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1 Introduction

Starting from the pioneering paper [1], the axiomatic S-matrix bootstrap program was ap-
plied in the past decades to conjecture analytical expressions for the S-matrices of several
integrable models in 1+1 dimensions. However, the bootstrap philosophy is based on the
assumption that the symmetries of a given classically integrable theory survive the quan-
tisation and the integrable structure extends to the full quantum theory. Unfortunately,
this is not always the case. There are examples of classically integrable Lagrangians that
require counterterms to preserve integrability at the quantum level [2, 3]; in other cases, the
masses of the particles, necessary to establishing the fusing angles entering the bootstrap
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relations, renormalise in a bad way (as it happens for the class of non-simply-laced affine
Toda theories [4]) making the bootstrap construction much more convoluted [5]. More-
over, in most cases, the S-matrix cannot be completely constrained through the bootstrap.
Recent examples are provided by the class of non-linear sigma models defined on the world-
sheet of superstrings propagating in the background AdS3 × S3 × T 4, which are known to
be classically integrable [6]. Quantum S-matrices for these models were proposed in [7–10].
These S-matrices were determined up to five dressing phases which are not completely fixed
by symmetries and for which there exist conflicting proposals in the literature [11, 12]. Dif-
ferently from the proposal advanced in [11], the dressing phases conjectured in [12] have
good analytic properties and behave well under bound-state fusion. However, these phases
disagree with existing one-loop perturbative computations [13, 14]. In [12] it was argued
that one possible reason for the disagreement comes from the necessity to add certain
counterterms to the Lagrangian in the renormalization procedure. These open problems
lead to the following natural question: ‘Starting with a classically integrable theory, there
is any chance to universally understand if integrability is preserved in loop computations
and to determine higher-loop S-matrices?’.

In this paper, we address this question at one-loop order in perturbation theory for
real Lagrangians of type

L0 =
r∑

a=1

(1
2∂µφa∂

µφā −
1
2m

2
aφaφā

)
−

+∞∑
n=3

1
n!

r∑
a1,...,an=1

C(n)
a1...anφa1 . . . φan . (1.1)

The Lagrangian in (1.1) describes the interaction of r massive bosonic scalar fields
(φ1, . . . , φr). To keep into account both real and complex fields we follow the same conven-
tion of [15] and we define φā ≡ φ∗a: in the case in which φa is real then a = ā ∈ {1, . . . , r},
while in the case in which φa is complex then a and ā are different indices in {1, . . . , r}.
This convention allows taking any set of real or complex fields (φ1, . . . , φr). The masses
and couplings in (1.1) are defined in such a way that the properties below are satisfied.

Property 1. All the on-shell amplitudes are purely elastic, with diagonal scattering and
null production processes, at the tree level (i.e. the only tree-level amplitudes different from
zero are those in which the incoming and outgoing particles are of the same type and carry
the same set of momenta).

Property 2. Given three types of particles a, b and c ∈ {1, . . . r} satisfying a 6= b and
ma = mb, the tree-level inelastic amplitude M (0)

ac→bc associated with the process

a+ c→ b+ c (1.2)

is zero for all on-shell and off-shell values of the momenta of the scattered particles.

Even though it remains an open problem to classify all the sets of masses and couplings
satisfying property 1 for arbitrary r, it is known that these sets are not empty. Indeed,
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in [15] it was proven that all the bosonic affine Toda field theories verify property 1.1 While
we require property 1 to be verified for on-shell values of the scattered particles, we impose
that property 2 is satisfied also if the momenta of the particles are off-shell. Note indeed
that if the particles a, b and c were on-shell in (1.2), property 2 would be just a consequence
of property 1. This second property will be necessary to have compatibility between the
renormalization procedure and integrability at one loop order in perturbation theory. This
property is also satisfied by all the bosonic affine Toda field theories and we will prove this
fact in this paper.

If we move from the tree level to the one-loop order certain counterterms need to be
added to (1.1). They are required by the standard renormalization procedure and are
necessary to avoid ill-defined Feynman diagrams at one loop. We will introduce these
counterterms by imposing the following conditions:

• all amplitudes need to be free of ultraviolet divergences at one loop;

• ∀ pair of index a, b ∈ {1, . . . , r} we define by Gab(p2) the propagator (truncated at
one-loop order in perturbation theory), having as incoming leg a and outgoing leg b,
both carrying momentum p. The only possible poles of this propagator need to be
of order one in p2 and need to be located at p2 = m2

a and p2 = m2
b ; we require

Res Gab(p2)
∣∣∣
p2=m2

a

= Res Gab(p2)
∣∣∣
p2=m2

b

= iδab. (1.3)

These conditions allow determining which counterterms need to be added to the La-
grangian (1.1). After these counterterms are added, we will focus on one-loop inelastic
processes of the form

a1(p1) + a2(p2)→ a3(p3) . . . an(pn), (1.4)

where two particles of types a1 and a2 and momenta p1 and p2 collide generating n − 2
outgoing particles of types a3, . . . , an and associated momenta p3, . . . , pn (with n ≥ 4). In
the case n = 4, we assume {a1, a2} 6= {a3, a4}. We can write the renormalized amplitude
Ma1a2→a3...an associated with the process in (1.4) (truncated at the one-loop order in the
perturbative expansion) as

Ma1a2→a3...an = M (0)
a1a2→a3...an +M (1)

a1a2→a3...an +M (count.)
a1a2→a3...an . (1.5)

M
(0)
a1a2→a3...an andM (1)

a1a2→a3...an are obtained by summing over tree-level and one-loop Feyn-
man diagrams respectively, as obtained by applying Feynman rules to the Lagrangian
in (1.1). M

(count.)
a1a2→a3...an is instead obtained by summing over tree-level Feynman dia-

grams containing counterterms introduced by imposing the conditions in the bullet points
listed above.

1It is worth mentioning that the proof presented in [15] relies on previous observations of [16–18]. In
particular in [17, 18] it was explained how to obtain higher order couplings in terms of the masses and lower
order couplings for Lagrangians of the type in (1.1) by imposing recursively absence of production at the
tree level.
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In the following sections, we will prove that, if the amplitude (1.5) is obtained from a
starting Lagrangian of type (1.1) satisfying properties 1 and 2, then it holds that

Ma1a2→a3...an = −
∑

j∈{prop, ext}
Σ(0)
jj

∂

∂m2
j

M (0)
a1a2→a3...an , (1.6)

where the mass corrections Σ(0)
jj will be defined in one moment. The index j in the sum (1.6)

runs over the virtual particles propagating inside Feynman diagrams and over the external
particles. Since, by property 1, for on-shell external particles it holds that M (0)

a1a2→a3...an =
0, then equation (1.6) is equivalent to

Ma1a2→a3...an = M (0)
a1a2→a3...an

∣∣∣
m2
j−Σ(0)

jj

+ O
(
(Σ(0)

jj )2M (0)
a1a2→a3...an

∣∣∣
m2
j

)
. (1.7)

This means that the renormalized amplitude, evaluated to one loop order in perturbation
theory, is equal to the associated tree-level amplitude in which all the masses of the particles
are shifted by

m2
j → m2

j − Σ(0)
jj . (1.8)

The quantity Σ(0)
jj is defined as follows. We consider the propagator to one loop order

obtained from the Lagrangian (1.1) having as insertions an incoming leg of type a and an
outgoing leg of type b, both carrying momentum p. If we omit tadpole diagrams, before
introducing counterterms to (1.1), the propagator is given by

iδab
p2 −m2

a

+ i

p2 −m2
a

(
−iΣab(p2)

) i

p2 −m2
b

. (1.9)

The quantity −iΣab(p2) is obtained by summing over all possible bubble diagrams having
a and b as external legs and is pictorially represented in figure 1. We define the expansion
of Σab(p2) around the on-shell value p2 = m2

a as

Σab(p2) = Σ(0)
ab + Σ(1)

ab (p2 −m2
a) + . . . (1.10)

with
Σ(0)
ab ≡ Σab(m2

a) and Σ(1)
ab ≡

∂

∂p2 Σab(p2)
∣∣∣
p2=m2

a

. (1.11)

The quantities Σ(0)
jj in (1.6) and (1.7), one for each mass associated with a virtual or external

particle of type j, correspond to the corrections to the one-loop diagonal propagators
evaluated at p2

j = m2
j . In the following sections, we will prove the validity of relations (1.6)

and (1.7) and we will discuss their consequences on loop-level integrability.
The paper is organised as follows. In section 2 we determine the counterterms nec-

essary for equation (1.3) to be satisfied and we compute their contribution to one-loop
inelastic amplitudes in theories satisfying properties 1 and 2. In section 3 we describe a
technique to write one-loop amplitudes as products and integrals of tree-level amplitudes:
using this technique on theories satisfying properties 1 and 2 we derive the universal expres-
sions ((1.6), (1.7)) for inelastic amplitudes. We discuss that these amplitudes are nonzero
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−iΣab(p2) ≡
∑
c,d

a(p) b(p)
c(k)

d(p+ k)

Figure 1. Sum of bubble diagrams with external legs of types a and b.

in general and the original Lagrangian needs to receive quantum corrections to preserve
the integrability at one loop. We determine these quantum corrections in theories in which
the ratios between Σ(0)

aa and m2
a do not depend on a (i.e. all the masses, at one loop, renor-

malise scaling with a common multiplicative factor). In section 4 we focus on the class of
affine Toda field theories: we show that properties 1 and 2 are universally satisfied in these
theories and therefore their inelastic amplitudes are reproduced by formulas ((1.6), (1.7)).
In simply-laced models, we provide universal proof that the ratios between Σ(0)

aa and m2
a

do not depend on a, generalising results that were proven in [4] on a case-by-case study.
Through this consideration, we show that in simply-laced affine Toda theories, all inelastic
amplitudes can be cancelled by a simple renormalization of the Lagrangian. In this way,
we prove that these models are one-loop integrable. In section 5 we present our conclusion,
discussing our results and giving an overview of the open problems. Finally, we present two
appendices: in appendix A we show how formulas ((1.6), (1.7)) are affected in theories not
satisfying property 2; in appendix B we give evidence that the only ill-defined contributions
in amplitudes are due to diagonal bubbles in the external legs (which are removed by a
standard renormalization procedure), while the cutting method described in section 3 does
not produce additional ill-defined terms.

2 Renormalization of masses and fields

In the following, we discuss what counterterms are needed for the two bullet points listed
in section 1 to be satisfied. For Lagrangian theories of the form in (1.1), the only ultra-
violet divergences at one loop come from diagrams containing propagators that connect
back to their originating vertices. With a small abuse of notation, we call these diagrams
‘tadpoles’. It is always possible to remove all tadpole diagrams by adding suitable coun-
terterms to (1.1). However, since (1.1) contains infinitely many couplings,2 the number of
counterterms needed to avoid tadpoles has to be infinite. Despite this fact, in section 4
we will show that, for the class of bosonic affine Toda field theories, all tadpoles are can-
celled by renormalising a single parameter in the Lagrangian. This renormalisation will
introduce the infinite set of couplings necessary to cancel all one-loop tadpoles at a time.
We expect that something similar happens for all the Lagrangians of type (1.1) satisfying
properties 1 and 2. Even though we cannot prove this in general, in the following analysis
we do not consider tadpole diagrams and we assume the first bullet point in section 1 to
be satisfied. In any case, this point can always be imposed, eventually at a price to add

2This is a requirement to have absence of inelastic processes at the tree level for any number of external
particles, as it was observed in [16–18].
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infinitely many unrelated counterterms to (1.1). For this reason we will just focus on the
conditions necessary to satisfy the second bullet point listed in the introduction.

Before moving into the computations we set up the conventions that we will follow
for the rest of this paper. The momenta in 1+1 dimensions can be equivalently param-
eterized using energy and spatial momentum components, p0 and p1, or using light-cone
components, p and p̄. The choices are equivalent and connected by

p0 = p+ p̄

2 , p1 = p− p̄
2 . (2.1)

A particle of mass mj , carrying momentum p, is on-shell if pp̄ = p2
0 − p2

1 = m2
j . In this

case, we can write the light-cone components of the momentum as

p = mjap = mje
θp , p̄ = mj

1
ap

= mje
−θp . (2.2)

The parameter ap ≡ eθp in (2.2) is the only degree of freedom associated with the on-shell
particle and θp is called the ‘rapidity’. A particle is physical if the light-cone components
of its momentum are positive, and therefore its rapidity is real.

2.1 Counterterms and one-loop propagators

In this section, reviewing the method used in [19], we prove that condition (1.3) is satisfied
if we shift the masses and fields in (1.1) as follows

m2
a → m2

a + δm2
a,

φa →
(

1 + 1
2Σ(1)

aa

)
φa −

r∑
b=1
b 6=a

tbaφb,
(2.3)

where

δm2
a ≡ −Σ(0)

aa and tab ≡


Σ(0)
ab

m2
b
−m2

a
if ma 6= mb

0 if ma = mb.
(2.4)

After substituting (2.3) into (1.1) the Lagrangian becomes

L =
r∑

a=1

(1
2∂µφa∂

µφā −
1
2m

2
aφaφā

)
−

+∞∑
n=3

1
n!

r∑
a1,...,an=1

C(n)
a1...anφa1 . . . φan

+
r∑

a=1

1
2Σ(1)

aa

(
∂µφa∂

µφā −m2
aφaφā

)
+

r∑
a,b=1
b 6=a

tba
(
−∂µφā∂µφb +m2

aφāφb
)

−
+∞∑
n=3

1
n!

r∑
a1,...,an=1

C(n)
a1...an

1
2
(
Σ(1)
a1a1 + Σ(1)

a2a2 + . . .Σ(1)
anan

)
φa1 . . . φan

+
+∞∑
n=3

1
(n− 1)!

r∑
a1,...,an=1

C(n)
a1...an

r∑
b=1
b 6=a1

tba1φbφa2 . . . φan −
r∑

a=1

1
2δm

2
aφaφā.

(2.5)
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a(p) = i
p2−m2

a+iε

a(p) a(p)� =−iδm2
a

a(p) a(p)• = iΣ(1)
aa (p2 −m2

a)

a(p) b(p)� =−itb̄ā
(
p2−m2

a

)
− itab

(
p2−m2

b

)
a 6= b

Figure 2. Propagator and two-point vertices.

. . .

. . .
a1

a2 aj−1

aj

aj+1an

= −iC(n)
a1...an •

. . .

. . .
a1

a2 aj−1

aj

aj+1an

= − i
2Σ(1)

ajajC
(n)
a1...an

�
. . .

. . .
a1

a2 aj−1

aj

aj+1an

= i
∑r

b=1
b 6=aj

tajbC
(n)
a1...aj−1baj+1...an

Figure 3. Multiple-point vertices.

The black terms in (2.5) are the same contributions appearing in (1.1), while the remaining
coloured terms are introduced in the renormalization procedure. The propagators and
vertices associated with the renormalized Lagrangian (2.5) are represented in figures 2
and 3 and are coloured as the Lagrangian terms from which they are generated. For each
n-point coupling C(n)

a1...an receiving quantum corrections, we use the convention to introduce
n distinct counterterms (one for each leg attached to the coupling). For example, instead
of writing a vertex generated from the third line of (2.5) as

− i2C
(n)
a1...an

(
Σ(1)
a1a1 + · · ·+ Σ(1)

anan

)
.

we split it into n distinct vertices

− i2C
(n)
a1...anΣ(1)

a1a1 , − i2C
(n)
a1...anΣ(1)

a2a2 , . . . , − i2C
(n)
a1...anΣ(1)

anan .

Each of these vertices is pictorially represented with a bullet on the leg j carrying the factor
Σ(1)
ajaj (j = 1, . . . , n), as it is shown in the blue picture in figure 3. The same argument

applies to vertices generated from the red term in the last row of (2.5); in this case, instead
of a bullet, we represent the quantum correction with a circle containing a slash (see the
red vertex in figure 3).
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After having introduced the counterterms into the Lagrangian, the propagator associ-
ated with an incoming leg of type a and a (possibly different) outgoing leg of type b is

Gab(p2) = iδab
p2−m2

a

(
1− Σ(1)

aa

)
+ i

p2−m2
a

(
−iΣab(p2)

) i

p2−m2
b

+ i

p2−m2
a

(
−iδm2

aδab
) i

p2 −m2
a

+ itb̄ā
p2 −m2

b

+ itab
p2 −m2

a

. (2.6)

The last two terms are null in the particular case in which ma = mb. Once again we
used different colours to match the corrections to the propagator with the Lagrangian
counterterms.

Now we show that (1.3) is satisfied. For b 6= a and mb 6= ma, due to the second
definition in (2.4) it holds that

Res Gab(p2)
∣∣∣
p2=m2

a

= iΣab(m2
a)

m2
a −m2

b

+ itab = 0,

Res Gab(p2)
∣∣∣
p2=m2

b

= iΣab(m2
b)

m2
b −m2

a

+ itb̄ā = 0.
(2.7)

In the second relation above we used

Σab(p2) = Σb̄ā(p
2). (2.8)

This implies that the propagator does not contain poles whenever the incoming and out-
going legs are of different types and have different masses. For b 6= a and mb = ma, if we
plug (2.4) into (2.6) and we expand Σab(p2) around p2 = m2

a we obtain

Gab(p2) = iΣ(0)
ab

(p2 −m2
a)2 + iΣ(1)

ab

p2 −m2
a

+ . . . (2.9)

where in the ellipses are contained terms which are finite at p2 = m2
a. In this case, by

property 2 it holds that Σ(0)
ab = Σ(1)

ab = 0 and (1.3) is satisfied. We will prove this fact in
section 3.1.

Instead, when the incoming and outgoing legs are of the same type, we obtain

Gaa(p2) = i

p2 −m2
a

(1− Σ(1)
aa ) + i

(p2 −m2
a)2
(
Σaa(p2) + δm2

a

)
(2.10)

Expanding Σaa(p2) around p2 = m2
a and using the first relation in (2.4) it is immediate to

verify that
Res Gaa(p2)

∣∣∣
p2=m2

a

= i. (2.11)

Since, after introducing the counterterms, (1.3) is verified, all one-particle-reducible Feyn-
man diagrams containing one-loop corrections in external legs can be omitted. This is
because external legs in amplitudes need to be amputated: for each external leg of type a
we need to multiply the amplitude by(

i

p2 −m2
a

)−1
.
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This corresponds, up to a factor i, to taking the residue of the propagator associated with
the external leg a. As we just verified, this residue is null any time the propagator connects
two particles a and b of different types, while in the case a = b it holds that[(

i

p2 −m2
a

)−1
Gaa(p2)

]∣∣∣∣
p2=m2

a

= 1.

For a process of the type in (1.4), this implies that the sum of all the tree-level diagrams
obtained from Lagrangian (1.1) and the diagrams with corrections in external legs (these
corrections include both one-loop bubbles and counterterms in the external legs) returns
a tree-level amplitude M (0)

a1a2→a3...an . Therefore, in the computation of (1.5), we can omit
all the one-particle-reducible diagrams with corrections in the external legs. However, di-
agrams containing counterterms in vertices and internal propagators cannot be omitted;
this introduces some difficulties in understanding the universal behaviour of one-loop am-
plitudes. To avoid these difficulties we will follow the apparently more naive approach to
compute the sums of one-loop diagrams and tree-level diagrams containing counterterms
separately. These sums will generate M (1)

a1a2→a3...an and M (count.)
a1a2→a3...an in (1.5). For this rea-

son, we do not omit Feynman diagrams containing corrections in external legs but rather
we will compute them explicitly remarking when they simplify.

For the remaining part of this section, we will focus on the set of Feynman diagrams
containing counterterms. We will show that many simplifications happen within this set
and it will be possible to compute a universal formula for M (count.)

a1a2→a3...an .

2.2 Off-diagonal field renormalization contributions

We start by computing the sum of Feynman diagrams containing counterterms coloured
red in figures 2 and 3. These counterterms can appear both in internal or external legs. In
both cases, we show that their sum is null.

Let us consider the three Feynman diagrams in figure 4, where the legs a1, . . . , an
and b1 . . . , bm can be both external particles or internal propagators; in the latter case,
the diagrams need to be thought as part of bigger Feynman diagrams in which we omit
to write all vertices connected with a1, . . . , an and b1 . . . , bm. We sum over all the types
of intermediate propagators j and k (with j 6= k in diagram (2)), carrying momentum
p. Plugging the red vertices depicted in figures 2 and 3 into these Feynman diagrams,
we obtain

D(1) = i
r∑

j,k=1
j 6=k

tjkC
(n+1)
a1a2...ank

1
p2 −m2

j

C
(m+1)
b1b2...bmj̄

,

D(2) = −i
r∑

j,k=1
j 6=k

C
(n+1)
a1a2...ank

1
p2 −m2

k

[
tk̄j̄(p

2 −m2
j ) + tjk(p2 −m2

k)
] 1
p2 −m2

j

C
(m+1)
b1b2...bmj̄

,

D(3) = i
r∑

j,k=1
j 6=k

C
(n+1)
a1a2...ank

1
p2 −m2

k

tk̄j̄C
(m+1)
b1b2...bmj̄

.

(2.12)
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(1)

... �
...

j

a1

a2

an

b1

b2

bm

+

(2)

... � ...
k j

a1

a2

an

b1

b2

bm

+

(3)

... � ...
k

a1

a2

an

b1

b2

bm

= 0

Figure 4. Cancellation between diagrams containing off-diagonal field renormalization countert-
erms in internal legs. The legs a1, . . . , an and b1, . . . , bm can be both external particles or propagators
attached to other vertices.

(4)

... �
j

a1

a2

an

+

(5)

... �k j

a1

a2

an

= 0

Figure 5. Cancellation between diagrams containing off-diagonal field renormalization countert-
erms in external legs; j represents an external particle incoming into the diagrams, while a1, . . . , an
can be both external particles or propagators attached to other vertices.

The superscript numbers (1), (2) and (3) in the expressions above match the enumeration
of the Feynman diagrams in figure 4. Summing the three contributions in (2.12) it is
immediate to verify that

D(1) +D(2) +D(3) = 0.

The same consideration can be repeated for any scattering process and for all the Feynman
diagrams with these types of corrections attached to internal propagators. The next step is
to check what is the effect of these counterterms on the external legs. To do that, we focus
on the pair of diagrams shown in figure 5, where j represents an external particle carrying
momentum p and we are summing over all the possible propagators of type k 6= j in the
second diagram. In this case, the legs a1, . . . , an can be external particles or propagators
attached to other vertices that are not shown in figure 5. The two diagrams can be
written as

D(4) = i
r∑

k=1
k 6=j

tjkC
(n+1)
a1...ank

, (2.13a)

D(5) = −i
r∑

k=1
k 6=j

C
(n+1)
a1...ank

1
p2 −m2

k

(
tk̄j̄(p

2 −m2
j ) + tjk(p2 −m2

k)
)
. (2.13b)

Combining the fact that j is an external particle (satisfying the on-shell condition p2 = m2
j )

and tjk = 0 any time mk = mj , we conclude that

D(4) +D(5) = 0.

Due to these considerations, the sum of all Feynman diagrams containing vertices
coloured red in figures 2 and 3 is zero. We can write their contribution to the amplitude
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0

(1′)

... •
...

j

a1

a2

an

b1

b2

bm

(
− i

2 Σ(1)
jj
C

(n+1)
a1...anj

)
1

p2−m2
j

C
(n+1)
b1...bmj̄

+

(2′)

... • ...
j j

a1

a2

an

b1

b2

bm

iΣ(1)
jj
C

(n+1)
a1...anj

1
p2−m2

j

C
(n+1)
b1...bmj̄

+

(3′)

... • ...
j

a1

a2

an

b1

b2

bm

C
(n+1)
a1...anj

1
p2−m2

j

(
− i

2 Σ(1)
jj
C

(n+1)
b1...bmj̄

)
= 0

Figure 6. Cancellation between diagrams containing diagonal field renormalization counterterms
in internal legs. As before a1, . . . , an and b1, . . . , bm can label both external particles or propagators
attached to other vertices. Under each diagram, its algebraic value is written.

associated with the inelastic process (1.4) as

M (red)
a1,a2→a3...an = 0. (2.14)

In appendix A we consider the case in which property 2 is violated; in this case, the
imposition of the renormalization condition (1.3) forces to set tab 6= 0 when a 6= b and
ma = mb. For this reason (2.14) may not vanish in general and relations ((1.6), (1.7))
could be violated in certain inelastic processes.

2.3 Diagonal field renormalization contributions

Similar considerations can be applied to vertices coloured blue in figures 2 and 3. The sum
of Feynman diagrams in which these vertices appear in internal propagators is once again
zero. An example is provided in figure 6, where we are summing over all the possible types
of particles j, propagating internally to the diagrams with momentum p, keeping fixed the
legs a1, . . . , an and b1, . . . , bm. Each of these legs can correspond to an external particle or
a propagator attached to a vertex. As we can see from the algebraic values written under
the diagrams, the sum of the three contributions in figure 6 is zero.

The case in which the counterterms are attached to the external legs is different and
is shown in figure 7. The two diagrams in figure 7 are similar to the ones in figure 5: as
it happens in (2.13b), we can imagine diagram (5′) composed of two terms. However, in
this case, due to the presence of a propagator of type j which is of the same type of the
external particle, both terms survive when we set p2 = m2

j (being p the momentum carried
by the particle j). For this reason, the sum of the two diagrams in figure 7 is nonzero and
it is given by

D(4′) +D(5′) = i

2Σ(1)
jj C

(n+1)
a1...anj

×
(
. . .
)

(2.15)

The ellipses in the expression above correspond to any tree-level diagram the legs a1 . . . an
are attached to. Repeating this argument for all the external legs, we obtain that the
contribution of the vertices coloured blue in figures 2 and 3 to the amplitude associated
with the scattering process (1.4) is

M (blue)
a1,a2→a3...an = −1

2

n∑
j=1

Σ(1)
ajajM

(0)
a1,a2→a3...an . (2.16)
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(4′)

... •
j

a1

a2

an

+

− i
2 Σ(1)

jj C
(n+1)
a1...anj

(5′)

... •
j j

a1

a2

an

iΣ(1)
jj C

(n+1)
a1...anj

6= 0

Figure 7. Contribution of diagrams containing diagonal field renormalization counterterms in
external legs (j corresponds to an external particle while a1, . . . , an can correspond to external
particles or internal propagators attached to other vertices); differently from the diagrams in figure 5
these diagrams do not sum to zero.

This contribution is nonzero in generic quantum field theories; however, since we are con-
sidering an inelastic process and the theory under consideration satisfies condition 1, it has
to hold that M (0)

a1,a2→a3...an = 0. For this reason, we obtain

M (blue)
a1,a2→a3...an = 0. (2.17)

2.4 Mass renormalization contributions and diagonal bubbles in external legs

Now we study diagrams containing the two-point counterterms coloured purple in figure 2.
We focus on the case in which these counterterms appear on the external legs first. An
example, associated with the process in (1.4), is represented in figure 8, where the big blob
corresponds to a tree-level amplitude and a counterterm is attached to the external leg a1.
The algebraic value of the picture, corresponding to a particular combination of Feynman
diagrams, is written under it. If we repeat the same argument for each external leg, we
obtain that the contribution to the amplitude returned by mass correction counterterms
in external legs is given by

M (purple ext. legs)
a1a2→a3...an =

n∑
j=1

δm2
aj

p2
j −m2

aj

M (0)
a1a2→a3...an . (2.18)

When the external particles are on-shell M (0)
a1a2→a3...an = 0 but also the denominators on

the r.h.s. of (2.18) are null. For this reason, (2.18) is nonzero in general. This contribution
will be necessary to cancel certain ill-defined Feynman diagrams with loop corrections in
external legs.

We now study the case in which the counterterms due to the renormalization of the
masses appear in internal propagators. This situation is shown in figure 9, where the
counterterm is attached to a propagator of type j carrying momentum p. The picture in
figure 9 corresponds to a particular combination of Feynman diagrams contributing to the
process (1.4). The two blobs attached to the propagator j are tree-level amplitudes and
contain sums over all possible tree-level Feynman diagrams having as external particles
{a1, . . . , ak, j} and {ak+1, . . . , an, j}. The particles can be incoming or outgoing depending
on the directions of the associated arrows. The algebraic expression associated with the
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a1(p1)

a1(p1)

a2 a3

an

...

δm2
a1

p2
1−m2

a1
M

(0)
a1a2→a3...an

Figure 8. Counterterm correction to the external leg a1 and associated algebraic expression.

�...
...

a1
a2

a3

ak

ak+1
ak+2

an

j j

Figure 9. Mass counterterm correction to a propagator of type j.

combination of diagrams in figure 9 is

M
(0)
a1a2→a3...akj

i

p2 −m2
j

(−iδm2
j )

i

p2 −m2
j

M
(0)
j→ak+1...an

(2.19)

While the particles a1, . . . an are on-shell (indeed they are the external particles entering
process (1.4)), j is off-shell in general; for this reason, even though condition 1 holds, the
tree-level amplitudes appearing in expression (2.19) are nonzero. We can write (2.19) as

δm2
j

∂

∂m2
j

(
M (0)
a1a2→a3...ak

i

p2 −m2
j

M
(0)
j→ak+1...an

)
. (2.20)

Repeating this argument for all the propagators, we see that the two-point countert-
erms appearing in internal propagators contribute to the amplitude associated with pro-
cess (1.4) with

M (purple prop.)
a1a2→a3...an =

∑
j∈prop.

δm2
j

∂

∂m2
j

M (0)
a1a2→a3...an . (2.21)

The sum in (2.21) is performed over the masses of all propagators appearing in
M

(0)
a1a2→a3...an . The expression on the r.h.s. of (2.21) is nonzero. Indeed condition 1 implies
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that M (0)
a1a2→a3...an is null only if the particles a1, . . . , an are on-shell and the couplings and

masses used to evaluate the amplitude are those appearing in the tree-level-integrable La-
grangian (1.1). In expression (2.21), we should evaluate M (0)

a1a2→a3...an for arbitrary values
of the masses appearing in the tree-level propagators. Then we need to take the deriva-
tives with respect to these masses and only in the end substitute these masses with their
classical values. Even though M

(0)
a1a2→a3...an is null at these values, this does not imply

that ∂
∂m2

j
M

(0)
a1a2→a3...an is zero. This should be pretty obvious, indeed the condition that

a generic function is zero at a certain point does not imply that the derivative of that
function is zero at that point.

Summing (2.14), (2.17), (2.18) and (2.21), we obtain that the contribution to the
process (1.4) generated by counterterms is given by

M (count.)
a1a2→a3...an =

n∑
j=1

δm2
aj

p2
j −m2

aj

M (0)
a1a2→a3...an +

∑
j∈prop.

δm2
j

∂

∂m2
j

M (0)
a1a2→a3...an . (2.22)

We remark that the first sum runs over the external particles while the second sum runs over
propagators appearing in all tree-level Feynman diagrams contributing to M (0)

a1a2→a3...an .

3 The cutting method

In this section, we show how one-loop amplitudes can be obtained in terms of particular
combinations of tree-level amplitudes by splitting each propagator into the sum of a Dirac-
delta function and a retarded propagator. This method is described in chapter 24 of [20]
and we will apply it to integrable theories with Lagrangians of type (1.1) and satisfying
conditions 1 and 2. Using this split, we write one-loop amplitudes in terms of products
and integrals of on-shell tree-level amplitudes.

The goal of generating one-loop S-matrices from tree-level S-matrices of 1+1 dimen-
sional integrable theories was already pursued in [21–23] where unitarity methods [24, 25]
were used.3 In particular, in [23] a formula reproducing one-loop two-to-two S-matrices of
integrable theories was provided and tested on different models against symmetry consid-
erations and one-loop computations. Up to a possible shift in the coupling, the authors
found agreement with the expectations for the models that they considered. Even so, the
formula obtained in [23] cannot be universal. This is clear by the fact that the rational
part of the one-loop S-matrix obtained in [23] is the sum of the ‘square’ of the tree-level
S-matrix (expected by the optical theorem) plus a term which is linear in the tree-level
S-matrix; this implies that any time the tree-level S-matrix has a pole of order one (cor-
responding to a bound state propagating particle) then the one-loop S-matrix contains a
pole of order two. These higher-order poles, though can exist, are not common and require
explanation in terms of Landau singularities in Feynman diagrams [27]. As a consequence
of this fact, the formula obtained in [23] does not reproduce the correct expressions for
one-loop amplitudes in general integrable theories. A simple example of a theory where

3Unitarity methods were earlier applied also in [26] to study the one-loop integrability of the sine-Gordon
theory.
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it fails is the Bullough-Dodd model. A possible explanation for the failure of the formula
proposed in [23] for certain integrable theories is that unitarity cut techniques can lead to
an incomplete answer; indeed, it is possible to lose relevant rational terms in the cut proce-
dure. Another reason can be that certain cuts are singular in two dimensions. While these
singular contributions were avoided in [23] by using a particular prescription, it is not clear
if the prescription used in that paper leads to the correct one-loop S-matrix for a general
integrable theory. For this reason, we propose a different approach to generate one-loop
amplitudes. Differently from unitarity methods, the technique described in the following
sections is a different way to write sums of loop diagrams and returns complete answers for
amplitudes. As it happened in [23] we also encounter potential singularities in particular
degenerate inelastic processes: we will show that all potentially-singular contributions are
finite and, if conditions 1 and 2 are satisfied, are zero in all inelastic processes.

3.1 Cutting bubble integrals

We start describing the method used to compute amplitudes by considering a simple ex-
ample of a one-to-one process. We define

ωa(k) ≡
√
k2

1 +m2
a

to be the energy of an on-shell particle with mass ma and propagating with spatial mo-
mentum k1. Keeping into account the following distribution relation

1
k0 − ωa(k) + iε

− 1
k0 − ωa(k)− iε = −2πiδ(k0 − ωa(k)),

the Feynman propagator associated with the particle a can be written as

Πa(k) ≡ i

k2 −m2
a + iε

= i

2ωa(k)

( 1
k0 − ωa(k) + iε

− 1
k0 + ωa(k)− iε

)
= Π(R)

a (k) + π

ωa(k)δ(k0 − ωa(k))
(3.1)

where
Π(R)
a (k) ≡ i

k2 −m2
a − ik0 ε

(3.2)

is called the ‘retarded propagator’. The important point is that, while each Feynman
propagator associated with a particle of type a contains two poles at k0 = ±ωa(k)∓ iε, one
above and the other below the real axis of the k0 complex plane, in the case of a retarded
propagator both the poles lie on the upper half-plane and are located at k0 = ±ωa(k) + iε.
This implies that a loop integral involving only retarded propagators, in which all the loop
momenta flow in the same direction, is equal to zero; indeed all the poles are contained in
the same half-plane and it is possible to choose a contour not containing any poles. As an
example, let us consider a one-loop two-point process in which a particle of type a changes
its flavour transforming into a possibly-different particle b with the same mass (in such a
way that the event is kinematically allowed):

a(p)→ b(p) with p2 = m2
a = m2

b . (3.3)
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a(p) b(p)
c(k)

d(p+ k)

a(p) b(p)

c(k)

a(p) b(p)

c(k)

a b
c

dd

a b

c c

d

a b

c c

a b

c c

Figure 10. Two-point one-loop Feynman diagrams (on the first line) and associated cuts (on the
second line). The sum over one-loop Feynman diagrams becomes a sum of integrals of on-shell
tree-level amplitudes. In the second row the t-, s-, u-channels and the 4-point vertex contributions
are reported from left to right.

We focus on the bubble diagram on the l.h.s. of the first row of figure 10. Using the
notation (3.1), the diagram, omitting contributions from vertices, can be written as∫

d2k

(2π)2

[
Π(R)
c (k)+ π

ωc(k)δ(k0−ωc(k))
][

Π(R)
d (k+p)+ π

ωd(k + p)δ(k0+p0−ωd(k+p))
]
(3.4)

where we have associated the loop-momentum k with the c-particle propagating in the
diagram. We assume that the external particles are on-shell and physical; in this case, if
all the particles are asymptotically stable at the tree level, only two among the four terms
arising by computing the product in the equation above survive. Indeed, for physical values
of the external momenta, it is never possible that both the c- and d-particle flowing in the
loop are simultaneously mass-shell or the decay d→ a+c would be allowed at the tree level
and condition 1 would be violated. This implies that the product of the two delta functions
in (3.4) is equal to zero. The same is true for the product of the two retarded propagators:
as explained previously they both have poles in the same half of the k0 complex plane and
therefore their integration does not contribute. The only surviving terms are given by∫

d2k

(2π)2

[
Π(R)
c (k) π

ωd(k + p)δ(k0 + p0 − ωd(k + p)) + Π(R)
d (k + p) π

ωc(k)δ(k0 − ωc(k))
]
.

Each delta function constrains one particle propagating internally to the loop to be on-shell
and transforms the sum of loops into the sum of integrals of tree-level amplitudes. Summing
over all the possible propagators c and d corresponds to summing over different tree-level
processes and all the possible forward and crossed channels entering the processes. If we
insert also the remaining tadpole diagrams in figure 10 and we add factors coming from
vertices, we obtain that the one-loop amplitude associated with the process (3.3) is

1
8π

r∑
c=1

∫ +κ

−κ
dθk M

(0)
ac→bc(p, k, p, k), (3.5)
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where we labelled by θk the rapidity of particle c. Moreover, we used the change of inte-
gration variable dk1

ωc(k) = dθk. A regulator κ has been introduced in (3.5) since in principle
the integral can be divergent: this is the case if M (0)

ac→bc is non-zero for θk → ±∞. These
non-zero contributions in the tree-level amplitude M (0)

ac→bc are introduced by the tadpole
diagrams in figure 10. Before taking the limit κ → +∞, we should take care of removing
possible divergences by adding suitable counterterms to the Lagrangian (1.1). As already
mentioned at the beginning of section 2, it is always possible to introduce suitable coun-
terterms to avoid tadpoles. After they are introduced we can take the limit κ→ +∞ and,
following the conventions used in the previous sections, we can write

M
(1)
a→b(p

2) = −iΣab(p2) = 1
8π

r∑
c=1

∫ +∞

−∞
dθk M̂

(0)
ac→bc(p, k, p, k), (3.6)

where we defined

M̂
(0)
ac→bc(p, k, p, k) ≡M (0)

ac→bc(p, k, p, k)− lim
θk̃→∞

M
(0)
ac→bc(p, k̃, p, k̃). (3.7)

We should remark that the integrand in (3.6) is not strictly speaking a tree-level amplitude
since it contains retarded propagators instead of usual Feynman propagators. However,
since the integrand never encounters poles on the integration line, in this case, there is no
difference between the two types of propagators.

Since the integrand in (3.6) is Lorentz invariant then Σab(p2) depends only on the
squared momentum of the incoming particle a. Even though we assumed the external
particles on-shell, equation (3.6) makes sense also if p2 6= m2

a. In this case, the integrand
must be thought of as the amplitude M̂ (0)

ac→bc in which the massma (common to the particles
a and b) is deformed to

√
p2. This makes sense if the deformation is small enough to avoid

the possibility of having double cuts in the bubble diagrams in figure 10. This means that
the particles of types a and b, with a deformed mass

√
p2, still need to be stable at the

tree level. In this paper, we will consider theories satisfying property 2. For this reason,
any time a and b are different particles with the same mass, the integrand in (3.6) is zero
at all values of p2 and Σab(p2) is null. All the coefficients

Σ(0)
ab , Σ(1)

ab , . . .

of the expansion of Σab(p2) around p2 = m2
a are therefore zero. This explains why equa-

tion (2.9) is null at the pole.
For a = b the integrand of (3.6) is nonzero and it holds that

Σaa(p2) = i

8π

r∑
c=1

∫ +∞

−∞
dθk M̂

(0)
ac→ac(p, k, p, k). (3.8)

At p2 = m2
a, the integrand in (3.8) becomes a function of the rapidities (since the masses

are fixed and on-shell). In this case, we obtain δm2
a expressed as the integral of an on-shell

tree-level amplitude

δm2
a = −Σaa(m2

a) = − i

8π

r∑
c=1

∫ +∞

−∞
dθk M̂

(0)
ac→ac(θp, θk, θp, θk). (3.9)
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3.2 Generalisation to two-to-two inelastic processes

Before moving to the study of one-loop inelastic processes of type (1.4) for arbitrary number
n of external particles, we focus on the case n = 4 and we consider the process

a(p) + b(p′)→ c(q) + d(q′). (3.10)

We assume {a, b} 6= {c, d} and we label the momenta carried by the different particles by
p, p′, q and q′. Using the cutting method explained previously, the sum of all one-loop
Feynman diagrams can be written as

M
(1)
ab→cd = M

(2-cut)
ab→cd +M

(1-cut)
ab→cd . (3.11)

The two contributions on the r.h.s. of the equality in (3.11) are obtained by decomposing
each propagator appearing inside a loop into the sum of a Dirac delta function and a
retarded propagator, as written in (3.1). The single-cut contribution M (1-cut)

ab→cd corresponds
to a sum of terms, each containing a single Dirac delta function. The Dirac delta function
removes one among the two integration variables appearing in the loop and similarly to
what happened in (3.6) we obtain

M
(1-cut)
ab→cd = 1

8π

r∑
e=1

∫ +∞

−∞
dθkM̂

(0)
abe→cde(p, p

′, k, q, q′, k). (3.12)

As before, the integration (3.12) is performed in the rapidity variable θk of the particle of
type e associated with the propagator that has been cut and we define

M̂
(0)
abe→cde(p, p

′, k, q, q′, k) ≡

M
(0)
abe→cde(p, p

′, k, q, q′, k)− lim
θk̃→∞

M
(0)
abe→cde(p, p

′, k̃, q, q′, k̃) (3.13)

to be the integrand after having removed tadpoles by adding properly-tuned counterterms
to the starting Lagrangian.

Differently from one-to-one amplitudes, when we perform the substitution (3.1) in
two-to-two one-loop diagrams certain terms containing two Dirac delta functions survive.
These terms contribute to the amplitude through

M
(2-cut)
ab→cd = M

(2-cut,u)
ab→cd +M

(2-cut,t)
ab→cd =

r∑
e,f=1

M
(0)
ae→cfM

(0)
bf→de

8memf | sinh θef |
+

r∑
e,f=1

M
(0)
ae→dfM

(0)
bf→ce

8memf | sinh θef |
. (3.14)

In (3.14) we defined θef ≡ θe−θf to be the difference between the rapidities of the particles
associated to the cut propagators. It is important to note that among the three different
channels depicted in figure 11 where the double-cuts can be performed, only the u- and
t-channel generate a nonzero result. The cut in the s-channel, depicted in the centre of
figure 11 is zero. Indeed we are assuming that all the particles are stable at the tree level
and is impossible that three on-shell particles, a, b and e, with physical momenta, fuse to
generate a physical on-shell particle f . This is why the double-cut contribution associated
with the s-channel is missing in (3.14).
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Figure 11. Double cut in the u-, s- and t-channel.

We remark that the contributions on the r.h.s. of expressions (3.12) and (3.14) are
tree-level amplitudes in which the propagators containing loop momentum variables are of
retarded type. Equations (3.11), (3.12) and (3.14) are valid for any bosonic theory with
stable particles at the tree level. In the following, we will show how the assumption that
the tree-level amplitudes are purely elastic can be used to simplify further these equations.

From formula (3.14) we see that double cuts never contribute to inelastic processes
if condition 1 is satisfied. Indeed, if {a, b} 6= {c, d}, each term in the sum on the r.h.s.
of (3.14) contains at least one inelastic two-to-two amplitude and (3.14) is therefore zero.
However, particular care should be taken to the degenerate situation in which ma = mc

and mb = md (the case {ma = md,mb = mc} is analogous). In this situation all the terms
with me = mf in the sum associated with the u-channel cut on the r.h.s. of (3.14) are
ill-defined. If {ma = mc,mb = md} one of the two branches of the solution satisfying the
overall energy-momentum conservation is θp = θq and θp′ = θq′ . In this case the energy-
momentum conservation applied to M (0)

ae→cf and M
(0)
bf→de leads to θe = θf and does not

fix the values of these rapidities. Moreover, for θe = θf , | sinh θef | = 0 and the u-channel
cut in (3.14) becomes divergent. These ill-defined contributions are a consequence of the
cutting procedure adopted to compute amplitudes and are not real ill-defined terms that
require to be cancelled through renormalization. For this reason, we expect that these
contributions can be avoided or need to cancel similar ill-defined terms in (3.12). Similar
contributions were encountered also in [23] in performing unitarity cuts on elastic processes.
To handle these contributions we define

x = µ(eθx , e−θx) (3.15)

to be a small vector written in light-cone components (2.2), such that in the process (3.10)
(with ma = mc and mb = md) we have

q − p = p′ − q′ = x. (3.16)

In (3.15) we consider µ > 0 and θx ∈ R. We assume p and p′ to be the on-shell momenta
of the incoming particles, satisfying p2 = m2

a and p′2 = m2
b . The vectors q = p + x and

q′ = p′ − x are off-shell and become on-shell only in the limit µ → 0. With the regulator
x, all the terms in the sum associated with the u-channel cut in (3.14), with me = mf ,
become well defined. Labelling

pe = m̃(eθe , e−θe) and pf = m̃(eθf , e−θf ) (3.17)
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the momenta of the particles e and f (written in light-cone components) having common
mass m̃, it holds that

pe − pf = x. (3.18)

At this point it is immediate to verify that (3.18) cannot be verified for µ > 0 and θx ∈ R.
Indeed relation (3.18) is equivalent to a decay process in which a particle of type e decays
into a particle f of the same mass plus a particle x of small (but finite) mass µ. If we go in
the rest frame of e, we immediately see that this process cannot be realized. This implies
that, if we turn on a small positive parameter µ, all the ill-defined contributions in (3.14)
do not appear by kinematical reasons. The final amplitude, obtained by summing over all
Feynman diagrams and counterterms, is expected to be an analytic function of the masses
and rapidities of the external particles. For this reason, it is expected to be smooth in
the limit µ→ 0 and no discontinuity should appear. Therefore, all contributions in (3.14)
which are ill-defined when µ = 0 have to be omitted since they are null for µ > 0 and no
discontinuity is expected at µ = 0.

To obtain a consistent result for the final amplitude, the same limit has to be taken
also to remove possible ill-defined contributions appearing in (3.12). We will discuss these
contributions in appendix B. If condition 1 is satisfied, we can therefore conclude that

M
(2-cut)
ab→cd = 0. (3.19)

It is tempting to say that also (3.12) is zero by condition 1 since the integrand is a tree-level
inelastic amplitude. Actually, the problem is more subtle than that and this guess turns
out to be wrong, as we will show in the next sections.

3.3 On-shell limits in tree-level inelastic amplitudes

Before evaluating the single-cut contribution (3.12) it is important to understand the prop-
erties of the integrands appearing in (3.12). These are tree-level amplitudes associated with
processes of the following type

a(p) + b(p′) + e(k)→ c(q̃) + d(q̃′) + e(k̃). (3.20)

A way to properly define a tree-level amplitude associated with the process (3.20) is to take
the following on-shell limit: we keep p, p′ and k fixed and on-shell and move k̃, which also
has to be on-shell. The on-shell momenta q̃ and q̃′ are then determined in terms of p, p′, k
and k̃ by the overall energy-momentum conservation.4 Keeping all the particles on-shell,
we take the limit k̃ → k, for which q̃ → q and q̃′ → q′. We define the tree-level amplitude
obtained by moving along this limit by M (0,on)

abe→cde and it has to be zero by condition 1. We
split this zero amplitude into the sum of two terms

M
(0,on)
abe→cde = V

(on)
abe→cde +Rabe→cde = 0. (3.21)

The superscript word ‘on’ in the terms above means that we moved to the configuration
k̃ = k keeping all the external particles on-shell along the limit. In V (on)

abe→cde are contained
4More correctly we should say that there are two branches of solutions for q̃ and q̃′; however our discussion

applies equally to both the branches.
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a(p)

b(p′) c(q̃)

d(q̃′)

e(k)

e(k̃)
a

Figure 12. Combination of Feynman diagrams contributing to V (on)
abe→cde in which the two legs of

type e cross the leg a.

all Feynman diagrams in which the two particles of type e cross one of the other legs: a, b, c
or d. A particular collection of these Feynman diagrams, where the two legs of type e cross
leg a, is shown in figure 12; the two blobs in the figure correspond to tree-level amplitudes.
Other contributions to V (on)

abe→cde come from diagrams in which the two particles of type e
intersect the legs b, c and d. In Rabe→cde are contained all the other Feynman diagrams.

It may look that V (on)
abe→cde is ill-defined in the limit k̃ → k since potential singularities

can arise. In this limit the propagator of type a connecting the two blobs in figure 12
is singular; however, as the intermediate propagating particle connecting the two blobs
becomes on-shell, the blob on the r.h.s. becomes zero. Indeed, it is an inelastic tree-level
amplitude and has to be null by condition 1 any time it is evaluated on-shell. A similar
argument can be repeated for any potential pole appearing in the tree-level amplitude
associated with the process (3.20): after having found an analytic solution for the amplitude
by taking a well-defined choice of the kinematics, we take the limit to the poles and we
discover that the residues at the poles are always zero. This has to be true because the
theory is purely elastic at the tree level. For this reason, the amplitude is well defined in
the limit k̃ → k. Below we compute the contribution V (on)

abe→cde.
As already mentioned, V (on)

abe→cde contains sums of Feynman diagrams in which the two
particles e(k) and e(k̃) are attached to one of the four other external legs a, b, c and d. If
we sum all these contributions we obtain

V
(on)
abe→cde = lim

θk̃→θk

(
iM

(0)
ae→ae

(p+ k − k̃)2 −m2
a

+ iM
(0)
be→be

(p′ + k − k̃)2 −m2
b

+ iM
(0)
ce→ce

(q + k̃ − k)2 −m2
c

+ iM
(0)
de→de

(q′ + k̃ − k)2 −m2
d

)
×M (0)

ab→cd. (3.22)

We compute the sum of Feynman diagrams corresponding to the picture in figure 12,
which corresponds to multiply M (0)

ab→cd with the first term in the brackets in (3.22). We
parameterize the light-cone components of the momentum of the propagator connecting
the two blobs as

(pa, p̄a) = µa(eθa , e−θa).
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Then, the contribution associated with the picture is given by

M (0)
ae→ae(p, k, pa, k̃) i

µ2
a −m2

a

M
(0)
ab→cd(pa, p

′, q̃, q̃′) (3.23)

In the limit in which k̃ becomes equal to k, then pa → p and therefore µa → ma and
θa → θp. The amplitude M (0)

ab→cd(pa, p′, q̃, q̃′) is completely determined once µa and θa are
known since q̃ and q̃′ are fixed in terms of these parameters by requiring the momentum
conservation. Therefore, we can expand

M
(0)
ab→cd(pa, p

′, q̃, q̃′) = M
(0)
ab→cd(p, p

′, q, q′) + (θa − θp)
∂

∂θa
M

(0)
ab→cd(pa, p

′, q̃, q̃′)
∣∣∣
µa=ma,θa=θp

+ (µ2
a −m2

a)
∂

∂µ2
a

M
(0)
ab→cd(pa, p

′, q̃, q̃′)
∣∣∣
µa=ma,θa=θp

. (3.24)

The parameters µa and θa are both functions of θk̃; however, their explicit dependence is
not required for this discussion. The first two terms on the r.h.s. of (3.24) are identically
zero since are evaluated at the fixed value µa = ma where M (0)

ab→cd = 0. The last term is
instead different from zero in general since is evaluated at the value µ2

a 6= m2
a and the on-

shell condition µa = ma is restored only after having performed the derivative. Therefore,
in the limit k̃ → k, we obtain

M
(0)
ab→cd(pa, p

′, q̃, q̃′) = (µ2
a −m2

a)
∂

∂µ2
a

M
(0)
ab→cd(pa, p

′, q, q′)
∣∣∣
µa=ma,θa=θp

(3.25)

and equation (3.23) becomes

iM (0)
ae→ae(p, k, p, k) ∂

∂µ2
a

M
(0)
ab→cd(pa, p

′, q, q′)
∣∣∣
µa=ma,θa=θp

. (3.26)

Repeating the same argument for all the terms appearing in (3.22) we obtain

V
(on)
abe→cde = iM (0)

ae→ae(p, k, p, k) ∂

∂m2
a

M
(0)
ab→cd(p, p

′, q, q′)

+ iM
(0)
be→be(p

′, k, p′, k) ∂

∂m2
b

M
(0)
ab→cd(p, p

′, q, q′)

+ iM (0)
ce→ce(q, k, q, k) ∂

∂m2
c

M
(0)
ab→cd(p, p

′, q, q′)

+ iM
(0)
de→de(q

′, k, q′, k) ∂

∂m2
d

M
(0)
ab→cd(p, p

′, q, q′).

(3.27)

M
(0)
ab→cd(p, p′, q, q′) has to be thought as a function of p, p′, q and q′ satisfying p+p′ = q+q′;

each of these momenta carries its mass and rapidity. M
(0)
ab→cd(p, p′, q, q′) is therefore a

function of six parameters: four masses and the two rapidities of the incoming particles.
Once these six parameters are given, the rapidities of the outgoing particles are determined
by the overall energy-momentum conservation. Due to condition 1 this function is zero on
the surface (of this six-parameter space) at which the masses take their on-shell values.
However, it is in general nonzero outside this surface and the derivatives with respect to
the squares of the masses in (3.27) make sense.
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The discussion can be repeated identically if we remove all Feynman diagrams which
survive in the limit in which the rapidities of the two particles of type e are infinite (θk =
θk̃ =∞). These are diagrams in which the two particles of type e are attached to the same
vertex. Since the inelastic amplitude in (3.21) has to be zero at all values of θk and θk̃ then
it holds that

M̂
(0,on)
abe→cde ≡M

(0,on)
abe→cde −M

(0,on)
abe→cde

∣∣∣
θk=θk̃=∞

= V̂
(on)
abe→cde + R̂abe→cde = 0. (3.28)

In (3.28) we defined
V̂

(on)
abe→cde = V

(on)
abe→cde − V

(on)
abe→cde

∣∣∣
θk=θk̃=∞

(3.29)

and
R̂abe→cde = Rabe→cde −Rabe→cde

∣∣∣
θk=θk̃=∞

. (3.30)

In this case, we find that

V̂
(on)
abe→cde = iM̂ (0)

ae→ae(p, k, p, k) ∂

∂m2
a

M
(0)
ab→cd(p, p

′, q, q′)

+ iM̂
(0)
be→be(p

′, k, p′, k) ∂

∂m2
b

M
(0)
ab→cd(p, p

′, q, q′)

+ iM̂ (0)
ce→ce(q, k, q, k) ∂

∂m2
c

M
(0)
ab→cd(p, p

′, q, q′)

+ iM̂
(0)
de→de(q

′, k, q′, k) ∂

∂m2
d

M
(0)
ab→cd(p, p

′, q, q′) = −R̂abe→cde.

(3.31)

Once again the hat on the different two-to-two tree-level amplitudes means that we are
removing the contributions at θk =∞ as indicated in (3.7).

3.4 Off-shell limits in tree-level inelastic amplitudes and single-cut contribu-
tions

From the argument just presented, one may naively expect that the integrands in (3.12)
are all zero. However, this is not correct. We should stress that the limit adopted to
define the amplitude (3.28) was an on-shell limit: we defined an amplitude at k̃ 6= k and
we moved to the configuration k̃ = k keeping all the particles on-shell along the limit.
To evaluate the amplitude M̂ (0)

abe→cde in (3.12), we cannot use this limit. Indeed, the two
particles e(k) and e(k̃) come from the same propagator that has been cut and therefore
it needs to hold that k̃ = k with k on-shell. In this case, the only possibility to avoid
ill-defined Feynman diagrams is to assume the particles a, b, c and d off-shell. If we label
the momenta associated with these particles by p̃, p̃′ q̃ and q̃′ then the process we need to
study is

a(p̃) + b(p̃′) + e(k)→ c(q̃) + d(q̃′) + e(k),

where k is the only on-shell momentum. Then, keeping the overall energy and momentum
conserved, we need to take the limit p̃ → p, p̃′ → p′, q̃ → q and q̃′ → q′ at which all the
particles become on-shell. Since particles a, b, c and d are off-shell along the limit we refer
to this limit as an off-shell limit.
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After removing contributions at θk =∞, we can still split the amplitude into

M̂
(0)
abe→cde = V̂abe→cde + R̂abe→cde. (3.32)

For general kinematics, R̂abe→cde contains Feynman diagrams which are finite and therefore
it is the same both in (3.28) and (3.32) (i.e. it does not depend on the limit adopted to reach
the on-shell configuration); on the contrast, V̂abe→cde in (3.32) is different from V̂

(on)
abe→cde

appearing in (3.28); this is due to the fact that diagrams of the type depicted in figure 12
contain singular propagators and their values depend on the limit we follow to reach the
on-shell configuration

a(p) + b(p′) + e(k)→ c(q) + d(q′) + e(k). (3.33)

Due to this fact, the amplitude in (3.32) is nonzero in general.
The contribution V̂abe→cde is given by

V̂abe→cde = lim
p̃→p, p̃′→p′
q̃→q, q̃′→q′

(
iM̂

(0)
ae→ae

p̃2 −m2
a + iε

+ iM̂
(0)
be→be

p̃′2 −m2
b + iε

+ iM̂
(0)
ce→ce

q̃2 −m2
c + iε

+ iM̂
(0)
de→de

q̃′2 −m2
d + iε

)
×M (0)

ab→cd (3.34)

and is not well-defined; suppose to send p̃→ p first and then take the limit for the remaining
three momenta. In this case, since p2 = m2

a, the first term in parenthesis in (3.34) is
divergent. However, M (0)

ab→cd 6= 0 since the momenta p̃′, q̃ and q̃′ are off-shell. This implies
that this limit is ill-defined and it is not clear what direction we should take when we
send the external momenta to their on-shell values. We will show later that these ill-
defined contributions appearing in the integrands of (3.12) will be removed thanks to the
counterterms introduced in the renormalization procedure.

We define

V̂(on)
ab→cd ≡

1
8π

r∑
e=1

∫ +∞

−∞
dθkV̂

(on)
abe→cde, (3.35a)

V̂ab→cd ≡
1

8π

r∑
e=1

∫ +∞

−∞
dθkV̂abe→cde, (3.35b)

R̂ab→cd ≡
1

8π

r∑
e=1

∫ +∞

−∞
dθkR̂abe→cde, (3.35c)

where, as usual, θk is the common value of the rapidities of the two particles of type e.
Plugging (3.32) into (3.12), and using ((3.35b), (3.35c)), the single-cut contribution can be
written as

M
(1-cut)
ab→cd = V̂ab→cd + R̂ab→cd = V̂ab→cd − V̂(on)

ab→cd , (3.36)
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where in the last equality we used (3.28). Plugging (3.34) into (3.35b) and using (3.8)
we obtain

V̂ab→cd =
(Σaa(p̃2)
p̃2 −m2

a

+ Σbb(p̃′
2)

p̃′2 −m2
b

+ Σcc(q̃2)
q̃2 −m2

c

+ Σdd(q̃′2)
q̃′2 −m2

d

)
M

(0)
ab→cd(p, p

′, q, q′)

=
( Σ(0)

aa

p̃2 −m2
a

+ Σ(0)
bb

p̃′2 −m2
b

+ Σ(0)
cc

q̃2 −m2
c

+ Σ(0)
dd

q̃′2 −m2
d

)
M

(0)
ab→cd(p, p

′, q, q′)

+
(
Σ(1)
aa + Σ(1)

bb + Σ(1)
cc + Σ(1)

dd

)
M

(0)
ab→cd(p, p

′, q, q′),

(3.37)

where in the second equality we expanded the diagonal bubble corrections as shown
in (1.10). Similarly, if we substitute (3.31) into (3.35a), we obtain

V̂(on)
ab→cd =

(
Σ(0)
aa

∂

∂m2
a

+ Σ(0)
bb

∂

∂m2
b

+ Σ(0)
cc

∂

∂m2
c

+ Σ(0)
dd

∂

∂m2
d

)
M

(0)
ab→cd(p, p

′, q, q′). (3.38)

Finally, combining (3.37) and (3.38) into (3.36), and using the fact that
M

(0)
ab→cd(p, p′, q, q′) = 0 on-shell, we find the contribution of single cuts:

M
(1-cut)
ab→cd =

(
δm2

a

∂

∂m2
a

+ δm2
b

∂

∂m2
b

+ δm2
c

∂

∂m2
c

+ δm2
d

∂

∂m2
d

)
M

(0)
ab→cd(p, p

′, q, q′)

−
(

δm2
a

p̃2 −m2
a

+ δm2
b

p̃′2 −m2
b

+ δm2
c

q̃2 −m2
c

+ δm2
d

q̃′2 −m2
d

)
M

(0)
ab→cd(p, p

′, q, q′).
(3.39)

3.5 Universal expressions for one-loop inelastic amplitudes

One-loop amplitudes associated with processes of the type in (1.4), with n ≥ 4, can be
obtained by generalising the results of the previous sections. The one-loop amplitude can
again be written as a sum of a single- and a double-cut contribution

M (1)
a1a2→a3...an = M (2-cut)

a1a2→a3...an +M (1-cut)
a1a2→a3...an , (3.40)

where

M (1-cut)
a1a2→a3...an = 1

8π

r∑
e=1

∫ +∞

−∞
dθkM̂

(0)
a1a2e→a3...ane(p1, p2, k, p3, . . . , pn, k) (3.41)

and

M (2-cut)
a1a2→a3...an =

n∑
k=2

∑
σ

r∑
e,f=1

M
(0)
a1e→aσ(3)...aσ(k)f

M
(0)
a2f→aσ(k+1)...aσ(n)e

8memf | sinh θef |
. (3.42)

The integrand in (3.41) is defined following a similar convention to (3.13): it corresponds
to a tree-level production amplitude in which the contribution at θk =∞ has been removed
(being θk the rapidity of the particle of type e).

For each k in (3.42) we sum over all the possible configurations σ splitting {a3, . . . , an}
into two sets composed of k − 2 and n − k elements respectively. For example, for k = 3,
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there are n− 2 different configurations σ for the numerator in (3.42):

M
(0)
a1e→a3f

M
(0)
a2f→a4a5...ane

,

M
(0)
a1e→a4f

M
(0)
a2f→a3a5...ane

,

...

M
(0)
a1e→anfM

(0)
a2f→a3a4...an−1e

.

(3.43)

Tree-level amplitudes in which there is a single particle as an incoming or outgoing state
are included in the cases k = 2 and k = n. However, these are of course zero if all particles
are stable at the tree level. As expected from the study performed in the previous sections,
also in this case all the tree-level amplitudes appearing on the r.h.s. of (3.42) are inelastic
and therefore by condition 1 it holds that

M (2-cut)
a1a2→a3...an = 0. (3.44)

The single cut contribution (3.41) can be computed following the same method ex-
plained previously. As before, we can reach the on-shell configuration at which the cut is
evaluated, following two different limits. If we adopt an on-shell limit similar to the one
used in section 3.3 we obtain

M̂ (0,on)
a1a2e→a3...ane = V̂ (on)

a1a2e→a3...ane + R̂a1a2e→a3...ane = 0. (3.45)

As before, V̂ (on)
a1a2e→a3...ane contains all diagrams in which the two legs of type e cross the

same external leg and can be written as

V̂ (on)
a1a2e→a3...ane = i

n∑
j=1

M (0)
aje→aje

∂

∂m2
aj

M (0)
a1a2→a3...an(p1, . . . , pn). (3.46)

R̂a1a2e→a3...ane contains all the other Feynman diagrams. For the same reason explained
in the previous section, (3.45) is not an integrand of (3.41). To evaluate the expressions
appearing in (3.41) we should reach the on-shell configuration at which the cut is realised by
moving along a limit in which the particles a1, a2, . . . an are off-shell. If we do so we obtain

M̂ (0)
a1a2e→a3...ane = V̂a1a2e→a3...ane + R̂a1a2e→a3...ane

= V̂a1a2e→a3...ane − V̂ (on)
a1a2e→a3...ane,

(3.47)

where in the last equality we used the key point that the contribution R̂a1a2e→a3...ane

in (3.47) is the same as the one appearing in (3.45). In other words R̂a1a2e→a3...ane does
not depend on the limit adopted to reach the configuration at which all the particles
a1, . . . an are on-shell and the two particles of type e are both on-shell and carry the same
momentum. V̂a1a2e→a3...ane is easily obtained and can be written as

V̂a1a2e→a3...ane = lim
p2
j→m2

aj

n∑
j=1

iM̂
(0)
aje→aje

p2
j −m2

aj

×M (0)
a1a2→a3...an . (3.48)
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An expression for the single cut contribution in (3.41) can be obtained by substituting (3.47)
into (3.41). If we define

V̂(on)
a1a2→a3...an ≡

1
8π

r∑
e=1

∫ +∞

−∞
dθkV̂

(on)
a1a2e→a3...ane, (3.49a)

V̂a1a2→a3...an ≡
1

8π

r∑
e=1

∫ +∞

−∞
dθkV̂a1a2e→a3...ane, (3.49b)

and use (3.46), (3.48) and (3.8), together with the fact that M (0)
a1a2→a3...an = 0 on-shell,

we find

M (1-cut)
a1a2→a3...an =

r∑
j=1

δm2
aj

∂

∂m2
aj

M (0)
a1a2→a3...an(p1 . . . , pn)

−
r∑
j=1

δm2
aj

p2
j −m2

aj

M (0)
a1a2→a3...an(p1 . . . , pn).

(3.50)

The final result for the renormalized amplitude associated with the process (1.4), trun-
cated at the one-loop order in perturbation theory, is given by summing (2.22), (3.44)
and (3.50). The ill-defined contributions in (2.22) and (3.50) cancel in the sum and the
final result is given by

Ma1a2→a3...an =
∑

j∈{prop, ext}
δm2

j

∂

∂m2
j

M (0)
a1a2→a3...an

= M (0)
a1a2→a3...an

∣∣∣
m2
j+δm

2
j

+O
(
(δm2

j )2). (3.51)

This is precisely the result anticipated in ((1.6), (1.7)), where the sum over j is performed
on the masses of the external particles and internal propagators.

3.6 Sufficient conditions for absence of inelasticity at one-loop

One-loop inelastic amplitudes associated with classically integrable Lagrangians satisfying
conditions 1 and 2 are generally nonzero. This should be quite obvious: note that in (3.51)
we are shifting all the masses by certain quantities determined by one-loop corrections to
the propagators. Even if the original tree-level amplitude M (0)

a1a2→a3...an is zero for on-shell
values of the external momenta this does not mean that the amplitude remains zero after
the deformation

m2
j → m2

j + δm2
j .

Indeed, in (3.51) both the masses appearing inside propagators and the masses of the
external particles do not correspond to the classical masses appearing in (1.1). For this
reason, Lagrangian (2.5), obtained by modifying the tree-level integrable Lagrangian (1.1)
through a standard renormalization procedure, is not integrable at one loop. To restore
integrability at one loop order in perturbation theory additional counterterms need to be
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introduced. In this section, we show how these additional counterterms can be introduced
in theories satisfying the following condition

δm2
j = γ ·m2

j ,

where γ is a common factor not depending on the type of particle j ∈ {1, . . . , r}. If all
the corrections to the squares of the masses scale with the same multiplicative factor then,
defining λ = 1 + γ, it holds that

m2
j + δm2

j = (1 + γ)m2
j = λ ·m2

j . (3.52)

If condition (3.52) is satisfied it has to be possible to add suitable counterterms to the
renormalized Lagrangian (2.5) to preserve integrability at the one-loop order. Since all
masses are scaled by the same multiplicative factor, the fusing angles do not change and
the flipping rule reviewed in [15] necessary for the cancellation of singularities in sums
of Feynman diagrams contributing to inelastic processes still applies after the deforma-
tion (3.52). In particular, collections of diagrams that were singular simultaneously in
tree-level amplitudes M (0)

a1a2→a3...an

∣∣
m2
j
continue to be singular simultaneously in ampli-

tudes M (0)
a1a2→a3...an

∣∣
λm2

j
. However, while the fusing angles determine the location of the

poles in amplitudes, the requirement that the residues at these poles are zero follows from
particular conditions on the couplings. The scaling (3.52) slightly modifies these conditions
and the couplings require to be adjusted to ensure cancellation of inelastic processes.

Let us focus on the two-to-two inelastic process in (3.10) first. Using (3.51), we obtain
that the amplitude to one loop order is

Mab→cd = M
(0)
ab→cd

∣∣∣
λm2

j

=

− i

λ

∑
i∈s

C
(3)
ab̄i
C

(3)
ic̄d̄

s−m2
i

− i

λ

∑
j∈t

C
(3)
ac̄j̄
C

(3)
jbd̄

t−m2
j

− i

λ

∑
k∈u

C
(3)
ad̄k̄
C

(3)
kbc̄

u−m2
k

− iC(4)
abc̄d̄

.

(3.53)

Note that also the Mandelstam variables s, t and u scale with λ since the masses of the
external particles are scaled. Even though expression (3.53) is nonzero, we can scale the
couplings of the theory in such a way to make (3.53) null. This can be done as follows

C(3)
a1a2a3 → λρC(3)

a1a2a3 and C(4)
a1a2a3a4 → λ2ρ−1C(4)

a1a2a3a4 , (3.54)

with ρ ∈ R, and leads to

Mab→cd = λ2ρ−1
(
−i
∑
i∈s

C
(3)
ab̄i
C

(3)
ic̄d̄

s−m2
i

− i
∑
j∈t

C
(3)
ac̄j̄
C

(3)
jbd̄

t−m2
j

− i
∑
k∈u

C
(3)
ad̄k̄
C

(3)
kbc̄

u−m2
k

− iC(4)
abc̄d̄

)

= λ2ρ−1M
(0)
ab→cd = 0.

(3.55)

Equation (3.54) easily generalises to higher-order couplings. Necessary conditions to ensure
the absence of production processes at the tree level for Lagrangians of type (1.1) were
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determined in [17] and can be written in the form of recursion relations on higher-order
couplings

C(n)
a1...an −

∑
l

C
(n−1)
a1...an−2 l̄

1
m2
l

C
(3)
lan−1an

−
∑
s

C
(n−2)
a1...an−3s̄

1
m2
s

C(4)
san−2an−1an

+
∑
l

C
(n−2)
a1...an−3s̄

1
m2
s

C
(3)
san−2 l̄

1
m2
l

C
(3)
lan−1an

= 0,
(3.56)

where n ≥ 5. If all the masses are scaled as in (3.52), the l.h.s. of (3.56) transforms as
follows

C(n)
a1...an −

1
λ

∑
l

C
(n−1)
a1...an−2 l̄

1
m2
l

C
(3)
lan−1an

− 1
λ

∑
s

C
(n−2)
a1...an−3s̄

1
m2
s

C(4)
san−2an−1an

+ 1
λ2

∑
l

C
(n−2)
a1...an−3s̄

1
m2
s

C
(3)
san−2 l̄

1
m2
l

C
(3)
lan−1an

.
(3.57)

Once again the quantity in (3.57) is nonzero unless we perform the following transforma-
tions on the couplings

C(n)
a1...an → λn(ρ−1)+3−2ρC(n)

a1...an with ρ ∈ R (3.58)

While the Lagrangian (2.5) is not integrable at one loop, an integrable Lagrangian is
given by

Lint. =
r∑

a=1

(1
2∂µφa∂

µφā −
1
2λm

2
aφaφā

)
−

+∞∑
n=3

1
n!

r∑
a1,...,an=1

λn(ρ−1)+3−2ρC(n)
a1...anφa1 . . . φan

+
r∑

a=1

1
2Σ(1)

aa

(
∂µφa∂

µφā −m2
aφaφā

)
+

r∑
a,b=1
b 6=a

tba
(
−∂µφā∂µφb +m2

aφāφb
)

−
+∞∑
n=3

1
n!

r∑
a1,...,an=1

C(n)
a1...an

1
2
(
Σ(1)
a1a1 + Σ(1)

a2a2 + . . .Σ(1)
anan

)
φa1 . . . φan

+
+∞∑
n=3

1
(n− 1)!

r∑
a1,...,an=1

C(n)
a1...an

r∑
b=1
b 6=a1

tba1φbφa2 . . . φan .

(3.59)
where the last term in (2.5) (coloured purple) has been absorbed in the factor λ multiplying
the masses. If all masses scale as in (3.52) under one-loop corrections then all tree-level
and one-loop inelastic amplitudes obtained from the Lagrangian (3.59) are zero. This
Lagrangian depends on one free parameter ρ which is not fixed by requiring the absence
of inelasticity at one loop.

While in this section we have renormalized the Lagrangian couplings in such a way
as to kill all inelastic one-loop amplitudes, it is worth mentioning that in some cases
the renormalization required to preserve integrability follows from integrating out certain
auxiliary fields in apparently different theories. This is for example the case for the class
of generalised sine-Gordon models considered in [28], whose quantum actions (comprising
the counterterms) can be obtained by integrating out the unphysical modes in gauged
Wess-Zumino-Witten models for a coset G/H plus an integrable potential.
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4 One-loop integrability in affine Toda field theories

Affine Toda models are a class of 1+1 dimensional quantum field theories, describing the
interaction of r bosonic scalar fields φ1, . . . , φr, in 1+1 dimensions. Their Lagrangian is
defined as follows

L(Toda)
0 = 1

2∂µφa∂
µφa −

m2

g2

( r∑
i=0

nie
gαai φa − h

)
, (4.1)

where {αi}ri=0 is a set of r + 1 vectors in Rr, having inner products encoded in one of the
twisted or untwisted affine Dynkin diagram. The set of integers {ni}ri=0 are characteristic
for each algebra and satisfy

r∑
i=0

niαi = 0

so that φ1 = . . . = φr = 0 is a stationary point around which it is possible to perform
perturbation theory. The integer r is the rank of the Lie algebra, while the parameters m
and g provide the theory’s mass scale and the coupling constant. In (4.1) the potential has
been translated by

h ≡
r∑
i=0

ni (4.2)

so that it is equal to zero at the point φ1 = . . . = φr = 0. The classical integrability of
these theories was proven by finding a Lax connection from which higher-spin conserved
charges can be generated [29, 30]. In the past, these theories were mainly studied through
the S-matrix bootstrap approach [4, 5, 31–44], through which non-perturbative S-matrix
elements were conjectured.

These theories can also be studied through perturbation theory by expanding (4.1)
around the minimum φ1 = . . . = φr = 0 and performing a change of basis so to make the
squared of the mass matrix diagonal. In this case, we obtain a Lagrangian of type (1.1),
which is amenable to Feynman diagrams computations. Using universal properties of
affine Toda field theories the bootstrapped S-matrices were confirmed at the tree level by
standard perturbative computations in [15]. In that paper, a complete proof of the tree-
level perturbative integrability of these theories was provided by showing that combinations
of Feynman diagrams contributing to non-elastic processes always sum to zero at the tree
level. At the loop level, partial results were obtained in [19, 45–50]: while many nice features
of these models were shown, the results were based on a case-by-case study performed over
different theories and a proof of the vanishing of inelastic one-loop amplitudes has so far
been missing.

In this section, we extend the results of [15] to the one-loop order in perturbation
theory: using the techniques developed in the previous sections we show how integrability
manifests itself in one-loop computations in affine Toda field theories. In particular, we
prove the absence of one-loop inelastic amplitudes in all simply-laced affine Toda models.

4.1 A quick review of the Coxeter geometry

The integrability of the affine Toda theories is due to the Coxeter geometry of their un-
derlying root systems. We briefly review some properties emerging from this geometry
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Figure 13. E8 Dynkin diagram.

relevant to prove the one-loop integrability of these models. More detailed reviews of the
topic can be found in [15, 51].

We define by Φ ∈ Rr the root system associated with a generic semisimple Lie algebra
G of rank r. For any root α ∈ Φ we define the corresponding Weyl reflection wα as

wα(x) = x− 2(x, α)
α2 α , (4.3)

where ( , ) is the standard symmetric invariant bilinear form on G and α2 ≡ (α, α). wα is
a linear map acting as a reflection with respect to the hyperplane orthogonal to α. It is
always possible to follow the Steinberg ordering [52] and split the simple roots of Φ into
two sets, ◦ and • (white and black), both composed of roots mutually orthogonal to each
other. An example is shown in figure 13 for the Dynkin diagram associated with E8. We
can then define the Coxeter element w as

w = w•w◦ =
∏
α∈•

wα
∏
β∈◦

wβ . (4.4)

Note that the order of wα∈• in the first product in (4.4) is irrelevant since all the roots
α ∈ • are orthogonal to each other. The same argument applies to the second product. It
can be shown that the Coxeter element w is diagonalised with respect to an orthonormal
basis {zs} ∈ Cr satisfying

wzs = e2iθszs , θs = sπ

h
(4.5)

where h is called the Coxeter number and for untwisted affine Toda field theories is the
same as the number defined in (4.2). The integers s in (4.5) are the exponents of G and
belong to the interval 1 ≤ s ≤ h. Apart from the case s = h

2 , these exponents appear always
in pairs {s, h−s}. The eigenvectors {zs, zh−s} associated with each pair of exponents span
the spin-s eigenplane of w and can be used to define a projector Ps onto this plane. Then,
for a generic root α, it holds that

Ps(wpα) = e2ipθsPs(α).

From this relation, we see that the Coxeter element acts as a combination of rotations of
different subspaces of Rr: for each root α and for each exponent s, the projection Ps(α)
is rotated by w of an angle θs in the counterclockwise direction. Since 2hθs = 2πs then
wh = 1.

In [53] it was shown how to organize the root system into r Coxeter orbits {Γa}ra=1,
each composed of h roots: first we label the fundamental weights by {λa}ra=1, satisfying

2
α2
a

(λa, αb) = δab , (4.6)
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w

Ps(α•) Ps(γ•)

Ps(γ◦) = Ps(α◦)

θsθs

Figure 14. Projections of the roots γ◦, α◦, γ• and α• on the spin-s eigenplane of the Coxeter
element. By ◦ and • we refer to any index in ◦ and •.

then we generate the orbits acting on the following roots

γa ≡ (1− w−1)λa =

αa if a ∈ ◦ ,
−w−1αa if a ∈ • .

(4.7)

The projection of a root γa onto the spin-s eigenplane of w can be written using a complex
number notation as

Ps(γa) = γ(s)
a if a ∈ ◦

Ps(γa) = γ(s)
a e−iθs if a ∈ •

(4.8)

The real number γ(s)
a depends on the orbit Γa and on the exponent s; instead, the direction

of the projection only depends on the colour of a. These projections are depicted in
figure 14.

Some important properties follow from this geometrical construction of root systems:
remarkably in [42, 54] it was shown that there is a one-to-one correspondence between
Coxeter orbits {Γa}ra=1 and particles of affine Toda field theories. In particular, in [54] it
was shown that5

γ(1)
a = ma. (4.9)

Moreover, all 3-point couplings are characterised by the following fusing rule [42]:
‘C(3)
abc 6= 0 iff ∃ α ∈ Γa, β ∈ Γb and γ ∈ Γc such that α+ β + γ = 0.’

Whenever this is the case then the 3-point coupling is determined by [4, 55]

|C(3)
abc| = 4 g√

h
∆abc|Nα,β |, (4.10)

where ∆abc is the area of the triangle having as sides the masses ma, mb and mc (given by
projecting three roots α ∈ Γa, β ∈ Γb and γ ∈ Γc on the spin-1 eigenplane of w), and Nαβ is
the structure constant obtained by commuting the Lie algebra generators associated with
the roots α and β. Once the masses and the 3-point couplings of the theory are determined
all the higher-order couplings can be obtained recursively through the following simple
rule [56]: ∀ integer n ≥ 4 and ∀ integer k ∈ [2, n− 2] it holds that

C(n)
a1...an = g2

h ·m2C
(k)
a1...akC

(n−k)
ak+1...an +

∑
j

C
(k+1)
a1...ak j̄

1
m2
j

C
(n+1−k)
jak+1...an

(4.11)

5More correctly we should write γ(1)
a = c · ma where the proportionality constant c is the same for all

the orbits.
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where we define
C

(2)
ab = m2

aδab̄.

Starting from these universal features, in [15] it was proven that for the entire class of
affine Toda field theories, the tree-level inelastic amplitudes are zero; therefore property 1
listed in the introduction is satisfied. An important observation to prove this fact is that
the momenta of the scattered particles and internal propagator at the pole positions of
amplitudes can be described by root projections onto the spin-1 eigenplane of w.

Property 2 can also be proven. In the next section, we show that, in all simply-laced
affine Toda theories, there are no tree-level Feynman diagrams contributing to processes of
type (1.2) and therefore property 2 is universally satisfied in simply-laced Toda theories.
This implies that property 2 is also satisfied by the non-simply-laced theories for the fol-
lowing reason. Non-simply-laced models can be split into two sets: twisted and untwisted
theories. In [4, 15, 57] it was argued that the masses and couplings of twisted theories are
a subset of the masses and couplings of simply-laced theories; therefore, if in simply-laced
models there are no tree-level Feynman diagrams contributing to the process (1.2), also
in twisted models there are no tree-level diagrams contributing to this process and prop-
erty 2 is valid also in twisted models. On the other hand, the folding leading to untwisted
non-simply-laced theories turns out to remove all mass degeneracies from the spectrum [4]
and property 2 trivially applies to these models. For this reason, we limit ourselves to
considering only the class of simply-laced affine Toda theories.

4.2 Proving property 2

We consider the process (1.2) in the kinematical configuration in which the incoming and
outgoing momenta are the same:

a(p) + c(p′)→ b(p) + c(p′) ;

a and b are particles with the same mass. The condition to have at least one particle
propagating in the s-channel is that there exists a particle e such that C(3)

acē and C(3)
b̄c̄e

are
both nonzero. If this is the case then on the kinematical configuration making the particle
e on-shell it holds that

α+ γ = ε = β + γ with α ∈ Γa, β ∈ Γb, γ ∈ Γc and ε ∈ Γe.

The projections of these roots onto the spin-1 eigenplane of w close a tiled polygon cor-
responding to an on-shell Feynman diagram. This on-shell diagram needs to be cancelled
through the flipping rule [42, 45], which requires the existence of an on-shell diagram (with
a particle, say d, propagating in the t-channel) obtained by projecting

α− γ = δ = β − γ with δ ∈ Γd.

By the fact that we are considering a simply-laced theory all the roots have the same
length; therefore, α + γ and α − γ cannot be both roots, otherwise (normalising the root
length by Λ) we obtain

Λ2 = (α+ γ)2 = 2α2 + 2γ2 − (α− γ)2 = 3Λ2
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which is clearly false. For this reason, it does not exist any particle e such that C(3)
acē and

C
(3)
b̄c̄e

are both nonzero. For the same argument there is no particle d such that C(3)
ac̄d̄

and
C

(3)
cb̄d

are both nonzero. This implies that there are no Feynman diagrams with particles
propagating in the s or t channel in the process (1.2).

Also in the u channel, no particles can propagate. The existence of a particle of type
k propagating in the u-channel would imply that C(3)

ab̄k̄
and C(3)

cc̄k are both nonzero. If this
is the case, the following equalities are realized in the root system:

α− β = κ = γ − γ̃ with α ∈ Γa, β ∈ Γb, γ ∈ Γc, γ̃ ∈ Γc and κ ∈ Γk.

The projection of these roots onto the spin-1 eigenplane of w corresponds to an on-shell
Feynman diagram associated with the process (1.2) in the kinematical configuration in
which the incoming- and outgoing-momenta are different. By the flipping rule, this implies
that α− γ = β − γ̃ is a root or α+ γ̃ = β + γ is a root. In the first case, it has to exist a
particle e such that C(3)

acē and C
(3)
b̄c̄e

are both nonzeroes at a time; in the second case, it has to
exist a particle d such that C(3)

ac̄d̄
and C(3)

cb̄d
are both nonzeroes at a time. Since the previous

discussion forbids both situations, also in the u channel no particles can propagate. We
conclude that there are no Feynman diagrams containing 3-point couplings contributing to
the process (1.2). By relation (4.11) also the 4-point coupling C(4)

acb̄c̄
is then zero. For this

reason, the tree-level amplitude associated with the process (1.2) is null for all on-shell and
off-shell values of the external particles since no diagrams contribute to this process.

4.3 Cancellation of self-contracted vertices

After having proven that properties 1 and 2 are satisfied by all the affine Toda theories, we
show that all Feynman diagrams with contractions that connect back to their originating
vertices are removed by renormalizing a single parameter in the Lagrangian. Part of this
discussion is already known from [35], however, it is worth reviewing it here using the
cutting method described in the previous sections. These ultraviolet divergences are due
to Feynman diagrams of the type depicted in the first two pictures on the l.h.s. of figure 15.
Using the cutting method described in the previous sections the sum of this pair of diagrams
can be written as

i

8π
∑
c

∫ κ

−κ
dθk

[∑
j

C
(n+1)
a1...anj̄

1
m2
j

C
(3)
jcc̄ − C

(n+2)
a1...ancc̄

]
. (4.12)

The loop propagator, carrying momentum k, has been cut and a cut-off κ has been intro-
duced. Using (4.11) then equation (4.12) becomes

− i

8π
g2

h

∑
c

m2
c

m2C
(n)
a1...an

∫ κ

−κ
dθk. (4.13)

This quantity is cancelled by replacing

C(n)
a1...an → C(n)

a1...an + δC(n)
a1...an
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∑
c,j

. . .

a1

a2 an−1

an

j

c(k)

+
∑

c
a1

a2 . . . an−1

an

c(k)

+ ⊗
a1

a2 . . . an−1

an = 0

Figure 15. A counterterm proportional to C(n)
a1,...,an is needed to cancel tadpoles.

in the Lagrangian (1.1), where

δC(n)
a1...an ≡ −g

2 δm
2
tad

m2 C(n)
a1...an (4.14)

and
δm2

tad ≡
1

8π
1
h

∑
c

m2
c

∫ κ

−κ
dθk . (4.15)

The vertex associated with this counterterm is represented on the r.h.s. of figure 15. For any
n ≥ 2 and for any set of indices {a1, . . . , an} the counterterm necessary to cancel the diver-
gent diagrams generating expression (4.13) is obtained by modifying the Lagrangian (4.1)
as follows

L(Toda)
0 = 1

2∂µφa∂
µφa −

m2 − g2δm2
tad

g2

( r∑
i=0

nie
gαai φa − h

)
. (4.16)

The renormalization of a single term in the Lagrangian of the affine Toda field theories is
sufficient to remove all the UV divergences from the one-loop amplitudes. For this reason,
when we compute amplitudes, we can omit all Feynman diagrams with contractions that
connect back to their originating vertices, as we did in section 3.

With this discussion we conclude that formulas ((1.6), (1.7)) are valid in all the affine
Toda fields theories; however, this does not imply that the one-loop inelastic amplitudes
are zero. We still need to determine how to renormalize the couplings in such a way as to
cancel the expressions in ((1.6), (1.7)). While this problem is difficult in non-simply-laced
theories, it simplifies considerably in simply-laced models. The reason is that in all simply-
laced affine Toda theories, the masses renormalize scaling with the same multiplicative
factor. Simply-laced models enter in the class of models discussed in section 3.6 and
therefore are one-loop integrable. How the masses of simply-laced theories renormalize is
known from several years; a universal formula for their one-loop corrections was determined
in [4] based on a case-by-case study. However, a universal understanding of why all the
masses scale with the same factor is unknown and will be covered in the next section.

4.4 Mass renormalization in simply-laced affine Toda theories

At the one-loop order, all the masses of simply-laced affine Toda theories are scaled with the
same multiplicative factor. We provide universal proof of this fact. The relations discussed
in the first part of this section were largely derived in [58], though with slightly different
conventions. Instead, the universal proof of the renormalization of the masses is new.
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Any root α, whatever the orbit it belongs to, can be expressed as

α = r
(α)
◦ + r

(α)
• (4.17)

where r(α)
◦ and r(α)

• depend on the root α we choose and are defined by

r
(α)
◦ =

∑
i∈◦

2
α2
i

(λi, α)αi , r
(α)
• =

∑
i∈•

2
α2
i

(λi, α)αi. (4.18)

From (4.6), we see that this corresponds to writing α as a linear combination of simple
roots with integer coefficients. The lengths of the projections of the vectors r(α)

◦ and r(α)
•

on the spin-1 eigenplane of w depend on the root α we choose; however, the directions of
these projections do not depend on α. Indeed, from figure 14 and equation (4.8), we see
that all the projections of the white roots have the same direction and therefore r(α)

◦ (which
is a combination of white roots) needs to have a projection P1(r(α)

◦ ) which is independent
by α. A similar argument applies to r(α)

• . This allows for finding additional constraints
on the set of masses of the theory. Let us consider an integer p ∈ [0, h − 1] and a root
γc = αc ∈ ◦; then projecting the relation

w−pαc = r
(w−pαc)
◦ + r

(w−pαc)
• (4.19)

onto the spin-1 eigenplane of w and using simple trigonometric properties we obtain

|P1(r(w−pαc)
◦ )| = sin((1 + 2p)θ1)

sin θ1
|P1(αc)| ,

|P1(r(w−pαc)
• )| = sin(2pθ1)

sin θ1
|P1(αc)| .

(4.20)

The angle θ1 is defined in (4.5) and the projected vectors are represented in figure 16. If
we consider a simply-laced theory with roots normalized as follows

α2 = Λ2 ∀ α ∈ Φ ,

then plugging (4.18) into (4.20), and using ((4.8), (4.9)), we obtain that for any c ∈ ◦
it holds

∑
i∈◦

(λi, w−pαc)mi = Λ2

2
sin
(
(1 + 2p)θ1

)
sin θ1

mc ,

∑
i∈•

(λi, w−pαc)mi = Λ2

2
sin
(
2pθ1

)
sin θ1

mc.

(4.21)

From these relations, we note that the masses of the theory are connected to each other. If
the length common to all the roots is Λ =

√
2 then the sum of the two equations in (4.21)

returns a particular case of formula (3.5) of [58].
Before performing the computation of the one-loop corrections to the masses we re-

mind the following result from [15]: the tree-level amplitudes involving the scattering of a
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2pθ1

2pθ1

θ1

θ1

P1(αc)

P1(w−pαc)

P1(r(w−pαc)
◦ )

P1(r(w−pαc)
• )

c ∈ ◦

Figure 16. Projections of w−pαc, r(w−pαc)
◦ and r(w−pαc)

• on the spin-1 eigenplane of the Coxeter
element.

particle a ∈ ◦ with any other particle of the theory, after having removed infinite-rapidity
contributions, as in (3.7), can be written as

M̂
(0)
ab→ab(θ) = 2ig2

h
mamb

∑
p∈N

0<1+2p<h

(λb, w−pγa)[2p+ 1]θ if b ∈ ◦ ,

M̂
(0)
ab→ab(θ) = 2ig2

h
mamb

∑
p∈N

0<2p<h

(λb, w−pγa)[2p]θ if b ∈ • ,
(4.22)

where

[x]θ ≡ −
sinh2

(
iπ
h (x− 1)

)
cosh θ − cos

(
π
h (x− 1)

) +
sinh2

(
iπ
h (x+ 1)

)
cosh θ − cos

(
π
h (x+ 1)

) . (4.23)

θ is the difference between the rapidities of the particles a and b. Using this fact, together
with (3.9), we can write

δm2
a = 1

4π
g2

h
ma

( ∑
p∈N

0<2p+1<h

∑
b∈◦

mb(λa, w−pγb)
∫ +∞

−∞
dθ[2p+ 1]θ

+
∑
p∈N

0<2p<h

∑
b∈•

mb(λa, w−pγb)
∫ +∞

−∞
dθ[2p]θ

)
.

(4.24)

Plugging (4.21) into this equation we obtain

δm2
a = Λ2

8π
g2

h
m2
a

( ∑
p∈N

0<2p+1<h

sin
(
(1 + 2p)θ1

)
sin θ1

∫ +∞

−∞
dθ[2p+ 1]θ

+
∑
p∈N

0<2p<h

sin (2pθ1)
sin θ1

∫ +∞

−∞
dθ[2p]θ

)

= Λ2

8π sin θ1

g2

h
m2
a

∑
p∈N

0<p<h

sin
(
pθ1
) ∫ +∞

−∞
dθ[p]θ.

(4.25)
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From this last equality, we note that the one-loop correction to the squared of the mass
of the particle a is proportional to m2

a with a proportionality coefficient independent by a.
This coefficient is easily computed noting that∫ +∞

−∞
dθ [p]θ =

(
2π− 2θ1(p− 1)

)
sin
(
θ1(p− 1)

)
−
(
2π− 2θ1(p+ 1)

)
sin
(
θ1(p+ 1)

)
. (4.26)

Substituting (4.26) in (4.25) we end up with

δm2
a = Λ2

4 sin θ1

g2

h
m2
a

∑
p∈N

0<p<h

(
sin (pθ1) sin ((p− 1)θ1)− sin ((p+ 1)θ1) sin (pθ1)

)

+ Λ2θ1
4π sin θ1

g2

h
m2
a

∑
p∈N

0<p<h

(
(p+1) sin (pθ1) sin ((p+1)θ1)− (p−1) sin ((p−1)θ1) sin (pθ1)

)
(4.27)

By replacing p with p + 1 in the first term of (4.27) we see that the contribution in the
first-row of (4.27) is zero. The second row is instead different from zero and performing
the substitution p→ p+ 1 in the last term of (4.27) we obtain

δm2
a = Λ2θ1

4π sin θ1

g2

h
m2
a

h−1∑
p=0

sin (pθ1) sin ((p+ 1)θ1)

= Λ2θ1
8π sin θ1

g2

h
m2
a

h−1∑
p=0

(
cos θ1 − cos ((2p+ 1)θ1)

)
= Λ2θ1

8π g2m2
a cot θ1

(4.28)

The last equality in (4.28) is obtained by noting that the sum of cos ((2p+ 1)θ1) over all
p ∈ {0, 1, . . . , h− 1} is null.

We have determined the one-loop corrections to the masses associated with the ‘white’
roots in simply-laced Dynkin diagrams. Note that each Dynkin diagram can be split into
‘white’ and ‘black’ roots in two different manners: for a given choice of ‘white’ and ‘black’
roots, there exists another legitimate choice determined by exchanging black roots and
white roots. For example, we can exchange white and black roots in the Dynkin diagram
in figure 13. All the previous discussion is valid no matter the choice we adopt. For this
reason, relation (4.28) is valid for any index a ∈ {1, . . . , r} and all the masses renormalise
with the same multiplicative factor. Following the notation in (3.52), it holds that

λ = 1 + Λ2θ1
8π g2 cot θ1.

All the surviving contributions of inelastic amplitudes of simply-laced affine Toda theories
can therefore be cancelled by renormalizing the couplings as in (3.58). This corresponds
to the following transformation of the mass scale and roots of the affine Dynkin diagram

m2 → λ3−2ρ ·m2 , αi → λρ−1 · αi. (4.29)

In [46] it was observed that the choice ρ = 1 produced 2-to-2 one-loop elastic S-matrices
with residues at simple poles that were in agreement with the results bootstrapped in [4].
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With this choice, the root system does not renormalise and the masses and couplings are
all scaled with the same factor

ma → λma , C(n)
a1...an → λC(n)

a1...an ,

leading to the following renormalized Lagrangian

L(Toda) = 1
2∂µφa∂

µφa −
λm2 − g2δm2

tad
g2

( r∑
i=0

nie
gαai φa − h

)
. (4.30)

In (4.30) we omitted to write the contributions arising by the renormalization of the fields
(i.e. the coloured contributions in (3.59)), which should also be included: they can be easily
included through the field redefinition defined in (2.3).

5 Conclusions

A method to generate one-loop amplitudes in terms of tree-level amplitudes has been
investigated and applied to integrable models with Lagrangians of type (1.1) and satisfying
properties 1 and 2. In these models, it is proven that all the renormalized one-loop inelastic
amplitudes are equal to their corresponding tree-level amplitudes in which the masses of
the external particles and propagators are corrected by one-loop bubble diagrams, as shown
in equation (1.7). It is proven that all the bosonic affine Toda field theories belong to this
class of models. Despite we analysed inelastic processes with two incoming particles and
n ≥ 2 outgoing particles, it is possible to show that formula (1.7) is valid in all inelastic
processes. Particularly interesting are the processes in which a single particle, say c, decays
into two particles, a and b. In this case, (1.7) becomes

Mc→ab = M
(0)
c→ab

∣∣∣
m2
j−Σ(0)

jj

+ O
(
(Σ(0)

jj )2M
(0)
c→ab

∣∣∣
m2
j

)
. (5.1)

The three-point tree-level amplitude on the r.h.s. of this relation is just a coupling −iC(3)
cāb̄

and does not depend on the masses. Therefore, it holds that

Mc→ab = −iC(3)
cāb̄

+ O
(
(Σ(0)

jj )2C
(3)
cāb̄

)
. (5.2)

For physical values of the external particles, this amplitude, to one-loop order, is identical
to a three-point coupling. By property 1, this coupling is zero any time mc > ma + mb

otherwise the decay c → a + b would be allowed at the tree level. The amplitude (5.2)
is therefore null for physical values of the external particles. This observation generalises
results that were obtained in [19] on a case-by-case study performed over different models.

We remark that the one-loop inelastic amplitudes reproduced by relation (1.7) are
nonzero in general and counterterms need to be added to the Lagrangian (in addition to the
standard counterterms required by the renormalization procedure) to preserve integrability
at one loop. We evaluated these counterterms in models preserving the mass ratios at one
loop. We showed that the class of simply-laced affine Toda field theories belong to this
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class of models and therefore are one-loop integrable, in the sense that all one-loop inelastic
amplitudes are zero.

It would be interesting to study theories which do not preserve the mass ratios at
one loop, as the non-simply-laced affine Toda models. Also in this case, formula (1.7)
reproduces inelastic amplitudes; however, the Lagrangian corrections needed to cancel
these amplitudes have not been investigated so far. Using (1.7) it is possible to understand
how to determine these corrections and hopefully observe the flowing between dual pairs
of non-simply-laced theories at the Lagrangian level, as conjectured in [5] and further
investigated in [39–41]. In those papers, it was suggested that each dual-pair of Dynkin
diagrams, i.e. diagrams connected by a transformation

αi → 2αi
α2
i

,

corresponds to a unique quantum field theory. The non-perturbative S-matrix of this
quantum theory should interpolate between the tree-level S-matrices emerging from the
Lagrangians (4.1) associated with the pair of dual Dynkin diagrams in the limit of large
and small coupling g.

While in simply-laced models the counterterms necessary for the absence of inelastic
processes at one-loop are introduced by the transformation (4.29), which changes the root
system only through an overall scale, it is expected that in non-simply-laced models the
root system renormalises in a non-trivial way. This renormalization should correspond to
a flow connecting dual pairs of Dynkin diagrams. In particular, it would be interesting
the check if the flipping rule used in [15] to prove the cancellation of all inelastic processes
at the tree level, is preserved at one-loop order in perturbation theory for the class of
non-simply-laced models.

Another direction which should be pursued is the generalisation of the results obtained
in this paper to elastic amplitudes. A formula to obtain one-loop amplitudes in terms
of tree-level amplitudes of integrable models was proposed in [23]; however, as already
mentioned in section 3, if the tree-level S-matrices are purely-elastic, the formula proposed
in [23] predicts that any time M (0)

ab→ab has a pole of order one then M
(1)
ab→ab has a pole

of order two. This statement cannot be true in general and the Bullough-Dodd model
provides a simple example of a theory in which that formula fails. This could be due
to some rational terms not captured by the unitarity cut method used in [23] or to the
regularisation prescription adopted in that paper to avoid ill-defined cuts. It would be
interesting to investigate elastic amplitudes for the simple class of models studied in this
paper using the cutting approach described in section 3; differently from unitarity cuts,
this method corresponds to a different manner to write sums of one-loop diagrams and
reproduces complete results for the amplitudes. It would be interesting to derive a universal
formula for elastic amplitudes using this technique and compare the result with the formula
obtained in [23] to check possible discrepancies.

Another natural direction is the study of integrable models with polynomial-like in-
teractions containing fermions. Examples of these models are provided by supersymmetric
affine Toda theories, whose non-perturbative S-matrices were bootstrapped in [59, 60] and
have a mass spectrum which behaves well under one-loop corrections [61].
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A Counterterms for different particles with equal masses

In this appendix, we generalise the results of section 2 to the case in which property 2 is
not satisfied. As discussed in section 3.1, given two particles of different types c 6= d with
mc = md, property 1 implies Σ(0)

cd = 0 while property 2 implies Σ(0)
cd = Σ(1)

cd = 0. Therefore,
the violation of property 2 allows for Σ(1)

cd to take values different from zero. Due to this
fact, the second definition in (2.4) needs to be modified to make equation (1.3) satisfied;
below we explain how to determine the coefficient tcd in the degenerate case in which c 6= d

and mc = md.
Labelling by m the common mass of particles c and d and expanding the propagator

Gcd(p2) near the pole p2 = m2 we obtain

Gcd(p2) = iΣ(1)
cd

p2 −m2 + itd̄c̄
p2 −m2 + itcd

p2 −m2 + . . . (A.1)

where the ellipses contain finite contributions at the pole. Due to (2.8) and the fact that
mc = md it holds that Σ(1)

cd = Σ(1)
d̄c̄

. The choice cancelling the pole in (A.1) is therefore

tcd ≡ −
1
2Σ(1)

cd + λcd,

td̄c̄ ≡ −
1
2Σ(1)

d̄c̄
+ λd̄c̄,

(A.2)

with
λd̄c̄ = −λcd.

With this choice, the singular part of the propagator cancels at the pole and (1.3) is
satisfied. In the following, we discuss how inelastic amplitudes are affected by the presence
of these nonvanishing coefficients tcd and td̄c̄.

Compared with the analysis presented in section 2, the only possible differences come
from Feynman diagrams containing counterterms coloured red in figures 2 and 3. Examples
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of these Feynman diagrams are depicted in figures 4 and 5 and were computed in section 2.
The sum of pictures in figure 4 is still zero. Instead, for the pictures in figure 5 the
discussion changes slightly. If we write (2.13b) as

D(5) = −i
r∑

k=1
k 6=j

tjkC
(n+1)
a1...ank

− i
r∑

k=1
k 6=j

tk̄j̄
p2 −m2

j

p2 −m2
k

C
(n+1)
a1...ank

(A.3)

we note that the first term on the r.h.s. of (A.3) cancels the contribution (2.13a) as expected,
but the second term is nonzero in general for p2 = m2

j . In the second sum in (A.3) certain
particles k may have the same mass as the external particle j. For this reason, setting
p2 = m2

j we obtain
D(4) +D(5) =

∑
k 6=j

mk=mj

tk̄j̄
(
−iC(n+1)

a1...ank

)
(A.4)

Due to this fact, Feynman diagrams containing counterterms coloured red in figures 2 and 3
contribute to the amplitude associated with process (1.4) with

M (red)
a1a2→a3...an =

∑
k 6=a1

mk=ma1

tk̄ā1
M

(0)
ka2→a3...an−1an

+
∑
k 6=a2

mk=ma2

tk̄ā2
M

(0)
a1k→a3...an−1an

+
∑
k 6=ā3

mk=ma3

tk̄a3
M

(0)
a1a2→k̄...an−1an

. . .

+
∑
k 6=ān

mk=man

tk̄anM
(0)
a1a2→a3...an−1k̄

.

(A.5)

If n ≥ 4 the expression above is zero since the sum on the r.h.s. is performed over tree-level
production amplitudes, which are all zero by condition 1. The case n = 4 is a bit special
and will be considered separately in the next section.

A.1 Two-to-two inelastic processes with degenerate masses

Let us consider the inelastic process

a(p) + b(p′)→ c(p) + b(p′), (A.6)

with a 6= c and ma = mc. In this case, expression (A.5) becomes

M
(red)
ab→cb = tc̄āM

(0)
cb→cb + tacM

(0)
ab→ab

= −1
2Σ(1)

ac

(
M

(0)
ab→ab +M

(0)
cb→cb

)
+λac

(
M

(0)
ab→ab −M

(0)
cb→cb

)
.

(A.7)

All the tree-level inelastic amplitudes that should appear on the r.h.s. of (A.7) have been
omitted since they are all zero by condition 1. We note that equation (A.7) is nonzero in
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general since it contains two tree-level elastic amplitudes. For a and c fixed, there are r
different processes of the type in (A.6), one for each b ∈ {1, . . . , r}. For this reason, we have
r quantities of the type in equation (A.7), each contributing to a different inelastic ampli-
tude. Since in general the two combinations of amplitudes in parenthesis in (A.7) should
be independent functions of the on-shell momenta p and p′, to have these r contributions
cancelling all together it should hold

λac = Σ(1)
ac = 0.

While we are free to set λac = 0, we are not free to choose the value of Σ(1)
ac , which depends

on the theory under consideration. The vanishing of this quantity is a necessary condition
for the universal validity of relation (1.7) for all inelastic processes. Indeed, formula (1.7)
receives a correction (A.7) when it is applied to the process (A.6).

In all bosonic affine Toda theories condition 2 is satisfied and Σ(1)
ac = 0 whenever a

and c are different particles with the same mass. This guarantees that contributions of the
type in (A.7) are always zero for these models.

B Potential ill-defined contributions in single cuts

In section 3.2, we studied inelastic processes of type (3.10) and we showed that in the
degenerate case in whichma = mc andmd = mb potential singularities can appear in (3.14).
These singularities were avoided by introducing a regulator x of the form in (3.15), of small
length µ and real rapidity θx, and requiring (3.16). Now we focus on the same type of
inelastic processes, with ma = mc and md = mb, and we show that the same regulator
prevents singularities also in the integrands of (3.12). In this case, potential singularities
are generated by cutting a pair of propagators, e and f , of the same mass m, as shown in
figure 17. We will show that collections of cut diagrams contributing to figure 17 are not
only finite but are zero.

Following the same approach of section 3.2, we require (3.16) with a and b on-shell; in
this manner it holds that

r = k − x, (B.1a)
r′ = k + x (B.1b)

where k is the on-shell momentum of the cut propagators e and f in figure 17. The
contribution associated with the combination of cut Feynman diagrams in figure 17 is

1
8π

∫
dθk M

(0)
ae→cf (p, k, q, r) Π(R)

f (r) M (0)
bf→de(p

′, r, q′, k) +
1

8π

∫
dθk M

(0)
ae→cf (p, r′, q, k) Π(R)

e (r′) M (0)
bf→de(p

′, k, q′, r′).
(B.2)

Using the fact that k2 = m2, the retarded propagators in (B.2) can be written as

Π(R)
f (r) = i

−2k · x+ µ2 = − i

2k · x −
iµ2

4(k · x)2 +O(µ),

Π(R)
e (r′) = i

+2k · x+ µ2 = + i

2k · x −
iµ2

4(k · x)2 +O(µ).
(B.3)
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a(p)

c(q)

b(p′)

d(q′)
e(k) e(k)

f(r)

a(p)

c(q)

b(p′)

d(q′)

e(r′)

f(k) f(k)

Figure 17. Pair of single cuts which are singular when mc = ma, md = mb, mf = me and we are
on the branch of the kinematics {q = p, q′ = p′}. Each blob corresponds to a tree-level amplitude.

The iε factors in the denominators of propagators in (B.3) have been omitted since, as ex-
plained in section 3.2, r and r′ cannot be on-shell for µ positive and θx real. Plugging (B.3)
into (B.2) we obtain

i

16π

∫
dθk
k · x

(
−M (0)

ae→cf (p, k, q, r) M (0)
bf→de(p

′, r, q′, k)

+M
(0)
ae→cf (p, r′, q, k) M (0)

bf→de(p
′, k, q′, r′)

)

− i

32π

∫
dθkµ

2

(k · x)2

(
+M (0)

ae→cf (p, k, q, r) M (0)
bf→de(p

′, r, q′, k)

+M
(0)
ae→cf (p, r′, q, k) M (0)

bf→de(p
′, k, q′, r′)

)
.

(B.4)

The amplitudes appearing in the integrand of (B.4) should be expanded around µ = 0.
In the general case in which a 6= c and b 6= d all the tree-level amplitudes appearing

in (B.4) are inelastic and therefore are zero at the leading order in µ (i.e. when they are
evaluated on-shell). For example, if we expand M (0)

ae→cf (p, k, q, r) around µ = 0 we obtain

M
(0)
ae→cf (p, k, q, r) = M

(0)
ae→cf (p, k, p, k) +O(µ) = 0 +O(µ).

The same argument applies to all the tree-level amplitudes appearing in (B.4) and the
expansion of (B.4) takes the form

i

16π

∫
dθk
k · x

O(µ2)− i

32π

∫
dθkµ

2

(k · x)2 O(µ2). (B.5)

Since
k · x = 2µ m cosh (θx − θk)

is of order µ, the first contribution in (B.5) is of order µ while the second contribution is
of order µ2. Therefore, both contributions are zero in the limit µ→ 0.
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If we consider the more degenerate situation in which a = c and b 6= d, for e = f (B.4)
becomes

i

16π

∫
dθk
k · x

(
−M (0)

ae→ae(p, k, q, r) M
(0)
be→de(p

′, r, q′, k)

+M (0)
ae→ae(p, r′, q, k) M (0)

be→de(p
′, k, q′, r′)

)
− i

32π

∫
dθkµ

2

(k · x)2

(
+M (0)

ae→ae(p, k, q, r) M
(0)
be→de(p

′, r, q′, k)

+M (0)
ae→ae(p, r′, q, k) M (0)

be→de(p
′, k, q′, r′)

)
.

(B.6)

and contains certain tree-level elastic amplitudes. In this case, due to property 2, M (0)
be→de

is zero at all orders in µ and (B.6) is null. The discussion is analogous if we consider the
case {b = d, a 6= c}.

We evaluated the two collections of diagrams in figure 17 taking a particular off-shell
limit of the type discussed in section 3.4; we could be interested in the sum of the two
pictures in figure 17 when we consider an on-shell limit as the one considered in section 3.3.
In this case, we should choose different momenta k̃ 6= k for the two particles associated
with the cut propagator and perform the expansion of (B.4) in the limit k̃ → k. Even in
this case, it is easy to prove that the result is zero. Indeed, despite the choice of variable
we use for the expansion, the propagators in figure 17 contribute with poles of order one in
that variable. In contrast, each blob contributes with a zero of order one. The total order
of the zeros is therefore always higher than the order of the poles and the contribution in
figure 17 is null.

We conclude that in the situation in which ma = mc andmb = md, if the process (3.10)
is inelastic, diagrams contributing to figure 17 are well defined and generate the same result
both performing an on-shell and an off-shell limit. In both cases, the result is zero. This is
in agreement with our assumption that R̂abe→cde is the same in equations (3.28) and (3.32).
While this conclusion is correct for all the two-to-two inelastic processes, it turns out to
be false in the case c = a and b = d (i.e. when the process is elastic). In this case, any
time e = f formula (B.4) generates a nontrivial contribution to the amplitude. While
it is immediate to check that this contribution is finite, it is nontrivial to prove that it
does not depend on the rapidity θx (i.e. on the direction we follow when we send µ → 0).
A detailed study of these contributions and how they differ when we move to the elastic
scattering configuration by performing an on-shell and an off-shell limit should highlight
a general procedure to obtain one-loop elastic amplitudes from tree-level amplitudes in
bosonic models with classically integrable Lagrangians of the form (1.1).
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