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Abstract — Change point analysis is being widely applied in various fields such as economics, finance, engineering, genetics and medical
research. The main objective is to detect significant changes in the distribution of a data sequence. The change point problem for low
dimensional data is well studied in the literature, however change point detection is challenging in high dimensional situations. The
classical methods fail to work in high dimensional data where the number of variables is much larger than the number of observations.
This paper discusses some main challenges with high dimensional change points and shows the limitations of the recent methods for high
dimensional change points in dealing with such challenges. The paper presents some proposals to address those challenges.
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1. Introduction

High dimensional data are becoming popular due to the recent technological developments facilitating data collection
and processing management. Change point analysis is important but challenging in high dimensional settings. Considering
a collection of time-ordered observations, change point analysis initially aims to address two problems: whether and where
a change in the underlying distribution of the observations may occur. Let X4, X5, ..., X,, be a sequence of n independent p-
dimensional random observations, where p > n, with distribution functions F;, F,, ..., F,,. The fundamental problem of a
single change point can generally be formulated as the following hypothesis testing problem

HO:Fl = FZ = = Fn vS. Hl:Fl == EE * FT+1 = = Fn, (1)

where 7 is the unknown change point location witht € {1, ...,n — 1}.

There is a growing literature on high dimensional change point analysis. On the one hand, recent nonparametric methods
tend to provide robust change point detection in high dimensional settings. A nonparametric divergence measure based on
the at"absolute moment of Euclidean distance was used by [1] to develop a divisive and agglomerative algorithm for testing
(1). Denoting Y, = {X4, ..., X;}, Z; = {X;41, ..., X} and using a constraint value @ € (0, 2), the change point location T
can be estimated as

T=arg 1;11&{1@(&1,; a), 2
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the empirical divergence measure based on the Euclidean distance. [2] suggested to use interpoint distances to detect change
points in high dimensional data. [3] developed a procedure based on the spatial and temporal dependence of data. On the
other hand, recent parametric methods for high dimensional change points, which often require the normality assumption
and sparsity, focus on dimensionality reduction of high dimensional data. This then enables one to apply the standard methods
of low dimensional data to the transformed data. [4] used random projection to transform an n X p data matrix into an n x

1 univariate data sequence. [5] suggested a geometric mapping approach to project the data onto a two-dimensional space
using distance and angle measures.

2. Some challenges in high dimensional change point detection

In the high dimensional settings, it is challenging to estimate the covariance matrix due to the curse of dimensionality.
A reliable estimation of covariance matrix requires exponentially growing sample sizes, but the low sample sizes in high
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dimensional settings makes this challenging. Consider the sample covariance matrix £ = ﬁXTX. Simple algebra
shows the nonexistence of £~ as
rank(f) < min (rank(XT), rank(X)) < min(n,p) =n K p. 3

The nonexistence of the inverse covariance matrix makes the routine change point detection, for example based on
likelihood tests, challenging in high dimensions.

Parametric methods often rely on the normality assumption as well as the sparsity of change points. The sparsity
here refers to a change in only a small number of variables but with a large magnitude. The power of parametric methods
is substantially affected when those conditions are violated in practice, especially when the change is small.

Most of the methods in the literature can only detect a change in the mean or variance of observations. To detect
other distributional changes is even more challenging in high dimensional situations. One example is when there is a
change in the shape of distribution while the mean and variance remain the same. To illustrate this challenging problem,
we here assess the performance of five recent methods for high dimensional change points, namely E.divisive [1], HDcp
[3], Inspect [4], Geometry [5] and WBS [6] (wbs with observation means), in two simulation scenarios when there is a
true change in the shape of distribution but having the same mean and variance. Fig. 1 shows the detection performance
of these methods. We can see that all these methods perform poorly in detecting such change in the shape of distribution.
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(a) Change in the shape of distribution from N(0, 2) to t(4). (b) Change in the shape of distribution from N(1, 1) to Pois(1).

Fig. 1: The true detection rate (TDR) over 500 replications for five recent methods in detecting a true change in the shape of
distribution while the mean and variance remain the same.

3. Some proposals for high dimensional change point detection
The cumulative sum (CUSUM) statistic is frequently used for change point detection [7]. It is defined as

n k
_ /k(n -k 1 1
€= n n_ki;1Xi_E;Xi ’ @

where k € {1, ...,n — 1}. The CUSUM statistic quantifies the difference between the sample means before and after the k**
observation for each possible k. An appropriate test statistic based on the CUSUM is as follows

T=_max [[C(ll, (5)
in which || - IIq is the L9-norm (often g=1 or q=2). Clearly, large values of T will suggest the rejection of no change point.

We propose to construct a CUSUM-type statistic based on the dissimilarity distances between observations. The
CUSUM statistic based on the distances between observations would measure the average distance differences before
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and after all possible change point locations. Unlike the observation means in (4), the dissimilarity distances could help
detect more general types of change points. Because the Euclidean distance suffers converge issues in high dimensions [8],

1
[8], we use a modified version of the Euclidean distance defined as d(X;, X;) = p"z||X; — X;]|, to construct the proposed
2

1

CUSUM statistic. As shown in [8], the scale p™ 2 helps the modified Euclidean distance converge asymptotically as the
dimension of data diverges. In Fig. 2, we present a visualisation of the modified Euclidean distance for detecting a change
in the mean of high dimensional observations, which shows that this approach can distinguish between observations having
a different distribution. We use the test statistic (5) with either of g=1 and q=2, and then apply a permutation procedure [9]
to carry out the significance test as all the observations are exchangeable under the null hypothesis of no change point.

The proposal can be applied using any appropriate dissimilarity measure for high dimensional data. Another useful
choice is the modified Manhattan distance with L*-norm defined as d(X;, X;) = p~*[|X; — X;]| . Fig. 2 also shows the result
of the modified Manhattan distance but for detecting a change in the shape of distribution while the mean and variance

remain the same. The result supports the effectiveness of the modified Manhattan distance for this challenging problem. Note
that our proposal does not require the normality assumption or any other distribution for data or sparsity.
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(a) Change in the mean from N(0, 0.5) to N(0.3,0.5). (b) Change in the shape of distribution from N(0, 2) to t(4).

Fig. 2: The modified Euclidean distance and the modified Manhattan distance for 10 observations under different change point
scenarios with p=2000, where the change occurs at location 5. For a better visualisation, we removed the cases when d;; = 0.

We here conduct some simulations with 500 replications for two challenging high dimensional change point scenarios.
As in line with the challenges discussed in Section 2, we evaluate the performance of our proposals based on the two
distances, L2-norm and L!-norm, for those two scenarios and compare them with those five recent methods E.divisive [1],
HDcp [3], Inspect [4], Geometry [5] and WBS [6] (wbs with observation means). We consider the high dimensional settings
n = 50and p € {500,1000,2000}, where the true change point is set at location T=30 of n = 50. For a fair comparison,
we generate the data from normal distribution N (0, 0.5) to satisfy the normality assumption for the parametric methods and
set a mean shift of Ap = 0.1 right after observation X3o. Since it is unrealistic that all p variables change in a high
dimensional problem, we here keep p/4 variables unchanged. The simulation results are presented in Fig. 3. The results
indicate that the modified Manhattan distance performs much better than all the other methods for detecting the change in
the shape of distribution while mean and variance remain the same, and furthermore the modified Euclidean distance
performs reasonably well compared to the other methods when detecting the mean shift. As the dimension increases, the
performance of the two methods improves. Again, all those recent methods fail to detect such change in the shape of
distribution when the mean and variance remain the same. The Inspect method does not even show a good power for detecting
the change in mean of observations as this method requires a large sample size and a high level of sparsity.
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(a) The proposed methods and other methods with the change  (b) The proposed methods and other methods with the change
in the mean by Ap = 0.1. in the shape of distribution from N(0, 2) to t(4).

Fig. 3: The true detection rate (TDR) over 500 replications of the proposed methods with different distances compared to the other
recent methods for detecting changes in the mean as well as in the shape of distribution while mean and variance remain the same.

4. Concluding remarks

This paper discussed some major challenges with change point analysis in high dimensional data. These include the
curse of dimensionality, the dependency on data nature such as sparsity and normality of observations, and the difficulty
of detecting a change in the shape of distribution while the mean and variance remain the same. A CUSUM-type statistic
based on dissimilarity distances between high dimensional observations was proposed to address those challenges.
Numerical results showed the advantages of the proposals in comparison with some of the recent methods for high
dimensional change points. We demonstrated the problem for a single high dimensional change point here because of
the space limitation, however our ongoing research concerns the problem for multiple change points in high dimensional
data. This involves the use of the recurring binary segmentation and the wild binary segmentation.
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