ¢ 153 2 m?
where
33 33

Inverse powers of s,, appear only in the « scheme and are absorbed into the factors K‘(X,J ’a),

so the scheme-independent coefficients k:(Z” ) have an expansion in Ap§4’1). In the SM,
it is evident that the scheme-dependent corrections k(ZA"LU) follow the pattern discussed
after eq. (3.13). In SMEFT, scheme-dependent corrections appear in the combination
KI(;’LU) + 214:?’1)1(‘(,&’0’0) in the last line of eq. (3.21). Moreover, the Kg/i’l’a) pieces are
explicitly pu-dependent, and one normally chooses the scale in a process-dependent way. For
these reasons, the numerical pattern of scheme-dependent NLO corrections to weak vertices
in SMEFT in the o and o, schemes is not nearly as regular as in the SM; this is best seen
by comparing results for a range of processes, which we leave to section 5.

We have focussed the above discussion on the a and «,, schemes. Corrections in the
LEP scheme are derived from those in the ¢, scheme by using eq. (2.33) to eliminate My,
in favour of Myy. The result simplifies considerably in the large-my limit. To derive it, we
first note that the large-m; limit of the expansion coefficients of Ar defined in eq. (2.23)
can be written in terms of the Ky from eq. (3.14) according to

A9 _ g3 _ gl (3.21)

We can convert these into expansion coefficients of Ary using eq. (2.31). The only non-trivial
SMEFT piece is the NLO coefficient, for which we find

N 1 w oY a
Ar®Y = Arf) 4 = | Oy — ArGO - Ky )} Kyt (3.25)

Cow LSw

My =My,
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Inserting these results into eq. (2.33) gives the following large-m; corrections to the W-boson
mass in the LEP scheme within the SM

62

~ (4,1, 1 4,1
Ay = 550", (3.26)
w
while the SMEFT result is
2
2 (6,1, S 6,1, 6,1,
A = o5 (st - i) 327
2w
2 2 2 .2
S {K&?,o,a) g (1 Fw 238w Ar(&o)}[(ﬁ;’l’“)
2C2w w 2 Cow ~
My =Ny

As an example, let us use this to write the factor of M3, in eq. (3.14) in terms of M%, Denot-

ing the resulting LEP-scheme expansion coefficients as IA(I(/‘Z/ i ), one has the NLO SM result

. 1
Kt = zvﬁAg“V;}“) ~ 1.5%. (3.28)
m
The tree-level SMEFT result is
A 1
RO = — (KM - 2K ) ~ 1R P — 04K 50 (3.29)
c

w
2w

while the NLO contribution is

A 1 9 2 .2
c Cow

Cow 2w
4 2 .2 2
n 327” (1 - 30231*’) Crwp — 252 (1 - ?”) Kff,’o’“)} (3.30)
w 2w 2w MW:MW

For other processes, the numerical factors multiplying the AW terms are dictated by the
dependence of the bare vertex on My, and are therefore rather process dependent.

4 Derived parameters

The simplest observables are “derived parameters”, where an input parameter in one scheme
is calculated as a SMEFT expansion in another. For the schemes considered here there
are three such quantities: « in the oy, scheme, G in the o scheme, or My, in the LEP
scheme. All of these are functions of the expansion coefficients (and their derivatives, in the
case of the LEP scheme) of Ar defined in eq. (2.20). In this section we briefly examine the
latter two cases, and also define the procedure for estimating higher-order corrections in the
SMEFT expansion through scale variations used throughout the remainder of the paper.
The SMEFT expansion for G in the « scheme is obtained from eq. (2.20) and yields

GF,a

1 1
— o [LHURAREO) S A 4 o] (41)
’Ua o
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The tree-level result (LO) evaluates to

LO
G © =1.034 + 02 |3.859CHws + 1.801CHp + 1.034 Y Cf) —=1.034C y |, (4.2)
F

j=12 JJ 1221

and the sum of tree-level and one-loop corrections (NLO) is

NLO
Be 0992 + 02 |3.733CHw s + 1.756CHp + 1.064 S CF) —1.039C 4
Gr S i 1221
= 0.167Cyp, +0.142C};, — 0.083C]p + 0.062C, p + 0.020C,y
33 33
£0.018C 5 —0.016 3 €9 +0.010Cw —0.006 S (CHu + cg;) (4.3)
1122 =T ”22 j=12 \ i :

+0.004 ) CHI+0003( Cyl + X Cuet+ > Cua— Y. Cgé)

j=1,2 JJ 33 =123 ¥ i=12,3 " j=12 jj

+0.002 <CHB + Craw + Cro — C}?))] ;
33
where in both cases we have used © = My, so that v, = vo(Mz) and C; = C;(Mz) in the
above equations. In the SM, the LO prediction for G differs by 3.4% from the measured
value while at NLO the difference is —0.8%. Evidently, the large-m; limit contribution in
eq. (3.11) accounts for the bulk of the NLO correction. The LO SMEFT result contains
5 Wilson coefficients which alter the result, while the NLO one contains the full set of 33
Wilson coefficients identified in table 2
SMEFT expansions of physical quantities such as G, contain a residual dependence
on the renormalisation scale p due to the truncation of the full series at a fixed order in
perturbation theory. In the SM this is due to the running of «, while in SMEFT the Wilson
coefficients C; also run. It is often useful to use the stability of the results under variations
of the scale p about a default value as an estimate of uncalculated, higher-order corrections
in the perturbative expansion. The Wilson coefficients are unknown numerical quantities
that we wish to extract from data, so in order to implement their running we must calculate
their value at arbitrary scales p given their value at a default scale choice pd®f. For our
purposes, it is sufficient to use the fixed-order solution to the RG equation in this calculation,
which reads

Culi) = Gl +1n iz ) ™), (4.4

where C; was defined in eq. (2.6). For the running of  we can also used the fixed-order
solution to the RG equation given in eq. (2.17). Throughout the paper, we estimate

uncertainties from scale variations by using the afore mentioned equations to evaluate

def
)

observables for the three scale choices pu € {pd°f, 2u4ef, yd¢f /21, Central values are given for

p = pdef and upper and lower uncertainties are determined by values of the observables at

the other two choices.?

10At NLO a large number of C; must be evaluated; we have employed DsixTools [66, 67] for this purpose.
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Let us apply this method to the calculation of My, in the LEP scheme, which is
obtained by evaluating eq. (2.33). Compared to G, the W-mass is sensitive to a different
combination of Ar as well as its derivatives with respect to Myy. The LO result with
1= Mz as the default value and scale uncertainties estimated as described above yields

MR =79.827013 GeV + Myvy, | — 0.795 0 038Crw s — 0.36010 030 Crp

—0.22075988 S OF) + 0228309 C y +0.000+3$5CY) + 0.000+5 83y,
j=1,2 JJ 1221 33 33
+0.00058913C, 5 + 0.00078313C, +0.0007308 S~ ) 4., (4.5)
33 33 =1,2 jj33
j=1,2 Jjj
where the ... indicate contributions where the difference between the upper and lower

values obtained from scale variation is less that 1% of MW when the numerical choice

C; = 0;2 is made. At NLO we find

MpHO = 80.471000 GeV + My v | — 0.80710 008 Crrw s — 038110000 C (4.6)

—0.22870000 3™ 0 1 0.223+00%00 ;4 0.03279999C,,
) =12 i ‘ 1221 ’ 33

—0.02853985C1) +0.016+5:309C ) +0.01243809Cp + ... | |
33 33 33

where in this case the ... refer to contributions where both the central values and the
difference in upper and lower scale uncertainties are both less than 1% in magnitude. For
both the SM and SMEFT, the scale uncertainties are significantly larger at LO than at
NLO. While the NLO corrections in SMEFT all lie within the scale uncertainties of the LO
calculation, the same is not true of the SM, where scale variations in the SM at LO do not
capture the behaviour of the higher-order corrections.

We can understand the qualitative features of these results by studying them in the
large-m; limit. Using eqs. (3.26), (3.27) for the NLO corrections in this limit, the numerical
result at the scale u = My is

MHAO = 80.361000 GeV + My v? { —0.7991 000 Crwp — 0.3737009%2Cp (4.7)

—0.226790%9 5™ O 40.222799%0C ;4 0.0357390Cy,
ST i 1221 33
—0.03573807C) + 0.014%5809C) + 0.0127390C, 5 + ... |-
33 33 33
This is clearly a good approximation to eq. (4.6), where as in that equation we have not
included contributions of less than 1%. The SM result is scale invariant in this limit, because
the top quark is decoupled from the QED coupling a(pu).
In the above results and throughout the paper we used the MS definition of « in a
five-flavour version of QED xQCD. In the literature, one often uses the effective on-shell
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coupling a95 (M) which is related to a(Mz) using eq. (2.15). When instead this choice is
made, we find the following SM results for Gr in the a scheme

GI}JT‘O 0O.S ?‘L% S
2 —1.025 2 —0.993 4.8
GF ? GF ’ ( )
while for My, in the LEP scheme we have
My os =79.97 GeV, Myl =80.46 GeV. (4.9)

At LO these two quantities differ by 2 — 3% compared to eqs. (4.2), (4.5), while at NLO
the differences in the two schemes for o are well below the percent level; we have checked
that this also holds true in SMEFT.

The NLO result for My in SMEFT generalises the previous result [30] to include the
full flavour structure, and resums logarithms of light fermion masses related to the running
of a; a more detailed comparison is given appendix D. The current state-of-the-art in the
SM [68] includes complete two-loop corrections as well as a partial set of even higher-order
corrections. Adjusted to our numerical inputs, the result derived from the parametrisation
in eq. (6) of that paper, which we refer to as “NNLO”, reads

MYNEO = 80.36 GeV (4.10)

which is outside the uncertainties in the NLO result eq. (4.6). In order to gain insight into
the structure of higher-order corrections, we have studied the split of the NNLO result into
pure EW, and mixed EW-QCD components, which was given in [68] for the unphysical
value My = 100 GeV. When adjusting our own inputs to that unphysical value, we find
that the pure NNLO EW contributions are within our NLO uncertainty estimate, so that
the discrepancy is due to mixed EW-QCD effects first appearing at NNLO and unrelated
to the running of a. The large-m; limit of these EW-QCD corrections can be obtained by
making the following replacement in eq. (3.26) [69]:

s2
AptY 5 AptY (1 — %g (2¢2+ 1) . (4.11)

Including this correction changes the central value in eq. (4.6) to 80.41 GeV, which agrees
with the NNLO result to better than the per-mille level. Further improvements can be
made through resummations of the type discussed in section 6.

5 Heavy boson decays at NLO

While the previous sections elucidated some general features of the different input schemes,
the aim of this section is to study in detail three benchmark observables to complete NLO in
the SMEFT expansion in each scheme: W decay into leptons, Z decay into charged leptons,
and Higgs decay into bottom quarks. For the numerical analysis we focus on W — 7v and
Z — 77, while in the analytic results submitted in the electronic version we keep the lepton
species arbitrary.
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We write the expansion coefficients of the decay rates to NLO in SMEFT for boson
X € {W, Z,h} to fermion pair fifs as
s _ 1s(4,0) s(4,1) s(6,0) s(6,1)

Uspn =Txpn P x0n Y IxAn Y TxAG (5.1)
where the superscript s(i, j) refers to dimension-i, j-loop contributions in input scheme
s € {a, a, LEP}. To study convergence, it is convenient to work instead with expansion
coefficients of the decay rate normalised to the LO SM result, namely

Xfife ™ Fs(4,0) ) )
X fifz

Throughout the section numerical values for the decay rates are evaluated using the
default value udef' = Mdecay, Where Mgecay 18 the mass of the decaying particle, and scale
uncertainties are obtained by varying the scale up and down by a factor of 2 about the
default value, as in section 4.

Obviously, results for three decays in three renormalisation schemes and involving a
large number of SMEFT Wilson coefficients contain a plethora of information. We have
organised it as follows:

o Figures 4, 5 and 6 show eq. (5.2) for the NLO SM corrections as well as corrections
appearing at LO and NLO in SMEFT when the choice C; = 1TeV~2 is made.
They also show the large-m; limits of the NLO corrections in cases where top-loops
contribute, and group the coefficients such that those appearing solely due to the
choice of renormalisation scheme appear on the far right.

e In tables 3, 4 and 5 we show the size of the NLO corrections to the SM and SMEFT
coefficients which appear at tree-level in the different schemes, for the default scale
choices.

e In appendix B, we give results for the numerically most important contributions to
the decay rates at LO and NLO in the SMEFT expansion, including uncertainties as
estimated from scale variations.

The following subsections serve to explain and highlight the most noteworthy patterns
emerging from these results.

5.1 W — fv decays

The tree-level decay rate for W — 7v decays, written in terms of vy, takes the form

4,0 6,0 My M3 3
r(0 L rie0 _ ZW W (1 + 21;%0}[2) . (5.3)
1271' UT 33

Renormalisation-scheme dependence thus enters the result through the counterterms for
My and vp.

The NLO decay rate is calculated by evaluating virtual corrections such as those shown
in figure 3, and then adding together with UV counterterms and real emission diagrams with
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Figure 3. Representative virtual corrections for W decay into leptons at NLO.

an extra photon in the final state to get a finite result. The size of NLO SM corrections in
the different schemes is easily understood using the large-m; analysis in section 3.2. In that
limit, the NLO corrections in the «, scheme vanish, while those in o scheme are roughly
—3.4%, a pattern which agrees well with the full results in table 3. The SM LEP scheme
corrections in the large-m; limit are

(1+0.02) , (5.4)

120 v? 2 Cou 127 o2

My M2, ( .38 Ap§4’1)> N M,
Iz Iz

2 Cow vz

so that the NLO correction is again very close to the result in the table. Note that in
eq. (5.4) we have consistently expressed all powers of the W mass in terms of MW, whether
they come from the 2-body phase space or directly from the amplitude, which accounts the
factor of 3/2 compared to eq. (3.28). Absolute values of the decay rates at LO and NLO are
given in appendix B.1. In that notation, one finds the following ratios in the SM at NLO

F%VNLO Flﬁ;:ll\?LO
co - =0.992, g =1.003. (5.5)
W,NLO W,NLO

The first ratio agrees quite well with the estimate Gg}ao

is consistent with the estimate (MJF©)3 /M3, using eq. (4.6). Once the NLO corrections

/GF using eq. (4.3), while the second

are included the results between the schemes show (better than) percent-level agreement.

In figure 4 the corrections in SMEFT are shown. The absolute size of the SMEFT
corrections is determined by the choice C; = TeV 2. For that choice, SMEFT contributions
are suppressed by v2 x TeV 2 ~ 6%, and are anywhere between 10% to below per-mille level
of the SM tree-level result depending on the coefficient. The NLO SMEFT results contain a
large number of Wilson coefficients. We have organised the coefficients in figure 4 such that
those appearing only due to the renormalisation of vy or My, up to NLO are separated out
onto the right part of the figure, while those appearing also in the bare matrix elements
or wavefunction renormalisation factors and thus common to all schemes are on the left.
In the «, scheme the coefficients Avﬁﬁ’l’“ ) appearing in eq. (3.5) have a large overlap with
those appearing in W-boson couplings, and as a result only four-fermion coefficients as
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Figure 4. LO and NLO corrections A?/V(i;j;j), as defined in eq. (5.2), for the decay W — 7v in the
three schemes. Note that “NLO” in the legends only refers to the NLO corrections and that we
write superscripts in the Wilson coefficient names as Cpq3 = C’S’;. The flavour indices ¢ and j
run over values j € 1,2, and i € 1,2,3. Operators which appear only through counterterms in a
particular scheme are shown on the right. The dashed lines indicate the large-m; limit of the NLO
corrections. For operators appearing at LO the orange triangles indicate if the sign of the NLO

correction is the same as (triangle pointing up) or different from (triangle pointing down) the sign
of the LO contribution.
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well as those that modify Z couplings to leptons, Cgl) , with 7 = 1,2, are particular to that

scheme. In the o scheme, on the other hand, the rerjl(])rmalisation of vp brings in sensitivity
to coefficients related to the renormalisation of Mz and e, which are listed in egs. (3.3)
and (3.4). The LEP scheme is sensitive to the full set of coefficients contained in Ar,
through the renormalisation of My, and therefore contains the overlap of the coefficients
in the other two schemes. Taken as a whole, the number of Wilson coefficients contributing
at NLO for the central scale choice is 39 in the LEP scheme, 35 in the a scheme and 25 in
the o, scheme.

As in the SM, the numerically dominant NLO SMEFT corrections are related to top-
quark loops. In the o and «, schemes, the scheme-dependent corrections in the large-m;
limit are nearly all contained in the factors Ky given in egs. (3.15), (3.17). For the default
input choices, the SMEFT contributions evaluate to

KGO0 | 0 2 3 ( — ¢ (1 +0.0193) + 0.0193C) ) +C y (140.0)
Pt 1221

)

Ji 7733

V2K S0 4 k81 = 211,740y p (1 — 0.0275) + 3.73CHw 5 (1 — 0.0354)

+0.206 (C}})I - CHU> —0.0674C) — 0.0727C, 5 — 0.0334CuW] :
33 33 33

33 33
(5.6)

For coeflicients appearing at LO, the NLO corrections are the second term in the parentheses,
facilitating a comparison with table 3. Results also for coefficients first appearing at NLO
can be found in eq. (B.3) and eq. (B.5). We see the large-m; limit corrections are a good
approximation to the full ones. Interestingly, for the coefficients appearing at LO, there is
no large hierarchy between the size of NLO corrections in the o scheme compared to the
o, scheme, even though the analytic result for KI(,g’l’a) contains 4 (3) inverse powers of s,

in the case of Cyp (Cywp). In fact, the largest corrections are from Cg; and Cyy, which

3 33
appear only due to the scale-dependent logarithmic terms from eq. (3.16). This illustrates

the important point that, unlike the SM, the NLO corrections are strongly scale dependent
in SMEFT.

The SMEFT corrections in the LEP scheme can be derived from results in the «, scheme
using eq. (2.33) to write My in terms of Myy. The expansion coefficients arising after
converting the factor of M3, in the large-m; limit, K&?’j’“), were given in egs. (3.29), (3.30).
In order to calculate the decay rate one must also write the factor of My, arising from
2-body phase space in terms of Myy. We have checked that after doing so the large-m;
limit corrections to the coefficients appearing in IA{W are a good numerical approximation
to the full ones.

In addition to the corrections related to the flavour-independent corrections, there are

also contributions from the coefficient Cgl) , which specifically modifies the 7vW coupling.

33
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W — v SM CHD CHWB CSI) C 1 Cgl)

jj 1221 33
o —-42% -1.7% -3.0% — — 2.2%
a, | -03% — —  25% —02% 2.2%

LEP 2.0% 8.1% 32%  51% 25%  4.6%

Table 3. NLO corrections to prefactors of LO Wilson coefficients in the three schemes. Negative
corrections indicate a reduction in the magnitude of the numerical coefficient of a given Wilson
coefficient. The flavour index j refers to j € 1, 2.

LEP(

The large-my limit correction to Ay} 5D que to this coefficient is given by

2 A
—28pM ) <1 +2In “2> (1+3A5") . (5.7)
33 mi ’

The corresponding results in the o and o, schemes are obtained from the above by setting
A%’; ) to zero. Numerically, one finds that the NLO corrections to C’Sl) are about 4% in the

LEP scheme, and 2% in the o and «, schemes, in rough agreement W?i)%h table 3. Compared
to the other schemes, the NLO corrections to the coefficients appearing at tree-level in the
LEP scheme show a rather irregular pattern due to the complicated dependence on the
Weinberg angle.

While the size of the NLO corrections studied above is rather scale dependent, the
sum of the LO and NLO contributions is independent of the scale (up to uncalculated
NNLO terms in the SMEFT expansion) and is thus much less sensitive. To study this
effect in detail, in appendix B.1 we give numerical results in the three schemes including
scale variations at LO and NLO. It is seen that in SMEFT, the dominant NLO corrections
are typically within the uncertainties of the LO calculation as estimated through scale
variations, and that the scale uncertainties in the NLO results are substantially smaller
than in the LO ones.

5.2 h — bb decays

The tree-level decay rate for h — bb decay is given by

6,0) Smth

(4,0)
Pup T 0 = 8mv2.

hbb

1+ U% (QCHD - ECHD — \@UTCdH)] . (5.8)
2 my 33

The decay h — bb has two important differences with respect to the decays W — v and
Z — 0l (to be discussed in section 5.3). First, we retain the b-quark mass and, second, the
strong coupling as(p) plays a role in the results already at NLO. The Higgs mass My, is
evaluated on-shell, but the NLO corrections do not involve its counterterm since it appears
through phase space rather than through the amplitude. Therefore, the input-scheme

dependence to NLO arises mainly through the counterterm for vp.!!

HResults in the o, and LEP scheme differ because one must eliminate My in favour of ]\7[W in the NLO
SM correction, but this is a small effect numerically.
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h — bb SM  Cwo  Cup Can Cuws Cf Cy
33 jj 1221
NLO QCD 20.3% 20.3% 20.3% 20.3% 20.3% - -
« NLO EW -5.2 % 2.1% -11.0% 4.2%  -6.7% - -
NLO correction | 15.1% 22.4% 9.3% 24.5% 13.6% - -
NLO QCD 20.3% 20.3% 20.3% 20.3% - 20.3%  20.3%
a, NLO EW -0.8 % 2.1% 2.0% 1.9% - 0.9% -0.8%
NLO correction | 19.5% 22.4% 22.3% 22.2% - 21.2%  19.5%
NLO QCD 20.3% 20.3% 20.3% 20.3% - 20.3%  20.3%
LEP NLO EW -0.7 % 2.1% 1.6% 1.9% - 0.7% -0.9%
NLO correction | 19.5% 22.3% 21.9% 22.2% - 21.0% 19.3%

Table 4. NLO corrections to prefactors of LO Wilson coefficients in the three schemes, split into
QCD and EW corrections. The flavour index j refers to j € 1, 2.

The decay h — bb receives both QCD and EW corrections at NLO. The two effects
are additive and to study the EW input scheme dependence of the results it is useful to
quote the QCD and EW corrections separately, as in table 4. To this order, the QCD
corrections are scheme independent. In the o scheme the EW corrections are rather large
and depend heavily on the Wilson coefficient considered, ranging from -11% to 4% and thus
inducing significant shifts to QCD alone, while in the «, and LEP schemes the corrections
are smaller are more uniform.

We can understand the qualitative features of the NLO EW corrections using the
large-m; limit. To this end, we use eq. (3.19) to write the NLO decay rate in this limit as

s _ 3mi My, 2 ( 1-(6,0) (6,0,0) 1 (4,1) (4,1,0)
W T e [1 +02 (K + K + o (B3 + Ky )
+ K+ AK,(f’l’“)] : (5.9)
(6,0)

where K, is the SMEFT contribution in eq. (5.8), and the scheme-dependent part of the
NLO SMEFT correction is

AR = g§0) 4o D RGO %S;Kg‘;mc%g . (5.10)
Large-m; limit results in the a scheme have been given previously in [58], while those in
the ay, scheme can be extracted from [70]. We make use of those results in what follows,
thus employing the “vanishing gauge coupling limit”, which in this case amounts to taking
the limit My, < M}, in addition to m; — oo. The LEP and «,, scheme results are identical
in this limit.
In the SM, the scheme-independent NLO correction in the large-m; limit is given by

1 1 7(N, — 3
U—QK,(f’l) = ﬁApﬁ‘“) (1 + (3)> ~ 0.003 . (5.11)
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It follows from the discussion in section 3.2 that the large-m; limit corrections in the o,
(hhe) ~ —3.4%.
Clearly, this mimics the features of the exact NLO EW corrections given in table 4.

scheme are tiny, while those in the o scheme are well approximated by Ky,

In SMEFT, the scheme-independent'? NLO correction in the large-my limit is given by

i o (1 4+ 61 2/ MW (7 4 6L,) Cyr + 4 (1 + 6Ly) O
0 HD (=14 6L¢) + - (=7+6Ly) Cu +4 (1 +6L¢) g
3_ o (<14 10L) Cypr + . (5.12)
Tavam
where L; = In(u?/m?) and we have set N. = 3. The ... refer to Wilson coefficients which

contain no overlap with those appearing in the scheme-dependent pieces in eq. (5.10). In
the « scheme the numerical value of the NLO corrections at u = My, is

1

U72 (K}(Lﬁ’l) +AK}(L6,1,Q))

= { — CHD(l.G + 9.7) + (0.0 — 17)CHWB

~ (3.7 +6.8)CF) + (0.0 — 8. 8)(Cpy — CHo) + (0.0 = 3.1)Cup + (—4.6 + 0.42) Cuy

5 o 33 33
2
V2 (1.8 + 1.7) CdH} x 10724 ..., (5.13)
mp 33
where the ... refer to coefficients not appearing in AK ,(16’1’&), and the order of the numbers

inside the parentheses multiplying the Wilson coefficients on the right-hand side of the
above equation matches the order of the two terms on the left-hand side. In most cases

(6:1.9) Jominate over the scheme-independent

the scheme-dependent parts contained in AKy;
ones. For coeflicients not appearing already at NLO, one can verify that the results above
are close to the exact NLO results in eq. (B.12). Combined with the LO result in eq. (B.11),
one infers NLO EW corrections of —9% for Cyp, —5% for Cyw g in the o scheme. In the

o, scheme, one has

2AK,§671’“) {0 6C 4y + > [ 0. 9(1}{2 +0.3¢® ]} x 1072, (5.14)

Y 1221 9o 3333

Contributions from Crwp are completely absent in the o, scheme, while the NLO EW
correction to Crp from the above result and eq. (B.13) is 3% in the large-m; limit. This
explains the pattern of results seen for these coefficients in table 4. It makes clear that

in this case factors of Ky (3.5,0)

work much the same in SMEFT as in the SM, producing
sizeable NLO EW corrections compared to the «,, scheme.

The full set of NLO corrections in the different schemes is shown in figure 5. In the
numerical results in appendix B.2 we follow [58] and leave in symbolic form enhancement
factors of my, /v, which disappear when Minimal Flavour Violation is assumed. We have not

done this in the figure, which explains, for instance, the very large contribution from Cyy.
33

121p fact there is mild dependence on the scheme through the numerical value for v,-.
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In contrast to the case of W decay, in some cases there are large differences between the
large-m,; limit and full corrections; this occurs when a Wilson coefficient receives both EW
and QCD corrections, the latter invariably being the larger effect. From the perspective of
EW input-scheme dependent corrections, the most important feature of the figure is the
number of Wilson coefficients appearing. In particular, there are far more in the o scheme,
42 in total, than in the o, or LEP schemes, both of which receive contributions from the
same 29 Wilson coefficients. The main reason is that the renormalisation of vr in the «
scheme involves the large set of flavour-specific couplings to fermions identified given in
eq. (3.3), while in the o, and LEP schemes My does not enter the tree-level amplitude and
many of these coefficients are therefore absent.

5.3 Z — £f decays

The tree-level decay rate for Z — 77 decay, written in terms of vy, takes the form

2 2
F(Z4;2) +F(6,O) My { [MQZ (1 _ UTCHD)] (954,0) +U%g£6,0))

VA % v 9
+ 202 [CQw (C}}} + CS’}) — 252 Clye ] } , (5.15)
33 33 33

where

g(4’0) =1- 43121} + 8st ,

T

g1 =2 (1-452) (2Cup + 2cu5uCriws) - (5.16)

The term inside the square brackets in the first line of eq. (5.15) is independent of the
fermion species into which the Z decays and was considered in eq. (3.20). The function
gr depends on the charge and weak isospin of the 7 lepton, and the terms on second line
are specific to Z77 couplings in SMEFT. The LO decay rate depends on the full set
of parameters My, Mz, vy, and so scheme-dependent corrections involve the full set of
coefficients identified in section 3.1.

The NLO decay rates in the three schemes are shown in figure 6. In the o scheme the set
of coefficients appearing in the renormalisation of vp is the same as that for renormalising
My and Myy, so it does not introduce any unique coefficients at NLO. In the LEP and
oy, schemes, on the other hand, the renormalisation of vy introduces a set of 4-fermion
coefficients shown on the right-hand side of the figure that would not otherwise appear in
the decay rate. In this case the number of coefficients appearing at NLO is quite large: 63
in the a scheme, and 67 in the o, and LEP schemes.

In order to understand the dominant corrections we study the large-m; limit. Let us
first consider the corrections to the SMEFT coefficients specific to Z77 couplings, given in
the second line of eq. (5.15). In order to evaluate them in the three schemes, we can use

2

R 2
AMSD = AMS = —Ap*D I :T +.o, (5.17)
t
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Figure 5. As in figure 4, but for the decay h — bb.
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where the ... signify tadpole contributions which cancel against those in the bare matrix
elements. Along with the LEP scheme result

A2
Asthbn = _ Sw ApAD & _0.7Ap0 & —0.48581) (5.18)

w,t 20211)

it is then easy to show that in the large-m; limit we can replace the tree-level expressions
involving Cg. by
33

- Ap§4’1)> ~ M%s?vcg,?f (1+0.06) ,

2.2 2.2 1 |e Mz
MstCHe —>M28wCH€ 1+7 7121] —211172
33 33 L | Sw mi

2
w

. 1 é 2
M3s%Che — M382Ch. (14 = |- — 2 2
33 33 vi | Cow m?

Ap§4’1>> ~ M%gfucgf (140.01),
(5.19)

where the first result is for the o, (or a scheme after © — «) and the second line is for the
LEP scheme. The results are a good approximation to the exact ones shown in table 5.
The fairly large difference between the LEP and «, scheme makes clear that the corrections
can be quite sensitive to the exact dependence on e.g. s,, in the tree-level results. We have
checked that the corrections to the remaining coefficients appearing in the second line of
eq. (5.15) are also well-approximated by the large-m; limit.

The NLO corrections related to the first line of eq. (5.15) are more complicated. To
study them, we first note that the large-m; limit corrections to the function g, can be
written in the o and o, schemes as

1 . -
gr = g% 02900 4 gD - gO 4 (KPP — KEIIGS0) L (5.20)

g

The scheme-independent function gg’l) is obtained by replacing s,, — s,(1 + As,,) and

isolating the SM corrections; it thus reads
gD = 462 (1 — 452)Apl*Y . (5.21)

(6,1)

The function g; " is obtained in the same way, except for in that case one must also include
corrections from Z — « mixing to get a finite and tadpole-free result. The explicit result is

g6l — _19&6,0)1 “2 + gD ( Cnws QCH 2\[ )
wSw My 33

2 CwSw 33
— 12e00 05" ) (2Cup + 2005uCrw) (5.22)
where
28, M, 5)
960 = —4gU | Cyp + 22 Oy + 20(1) —2CHu — C w W (CwCuB + SwCuW> } :
Cw a 33 Co My 33 3 33
(5.23)
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We can now obtain the NLO corrections to the first line of eq. (5.15) in the large-m; limit
in the o scheme through the replacement
M?2 2 M?2 1
TQZ (1_712TCHD> (97(_4,0)_|_U%g£6,0)) . TQZ (g$4,0)+v§K(Zﬁ,o,a)+v2K(Z4,1,a)+K(ZG,1,a)) 7
T «a [e%
(5.24)

where the coefficients Kz are obtained by expanding out egs. (3.20) and (5.20). The SM
result in the o scheme is then given by

I @1, 1 4,1, 4,1
954,0) + vﬁK(Z o) _ 954,0) + = (954’0)Kt(/v a) +g$4’0)k(z )+g§4’1)>
(0% (6%
~ g§4’0)(1 —0.034 + 0.009 — 0.006) , (5.25)

where the order of numerical terms on the second line matches the first, and g£4’0) ~ 0.51.

In the o, scheme K‘(,é’l’”) = 0, and in the LEP scheme one replaces g$4’1) — —% (1)

—0.409&4’1). This accounts for the SM corrections in the o and «y, schemes given in table 5,
which as in Higgs and W decay follows the pattern identified in section 3.2.

Turning to SMEFT, the LO corrections in the o scheme are contained in

(0% o C
K(z&O’ ) _ g$4’0)K$’0’ ) _954,0) I;D —i—g$6’0)
~ g@O K80 _0.95CHp + (0.17Chp + 0.18CHW B)
~ 0.80Cyp +2.0Cywgs, (5.26)

where the order of the terms on the second line matches that in the first. In the «
scheme one replaces o — p in the above equation; in that case it is clear that the tree-level
contributions from C'yp and Cgwp are quite small, since KI(,S’O’“ ) contains neither of these
coefficients. At NLO in SMEFT, we can write

Kt = kY + AR (5.27)
where the first term is independent of the scheme. In terms of component objects, one finds

AK(267170) — 95_470)[(‘(/‘6/7170') + 297(.470)[(&6/,070-)]{?71) + 2g7(_4,1)K‘(/[6/7070) ,
6,1 6,1 4,1 6,0
G = g0 4 o614 gBOEGY 4 gD B0 (5.28)
One can use explicit expressions for the component functions given above to evaluate these

numerically. As an example, let us consider the contributions from Crxwp and Cxp in
the oy, scheme. These are contained solely in the scheme-independent factor, which at the

scale u = My
L 61
TKZ = —0.049Cyp — 0.042Cxrwp + ... (5.29)
v
“w
where the ... refer to contributions from other C;, which are less than 1% in the units

above. Comparing with the second line of eq. (5.26), this implies NLO corrections of 60%
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for Cyp and —20% for Cyw g, which are indeed close to the huge corrections in the exact
results in table 5. In the o scheme these coefficients also contribute through the scheme
dependent piece. The numerical result is

1 a
U—QAK(ZG’I’ ) = —0.027Cp — 0.064CHw 5 (5.30)
+ g9 0.17CY) — 0.17Cy, — 0.067C};) — 0.061C, 5 — 0.023C,yy
33 33 33 33 33

Even though the contributions on the first line contain up to four (three) inverse powers
of s, in the case of Cyp (Cywp), there is no clear hierarchy compared to the scheme-
independent pieces in eq. (5.29). Combining them with the LO numbers in eq. (5.26), we
account for the pattern seen in table 5. Clearly, this pattern is quite complicated and is
not driven by the scheme-dependent factors Ky as in the SM. On the other hand, the
coefficients on the second line only appear through KI(/‘G,’LO‘), and as seen from the exact
results in eq. (B.18) we see that this factor indeed absorbs the dominant corrections from
them, much like K&Y in the SM.

The LEP scheme results can be obtained from those in the o, scheme by employing
eq. (2.36). In the large-m; limit the only non-trivial conversions are on the functions g,
which contain My dependence already at tree level. For instance, calling the LEP-scheme
functions §,, we have the LO SMEFT result

~(6,0) _ 2\ CorS [ 1 (6,0,11)
gy = 4(1 — 4s%) =Cup + Cuwp — Ky, , (5.31)
Cow 2 CwSw

and the LEP-scheme version of eq. (5.26) becomes

~(6,0, ~ 6,0, ~ CHD A
(Z m _ 954’0)K£v r) — g0 ZHD L 5(6.0)

2 T
~ —0.29CyHp — 0.21Cmwp — 059 [ S €W —C y | . (5.32)
j=1.2 jj 1221

Compared to the «, scheme, the LO result for the coefficient Cyp is significantly larger,
)

explains the pattern for those coefficients seen in LEP scheme results table 5. The result for

and those from the operators contained in K‘(,S’O’“ are slightly smaller, which roughly
Crw B is slightly increased, but remains small and for that reason still receives a substantial
NLO correction.

We have derived the complete large-m; limit results and verified that they provide a
good approximation to the full one, but the explicit expression for the function g&ﬁ’l’“ ) is
somewhat lengthy and we do not reproduce it here. In section B.3 we show detailed LLO
and NLO results including uncertainties estimated from scale variations. It is clear that in
cases where the NLO corrections are large, namely for certain operators in the o, and the
LEP schemes, the uncertainties are underestimated, while in the a-scheme the uncertainty
estimates are more reliable. This example highlights very clearly that the issue of NLO
corrections in SMEFT is considerably more scheme and process-dependent than in the
SM. The general rule that NLO corrections to weak decays are smaller in the LEP and o,
schemes than in the a scheme familiar from the SM does not transfer over to SMEFT.
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Figure 6. As in figure 4, but for the decay Z — 77.
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Z =TT SM Cup Cawp  CHe Cgl) Cg’z) CSI) Cu
33 33 33 7j 1221

o —-4.0% -10.6% —54% 7.7% 03% -0.5% — —
ay <01% 71.1% -272% 7.6% 0.1% —-0.4% 29% 0.6%
LEP 1.0% 7.8% 174%  2.0% 4.7% 42% 6.9% 4.5%

Table 5. NLO corrections to prefactors of LO Wilson coefficients in the three schemes. Negative
corrections indicate a reduction in the magnitude of the numerical coefficient of a given Wilson
coefficient, while < 0.1% indicates changes below 0.1%, both positive and negative. The flavour
index j refers to j € 1, 2.

6 Universal corrections in SMEFT

A recurring theme of the previous sections was that EW corrections are dominated by top
loops. While the numerical patterns in EW input-scheme dependent top-loop corrections
in the SM are quite regular, those in SMEFT are more process and Wilson-coefficient
dependent. The purpose of this section is to show that the dominant scheme-dependent
EW corrections in SMEFT can nonetheless be taken into account by a certain set of simple
substitutions in the LO results, similarly to the well-studied case of the SM.

Let us begin the discussion with the SM, where an important feature is that weak vertices

1)

. . . . 4 .
in the o scheme receive corrections proportional to Ar; ", related to the renormalisation

of vr. It is simple to resum such corrections to all orders in perturbation theory. Using
the large-m; limit result in eq. (3.10), and keeping for the moment only the Art(4’1) terms

i.e. terms enhanced in the limit ¢ /s2 > 1, in which case the AMyy; piece is subleading),
w w )

we have
11 1 1 1 1 2
Lol h b Argw] < Ll Lagoy L a0y
Vo U4 V1) v2 v2 aVT0
1 1 B
== [1 - 2Ar§4’1)} = . (6.1)

This resums the Ar§4’1) terms to all orders. Adding back the subleading terms away from

the double limit my, ¢2,/s2, > 1 by matching with the one-loop result yields

1 1 1 41, (4,1)

Expressing the counterterm for vp as an expansion in 9, rather than v, will obviously lead
to a quicker convergence between orders. For example, the SM prediction to NLO for the
derived quantity G in such a “& scheme” is
1
72

1
ey - L
“ V202

Numerically, including uncertainties from scale variation using the procedure described

[1 + (Ar(4’1) - Ar§4’1))] . (6.3)

in section 4,

LO NLO
B8 —1.00019997 BE— (.99470:900 (6.4)
GF GF
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where G2 refers to the first term in eq. (6.3). This shows considerably improved convergence
compared to the fixed-order o scheme expression in eq. (4.1), and scale variations in the
LO result give a good estimate of the NLO corrections.

To the best of our knowledge, a resummation of the type described above was first
derived in [71], at the level of the W-boson mass in the LEP scheme (and also including
subleading two-loop terms in the limit s,, — 0). In that case, similar reasoning using
eq. (2.20) as a starting point leads to the resummed LO prediction

—~\ 2 B M2 47TOK’U2
ML0> =MZ="2|1+ |1- K . (6.5)
( v Y2 M3 (1- HarfY)
I

The NLO result within the resummation formalism, modified to avoid double counting, is

- 132 1
MNLO My ll _ 2?Af(4,1)] , Af(él,l) — A?“(4’1) _ AT§4’1) ) (66)
C 'U
1

Evaluating numerically and including uncertainties from scale variation leads to
MO = 80.331013Gev, MO = 8044700 Gev (6.7)

which again shows improved perturbative convergence compared to the fixed-order results
in egs. (4.5), (4.6).

Resummations are especially useful for derived parameters, which are known to a high
level of experimental and perturbative accuracy. However, when viewed as a subset of
corrections to EW vertices contributing to scattering amplitudes or decay rates in a specific
input scheme, the corrections beyond NLO contained in the resummed formulas are typically
negligible compared to process-dependent experimental and perturbative uncertainties. For
instance, the central values of the LO resummed results in egs. (6.4), (6.7) can be split up as

o,

F.a

——— =1.034 — 0.035 4+ 0.001 = 1.000,

Gr

MEO — (79.82 4+ 0.54 — 0.03) GeV = 80.33 GeV , (6.8)

where in both cases the sequence of three numbers after the first equality are the fixed-
order LO, the fixed-order NLO correction, and the beyond NLO corrections, respectively.
Clearly, the NLO expansions of the resummed formulas approximate the full results at sub
percent-level precision, so a fixed-order implementation suffices for practical applications.

Universal NLO corrections to weak vertices implied by resummation can be obtained
through a procedure of substitutions on LO results. The remaining, non-universal NLO
corrections need to be calculated on a case-by-case basis, but these are typically small com-
pared to the ones already included at LO through the aforementioned substitutions. While
such procedures for universal corrections are well known in the SM (see for instance [72]),
we give here a first implementation within SMEFT. Step-by-step, it works as follows

(1) Write the LO amplitude in terms of vy, My, and My = My /cy.
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(2) Make EW-input scheme dependent replacements on the LO amplitudes. In the « or
o, scheme, these read

1

(6,0,0) L(&M) 1
2 + ’
UO’

2 w (6,1,0)
1+ v Ky 2 T Ew

o
[ea

Stof =

1
s?u — S?U <1 — v—zAr,§4’1) + Av§6’O’U)Ar£4’1) — 2C§;Ar§4’1)> ,

33
2 =2 (1 — U%Ap?’” + Av§6’O’U)ApE4’1) - QCS()]Apgﬂ"l)) , (6.9)
o 33

where as usual o € {a, u} and the Ky are given in egs. (3.15), (3.17).

In the LEP scheme, make the above replacements with ¢ = p in the LO amplitude.
Subsequently, eliminate My in favour of My using eq. (2.33), in both the replacements
and everywhere else in the LO observable (so that factors of My related to phase
space are also taken into account).

(3) Expand the resulting expressions to NLO in a fixed-order SMEFT expansion before
evaluating numerically.

We shall refer to results obtained from the above procedure as “LOk” accurate.

In the SM, the substitutions in eq. (6.9) are sufficient to capture NLO corrections
proportional to Ar§4’1). Beyond that, writing Mz = My /c,, before performing the shifts
ensures that the large-m; limits of both W and Z decay are reproduced. In SMEFT, the
substitution for vy is motivated by eq. (3.19), which splits the counterterm for vr into
a “physical”, pu-independent order-by-order in perturbation theory and tadpole free part,
Ky, and an “unphysical” part, which is tadpole dependent and divergent. The physical
part captures the most singular large-m; corrections as s,, — 0 in SMEFT, as well as
p-dependent logarithms. The substitutions for s,, also capture such pieces of its counterterm,

including a piece proportional to C’I(L?; which is easily shown to be proportional to the NLO

SM result. Finally, in both SMEFS% and the SM, the shift for ¢, is chosen to maintain
s2 +c2 = 1. While eq. (6.9) is not unique, other reasonable choices would differ only by
terms proportional to Ap£4’1) rather than Art(4’1) and thus agree with the above to roughly
the percent level.!?

In table 6, we compare various perturbative approximations to heavy-boson decay rates
in the SM within the o and LEP schemes, in each case normalised to the NLO result in
the oy, scheme at the default scale choice. The LO and NLO results refer to fixed-order
perturbation theory, NLO; refers to the large-m; limit of NLO, and LOg refers to the sum
of LO and NLO corrections obtained through the above procedure. For the case of W and
Z decay in the « scheme, the convergence between LOg and NLO is greatly improved

compared to pure fixed order, and varying the scale in the LO g results gives a good estimate

13Substitutions for SMEFT vertices involving photons need to be considered on a case-by-case basis. For
instance, a QED-type vertex in the a and LEP schemes is proportional to e and spurious corrections would
be generated through the substitution procedure outlined above.
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W — v Z =TT h — bb

o LEP o} LEP o LEP

NLO [ 0.99270:091 1.00370:0950.99270091 1.00270:095 | 0.99170:991 1.00075-99

+0.007 +0.005 +0.007 +0.002 +0.007 +0.001
NLO; || 1.00173997 1.003+9:992 | 1.002+9997 1.003+9992 | 1.013+3997 1.011+399}

LO |[1.03673998 0.983+0:99511,03470:008 .993+0.001 11 045+9-097 1.008+9-901

40.007 +0.005 +0.007 40.002 +0.007 +0.001
LOx [1.001+9997 1.00379:99%11.002+3:997 1.00379:99211.010*3:997 1.008*9:99!

Table 6. SM results in the a and LEP schemes. For each process, the results are normalised to the
SM NLO results in the o, scheme.

for the residual corrections contained in the full NLO result. Also in Higgs decay LOg is a
marked improvement over LO, although in that case the results in all schemes are subject
to a roughly -1% scheme-independent correction which is unrelated to the large-m; limit
and not captured through scale variations.

We next turn to SMEFT, focusing on cases where LOg results involve corrections

proportional to Ar§4’1)

. In table 7 we show heavy-boson decay rates in SMEFT in the
« scheme, listing the prefactors of Wilson coefficients appearing in K‘(,S’l’a). In this case,
the NLO; (but not LOg) results use the large-m; limit of eq. (4.4) for scale variations
of the Wilson coefficients. We see that also in SMEFT, the LOg description improves
perturbative convergence compared to pure fixed order, taking into account especially the
dominant scheme-dependent corrections. This works best for W decay, where the central
values of LOg reproduce the NLOy results by construction, and perturbative uncertainties
are reduced compared to LO while still showing a good overlap with the NLO results. In
Higgs decay, Wilson coefficients that receive significant scheme-independent corrections as
shown eq. (5.12), such as Cyyy, display the biggest deviations from the NLO; and NLO
results at LOg accuracy, altﬁgugh scale variations generally give a good indication of the
size of the missing pieces. The case of Z decay is similar, although in contrast to Higgs and
W decay the form of the LO amplitude in eq. (5.15) implies that the shifts of s,, in eq. (6.9)
also play a role. This latter effect is even more important in Z decay in the o, scheme;
as shown in table 8, LOg accuracy largely takes into account the very large corrections
to Cgp and Crwp (as well as the more moderate but still significant corrections to Cpz)

33
seen in table 5. The LOg results for Higgs and W decay in the o, scheme, and for all
decays in the LEP scheme, show similar levels of improvement as the cases discussed above
— detailed tables can be found in appendix C.

7 Conclusions

We have performed a systematic study of three commonly used EW input schemes to NLO
in dimension-six SMEFT. After introducing a unified notation which makes transparent the
connections between the «, o, and LEP schemes, thus facilitating both NLO calculations in
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W — v CHD CHWB C}j; CHu Cg; CuB CuW
33 33 33 33 33

NLO |[1.71370:0%913.62170-009 | —0.0790-015 | —0.19575:03810.172775-099 [ —0.0725-098 | —0.03270-500

0.000 0.001 0.019 0.034 0.000 0.005 0.004
NLO; | 1.6947500013-60170 008 |—0-06710 061 | —0.206 150551 0.206 020 | —0-07370 600 | —0.033 10 000

LO  |[1.7427012013.733+0-13L1 0.00079:99% | 0.00070152 10.000%9183 0.00075:956 | 0.000+3929

0.016 0.021 0.011 0.029 0.000 0.007 0.005
LOk |[1.6947003513.60110:051| —0.067 0000 | —0.206 0 550 10.206 70099 | —0.073 5000 | —0-03370 600

h — bl; CHD CHWB Cl(f?; CHu CS; CuB CuW
33 33 33 33 33

NLO [1.106%0:992|3.4820:002| —0.11675:020 | —0.079F0:93310.05875:9% | —0.030 3098 | —0.04075:559

NLO; ||1.12973:99213.56070:9%5| —0.10510-930 | —0.08875:52810.088 75052 | —0.03170-005 | —0.04270-99

LO  |[1.24270:08913.733+0-1281 0.000%9-112 | 0.00070182 |0.000%9188| 0.00079:95 | 0.000+9994

LOk [1.1347009113.536 70054 —0.0687 01201 —0.088F0:93410.0885:990 | —0.031 13997 | 000475935

Z - C C c® Chru oW C, C,
TT ap awE Hq 3 g 45 9

NLO | 1.40670:092(3.86770:09% ] —0.07473:004| —0.14373:93810.1175:099 | —0.0655-997 | —0.016 75-008

NLO; |[1.419%3:99213.876+9:9941 —0.06179:95 | —0.1565:92710.15675-092| —0.067+ 3996 | —0.019+3-997

LO  |[1.5737010914.088+0144] 0.0009:99% | 0.000*3182 |0.000%9:172| 0.00079:972 | 0.000+39%4

0.000 0.030 0.008 0.050 0.000 0.012 0.007

LOxk [1.42670099]3.87070 030 —0.0611 5005 | —0.17370-0950.17370 695 | —0.06 170 055 | —0.023 0067

Table 7. The numerical prefactors of the Wilson coefficients in the a scheme appearing in K $,1,a)

for various perturbative approximations. The tree-level decay rate as well as v2 have been factored

out and the results have been evaluated at the scale of the process. We show the results for W decay
(top), h decay (center) and Z decay (bottom).

Z - c® c® c c® c c Cre
" Hl g 13h1 Ha HD HwB s
NLO [ —1.02975-9910.01575-99 110065999 |0.006 75999 | —0.289+9-99910.258+0-003 | _1.897+0-90¢

NLO; | —1.02173:99810.01579:95411.0065-9210.006+5-999 | —0.266 75098 |0.2725-092 | —1.864 70993

LO |[—1.0005:91210.00015:92611.00073:59410.00079:951 | —0.16979-511 [0.35570:912| —1.764+-546

LOk | —1.02173:91210.015+9:99911.00679:994 10.006 7399 [ —0.26079-917 |0.267+0:999 | —1.838+0-048

Table 8. The numerical prefactors of the Z decay SMEFT Wilson coeflicients in the «,, scheme
appearing leading to dominant corrections at various perturbative approximations. The tree-level
decay rate as well as UZ have been factored out and the results have been evaluated at the scale of
the process.
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the schemes directly or conversions between them, we studied the structure of the SMEFT
expansion in the different schemes. This was done at the generic level in section 3, at the
level of derived parameters such as the W-boson mass in the LEP scheme or G in the
« scheme in section 4, and at the level of heavy boson decay rates in section 5. In all
cases these NLO calculations are either original or generalise previous results to include the
full flavour structure of SMEFT. They will be useful for benchmarking automated tools
for NLO EW corrections in SMEFT, when they become available, and we have therefore
included the analytic results as computer files in the electronic submission of this work.

In the SM, the dominant differences between EW input schemes are mainly taken
into account by NLO top-loop corrections to the sine of the Weinberg angle, s,,. As an
example, for decay rates of heavy bosons, these appear in our formalism through the
renormalisation of the Higgs vacuum expectation value v, and given that such decay rates
scale as 1/ v% a regular pattern of roughly -3.5% corrections in the o scheme compared to
the o, and LEP schemes is observed. In SMEFT, the dominant corrections related to the
renormalisation of vr still arise from top loops, but these involve p-dependent logarithmic
corrections related to the running of Wilson coefficients, in addition to more complicated
dependence on the Weinberg angle than in the SM, and as a result the numerical results
across Wilson coefficients and processes are not nearly as regular. Nonetheless, we identified
the analytic structure of the dominant scheme-dependent NLO corrections in SMEFT, and
gave in section 5 a simple procedure for including these universal NLO corrections in the LO
results. Once these are taken into account, residual NLO corrections in different schemes
are of similar size; these corrections can be approximated by calculating process dependent
top-loop corrections, or eliminated altogether through an exact NLO calculation.

We end with a comment on theory uncertainties and the choice of an EW input scheme
in fits of SMEFT Wilson coefficients from data. Observables in SMEFT exhibit scheme-
dependent sensitivity to the full set of SMEFT Wilson coefficients because input parameters
across schemes are related through SMEFT expansions. However, once a comprehensive set
of observables is combined and dominant scheme-dependent corrections have been taken
into account, there is no strong argument in favour of one scheme or another, and the
consistency of Wilson coefficients obtained from global fits to data in different input schemes
provides a valuable check on the robustness of such analyses.
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A The o scheme at NLO

The o, scheme is defined by the renormalisation condition that the relation in eq. (2.19),

_1
vy = <\/§G F) ?, holds to all orders in perturbation theory. The Fermi constant G is a
Wilson coefficient appearing in the effective Lagrangian

Legr = LqeD + Lgcp + Ly, (A.1)
where
£,u = _2\/§GFQ,LL7 Qu = [DM’Y,LLPL/‘] X [éVMPLVe] . (AQ)

The four-fermion operator ), mediates tree-level muon decay, and radiative corrections are
obtained through Lagrangian insertions of a five-flavour version of QED xQCD, where the
top-quark is integrated out. We will work only to NLO in the couplings, so QCD couplings
will not appear and we can drop the QCD Lagrangian in what follows.

The Fermi constant G is calculated by matching SMEFT onto the effective Lagrangian
above, by integrating out the heavy electroweak bosons and the top quark. In practice,
this is done by ensuring that renormalised Green’s functions match order by order in
perturbation theory, to leading order in the EFT expansion parameter m, /My < 1. The
matching can be performed with any convenient choice of external states. We work with
massless fermions, and set all external momenta to zero. In that case the loop corrections
to the bare tree-level amplitude in the EFT are scaleless and vanish, so the renormalised
amplitude is just given by the tree-level one plus UV counterterms. The main task is thus
to evaluate the renormalised NLO matrix element for the muon decay in SMEFT.

To write the matrix element for the process y — v, eve, we first define the spinor product

Sp = [u(pv,)w Prulpu)] x [a(pe)y” Pro(ps.)] (A.3)

where Pr, = (1 —5)/2 and it is understood that the arguments of the Dirac spinors v and v
are evaluated at p; = 0. Furthermore, we define expansion coefficients of the bare one-loop
amplitude in terms of the bare parameter vy as

2 4,0 2 4(6,0 1 a1 6,1
Abare = ——5 (‘Al(aare) + UT,O‘Al()are) + T‘Al(aare) + ‘Aéare) SM + ... (A4)
VT UTo
The ... in the above equations refer either to spinor structures with different chirality

structure, which we do not interfere with the tree-level SM result and can thus be neglected,
or matrix elements of evanescent operators. Evanescent operators, which vanish in four
dimensions as a result of their y-matrix structure, no longer vanish in dimensional regular-
ization where we work in d dimensions. The definition of the evanescent operators depends
on the definition of the 75 matrix in d dimensions [74]. We choose to define -5 in naive
dimensional regularization, where it anti-commutes with the other v matrices, {5, 7.} = 0.
For the muon decay only one evanescent operator appears in the one-loop diagrams with a
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four-fermion interaction and a boson connecting the two fermion bilinears. It is defined in
the chiral basis as [75]

Pry"y"y P ® Pry, vy Pr, = 4(4 — €)Ppy" P, ® Pry, P + Fr1L, (A.5)

where Pr = (1 + 75)/2 and the ® indicates a direct product of v matrices (as in eq. (A.3)
after removing the external spinors). The scheme choice for the evanescent operators
impacts the finite pieces at one-loop when multiplied with 1/e terms. The evanescent
operator Epj itself can be removed by an appropriate counterterm. The renormalised
amplitude in the o, scheme to one-loop order then takes the form

A= —v% (A“’W) + 02 AGOm) U%A(“’L“) + A“’Vlv“)) Syt ...
o

=—— A.
USMJr (A.6)

m
! 2
2
o
In the second line of eq. (A.6) we have indicated that after imposing the renormalisation
conditions in the o, scheme G does not receive any corrections at higher orders. Expanding
U%,o in eq. (A.4) using eq. (2.18) and enforcing the above equality determines the expansion
(6,3,4)

coefficients Avy, in eq. (2.18). The tree-level results are
AWK — 1 (A7)
AGOm — B L o) 0y — ApEO (A.8)
11 22 1221

This implies that

Al — O 4 )~ 0y (19)
11 22 1221

At one loop, on the other hand, one finds that

a1) 1 41,
i = A8 S, A
61) 1 6,1, 1 4,1,
AvE1m — AGD | 5AZ} B 4 Ap(S0H) <2AZ} 2 Ap(bL )
+0CH +oCl) —6C y (A.11)
11 22 1221

In the above, the JC' are given in eq. (2.6) and we have defined the combination of on-shell
wavefunction renormalisation factors for the external fermions

AZp = AZL+ AZF + AZ + AZ) (A.12)

where the superscript L has been used to indicate left-handed fermions and the AZ; are
expanded as usual

1
AZj = U—QAZ}“’“) +AZE, (A.13)
o
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At one loop, AZy receives contributions from photon graphs, which vanish, and heavy-
particle graphs (Z and W exchanges), which give finite contributions that must be taken
into account. The explicit results for the one-loop coefficients in eq. (2.18) are relatively
compact, and we list them here for convenience. In the SM, one has

M? M2 3M2
1677 Ap{tH) = 7’1 - M3, — £ + N.om? + ﬁAO(Mg) — 2N, Ag(m?)
h w
3M c
+ <9 - ]\42_?\4‘%{/) AO(MI%V) + 3AO(M%) + 3% [AO(MI%V) - AO(M%)]
+ 1672 A0l (A.14)

where the tadpole contribution in unitary gauge is

1672 MEAV ) = QAT 4 AME — 3MEAg(MB) + 8Nam2 Ag(m2)

w,tad
— 12M, Ao(Mi;) — 6M7 Ag(M3) (4.15)
and
2 lLQ
In SMEFT we find
1 2 28 (3 28 3 3 3
1672 Au0 1 — 1 {Mgv (3(;,15_30}{2 -3 0 C,(ql)~l—8011 +80%§+80%I§

12 (o y —C )) 6MEC g +6m? (C}j’}+03> o _c® )]

1122 1221 11 22 1133 2233

C
+167r2AvL4’1’“) (—2Av£6’0’“) + I;D>

C
+ M2 (—CHD + ’;D> +5M§c u

3C Sw
+M5V <—CH|:|_ HD—12—CHWB+1OC§’1)+1OCSZ)+1O (C i _012”21>>
C

+3m2 (M+O§2+C(3)+2C —C% =Cly >

2 11 22 33 1133 2233

Ao(M7)—Ao(My) Chp
]V{Q h w =

oM T e e <CHD 2 >

+oo(t3) (Cif+C -l v vac y )
11 292 1122

1
+6c§,Ao(M§)< Crp— C“) c;2+c<3>+c<3> ( 02>sz>

1221

+A0(mt)<3C’HD 603 — 605’1—120(3)4—60(3 +60(3)>

11 22 33 1133 2233
+16m2 A0 ¢ (A.17)

wn,tad 2
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where the tadpole contribution in unitary gauge is

IGWQM}%AUI(A?;’(?) = +327T2M}%Avl(jéi’$)01{|] — SM{}V (CHD — QCHw)

—8ME M2 (Cyp—Crw)+2M3 (4CHE —Crp+45wcwCrwB)

2 2 Uﬁ
_MhAO(Mh) 4CHD_4CHD_6WCH

E CuH

V2v
+12MI%VA0(MI%V) (C’HD—ZCHW)—12m?A0(m?) <2CHD+ y i

—M%AO(M%) (IQSZ)CHB —3CHyp+ IQCQwCHw+1QCwaCHWB) .
(A.18)

Note that the expansion coefficients are only gauge invariant when tadpoles are included —
the split that we have given above is unique to unitary gauge.

B Numerical results for the decay rates

Here we present numerical results for the decay rates considered in section 5 in the three
schemes. We use the notation

4,0 6,0
Fi(,LO = F§§f1122 + Fi§f1122 ’
41 6,1
I'snvo =TkLo + Figfl}g + F§f1}2 ; (B.1)

where the quantities appearing on the right-hand side are defined in eq. (5.1). Scale
uncertainties are obtained as explained in section 4. For brevity, we show only those
coefficients which have an absolute numerical prefactor or absolute difference between the
upper and lower scale uncertainties of greater than 1% of the LO SM result after factoring
out the appropriate v2; results omitted for this reason are indicated by ... in the equations
that follow.

B.1 W — 7v decay

For W decay in the a-scheme we find

Do =234.6718 MoV 4025t {3.733j8;}§3CHW 5+2.0001003 ) 1 1 749101200,

33
1
+0.000t8;1§30§,§+0.000t8;1§§0%+0.000t8;8220% B+0.0007 3y
33

+0.00073325C ) 10.000+50%8 (CHB+CHw+Cw+ > o+ > ) )
3333 i=1,2,3 @ j=1,2 33jj

+0.00050 007 Cro+0.00059002 >~ Cljfr. . } : (B.2)
j=1,2
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& NLO = 224.670% MoV 42T 5" {3.620i8;8?§’CHWB +2.04379000/3)

33
1 3
+1.713t8;8?$CHD—o.195t8;83§0%+0.172t8;8§g0},;—0.079i8;85§0§,;
33 33

q
3333

+0.000§095C . 4000058096 G) +0.000+3,620CG)
3333 3333

3
+0.000799%BC®) 4. . } : (B.3)
3333

3
—0.072t8;8880%§—0.034t8;8830( %) —0.032t8;8880u3%V—0.011t8;8880w

For the o -scheme we obtain

Lo = 2272500 MeV + o204 {z.oooig;ggicﬁf) — 1.000*3912 3 o)

l
33 j=1,2 Ji
+1.000599%4C i +0.00025544C® 4 0.0005502 S @ 4 0.0004991C
1221 3333 j=12 jj33 1122
0000 58T S 0 4 (B4

j=1,2 333
Thnto = 2265708 MeV + uir’;v(ﬁfj{z.043+8;88?0%) —1.02550508 > )
j=1,2 JJ

+0.99873600C o~ 0.03375985C) +0.019%59% S~ )

3333 j=1,2 jj33
- 0.015i8;88801 u+ 0.01010000Caw B + - .- } : (B.5)
And finally for the LEP scheme, we find
T = 222,741 MoV + 02T 0 { —2.3797 0192 C g +2.000t8;8}gc%)
3 1
—1.656700% Y- O +1.65670001C ;i —1.078*803CH p+0.00010114C)
j=12 JJ 1221 33
+0.00058:188 O, +0.0008:3420) +0.00028:9%3 3~ ) +0.0008340C, 5
33 3333 j=1,2 37433 33
+0.000+3837 Cpy +0.0008315C 1 +0.000+3097 S~ ) +} (B.6)

THERL o = 227.2709 MeV 42T 40) { —2.4551008 1 p+2.09170:001 )

33
3
— 1742703002 N7 o) 1169799900 —1.16575052Cp+0.11675092C,
e i 1221 33

—0.103+302 1)) —0.033* 39930 ) 10.046+ 3008 C7) +0.0447 3000,

33 3333 33 33
—0.02453985C 4 +0.019%3:309Cuw +0.0325598% S )

1122 33 j=1,2 jj33
+0.0005067C uu, +0.000 8858 55 +0.0005500C 0 +... } . (B.7)

3333 3333
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B.2 h — bb decay

To evaluate scale uncertainties for h — bb we also require the running of my () and o ().
As with the running of a(u), we again use a one-loop fixed-order solution to the RG
equations for my(u) and a4(p) which are given by

ma(i) = mo(My) |1+ (M) (7). (B.3)
(i) = as(Mh)[l - O‘S(Mh)ﬂ In (Mhﬂ (B.9)
where
W) =~ [as)Cr +a(@R], o= 5 Cam Teng,  (B.10)
with
CF:§7 Ca=3, TF:%, and ny=>5.

In the « scheme we find

U
3333

Vo Vo
+0.000t8;8}§5b0(8) +0.0007) 882 CHudJro 00075 ggZCHGw.oootg;g}gc%g

+2.ooot8;8§30Hg+1.242t818§30HD+0.000+3 852;’: C(”qd+o 00012 82; Vo Cay

quqd
3333

+o.000t8;{§30§};+0.000t8¢}§§0%+0.ooot8;}}§c§§’;+o.ooot8;8330u3%v
33 33
+o.oooi8;8220%§+0.000t8;8§ZCHW+o.ooot8;8§$c%g+o.ooot8;3§§(}(§;
3333
+0.00015 31 Cprg +0.000*§855C" 1y +0.00015558 7 Cly +0.00075 363 Coy
3333 j=1,2 JJj

+0.00070: 000 Crrp +0.00075002 >~ ijljﬁ...}, (B.11)
j=1,2

v
T NLo = 2-64773938 MeV 402" { ~ L7615 Ja Cayy 0. 06079912 — e Cayy

quqd
3333

+2.44840031 €y +1.358 0013 0y 1 +0.00910093 g”;; Cug

S

U
+4.239709%5 'y 5 +3.094797% Oy 4-0. 031*8 031 mO; oW

+O.006f8;88‘;’%0(8) —0.004+0:008 O‘CHud 0116t8;8§jq§’;

uqd
g3§3 33
—0.079t8:8§30m+0.058+8 8?20(1)—0.04@8;82;0 ay —0. 0315 8??0%,;
33
—0.030*0035Cuyp +0.02875; T Crrw +0.02455:900Cy —0.01475:900 C)

3333

1
—0.01179:922 045 —0.010+5:997C 1Y), 1+0.00075:972 —Co
33 3333 gs 33

+0.0001¢: 3380( +0 0005678C . +0.000*: 8380(qu +0.000 ggg’gc<qq +.. }
(B.12)
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Here and in other numerical results for h — bb, we have left enhancement factors such as
Vo /My symbolic, with the exception of Cyp. Scale variations of the LO SMEFT results fail

33
to include the NLO results of the operators first appearing at LO in all schemes, where
only one operator is within 20 region. However, for operators first appearing at NLO the
NLO result is typically included in the LO scale-variation band. More reliable uncertainty
estimates can be made by varying the renormalisation scales of the b-quark mass and Wilson
coefficients independently as in [58].
In the o, scheme one finds
T, o = 2,217+ 0221 MeV+viI‘Z,‘)‘b(4’o){ L4168 2.y +2.000 5355
+1.000+3104C  —1.000253% S~ ) —0.500t8;8§}CHD
1221 —1,2 JJ
j=
0.074 (1) 0.063 0.014 (8)
+0.00055 673 W:A Cuqat+0-00015 063, — Cd +0.00055 013 — Cluqd
3333 b 3333
+0.000 (307 n “Clyya+0. 000*9: ggZOHG+0.000i8;§820dB+0.000t8;ﬂgc§31
33
+0.000i8;8§30uw+0 0007593y +0.000: 3§SCUH+0 00079028 3~ )
j=1,2 jj33
+0.00083120%) +0.000831C 4 +0.000289850 ), +0.0007S: 88§CHd+...},
3333 1122 3333 33

(B.13)

4,0 v
T w0 = 265010 MoV 5] — 1728885 2 g ~0.057 3008 2 Copy

+3.09470 5B C 6 +2.447 035 Oy +o.030t8;838775 cth

qugd
3333
3
~1.21240988 3™ ) +1.195t8;8§8012”21 —0.61270920¢,
j=12 737
. U 8) +0.002 Y
+0.009+0:008_ v, 10 0060008 Ui C( —0.004 c
0.000 gsmyp %3 %ggg —0. 001 %%d
—0.0460: gggcuw 0.03170 8320},;—0.03@8;8%0%1;
33
8
+0.028 3 88 Crw +0.0241 850 Cr ~0.0227835C o ~0.013+5:39¢®),

3333
—0.011*+Y: 8;§C%§+0.010t8;88}0}13 —0.010" 3% Crrw

1
+0.003+5389 S~ ¢ +0.ooot8;8§§g Cyg+0.000%} 8980( ) } (B.14)
j=1,2 jj33 s

In the LEP scheme one finds

TEER o =2.2177922 MeV—i—szI}:g’)PM’O){ 1.41410 832 Yu CdH+2 000*3995 Cyy

+1.000t8;}8§cl u 1—1.000t8;8§§ > CHl —0. 500+8 00 Cup
j=1,2 JJ
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HO.000 G CHL) 0,000 B3 -+ 0.000 351 )
3333 b 3333

+0.00010: 882 u CHud+0 0009 §3ZCHG+0.000i8;§8Z0%§

+0.000+9 ﬂgc( )+0 000§ 831 Cogy +0.000*§ 2wy
33
+0.000+002Cupr+0.00028:938 3~ ¢ +0.00053120),
33 ST2 jj33 3333
+0.0002531C 4 +0.000289%50 ), +0.000t8;88§0Hd+...}, (B.15)

T Lo = 2.65070:03] MeV+uv QFI,;;EbP (4,0) { —1.728+9 833 Ui CdH 0.05610-009 i Cd?g/

+3.0941 0808 Crre+2.44710 083 Cin+0.030™ 833 nZ, Clona
—1.210%0058 - O +1.1937000C 1 —0.60978023Cp

7j=1,2 JJj 1221
0,009,588 0 e +0.006 505 o -
3333

—0.045t8;88§0uw—0.031+8 Qs C) —0.0307: oCus
33
+0.02873-09 Oy 4-0.024 15900 Oy —0.02270: 88;0 i —0.013t8;8830(22l
3333

0.00315: 88% Y CHud

001§ Cap+0.00373550 5 C) 100117990 Cry
j=1,2 jj33

. . 3
+0.000t8,8§20%§+o.oooi8.8?80( A } . (B.16)

B.3 Z — 77 decay

We present results for Z-boson decay in the three different schemes, using p = My as the
central scale. In the a-scheme we find

%10 =86.75+3:997 MeV+v2T3 4" {4.088i8&330HWB+2.190t8;8§20§}}
33

+2.19079038 () 1.764j8;8§}CH6+ 157353485 Crp +0.000+3122 )

33 33

+0.000*9: }gchu+o 000*9 8Z§Cu3 +0.000*9; ggﬁcuw+o 000+5:88¢))

3333

+0.000+5857C 4, +0.000%3:920C) F0.0005GBRC ge +0.00053316C e
3333 3333 3333

+0.000+8;88§( oD+ > CHq+C’HW+CHB> +0.000"5-508 Oy

Jj=12 33JJ i=1,2,3 i

+0.00010 00+ Cro+0.00059 008 >~ C%Jr. . } , (B.17)
j=1,2
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% NLO = 83.257904 MeV 4021500 {3.867i8;8?chW 5+2.19610:000C 1)

Z2TT 0.004 33l
+2.179t8;8890%) - 1.899i8;88§0g§+ 1.4069:992C p —0.143tg;3350%
+0.117H0899C ) 0,074+ 30 O —0.065+ 3995 C, 5 —0.0542595L )

33 33 33 3333
0.004 0.000 ~(1 0.002 0.007
_0.051+0.00003%3+0.043+0.Oogc;é§33+0.041+0.006ng§3—0.035+0.002ng§3
—~0.01600053Cy —0.011 6805y —0.01025865 = ) +0.00025890C .
33 j=1.2 33jj
+0.00013:999¢ ) +0.00079:98C ) +0.00019:99%2C%) +} (B.18)
3333 3333 3333

In the ay-scheme we obtain

T'Y0 =83.9140:80 MeV + 204" {2.190%;82%0% + 2.190t8;8§30%) — L7604 508 e
— 1.00035313 37 O 4+ 1.00015854C i+ 0.3557 3920w — 0.1697591 Curp
j=1.2 jj 1221
+0.0003938c ) 1 0.00079955C 1, +0.00013:989C) +0.00073945C e
' 3333 ' 3333 ' 3333 ' 3333
3 1
+0.0004838C e +0.000358 3= %) +0.00073815C, + 0,000 GGy,
j=1,2 4433 33
+0.000458HC  +0.000739% 5™ 0P 1 0.000+39%C, 5
122 j=1,2 33jj 33
+0.0000 002 Cowy + - .. } : (B.19)
33
4
Tno = 83.927090 MoV + o200 {2.193i8;88§c%) + 2.181f8:88?0%) ~ 189733y,
— 1.02973900 3™ ) 1+ 1.0065999C 4 — 0.289*599Cyp + 0.258+ 3985 Crrvw
=12 37 1221
—0.053+5001C) —0.049789%53C 1, +0.0424589C") +0.040730%2C eu
’ 3333 ' 3333 ' 3333 ' 3333
—0.03470006 o 0,02070016 ) 4 (9 018001 (). 017+0-000 >
—0.002 3§§3 —0.012 1?;[?:1 + —0.016 I?{:gf —0.000 11ll22
0.000 3
+0.0155999¢ S~ @) 4 } , (B.20)
j=1,2 7533
and in the LEP-scheme we find
PR =83.3020 1 MoV 42T 520 40 {2.121t8;8§§c%} +2.121t8;8}§0§§
0.069 0.031 0.008 3 0.026
j=1,2 Jj
—0.410t8;8320HWB+0.ooot8;8§}c§};+o.000t8;828013{g+0.000t8;8§g’c(};
33 3333
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won| g c<> n hoo| 0“ Cu
NLO | —-1.02553:9950.01959-997 10.998+3-9% NLO ||-1.009F9-95510.003£9-955 [0.992:0-95
NLO; | —1.01979:99%10.019+9:99411.000+3 992 NLO; [ —1.00975:55210.003+3:93 [1.0065-0%2
LO  |—1.000*3:9210.00075:928 11.00079-994 LO |[—1.00053:91410.0005:028 11.000+5:552
LOxk ||—1.019%3:91810.019+5:999|1.000+5:%4 LOx ||—1.003%¢:513|0.003%5:507 | 1.00055:063

Table 9. The numerical prefactors of the Wilson coefficients in the oy, scheme appearing in

KI(/SJ’#)

for various perturbative approximations. The tree-level decay rate as well as vi have been factored
out and the results have been evaluated at the scale of the process. We show the results for W decay
(left) and Higgs decay (right).

I Lo =84.12F

0.053
+0.00070 025

0.030
+0.0005:030

C 1, +0.000"
3333

3 ¢ +o.0007

0.049
0.049

C 0.000+0.0470(3)
3§§3+ —0.047

C o+ 0.0001—8:882
1122

—0.003

lq
3333

q

+0.000*

>

0.047
00170543

j=1,2 jj33 j=1,2 33jj
+0.000t8;88$0%,39 +0-000f8:8820u3v3v+. .. } : (B.21)
0:99 MeV 4020 2r (40 {2.219t8;8820%} +2.210t8;88%c%’
3
~1.90110:995 0y, —1.25470:000 ) 11227700020 —0.633100%Cy
33 ST i 1221

—0.481 309 Crrw 5 +0.055 092 Cy, —0.052+ 3943 0 —0.051 8995 )

33 33 3333
—0.048f8j88‘2103é%3+O.042f8;88203§1§3+O.041+0'0020(? —0.03610:003

+0.02513:9%C1) —0.02023855C g +0.017*

33

0.003
0.001

3333

S o) +}

j=1,2 7433

C Numerical results using universal corrections in SMEFT

i C qe
0.000 ¢

(B.22)

For completeness, we present here numerical results for the prefactors of the Wilson
coefficients at different perturbative orders for W, h and Z decay which have not been
shown in section 6 yet. Table 9 shows the results for W and h decay in the o scheme. For
the LEP scheme, table 10 shows the results for W, and Z decay, respectively. The h decay
results for the LEP scheme have been omitted since they only have very small (numerical)
differences with respect to the numbers in the o, scheme, which are presented in table 9.

For results in the a scheme and Z decay in the «, scheme, we refer to tables 7 and 8
in section 6.

D Comparison with previous literature

Electroweak precision observables at NLO in SMEFT have been calculated previously
in [30, 73]. In this section we compare the LEP-scheme results for My, and the Z — ¢4
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W —7rv|  Cup Caws C% Oy C% Cyp Cupy
NLO |[—1.16575082[—2.45515-00810.04675-0% | 0.11670:992 | —0.10370:529]0.04470-502|0.01979-500
NLO; | —1.14370009] —2.43470:02510.040 009 | 0.124F5:092 [—0.12470-02610.04570-0520.02370-999
LO  ||-1.078+3373 —2.3797015210.00073:052 | 0.000F9195 | 0.00075:414 0.000+3:91910.000+9-957
LOg |[—1.1437003%|—2.43415-02510.04015:009 | 0.12470:099 | —0.12470-52710.0450-50%] 0.02310-502

Ciy} ', Cy Ciy!
i 33 1221 33
NLO | —1.742F5:002] 0.0327090% 1.6970000| 2.091 75001

NLO; |—1.72570:997) 0.032+9:997 |1.693+0003| 2.079+0-007
LO | —1.17370.9%8| 0.00050050 [1.6560:5901 | 2.0009919
LOg | —1.725%5:0L81 0.03273:95! 11.69370:09%| 2.04010-520

Z—orr|  Cup Cuws C% Cry C%}S; Cyp Cuyy
NLO [—0.63370:993| —0.48170:099|0.025+3:992| 0.05575:092 1 -0.052+3:943]0.0075:99210.00515:552
NLO; | —0.63175:0321-0.493+9:9%210.02275:99| 0.05675:0%% | —0.05675:9:210.00675:992 [0.006 73908
LO  |[—0.587+3:928 —0.41070:04810.00075:391 | 0.000F3:950 | 0.00075:081 10.000+3:9970.000+9-99
LOg |—0.6197911-0.49670:05610.022+3:990| 0.02775:93L 1—-0.027+3:93110.010%5:9940.00475:993

) c® Cy Cye i) il
JJ §i33 1221 33 33 33
NLO [—1.254F0:9%91 0.01770:003 |1.227+3:0921 —1.90175:505 | 2.21970:00% |2.210+0-992

NLO; | —1.244700251 0.017F5:008 |1.22770:9271 —1.88270-025| 2.19715:035 12.19770-0%7
LO || —1.1747000%| 0.00070030 [1.17470:0% | —1.86370009| 2.12170055 [2.12170:013
LOg |[—1.24470:0571 0.01770901 [1.227F0:050| —1.85515:085 | 2.16670:937 |2.16615-013

Table 10. The numerical prefactors of the Wilson coefficients in the LEP scheme appearing in
K‘(,[G,’l’” ) and Ag/?/i ) for various perturbative approximations. The tree-level decay rate as well as
vi have been factored out and the results have been evaluated at the scale of the process. We show

the results for W decay (top) and Z decay (bottom).
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decay rate with results given in that work.' In order to do so, we must take into account
some differences in calculational set-ups.

First, in contrast to the present paper, those works use a®(0) as an input, so that
large logarithms of lepton masses and hadronic contributions appear in fixed order. We can
convert our results to that renormalisation scheme by eliminating a(M) through use of
eq. (2.15) and

005 (1) = 27O 4050)(1 + Aa) (D.1)
1 - A« ’ '
where
Aa = Aaiep + Aal?) = 0.03142 + 0.02764 . (D.2)

Expanding observables to linear order in a®5(0) and Aa then yields SM predictions as
given in [30, 73]. After making this conversion and using a common set of input parameters

also for heavy-particle masses, we can exactly reproduce the SM values for the W mass at
LO and NLO:

MEP =80.939 GeV,  M}*F© =80.548 CeV . (D.3)

The SMEFT results for the W-boson mass also agree, when the same set of flavour
assumptions is made.

For the Z — £¢ decay rate, we agree with an analytic result in the «,, scheme provided
to us by the authors of [30, 73] (after using the flavour assumptions of those papers). This
forms the basis for LEP-scheme results. In our case these are obtained by using eqs. (2.33)
and (2.35) to express the result in terms of My, while [30, 73] re-organise the SM part of
the loop expansion in a way that is specified in the recent preprint [44]. Taking into account
these differences, as well as the renormalisation of « discussed above, we find numerical
agreement with [30, 73].

1The decay rate for the W boson has not been compared since a leptonic partial branching fraction is
not provided in the previous literature.
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1:Xx3 2: HS 3: H*D? 5:9?H3 +h.c.
Qc | fAPCGHGErGSr Qu|(HTH)* Quo| (HIH)O(HVH)  Qen | (H'H)(Iye, H)
Qg | PG raas Qup| (H'D,H)" (H'D,H)  Quu|(H'H)(gyu, H)
Qu |1 EW LW oW Qurr | (H'H) (3, H)
= €IJKWJquZJpW5{H
4:X2H? 6: Y2XH +h.c. 7:2H2D
Que | HHGAGY  Quy| (o™ e,)o! HW, Q) (H''D  H) (1,71,
uo | HHHGA,GA™  Qup| (Lo e )HB., ® | (HY DLH)([0'1,)
Quw | HHHWIL W Quq (g0 TAu,) H G4, Que | (H'D  H)@E e,)
Quiv | HHWLWI™  Quu|(@o™u)o' WL, QW | (#'D  H)@n"a)
Qup | H'HBWB™  Qup| (40" u,)H B, Q% (H*iﬁﬁH)(ci Lyig,)
u5 | HUHBWLB™  Que (G0 TAd,) H G2, Qua | (H'D  H) @y u,)
Quws|HIoTHWL,B"  Quw| (30" d)o  HWL, — Qua | (H'D H)(d d,)
Qg HIoTHWLB"  Qup| (40" d,)H Buy — Qaua + hoc.| i(H'D,H)(ayy"d,)
8: (LL)(LL) 8: (RR)(RR) 8: (LL)(RR)
Qu (Lo Yyl ) (L1 Qee (Epyuer)(Esyter) Qe (L vulr) (Esy"er)
W (@) (@7 a) Quu| (W) (7 ue) Qua | (yule) sy ue)
9 @0 )@ o a)  Qaa|  (dyyuds)(dinytdy) Q| (pvul)(doydy)
W1 vl (@ a) Qeu|  (Epper) @y ue) Qoe | (Gpruar)(@rrer)
N 0" ) @7 0 a) Qea|  (@pyer)(dsydy) S @ar) sy ur)
Q| (@) (dsytdy) O (GruTAg) (7" T ur)
QU@ TAu)(dyTAdy) Q%) (@ uar)(dsydy)
QW) (@ TAq,) (dsy* TAdy)
8: (LR)(RL) +h.c. 8:(LR)(LR) +h.c.
Quedg| Ber)(doary) Qg (@ur)esn(@idy)
QU | (@ T u,) e (T dy)
Qiur | Ber)esn(@iun)
Qo | Boer)eji(@houy)

Table 11. The 59 independent baryon number conserving dimension-six operators built from
Standard Model fields, in the notation of [61]. The subscripts p,r, s, t are flavour indices, and o/ are
Pauli matrices.
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