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ABSTRACT: We present a general relation between celestial correlation functions in d-
dimensions and Witten diagrams in (d + 1)-dimensional Euclidean anti-de Sitter (EAdS)
space, to all orders in perturbation theory. Contact diagram processes are proportional
to contact Witten diagrams and particle exchanges can be recast as a continuum of
particle exchanges in EAdS where the exchanged particles carrying unitary Principal Series
representations of SO(d + 1,1). One can then try to import familiar EAdS techniques
to study the properties of celestial correlators. In this work we use this relation to infer
the analytic structure of the spectral density in the conformal partial wave expansion of
celestial correlators which, at least perturbatively, should be a meromorphic function of
the spectral parameter. We also discuss non-perturbative constraints from unitarity in
Euclidean Conformal Field Theory, which requires positivity of the spectral density. This
extends similar relations recently uncovered between boundary correlation functions in de
Sitter space and Witten diagrams in EAdS, suggesting that EAdS could play a central role
in efforts towards holography for all lambdas.
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1 Introduction

Scattering amplitudes are fundamental observables in Minkowski space. There are issues
however in extending scattering amplitudes to curved backgrounds, which are owing to
difficulties in defining asymptotic states. In anti-de Sitter (AdS) and de Sitter (dS) space
typically one considers correlation functions extrapolated to the boundaries at infinity. This
lies at the heart of the AdS/CFT correspondence and has led to a new understanding
of scattering in AdS space, as well as observables in dS space and cosmology. It would
therefore be natural to study such types of observables also in cases where the usual notion
of S-matrix makes sense. In this way one might be able to shed light on the properties of
such new types of observables from the known properties of S-matrix amplitudes and as
well put observables defined on different space-times on a similar footing. Mathematically,
when both S-matrix and boundary correlators can be defined, going from one to the other
is equivalent to acting with intertwiner operators that recast the corresponding observables
in terms of a different basis of operators.

Along these lines, in [1-4] it has been shown that scattering amplitudes can be recast as
d-dimensional Fuclidean conformal field theory correlators by expressing them in a basis of
SO(d + 1,1)-primary solutions to the free equations of motion. Such correlators naturally
live on the celestial sphere at null infinity, where the Lorentz group acts as the d-dimensional
Euclidean conformal group SO(d + 1,1). Celestial holography (for reviews see e.g. [5-8])
then postulates that there is a dual Conformal Field Theory (CFT) description. Note
that these would not be the standard correlators in Euclidean CFT are encountered as
Wick rotations of correlators in Lorentzian CFT, and for this reason we distinguish such



correlators as celestial correlators. They are defined on the celestial sphere at null infinity,
which lacks a standard notion of locality and time, and are therefore not necessarily bound
to satisfy the usual Osterwalder-Schrader axioms. Efforts to understand the properties of
celestial correlators so far include the study of symmetries and translating of properties
of scattering amplitudes in the standard plane-wave basis to the conformal basis, see
e.g. [2, 9-37].

This is to be contrasted with the situation in anti-de Sitter space, where the isometry
group of (d + 1)-dimensional AdS acts as the d-dimensional Lorentzian conformal group
SO(d,2) on the boundary at spatial infinity. In this case the conformal boundary has a
time direction, meaning that unitarity and causality in AdS space is intimately tied to
unitarity and causality of the boundary system — which is a standard Lorentzian CFT
defined non-perturbatively by conformal symmetry, unitarity and an associative (and, in
particular, convergent) operator product expansion. It is natural to ask if any of our
understanding from the AdS case can be adapted to celestial holography. This is further
motivated from the simple observation that celestial and AdS boundary correlators can be
placed on a similar footing by Wick rotating the AdS to Euclidean AdS, so that they satisfy
the same conformal Ward identities. Any differences in the way they encode consistent
physics therefore lies in the freedom left over after taking constraints from conformal Ward
identities into account.

It is worth noting that, almost in parallel, very similar questions are being posed in
the context of de Sitter (dS) space. Indeed, the isometry group of (d + 1)-dimensional
dS acts as the d-dimensional Euclidean conformal group SO(d + 1,1) on the boundaries
at past and future infinity, with boundary correlation functions constrained by the same
conformal Ward identities as their celestial and Euclidean AdS counterparts. Much like
their celestial counterparts above, such correlators are not necessarily subject to the usual
Osterwalder-Schrader axioms since the dS boundary is purely spatial — which obscures
how they arise from a consistent picture of unitary time evolution in the bulk of dS. Efforts
that aim to understand the properties of dS boundary correlators and the corresponding
constraints on the physics have come to be known as the “Cosmological Bootstrap” (see [38]
for a recent review), which has drawn inspiration from both the S-matrix and Conformal
Bootstrap programmes.

Among these results, it has been shown [39] that any perturbative contribution to dS
boundary correlators in the Bunch-Davies (Euclidean) vacuum can be recast as a linear
combination of corresponding Witten diagrams in Euclidean AdS — generated by the same
collection of particles and couplings as the original process in dS space. This opens up the
possibility to import the wealth of techniques, results and understanding from AdS to dS,
with the caveat that one might have to consider a non-unitary process in AdS to study dS
physics since the unitarity irreducible representations of the dS and AdS isometry groups
(respectively, SO(d + 1,1) and SO(d,2)) do not coincide (though they are overlapping).
Such identities between boundary correlators in dS and AdS were first explicitly constructed
at all orders in perturbation theory by recasting Schwinger-Keldysh propagators in dS
as certain analytic continuations of propagators for the same particle in EAdS [39, 40].
More recently, however, they have been shown to follow from certain basic consistency



criteria [38, 41]. In particular, given that processes in dS and EAdS satisfy the same
conformal Ward identities, the relations between them follow by requiring single-valuedness
as a function of the complex cross-ratios and consistent on-shell factorisation. dS boundary
correlators are only single-valued in the Bunch-Davies vacuum of dS [42-46] and single-
valuedness is an important property of AdS boundary correlators in the Euclidean region
following from the fact that singularities should only appear when one crosses light-cones.

Notice that one could run the same argument for celestial correlators under the
assumption that they are also single-valued functions of the cross ratios. In this work we
show that this is indeed the case.® This draws inspiration from the idea [1] that (d + 2)-
dimensional Minkowski space M%*2 is foliated by constant curvature hypersurfaces, which
are either dSg,1 or EAdS;11 depending on whether one is inside or outside the light-cone,
and then apply holography to each slice. We show that the conformal primary wavefunction
in each region of M%*2 can be expressed as an analytic continuation of the corresponding
bulk-to-boundary propagator in EAdS;y; (i.e. of the same scaling dimension), times a
function encoding the radial dependence. This allows us to establish that, like in dS,
contact diagram contributions to celestial correlators in d-dimensions are proportional to
their corresponding contact Witten diagrams in EAdS441, and we give the proportionality
constant explicitly. This confirms that such contact contributions to celestial correlators
are single-valued solutions to the conformal ward identities. For processes involving particle
exchanges, one uses that a field on M%*?2 can be decomposed in terms of a continuum of
fields carrying Principal Series representations of SO(d + 1, 1) that live on the dSzy; or
EAdS;11 hypersurfaces [1]. Conformal Ward identities and single-valuedness then imply
that an exchange contribution to a celestial correlator can be decomposed in terms of a
continuum of corresponding exchange Witten diagrams in EAdS4;1, with the exchanged
particles carrying unitary Principal Series representations. The coefficient of each individual
exchange Witten diagram is fixed by on-shell factorisation, meaning that it is given by the
product of coefficients that convert each contact subdiagram to their celestial counterpart.

We briefly explore some consequences of the relation between perturbative celestial
correlators and Witten diagrams in EAdS. In particular, it implies that, like their AdS
counterparts, celestial correlators admit a conformal partial wave expansion with mero-
morphic spectral density (at least perturbatively). One can then obtain their expansion
into Conformal Blocks which, combined with crossing symmetry, lies at the centre of the
bootstrap of standard Lorentzian CFTs. We also discuss (non-perturbative) constraints
from unitarity in Euclidean conformal field theory at the level of the conformal partial wave
expansion, which translates into positivity of the spectral density.

Let us conclude the introduction by noting that these results suggest that Euclidean
anti-de Sitter space could play a central role in unravelling holography on maximally
symmetric spaces for all A. See figure 1. Indeed, often one defines a theory via its Wick
rotation to Euclidean space. For A < 0, the Wick rotation from Lorentzian AdS to Euclidean
AdS defines the Lorentzian theory by the usual Osterwalder-Schrader axioms. For A > 0,
standard Wick rotation at the level of the embedding Minkowski space would define the

!See [11, 47, 48] for relationships of a different kind between celestial correlators and Witten diagrams.
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Figure 1. The Holographic Triangle: a cartoon representation of how observables at infinity in
different maximally symmetric spaces can all be recast in terms of boundary observables in EAdS.
Top: A < 0, bottom-right: A > 0 and bottom-left: A = 0. The same theory on different spaces will
analytically continue to different theories on EAdS. We stress that the analytic continuation is a
only proper Wick rotation between AdS and EAdS.

theory on the sphere. The above results suggest however that in the Bunch-Davies vacuum
one can alternatively define dS boundary observables (at least perturbatively) as boundary
observables in EAdS that satisfy certain (non-standard) criteria that would ensure their
consistency as a theory in dS. The theory in dS and its counterpart in EAdS are related by
an analytic continuation given in [39]. The results of this paper suggest a similar picture for
celestial correlators, which perturbatively can be recast as boundary observables in EAdS
that satisfy other (non-standard) criteria that would ensure their consistency as a theory
in Minkowski space. In this case celestial correlators and boundary correlators in EAdS are
related by analytic continuation and integrating over the dependence on the curvature radius.

Outline. This paper is organised as follows. In section 2 we review the hyperbolic
slicing of Minkowski space, the conformal boundary, and the radial reduction of scalar
fields onto each slice — which is implemented via the Kantorovich-Lebedev transform. In
section 3 we review the conformal primary basis for scattering amplitudes, introducing
conformal primary wave functions and celestial correlators. In section 4, implementing
the hyperbolic slicing of M2, we show that the conformal primary wavefunction in each
region of Minkowski space can be written as a bulk-to-boundary propagator in EAdS .1



(appropriately analytically continued) with the same scaling dimension, times a function
encoding the radial dependence. From this it follows in section 4.1 that contact diagram
contributions to celestial correlators are proportional to their contact Witten diagram
counterparts in EAdS,,1, with the proportionality constant arising from integrating out
the dependence on the curvature radius. We compare with some known results for contact
diagrams in celestial holography and observe a slight discrepancy with results that obtain
celestial correlators from momentum space scattering amplitudes, which seems to arise
from the fact that identities relating momentum space scattering amplitudes and celestial
correlators entail commuting the divergent integral over the momentum. In section 4.2
the perturbative relation between celestial correlators and Witten diagrams is extended to
include processes that involve particle exchanges. In section 4.3 these results are used to
infer properties of the conformal partial wave expansion of celestial correlators, in particular
meromorphicity of the spectral function, and non-perturbative constraints from unitarity.

2 Hyperbolic slicing of Minkowski space

Consider (d + 2)-dimensional Minkowski space M?*2 with Cartesian coordinates XM,
M =0,...,d+ 1 and metric

a5 = —(dx°)" 4 (ax*)" 4t (ax) 2.1)
The light-cone, defined as
X2 = —(XO)2 + <X1)2 ot (Xd+1>2 ~0, (2.2)

naturally divides M%2 into three regions:

D: X?’>0, (2.3a)
Ar: X2<0, Xo>0, (2.3b)
A X?<0, Xp<0. (2.3¢)

Each region can be foliated with surfaces of constant curvature reflecting the SO(d + 1, 1)
symmetry. See figure 2. For AL these are (d + 1)-dimensional Euclidean anti-de Sitter
spaces with constant radius ¢:

X2 = (2.4)

A natural set of coordinates for this foliation of A4 is

Ay XM —t(coshy,sinhyn), t>0, y>0, (2.5a)
A_: XM —t(coshy,sinhyn), t<0, y<O0, (2.5b)



A+Z X2:—t2, t>0

A_: X?P=—t? t<0
Figure 2. Hyperbolic slicing of Minkowski space. Region D outside the light-cone is foliated by

co-dimension one de Sitter spaces and regions AL inside the light-cone by the upper sheet (in region
A,) or lower sheet (in region A_) of co-dimension one Euclidean anti-de Sitter spaces.

which is the analogue of spherical coordinates. 7 is a d-dimensional unit vector 7 -7 = 1
parameterising the d-dimensional unit sphere. For D instead, the foliating surfaces are
(d + 1)-dimensional de Sitter space-times with radius R:

X?=R% (2.6)
In this case, the natural set of coordinates are
D: XM = R(sinhT,coshr), (2.7)

where 7 € (—00,00) and 7 parameterise the d-dimensional unit sphere as before. It is
convenient to divide D into two regions corresponding to expanding and contracting patches
of the dS hypersurfaces (2.6) respectively:

Di: X%2>0, Xt >0, (2.8a)
D_: X?’>0, XT<o, (2.8b)

with light cone coordinate X+ = X%+ X941 The hyperbolic slicing of the individual regions
AL and D4 are naturally described by Poincaré coordinates. In fact, in the hyperbolic



slicing M2 splits up into four Poincaré patches:

t{1 2 =2 1— 2 22

A, XM:+< ”2“", o), >0, zelo)  (29)
z
(122 ] a2 2

A XM:+< +22+x, 22 Tz, t<0, z€[0,00) (2.9b)
V4

N+ 2 2
b oM B(1-nt4d 142 -2
o o 2 ’ 2

R(1-ni+@ 14n] -
D, : XM:—< T ST T 2 R>0, nse0,00)  (2.9¢)

f) R>0, n_€l0,00), (2.9d)

where Z € R? parameterises the boundary directions.

Conformal boundary. M??2 has a conformal boundary at both past and future null
infinity, which can be identified with the projective cone of light rays via

Q*=0, Q= \Q, X € Ruy. (2.10)

Both the past and future conformal boundaries are d-dimensional spheres, which we shall
denote by S, and S; respectively. This can be seen by defining new projective coordinates

G=0YQ°% &=0%Q% ... , &1=Q"/Q° (2.11)

so that
.+, -1=0. (2.12)

The sphere S; corresponds to Q" < 0 and 5’; to Q° > 0. The conformal boundaries
S;t of M2 are also conformal boundaries of each of its hyperbolic slices (2.4) and (2.6),
which asymptote to the lightcone (2.10). The region A is foliated by the upper sheet of
the hyperboloids (2.4), which have conformal boundary S;. Likewise, the region A_ is
foliated by the lower sheet of the hyperboloids (2.4), which have conformal boundary S .
In both cases the boundaries S;lt are approached at spatial infinity |y| — oo with boundary
coordinates:

Q1 ~ ste¥(1,7) with ¢ >0, (2.13a)
Q- ~ 3te¥(1,—n) with ¢<O0. (2.13b)

In region D the foliating surfaces (2.6) are de Sitter space-times, which have two conformal
boundaries: SI at future infinity and S:{ at past infinity. In the parameterisation (2.7)
these are obtained in the limits 7 — 400 with boundary coordinates:

Q+ ~ %RGT(Lﬁ)’ Q* ~ %Re_T(il’ﬁ)' (214)

Since the Q4 lie on the projective null cone (2.10), they can be re-scaled to the following
canonical form which we employ throughout:

Q4+ ~ (1,7), Q- ~ (=1,7). (2.15)



Scalar fields. Consider now a scalar field ¢(X) in M2 of mass m with free equation of
motion

The field ¢(X) can be decomposed into fields that live on the hyperbolic slices (2.4)
and (2.6) of M2 with unit radius by applying the Kantorovich-Lebedev transform [1] (see
appendix A). Focusing for concreteness on region D (analogous expressions hold for the
other regions A4 ) this reads

+zoo dA .
2 e 3 PA0E_g(mB), (2.17)
where
K R 2R/ K R 2.18

which is proportional to a modified Bessel function of the second kind, KA 4(mR) and
2

where in D we have set X = RX4g with X gs = 1. The field ¢a(X) satisfies the massive

field equation on the de Sitter hyperboloid (2.6) with R =1

(vgs — A(d— A))¢A = 0. (2.19)

What we see is that the radial reduction of a field ¢(X) in M?*?2 onto the hyperbolic
slices (2.4) and (2.6) yields an infinite number of fields on EAdS4y1 and dSg41, respectively,
which carry principal series representations A € %l—l—iR of SO(d + 1,1).2 Applying holography
to each slice, the existence of a dual conformal field theory description of M2 living on the
boundary spheres Sdi was postulated in [1]. Upon appropriate anti-podal identification of
Sj and S, defined in the following section, the correlation functions of the corresponding
dual conformal operators have come to be known as celestial correlators. These correspond
to scattering amplitudes evaluated in a conformal basis [2-4] and are reviewed in the
following section.

3 Conformal primary basis for scattering amplitudes

Particles of mass m and definite momentum p in M2 correspond to the planewave
solutions e to (2.16) where p = p/m parameterises the (d + 1)-dimensional two-sheeted
hyperboloid:

Hgy: p2=—1 (3.1)

Another basis of delta function normalisable solutions to (2.16) is given by what are known
as conformal primary wavefunctions [3, 4]. These are fields pa (X; Q) labelled by a conformal

*Much like in the standard CFT literature [49-53], the A € 4 + ¢R on the Principal Series can be
analytically continued to A € C [24]. In the context of celestial correlators this is relevant for the treatment
of conformally soft Goldstone modes [2, 4, 14, 16-19, 54].



dimension A and boundary point ) that transform as a conformal primary scalar operator
in d-dimensions under SO(d + 1,1). To wit,

OA(X;AQ) = A 29a(X;Q), (3-2)

where we recall that when parameterising the conformal boundary with the projective
lightcone (2.10) the SO(d + 1, 1) transformations act linearly [55]. Let us first consider the
Fourier transform ¢a (p; Q). Given that the momentum p lies on Hyyq, the condition (3.2)
implies that is given by the bulk-to-boundary propagator Ga(p; @) for a scalar field on
H g1 with conformal dimension A,

oa(p; Q) x Ga(p; Q), (3.3)
where (see e.g. [56])
CAdS
Ga(p;Q) = —8—, 3.4a
A(p Q) (—2ﬁQ)A ( )
CRB = L) (3.4b)

2ri (A9 +1)

This is the only scalar function with the required scaling properties. Conformal primary
wavefunctions therefore have the Fourier expansion [3, 4]

m

/2 -
0xX:Q) =Na(52) [ WIGAm QY. (35)

with

N(A—-2+1)
Np=—_2 3.6
= He (36)
Incoming (—) or outgoing (+) wavefunctions can be written down by constraining p to lie,
say, on the upper sheet Hj+1 of the hyperboloid (3.1):3
Na ( m

d/2 o
m 271') /H* [dp]G A (B; Q)P X, (3.8)
2

d+1

PR (X;Qq) =

where Q1+ parameterises points on the boundary of H;zt+1- Notice that a point ()_ on the
boundary of Hy , can be identified with a corresponding point ¢ on the boundary of

Hy

11 (and vice versa) via the antipodal identification:

Qr = -Q_. (3.9)

3Note that we have normalised the conformal primary wave functions according to the canonical Klein-

Gordon inner product:
(0%, Pa,) = £2mi §(A1 — Ag), (3.7)

which differs from the normalisation used in e.g. [3, 4].



The incoming and outgoing wavefunctions can then be written as

(X 4Q) = — 2 (5

d/2 .
rAa—9) 27T> /+ [dpIG A (; Q)e™ ™, (3.10)

HcH»l

where ) is a boundary point on Hjﬂ.
Above we described a change of basis from plane waves to conformal primary wave-
functions
eFmPX o 6X (X5 £Q), (3.11)

which is implemented via (3.5). In the basis of conformal primary wavefunctions scattering
amplitudes transform as correlation functions of conformal primary operators that, upon
the anti-podal identification (3.9), are inserted on the d-dimensional sphere S; at the future
conformal boundary of M%+? which from this point on-wards we refer to as the celestial
sphere. The change of basis

A(:l:lph sy :l:npn) <~ AAl‘..An(:l:l Ql) ceey :l:n Qn)a (312)

between an n-point scattering amplitude and an n-point celestial conformal correlation
function is similarly implemented via [3, 4]

_ n i\ 42
-AAl...An(:l:l QlayinQn):/ n [dﬁl] [dﬁn} (HF/\/AZ)<Z) GAl(ﬁz,Qz)>

d
d+1 i=1 (Ai— 2 2
X A(E+1p1,--.,EnDn), (3.13)
where the notation +; refers to whether the ith external leg is incoming (£; = —) or outgoing

(£i=+).

The change of basis (3.13) has been employed in various works (see e.g. [5-7] for
reviews) to translate features of scattering familiar from momentum space to the language
of conformal correlators. On the other hand, given that celestial correlators transform as
conformal correlators under SO(d + 1, 1), it is natural to ask if they can be reformulated in
terms of Witten diagrams in H:[H,

according to the definition of the conformal primary wave function, this would be the natural

which we consider in the following section. Note that

way to compute celestial correlators — treating the conformal primary wave function as
the analogue of the bulk-to-boundary propagator. In fact, in order to relate this picture to
the momentum space S-matrix picture (3.13), one is required to commute the integral over
Minkowski space with the divergent momentum integral. In the examples considered in
section 4.1 we indeed seem to find a slight mismatch in the expressions computed in these
two different ways.

4 Celestial correlators as Witten diagrams

In this section we will show explicitly that a given perturbative celestial correlator can be
expressed in terms of corresponding Witten diagrams on Hjﬂ. To this end, it is useful to
evaluate the momentum integral in the representation (3.10) of conformal primary wave

~10 -



functions. This integral is only formal since it is divergent for real values of the mass m.
One can however define the following convergent integrals:

sore0 = (MY eaie0 e, Xed, @
PA ) W+ _F(A—%) o HiH P GAD; &+ ) +5 .
_ Na (m)d/2/ ;
X;Q )=——F|— dp| GaA(p; Q_)e™™PX X e A_. 4.1b
PA(X;Q-) ra- 9 \ar H;H[ PlGa(p; Q) (4.1b)
In the hyperbolic slicing we can write:
X = RXpqs,  with  XRgs =1, (42)

where in A4 we have R > 0 and in A_ we have R < 0, see (2.5). The integrals (4.1) are
evaluated in appendix B and are given by the following closed form expression:

PA(R, Xadas; Q+) = Na Ga(Xaas; Q1)K

s d(mE). (4.3a)

Pa(R, Xaas; Q-) = Na Ga(—Xaas; Q—)RA% (-mR), (4.3b)

which are factorised into the bulk-to-boundary propagator (3.4) on Hdﬁ

Bessel (2.18) which, up to powers of |R| and m, is the bulk-to-boundary propagator in

, and the function

Poincaré coordinates with the mass m playing the role of the magnitude of the boundary
momentum and |R| the role of the Poincaré coordinate z.

Closed form expressions for the conformal primary wavefunctions ¢i over the whole of
Minkowski space can be obtained from the closed form expression (4.3) for cpi by analytic
continuation. By comparing with the integral expression (3.10) for (;ﬁ, under such analytic
continuations we require, for both api, that:

X > iX. (4.4)

At the level of the hyperbolic foliation (4.2) this can be achieved for all regions Ay and Dy
of M2 by rotating R and X ads respectively. These are summarised in the following.

Outgoing modes. Let us first focus on the outgoing wavefunction ng. To obtain this in
region AL from @X(X ; Q) we must stay on HLI and rotate R, which fixes:

XecA,: PR(X; Q1) = L (R, Xaas; Q+),
XcA_: PR(X; Q1) = X (R, Xaas; Q+),

For the region D, which is foliated by dS hypersurfaces (2.6), we must rotate X ads to the
de Sitter hypersurface X 35 = 1. For the outgoing mode this fixes uniquely:

(R, Xaas; Q1), Xaas =e"7 Xy, (4.6a)

us} A

(R, Xaas;Q+), Xaas=e 2 (—de>- (4.6b)

XeDi:  ¢4(X:;Q) =0
XeD_:  ¢h(X:Qu) =

>+ D>+

- 11 -



Incoming modes. Similarly one obtain incoming wavefunctions. We summarise the
results below:

XeAr:  p(X;Q-) =pa(R, Xags; Q-), R=ext, (4.7a)
XeA_ : O (X;Q-) = pa (R, Xaas; Q-), R=e 7]t (4.7b)
X €Dy PA(X;Q-) = oa(—R, Xaas; Q-), Xaas = e Xy, (4.7c)
XeDo:  ¢p(X;Q-) = pa(—R, Xaas;Q-), Xaas = et T (—de> (4.7d)

Conformal primary wave functions as EAdS propagators. In (4.5), (4.6) and (4.7)
above we identified the incoming and outgoing conformal primary wavefunctions gbi in
M2 as analytic continuations of the functions goi defined in region A.. Inserting the
closed-form expression (4.3) for (pi, these can be summarised as follows:

XA 93(X:Qe) = NaGa(EXaasi Qu) Ky g (mte?), (4.82)
XA+ 93(X;Qs) = NaGa(Kaasi QoK a(mlde™F),  (18b)
XeDy: ¢5(X;Qu) = NaGale™? Xs; Q) a(mR), (4.8¢)
XeD i ¢5(X;Qx) = NaGa(—e % Xyg; Qi)f{m%(m R). (4.8d)

On a given hyperbolic slice of M?*2, the conformal primary wave functions gbi (X;Q+) can
be recast as bulk-to-boundary propagators with the same conformal weight A on Hjﬂ. In
regions Ay, using the anti-podal identification (3.9) of @+ and @Q_, it is straightforward to
see that:

XeAr: ¢5(X;Qs)=NaGa(Xaas; Q+)KA_g (m tei%>, (4.92)
XeA 1 ¢r(X;Qu) = NaGa(Xaasi Q1)K (m|t|€$%i>- (4.9b)

[MIsH

In region D4, the relation to the corresponding bulk-to-boundary propagator on HLI is
more subtle owing to the presence of a short distance singularity in qbi(X ;@Q+) and an anti-
podal singularity in ¢} (X; Q<). In order to clarify this point and rewrite the corresponding
bulk integral as a CF'T correlator it is enough to zoom in around the associated singularities
in order to extract the phase factors arising from the analitic continuation. This is what we
shall do in the following. In global coordinates (2.7), we have

i NA CAdS B
T(X; —e 2% A K mR), 4.10a
PalX:04) [2(sinhT — coshT cosy) — ie]A Af%( ) ( )
GA(X:Qo) = e 2T Na C5% LR amR) (1.10b)
[~2(sinh7 + cosh7 cosy) — ie]~ A~2
where
L= (£1,7 cosy =h -7 4.11
Qx = (£1,7), ot
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Let us first consider region D, where qﬁz exhibits a short-distance singularity and ¢, an
anti-podal singularity. One zooms in on the short-distance singularity by taking the limit
T — 400 and v — O:

i N CAdS N
PL(X;Qp) = e 2% AZA x K a(mR), (4.12a)
{—26_7— + y2em — if}
A
_ATi n .
— e AT N, CAAdS (ni - |§;‘_+f/’2 — ie> KA_%(mR), (4.12Db)

where in the second equality we switched to Poincaré coordinates (2.9) through the identifi-
cations 4 = 2e” 7 and | — Z'| = 7. For the anti-podal singularity of ¢, one instead takes
the limit 7 — 400 and ¥ — 0 where v = v + 7:

_ _Am Na CRIS ~
PA(X;Q ) = e 2% AZA xKa_a(mR), (4.13a)
{26_7— — 127 — ie]
A
A% AdS M+ 2
N C (77_2‘_ |f—a:’|2 > KA_%(mR). (4.13b)

In the vicinity of the short-distance (s-d) and anti-podal (a-p) singularities in D4 we
therefore have, respectively:*

(mR), z= n+e_ﬂ7i, (4.14a)

M\R.

sdin Dy: ¢ (X;Qu) = eAUFVENLGA (2,557 K
7K 5

a-p in Dy: ¢X(X;Qi)ZG_A(lil)%iNAGA(Z, T _u(mR), z=nget¥, (4.14b)

1\3

where in Poincaré coordinates (2.9), the bulk-to-boundary propagator (3.4) on H ; reads:

A
z
Ga(z,3;7) = OR% () : 4.15
A(7 ; ) A Z2+‘.T—37,’2 ( )

A similar result follows in region D_. Here, it is ¢, that exhibits a short-distance
singularity and ngAr an anti-podal singularity. One zooms in on the short-distance singularity
of ¢, by taking the limit 7 — —oco and v — 0:

i CAdS B
PA(X;Q-) =e 2% Na ‘ }AKAg(mR), (4.16a)

A
__—AT AdS n— =
=e 22 NACRQ (772 PP ) KA_g(mR), (4.16D)

where in the second equality we introduced Poincaré coordinates (2.9) through the identifi-
cations n— = 2¢” and |Z — Z'| = ~. For the anti-podal singularity of gZ)JAr one instead takes

4Note that ¢, is analytic around the short distance singularity of (;SZ in Dy. Likewise, <Z>Z is analytic
around the anti-podal singularity of ¢,. The analogous holds in region D_, which is considered below.
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the limit 7 — —oco and 4 — 0 where ¥ = v + 7:

NA CAdS

PR(X;Qy) =e 2% s Ka_a(mR), (4.17a)
[2€+T — 57 27T — ie}
_ —AT AdS - %
=e 22 NpCOR (nz—lf—f’P— ,€> KAfg(mR). (4.17Db)

By comparing with (4.15), we can conclude that in the vicinity of the short-distance (s-d)
and anti-podal (a-p) singularities in D_ we have, respectively:

s-din D_:  ¢x(X;Qq4) :eA(lil)%iNAGA(z7f;f VK \ %(mR) z:n_e_ﬂ?i, (4.18a)
a-p in D_: qﬁi(X;Qi):e*A(lﬂ)%i./\/AGA( T f)

a(mR), z:n_eyr?i. (4.18b)
2

As we shall see in the following section, the relations (4.9), (4.14) and (4.18) imply
that contact diagram contributions to celestial correlators can be recast as contact Witten
diagrams on H j 1 upon integrating out the curvature radius of the hyperbolic slicing! This
in turn leads to a more general relation between perturbative celestial correlators involving
particle exchanges and corresponding Witten diagrams, which is presented in section 4.2.

4.1 Contact diagrams

Consider a theory of scalar fields ¢;, ¢ = 1,...,n of mass m; interacting through the vertex

V(X) = g61(X) ... u(X). (4.19)

To leading order in A the n-point celestial correlator is given by

ACAL..An(ille R inQn) = —ig / d?x (bill (X7 ilQl) s XZ (X7 in@n)’

where the superscript “c” to indicates that we are considering a contact diagram. The
expressions (4.8) for the conformal primary wave function instruct us to divide the integral
over M%*2 into integrals over regions A4 and Dy,

/ 42X — / 42X 4 / a2x ¢ [ aex 4 [ attx, (4.20)
At A_ Dy D_

which in Poincaré coordinates (2.9) read

d+2v _ [ a4t >
[ [T [
0 0o
/ dd”X:/ |t|d+1dt/ T /dm (4.21D)
42X — Rd+1dR /S (4.21c)
D, d+1

/D d?X = / Rd“dR/ d+1/d. (4.21d)

(4.21a)
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Figure 3. Contact diagram contributions to correlators on the d-dimensional celestial sphere
(in grey) are proportional to their Witten diagram counterparts in EAdS,,; with proportionality
constant (4.32). Red crosses denote operators inserted on the future boundary SCT and yellow dots
operators inserted on the past boundary S . Oii is the conformal operator dual to the conformal
primary wave function ¢ii.

Using the relations (4.9), (4.14) and (4.18) between conformal primary wave functions and
bulk-to-boundary propagators of the same conformal weight on H - 4+1, the contribution from
each region of M2 factorises into the corresponding n-point contact Witten diagram on
H 4+1 and an integral over the curvature radius the hyperbolic foliation (see figure 3):°

~CA1...An(i1Q17- NQn) (C.A+ :tn+c :tn_'_c%l:tn)
i1 -En
A1 An
></H+ dXAdSGAl(XAdS§Q1)...GAn(XAdS;Qn)' (4.23)
d+1

(AdS)ACAl..An(le“-ﬂQn)

The Witten diagram (A45) A, (Q1, ..., Qp) on the second line of (4.23) is simply the well-
known D-function [57], Wthh is deﬁned as the m-point contact Witten diagram generated
by a the non-derivative n-point interaction in H(L_l The coefficient ¢ Ay i” sums the radial

integrals from each of the regions Ay and D. For A, using (4.9) we have:

o0 L ~ T

Cfti Ao _ —ig/ dtt™ T Na, KA__g(mi teiﬁ), (4.24a)
0 i=1 vz

e a1 T > g

ca- = —ig dtt H Na, KA-—% mitetiz ). (4.24b)
0 i=1 '

For region D, let us first consider the case that the celestial correlator contains at least
one incoming and at least one outgoing mode. In this case the integral over regions D4
receives contributions from both short-distance and anti-podal singularities. Inserting (4.14)

/ dXaas = / % / dz. (4.22)
HT o %
d+1

5Here we replaced:
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and (4.18), we have:

Cl:gl...ﬂ:n — C%l En +C - % (425&)
s-d (4.14) a-p (4.14)
c%i En — _ig| exp (—d—FZAj(l T 1))7; + exp (d ZA] 1+ 1) 2]
7j=1 7j=1
00 n B
X /0 ARR™ ] Na, K, a(miR),  (4.25b)
i=1 b2
s-d (4.18) a-p (4.18)
c%l_..-in = —ig| exp (—d + Z Aj(1 % 1)) 5 +exp (d - Z A;(1 7 1)) 7;]
j=1 j=1

/ dR R H Na, K 4(miR),  (4.25c)

Aimg

where the d-dependence in the phases comes from the change of integration variable from
1+ to z. These combine to give

singularities of the d)JAr_ singularities of the ¢,
J J

it = _2ig cos[(d— ZAj(l ¥ 1))7; (d ZA] 14;1) ) 2] )
=1 =

x / dRR™ [[ Na K, a(miR).  (4.26)
0 - i—3

—+ cos

It is interesting to note that the integrals over the curvature radius R and ¢ in c%l“‘i”

and c ~tn

are (analytic continuations) of the multiple- K integrals often encountered in
momentum space CFT [58, 59]. It is useful to study such integrals using the Mellin-Barnes

representation [40, 41, 60], where:

RAj_%(ij) ) F(Ajl—g) /_+: % RAj—%’(mj’ sj) B (5729). (4.27a)
Ry _atmios) =T(s; 4 3(a - ) (s -3 -0)(3) - Gam

By adopting this representation the integral over the radial coordinate trivialises and is
replaced by a Dirac delta function in the Mellin variables:

n

0o - Z(2Si+4) -
dRR™R = 7 Zonis —(d+2)+z<2sj+;l) : (4.28)
j=1

0
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In the Mellin-Barnes representation, the coefficients (4.24) differ simply by phases in the
Mellin variables owing to the analytic continuation of the curvature radius:®

n

.. _[ice -2 Hi(5120) %
C.Ai "= -9 /—loo [dSJ]n FAl-..An (‘917 mi,...,S8n, mn)e =t ) (430&)
T [ 2 +i(5+20)%
C.Al_m t=g [100 [dS]]n FAL..An (817 miy,...,Sn, mn)€]=1 ) (430b)
7

n
Faoa,(s1,mi, ..., 8p,my) =2mid | —(d+ 2) +Z(2s] )
J=1

n
Na, -
< [1 F( - d) KA 7g(mi73i)- (4.31)
i=1 2
The contributions from all four regions A4+ and D4 then combine as:
+i00
cill = 2ig " [dsj], ¢ En (51,00, 80) Fay A, (81,0, -« Sny ), (4.32)
where
Cil...in(sl’ . 7877/) — Cj n + C n + C :l:'n7 (433)
with®
L d
cji‘"i" + cjl_‘"i" = —Cos Z =x; (2 + 23]-)7; ) (4.35a)
j=1
n T n T
c%l n = _92cos d_ZAJ 5 cos Z:tjAj 9l (4.35b)
j=1 =1

The sinusoidal factor in the Mellin variables s;, coming from regions A+, indicates the
presence of folded singularities in the mass m; — see [41] section 3.1. Such folded singularities

“+ioco +ic0o
B dsy dsn
/_. [ds;],, = /_ Py REEE e (4.29)

200 100

SHere we defined

"As noted in [41], the Mellin-Barnes representation of momentum space Witten diagrams makes manifest
the symmetry under dilatations. This is analogous to how momentum space trivialises translation symmetry.
For generic A;, the solutions to the momentum space Conformal Ward identities are given by generalised
hypergeometric functions with multiple variables (e.g. for n = 3 they are Appell Fy functions [58]). The
Mellin-Barnes representation gives the analytic continuation of momentum space conformal correlators valid
for all physical values of the momenta (and beyond), analogous to how the Mellin-Barnes representation of
the Gauss hypergeometric function is the analytic continuation of the hypergeometric series.

8Here we simplified the cosine factors in (4.26) using the identity:

2cos a cos 8 = cos(a + B) + cos(a — B). (4.34)
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are absent in region D, in which case the corresponding coefficient (4.35b) is constant and is,
in particular, given by a product of cosine factors. This in turn implies that the contribution
from region D vanishes for certain values of A;, corresponding to zeros of the cosine factors
in (4.35b). From the expressions (4.35) we can infer the following useful properties of the
coefficient cii:i:‘bz

:l:l:l: _ F1.--F

CAL o An = CAy A (4.36a)
+.. . F...+ _ _ F.F.£
CALLAG Ay = A=A LA, (4.36b)

The second property states that correlators involving a single incoming or outgoing mode
are anti-symmetric upon replacing the mode with its shadow: A; — d — Aj.g

It is interesting to compare the coefficient ci:‘iz (which, we recall, originates from
integrating out the curvature radius in the hyperbolic slicing of M?*?) with momentum
space n-point scalar contact Witten diagrams in EAdS. In particular, upon multiplying

by R and m?, the function IN(A 4(mjR) defined in (2.18) is proportional to the bulk-to-
2

boundary propagator in Poincaré coordinates of Hjﬂ. Here the mass m plays the role of
the magnitude of the boundary momentum and R the role of the Poincaré coordinate z. The
difference is that, in regions A4 and A_, this coordinate is rotated according to whether a
particle is incoming or outgoing, leading to folded singularities in the “momenta” m;. Such
folded singularities are absent in standard momentum space EAdS Witten diagrams. A
virtue of the Mellin-Barnes representation is that these singularities manifest themselves
in the sinusoidal factor (4.35a) in the Mellin variables, where (4.31) is, up to factors
of m®i, indeed proportional to the Mellin-Barnes representation of an n-point contact
Witten diagram in EAdS [41]. It is interesting to note that the folded singularities only
originate from the regions A, where M%*+? is foliated by EAdSs,1 hypersurfaces. The
contribution (4.35b) from region D, where M?*+2 is instead foliated by dSg,1 hypersurfaces,
does not contain folded singularities and, up to factors of m?s, takes the same form as
momentum space n-point contact Witten diagrams in EAdS.

Let us now turn to the case that we have all incoming or all outgoing modes. In this
case there is just a single contribution from D, which, in the case that we have all outgoing
modes, corresponds to the short distance singularity of qﬁz or, in the case that we have all
incoming modes, the anti-podal singularity of ¢ . And likewise for D_ which, in the case
that we have all outgoing modes, corresponds to the anti-podal singularity of ng or, in
the case that we have all incoming modes, the short-distance singularity of ¢,. There is
therefore only a single cosine factor in (4.26) that contributes in this case, giving:

cEE(sy, ., 8n) = — {cos(d;) + cos((d + 2)7;)} =0, (4.38)

where we used the Dirac delta function (4.28) to simplify the total contribution (4.35a)
from A4 and A_. This vanishing is consistent with the fact that there is no scattering

9To see this one also uses that:
No _ Nica (4.37)
r(a-g) r(z-4) ’
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amplitude with all incoming or all outgoing particles. This in particular means that there
is no non-trivial celestial two-point function with two incoming or two outgoing particles.

It should be noted that, while for generic values of the scaling dimensions A; the need
for a Mellin-Barnes representation (4.32) of the coefficient ci'_’.‘iz is inevitable, for certain
values of A; the Mellin-Barnes integrals can be lifted. See e.g. sections 3.3-3.4 in [61] and
section 4.6 of [40]. An example is when A; = % which corresponds to a conformally

coupled scalar. In the following section we study this case in more detail for n = 3.

Specific cases: 3pt contact diagrams. In the above we saw that celestial n-point con-
tact diagrams can be re-expressed (4.23) as an n-point contact Witten diagram in HJH times
a coefficient Cii:::iﬁ that arises from the integral over the curvature radius of the hyperbolic
slicing. In the following we analyse in more detail the case n = 3, where we have that

Tt (s) =¢ " (si) =0, (4.392)
¢ (s) = "7 (51) = cos(2ms1) — cos| (4§ — A1) w| — cos|(§ — Ay~ Ag)n|, (4.39b)
¢ (si) = ¢ (s5) = cos(2ms2) — cos| (4 — Ag)7| — cos|(§ — A1 Ag)x|,  (439)
¢ (si) = ¢ (s5) = cos(2ms3) — cos| (4 — Ag)7| — cos|(§ — A1 Ax)x] . (4.394)

For generic A;, the Mellin-Barnes integral (4.32) with n = 3 can be expressed in terms of the
Appell Fy function (see appendix B.2 of [61]). For certain values of the scaling dimensions,
however, the corresponding the Mellin-Barnes integrals can be lifted. The simplest example
is for conformally coupled scalars, corresponding to A; = @ (see section 3.3 of [61]), which
can be used as seeds for correlators of conserved currents (as in e.g. [40, 60]). Considering

for concreteness the case that we have one incoming mode and two outgoing (i.e. +1 = +,

+9 = + and +3 = —), upon evaluating all the Mellin-Barnes integrals one obtains:
dm 1—-d
cos I'i==
++— — (2> ( 2 ) _ _ L;l 4.40

Coptapian T4 2mimams (mg = my —ma) =, (4.402)
dm 1—d
cos I'i=<

- . ( 2) ( 2 ) a—1
c =1 mi1+mo+m3) 2, 4.40b
ddpi iy = 0 V2mimams (ma 2 3) ( )

where for convenience we gave the contributions from region D and combined regions A+
separately. Note the expected folded singularities in the mass m; coming from regions
Ay, Setting m; = mg = m, ms = 2m(1 + €) and d = 2, the contribution from regions A+
recovers the result given in equation (3.13) of [3] which was obtained from the corresponding
momentum space scattering amplitude using (3.13). We therefore differ from the result of [3]
by the contribution from region D, which is regular in €. It should be clarified from where
this discrepancy originates, which we leave to future work. A possible explanation could
be that employing (3.13) to obtain celestial correlators from momentum space scattering
amplitudes requires to commute the divergent momentum integral in the definition (3.10)
of conformal primary wave functions past the integral over the bulk of Minkowski space.
Similarly, one can consider the case that one has two conformally coupled and one
general scalar. The fact we have two conformally coupled scalars implies that two of the
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three Mellin-Barnes integrals can be lifted. One obtains the following expression in terms
of the Gauss hypergeometric function:

d—1
_ . - mg(2ma) 2
CE@A |_A =t COS(%) f ( 3) d 3—d (441&)
2 2 3 AV 2m1m2m3 F(Ag — §)F<T>
3—d
><2F1(1 — Az, 1 —d+ As; 5 ;4 +27:f+m3),
3
d—1
- . dr\ _ d_ VTg(2ms) 2
Casiatip,p = z(cos( 5 ) cos((2 Ag)ﬂ)) (4.41b)

V2mimams T(Ag — gw(%)
3—d.m3—m1—m2)
2 ’ 2m3 '

XQFl(l—Ag,l—d+A3;

In d = 2 this gives:

cos (2(1 — Ag)esct (ﬂ))

juan —2igl'(1 — A vmitmatms 4.42
c%%,lJriuM 9 ( 3) mi1ms ’ ( a)
cosh<2(1 — Asz)esch™? (7 Vzm‘*))
Tt = 2ig(1 1-A I'(l—A Vi e —ms
C%%,mum ig(1 + cos(( 3)7))T( 3) —
(4.42b)

Another example in which simplifications arise is when one or more of the fields are
massless. In this case the function (2.18) in the representation (4.3) of the conformal
primary wavefunction simplifies [4]. In the case of two massless external fields we have:

e g COS(W(Al + Ay — %))mgAﬁA?_d(ng)%g
cg+z’u17g+w27g+w3|,4 - F(Ag _ %) (4.43)
X F(l + W)I(l 4 %)’
e ig(cos{(g - Ag)ﬂ'] + cos{(Al + Ag — %)W})m§1+A2_d(2m3)27
C%l+iy17%l+iyg7%l+iy3|p - F(Ag _ %)

X D (14 Qa=fpu=fe (1 4 =8isfamta) - (1.44)

d
2

Let us finally note that these examples make clear that the coefficients (4.32) are
vanishing for certain mass configurations. Analogous zeros appear in the context of dS
boundary correlators [41] and, as in that case, we expect them to be imprints of (perturbative)
unitarity.

4.2 All orders in the perturbative expansion

In the previous section we saw that contact diagram contributions to celestial correlators
are proportional to the corresponding contact Witten diagram in HJH:

AL an (F1Q1 - 0 Qn) = et AAL AL (@1, Q). (4.45)
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Figure 4. Contributions from particle exchanges to d-dimensional celestial correlators decompose
into exchange Witten diagrams of particles carrying Principal Series representations A € g + iR in
EAdS441. The relative coefficients ensure consistent on-shell factorisation.

The coefficients ¢ A i” can be thought of as the ratio:
+1.tn
vt TALLLA,
CAl AN, T )\Aés ) (4.46)
Ap

relatlng the coefficient )\Ads A, of contact Witten diagram to its celestial counterpart
AL A

Contact diagrams are the basic building blocks for all other processes i.e. those that
involve particle exchanges. When an exchanged particle goes on-shell, we expect that the
corresponding observable factorises appropriately into subprocesses and, when all exchanged
particles are on-shell, these subprocesses are the contact diagrams generated by the vertices.
Using this property we can extend the result (4.23) to celestial correlator involving exchanged
particles, decomposing them as a sum of corresponding Witten diagrams in H;+1

To illustrate, let us first consider the tree level exchange of a scalar field of mass
m? in a 4pt celestial correlator, say in the s-channel. Using that a field in M%*2 can be
decomposed (2.17) in terms of fields on (EA)dS441 carrying principal series representations
of SO(d + 1,1), assuming consistent on-shell factorisation then implies (along the same
lines as [41])

Fexch.
A‘Z{fAz\mﬂAgm (£1Q1, £2Q2, £3Q3, £4Q4)
:tligi 3F:|:3i4

+7,<>o dA C C
_/ M AdS Ai(fgz‘A‘A3A4(Q17Q27Q37Q4)7 (447)

ico 27i CA

where AdS)AA1A2|A|A3A4 (Ql, Q2,Q3,Q4) is the corresponding exchange Witten diagram

in H7 441 for a particle of scaling dimension A. See e.g. figure 4. The coefficients ciﬁzi

and ciii’i‘i convert, the coefficients of the three-point contact subdiagrams in AdS on the
r.h.s. to their celestial counterparts via (4.46), where for each A there are two operators
corresponding to incoming (—) and outgoing (+) particles.'® The ca account for the change

in 2pt function normalisation,

a d _ _d
o ggd; _ F(Q A)FQSTA 7 T 1) _ %CSC((% _ A)Tr), (4.48)

ONote that there is no two-point function for two incoming or two outgoing particles, which can be seen
from (4.38).
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where C’ﬂat is the celestial 2pt function normalisation corresponding to a canonical Klein-
Gordon inner product (3.7) and the AdS normalisation CR{% is given in (3.4). These clearly
have the following useful property upon replacing A with its shadow d — A:

CA = —C4_A, (4.49)

which is a specific case of the more general property (4.36b).
More generally, given a perturbative contribution to an n-point celestial correlator (3.13),
the following steps give its decomposition in terms of corresponding Witten diagrams

+
in Hy,4:

1. Draw the same diagram in EAdS: each external line connected to the point +;Q; on
the conformal boundary of M%+2 becomes an external line connected to the point @Q;
on the boundary of EAdS;, 1, where an operator with the same scaling dimension A;
is inserted. Each internal line becomes an internal line in EAdS. Each vertex becomes
a vertex in EAdS.

2. Assign each internal line a scaling dimension label and divide by the factor (4.48)
accounting for the change in 2pt function normalisation. For each vertex, multiply by
the factor (4.46) that converts the contact diagram it generates to the corresponding
celestial contact diagram as in (4.45). For vertices that are attached to internal lines,
in the corresponding contact diagram the external particle can be either incoming or
outgoing and these possibilities should be summed over.

3. For each internal line, integrate the associated scaling dimension label over the
Principal Series A € g +1R.

For example, for the candy diagram contribution to the four-point function in the
s-channel, taking 41 = 43 = +1 and 49 = +4 = —1, one obtains:

01(Q1) 03 (Qs)
Of (@)
* A
+i HtE  4-FE
of @  _ /2 % dA dA Z €A12,08°A,0,04
05 (~Qy) * d_ico 27i 2i CACA

a

05 (=@

032 (Q2) 04(Qa)

To summarise this section, we have seen that a given perturbative contribution to a
celestial correlator can be expanded in terms of corresponding Witten diagrams in H:{H
This was shown to follow from the assumption of consistent on-shell factorisation once
it was established in section 4.1 that celestial contact diagrams are proportional their
Witten diagram counterparts in H | (equation (4.23)). It should be noted that this result
would equivalently follow from conformal symmetry, factorisation and the assumption of
single-valuedness (analyticity) of celestial correlators as a function of the (complexified)
cross-ratios, as is the case for AdS boundary correlators in the Euclidean region. The fact
that celestial contact diagrams are proportional to their corresponding contact Witten
diagrams in H d+1 indeed shows that the assumption of single-valuedness would have been a

valid one.
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4.3 Spectral representation and unitarity

We have seen that perturbative celestial correlators in d-dimensions can be decomposed in
terms of corresponding Witten diagrams on EAdSgy1. Through such identities one might
try to import the wealth of techniques, results and understanding available in EAdS to the
study of celestial correlators, in the same spirit as analogous studies relating perturbative
boundary correlators in dSz4; to their EAdS 41 counterparts [39, 41].

For example, such identities imply that perturbative celestial correlators have the same
analytic structure as their EAdS Witten diagram counterparts. In particular, given a
single-valued conformally invariant four-point function of operators O; in d-dimensional
Euclidean space, harmonic analysis on SO(d + 1,1) [49-53] implies that it admits a partial-
wave expansion over an orthogonal basis of Eigenfunctions Fa ; of the Casimir invariants
taking the following form (say, in the (12)(34) channel):

(O1(71)O2(T2)O3(73) Oy (Z4)) = 1121134+Z / e da pr(A) ]:i ﬁ4($1,x2,x3,x4) (4.50)

4 joo 211

where ps(A) is the spectral density and the first term on the r.h.s. is the contribution from the
identity operator. For correlators (4.50) on the boundary of EAdS ps(A) is a meromorphic
function of A, which is due to the fact that the operator product expansion converges.
In perturbation theory, celestial correlators can be expressed as a sum of EAdS Witten
diagrams, implying that ps(A) is meromorphic also for perturbative celestial correlators.

The conformal partial wave expansion (CPWE) of celestial correlators has been studied
in a variety of works [11, 15, 62, 63]. The above results tell us that one can determine the
CPWE of a given perturbative celestial correlator can be determined using their relation to
EAdS Witten diagrams. For example, considering the exchange (4.47) with +1 = +9 = +1
and +3 = +4 = —1, we can write:

dy; - A
Aexch. _ 20 dA CA10ACAA3A, (AdS)Aexch.
AlAQ‘m2|A3A4 %—ioo 274 cA A1A2|A|A3A47
di TR
+
1 %0 dA CA A ACANA [(AdS) jexch. _(AdS) fexch
2 77100 27TZ cA AlAzlA‘AgAzl A1A2|d A|A3A4

where in the first equality we used that ¢ AL A A = Can,a, = 0 and in second equality we
used the anti-symmetric property (4.36b) of the coefficients upon replacing A with its
shadow d — A. The difference of A and d — A exchanges in EAdS is proportional to a
conformal partial wave [56, 64]:

A fexch. exc A 12 34
(AdS) AN A s1asas — CAZR, - asiagn, = (d — 20) A F2 (4.51)

where, adopting the notation of [41], the AdS-normalised conformal partial wave reads:

AdS) 112,34 d = (AdS AdS
( )]: 7 (%1, T2, T3, 74) /d VAL apa (@1, T, B) A AG A4 (3,74, T).

(4.52)
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This gives the following CPWE for the exchange (4.47):

. +ico A ck ch
exch. _(d _ 2 AlAQA AA3A4 (AdS) 12 34
AN Aaim2|agas = (2 A> [g—zoo 2mi TN Fag (4.53)

Note that meromorphicity of the spectral density in A then follows from meromorphicity
in EAdS and of the coefficients (4.48) and (4.32), as consistent with single-valuedness of
(perturbative) celestial correlators as a function of complex conformal cross ratios. This shows
that in celestial CF'T, which are not unitary in the familiar sense of Lorentzian CFTs and thus
not necessarily endowed with a convergent OPE expansion, a convergent OPE expansion
is recovered from the residues of the spectral density at any order in perturbation theory.

Unitarity. In unitary Euclidean CFT the conformal partial wave expansion (4.50) follows
by expanding in unitary representations of the Euclidean conformal group SO(d + 1,1). In
particular, if one assumes that states have positive finite norms, which is justified when the
CFT arises as boundary dual of a Minkowski theory, one can expand into contributions
from unitary irreducible representations of SO(d + 1,1) by inserting a resolution of the
identity!!

d+zoodA 1
e YA, T E)(A, 4.54
HZ/ 2772NAJ)/d$’ S (A, T, &, (4.54)

where Pa ; projects onto the conformal multiplet labelled by the scaling dimension A and
spin J, and N(A,J) is related to the norm of the state.!? Taking now

01 =0l and O, =0}, (4.55)

it is straightforward to conclude the following non-perturbative positivity constraint on the
spectral density:
ps(A) = 0. (4.56)

This follows from positivity of N(A,J) > 0, which is ensured by the unitarity of Principal
Series representations in Euclidean CFT.

Positivity (4.56) of the spectral density has also been observed in the context of the
conformal partial wave expansion of boundary correlators in dS space [65, 66]. Here we
are noting that it applies more generally to any unitary Euclidean CFT, and therefore also
to celestial correlators. It would be interesting to use (4.56) to derive non-perturbative
constraints on bulk Minkowski physics along the lines proposed in [65] and compare with
other implementations of unitarity.'3

Let us finally note that the above discussion holds for canonically normalised operators.
In the context of celestial CFTs, we have a two-fold degeneracy of operators with the

111 the following for simplicity we assume that only principal series representations contribute. In the
most general case the above resolution of the identity would also involve discrete and complementary series
representations of SO(d + 1,1).

12Note that the states live in the unitary Hilbert space of the bulk theory which is in fact Lorentzian.
Using positivity of the bulk Hilbert space one can then infer positivity of the boundary CPW decomposition.

3Note that the positivity (4.56) is the analogue of the positivity of conformal block coefficients in Lorentzian
CFT (dual to AdS physics), which is essential in formulating the numerical conformal bootstrap [67, 68].
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same dimension, one for in-coming and one-for outgoing particles. Furthermore, their 2pt
functions are not canonical:

(Of (21)05 (22)) =0, (4.57a)
(07 (21)0; (22)) =0, (4.57b)
(01 @05 () = 355 (4.57¢)

A canonical spectral representation can only be obtained in terms of operators which are
normalised canonically. This amounts to consider:

0 (z) = % (0F (@) + 07 (@), (4.58)
O-(z) = \}5 (0F(2) - 07 (@)). (4.58D)

Positivity conditions can now be derived also for celestial CFTs working with O, /.
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A Kantorovich-Lebedev transform

As reviewed in section 4, the conformal primary wave function for a massive particle involves
a Bessel function in the radial direction [3, 4] which, which as noted in [1], is related to
the Kantorovich-Lebedev transform. This transform generalises the Mellin transform that
implements the change of basis from scattering amplitudes to Celestial correlators in the
case of massless particles.

Let us first review an analogous problem in EAdSy ;. In directions with translation
invariance it is natural consider a decomposition in exponential plane waves, which diago-
nalise the translation generator. Such a decomposition is obtained via Fourier transform.
In EAdS we only have translation invariance in the boundary directions. Perpendicular
to the boundary it is instead natural to expand in terms of Eigenvalues of the Dilatation
generator [41]. In Poincaré coordinates (2.9) the direction perpendicular to the bound-
ary is parameterised by the coordinate z and the Dilatation generator is diagonalised by
power-laws:

fa(2) = (el fa) = 27102 (A1)

4 The same applies to dSq41 (see [41]) but we stick to EAdS441 for concreteness.
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which satisfy completeness and orthogonality:
(falfs) =2m0(8 — ), (A.2a)
+0o do A1
[ Sl ad falzz) = 5151 - 22). (A.2b)

Any element of L?(RT, foil) can be expanded in terms of power laws (A.1) and this is
implemented by the Mellin transform. See [41] for more details.

In the context of Celestial holography, an orthogonal basis to expand elements of
L?(R*,dR R%1) is given by Bessel-K functions:
2Rfd/2
I(ia)

Ko(R) = (R|Ka) = Kia(mR), (A.3)

which are complete and orthogonal:'®

27T (i) (e + )
I'(—ic) ’

(Ko|Kg) = 210(3 — ) + (A.4a)

+00 d -
2/ a Rl\K )(Ko|R2) = Ry 6(R) — Ry). (A.4b)

The above completeness and orthogonality relations can be shown straightforwardly by
employing the Mellin-Barnes representation of the Bessel function. To prove (A.4a) one
first goes to Mellin space rewriting it as:

dR +ico dsdt m\ 252
K K H 2s—2t (>
| B / / (27i)? 2

LT - (s 4 (- BD(t+ D)

I'(—ia)L(ip) ’

where we have introduced two cut-off € and k. At this point the radial integral can be

(A.5)

replaced with:

a—2s—2t

/ dR RO2572t — m R(2s + 2t — k) > 0. (A.6)

After closing the contour on the left according to the inequality above, only one term
survives in the e — 0 limit. The remaining Mellin-Barnes integral can then be evaluated
using Barnes’ first lemma, giving:

20-tm =T (L (k£ ia £ B)) ) 27T (i) (a + )
(Ko|Kg) = lim :
K—0 I'(k)I'(—ia)'(iB) I'(—ia)
By taking both o and § positive, as usually considered in this context, the second term can
be dropped and (A.4a) follows. To prove (A.4b), one can first show that:

©dRy [+ do Kia(R1) K_ia(R2) 1
/0 RT/_OO 21 I'(ia) I(—ia) 2’ (A.8)

= k(R1,R2)

=2m0(f — o) + (A7)

5Note that the integral over a can be restricted to the interval [0, 00) removing the factor of 1/2 and
dropping the d(a + 3).
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from which it follows that'®

k(R1, Ro) = &5(31 Ry). (A.9)

From this (A.4b) follows upon multiplying by the appropriate powers of R and changing
variables. To prove (A.8), as we did above for the orthogonality relation one uses the
Mellin-Barnes representation for the Bessel function:

/ @k (R1, Ry) /0 dR1/+°°d0z +ico dsdt %) (%> -2t

—100

y I'(s— —)I‘(s + Za)r(t - %)F(t + %)

Al
I'(—ia)T'(i) (4.10)
One performs the R; integration by placing a cut-off around zero:
. de 2s . 5_28
l% . Ry Ry —1% 5y R(s) > 0. (A.11)

At this point one can close the s contour of integration to the left. Picking the contribution
of the s ~ 0 residue one obtains:

+ico ¢ 400 ) .
/ @k (R, o) = [ d,/ 9 b (T — )D( + ). (A12)

Cico 2T J_co 2T

One performs first the o and then the ¢ integral simply closing the contours and picking
the residues:

n( Ra m+n T
~ dR, < (-1)" (%)™ " cos(3(m +n))
—_— . Al
o R k(T Ra) = n,%:O 2n!m/! (A.13)

Upon changing summation variables as 7 = n — m and one can perform the sum over m
using the identity:

—m

S (=D _
2 L(m+1)(7—m)! %0, (A.14)

m=0

which collapses the leftover sum over 7 to obtain (A.8).

The decomposition of an element of L?2(R*,dR R4!) in terms of functions (A.3) is
implemented by the Kantorovich-Lebedev Transform For a field ¢(X) in M9*+2 this
provides a map to fields QSA(X ) living the H 11 hypersurface and vice versa:

RX)= / o d”¢ s (X EL(R). (A.152)

ba i (X) = /0 dR&(R, X) KZ(R) . (A.15b)

161t is straightforward, picking up the residues in the o complex plane, to show that for Ry # Ra the
integral over « is vanishing.
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B The conformal primary wave function

In this appendix we evaluate the integral

(IY" [ wlesm@e™*, xea, @B

2 HY,

Na
oa(X;Q) = d
I'A—3)
This integral is convergent for X € A, and is the starting point to define the analytic
continuation of the conformal primary wave functions over all Minkowski space.
To evaluate the above integral we apply Schwinger representation for the EAdS bulk-
boundary propagator (3.4):

. oy CA® [2dt A a5
Plugging into (B.1) gives
Na (m)dﬂcﬁds/ /oodt A 25T
X;Q=——2 (2 dp] | S h 2T B.3
SDA( Q) P(A—%) 27 F(A) H;—+1[ p] 0 n € ( )

where, in the hyperbolic slicing X = RX , we introduced the time-like vector
1 A
T=tQ+ imRX, (B.4)
which can be written in the form
T = |T|(1,1,0). (B.5)

To integral over HJH can then be evaluated by employing the parameterisation:

1
p= ;0(1,x§+5:’2,f). (B.6)

Evaluating the Gaussian integral over & gives

Na (m)dﬂcgds /oo dt A [®dTo —d/2 —wo+T>
X; — — —t / —_— 0% s B.7
SDA( Q) F(A — %) 2 F(A) 0 t 0 i) o € ( )
where
2 p2

o R R% Q. (B.8)

The integral over ¢ can then replaced with the bulk-to-boundary propagator (B.2):

Na 2 \&% < dry A-d . _mim

X;Q)=R? ( ) Ga(X; / 2z, ‘e ™e . (B.9
()OA( 7Q) F(A*g) mR A( 7Q) 0 To ) e e 0 ( )
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The remaining integral over zy can be performed using the Mellin-Barnes representation
for the exponential function. In particular,

_ +i00 dsy _
e "0 = . %F(sl)xo 5 (B.10a)
_m’R? F1%0 (s m2R2\
dwo = —T 02 B.10b
= [ <32>< ) x (B.10b)

The integral over xg can then be evaluated to a Dirac delta function:

% d Cd,
/ ﬂxOA 2 81:27Ti(5(81—52—A+%). (B.11)
0

o

This can be used to eliminate one of the two Mellin-Barnes integrals, obtaining;:

estrr= g peattima [ e 9) (7
=Na GA(XAds;Q)f(A_g(mR), (B.12)

where in the last equality we identified the Mellin-Barnes representation (4.27) of K Ad (mR).
T2

Note that this demonstrates how standard embedding space techniques (see e.g. [69-71])
for evaluating Witten diagrams in EAdS can be adapted to Celestial correlators.
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