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ABSTRACT: We construct Villain Hamiltonians for compact scalars and abelian gauge the-
ories. The Villain integers are promoted to integral spectrum operators, whose canonical
conjugates are naturally compact scalars. Further, depending on the theory, these conju-
gate operators can be interpreted as (higher-form) gauge fields. If a gauge symmetry is
imposed on these dual gauge fields, a natural constraint on the Villain operator leads to the
absence of defects (e.g. vortices, monopoles,...). These lattice models therefore have the
same symmetry and anomaly structure as their corresponding continuum models. More-
over they can be formulated in a way that makes the well-know dualities look manifest,
e.g. a compact scalar in 2d has a T-duality, in 3d is dual to a U(1) gauge theory, etc.
We further discuss the gauged version of compact scalars on the lattice, its anomalies and
solution, as well as a particular limit of the gauged XY model at strong coupling which re-
duces to the transverse-field Ising model. The construction for higher-form gauge theories
is similar. We apply these ideas to the constructions of some models which are of interest
to fracton physics, in particular the XY-plaquette model and the tensor gauge field model.
The XY-plaquette model in 2+1d coupled to a tensor gauge fields at strong gauge coupling
is also exactly described by a transverse field quantum J; — Jo Ising model with J; = 2.Js,
and discuss the phase structure of such models.
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1 Introduction

Naive lattice discretization of quantum field theories can lead to a reduced symmetry group.
This is especially true if the symmetries in question have a mixed 't Hooft anomalies. The
most familiar example is that of a massless free Dirac fermion in 2d and 4d, in which case the
symmetry group is U(1)y xU(1) 4 where the index stands for vector and azial. The two U(1)
symmetries famously have a mixed triangle anomaly, as well as a mixed axial-gravitational
anomaly, and the lattice discretization was for a long time taught to be impossible preserv-
ing the axial symmetry. Yet Liischer [1], building on the works of Ginsparg and Wilson [2]
as well as Neuberger [3], constructed such a lattice action with the correct anomaly.

A closely related example is a compact scalar in 2d, which is a bosonized version of a
2d Dirac fermion. The usual way to discretize the compact boson is by an XY-model, but
this model has a reduced symmetry group. Namely the winding symmetry, under which
the winding charge @ = % [ dxd,¢ of the compact scalar ¢ is not conserved, because the



lattice theory contains dynamical vortices which can induce the famous Kosterlitz-Thouless-
Berezinskii transition. Another example are U(1) abelian gauge theories in 3 space-time
dimensions and higher, whose naive lattice discretization has dynamical monopoles which
violate a monopole symmetry. Such theories were discretized using Modified Villain Actions
in [4], in which a famous Villain model was modified to incorporate a no-defect (i.e. no-
vortex or no-monopole) constraint, and hence enhance the global symmetries. Such models
were applied to fracton models in [5] and for constructing non-invertible symmetries in [6].

In this paper we show that such U(1) theories have a natural Hamiltonian formulation
which we dub Villain Hamiltonians.! The idea is to introduce integer-spectrum operators —
the Villain operators — which have a natural angle-valued (i.e. circle-valued) operator as its
canonical conjugate. Depending on the theory, the conjugate operator can be interpreted
as gauge field, and by imposing a gauge symmetry, a form of Gauss law constrains the
Villain operator, which exactly implements the no-defect constraint.

2 Compact scalar in 1 spatial dimension

Consider a natural lattice discretization Hamiltonian of a free massless discrete scalar

theory

_ 1 5 J 2
H = Zx: <2Ja7Tm + %(Qb:cﬂ ¢z) > ) (2.1)

with [¢g, Ty] = 104y, and where J is dimensionless, while @ has dimensions of length. The
constant a above is the only constant with dimension which sets the scale of the problem.
We want to promote ¢, to be a compact scalar, i.e. that ¢, ~ ¢, + 2w. This is impossible
with the Hamiltonian above, as shift of ¢, by 27 on distinct sites is not a symmetry.
Instead we go to a Villain-type Hamiltonian

(L e _ 2
H = Zx: <2Ja7rx + Qa(gbx—i-l Oz + 27rn2) ) , (2'2)

where n, is an operator with only integer eigenvalues. To such an operator one naturally
associates an angle-valued operator ¢,, with canonical commutation relations

[sza ny] = i5xy . (2.3)

Further we will assume that [ng,¢,] = [ng, 7] = [fz, dy] = 0. The above implies that
ei2ma g e=i2me — ¢ 4 97 Since this shift is supposed to be a gauge symmetry, the
Hilbert space is invariant, and hence €™ |¥) = |¥), and so n, can take only integer
values. For this to be self-consistent we need also to have that e?™+ commutes with the
Hamitlonian, which is true by our assumption that ¢, commutes with both 7, and ¢,.
Now let us look for a transformation which shifts ¢, by 27wk, where k, are integers,
in such a way that it is an invariance of the Hamiltonian. The naive transformation

!After this draft was largely finished we found out that the upcoming publication [7] which has a
discussion on the Hamiltonian formulation of compact scalars. See also the discussion in [8] from a different
perspective, for some compact scalar models.



€272, k=2 qoes not do the job, as the Hamiltonian is not invariant under it. Indeed

127y — 2Ty -2 < . _ 2
T HEET =) <2Ja”x + 5q (et = 0o+ 27(kp i1 — ke + 1)) ) L (24)

But now we want to shift n, — n; — (ky+1 — k). To do that we use the operator
¢l 2 s Solhari—he) (2.5)

The total operator which implements the shift of ¢, by 27k, and is an invariance of the

Hamiltonian is _
ei2m Y0 e i Y bk i1—ka) (2.6)

Note that k, can be arbitrary integers. Now since m, and qz~5y commute for any z,y, the
operator which shifts ¢, by 27k, is given by

ol Zz ka(2n T2+ do—1—¢z) =1, ky €Z (27)

where we demand that the operator must be acting trivially on the Hilbert space for any
k. € Z, which implies

UMMy 4 Gu1 — Py = 27Ty, (2.8)
where 7, is some integer-valued operator. Expressing 7, in terms of 1, we have
1 /- ~ -
o = 5 (gf)x — Qp_1 + 27Tnx) . (2.9)
T
To keep the canonical commutation relations [¢,,m,] = id;, we impose the relation

O, Ng] = 103y. We also demand [m;, n,] = 0 for all z,y and so
y y

i‘sﬂc,y - i(sw—l,y

[Tz, ny] = %[égr — by + 2Ty, Ny) = o + [N, ny] =0 (2.10)
so that 5 5
[, 1y] = 1”27;?/*1 (2.11)
Expressing the Hamitonian now yields
1 ~ ~ N2 J 9
with the following commutation relations
[P, iy = 16y , (P ] = 104y - (2.13)
. Opy — Op oy
[, 71y] = z“’Qiﬂ””’yl (2.14)
The above Hamiltonian and the canonical commutation relations are invariant under
the change
1
(2m)2J (2.15)
G = bri1, br = Gu (2.16)
Ny — Ny Ny —> Mgt - (2.17)



This is the self-duality transformation. Note that the self-duality becomes a symmetry
when J = 1/(2m). However, rather than squaring to identity, it squares to a lattice
translation. So, self-duality at the special point is an extension of the translation symmetry.

Further, the spectrum of the above Hamiltonian can be solved exactly, as we show in
the appendix A. By expanding ¢, and n, into Fourier modes, we get that the Hamiltinian

reduces to
-\ 2
J(2m)? (11 N [(1I\? —
H="C0N(5] 35 <N> + 3w, (BB} + B} B,) (2.18)
P
where the sum over p is over p = QW”, %, ey 27r(]]\\[,_1), IT is the conserved charge due to

the global shift symmetry ¢, — ¢, + constant, II is the charge due to the global shift
symmetry ¢z + constant, the operators B, and Bz]; (defined only for p # 0 mod 27) satisfy

the commutation relation [B,, B;,] = with the dispersion relation being

p.p’>
4 sin? (%)
2 _ 2
W= (2.19)

The exact solution is a direct lattice analogue of the continuum compact scalar theory. The
nontrivial fact is that the zeromode contributions containing I and II appear naturally.
We can look at the spatial correlator (A.41)

etp(z—y)

<: Pz .. =iy f> - e_zﬁva Zp#o o (2.20)

where :: indicates normal ordering of B, and B}t operators. Now it is natural to interpret
a as the UV lattice size and take a continuum limit to be N — oo and a — 0 such that
L = Na is fixed. Then we define the dimensionful coordinate held fixed in the continuum
limit as x. = za and obtain that

_L.27'rpzc

. . oo e L
<: 0190 .. p=idzca :> N D : (2.21)
which is the correct continuum finite-volume expression for the correlator.?

2.1 Going to a space-time lattice

Now consider the Hamiltonian (2.2), and let us construct the space-time lattice by writing

Z=tr e et y .. g7l (2.22)

N¢ times

We now want to insert complete sets of states. Since® ¢, and 7y commute for all z,y,
we can construct simultaneous eigenstates ‘{qﬁ}, {71}> Similarily we can do the same for

2The continuum Lagrangian is L = %(8#115)2, and the spatial correlator at finite volume L is given
c2mp(z—y)

by <: eio(@) .. =i (y) :> = exp (_ié Z;":l ‘%’M), which upon integration over ko, is equal

to (2.21).
3We insert hats for operators in this section to distinguish from their eigenvalues which are without hats.



|{n},{#}) The inner product between the two is given by

({0} {mH{n} {9}) = et Lwmete i mte, (2.23)

We write A
~ He 377 [[ e % G —dut2min)? (2.24)
y
which is valid for sufficiently small €. Now we insert complete sets of states and obtain

7 /D<1> <{J)0}’ {770}‘ e27% |{n}, {¢0}> <{n0}, {qbo}’ o~ 9 (Dor1—Gut2mins)?

< [(81 4r3) ({8 Y e =772 | {1, {91 ) ({1}, {1} B G —oimi’

e s s K€ (s B (| ol Rl P
— /D(I)G_ Zz,t[ﬁ(ﬂ';)2+%( L 1~ L +2mnl)—ink (45 Pt — L) +igt (mit — Wt)] ) (225)
The measure D® is just a yet unspecified integration measure over ¢x, ¢, mt and nl, which

we will fix in a moment. Note that the sum over x and ¢ runs from z =0,... N; — 1 and
t=20,...,N — 1 where we identify variables at t =0 and z = N and at t = 0 and t = V.
Now to specify the integration measure we have to remember to implement the con-
straint that A A
>, ks (27rﬁz+q3z_1—q3z)

e =1. (2.26)

To do that we pick an integration measure
/d<1> - /D¢/D¢/D7r ¢i Do ke (2mmi 8L —00 1) (2.27)
{n.k}

where the sum over integers k. implements the appropriate constraint. The expression for
the partition function is then

~ ) k}/ng/Dqﬁ/Dw (2.28)

o= Do [ () (0~ 2t )it (B =4 —im (9~ 2kt )ikt (84—, )]

Integrating over | D yields

5 —Z“< &(ph—¢5 ' H2mkl) - ge (9L 4y —h+2mnl)? —ink (55! —dh)— ik;(é5—$§_1>>
Z=y / D¢ / Dge :
n,k
(2.29)
Now if we set a = € and we relabel (n(; ) 1,7 (z0)2) = (k!_,,nt,), we can write the
above action more concisely as

-2 Zu 1,2 (g z+;1_¢m+27mz,u)2—i”m,u(¢~5m+ﬂ—¢;m)>
. (2.30)

Z%%/ng/Dqﬁe

which is just the modified Villain formulation [4, 5].



3 The U(1) gauge theories

Here we will discuss U(1) gauge theories. We will start by discussing the ordinary (i.e. 1-
form gauge theories) in 2 and 3 spatial dimensions. Then we will discuss a general p-form
U(1) gauge field in arbitrary number of dimensions.

We find it convenient to introduce co-chain notation, which we review here. Our nota-
tion will follow that of the appendix of [4]. A lattice* A in arbitrary number of dimensions
D has sites, which we will label with = or y (0-cells), links [ (1-cells), plaquettes p (2-cells),
cubes ¢ (3-cells), hypercubes h (4-cells) or in general r-cells ¢". Since we discuss Hamiltoni-
ans in this work, our lattice is a spatial lattice only. r-cells of a the lattice can be formally
added together with arbitrary coefficients (which are typically taken to be integers) to form
an r-chain. The lattice is sometimes referred to as a cell-complex or CW complez in the
math literature. An r-chain then forms a group C,(X), where X is the manifold on which
the lattice lives. Operators such as the boundary operator 0 maps an r-cell ¢” into a linear
combination of (r—1)-cells — the boundary cells of the ¢". Note that r-cells have an orienta-
tion. Two r-cells which are the same, but have a different orientation are taken to formally
differ by a sign in front. The orientation of the (r — 1)-cells in d¢” is taken to be outward.

We can define a dual lattice A. Sites 7 associated with the dual lattice are D-cells
of the original lattice, links of the dual lattice are D — 1 cells of the original lattice, and
so on. An r-cell ¢" of the lattice A intersects an D — r cell of the dual-lattice. Therefore
there is a natural map from C,(X) to the Cp_,(X) of the dual lattice, which we will label
x. The D — r cell ¢P~" = x¢" is taken to pierce ¢” such that the orientation of the direct
product of tangent space of ¢" and #°~" matches that of the tangent space X at the point
of intersection. We note that x*¢” = (—1)"(P=")¢",

We can now compose the x-operator and d to construct the co-boundary operator d
which maps

A

8:Cr(X) = Crpr(X) (3.1)

where we define

O = (=)L) S gy e (3.2)

which is equvalent to the statement

Note that 92 = §2 = 0.

4Most of what we say here applies for any graph without any special symmetry properties.



An explicit construction of the boundary, co-boundary and x-operators of a cubic
lattice is given by

6C;;i1,i27...,ir = Z(_l)k+1 <CT_1 - CT_I o ) s (3.4)
k

P . >
THik;01,02,0 Uk 0r 501,025 U
AT _ r+1
O i1 iz = Z (Coririgsemsivk — ComJiinsinyemninsk) (3.5)
JFi1,82,0 00
1
T § ~D—r
*C... : . = — €; .y . . C I . ) 36
Ty015225-450p (D _ ,r,)l ) . ) 1150250505ty 152y 9550 I+S_Z;+1_"'_T/D7Z;-+17"'7Z/D7 ( )
Y1t q20 9D
1
~p 2 : ~D—r
*Cx : . = — €: .y . g CC s . ) 37
Ty21 522,00y (D —T‘)' ) 117127---,%«717.+17l,.+2,-..,ZD $_5+Z;+1+"'+7’ID:l;+1a-~-ﬂlD7 ( )

! !
bt g29tD

where we labeled a cubic ¢" cell with one of its vertices, and the spatial directions

01,49, ... ip, with i, = 1,2,...,r, and where i; is a unit lattice vector in the direction
i, 8§ = w is the vector which translates a cubic lattice to its dual-lattice (also

cubic), while the o indicates that the index is omitted.

Operators can live on these r-cells. Let A.r be an operator on an r-cell ¢" which we
will call an r-form operator (or an r-cochain operator). We can then define a map from an
r-form operator to an (r + 1)-form operator by an exterior derivative

(dA)orr= > Ao (3.8)

credertl

Note that d> = 0. Similarly we define a divergence operator, which maps an r-form operator
to an (r — 1)-form operator

(A= > Ag. (3.9)

creder—1
We will also define a map = which maps an operator A, on ¢” into an operator (xA)zp--on
&P~ as follows
(*A)ED—’I‘ = A*aD—r . (3.10)

Let now A, be an r-form on the lattice while B;p-~—1 be an D — r — 1 form on the
dual-lattice. We have that, if X is a closed manifold

> (dA) 1 Byrir = (=1)"T > " A (dB)er - (3.11)

cr+1
We will also make use of the slightly modified version of the Kronecker delta
1 if ¢ =¢"
—1 ife¢=—c" (3.12)

0 otherwise

J

’ g
T T
c’,c

Let us briefly rewrite the theory (2.2) in this notation. We define operators ¢, and n;
on the sites x and links [ respectively. We write the Hamiltonian

1 J
H= zﬂ; ﬁﬂ'g + zl: %((d(b)l + 27mny)%. (3.13)



We define ¢; to be an operator on the dual lattice conjugate to n;, with the commutation
relations

[Gaty ] = 077 - (3.14)
3.1 U(1) gauge theory in 2 spatial dimensions

We now consider a U(1) gauge theory on a spatial lattice. We define such a theory with
gauge fields A; on spatial links [ of the 2d lattice A. We construct a Hamiltonian

1
H=3 st + 2 posld) + 2em . (3.15)
l p

where 77 is the canonical momentum conjugate to A;, and where

(dA), = > A, (3.16)

ledp

is the exterior derivative. We also added an operator on the plaquette n, with an integral
spectrum, which is needed to interpret A; as a compact gauge field. Indeed we must have
that A; — A; + 27k, for some integers k; to be a gauge symmetry. In addition, we impose
the Gauss law constraint

(0m)e=> m =0, (3.17)

)

where ¢ is the lattice divergence operator (3.9).
The introduction of n, integer valued operator implies the existence of a conjugate op-
erator ¢z which we take to live on the dual lattice site. We impose the commutation relation

[gbi“y np] = i(s*a?,p = 7:653,*}7 (3.18)
We impose the gauge symmetry

A — A+ 27k, (319)
ny — n, — 2n(dk),, (3.20)

which is generated by the operator

U[k‘] _ 61’ >, 2k Zp(dk’)p¢*p — Zl(27r7rl+(d¢)*l)kl ’ (321)
The requirement that every physical state is invariant under U[k] implies that (the minus
sign on the r.h.s. is for convenience)

(d)i

m + 5 = Tl (3.22)

where mj is an operator on the dual links with an integral spectrum. Since we assume that

¢z and A; commute, we must also impose

[A;,mf] = ml,*i = —ié*lj, (3.23)



i.e. my; now serves as the conjugate momentum of A;. Therefore

1
Y omt =5 > _l(de); + 2mmy]? (3.24)
- e 2
We finally get that the Hamiltonian is now

- Z ,6’ ((d¢); + 2mm;)® + Z (F, + 27mn,)* . (3.25)

Note that we had that n, commutes with m;, but since [¢3,np] = idz +p we have that
[np, (d¢); +2mm;] = 0. (3.26)

From the above equation we have that

1.
12, mi(:i,g)] = %Z(‘Si,*p — Ogxp) (3.27)

where I(Z,7) denotes a dual link which starts at # and ends at j. Further, the Gauss law
constraint translates into

(dm)s =0. (3.28)

We could further label 11z = % Note that II; serves as the conjugate momentum
to ¢z, i.e.
(97, ] = [pz, nur] = 1052 - (3:29)

Moreover Iz commutes with m;. To see this, note that

1 1 )
[Hj,m[(@g)] = %[F*j,m[(gi)] + [n*j7ml‘(gvz)] = %[F*f,ml”@’z)] + %(5975 — 55756) . (330)
Now we write
leO*T [leéi.

In going from the second to the third step above we used the fact that | € dx % is the same
as x| € —07 and, writing A; = —A, () we replaced the sum over [ by the sum over [ = L.
So, combining the above with (3.30) we have that

[Tz, mg] = 0 (3.32)

The Hamiltonian then becomes

271'
H:Zﬁ(2

((do); + 27my)? (3.33)

which is the Villain Hamiltonian of the compact scalar on the dual lattice. Note that we
have an additional constraint dnn = 0. This is a no-vortex constraint.



The no-vortex constraint looks peculiar at first. Surely we could think of the above
Hamiltonian without this constraint. This theory has an integer-spectrum operator my,
living on dual links. As such, its natural conjugate momentum is an angle-valued operator,
living on the dual links [ or, equivalently, living on original links {, which we label A;. Now
the constraint dm = 0 simply comes from demanding gauge invariance A; — A; + (d\);,
i.e. it is a Gauss-law constraint.

But what forces us to impose this gauge invariance? We could also consider the Villain
Hamiltonian of a compact scalar without such invariance of the link field A;? Notice
however that the equations of motion for mj; are

Ty =0. (3.34)

So the 71 operator is in a sense not dynamical, and if we have a state which has a vortex on
the dual plaquette (dm)s # 0, then that vortex will be there for all other times. Hence the
Hilbert space of such a theory decomposes into superselection sectors. One can just as well
consider the theory to have a constraint (dm); = 0, and consider the other superselection
sectors as temporal (Wilson) line-operator insertions imposing a different superselection
sector.

3.2 U(1) gauge theory in 3 spatial dimensions and electric-magnetic duality

Now consider the Hamiltonian

H= ﬁZ(Wel)Q -I-Z

l p

((dA®), + 27ny)?, (3.35)

N | ™

where the spatial lattice is three dimensional. We use the superscript e to label the electric
gauge field and its canonical momentum. The operator n, again has an integral spectrum,
and hence we associate a canonical conjugate operator A;ﬁ, living on the dual lattice link
as follows

[Am np/] = ’L'(sp,p/ . (3.36)

*p?
The operator Alf” will be interpreted as the dual (magnetic) gauge field. We impose the

gauge invariance condition

AP s AT (dN);, (3.37)

where Az is a gauge parameter on the dual-lattice site. The above transformation is im-
plemented by an operator

ei Zin*l_(dA)f = e_i Zi (dn)«z Az . (338)

The above operator must be an identity operator on the physical states for any choice
of Az, so we must have that (dn). = 0 on any cube ¢ of the spatial lattice. This is the
no-monopole constraint. Similarly as before, if we wish to consider the temporal monopole
line operators, then the constraint should be modified to be different from zero at some
cubes ¢ corresponding to the dual lattice sites & where the static probe monopole lives.

~10 -



By the same argument for gauge symmetry of Af, we have that (d7), = 0 — the Gauss
law constraint. Now we must implement the discrete gauge symmetry constraints

Af — AT + 27k, (3.39)
np — ny — (dk), . (3.40)

The above is implemented by
150 2 (09, A, 3.41)

which, again, has to act as identity on the physical states. This implies that

1
’/Tle = % (—(dAm)*l + 27‘(’77’1,*1) , (342)

where mj is an operator on the dual plaquette with the integer spectrum. Moreover we
must have that
[Ale, ’/Tﬁ] = i(Su/ = [Ale, m*l/] = i(Su/ . (3.43)

Similarly like before we note that since we assumed that m commutes with n,, we must
have that

e 1 m
[ﬂ-*[’ np] = _%[(dA );57 np] + [m;ﬁa np} =0 (3.44)
so that . , L(Op.00)
m . ? b, Op
[mﬁ’np] = % Z~[Al~ 7np] = % Z~25*l~’p = T , (345)
ledp ledp

where L(0p,0p) is the linking number between the boundary of the plaquette p and the
boundary of the dual plaquette p. Moreover we define
m

1
T = —

7= o ((dA%) 5+ 2mn ). (3.46)

The operator above acts like a canonical momentum of Alf”

[Alf”, W}TL] = i5l~7l~, . (3.47)
Moreover 7len commutes with m;
m 1 €
[mp, 7" = %[mp, (dA®) 7] + [mp,n,gl . (3.48)
Indeed since
[mp, (dA®)p] = —i Y dupy = —iL(Op, 0p) , (3.49)
ledp
hence
[mi,,w%”] =0. (3.50)
Finally we have the dual form of the Hamiltonian
5(27‘-)2 m\2 1 m 2
H= le () + 2B En > ((dA™); — 2mmg)* (3.51)

- 11 -



Now assume that the lattice A is a hypercubic lattice, and define a translation map f which
maps the lattice A to its dual and A to the A. We can then redefine the operators
1€
Al = —A;cn(l) n

A" =A% m

= ch(p) (352)

=~

™S

Note now that models of this sort can be coupled to both magnetic as well as electric
matter in a standard way, just like in the space-time counterparts [4, 9.
3.3 p-form U(1) gauge theory in D dimensions

A p-form gauge theory consists of p-form (or a p-cochain) operator A.» living on a p-cell c?.
The canonical momentum to A is given by Il.». In D spatial dimensions, we formulate
its Hamiltonian as

vy e B 2
H=Y)" ZBaHCP +> 2@((dA)cp+1 + 27N pr1)?, (3.54)

cP cp+1

where np+1 is a p+ 1-form, integer valued operator, whose canonical dual (coordinate) we
will take to live on the dual lattice, i.e. A7}_,_;, such that

[AZP+1 s nclerl] = ’i(—1)(p+1)(D*p*1)6cp+17C/p+1 . (355)
or, equivalently
P+1)(D—p—1)(S*Cp+1’5137p717 (356)

[AZb—p1, ep+1] = i0ert1 ygp—p—1 = i(—1)t

As before, the Kronecker delta is defined such that it is 41 if the two cells are the same
with the same orientation, —1 if they are the same with opposite orientation and 0 if they
are distinct. The Hamiltonian is invariant under a gauge transformation

ACP — Acp + (d)\)cp . (357)

which, when we impose the neutrality of the physical states under the transformation, leads

to a Gauss constraint
(5H)Cp71 =0. (3.58)

Similarly we can impose the gauge symmetry
Agp — Ap + 21k , (359)
Nep+1 —> Nept+1l — (dk)cp+1 s (360)
which is implemented by an operator

ei2ﬂ-ch kcpnzp+(71)(p+1)(D—p—1) ZCP+1 (dk)cp+1A:Zp+1 — €i Zcp kep (2ﬂH2p+(71)pD_D(dAm)*cp)
(3.61)

which leads to the constraint

I = —%(—1)<P—1)D(dAm)*cp + Mo (3.62)
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where mzp-p is an integer spectrum operator, living on the D — p cells of the dual lattice.
Note that this means that

(A%, m ] =0 sy & [Alep—pymyp_] = (=1)PPPib ) n (3.63)
which is the mirror image of (3.55) and can also be written as
[Agp, méD—p:I — i(s*cp,aD—p - Z’(_].)p(Dip)(Scpfk'c'D—p . (3.64)

Recall that we take II.» to commute with the field n.»+1, and hence

— (=) P DPdA™) sp—p, Ngps1] + 20 [MgD—p, Np+1] = 0 (3.65)
OI‘5
—_1)pb-D
[méD*IN ncp+1] = ()27_‘_ Z [AZLD—P—hncPJFI]
—

gb-pr=1ggeP-r
:2(_1)(p+1)(D—p—1)5éD,p,17*cp+1

_1)p+1
= (Z > OsD—p—1 g1 - (3.66)
cP—p=1¢9eP—p

Now recall that xc?*! is a D — p — 1-cell which pierces c?*! cell in such a way that the
induced orientation on the D-cell which is obtained by the extension of ¢?! by eP~P~1 ig
standard.® In other words the Kronecker delta picks up a positive contribution whenever
D — p — 1-cell &P7P~1 pierces the ¢P*! cell, such that P! with ¢?~P~1 form a standard
orientation, and negative if the piercing is opposite. We can hence define the linking number

between the boundary two cells as

L(c’?c”+17 85D‘p) = Z 56D—p—17*cp+1 . (3.67)
eb—r=lepeP—r

This means that

(-1 1 5=D
Nep+1, Mzp—p| = ~—————L(OcPT 9P P) . 3.68
¢ 2
T
Hence we can write the Hamiltonian as
1
H = W Z ((dAm)aD—p — (*1)pD_D27Tm5D_p)2 + g Z((dAe)cp+l + 27Tncp+1)2 .
EDfp cpP

(3.69)

Further we can also define the dual momentum II7},_,_, of A”,_,_, as
75%—10—1 = (dAe>*éD7pfl + 27Tn*5137p71 . (370)

We can check the commutation relations of II7},_,_, with mzp—». We have that

1
[ 1, map—p1](—1)P~DEO=P=1) = %[dAg,,H,mED_p] + [Reps1, map—yp)]
1
o [AAG 1, men—s] = i(—1)PL(OcPTE, 9eP~P) . (3.71)

5We used 5*51:)7,,7176;&1 = 6*26D7p717*cp+1 = (_1)(D7p71)(p+1)66D7p717*Cp+1.
5By a standard orientation we mean the orientation given by the ordering of the lattice coordinates
1,2,3,...D.

~13 -



Since

[(dA®)p+1,mep—p| = Z o en
—
cPedcep+1 Z,(_l)p(D—p)acp7*5sz7

= i(=1)PPPILHEPP dcPT) = i(—1)PL(OPH, 9eP7P)  (3.72)
where we used that L(0cPtt, 9eP—P) = (—1)PPL(9P~P, dcP+1) shown in the appendix B.

3.4 Comments on the BF theories

We finally give brief comments on the BF theories. Such theories have a zero Hamiltonian,
but a nontrivial algebra. We consider a general case of a p-form operator A and its
counterpart Bzp-,. We impose the following commutation relations
i27T(SCp7*ED—p
N

where N is a positive integer. We further impose a gauge symmetry A — A + (d\)

[Aw, Bap—p] = (3.73)

with A — =1 a real, (p — 1)-form gauge parameter. This symmetry is implemented by an
operator .
e% Zcp(d/\)ch*cp = ]17 (374)

which results, upon partial integration, in the constraint (dB)s;p-p+1 = 0, i.e. B is a
flat operator. Similarily by imposing the gauge symmetry of B — B + d\, we get
that (dA)m+1 = 0. Further, we also want to impose that A — Aw + 27k, and
B:p—p — Bszp—p + 2mkzp-p with ke, kzp—p € Z we get that

¢NA> — ¢iNBip—p — T (3.75)
which indicates that A and Bzp-p are Zy gauge fields. Moreover note that the constraint
on dB and dA should now be interpreted as a mod 27 constraint, i.e. as

ei(dB)gD*PJrl — ei(dA)cT+1 =1. (376)

It is now easy to see that Wilson sheets of A and B have anyonic statistics

eith Zcpecl Acp eiq2 ZéDfpecQ B:p—p — ¢ N2 Zcp,anp[ACP7B5D—P]e*i2WWI(CQ’Cl) (3.77)

where I(Co, C1) is the intersection number of the hyper surface C! with Co defined as
I(Co,Cy) = > Sep gD - (3.78)

cPeCl éP-preC?

A surface operator in space time eij" 4 which winds in the temporal direction must modify
the Gauss constraint as follows. Firstly, note that the component of A which points in time
would naturally be intepreted as an object living on the ¢! of the lattice. The operator
' $ 4 which spans in time for a fixed spatial p — 1 hyper-surface S can be seen as modifying
the Hilbert space as follows

. .27qq
el(dB)*cr71 — 6_Z N ECIT71€S($CT71,C,T71 . (379)

This will guarantee the topological correlation functions between “loops” of B and the
surface S.
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3.5 Coupling to gauge fields, anomalies and the Ising duality

Let us now discuss 1+1d theories with scalars coupled to gauge fields. This is well known
to be solvable in continuum and we will see that we can construct lattice models which
are also solvable. Moreover we will explore the 't Hooft anomaly which arises, and discuss
why gauging some of the symmetries may be inconsistent.

Let us start with the simplest model: the compact boson Hamiltonian (2.2). We
introduce the gauge fields A; on links gauging the ¢, — ¢, + « shift symmetry

1 9 J 2 e? 0 \?
H= zjzx:war 2213(d¢+27m+q14)l +zl: 5 <H1+27r> : (3.80)

where we have decided to gauge the symmetry with a charge ¢, and where II; is the con-
jugate momentum to A;. We also introduced the #-angle. What about the shift symmetry

bz — bz + @? Since we have the commutation relation
[q%g, n*g} = Z'55c7g s (3.81)

naively the conserved charge that implements the shift symmetry of ¢z is just given by
S°yni. This however is not gauge invariant under the new discrete symmetry’ A4; —
A; + 2wk and n; — n; — gk;. So the conserved charge should be

Q= Z (m + q> (3.82)

The above charge, however, is no longer conserved. Indeed we have that

Q=i[H,Ql=qe* ) TI;. (3.83)
l
The equations of motion for A; however also give that
A; =i[H,A)] = ¢TI, (3.84)
so we can write _
Q=4qd Yy A, (3.85)
l

This is the famous mixed anomaly between the momentum and winding symmetries. Before
continuing to solve this gauged model,® let us consider gauging only the Zy subgroup of
the U(1) symmetry. To do this we let the Hamiltonian be

1 J
727@ + 5;(d¢+2m+A)%, (3.86)
x
where now we have that A; is the Zy gauge field discussed in section 3.4. The conserved
- A
= — 3.87
Q le (m + %) (3.87)

"We could just not impose this symmetry, but then A; would be and R gauge field, not a U(1) gauge field.
8This is a bosonized version of the charge ¢ Schwinger model which has been of interest in some recent
literature [10-12].

dual charge is given by
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which is now still conserved. But notice that it is not an integer, so there is still an anomaly
between a discrete Zy momentum symmetry and the U(1) winding symmetry. Now let us
try to preserve only a subgroup Zjs of the U(1) winding symmetry. Before gauging the
Zyn momentum symmetry, the generator of the Z;; winding symmetry was

GM — 5 2m (3.88)

Upon gauging the Zy momentum symmetry the above is not gauge invariant under A; —

A; — 27k; and n; — n; + k. We want to attach an improperly quantized Wilson line
-pN

T 20 A with p € Z so that we preserve the property GM = 1. So let’s define

G = etr 2 @mmtpNA) (3.89)

Now the above combination must be gauge invariant under n; — n; + k; and A; — 27wk;
which can only be true if pN = 1 mod M. This condition can only be solved for p if
GCD(N, M) = 1. This is indeed what one expects in the continuum.’

The story can be repeated for p-form gauge fields in arbitrary dimensions, where the
two U(1) symmetries are p-form and the (D — p — 1)-form, with a mixed 't Hooft anomaly
between them. Again one can show that two discrete subgroup Zy and Zj; do not have a
mixed anomalies only if GCD(N, M) = 1.

Now let’s go back the discussion of the theory (3.80). Notice that the transformation

n; — n; + qk; A — A — 27k (3.90)
is a gauge symmetry, and hence the operator which implements it must be an identity
operator )

et 2 ki@rllitadu) _ (3.91)
so that B
4P
I = My — 27: ) (3.92)

where M,; is an integer valued operator, which must have the commutation relation
[Ar, M| = iy - (3.93)
In addition the usual Gauss law says that
G — (3.94)
which translates into

()ee (AN
2 qg

(3.95)

Ty =

In the continuum, one can put the background Zy gauge fields A for the Zy subgroup of the winding
symmetry by the minimal coupling term i ffl A d¢ in the action. Now upon putting background Zas
gauge field for the ¢ shift symmetry, the minimal coupling term becomes % f AN (dp+A). This renders the
term no longer gauge invariant under the large gauge transformations of A because f (d¢ + A) is quantized
in units of 2r/M. One can however introduce a counter-term pN f A A A, which does not spoil the gauge
invariance of A, and p can be picked so that it fixes the gauge non-invariance of A if GCD(M,N) = 1.
See [13-15] for related discussions.
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On the other hand we know that

_ (d9)sa
Tz = 2w

+ Pl (3.96)

so that
(dM)l~ = —qi;. (3.97)

Note that the above equation says that M is constant in space mod ¢. Meaning that

e2™Mz/4 does not depend on Z. As we will see M will label ¢ degenerate vacua. Finally

we define a gauge invariant canonical momentum pz to bz as
Pz = Tz + A (3.98)
which obeys the following non-zero commutation relations

[0z, Py] = 10z, (3.99)
[Pz, My] = qidz g (3.100)

so the Hamiltonian can then be written as

_ J ~2 1 T - 2 62q2 N 2 M 0\ 2
=5 Do o2 ; ((ad); +2mry)” + Xl: 2022 (% - + q) . (3.101)

Firstly note that the 6 term can just be absorbed into the anomalous shift of ¢ as
expected. Further, M; commutes with the Hamiltonian, and can hence be set to a

numerical value. The same is true for n;. We must further impose the constraint that
_ (dM);

np = ——-* But if 7; is a total derivative, we can absorb it in the shift of éz. The
remaining model is then a gapped lattice scalar with mass ;%Z Notice however that

the model has ¢ vacua which are distinguished by the operator ei¥ = ei%, which
is space-independent and defines an integer M, well defined mod ¢, which labels the
vacua. The ¢ vacua correspond to the degenerate universes associated with the Zy 1-form
symmetry. Now let us consider the model with dynamical vortices, which are described

tids Ip particular we have a Hamiltonian

62q2 ~~_27TMj—9 2 7

(3.102)
Diagonalizing M3 we have that the Hamitlonian splits into ¢ sectors labeled by the integer
M=0,1,...,q—1

by operators e

J _ 1 7 -
H= 2%:p§+2ﬂ277)2; ((d¢)[+27rnl~>2+zj:

242
2(2m)?

- - 2mM —
F2 4 m cos <Fj + M)] , (3.103)

_ I 1 2
Hy =5 ;pﬁy(%)? zl;(dF)l +%: q

where F@ is related to <Z~>m as
~ 27TM5C —0

Fy =3 — . (3.104)
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Now notice that for generic values of 6 and ¢, all vacua labeled by M have a distinct
Hamiltonian, and hence a different ground state. When 6 = 7 however, notice that charge
conjugation symmetry C' which takes Fz — —Fj acts on M as

M — —M + 1 mod ¢ (3.105)
Now if the above symmetry is leaving the vacuum labeled by M invariant, we would have
2M —1=0mod q, (3.106)

which is only possible if ¢ is odd. Hence for even ¢, all vacua transform under the C
symmetry, and, in particular, the ground state must be degenerate. This is the reflection
of the mixed anomaly between the C-symmetry and the Z, 1-form symmetry at § = 7 [13].

When g = 1, there will be an Ising transition at § = 7 as m is dialed. If m is large and
positive, the Hilbert space is projected onto the states with F; = 0, which does not break
the C-symmetry. When m is large and negative, F} is forced to be either +m or —m, and
the C-symmetry is broken.!®

We can also construct another model in the same universality class as the one above.
Namely let us consider the following analogous model to (3.86)

H—LZTF2—JZCOS((C£¢) + A)+ZBQ(H +9>2 (3.107)
T L R B ’

The model above differs from (3.80) in that the Villain form was replaced by the more
conventional XY-model/Wilson type. Because of this, the model will not have the winding
symmetry, and is hence in the same universality class as (3.102). We want to study this
model in the limit of strong gauge coupling at # = 7. In that case we have that the last
term enforces a constraint that II; can take only two values II; = 0,1. We therefore label
1T
law states that (01I), = —qm2, we can replace 72 - 5 —(do®)2,. Since (do®); iG55 = o3 —o3,
where [(Z, 7) is the link starting at dual site & and endlng at the dual site ¢, we have that

3 is the 3rd sigma matrix living on the dual sites #. Since the Gauss

1
E T2 — 37 E 03,102 + constant terms, (3.108)
T T

which is just the Ising coupling.

Finally the term cos((d¢); +qA;) always takes the state with II; = 0, 1 into a state with
different I1;, if ¢ > 1, and acts as a zero operator on the projected Hilbert space. II; = 0, 1.
Hence we have that the Hamiltonian exactly becomes that of the Ising model

1
He oo g1 = _W Z O’%HO’% (3.109)
z

which of course has two ground states. If however ¢ = 1, then the cosine term does not act
as a zero operator. Instead it acts as a o} operator, and the resulting Hamiltonian is

Heooqm1 = =5 Zamﬂa Za : (3.110)

ONotice that unlike <7~55;7 F; is not a compact operator, and Fz = 7 and Fz = —x are distinct values of
the field.
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This is known as the transverse field Ising model, and it is exactly solvable, with a transition
occurring when the ratio of the coefficients of the second term and the first term is equal
to 1, i.e. at J =1/v/2. If J < 1/y/2, there are two vacua related by the spin flip symmetry
(i.e. C symmetry). If J > 1/4/2 the ground state is unique. This is what we expected from
the analysis of (3.102) with ¢ = 1.

Finally we comment that the quantum Ising model can also be obtained in arbitrary
dimensions from the generalization of the above story to D spatial dimensions. To that
end, let us consider D — 1-form gauge field A.p-1 and couple it to a D-form gauge filed
B_.p as follows

J
H=— Z m2p_ 1 — ) Zcos(dA +¢B)* + Z e—(HCD + ?)2, (3.111)

where m,p-1 is a conjugate momentum to A.po—1, II.p is the conjugate momentum to B.p.
When 6§ = 7 we again, by very similar reasoning, get the Ising model in the limit e? — oo.
The Ising spins o2 lives on the dual lattice sites. The Hamiltonian is given by

1 J
Hpo o = ~377 > odod - 000 > od (3.112)
(@,9) z
This is the Hamiltonian version of the strong-coupling duality [16].

4 Exotic theories

In this section we study some exotic fracton models which have subsystem symmetries. In
particular we will consider a version of the XY-plaquette model [17]. Much like the XY
model is an analogue of a compact scalar model, the XY-plaquette model can be seen as

an analogue of a model described in the continuum by a Minkowski Lagrangian'!
Ho 1
L= ?(@2 — —(01020)°. (4.1)
K1

This model has a subsystem symmetry associated with the shift ¢(z!, 22) — ¢(z!, 2%) +
f(x') + g(2?) where f and g can be arbitrary functions of ! and 22 respectively. This we
will call the momentum subsystems symmetry, in analogy to the compact scalar symmetry.
The model has also a winding subsystem symmetry associated with the conserved dipole
charges'? Q1 (z') = & [ dz'(91029) and Q2(2?) = 5= [ da'(0102¢) [5, 18-28]. The winding
symmetry can only be emergent in the XY-plaquette model, just like the winding symmetry
of the XY-model in (141)d only emerges in a particular regime. In [5] a space-time lattice
model was constructed which has an exact winding dipole symmetry. Models discussed
here are the Hamiltonian analogues of these.

"The “continuum” theory here is subtle because of the UV/IR mixing, which was the main focus of the
works of Seiberg and Shao [18-21].

12The charges can be nontrivial because 81¢ and d2¢ are only well defined mod 27. These subtleties of
the continuum theory have been the central theme of the works of Seiber and Shao [18-20].
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4.1 XY-plaquette model with exact winding symmetries

Consider now the Hamiltonian

H = Z (ﬁ + L (A1A2¢x + 27n,) ) : (4.2)

where z is a position vector on the 2d lattice, and Aj¢, = ¢, ; — ¢z, with P being a unit
lattice vector in the spatial direction ¢ = 1,2. Note a has dimensions of length and J is
dimensionless. The operator n, has an integer spectrum, with a canonical conjugate ¢,

[P, Ny] = 105y . (4.3)
Now we note that the transformation

Gr — Gy + 27k, , (4'4)
Ng — Ng — AIAQsz )

with k an integer, is an invariance. We want to make the above into a gauge symmetry.
The above transformation is generated by an operator

ol 2 2mkaTa—i ) (A1 A2k)ops (4.6)
we use the “partial integration” formula

Z(Aif)wgm:Z(fw+g_fx)gm:z:fm(gx i —gz) = Zfa: i9) z—1) (4.7)

x xT

so we rewrite the generator as

oDy 2mhame—i Y kaD1log, g 5 (4.8)

The above must be an identity operator on the Hilbert space, so we impose a constraint

A1App, q_5

5 +myg, (4.9)

Ty =
where m, has an integral spectrum. Moreover since [n,,m,] = 0 we have that
1
[nl” my] = o (5$ay B 5m,yfﬁ B 52,3/71 + 5x,yfifﬁ> : (4.10)

The Hamiltonian takes the form
2 J 9
H = Z 2J (AlAQQO;g + 27rmx+i+g) + 2% (A1A2¢x + 27Tnx) . (4.11)

The Hamitlonian is invariant under the replacement

(st_)‘)@a:y Nge — M

P — ¢x+i+§ ) My — Ng - (413)
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2
along with J — (%) % This is the self-duality of the model. The reader can check that
the commutation relations

[¢x7 my] = iéw,y ) [(,03;, ny] = i5m7y s (4.14)
)
[nx’ my] = % (5357?/ B 5x,yfi - 5:):,3/7@ + 5x,yfifﬁ> ’ (415)

are invariant under self-dual transformation. Note that, as in the 14+1d counterpart, the
square of the self-dual transformation is not identity, but a diagonal lattice translation.
The model clearly enjoys two winding symmetries, as the shifts ¢, — ¢, + fa(x!) + fo(2?)
and ¢z + g1(x!) + g2(2?) where f19 and g2 are arbitrary functions of 212 respectively.
The model is also exactly solvable, as we show in the appendix A.3 and matches nicely the
continuum discussion of [18].

4.2 2+41d tensor model and the quantum Ising model duality

Now we want to consider gauging the tensor symmetry which is specified by the current
Jo .z, JL2. We introduce the tensor gauge field A, ¢ and A, 12 with a gauge symmetry

Ax,O - A:):,O + 80¢:v ) (4-16)
A2 = Azi2 + A1As¢, . (4.17)

We want to construct a theory in which we can identify A, 12 ~ A, 12 +27. Let us consider
the Gauge invariant field strength

Fi012 = 00A12 — A1AgAg . (4.18)

The (real-time) Lagrangian is given by
L=>" %Fﬁoﬂ : (4.19)
P
The Hamiltonian is
H = zm: ((2@161_[%’12 + (AIAQAx,O)Hx,12)> : (4.20)

where Tg,12 as a conjugate momentum to Ax,lg. The conjugate momentum Tz.0 of Ax,(] is
zero (primary constraint in the Dirac constraint classification [29]), so 7, o must commute
with the Hamitlonian. This condition gives us, upon “partial integration” the secondary
constraint, or Gauss law

A1A2H$,12 =0. (421)

Since 7,0 and 712 have a zero Poisson bracket, the constraints are first class. This is
exactly like in the ordinary U(1) gauge theory.
Implementing the Gauss constraint the Hamiltonian becomes

2
e
H=Y I, (1.22)
X
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with the constraint (4.21). We could also derive the Gauss constraint by imposing the
gauge invarinace A, 12 — Az 12 + A1A2¢, on the Hilbert space of the above Hamiltonian
directly. The operator which implement this transformation must act as identity on the
physical Hilbert space for any choice ¢,, and so

¢l 2y Mrbatallone ] oy A1Aolly 12 =0, (4.23)

In addition we require that A, 12 — Ay 12 + 27k, 12 for any choice of integers ky 12. This
yields that 7, 12 has an integer spectrum. We can further introduce a 6-term

e? 6 \?2

The model is solved by diagonalizing II, 12, and the ground state is given as any state of
integer eigenvalues my 12 of 11, 12 which obey the constraint

AlAQmm’lg =0. (425)

The ground state when —7 < 6 < 7 is simply m; 12 = 0 everywhere, while at 6 = m, the

ground state is given by any configuration mg 12 = c¢(x1), or mg 12 = ¢(z2) where c¢(x; 2) is

constrained to be zero or unity. The degeneracy of the ground state is 2V1 4 2N2 — 2,
Note that this model has a large symmetry given by the operator equations

Dol 12 = 0 (4.26)

along with the Gauss law A1Asll; 12 = 0. In other words every Il 12 is conserved point-
wise. This is an exotic 1-form symmetry of the model, where the Gauss law is modified to
allow II; 12 to be nonconstant, and depend on either only on 1 or only on w».

The model allows for a coupling to the scalar field theory we discussed previously. We
can write

J 6 \?2
H= Z —Wi —|— (A Aoy + Ap 12 + 2mny) 24 Z 534 (H 12 — 27r) . (4.27)

The Gauss law in this case reduces to

A Aolly 10 =7, 5,5 (4.28)
Alternatively we may choose to couple the gauge fields as an XY-plaquette model
instead
H= Z NN EDY ¢ (H 9>2 (4.29)
771' —_—— —_— — . .
5Ja a 182 2,12  2Ba 12 = 5

Let us now consider the strong gauge coupling limit e? — oo at fixed a, and also take
0 = 7. Then II; 12 must be 0 or 1, as other values have infinite energy. The Hilbert space of
the gauge field momentum II, 12 gets truncated to only two states, the rest being separated

by an infinite energy gap of the order 1/(8a). We can hence replace 11,
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Figure 1. A schematic depiction of the J; — J3 2d Ising model.

ag is the 3rd Pauli matrix on the site x. Moreover we have that m, = A1 Aoll ;5,5 —

%AIAQU:%. Finally we can write cos(A1Ag¢p + Ay 12) = %e"AIAQ‘i’”A”’H + %e*iAlAW*iAM?.
The first of these two changes the eigenvalue of I, 12 by +1 and the second changes it by
—1. So we should replace them by o and o, respectively, i.e. we can write

c0s (A1 Dot + Ay1o) = (0t +071) =

5 . ol (4.30)

N | =

Finally since 3" (A1A0,)? = 2 3020, 4452040, 5 —20,0, 5+0, 70,.5)+... where
the dots indicate an operator proportional to identity, our model reduces to

1 3.3 3 3 3 3 3 3 J 1
H—Hg=Y e (axax_,’_i_,’_ﬁ —2030% 1 —2030% 5 + aﬁiaﬁé) =Y ooon. (431)

x T

where we dropped the irrelevant constant terms. We can also write the above as

Heg=—-J1 Z 0202 + Jo Z 0202 - hZU}C, (4.32)
(zy) (zy) z
with J; = ﬁ,Jg = J1/2 and h = %, and where Z<xy> signifies the sum over next-

negboring sites x and y, while the (z,y) signifies the sum over next-next-neighboring sites
(i.e. along diagonals of the square lattice) (see figure 1). This model is sometimes called the
transverse field J; — Jy Ising model. The phase diagram of such models has been studied
in'3 [30-33].

In particular we are interested in J; = 2J5 case. Let us discuss the h — 0 limit. In
this case the ground state of the model is highly degenerate, as any state which has all
the spins along any row (or column) constant is a ground state of the system. This limit
corresponds precisely to a J — 0, which is the free tensor gauge field limit, that also has

13Note that, since the square lattice is bipartite, we can flip the spins on one sublattice and hence
effectively flip J1 — —J1. Hence the model with both couplings anti-ferromagnetic is equivalent to the J;
ferromagnetic and Jo anti-ferromagnetic.
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Figure 2. A graphical depiction of two degenerate states in the J1 = 2.J5 limit of the h =0 J; — Jo
Ising model.

2

a degeneracy even at finite gauge coupling. Some degeneracy is guaranteed by the fact
that the conserved charge ¢, = o> gets flipped under the charge conjugation symmetry
gz — —qz. Since the ground states are labeled by some configuration of conserved charges
{q+}, then a state with {—¢,} is also a ground state. Furthermore, since ¢, can only be
41, we cannot have that g, and —¢, are equal, and so the two states are distinct. This
can be viewed as a mixed anomaly between the symmetry generated by ¢, = o> and the
charge conjugation generated by C' = >, ol

How do we understand the huge degeneracy at the point J; = 2J27 Recall that the
model arose from the expansion of (A1A303)2. The ground state needs to minimize this
term, which can be thought of as the energetically imposed exotic gauss law (4.21). But this
Gauss law allows a huge number of solutions, rendering the ground state very degenerate.
Changing the Gauss law by setting J; # 2Jo will lift a lot of degeneracy, but not all,
because of the mixed 't Hooft anomaly between the local symmetry generated by o> and
charge conjugation. Indeed if J; > 2J5 the system goes into the striped phase, and when
J1 < 2J5 it goes into the anti-ferromagnetic Néel phase. Both of these break the charge
conjugation symmetry and hence are consistent with the 't Hooft anomaly.

However once h # 0 then o3 is no longer conserved, and the reasoning of the above
paragraph is violated. A priori there is nothing that prevents the degenerate vacua from
lifting. Let us consider two such degenerate states |a) and |3) at h = 0, which are depicted
in figure 2. They differ only by the spins in one of the (i.e. second) columns. If we make
the lattice finite, then the leading contribution to the transition probability <a ‘e‘th‘ ,8>
from one to the other is (h/.J;)V2, where Ny is the number of lattice sites in the 2-direction
of the spatial lattice. Hence in the thermodynamic limit, the two states have no overlap
when h/J; < 1 and we do not expect degeneracy to be lifted by small fields.'* If the two
degenerate states are even more different and where they differ by K columns, then the
splitting is even more suppressed, i.e. by (h/ J1)V2K . On the other hand when h > J
we expect a unique ground state polarised in the ol = 1 direction. A minimal conjecture

“Note that our conclusion is in disagreement with some of the literature [31, 34].
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is then to assume that there is one phase transition and that in the low field phase we
have exponential number of degenerate ground states. The nature of the transition is not
clear (see [31, 33-35]). In [34] a transition at the value h/J; ~ 0.5, which translates to
J ~ /2 ~ 1.41. On the other hand in, when e?> — 0 the model effectively reduces to
the ungauged XY-model studied in [17]. Unfortunately this work only discussed the XY
plaquette model with a chemical potential of the form

U _
HXY—plaquette = Z ((W:B - n)2 - KCOS(A1A2¢:B)> ) (433)

—\ 2

where U, K are dimensionful constants and g = Un serves as a chemical potential. The
reference [17] studies a model with n = 1/2 and finds the transition at U/K ~ 2.4. For
our gauged model the chemical potential would not do anything, as a finite gauge charge is
projected out by the Gauss constraint (4.28). At any rate the gauged XY-plaquette model
is expected to have a similar transition at zero gauge coupling e? = 0, but potentially
of the different nature than the e? # 0 transition. This happens in the gauged 1+1d
compact scalar, where e? = 0 has a BKT transition, while for e? # 0 an Ising transition is
expected [13, 16, 36].

We are unaware of numerical studies of the XY-plaquette model with zero chemical
potential so we have no way of estimating the J for which the transition is to occur. The
phase diagram of our model (4.29) is shown in figure 3.

5 Conclusions

In this work we have discussed the construction of Villain Hamiltonians. The construction
allows many models to be written down keeping the correct global symmetry and anomaly
structures. Moreover, such models reduce to the Modified Villain Action models [4] and [5]
when the theory is placed on a finite time Fuclidean lattice. The Villain Hamiltonian
models on the lattice can also be made manifestly self-dual, a feature lacking in both the
continuum as well as the Modified Villain Actions. Further, for models which are exactly
self-dual, the duality is manifestly a symmetry of the Hamiltonian, although it is embedded
into lattice translations in a nontrivial way.

Further, we have shown that coupling the compact scalar models in 14+1d and the
exotic fracton compact scalar model in 2+1d to the relevant gauge fields with a § = 7 term
reduces to the quantum Ising model in a transverse field in 1 and 2 spatial dimensions
respectively when the gauge coupling is sent to infinity. This is especially interesting in
the case of the gauged XY-plaquette model, where the phase structure of the model could
be understood by studying the simpler corresponding Ising model.

The models discussed here can be used to construct Hamiltonian counterparts of mod-
els with exact electric magnetic self-duality, which may allow for nontrivial interacting fixed
points, like it was done on space-time lattices [4, 9], or to construct Hamiltonian versions of
the 3d U(1) gauge theories relevant for the search of Néel to VBS deconfined criticality [37—
40] which is a yet unsettled question. Villain Hamiltonians may provide a simpler testbeds
for the existence of deconfined criticality. On the other hand some bosonic compact scalar
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Figure 3. A phase diagram of the model (4.29). The limit e? — oo is the J; — Jo Ising model limit,
which reportedly has a phase transition at h/J; ~ 0.5, which gives J ~ /2. The other extreme

/

XY — plaquette model transition
UOI}ISURI], SUIS] 9SI9ASURI], &g = I

should have an ungauged XY-plaquette model transition (4.33), which was studied in [17] but only
at finite chemical potential, where it has a transition for U/K = 2.4. We conjecture that the nature
of the phase transition is the same, save for the limit e = 0.

models have fermionic duals [41, 42] in the continuum, and it is an interesting question
whether such duals can be constructed exactly on the lattice, perhaps shedding light into
the lattice construction of chiral gauge theories (see [43-46] for some recent works on this
problem).
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A Solutions to compact scalar models
Here we discuss the solutions of the model (2.2) and (4.2). We will start with the con-

ventional compact scalar model (2.2) and then discuss the fracton model of (4.2). Other
p-form models can also be solved along similar lines.
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A.1 Solution to the U(1) scalar in 1 spatial dimension

We have that the equations of motion coming from the Hamiltonian (2.2) are given by

. . e
¢x:Z[Hv¢x] = TZa (Al)
. . J
Ty = ’L[H, 71—:5] = E(¢z+1 — 2(Z)J; + ¢x—1 + 27r(nx — nx_l)) R (A2)
% ) ~ 2rJ
Gz = l[H, d)z] = T(¢w+1 — ¢y +2N) (A.S)
ng =i[H,ng] =0, (A4)
Ny = i[H, 7z = 0. (A.5)
The first two equations can be combined to give
; 1
Gz = ? (¢z+1 — 204 + Gp_1 + 27T(TLI - na:fl)) . (AG)
Now going into momentum space we have
Gz = Z eimpap ) Ny = Z ei;tpmp . (A.7)
P p
where p takes values p = 0, %’r, Sy 2”“){,_1). From the equations of motion we have that
ap obeys
i+ wla, = 20 (1 — e A8
ap+wpap_¥( —e P)my, (A.8)
with w, = 2|Si;§| the constraint a, = aT_p and m, = mT_p. Note also that wg = a%(l —

e’?)(1 — e~*). Now note that because of the e.o.m for n,, m, is constant in time. So we
can solve the above equation easily. To do this let us define!®

1—e7®P
by(t) = \/2aN Jw, <ap(t) - w2a227rmp> , p#0 (A.9)
P

We have that the equation of motion in terms of b,(t) are simply

bp(t) + wiby(t) =0, (A.10)
with a Hermitean solution
by(t) = eiw”tB;g +e B, forp#0 (A.11)

where B, is a constant operator. For p = 0 we have from (A.8) that

1

a0:<I>+Ja

0t . (A.12)

where ® and II are operators constant in time. We will see later that II is the conjugate

momentum to ®.

5The constant y/Nw, in front is there for later convenience.
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Now note that

ipx

1 IIt 1
Gp=D+——+ __~  (Bte prt+lpl’+B o~ lwpt—ipz +Z 27Tmp, (A.13)
Ja N 220 2NaJw, ( > ;AO
o J N o
Ty = N + Z 2]$IC)LZ. (B;ezw"t+lpx — Bpe_wf”t_lpx) . (A.14)
20

We now want to impose canonical commutation relations [¢z, my] = idg,. We can take B,
to commute with m, because ¢, was taken to commute with n,. So

1 W . 1 —iw, 1px 1 iwpt—ipx
[qsx,wy]:N[@,muz,/mg S (I Byt — LBl ) - (A15)
#0

—iwpt+ipx T iwpt—ipx
+ Z INaTor pr ([Bp,H]e » + [B}, M]e™» )

2N Z [ By, By, ] wptey Jiipeiply _ [B; B;,]e*i(prrwp/)t—iprip’y
a Wp

— [B,, B;/]ei(wrwp/)ﬂriprip’y + [B;, Bp,]ei(wpwp/)tipxﬂp’y] = 10y,
where we assumed that m, commutes with all B, and II. To satisfy the above we must
take [By, By] = [II, B,] = 0 (as otherwise the expression would be time-dependent) and
[Bp,B;,] = Opp, @, 1] = 4, to reproduce the Kronecker delta. As promised, II is a
conjugate momentum to .

Now, note that

¢m+1_¢x+27rnx:z((eip—l)ap+27rmp) el'IPZQﬂ'm()—I-Z (eip—l)bp(t)eixp
P p#0

:27TN+Z m ((elp_1)B;€—zwpt+sz+(e—zp_1)Bpezwpt—7,px), (Alﬁ)
p p

2N Jaw,

where in the last step we identified mg = % You N = %, where II is a “spatial winding
number”.'® As we will see, this will also play the role of the momentum operator conjugate
to @ — the zeromode of qu operator, so that the Hamiltonian becomes

1 2 J 2
a € - Yz 2 x
= 374 7T+2azx:(¢+1 Gz + 2703)

~ o\ 2
J(2m)? (11 N [I1\?
= — — (= B,B! + BB Al
24 N(N) " 27a (N) T3 ;}“’p( +B}B,). (A.17)

Notice that the equations of motion imply

. 1 = % 1 - ~ N
Ty = 7(¢m - (Z)mfl) = My = 7((1):1: — Qp1+ K:p) . (A18)
2 27
16Thls idenification comes from defining IT = E ZI ($z+1 — P + 27N, ), which is the lattice variant of

= [ dxds¢.
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where K is a constant operator. Now imposing the constraint (2.7) we must have K, =
27N, where i, has an integer spectrum. Let us now in analogy to what we done before write

bp =Y ape™, (A.19)
p

fig = Y mpeP. (A.20)
p

Then

- - R R N M A
Oz — Gp_1 + 27N, = 27 + Z(l —e P (ap + 27T1—ep—ip> e'*P

p#0
—_2nvJ 27(\/7 b
m i
= 2mmo + 27?\/32 e P (A.21)
p#0 V 2N
Further, e.o.m. also imply
Tp = aJ ¢y = P, (A.22)

+ JZ w/2NJawp

On the other hand we have by the constraint (2.7) that

T = Mo + \/>Z e P (A.23)

~ ~ 1 .
my = — b, = —bp p#0. (A.24)

1—e?
Note that > . n, = Nmg = II is the dual-winding charge, which is, of course, the
momentum.
Differentiating Bp relation w.r.t. time twice, we have that

by =~ b = % A2
p = "WpT il = ~Wpbp, (A.25)
where we used the e.o.m.-s (A.10) for b,. Hence l;p also satisfies the harmonic oscillator
equations and can be written as

by = Bye rt + BT eiont (A.26)

Now we have a relation )
= p. (A.27)

Pl —e™?

o

It is easy to check that
[Bp, B ] =6pp (A.28)

Finally, we want to show that the winding number II = > N is the dual momentum. To
do this we must show that ag = P + (27r)

IIt, where ® is the canonical conjugate to II.
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Firstly, it is obvious that ag = (?,LNPH, from the (A.3), which is checked by summing that

equation w.r.t. z. Further, we compute [, II] commutator

1 - ,
[aﬂv H] = N ; [¢xa ny] =1, (A.29)
T iy

hence ag = @ + (2”) II.

A.2 Correlators

Let us now compute the equal-time correlator <ei¢fe*i¢y> of the ground state. To do this
we will normal order the operators e’®* by putting all the creation operators BIT) to the left
of B, anihilation operators. Let us write ¢, as

br = OF + ¢, + 02, (A.30)
where
11t eipx
P =d+ ST 2 T 2y, (A.31)

_l’_

z = Z \/QNCLJUJ
L = 73
¢ zp: V2NaJw, P

T zwpt—‘rsz (A32)
e~ ertmp (A.33)

Now let us write
ipT zp(:r: y)

e
Z T = Z Z LR (A.34)
p#0
Since we have that , ,
ez ) ez
> T =D T (A.35)
p#0 p#0

where the limit ¢ — 0 is approached from above, we have that

1 .- iSp—S€

Then, since, >, ePlats) — > ePlats) _ 1 = N Y ez 045N — 1, we have that

i T oo o0
S =Y (N 3 5x+s,qN—1) -

p#0 g=—00

1 Ne@—N(1-6z,0)) 1
— N —(Nq—:E)E — frnd — A
q;e 1—e€ 1 —eNe 1—e€’ (A-37)
=N

where Z is the remainder of the division of x by N. So

iz N+1
)PP Sy (A.38)
1—ew 2
p#0
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and hence

e'Pe 1 —— 1)\ =

p#0 z

where we wrote II = > n,.
ciPe—idy _ o (z—y)II

Now we look at the expectation value

<: ezd)l . €_i¢y :> — <€Z¢; e_i¢;—ei2ﬂ%($_y)ﬁ> — e_[¢;7¢;] — e_ 2.]%\7(1. Ep;to

where we used the fact that for the ground state IT = 0.

A.3 Solution to the 24+1d XY-plaquette compact scalar fracton model

Here we discuss the Hamiltonian (4.2). The equations of motion are given by

Q‘Sz = i[H, ¢z] =

T

aJ

. . J
o = i[H, mo] = —— (A%Ag%fifé + 27TA1A2%7172) ;

2w J
a

O =1[H, pz] = (A1Ag¢y + 27ny),
Ny = 0.
We proceed similarly to the case of compact scalar in 2d. We write

¢x _ Z apeiitp ,
P
Ny = Z QPeixp )
P
and, by combining the e.o.m. for ¢, and 7, we get
. 1
bz + ?(A%Ag%_i_g +2mA1Agn, 5 5) =0
from where it follows that

9 , .
iip + wla, = — ng(l — e i) (1 — P2

where w, = %|sin 2| sin 22|. When neither p; nor p, are zero we can define

b — 2m
p—Cp ap+ (1_eipl)(1—eip2)qP 9
where ¢, are some constants and b, now satisfies the equation
by + wf,bp =0,

with the general solution
b, = B;Eeiw”t + B_e et
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On the other hand, when either p; or ps is zero, we have that the e.o.m. for ¢, is either
purely a function of 1 or purely a function of x5. We therefore get

—Ho/(N1N2)+H1(.7}1)/N2 +H2($2)/N1t

¢r = Po+ Py (21) + P2(z2) + w7 (A.53)
1 . - e 27Tei:t-p
4 Z ; (Bl't)ezw;)t-i-m Py Bpe wpt—1iT p) _ Z (1 — eipl)(l _ ep2) dp
p170,p2#0 P p17£0,p27#0
—Ho Hl(xl) HQ(I‘Q) Jawpi T iwpttiz- —dwpt—iz-
rom T Milen) | Talen) v Tl pyiepesien _p omisnt=ien) | (a.50)
NN, N M P1#0 20 P

Note that we have captured the zero modes by three pieces: a piece only dependent on
x1, only dependent on zo and a constant piece. This is redundant, as the constant piece
is already captured by the pieces which depend on x1 and xo, but it will be convenient.
Imposing the commutation relation [¢,, 7,] = id,,, is equivalent to demanding that

[(1)1(1'1), Hl (yl)] = Z.(;:El,y1 ; [(1)2(51"2)) HZ(QQ)] = i5127y2 ) (A55)
2
— Ty p ,
(@, ITo] = i, [By, B)] = NN g prap,p : (A.56)

with all other commutator combinations being zero. If we set ¢, = \/2N1N1Jaw, the last
commutator simplifies to [Bp,B;,] = 0pp- As we noted before, the decomposition into
O, P1(x1) and Py(xe) is ambiguous, because we could shift these operators as follows

by — Py + 9,
<I>1(x1) — <I>1(x1) + 61, such that 6 + §1 + 92 =0, (A.57)
@2(.%1) — (132(331) + (52,

where 9,57 and Jo are constants. The above invariance enforces a constraint
Z H1 (2?1) = Z HQ(CCQ) == HO . (A58)
T T2

Further we also can shift
Iy — TIy + N1 NoA
Dy (1) = P1(z1) + NoAq, such that —A + A1 + Ay =0. (A.59)
Oy (1) = Po(z1) + N1Ag,

which enforces a constraint

NQZ(I)l(JIl) == N1 Zq)g(l‘g) = —N1N2<I>0. (AGO)
T T2

Now let us write

1
ANV N —
P1#£0 P20 \/2N1N2Jawp

% (eim _ 1)(62']92 _ 1)Bpeip~x+iwpt + (e—im _ 1)(6—2';02 _ I)B;e—ipw—iwpt

— 27 Z e Pg, . (A.61)
p17#0,p27#0
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Now we write

. 1 1 1
e P =n,— — N ng—— ) Ng+——) ng, A.62
pl;éoz’;ﬁéo dp x N, %: T Ny %: T NNy Xw: T ( )

so the Hamiltonian is given by

1 2
= s7ang 2 (To = Nilli(r) = Nallo(a))
J B ~ - 2
+ gavzng 2 (o = Ml (@) = Mol ()
1
+ zp:wp (B;Bp + 2) : (8.63)

We can simultaneously diagonalize Ilg, IT; 2 (371,2) and their tilde counter-parts, along with
B;Bp, to obtain the spectrum.
The model also has a tensor symmetry. The symmetry current is given by

J

12
JO,Q: = Tg, J o= _E

(AlAQsz_i_Q + 27‘1’7’%_1_@) . (A.64)

We have that
o JY — A1 A2 =0, (A.65)

by the equations of motion, which means that charges

Qi(z1) = Jog, (A.66)
Q2(x2) = Joa (A.67)

are conserved. Indeed since we have in Joo = Zmi mr = Il;(x;) as can be easily checked
by plugging m; from equation (A.54) and using the fact that >°, II;(x;) = Io.

B Linking number

Consider an Euclidean manifold Mp of dimension D, two submanifold of Mp, ¥p_, and
¥}, +1 of dimensions D — p and p + 1, respectively. We will take that ¥p_, and ¥ ., have
a boundary which are, respectively, D — p — 1 and p dimensional. We want to define the
linking number of the boundaries 0Xp_;, and 0%, ;.

We sketch the situation in figure 4. Let Xg(al,c;'?, ...,aP7P) be the local coordi-
nates in Mp describing ¥, and ¢%,i = 1,..., D — p are parameters parametrizing ¥ (i.e.
world-volume coordinates). Similarly we have X% (o'!,... o'Pt1) describing ¥'. Now let

us choose world-volume coordinates such that o; = 0 is the point P on ¥ where 9%’
pierces X, and o, = 0 is the point @ on X’ where the boundary of 9% pierces ¥/. Fur-
ther, we will take that the line where ¥ and Y/ intersect is described by Xg(al, 0,...,0)
and Xg(all,o,...,O), where X£(0,...,0) and X%,(1,0,...,0) describe the point P and
X£,(0,...,0) and X{(1,0,...,0) describe the point Q.
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Figure 4. Sketch of the intersection between the two submanifolds of Mp, ¥p_, and E’p ey

Now we define the linking number of the boundaries 9% and 9%’ as the number of times
that 0% intersects X, where we take the sign of the contribution to be determined as follows.
If 9% intersects ¥ in such a way that the product of their tangent spaces (TX)p x (TOY) p
at point P, has the same orientation as the tangent space of (T'M)p, then we will take
point P to contribute with a positive sign to the linking number. So we define

L(9%,0%) = I(%,0%) (B.1)

where (3, 0%) is the net intersection number between 0¥’ and ¥ in the sense described
above.
Let us now show that

L(O%,0%") = (—1) PP De-D 55 oy). (B.2)

To do this we consider the tangent space TE’P. It is given by the bases

o 0 o
( o %D—p)' (B.3)

On the other hand the tangent space TOY'

P is given by the basis

0 0 0
(80_/2) 80_/3 PR 8o_/p+1> * (B'4)
The (TX)p x (TOX)p is given by the basis
( a ? a LA 8_ ? a/ ? 8/ PR /a ) (B'5)
dol’ do? doP=p’ 952’ 9’3 Jdo'ptl
On the other hand we have that the tangent space of (TX)g x (T9X)q is given by
(5o 5+ 5ot 5 i o0 ) (B.6)
do'l’ do'? do'Pt17 9g?’ o3 doP—p

In fact both of these tangent spaces are well defined on the curve joining the two points P

and ). On this curve we have that the vector 8%1 is equal to —%, so we can write the

above as

( o 0 0 o 0 0 ) (B.7)

90l 902 8o’ PT 902 9o Ao PP
Now the basis above on the curve connecting P and @ differs from (B.5) by a sign!”
<_1)Dp+1.

"We need to push all primed vectors to the right in (B.7), which gives (—1)?P~P~1) = (—1)PP, In
addition, since the first vector of (B.5) and (B.7) differ by a sign, the net contribution is (—1)P7*L.
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