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as M-theory compactifications on local Calabi-Yau 3-folds and match the prepotentials
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turn leads to an accurate parametrisation of the prepotential including all parameters of
the field theory. We find that the resulting geometries admit “fibre-base” duality which
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of compact surfaces in the local Calabi-Yau which can be viewed as the total space of the
anti-canonical bundle over such surfaces. Our results show that such swappings precisely
occur for surfaces with a zero self-intersection of the base curve and result in an exchange
of the 6d and 5d pictures.
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1 Introduction

Five-dimensional A/ = 1 supersymmetric gauge theories play an important role in our
understanding of supersymmetric gauge theories in general. Initially, these theories have
been studied from various aspects: field theory [1-3], brane constructions [4-6], and ge-
ometry via M-theory backgrounds with Calabi-Yau singularities [7]. Recently renewed
interest has culminated in significant progress: notably from field theory [8-17], using
brane systems [18-41], and from geometry [42-73]. On the one hand, compactifications
of such theories give rise to lower dimensional field theories and moreover, what has re-
cently emerged as a major research line, constructing 4d domain walls within them is a
stepping stone for finding UV Lagrangians for a wide class of 4d A/ = 1 superconformal
theories [22, 74-82]. On the other hand, it is believed that those 5d field theories that
are conformal (SCFTs) arise from circle compactification of 6d SCFTs [16, 47]. Thus a
thorough study of these theories will shed light on the landscape of their six-dimensional
parents and possibly unveil new dualities [50, 51, 57-59].

One instance where the above 6d/5d relation becomes very transparent and, thus,
more tractable is the case of 5d Kaluza-Klein (KK) theories arising from twisted circle
compactifications [20, 21, 24, 25, 28, 35, 47, 50, 51, 61]. To be more explicit, in these cases
the six-dimensional parent theory emerges as a UV fixed point of a 5d supersymmetric
gauge theory by taking the gauge couplings to infinity or alternatively sending 1/ g%M —0
which translates to decompactifying the 6d circle. It has recently been conjectured [47]
that all 5d SCFTs are connected to 5d KK theories via RG flows and that these flows arise
by integrating out BPS particles from the 5d KK theory. From a geometric engineering
perspective arising from an M-theory compactification, such BPS particles correspond to
M2-branes wrapping holomorphic curves inside the Calabi-Yau with their masses being
identified with the volume of the curves as measured by the Kéhler form. Integrating out
such states means performing a flop transition in the geometry. In fact, the resulting 5d
SCFTs at the end of such RG flows have long been known to arise from M-theory com-
pactifications on non-compact Calabi-Yau three-fold singularities obtained from collapsing
surfaces [2, 3, 7, 47, 54]. The starting point of such RG flows is then an M-theory compact-
ification which lifts to an F-theory compactification as the Calabi-Yau becomes elliptically
fibred [61]. This story is well-known in the case of the E-string theory where the starting
point of the RG flow corresponds to the total space of the anti-canonical bundle over del
Pezzo 9, which is sometimes also called the half-K3 surface. This is a rational elliptic sur-
face obtained from blowing up P? nine times at different points. Mass-deformations of this
theory then result in the chain of 5d SCFTs corresponding to AN/ =1 SU(2) gauge theories
with Ny < 8 as first described by Seiberg [1].

Starting from a 5d SCFT, there is yet another mass-deformation one can turn on,
corresponding to a non-zero 1/g3,;, which results in a weakly coupled gauge theory de-
scription in the IR. Geometrically, this corresponds to the phase where one moves away
from the boundary of the K&hler cone such that the volume of the collapsing surface is
restored to a non-zero value. This phase is important for studying magnetic monopole
strings [83-85] and their BPS spectra as well as for connecting to four-dimensional gauge



theories [86]. Typically, in such phases the Calabi-Yau is the anti-canonical bundle over a
bouquet of surfaces which are Hirzebruch surfaces or their blowups. Such surfaces admit
a description as a P! fibration over P'. For fibred surfaces the self-intersection number of
the fibre vanishes, so that we can distinguish the base P! (identified with sections of the
fibration) by its non-trivial self-intersection. We henceforth denote the class of the fibre by
f, and the class of the section with negative self-intersection number! by e. Whenever the
self-intersection of e is zero, which happens in the case of a Hirzebruch 0 surface (Fy), the
identification of base and fibre is ambiguous and their roles can be swapped. This leads to
fibre-base duality among the resulting gauge theory descriptions as first noticed in [87] and
from a brane-web perspective in [5]. This duality becomes particularly interesting when
one is dealing with the class of 5d KK theories. Whereas in one frame the theory can be
naturally viewed as resulting from a circle-compactification of a six-dimensional theory,
as is the viewpoint adopted in [61], there is another frame where the theory admits a de-
scription in terms of a purely five-dimensional supersymmetric QFT. These two frames are
precisely related through fibre-base duality. The more familiar frame is the six-dimensional
frame where the “fibre” is identified with the elliptic fibre of the Calabi-Yau which decom-
poses into intersecting P's over the base —n-curves. Here, the volume of the fibral curves
can be naturally identified with (combinations of) gauge fugacities of the six-dimensional
theory. But there is a dual frame where the same fibral curves can be viewed as gauge
nodes in a five-dimensional QFT and it is more natural to identify their volume with the
inverse of the square of the gauge coupling. In this frame the volume of the base curves
gets identified with gauge fugacities of the five-dimensional theory and it is more natural
to swap the roles of base and fibre.

Speaking from a more practical/technical point of view, in the prepotentials of 5d KK
theories presented in [61] the dependence on flavour fugacities corresponding to gauge cou-
plings and masses has been omitted. This is partly due to the fact that, as discussed above,
the superconformal fixed points of KK theories and their deformations arise in the limits
where these parameters are turned off. However, in order to arrive at a complete picture of
fibre-base duality and various other applications, it is beneficial to include the dependence
on flavour parameters explicitly in the prepotential. From the geometric viewpoint, this
means to associate non-compact divisors of the Calabi-Yau to them and parametrise the
Ké&hler form accordingly. Among the main applications of such a parametrisation would
be the computation of 5d BPS spectra using the 6d blowup equations of [88-91] which has
also been advocated in [92]. In this paper, we employ a parametrisation of the Kahler form
which makes both the 6d and 5d frames manifest and restores the dependence on gauge
couplings and mass parameters in the 5d prepotential. To this end, we introduce two sets
of divisors where for ease of exposition we restrict to the case of a single 5d gauge node.
The first set, denoted by f;, restricts to the fibres of compact surfaces S; which are at the
same time the irreducible components of the elliptic fibre of the Calabi-Yau. The second
set, denoted by F, restricts to the base curve e; whenever the surface S; is a blowup of
Fo and otherwise to f;. In the 6d frame the f; play the role of the fibres of the geometry,

IThe other section then has a positive self-intersection number.



while in the 5d frame the F correspond to the fibres. The F' is precisely introduced for
measuring the gauge coupling strengths 1/¢g? in the 5d frame and is dual to the f; in the
sense that they measure the volume of the curves f; subject to the constraint that the total
volume of the elliptic fibre is expressed as 1/g2. This ensures that the infinite coupling
limit corresponds to the F-theory limit where the theory becomes six-dimensional.

In this paper we identify the 6d and 5d duality frames for the class of rank 1 and rank 2
KK theories, see the table 1. These frames are connected by exchanging e and f whenever
possible as can be explicitly seen in the examples we study. For instance, in section 3.3,
equation (3.73) shows the 6d frame where the f; correspond to the fibres of the geometry
and give rise to the roots of the 6d gauge group. On the other hand, equation (3.75) shows
the 5d frame where f; and e; have been exchanged and the resulting intersection matrix
is the Cartan matrix of the 5d gauge group. Another example can be found in section 3.4
where the 6d frame can be seen in equation (3.87) corresponding to the F-theory geometry
over a —4-curve where the SO(8) gauge group has been modded out by Zs in a twisted
compactification on S'. The 5d dual frame is obtained by swapping f» and ey and gives
rise to the Cartan matrix (3.89) of the 5d gauge group, namely SU(4). Similar examples
can be found in section 4.1: 6d fibre (4.5) vs 5d fibre (4.6); section 4.2: 6d fibre (4.19) vs
5d fibre (4.21); section 4.3: 6d fibre (4.34) vs 5d fibre (4.36); section 4.4: 6d fibre (4.47) vs
5d fibre (4.48). In all cases we study in this paper, the geometric prepotential we obtain
by taking the cube of the Ké&hler form agrees precisely with the expectation from the
corresponding 5d A" = 1 QFTs. When discussing fibre-base dual theories, we only present
results for one specific 5d duality frame. Other 5d frames can be obtained from that one
by various geometric operations, but are not just related by 6d-5d fibre-base duality.

The organisation of the present paper is as follows. In section 2 we start by reviewing
known results about five-dimensional gauge theories including how to obtain their prepo-
tentials from the 5d and 6d frames, respectively, as well as geometrically in terms of triple
intersections of compact surfaces. We then proceed to describe the geometry in more detail
and explain how to define non-compact divisors in order to include the contributions of
mass parameters and gauge couplings in the prepotential. This is done in section 2.3. In
section 3 we present some instructive examples consisting of the E-string geometry, the ge-
ometry of SU(n) gauge groups over a —2-curve, as well as twisted compactifications of the
non-Higgsable SU(3) and SO(8) theories over —3 and —4 curves, respectively. In section 4,
we proceed to more exotic cases in the class of rank 1 and 2 KK theories, which admit a
fibre-base duality between the 6d frame and one 5d frame. Thereafter, we exemplify some
fibre-base like dualities between dual 5d theories realised on geometries that are related
via an exchange of e <> f in an Fy. Finally, we present our conclusions in section 6. The
appendices A and B contain further details about our conventions on Lie algebras, math-
ematical details on the geometry of Hirzebruch surfaces, and a self-contained exposition
about the del Pezzo 9 surface giving rise to the E-string theory.

2 5d gauge theories from geometry

An N = 1 5d effective gauge theory is characterised by a gauge group G and hypermul-
tiplets in a representation R = ®R; of G. Furthermore, there can be topological data k



6d theory 5d KK theory 5d geometry
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5u(12)(i 3 il(lz)(l) w/ perSnutitio‘:x tweizzy G2 +1 Ad'] CF[I)_Hf%T 2 7}2 ]F(lJ-H]
SU@)is +1F v e

Table 1. Rank 1 and rank 2 KK theories [16, 47, 61]. Theories labelled with x are referred to as
non-geometric, in the sense that these are not conventional geometric descriptions. These theories
are understood as algebraic proposals that mimic many features of local threefolds, but may not
satisfy the consistency conditions reviewed in section 2.

corresponding to classical Chern-Simons level, as for example in the case of G = SU(N > 3),
or discrete f-angle as in the cases G = Sp(N). At a generic point in the Coulomb branch,
The Coulomb branch is
parametrised by the expectation values of scalar fields ¢ in the vector multiplets. Here, the

the gauge symmetry G is broken to the maximal torus U(1)".

scalar field ¢ takes values in the Cartan subalgebra of the gauge group G. The low energy
abelian action is determined by a prepotential F54. The prepotential is 1-loop exact and
the full quantum result is a cubic polynomial of the vector multiplet scalar ¢ and mass



parameters my, given by:

Fsd = ;gzhij¢i¢j + gdijk¢i¢j¢k + % ( Dol =30 > weo+ mf’?)) , (2.1)

a€Eroot f WGRf

where h;; = Tr(t;t;), and dijp = 3Trp(ti{t;, t¢}) with F in the fundamental representation,
and we refer to appendix A.1 for our Lie algebra conventions.

The 1-loop correction to the prepotential renormalises the gauge coupling. The effec-
tive coupling in the Coulomb branch is simply given by a second derivative of the quantum
prepotential which fixes the exact metric on the Coulomb branch:

(et)ij = (9ot )ij = 050 Fsa, ds® = (Teg)ijddidd; . (2.2)

In addition, the exact spectrum of magnetic monopoles on the Coulomb branch can be
easily obtained from the quantum prepotential and their tension is given by

¢Di = 8,-]—“5,1, 1= 1,...,7‘. (23)
Moreover, one can compute Chern-Simons couplings:
Hijk = 61'(9j8k.7:5d. (2.4)

In the following paragraphs we see how to obtain the prepotential (2.1) from various view-
points ranging from a parent 6d SCFT to a geometric realisation in terms of intersecting
complex rational surfaces.

2.1 Prepotentials from 6d SCFTs

In this section we review how 5d prepotentials are obtained from a given 6d SCFT upon
twisted circle compactification following [61].

6d SCFTs can be described on their tensor branch in terms of tensor multiplets B;
together with gauge multiplets associated to a gauge algebra g;. It is known that the g; are
either simple or trivial algebras. There are, moreover, fundamental BPS string excitations
sJ charged under the Bj such that their charge is given by the Kronecker delta (5; Let Q%
denote the Dirac pairing between s* and s/. Then there is a Green-Schwarz term in the
Lagrangian on the tensor branch of the following form

OYB; A tr(F7) (2.5)

where F} is the field strength for the j-th gauge group if g; is simple and F; = 0 if g; is
trivial. In the classification of [93], the Q% matrix is the intersection matrix of —n curves
in the base of the F-theory construction. As such it is symmetric, positive definite and all
of its entries are integers.

Upon compactification on a circle, there is the possibility to twist by an element of a
discrete global symmetry group I'. In order to generate the most general discrete symmetry
of a 6d SCF'T, one has to combine two kinds of basic discrete symmetries. The first type



acts as an outer automorphisms of the gauge algebras g;. The outer automorphism acting
on the roots of g induces an action on the irreducible representations; more precisely, the
automorphism twist acts on the Dynkin coefficients of the corresponding weights. There-
fore, we see that such an action is an action on representations of the gauge algebra. The
second type of automorphism arises from permuting tensor multiplets i — o (i) such that

Boti) = 81 (2.6)
Qe@We(@) — i
for all 4, 5. Modding out by a given permutation o of a 6d SCFT, generates a different
pairing matrix Q2%; here the indices «, 8 label orbits of nodes 4, which arise under the
repeated action of the permutation . In more detail, the element Qg‘ﬂ can be computed
by selecting a node ¢, which lies inside the orbit «, and summing over all nodes j that
constitute the other orbit j, i.e.

Q2 =304, (2.7)

j€B

This matrix may not be symmetric, but must be positive definite. One can then combine
the action of the two types of twists discussed and denote them by o, {q,} where ¢, is the
degree of the action of the outer automorphism on the gauge algebra corresponding to node
«. Naturally, one is led to consider the @) invariant subalgebra by = ga / Ol of g,.
From the viewpoint of the compactified theory, every node « gives rise to the such defined
low energy gauge algebra h,. For a given 6d theory, the authors of [61] then define a graph
o
the number of edges between two nodes a and f is given by |Q%3|. In the first column of

associated to the twisted compactification, such that the value of each node « is and
table 1 we summarise all rank 1 and 2 5d theories so obtained using the notation of [61].

With these data, the authors of [61] derive the following prepotential for the twisted
circle compactification of the 6d theory

6Fe0 = D 395 60.0 (K5 6a508) + (Z\a O =D D IW(Ry)-¢+myf ) (2.8)

a,B f w(Ry)

where ¢g o is the scalar living in the vector multiplet corresponding to U(1),, i.e. the affine
node. The ¢, 3 are scalar components of the U(1), s vector multiplets that parametrise
the Cartan of hz coming from the degenerate fibre above the curve 5. Here Kgb is the
Killing form on bg.

Moreover, the hypermultiplets, which are charged under the low energy gauge algebra
b, furnish a representation R which can be decomposed as R = @©;R into irreducible
representations of . Note that contrary to the prepotential given in (2.1), the so obtained
prepotential (2.8) from 6d does not depend on gauge coupling parameters . However,
such terms should be there and have been neglected in the initial derivation given in [61].

One central goal of the current paper is to remedy this gap.

2.2 Prepotential from geometry

As advocated in [61], the 5d gauge theory resulting from twisted circle compactification can
be equivalently described in terms of an M-theory compactification on a Calabi-Yau Xg.



This Calabi-Yau can be described as a local neighbourhood of an arrangement of surfaces
— which each need to be irreducible, compact, and holomorphic — such that these surfaces
intersect each other at most pairwise transversely. Because these surfaces can be arranged
into families, it is convenient to assign a corresponding label «. The irreducible surfaces in
each family o are denoted as S, where 0 < a < r, and r, denotes the rank of h,. The
Kahler parameter associated to S, o are identified with the parameter ¢,  of the Coulomb
branch in the compactified KK theory discussed above. If the invariant algebra h, for the
node « is trivial then one associates just one surface Sp .

A key role is played by the shifted prepotential Fiyun which corresponds to the trun-
cated prepotential of a purely five-dimensional QFT where all mass and gauge coupling
deformations have been turned off. Fiy, is obtained from Fgq by performing the following
replacement:

¢b,a — ¢b,a - dlY(ZSO,ou (29)

for all 1 < b < r, and for all . The d are the dual Coxeter labels of the affine twisted alge-
bra associated to the 6d gauge algebra. The prepotential 6 F;,y is composed of cubic terms
of the form Kua b8,y Pa,aPbs¢c,y and the appearing coefficients are geometrically realised
by the following intersection numbers of compact surfaces inside the Calabi-Yau Xg:

Kaa,ac,a00 = Sa,ot N Sa,a N Sa,a > (2.10&)
Raa,ac,bp = 3Sa,a N Sa,a N Sb,ﬁ 5 (21012))
Kaa,bB,cy = 6S(1,Oé N Sb,ﬁ N Sc,’y 5 (210C)

and the (a,a), (b,5), (¢,7) indices are assumed to be distinct and non-equal. For eval-
uating the triple intersection product of any three such surfaces one has the freedom to
evaluate the intersection number inside any one of the three. In more detail, the concept of
“gluing curves” needs to be introduced. Denote the intersection locus between two distinct
surfaces Sq o and Sy 5 in Xg by Lyqpg. In general, L,, 53 can be reducible and splits into
geometrically irreducible components given by the sum ), Efza,bﬁ- Fach Efm,bﬂ can then
be associated to an irreducible curve Cy .,

in Sy . Put differently, the intersection of S, and Sz can be realised by identifying

g 10 Saq as well as an irreducible curve Cy 5.,

the curves

Cciz,a;b,ﬂ ~ Cli,@;a,a (2.11)

with each other for all i. One may think of the process that identifies curves as in (2.11)
as an operation in which two surfaces are “gluing together” along such curves. The above
description of the local Calabi-Yau Xg can be compactly summarised in terms of connected
graphs as shown for the case of rank 1 and rank 2 5d theories in the last column of
table 1. Each node of the graph corresponds to one of the surfaces S, which in general
are Hirzebruch surfaces and blowups thereof. An edge between two nodes indicates that the
corresponding surfaces share one or more curves. If the number of gluing curves is greater
than 1, it is indicated on the edge. The gluing curves are written next to each surface.



Neglecting gauge coupling and mass terms for now, the truncated prepotential Firyn
can be expressed purely geometrically using the above data by defining a Ké&hler form

Jp =D PaaSua (2.12)
by the following identity
1
Firun = VOI(XS) = 5 _/X :](p A <]¢ AN J¢ (213)
° S

The Kéhler form can also be used to measure the volume of a curve C' via
vol(C) = —Jy - C. (2.14)
where we have adopted the conventions of [61]. The identification (2.11) implies that
Js Cloovg = Jo Ch g (2.15)
and the gluing curves also have to satisfy the ‘Calabi-Yau condition’ spelled out in (2.19).

2.3 The geometry of Xg

So far, we have only described the compact divisors S, o which are related to the Coulomb
branch parameters ¢, . In the Calabi-Yau threefold Xg there can be further non-compact
divisors related to the mass parameters and the gauge couplings. In order to describe such
divisors, we discuss the geometry of Xg in some more detail.

As every single one of the compact surfaces S, sits inside a non-compact Calabi-Yau
threefold Xg, their normal bundle must be equal to their canonical bundle, Kg, ,. For
a single surface Sy q, this means that Xg is simply the total space of the bundle Kg, .
Gluing several surface S, o along L0 58 = Sa,a N Sp,g implies that we should think of Xg
as being glued from the total spaces of the bundles Ky, ,. The surfaces S, o are the zero
loci of sections of the line bundles K, , on Xg.

We can check that this gluing can be done consistently by examining the normal bundle
of Lga,pp inside Xg. This normal bundle is a sum of line bundles which can be described as

Nﬁaa,bﬁ\XS - KSa,a "Caa,bﬂ @ NLaa,bB\Sa,a (216)
by taking L4 3 as an algebraic subvariety of S, o, and as

N,y = Kg, 4

ac,bp\Xs @ Nﬁaa,blg\sbﬂ (2.17)

Eaa,bﬁ

by taking L4 as an algebraic subvariety of S, 3. Under a consistent gluing, these two
expression need to be identical. As L, 5 is given by the intersection of S, and S g,
adjunction tells us that Ny 55\Sa.a 1S the restriction of K, , to L4a,ps. Hence, we find

K (2.18)

Sa,a "Cua,bﬁ = N[-"aa,bﬁ\sb,ﬁ 9

which shows that the gluing identifies the direction transverse to Sy, in X with the normal
direction of L, 43 in Sp g, so that (2.16) agrees with (2.17).



Using the realisation of L,453\Sp 3 as a complete intersection, it is straightforward to
work out using adjunction that

(Laaon) = [ e1lCanpp) = [ K]~ [Ks,]
Laa,bﬁ ‘6(10755

T /XS (Kool [Ks, 5] (Ks00] + [Ks, 1) (2.19)
=— / » (Laaps)? — /S bﬁ(ﬁbﬂ,aa)Z-

When L, 33 is an irreducible curve of genus g, the above expression is equal to 2 — 2g,
which gives the ‘Calabi-Yau condition’ of the gluing.

The description of Xg we have given makes it clear that given a collection of curves
{Cy4,o} on the surfaces S, o, we can construct a divisor in Xg that restricts to these curves
by simply taking the inverse image m, L(Caa) under the projection m,q : K Saa = Saa
for each C, o, and then gluing these to a (reducible) divisor. As the total spaces Kg,
glue together consistently, the only extra consistency condition that arises is when one (or
some) of the {Cy} is a gluing curve, i.e. a component of L4qp3. In this case, the divisor
7 1(Cy,a) will restrict to non-trivial curves on both S, o and Sj, 5.

Having discussed the inclusion of non-compact divisors into our geometry, we are now
ready to employ a parametrisation of the Kéhler form which includes dependence on bare
gauge couplings and mass parameters. To this end, we introduce divisors F; with the index
¢ running over ¢ = 0,...,n9. Here ng is the total number of surfaces S, o which can be
written as blowups of Fy, which is equal to the total number of bare gauge couplings. The
F; are then given by the inverse images 7, % (€4,a) U 771;% (Ifv,3) where eq is a base of Fy (or
blowups of it) and I f; g denotes the fibre (taken with an integer multiplicity [) of a surface
with non-zero self-intersection number of base curve (i.e. which does not arise from Fy).
In cases where all S, , admit a description in terms of blowups of Fy, the second factor in
the inverse image is missing and the F; can be purely written in terms of inverse images of
base curves e;. The F; are associated with gauge coupling parameters.

In case that there is only one 5d gauge algebra g, this can be summarised as follows:
suppose there are n = rk(g) compact surfaces S; and one is able to identify inside each S;
a complex curve f; of zero self-intersection such that

—fi- Sj = C} (2.20)

which implies that the f; act as simple roots a; of g. The non-compact divisor F, associated
to the gauge coupling g, has to intersect to compact surfaces as

P8-S = h.. (2.21)
Recalling the relation (A.5) between ij and h?j, one finds
Fls, = D Vs = ——f, (2.22)
S; — Y5 Z_<04i704i> [ .

which is verified in all the examples considered in this paper.



We can find similar sets of non-compact divisors, denoted by Ny, which are associated
to bare mass parameters my. The divisors Ny can restrict to blowup curves z; or fibres f;,
but never to base curves e;. Now we can parametrise the Kéhler form as follows

1
J==> 5F+) ¢aaSaa+) miNy. (2.23)
i i a,a f
which results in the geometric prepotential

Feeom = L JNTNJ (2.24)
3! Jx,
Henceforth, we will omit the indices {a,a} and parametrise all non-compact as well as
compact divisors in the geometry purely in terms of the Latin indices 4, j and f. Using the
above parametrisation of the Kéahler form, we can then express effective gauge couplings
as volumes of various 2-cycles as follows:

Tij = 0;0; Fgeom = V01<Si ﬂSj) = /X J N Si N Sj. (2.25)
S

The parametrisation of the Kahler form is fixed in such a way that 7;; matches the effective
gauge coupling 0;0;Fsq of a five-dimensional supersymmetric QFT.

3 Instructive examples

In this section, inclusion of gauge coupling and mass parameters into the geometric de-
scription is explored in a set of selected examples. Among these are untwisted compactifi-
cation, like the well-studied E-string theory or the 5d affine A-type quiver theory. Twisted
compactifications are explored for the 6d minimal SU(3) and SO(8) SCFTs with outer
automorphism twist.

3.1 —1 curve: E-string theory on a circle

Let us start with 6d A/ = (1,0) E-string theory corresponding to one M5 brane probing
an M9 wall. Compactifying this theory on a circle (with a possible twist) gives a 5d Sp(1)
gauge theory with Ny = n < 8. Using the fact that d;;;, = 0 for G = Sp(1) = SU(2), we
obtain from (2.1)

1 1 8 8
Fsi= 2¢2+12<2r2¢\3—2\¢+mjr3—Z\¢—mjr3>- (3.1)
9 j=1 j=1
For n = 8, setting all masses to zero, i.e. m; =0 for j = 1,...,8, we get
L o

In particular, we see that at infinite coupling, g = oo, the monopole tension ¢pp = IF /0¢
vanishes regardless of the value of ¢. This is a remnant of the fact, that the UV completion
of this 5d theory is in fact a 6d theory, namely the E-string theory.
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Let us now assume that ¢ > m; for all j. We can then write

1 1
Fra= 56+ ((8 —n)o’ =363 m?) - (3.3)
J
The effective gauge coupling is given by
2
Teft = (0)* Foa = 72 +(8-n)o (34)

which matches the result of [1].

Geometric realisation. The E-string theory in 6d is engineered geometrically in F-
theory by collapsing a rational elliptic surface (also called dPy surface) S inside a non-
compact elliptically fibred Calabi-Yau threefold. If we consider M-Theory on the same
geometry, we find the 5d theory that was discussed as a compactification of the 6d N =
(1,0) SCFT on a circle. Following the general discussion of geometric engineering of 5d
gauge theories, we need to exploit a ruling on S. Such a ruling is discussed in [7], see also
appendix B, where it is shown that it originates from S being a blowup of Fy at 8 points.
We can generalise this to surfaces S = dP, 1 which are blowups of Fy at n points, and
which in turn give rise to a Sp(1) gauge theory with n flavours. We can model the relevant
Calabi-Yau geometry Xg as

Xs = 0Oup,,,(Kip,,,)- (3.5)

For every curve in dP, 41, there is hence an associated non-compact divisor in Xg by simply
taking the preimage under the projection 7 : Xg — dPp41.

Let us denote the fibre and base classes of the ruling by f and e, and the n exceptional
divisors of the blowups by x;. In terms of the P! fibration on S, we can think of the x;
as irreducible fibre components, i.e. over n points of the base, the fibre splits into the two
components x; and f — z;.

The intersections between the curves on S can be summarised as (see appendix B
for details)

€-f:1, x,--xj:—éij (36)

with all others vanishing. Note that this implies that

(f—a:i)'(f—gcj):—éij, 6‘(‘]('—.%‘):1. (37)
Let us parametrise the Kéhler form as

J=af + b[K] + Zcixi (38)
where [K] is the class of the dP, 4, inside Xg,

[K]|S:—01(S):—(26+2f—2$i> |s - (3.9)
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The flavour masses are given by integrating the Kéhler form over the curves z; and f — x;,
they are given by ¢ + m; [1], where ¢ is the Coulomb branch parameter and m; are the
mass parameters. We find

—J -x;=b+¢ —J(f—xl):b—cz (310)

so that we are led to associate b = ¢ and ¢; = m;. Note that we are in the phase
where ¢ > m;.

We can work out triple intersection numbers involving at least one compact divisor by
using that [K] is the Poincare dual to S inside X. The geometric prepotential is then

Froom = g° = é([m?’&’ BT ) dPat Y B(KTE ) i + B([K) ) ¢m%>
i=1
— 1 _ 3 _@ep2, - 2,0, _ 2
YT S
(3.11)
Comparing to (3.3) we can fix a = —g% — %Zi m;.

We can now work out the volume of the elliptic curve defining F-theory on Xg. The
class of the elliptic curve inside S is simply ¢1(S). Its volume is hence given by

Vol(fen) = =J - fan = —J - c1(5) = 922 + (8 —n) (3.12)

The SCFT fixed point is reached by setting all m; to zero and letting ¢ — oo, which implies
for n = 8 that Vol(fen) — 0. This is the F-theory limit and we recover that the marginal
(n = 8) theory has a SCFT fixed point in 6d.

3.2 —2 curve: SU(n) without twist

Consider a —2 curve which supports an su(n) gauge algebra. The 5d KK theory is known
to be the affine A,_1 quiver gauge theory

SU(2)

g ? (3.13)

SU(2) SU(2) SU(2) SU(2)

n — 1 node

with n SU(2) gauge groups and SU(2); x SU(2),4; bifundamental hypermultiplets. There
are n gauge couplings g;, one for each gauge group, and n mass parameters m;; 1, one for
each bifundamental hypermultiplet.

5d gauge theory description. The prepotential of (3.13) is given by

n—1 n—1 n—1
6 1
6F50 = Y gﬁ¢? +> 8¢ — 3 ) (\9251' + i1 Emy P+ | = i + pip1 £ mi,i+1|3> :
i=0 J1 i=0 i=0

(3.14)
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with the index identification ¢ + 1 = n ~ 0. One restricts to the dominant Weyl chamber
¢; > 0 for each 7 and chooses a suitable Coulomb branch phase

Gi + Gig1 Tmii1 >0,
_¢i+¢i+1+mi,i+1 ZO’ fori:O,l,...,n—l. (315)
Gi — Gix1 +miip1r >0,

The prepotential (3.14) in this phase becomes:

n—1

6
6Fra= Y (gzcﬁ 663 — 301021 — 36ip107

i—o \Yi
— 3miiv1(d; — 20idir1 + Or1) — 3mi 1 (di + ¢i+1)) (3.16)

up to constant terms (’)(mf)

5-brane web and toric geometry. The theory (3.13) can be realised as world-volume
theory of Type IIB 5-brane web. In the simplest case of an A quiver, the periodic 5-brane
web is

(3.17)

o~
|

K== mmm
[\
N
S

which describes the phase (3.15). Focusing on the part of the 5-brane web that describes
SU(2) with 2 fundamental flavours, one can equivalently consider the dual graph. This
yields the fan of Fy blown up at two points.

f

o 551 h . (3.18)

z1 Z2

f—x1— 2

We have labelled the rays of the fan by the associated divisor (or curve) classes as follows: e
and h are sections, and f the fibre of the ruling. The classes of the exceptional divisors are
denoted by z;. As we see below, we can geometrically realise the SU(n) theories on a —2
curve without twist by combining these surfaces S; as building blocks along a circle. The
gluing curves connecting every such surface to the one on the left/right are always given
by the toric divisors that point to the left/right, e — 21 and e — x9 in the above notation.
This can already be anticipated from the 5-brane web.
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3.2.1 SU(2)

To begin with, consider the untwisted circle compactification of a —2 curve with an su(2)
algebra. In the following, and throughout the paper, we employ the following notation
for compact surfaces S; in the Calabi-Yau geometry. Namely, a surface S; obtained from
blowing up F,, k times is denoted by i*.

Geometry. Following [61], the geometry for the circle compactified theory reads

€0
4 €1
Oé eo—zizl Ty , hl 12 (319)

2

First, since the ey — x; curves have self-intersection (eg — z;)* = —1, due to Fy, one can flip

any ey — x;. 50, one might choose

604 612 (3 20)
where 1 2 have been flopped. Now, by virtue of inverse of the isomorphism (A.22) for z;
one finds
6()4
, e1—x1
02 0=y oy Ti . I 12 (3.21)

where h; is inside F7. Repeating the isomorphism (A.22) for 5 yields

€1

> =iy o (3.22)
03 eo—zi:?’ T, 5 1% .

Finally, one splits the blowups symmetrically

ep—I1 €1—x2
2 €0—24 e1—x3 2 (323)
05 2 15

which is possible via further flop transitions.

Consistency of geometry. Before exploring the physics associated to the geome-
try (3.23), one verifies overall consistency.

o Firstly, one verifies the consistency condition (2.15) on gluing curves of (3.23). With
Jp = >_; ¢iS;, the truncated Kéhler form, one obtains:

1st component: Solsy - Jp = Silsy - Jp = ¢o + ¢1, (3.24a)
2nd component: Sols, - Jp = Sils, - Jp = ¢o + ¢1. (3.24b)

o Secondly, one verifies the Calabi-Yau condition (2.19)

1st component: (Sols,)* + (Sils,)* = -2, (3.25a)
2nd component: (Sols,)* + (Sils,)* = -2, (3.25b)

which is consistent for genus g = 0.
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e Lastly, the fibre intersections are computed to be

fo-Ks, fo-Sils, 2 -2
- - = 2
(fl : SO|S1 fl . KS1 -2 9 C;fgl) 5 (3 6)

which is consistent with 6d origin of an su(2) gauge algebra.

Prepotential via intersection numbers. The triple intersection numbers for the com-
pact surfaces in (3.23) give rise to the following cubic part of the prepotential:

6ftrun = Jg = 6¢g - 6¢1¢% - 6¢%¢0 + 6¢? . (327)

Besides the compact surfaces, one may also add non-compact ones that introduce defor-
mation parameters. For this, one may parametrise the Kéhler form as follows

1

Jlsy = ¢, + 01515, + aofo + boeo + Y Miwi (3.28a)
=0
3
J|S1 = ¢05’0|51 + ¢1K51 =+ (Ilfl + bie; + Z M;x; . (3.28b)
=2

recalling that g = x4 and ¢ = 4 ~ 0. The introduced parameters can be determined via
the following two requirements:

o The volume of the blowup curves match the physical mass terms given in (3.14).
Based on (3.28), one computes

Vol(z1) = ¢o — ¢1 + M) L o — 1 +mo1 | (3.292)
Vol(eg — 1) = o+ ¢1 — Mi —ag = do+ é1 —mo,1 (3.29Db)
Vol(z2) = —¢o + ¢1 + Mo < o+ 1 +mon (3.29¢)
Vol(er —2) = do+ ¢1 — My —ar = o+ b1 — mo,1 (3.29d)

which is identified as the contributions of the first bifundamental with mass parameter
mo,1. The second bifundamental, with parameter m1 g, contributes as

!
Vol(z4) = ¢o — ¢1 + My =¢o— 1 +mip, (3.30a)
!
Vol(eg —x4) =do + ¢1 — My —ap = ¢o+ ¢1 —mio, (3.30b)
!
Vol(z3) = —¢o + ¢1 + M3 =—¢o+ o1 +mip, (3.30¢)
!
Vol(er —x3) = ¢o + 1 — Mz —a1 = ¢o+ ¢1 —mip . (3.30d)
The set of linear equations (3.29), (3.30) are straightforwardly solved by
Ml = M2 =mo, , M3 = M4 =m0, agp =ai; = 0. (331)
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o The effective gauge coupling (2.25) is geometrically given by

_ J’SO 'KSO J’So 'Sl‘So
(Teff) -
Jls, - Sols, Jls, - Ks,

_ (6¢0 =261 — (mo1 +m1p) —2b0  —2(¢o + ¢1) + Mo + Mo
—2(¢o + ¢1) +mo1 +m1o  6¢1 — 2¢0 — (Mmo,1 +m1p) — 2b1

1 ( 0?Fsq )
~ \0¢;09;

such that comparing to the field theory expectation (2.2) imposes

) (3.32)

1 1
bop= —— , b= ——. (3.33)
93 93

Therefore, the Kéahler form may be written as

1
1--y
1=0

where the non-compact surfaces F;, IN; ;41 restrict to the compact surfaces as follows:

1 1 1
?Fi + Z ¢zSz + Z mi,i+1Ni7i+1 , (3.34&)
i i=0 i=0

N == N =
Fils;, = bijei 01lso = 21 ; 1olso = @4 (3.34b)
Nojils, = 2 Niols, = 3
Based on (3.34) one computes the volume of the elliptic fibre
1 1
Vol(fen) = Vol(fo) + Vol(f1) = p + 7 =7, (3.35)
0 1

which equals the modular parameter 7.
Finally, the triple intersection numbers of the compact surfaces with the non-compact

ones are
F' K:_Qé’ for':k’
F;-Sj- Sk = ils; - K, i.j ] (5.360)
Fils, - Skls; =0, for j # k,
Fi Fy- 8, =0, Vi, gk, (3.36b)
N’i,i-‘rl . S] . Sk) — Z7Z+1|Sj S] ( 1,] H‘LJ) J ] | |
Niitils; - Sjrils; = 6ij +0iy14, fork=j+1~j—1,
(3.36¢)
Nigt1 - Njg+1 - Se = Nigrals, - Njjrals, = 0ie0jn + divrpdjsip (3.36d)
Niit1-F;- S, =0, Vi, g,k . (3.36¢)

These intersection numbers give rise to the geometric prepotential 6Fgeom = J 3 which
matches (3.16). Therefore, the geometry (3.23) describes the A; KK-theory (3.13) in the
phase (3.15).
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3.2.2 SU(3)

Consider a —2 curve with an su(3) gauge algebra and its untwisted circle compactification.

Geometry. Following [61], the relevant geometry is given by

€1

1

hi (3.37)
€2
In Sy = F§, any of the eg — z; curves has self-intersection (eg — x;)2 = —1; hence, can be
flopped. So, one may choose
€1

0 15

co— h (3.38)

€2

i.e. the blowups x1 234 have been flopped. Applying the isomorphism (A.22) separately
for x1,2,3,4 yields

15
h (3.39)
62_2?:1 Ti
In F3, any of the es — z; curves has self-intersection (ez — ;)2 = —1; hence, can be flopped.

One may choose

(3.40)

i.e. z1 2 have been flopped. Applying the isomorphism (A.22) separately for x; and z yields

61_23:1 Zi 2

(3.41)
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Lastly, the blowups can be distributed symmetrically to yield

ep—r1 €1—X2
2 2
00 10

e0—xe e1—x3 (3.42)

€2—I5 2 €2—T4
0

which can be achieved via further flop transitions.

Consistency of geometry. Next, the consistency of the geometry (3.42) is verified.

o Firstly, the consistency condition (2.15) for the gluing curves in (3.42) reads

SO|51 'J¢251’30'J¢>:¢0+¢1 , (3.43&)
Solsy - Jp = Salsy - Jp = o+ 02, (3.43b)
Sils, - Jp = Salsy - Jp = d1 + 2, (3.43¢)

where Jy = >, ¢;5; denotes the truncated Kéhler form for (3.42).

» Secondly, one verifies the Calabi-Yau condition (2.19) and finds

(Solsy)? + (Silsy)® = =2, (3.44a)
(Sols,)? + (S2ls,)” = =2, (3.44b)
(S1lsy)? + (Salsy)® = -2, (3.44c)

which is consistent for genus g = 0.

o Lastly, the fibre intersections read

fo-Ksy fo-Sils, fo- S2|s, 2 —1 -1
— | fi-Sols, fi-Ks, f1-Sels [ =|-1 2 -1|= CA\S) , (3.45)
f2-Sols, f2-Sils, f2-Ks, —-1-1 2

which is consistent with 6d origin of an su(3) gauge algebra.

Prepotential via intersection numbers. For the geometry (3.42), one finds the fol-
lowing cubic part of the prepotential from the intersection numbers of the compact surface:

6Furun = J§ = 665 — 30105 — 3205 — 3070 — 39300 + 607 + 605 — 3d15 — 3¢ .
(3.46)

Besides the compact surfaces, one may also add non-compact ones that introduce defor-
mation parameters. For this, one may parametrise the Kéhler form as follows
1

Jlso = 0 Ks, + ¢151]5, + $252]5, + aofo + boeo + > Mz, (3.47a)
i=0
3
Jls, = ¢oSols, + ¢1Ks, + ¢25als, + arfi +biex + Y My , (3.47Db)
im2
5
Jlsy = doSols, + ¢151|s, + d2Ks, + azfo + boeg + Y Msa; (3.47¢)
i=4
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recalling that zg = z¢ and ¢ = 6 ~ 0. The additional parameters are determined by two
requirements:

o The volume of the blowup curves match the physical mass terms given in (3.14).
Based on (3.47), one computes

Vol(z6) = ¢o — d2 + M = G0 — d2 +may (3.48a)
Vol(eg — a6) = o + ¢ — Mg —ag = ¢ + o —may , (3.48Db)
Vol(z5) = —¢o + ¢2 + M5 = o+ ¢y + ma , (3.48¢)
Vol(ez — z5) = go + 2 — Mz —as = o+ 2 + 1m0, (3.48d)

which is identified as the contributions of the SU(2)y x SU(2)¢ bifundamental with
mass parameter mag. The SU(2)p x SU(2); bifundamental hypermultiplets, with
mass parameters mg, 1, contributes as

Vol(z1) = ¢o — ¢1 + M)y = o — 1 + mo1 , (3.49a)
Vol(eg — 1) = o+ é1 — My —ag = do + ¢1 — mo,1 (3.49b)
Vol(z2) = —¢o + ¢1 + M> L o+ 1 + mo,1 s (3.49c¢)
Vol(er — x2) = ¢o +d1 — M —ar = o+ d1 —moy1 - (3.49d)
The remaining blowups have volumes given by
Vol(zs) = ¢1 — ¢2 + M3 = 41— G2 +miz2, (3.50a)
Vol(e —a3) = ¢1 + o — My — a1 = ¢y + o —muz (3.50b)
Vol(zg) = —¢1 + o+ My = —¢1 + b +mua, (3.50¢)
Vol(ez —a4) = ¢y + g — My —az = ¢y + o —myz (3.50d)

which identifies them as SU(2); x SU(2)3 bifundamental hypermultiplet with mass pa-
rameter m 2. The set of linear equations (3.48)—(3.50) are straightforwardly solved by

M5:M6:m270, M1:M2:m0’1, M3:M4:m1,2, a0:a1:a2:0.
(3.51)

o The effective gauge coupling (2.25) is geometrically given by

J|So 'KSO ']’SO '51’50 J‘So 'SQ|SO 82]:5d
(Tef‘f) = J|S1 : S0|51 J‘Sl : KSl J‘Sl : S2|51 <a¢a¢>
J|52 ‘S0|S2 J’SQ '51’32 J|52 'K52 o

with  J[s, - K5, = 6¢0 — ¢1 — ¢p2 — (mo,1 +map) — 2bo,
J|s; - Kg, = 6¢1 — ¢pg — ¢2 — (mo1 + mi2) — 201,
J|s, - Ks, = 602 — ¢o — ¢p1 — (m12 +mao) — 2ba,
J1so + Silsy = sy - Solsy = —(¢o + é1) +mo,1,
Jlsy - Salsy = J|s, - Sols, = —(¢o + ¢2) +map,
J|s, - Sols, = J|s, - Sils, = —(P1 + ¢2) + M2, (3.52)
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such that comparing to the field theory expectation (2.2) imposes

1 1 1
bh=—=, bi=—=, by=——. (3.53)
9% g9 9
Therefore, the Kéhler form may be written as
2
272 +Z¢zs +Zmz 1,+1N’L i+1 (3.54&)
=0 9i =0 =0

where the parameter i +1 = 3 ~ 0 is periodically identified. The non-compact surfaces Fj,
N; i11 restrict to the compact surfaces as follows:

Fils; = dijei Niitils; = 6ij T2i41 + 0iy1,j T2it2- (3.54b)

Based on (3.54), the volume of the elliptic fibre is given by

1 1 1
Vol(fen) = ZVDI fi) = Ztata=" (3.55)
90 1 2

which equals the modular parameter 7.

Lastly, the triple intersection numbers of the compact surfaces with the non-compact

ones are
Fils. - Kg, = —20; ;, forj=k,
F;-S;- S, = ils; - K, I ‘7 (3.56a)
E‘Sjsk’SJ :Ov fOI'j%k,
Fi-F;-Sy=0, Vijk, (3.56b)
Niivils; - Ks; = =1+ (6ij + 0i1,5), for j =k,
N; ; S =0, fork=j+1,
Nijs1- S-Sy = pirtls; - Sials; = 0ij ! (3.56¢)
Niitils; - Sj-1ls; = div15 for k=j5-1,
Niivils; - Skls; =0, for k & {j,7 £ 1},
Niiv1 - Njjs1 - Sk = Niivils, - Njjti1ls, = 0ik0jk + 0it1 1041,k 5 (3.56d)
Ni,i+1 . F’J . Sk , = 0 Vi,j, k. (3566)

These intersection numbers give rise to the geometric prepotential 6Fgeom = J? which
matches (3.16). Therefore, the geometry (3.42) describes the Ay KK-theory (3.13) in the
phase (3.15).

3.2.3 SU(even)

For the general case, one proceeds in an analogous manner to sections 3.2.1-3.2.2.
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Geometry. The geometric description is based on [61]

h1 €2 ho €n—1

1 2y

€1

€n+1

(n+1)y, .5

(2n—=2)y, 4 — -

€2n—2 hn+1

<2n_1)4n72

€2n—1 hop_o

(3.57)

and all 4n blowups are inside the 0-th compact surface Sy = F§". Since all the blowups
are at the gluing of Sy with So,_1 = F4,,_2, one can flop 4n — 2 out of them and obtains

h1 €2 ha €n—1

15 24

(n_1)2n72

€1

€nt1

(n+ 1)2n+2

2n—1)1""2 2n—2 ..
( n )4”6_2%_1 }1271(72 )4”_4 €n—2  hpil

(3.58)

Next, applying the isomorphism (A.22) 4n — 2 times reduces Fjﬁ:% — an_Q . As a conse-

quence, all these 4n — 2 blowups are in the gluing curve to So,_o = Fy,_4. In detail,

hi €2 ha €n—1

1o 24 (n—1)y, -
el
hn—l
eo en
0% noy,
€0~ ?Z4n71 ? hn
€2n—1 €n+1
An—2 _ .
(2n—-1), s (in 2) 44 o hn+1(n+1)2n+2
€2n—172i:1 X e
(3.59)
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and, again, one can flop 4n — 4 blowups into S22 = F4,_4. This leads to

h1 €2 ha €n— 1
1, 2, .. on_

/ 2
o Zl M\l\ /
4n—4
e

(2n-1)p —— (2n 2)in_4 5 (n4+1)5,15

€2n—1— 1= 4n 3

-2 hn+1

(3.60)

and applying the isomorphism (A.22) 4n — 4 times reduces F3"~1 — Fg"~*. Thus, the
geometry becomes

€2n—1 €2n—2 en+1

(2n-1)? (2n 2)" ! (n+1),, 5

477. 4 h
€2n— 1 Zl 477, 3 €2n—2— Z e

€2 ho €En— 1

2y

(n— 12n2

(3.61)

and one realises that this processes of flop transition and isomorphism (A.22) can be
repeated systematically for all compact surfaces S;. Therefore, one can reduce all surfaces
to F3 and all blowups can be distributed symmetrically as follows:

€1—T2
eo/
2
eg— 1’471\ en—T2an+1
€2n—1—T4n—1 n+1—T2n+2

€2n—2—T4n—3 En4+1—T2n+3
(2n-1) — (2n—-2); (n+1);

6271 1—T4n—2 €2n—2—T4n—4

51 z3 €2—T4 €2—T5 €n—1—T2n—-2

2
2 S s

(3.62)

which is a fully symmetric arrangement of F2 surfaces glued along e — x curves to the
neighbouring compact surfaces.
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Prepotential via intersection numbers. The claim is as follows:

o The compact surfaces S; in (3.62) give rise to the truncated Kahler form

2n—1
Js= > ¢S, (3.63)
i=0
whose intersection numbers induce the (truncated) geometric prepotential
2n—1 2n—1 2n—1
6Fuun = J3 = Y 607 — > 3¢idi — Y 3¢idi (3.64)
i=0 i=0 i=0
with the identification ¢2, = ¢g.
¢ One can add 2n non-compact surfaces F; for i = 0,1,...,2n — 1 which restrict to the
compact surfaces in (3.62) as follows:

Fils; = dijei . (3.65)
and further 2n non-compact surfaces N; ;1 for i = 0,1,...,2n — 1 which are charac-
terised by

Niitils; = 6ij T2i41 + 0iy1j T2it2- (3.66)
The Kahler form is supplemented via
2n—1 4 2n—1 2n—1
J==3 —Fi+ ) ¢S+ Y migiNigi, (3.67)
i—0 i i=0 i=0
and the associated prepotential becomes
-1
6Fgeom = J° =6Ftrun + Y (2@2 — 3miit1 (9] — 2¢idig1 + B7y1)
i=0 i

~ 30+ 1)) (369

with the identification ¢9, = ¢o. Hence, the geometric result agrees with prepoten-

tial (3.16) of the affine quiver gauge theory (3.13) in the phase (3.15).

3.2.4 SU(odd)
The geometry is given by [61]

h1 €2 ho €n

1, 24 e nay,
€1
hn
€o
An+2
co-Y Py
han ent1
(2n) 4, (2n — 1)4n72e;7'1' hn+1(n+1)2"+2

ean  hop—1
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and one observes that the same reasoning as for SU(2n) applies. In brief, the 0-th surface
Sy = IF%”Jr2 carries all 4n + 2 blowups. Due to the degree 0, all curves of the form ey — x;
can be flopped into the surface Sz, = Fy,. The isomorphism (A.22) suggests that one
flops as many blowups into a given Hirzebruch surface as its degree. Thus, 4n blowups
are flopped into Sg,, such that the repeated application of the isomorphism (A.22) yields
]Fiz — F4" but all the blowups are then in the gluing curves to Sa,_1 = Fa,_2. Repeating
this process for all other compact surfaces yields the claim.

3.3 —3 curve: SU(3) with Z; twist

Consider a —3 curve with an su(3) gauge algebra such that the 6d theory has no hyper-
multiplets, also known as the 6d minimal SU(3) SCFT. The circle compactification with a
Zsg outer automorphism twist on su(3)

5u(::33)(2) (3.70)

is known to be dual to a 5d SU(3) gauge theory with Chern-Simons level x =9 [33, 47].

5d description. The 5d gauge theory description is based on the prepotential (2.1),
which can be evaluated using appendix A.1.2. Restricting to the Weyl chamber, i.e.
(¢, ;) >0 for i = 1,2, and choosing k = 9, one finds:

6
6F5q = ?(d% — god1 + ¢3) + 867 + 249761 — 30d0g; + 87, (3.71)

which has been computed before in [33].

Geometry. According to [61], the geometry of the twisted circle compactification is de-
scribed by

4
010 €0 e1+f1 1, (3.72)

and one computes the fibre intersections
- K -8 2 -1
_ fO So fU 1|So _ _ CA‘(Q) (373)
fi-Sols, f1- Ks, —4 2 2
which is consistent with the 6d origin of a —3 curve with an su(3) algebra and Zg twist.

The associated truncated Kéhler form Jy = Zil:(] ¢ S; to (3.72) gives rise to the following
cubic part of the prepotential

6 Firun = J§ = 867 + 861 + 246561 — 30067 . (3.74)

In order to include the gauge coupling terms, it is instructive to note that

fO'KSO fO'Sl‘So 2 -1 _J¢f0 :<a17¢>7
- = =C 3.75
(el ~Sols, e1- K, > <_1 2 ) a7 {—J¢ e = (a2,9), (37%)
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which identifies fy and e; with the simple roots a; of the 5d gauge algebra su(3), see
appendix A.1.2. One proceeds by adding a non-compact surface F' to the Kéhler form

1
J = —?F + ¢S + P151 (3.76)

which is characterised by the restrictions to the compact surfaces

F|s, = apeo + bo fo (3.77)
Fls, = ater + b1 f1.

The parameters a;, b; are determined from the effective coupling (2.2). Imposing that
Js, - Ks, Jls, S 0 F:
5o - Ko Jlso - Silse ) L 5 ) Z () (3.78)
Jlsy - Solsy Jlsy - Ksy 0¢i0¢;
is equivalent to imposing that the intersection numbers of F' with the S;,

F’SO'KSO F|So'Sl|So _ 8&0—2b0 —10a0+b0 ; 2 —1 . (379)
Fls, - Sols, Fls, - Ksy , a1 +4br —2a1 — 2by -1 2 v

equal the negative inverse metric tensor h;; of the 5d gauge group SU(3). For simply laced
Lie algebras, h;; equals the Cartan matrix. To see that (3.78) is equivalent to (3.79), one
recalls that, firstly, the cubic parts of prepotential (3.71) are reproduced by (3.74) and,
secondly, there are no other deformation parameters or non-compact surfaces. Solving the
system of linear equations (3.79), one finds

{a0:07 b0:1> — {F|S():f07 (380)

a1:1, b1:0, F|51:€1.

One observes that F'|g, restricts to fy and e; respectively, because these act as simple

roots (3.75). Moreover, the prefactor of 1 equals 3 for roots of As.

_2
TS

As a result, the Kéhler form (3.76) leads to thé ollowing geometric prepotential:

6
6Fgoom = 7° = 5 (66— o0 + %) + 866 + 861 + 24001 — 306061 (3.:81)
which matches the field theory result (3.71). In addition, consider the elliptic fibre
1
fn=>_difi =2fo+ fi, (3.82)
i=0

with d; = Coxeter numbers of AgQ). Computing the volume with respect to (3.76) yields
Vol(fo) = 2¢0 — ¢1 1
= VOl(feu) = —

1 (3.83)
Vol(f1) = 2 4po + 2¢1 9

5 -

The geometry (3.72) displays the 6d properties manifestly, like the fibre intersection (3.73)
and the elliptic fibre (3.83). On the other hand, the 5d description is based on a simple
exchange of fibre and base in the Fy in (3.72), which becomes apparent in the intersection
properties (3.75). Consequently, the 6d and 5d geometric frame are related by a fibre-
base duality.
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3.4 —4 curve: SO(8) with Z3 twist

The 6d minimal SO(8) SCFT is realised by a —4 curve supporting a s0(8) gauge algebra.
The circle compactification twisted by a Zg outer automorphism on the s0(8) algebra

50(2(3) (3.84)

is known to be dual to a 5d SU(4) gauge theory with Chern-Simons level x = 8 [79].

5d description. The 5d gauge theory description is based on the prepotential (2.1),
which can be evaluated using appendix A.1.2. Restricting to the Weyl-chamber of Ag, i.e.
(¢, i) >0 for i = 1,2, 3, and specialising to k = 8 yields

6750 = 3 (68 — do0n + 6 — G102 + 03)

(3.85)
+ 807 + 24¢165 — 30070 + 8¢ + 8¢ — 246105 + 18676 -
Geometry. As argued in [61], the geometry is described by
010 eo h1 18 el 3ea+fo 20 (386)
and one verifies that
2 -1 0
—fi-S;=1-12 -1 (3.87)
0 -3 2

which equals the affine Cartan matrix of 5513) up to similarity transformation. Again, this
is consistent with the 6d s0(8) gauge algebra together with the Zg twist.
Based on the truncated Kahler form J, = Z?:o ©i9S;, the triple intersection numbers

of the compact surfaces S; induce the following cubic part of the prepotential
6Furun = 867 + 861 + 803 + 240501 — 300007 + 186102 — 240105.  (3.88)

In order to include the only gauge theory parameter, the coupling g, it is useful to notice

fo-Ksy fo-Sils, fo- Sols, 29 1 0 —~Jy - fo = {a1,0)

fi1-S0lsy fi-Ks, fi-Salsy | =|-1 2 -1|=Csy = —Js- fi = (o, 9)

62-So|52 62‘Sl|52 62'K52 0 -1 2 —J¢~62 :<Oz3,(;5
(3.89)

which identifies fo, f1, and e2 as acting as simple roots «; of the 5d gauge algebra su(4),
see appendix A.1.2. Incorporating the gauge coupling contributions can be achieved by
adding a non-compact surface F' to the Kéhler form

1
J = —?F + ¢S + $151 + ¢$2.52, (3.90)

— 96 —



which is characterised by its restrictions to the compact surfaces S;, i.e.
F’Si = a;e; + b; f; fori=0,1,2. (3.91)

The parameters a;, b; are determined by matching the effective gauge coupling as follows:

| 02 Fsq
J-5;-85) = = , 3.92
(J -5, 5)) (8@3%) (ren) (3.92)
i.e. combining (2.2) and (2.25). Since the triple intersection numbers of the compact
surfaces reproduce the cubic part of the prepotential (3.85), and as there are no other de-
formation parameters or non-compact surfaces, the set of conditions (3.92) is equivalent to

8CLO — 2b0 bg — 10a0 0 -2 1 0
|
(F-S;- Sj) = | 871 +b1 6a; —2b; b1 —8ai = 1 -2 1 = —hij;, (3.93)
0 as + 3by —2a9 — 2bs 0 1 -2

where h;; is the inverse metric tensor of the 5d SU(4) gauge group, see appendix A.1.2.
Again, for the simply laces A3 algebra, h;; equals the Cartan matrix. The system of linear
equations (3.93) is solved by

a0:07 b0:17 F‘S():f(]a
(11:0, b1:17 — F|S1 :fl) (394)
a2:1, 1)2:0, F‘S2262.

One observes that F'|g, restricts to fo, f1, and ea respectively, because these act as simple
roots (3.89). Also, note that the prefactor of 1 equals ﬁ for roots of As.

The Kéhler form (3.90) induces the following geometric prepotential:

6 Fgeom = J° = 962 (63 — dodr + 6% — G100 + 03) + 867 + 867 + 863

+ 24031 — 30¢0d7 + 182y — 24613 .

(3.95)

Consequently, the geometric result (3.95) matches the field theory expectation (3.85).
Moreover, consider the elliptic fibre

2
fn =) difi = fo+2f1+ fa, (3.96)

1=0

with d; = Coxeter numbers of Df’). The fibre volumes of (3.86) with respect to (3.90) are

Vol(fo) = 2¢0 — ¢1,

Vol(f1) = —do + 261 — 2, S Vol(fa) = 912 (3.97)
Vol(f2) = = =361 + 202,
0
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The geometry (3.86) had been derived to display the 6d properties manifestly, like the fibre
intersection (3.87) and the elliptic fibre (3.97). On the other hand, the 5d gauge theory is
more conveniently described by simply exchanging the fibre and base in the Fy in (3.86).
As a result, the 5d gauge algebra becomes manifest in the intersection properties (3.89).
This is another example in which the 6d and 5d geometric frame are related by a fibre-
base duality.

4 Fibre-base duality: 6d to 5d

The examples considered in section 3 followed a transparent pattern: the compactified 6d
theory is geometrically encoded in a collection of Hirzebruch surfaces such that their fibres
encode the elliptic fibre from the F-theory construction. The geometry for the dual 5d
theory, on the other hand, has been obtained via fibre-base duality from the 6d frame.
In this section, fibre-base duality between the 6d frame and one particular 5d frame is
investigate for rank 1 and rank 2 KK theories of table 1. As it turns out, not all examples
admit a 6d-5d fibre-base duality.

41 6d N = (2,0) A; — 5d SU(2)g—o + 1Adj

To begin with, consider a —2 curve with an su(1) algebra

su(lz)“) (4.1)

which is known as N' = (2,0) A; theory or 6d rank-1 M-string theory. The 5d KK theory
is known to be a SU(2) gauge theory with one adjoint hypermultiplet [94, 95].

5d description. The prepotential (2.1) is computed by restricting to the Weyl chamber
¢ > 0 and choosing, for instance, the phase

20+m>0>—20+m, (4.2)

where m is the mass parameter of the adjoint hypermultiplet. The prepotential in this
phase reads

1
6F5q = 69—2¢2 —6m2¢ (4.3)

and g denotes the gauge coupling.

Geometry. As detailed in [61], the geometric description for (4.1) is given by

Fé*lg (4.4)
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and one confirms that

1
3!

The last equation is compatible with the trivial 6d gauge algebra. In view of a 5d gauge

Jo=0¢S = Fum=5J3=0 and f-S=0. (4.5)

theory description, it is convenient to notice that

—Jy-e=20=(a,9) (4.6)

such that the base e is identified with the simple root « of Aj, see appendix A.1.2. To
include the gauge theory parameter, one may parametrise the Kéhler form as

Jls = ¢pKs+ae+bf +cx+dy (4.7)
and determine the coefficients as follows:

e The volume of curves with self-intersection —1 need to match the BPS masses. It is
instructive to determine the truncated volume of the blowups

—J¢ X = <0, (Z)) =0 (4.8)

such that x is identified as the trivial weight in the adjoint representation of SU(2).
Recalling (4.6), one finds that the following —1 curves furnish the adjoint represen-

tation:
Vol(e + z) = (a, ) + m
al
Vol(z) = (0, ) + m and Vol(e — z) = Vol(e —y) (4.9)
al-F---------- - - - -

c=d=m, b=0. (4.10)
Note that these volumes motivate the choice of the phase (4.2).

e The effective gauge coupling is geometrically given by

. O2F 2 1
1Ssms ° =g (4.11)

and needs to match the field theory expression (2.2).

J-S5-5=-2a

The Kahler form can now be written as

1
J==5F 408 +mN (4.12)

where the non-compact surfaces F' and N are glued to S via

Fls=e and Nls=z+y. (4.13)
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It is reassuring to see that the non-compact divisor N associated to the mass m of the
adjoint hypermultiplet has gluing curves x and y with the compact surface S, as expected
in [61]. In conclusion, the geometric prepotential Fyeom = %J 3 agrees with the field theory
expectation (4.3). Moreover, the basic curves have volumes given by

1
Vol(e) =2¢, Vol(f) = R Vol(z) = Vol(y) =m. (4.14)
Here, fibre-base duality is clearly at play. The 6d elliptic fibre f has volume given by the
coupling, while the fibre for the 5d frame is e, because it acts as a root of su(2).

4.2 6d SU(3) + 6F with Zy twist — 5d Sp(2) + 3A2

The Zs-twisted circle compactification of a —2 curve with an su(3) gauge algebra

5u(?§)(2) (4.15)

is known to be dual to a 5d Sp(2) gauge theory with three hypermultiplets transforming
in the rank-2 anti-symmetric representation A? = [0, 1]¢ of Sp(2) [28].

5d description. The 5d gauge theory description is based on the prepotential (2.1) and
can be evaluated using appendix A.1.3. Since the 5d theory has non-trivial matter content,
restricting to the Weyl-chamber of Cs, i.e. (¢, ;) > 0 for i = 1,2, is insufficient for reaching
a single, well-defined 5d phase. A suitable choice of phase is given by

(¢, v1) +myp >0
ag |
<¢,'l)2> + mf 2 0
al |
(¢,v3) +my >0 (4.16)
ar
<¢,U4> + mf Z 0
i Frree
(¢, v5) +my <0

where v; € [0,1]¢. In the phase (4.16), the prepotential becomes

6
6750 =5 (206 — 26001 + %) + 86§ + 120165 — 186160 + 51
(4.17)

3 3
—3> " my (408 — ddoon +63) — 3> min
=1 f=1

where g denotes the gauge coupling and my are the mass parameter of the three hyper-
multiplets.
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Geometry. The Zy twisted circle compactification of SU(3) on a —2 curve (4.15) is
geometrically described by [47]

eo de1+2f1—2 Zz x; (418)

06 13

for which one computes that the fibre intersections
- K - S 2 -1
_ [ fo-Ksy fo-Silsy) _ —Co (4.19)
yield the affine Cartan matrix of the twisted algebra ﬁg). Hence, (4.18) describes the 6d

duality frame of an Ay algebra with a Zj twist. The truncated Kahler form Jy = }_; ¢;5;
induces the following truncated prepotential

6Ftrun = 8¢ + 120561 — 184007 + 567, (4.20)

which agrees with (4.17).

The parameters of the 5d Sp(2) gauge theory, one coupling g and three mass parameters
my, have to be incorporated into the Kéahler form for a complete description. Before
proceeding, it is useful to recall that the dual 5d frame can be geometrically realised by an
Fy isomorphism e <+ f, see for instance [92, 96]. The immediate consequence is that

fo-Ks, fo-S1ls, 2 -1\ _ —Jg - fo= (1, 9)
(61 . SO‘Sl €1+ KSl ) <—2 2 ) C2 = {_J¢ -e1 = <a2’¢> ( 21)

i.e. fo and e; correspond to the simple roots o 2 of Cs, see appendix A.1.3. To begin with,
the Kéhler form can be extend to include all gauge theory parameters

1 1 3
J:—g2F—|—ZO¢¢Si+mefo. (4.22)
1= =1

The gluing curves of the non-compact surfaces F', Ny with the compact S; are determined
by parametrising (4.22) restricted to the S; as follows:

J|sy = 00 K5, + $151|s, + aofo + boeo

3 (4.23)
Jls, = ¢0Sols, + 91 Ks, +arfi +bier + Y cpay,
f=1
and the appearing parameters are fully fixed by physical requirements.

e The fundamental BPS particles need to be identified. It is helpful to evaluate the
(truncated) volume of the blowups x;

—Jyxp = —2¢0 + ¢1 = (v4,8) , (4.24)

where vy = (—=2,1) € [0,1]¢, see appendix A.1.3. Recalling (4.21), the full set of
[0, 1] weights is recovered via acting with the Cy roots, i.e. adding fo or e; to the
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blowups x . The resulting —1 curves have to have volumes given by the BPS masses
as follows:

Vol(2fy +e1+xy) L (vi, ) +my
az |

i
Vol(2fo + z5) = (v2, ¢) +my
a1l ! N {cfsz, f=1,2,3,

VOl(fO+xf):<U37¢>+mf G1:b0:07

Vol(zf) = (v, ¢) +my

Qg J-fF----- - e o - -

Vol(ey — z7) = — ((vs, 8) + my) (4.25)

which in retrospect motivates the phase (4.16).

o The effective coupling from geometry (2.25) has to match the field theory expecta-
tion (2.2). The resulting linear equations are solved by

3

1 1
ag=2» mp—2—, b =—=. (4.26)

= g g
As a result, the non-compact surfaces F', Ny in (4.22) restrict to the compact surfaces as

follows
s oo and slsi o o f=1,2,3. (4.27)
F’Sl = €1 Nf‘S1 :.rf

One observes that F|g, restricts to 2fp and e; respectively, because fy, e; act as simple
roots (4.21). Also, the prefactors are equal to ﬁ = 2,1 for the roots of Cs.
Computing the volumes of the basic curves yields

Vol(fo) = 2¢0 — ¢1 Vol(f1) = —2¢o + 2¢1
1 (4.28)
Vol(e1) = —4do + 2¢1 + p Vol(z;) = —2¢0 + ¢1 +m; .
Moreover, one can keep track of the volume of the elliptic fibre, which in the 6d frame (4.18)
is given by
1
Jan=dofo+difi=2fo+f1  Vol(fen) = 7 (4.29)

with d; = Coxeter numbers of Ag).

4.3 6d SU(3) + 12F with Zy twist — 5d Gy + 6F

The 6d theory given by a —1 curve supporting an su(3) gauge algebra has 12 fundamental
hypermultiplets. Consider the Zy twisted circle compactification

su(:’i)@) (4.30)

where Zs acts as outer automorphism on su(3). The resulting KK theory is known to have
three different 5d gauge theory descriptions; among them is a G theory [47].
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5d description. The 5d G2 gauge theory with six fundamental hypermultiplets is based
on the prepotential (2.1), which can be evaluated using appendix A.1.4. Since the 5d theory
has non-trivial matter content, restricting to the Weyl-chamber of Gg, i.e. (¢, a;) > 0 for
i = 1,2, is insufficient for reaching a single, well-defined 5d phase. A suitable choice of
phase is given by

<¢7 U)1> + mpy > 0
a1 d
(¢, ws) +my >0 (4.31)
hase
Qzdmpo e ({)hoice
(¢, we) +my <0
a1l
<¢7w7> + myg <0

where w; € [1,0]g,, see appendix A.1.4. In the phase (4.31), the prepotential becomes

6750 =73 (367 ~ 36100+ 63) + 801 — 630 + 204

6 6 (4.32)
=3 my(ddT — 4102 + ¢3) — 3 Y misa,
f=1 f=1
where g is the gauge coupling and my are the mass parameter.
Geometry. The geometric description for (4.30) is given by [60]
6 3e+4f—2 ZZ T4 e (433)

2 1,
and one verifies that
f1-Ks, f1-52]s, 2 —1
<f2 : Sl|52 f2 : KSQ —4 2 ;1\;2) ( )

52) , which is consistent with the 6d gauge algebra su(3)

yields the affine Cartan matrix of A
accompanied by a Zo twist.
The parameters of the 5d G gauge theory, one coupling g and six mass parameters

my, have to be incorporated into the Kahler form
1 2 6
J = 92F+;¢ZSZ +;mfo (4.35)
for a complete description. Before proceeding, it is useful to recall that the dual 5d frame

can be geometrically realised by an Fy isomorphism e <> f on Ss, see for instance [61, 92].
The immediate consequence is that

(i Ksy firSalsy ) (2 -1 —Js - fr = (o, 9)
(A ) - () =ee o {0200

i.e. fi and ey correspond to the simple roots a2 of G2, see appendix A.1.4.
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The full Kéhler form (4.35) restricted to the compact surfaces S; can be parametrised as

J|sy = p1Ks, + $252|s, +arer + by f1,

6 (4.37)
J|s; = ¢151]s, + P2Kg, + azea + ba fo + Z crry.
=1

The parameters are determined as follows:

e The volume of —1 curves need to reproduce the masses of fundamental BPS particles.
In detail, the truncated volume of the blowups are give by

—Jp i = =201 + ¢2 = (w5, 9) (4.38)

where ws € [1,0]q,, see appendix A.1.4. Recalling (4.36), the remaining weights
can be constructed by acting with the simple roots of Gs, i.e. adding f; or e to
the blowups ;. The resulting —1 curves need to have volumes that match the BPS
masses as follows:

Vol(3f1 + ez 4+ xy) = (w1, ¢) +my
ar
Vol(2f1 + ez + xy) = (w2, ¢) +my
az |
Vol(2f1 + x5) = (w3, @) +my
alJ, Cf:Mf’ le,...,ﬁ,
Vol(f1 + zy) = (w4, ) +my ~

a1l
-

a1l

Vol(f1 + ez — xy) = — ((wr, §) + my) (4.39)
Note that this identification motivates the phase (4.31).

o The geometric effective coupling (2.25) needs to match the field theory expecta-
tion (2.2). The arising linear equations are solved by

3 0 1
bi=——5+2> my, ay=——. (4.40)
A 9

As a result, the non-compact surfaces F' and Ny in the Kahler form (4.35) are glued to the
compact surfaces as follows:

3fi, i=1, 2f1, 1=1,
F’Si :{ 9 Nf‘si :{ . (4'41)
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An immediate observation is that F'|g, restricts to 3f; and ey respectively, because fi, es

act as simple roots (4.36). Also, the prefactors are equal to <afai> = 3,1 for the roots
of GQ.

Moreover, one can keep track of the volume of the elliptic fibre, which in the 6d
frame (4.33) is given by

1

far=dofi +difo=2fi+fo  Vol(fan) = 7 (4.42)

with d; = Coxeter numbers of AgQ).

4.4 6d Sp(1) + 10F — 5d Sp(2) + 10F

The 6d theory corresponding to a —1 curves with an sp(1) gauge algebra has 10 fundamental
hypermultiplets. The untwisted circle compactification of

sp(11)<1> (4.43)

is known to have two 5d gauge theory descriptions [25]: SU(3)p with 10 fundamentals as
well as Sp(2) with 10 fundamental hypermultiplets. In this section, the 5d Sp(2) theory

is considered, because its geometric description is related to the 6d theory via fibre-base
duality.

5d description. The 5d gauge theory description is based on the prepotential (2.1),
which can be evaluated via appendix A.1.3. Besides restricting to the Weyl-chamber of Cs,
one needs to choose a suitable phase, such as

<¢7 w1> + myg >0
a1l
<¢7 w2> + myg >0
PO phase (4.44)
choice
<¢7 w3> + mg <0
ar

<¢7 w4> + myg < 0

where w; € [1,0]¢, see appendix A.1.3. The prepotential becomes
6
2

10
2 (201 26100+ 08) + 8% — 180102 + 120165 — 208 ~ 33 myot,  (445)
=1

6F5q =

with ¢ the gauge coupling, and mj; the mass parameters of the fundamental
hypermultiplets.

Geometry. Geometrically, the theory (4.43) is described by [61]

2e1+f1 2ha—3 10

—1 % 2%0 (446)

1o
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and one verifies straightforwardly that

- K - S 2 =2
(S K JieSels ) = Cs0) (4.47)
fa-Sils, f2- Ks, -2 2 1
which is consistent with the 6d gauge algebra A; = (7 without any twist.
In view of the 5d description, a useful observation on the geometry (4.46) is

B e Kg, 61-52‘51 _ 2 —1 _C —J¢‘€1 :<O‘17¢> 4.48
<f2'51fs2 f2'KS2> <—2 2>_ ¢ 7 {—J¢'f2 =<0423¢> ( )

which identifies e;, fo as the simple roots «; of the 5d Sp(2) gauge group, see ap-
pendix A.1.3.

In order the include all gauge theory parameters, one gauge coupling g and ten mass
parameters m;, one may parametrise the Kahler form as

1 2 10 my
J = 7972F+;¢isi +f212Nf. (4.49)
1= =

The gluing curves of the non-compact F, N; with the compact S; are determined by
parametrising the restrictions of (4.49) via

J|sy = p1Ks, + $252|s, +arer + by f1,

10 (4.50)
J|s, = ¢151]s, + P2Ks, + azea + ba fo + Z crry.
=

The parameters are determined as follows:

e The volume of —1 curves should match the BPS masses. It is instructive to consider
the blowups z;

—Jo xp=—¢1+ g2 = (w2,9), (4.51)

where wq € [1,0]¢, see appendix A.1.3. Recalling (4.48), the remaining weights are
realised by adding e; or fo to the blowups. The volumes of the resulting —1 curves
are required to match the BPS masses

Vol(e1 + x¢) = (wi, ) +my
ar |

Vol(z ) = (w2, @) +my {Cf—mf, f=1,...,10,
Qg - =

bl = a2 = 0.

Vol(fa —x5) = — ((ws, ¢) +my)
a1l

Vol(ey + fo — ) = — ((wa, ) + my) (4.52)

Again, the volume the —1 define the phase of the theory, which motivates (4.44).
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o The geometric effective coupling (2.25) needs to match the field theory expecta-
tion (2.2). The arising linear equations are solved by

CL]_:_72, bQZ—ﬁ—isz (453)

In summary, the non-compact surfaces F' and Ny in (4.49) are glued to the S; as follows:

261, 1,:]., 07 1= )
Flg, = . Nf‘Si = . (4.54)
fg, 222, Ql'f—fg, 1=2.

Again, the F|g, restrict to 2e;, and fo respectively, because the ej, fo act as simple

roots (4.48). The prefactors equal ﬁ = 2,1 for the roots of C. In addition, one
may keep track of the elliptic fibre associated to (4.46) and compute its volume to be
2
Vol(fen) = Vol(f1) + Vol(f2) = 97 . (4.55)

4.5 6d Rank-2 E-string — 5d Sp(2) + 1A% 4 8F

The rank-2 E-string is given by a —1 curve with an sp(0) algebra intersecting a —2 curve
with a trivial su(1) algebra

(O ()@ (4.56)
1 2

The 5d reduction has two gauge theory descriptions [16]: SU(3)s with nine fundamentals
2

and Sp(2) with one rank-2 anti-symmetric and eight fundamental hypermultiplets. In

this section, the Sp(2) theory is consider because of the natural fibre-base duality to the

6d frame.

5d description. The 5d gauge theory description is based on the prepotential (2.1),
which is evaluated via the details provided in appendix A.1.3. Since the 5d theory has
non-trivial matter content, restricting to the Weyl-chamber of Cy, i.e. (¢, ;) > 0 for
i = 1,2, is insufficient for reaching a single, well-defined 5d phase. A suitable choice of
phase is given by

(p,v1) +my >0
(p,w1) +myp >0 az )
a1 (¢,v2>—|—mf20
(P, wo) +my >0 a1 )
T phase and (¢, v3) +mp >0 (4.57)
(¢, ws) +my <0 R phase
a1l (¢,v4>+mf§0
(P, wg) +myp <0 az |
(p,v5) +my <0
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with w; € [1,0]¢ and v; € [0, 1]¢, see appendix A.1.3. In the phase (4.57), the prepotential
becomes

6
g2

8
6F50 = — (20F — 26001 + 61) =3 mior — 6M2go, (4.58)
f=1

where g denotes the gauge coupling, my; are the mass parameters of the fundamental
hypermultiplets, and M is the mass parameter of the A? hypermultiplet.

Geometry. Utilising [61], the geometry from 6d setup (4.56) is given by

eg—w

2e14+3f1 -5 5 @
C"éﬂ o Oty (4.50)

eo—=z

and one computes immediately

eo - Kg, eg-Sals, 2 -1\ _ —Jy-eo = (01,0)
— p— f— C 4.
<f1'51|52 f1'K52> <—2 ) ) Co = {_J¢-f1 = (a2, 9) (460

which identifies the Cartan matrix of the 5d Sp(2) gauge group. Moreover, {eg, f1} act as
simple roots «; of Co, see appendix A.1.3. On the other hand, The 6d gauge algebras are
trivial on both nodes of (4.56). This piece of information is encoded in the elliptic fibre
fen of the Calabi-Yau. One can readily confirm it by noticing that

where Kg, = —2e; —3f1 — >.%_, x; is the canonical Kéhler form of F§, as well as the gluing
curve identified with fy in the geometry (4.59). Therefore the elliptic fibre is given by

fen = fo=—Kg, . (4.62)
The full Kahler form
1 : Somy g A
J:_gﬁFjLZ@SﬁZ?Nf + MN (4.63)
i=0 f=1

includes all gauge theory parameter g, mys, and M. To derive the gluing curves of the
non-compact surfaces with the compact surfaces, one parametrises (4.63) as follows:

J|sy = poKs, + ¢151]s, + aoeo + bo fo + dww + d. 2,

8 (4.64)
Jls, = doSols, + ¢1Ks, +arer +bifi + Y cpay.
F=1

The parameters are determined as follows:

¢ The volumes of —1 curves should reproduce the masses of fundamental BPS particles.
To get some insight, one computes the truncated volume of the blowups

—Jo - xp=—¢o + ¢ = (w2,9), (4.65a)
—J¢-w:—J¢-z:0: <’U3,¢>, (4.65b)
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where wy € [1,0]¢ and v € [0, 1]¢, see appendix A.1.3. Recalling (4.60), one con-
structs the remaining —1 curves that furnish the representations [1, 0]¢ and [0, 1]¢ by
adding the base eg and fibre f; to the blowups. The volumes of the resulting curves
need to satisfy

' Vol(eo+f1+w)é<v17¢>+M
Vol(eg + x¢) = (w1, @) + my az '
a1 ' Vol(ep + w) = (va, ¢y + M
Vol(zf) = (w2, d) +my ar
g dof oo c Vol(w) = (vs, ¢) + M
Vol(f1 —z¢) = — ((w3, ¢) + my) O‘W’””””””" ””””””
a1 ' Vol(eg — w) = —{vy4, ) + M
Vol(eo + f1 —xf) = — ((wa, §) +my) 024

such that one finds
bp=a1 =0, cp=my, f=1,...8, dy=d,=M . (4.67)
The volumes of these —1 curves define the phase of the theory, which motivates (4.57)

o The geometric effective coupling (2.25) needs to match the field theory expecta-
tion (2.2). The arising linear equations are solved by

) 1 8

As a result, the gluing curves of the non-compact surfaces F, N¥ and N*, in (4.63) with
the compact surfaces .S; are as follows:

2e9, 1=0, 0, 1 =0, w+z, 1=0,
F’Si = NJF’Sz = . NAISi - .
1 2xp — f1, 1=1, 0, 1=1.

(4.69)

An immediate observation is that F|g, restrict to 2eq, f1 respectively, because {eg, f1} act
as simple roots (4.60). The prefactors equal ﬁ = 2,1 for the roots of C5. Moreover,

for the NV f divisors restricted to Sp, the volumes of curves 2x¢ — f1 have positive volumes

Vol(2x¢ — f1) = my, implying the curves are effective. In addition, one may keep track of
f > plying ) Yy p

the elliptic fibre associated to (4.59) and compute its volume to be

2

Vol(fan) = Vol(fo) = Vol(~Kis,) = — .

(4.70)

The factor of 2 would be due to the node of —1 curve in (4.56), which has been also
observed in rank-1 E-string, see (3.12).
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4.6 6d N = (2,0) Ao — 5d SU(3)o + 1Adj
The 6d N = (2,0) As theory is given by

()@ su(1)) (4.71)
2 2

and the untwisted circle reduction is known to be SU(3)¢ with one hypermultiplet in the
adjoint representation [94, 95].

5d description. Since the 5d KK descriptions is known, the prepotential (2.1) is derived
using appendix A.1.2. In addition to restricting to the Weyl-chamber of Ay, i.e. (¢, ;) >0
for 1 = 1,2, the following phase is chosen

(¢,0) +ms >0 (4.72)
77777777777777777777777777777 phase
choice

(¢, —a1) +my <0

(¢, —(a1 + a2)) +my <0

with a2 the simple roots of As, see appendix A.1.2. The prepotential becomes

6750 = 3 (6 = 00+ ) — om?(6n + 6n), (4.73)

with g the gauge coupling and m the mass parameter of the adjoint hypermultiplet.

Geometry. Utilising [61], the geometry from 6d setup (4.71) is given by

eo—T e1—z

1 1f0x—$ le—Z 11
o5t F—2—= 10" (4.74)

e0—yY e]—w

such that one readily confirms that
—fi-5;=0, (4.75)

which is reflecting the fact that the 6d gauge algebras are trivial. In order to describe 5d
SU(3) gauge theory via (4.74), it is useful to observe that

. . _ —Js - -
B €0 KSO €0 Sl|50 — 2 1 = CA2 = ¢ o <041,¢> (476)
e1-Sols, e1- Ksg, -1 2 —Jg-e1 = (a2, )

which identifies the ep; as the simple roots «; of the 5d su(3) gauge algebra, see ap-
pendix A.1.2. As above, the two gauge theory parameter, one gauge coupling g and one
mass parameter, are introduced by suitably parametrising the Kéahler form:

1 1
J = —?F—l—;gbiSi—&—mN. (4.77)
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The intersections of the non-compact F', N with the compact S; are determined by re-
stricting (4.77) as

J|sy = ¢0Ks, + ¢151|s, + aoeo + bo fo + cax + cyy

(4.78)
Jls; = ¢oSols, + $1Ks, + arer +bifi+c.z + cpw.
and determining the parameter as follows:

e Firstly, one identifies the —1 curves that give rise to the fundamental BPS particles.
It is instructive to evaluate the volumes of the blowups; in detail,

—J¢-x:—J¢-y:—J¢-z:—J¢'w:0:(0,(1)) (4.79)

where 0 is a trivial weight in [1,1]4, see appendix A.1.2. Recalling (4.76), the re-
maining weights are realised by the following —1 curves:

Vol(ep+e14+x) __
V01(68+ei+z) = (a1 +ag,¢) +m

Vol(ep+e1—x)
Vol(ep+e1—2)

Il

|

|
Q
=
_|._
Q
®

): ) +m)
(4.80)

and volumes have to match the BPS masses. Additionally, the self-gluings in (4.74)
impose

Vol(ep — ) = Vol(eg —y) and Vol(e; — z) = Vol(e; — w) (4.81)
such that one finds
cr=m, I=xy,zw, b;j=0, i=0,1. (4.82)
One notes that the choices of volumes motivate the choice of phase (4.72).

o Secondly, the geometric effective gauge coupling (2.25) needs to match the field theory
expectation (2.2). The arising linear equations are solved by

1
72 .

p (4.83)

ayg = a;p = —

Consequently, the non-compact surfaces F', N in (4.77) restrict to the compact S; as follows:

) -207
vy, o (4.84)

F’Sizeiv N’Si:{ .
z4+w, 1=1.
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One may notice, as above, that the F|g, restrict to the e; respectively, because the e; act

as simple roots (4.76). The prefactor of 1 equals ﬁ for the roots of As. Moreover, the
volumes of the fibres are given by
1
Vol(f;) = Vol(fen) = 72 1=0,1, (4.85)

which identifies the volume of the elliptic fibre.

4.7 6d N = (2,0) Az with twist — 5d Sp(2)¢ + 1Adj
Starting from the 6d N/ = (2,0) As theory, the twist by the permutation symmetry

5“(12)(1) 5“(12)(1) ﬁu(lz)(l) permutation 5“(12)(2 , 11(12)(1) (4.86)
twist

leads to the 5d KK theory described by Sp(2)p with one adjoint hypermultiplet [97]. Al-
though the theory is known to be non-geometric, it is nevertheless interesting to explore

the possibility of fibre-base duality.

5d description. Since the 5d KK descriptions is known, the prepotential (2.1) is derived
using appendix A.1.3. In addition to restricting to the Weyl-chamber of Cs, i.e. (¢, ;) >0
for 1 = 1,2, the following phase is chosen

(¢,2001 + ) + my >0

(¢,0) +my >0 (4.87)

phase

choice

(¢, —1) +my <0
—(o1 +a2)) +my <0

(¢, — (201 +az)) +my <0
with a2 the simple roots of Cy, see appendix A.1.3. The prepotential becomes
6
6750 = 5 (208 — 20001 + 6) — 6m (00 + 61). (4.88)
with g the gauge coupling and m the mass parameter of the adjoint hypermultiplet.

Geometry. Following [61], the geometry derived from the 6d setup (4.86) is given by

eo—x e1—z

fo—x 2f1—z
0" —— 2 —= 15t (4.89)
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such that one readily confirms that
—fi-5;=0, (4.90)

which is reflecting the fact that the 6d gauge algebras are trivial.
For the 5d Sp(2) gauge theory, it is helpful to observe that

[ eoKs, eo-Sils, _ (2 -1 — o = —Jy-e0 =(a1,9) (4.91)
61‘50|51 61‘K5'1 -2 2 —J¢~61 :<O‘27¢>

which identifies the ep; as the simple roots aj o of the 5d sp(2) gauge algebra, see ap-
pendix A.1.3. As above, the two gauge theory parameter, one gauge coupling g and one
mass parameter, can be included in the Kéhler form:

1 1
J= —?FJF;)@SﬁmN. (4.92)

The gluing curves of the F, N with the compact S; can be determined by parametris-
ing (4.92) restricted to the S; as

J|sy = PoKs, + ¢151]s, + aoeo + bo fo + czx + cyy,

(4.93)
J|S1 = QSOSO’SH + ¢1KS1 +aier + blfl +cz + cpw.
The parameters are determined as follows:

o Firstly, one identifies the —1 curves that give rise to the fundamental BPS particles.
It is instructive to evaluate the volumes of the blowups; in detail,

—Jyrx=—Jp-y=—Jp-z2=—Jp-w=0=(0,¢) (4.94)

where 0 is a trivial weight in [2,0]c, see appendix A.1.3. Recalling (4.91), the re-
maining weights are realised by the following —1 curves:

Vol(2ep+e1+z) _
Vol(Qe(())-ﬁ—ei-q—z) - <20&1 + g, ¢> +m

Vol(eo+e1+z) __
a1 Vol(ep+e1+z) — <a1 + a2, ¢> +m

Vol(e; + z) = (a2, ¢) + m

Vol(z) = (0, ¢) +m

Vol(e; — 2) = — ((—a2,¢) + m)

a1 N\ ol(eote1—x
Vol T = — (e + a2). )+ m)
ar
D =~ (Cem e+ m)
(4.95)
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and the volumes are required to match the BPS masses. The self-gluings in (4.89)
impose

Vol(ep — ) = Vol(eg —y) and Vol(e; — z) = Vol(e; — w) (4.96)
such that one finds
cr=m, I=uxyzw, bi=0, i=0,1. (4.97)
This identification of volumes motivates the choice of phase (4.87).

o Secondly, the geometric effective gauge coupling (2.25) needs to match the field theory
expectation (2.2). The arising linear equations are solved by

2 1
ag = ———75 , al = ——75. (4.98)

As a result, the non-compact surfaces F', N in (4.92) restrict to the compact S; ones as
follows:

2eg, 1=0, zr+y, 1=0,
Flg =4 0" , N, = Y (4.99)
=1 z4+w, 1=1.

One realises that F|g, restrict to 2eyp and e; respectively, because the e; act as simple
2

roots (4.91). The prefactors equal ey = 2,1 for the roots of Cy. Moreover, the volumes

of the fibres are given by

2
VO].(fO) = ? s 1

) such that Vol(fen) = — (4.100)
Vol(fi) = 5 g

which yields the volume of the elliptic fibre. The factor 2 is due to the permutation twist
in (4.86).

4.8 6d N = (2,0) Dy with twist — 5d G2 +1Adj

The 6d N = (2,0) Dy theory is geometrically realised by four —2 curves, supporting
trivial su(1) algebras, which intersect in the pattern of the Dy Dynkin diagram. The circle
reduction twisted by permutations on the tensor multiplets

su(1)™
su()M (1)) tati su()M (1)@
3 3 / permu.a ion g,y
s bwist (4.101)
2

is known to admit a 5d descriptions as G with one adjoint hypermultiplet [97].
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5d description. Since the 5d KK descriptions is known, the prepotential (2.1) is derived
using appendix A.1.4. In addition to restricting to the Weyl-chamber of G, i.e. (¢, ;) > 0
for ¢ = 1,2, the following phase is chosen

I (¢, 301 4 200) +my >0

az |

(¢,0) +my >0 (4.102)

phase

choice

<¢7 —051> +mf <0

—(a1 + a9)) + my <0

OLQJ’J

(¢, —(3a1 + 2a2)) +my <0

with a2 the simple roots of G2, see appendix A.1.4. The prepotential becomes

6750 = 5 (308~ 30nn + ) = 6m(0n + 6n), (4.103)

with g the gauge coupling and m the mass parameter of the adjoint hypermultiplet.

Geometry. The theory (4.101) is geometrically realised by [61]

e)—T C é_‘_lf(;—x ) 3f1;z 1(1)+1:> e1—z (4.104)
eo—y el —w

and due to the self-gluing curves, the truncated prepotential is trivially zero. Moreover,
one verifies

—fi-S;=0, (4.105)

which is reflecting the fact that the 6d gauge algebras are trivial.
For the 5d G5 gauge theory, it is instructive to note that

. ) _ B S —
[ eo Ks, eo- Sils, _ 2 -1 —Co, = ¢ " €0 (a1, ) (4.106)
e1- Sols, e1-Kg, -3 2 —Jg-e1 = (a2, )

which identifies the ep;1 as the simple roots a2 of the 5d G2 gauge algebra, see ap-
pendix A.1.4. As above, the two gauge theory parameter, one gauge coupling g and one
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mass parameter m, are introduced by suitably parametrising the Kéhler form:
1 1
J 92F+§¢ZSZ +mN . (4.107)
In order to determine the gluing curves of F', N with the compact S;, one restricts the
Kahler form (4.107) to the S; and expands in a suitable base as follows:

J|sy = ¢0Ks, + ¢151|s, + aoeo + bo fo + cax + cyy (4.108)
J|s; = d0Sols, + d1Ks, +arer +bifi + czz + cpw .
The parameters are determined as follows:

o Firstly, one identifies the —1 curves that give rise to the fundamental BPS particles.
It is instructive to evaluate the volumes of the blowups; in detail,

—Jyx=—Jp-y=—Jp-z2=—Jp-w=0=(0,¢) (4.109)

where 0 is a trivial weight in [0,1]¢,, see appendix A.1.4. Recalling (4.106), the
remaining weights are realised by the following —1 curves:

Vol ) = (3o + 202,) +m
az |
Vol
VG raty) = Bar + a2, 0) +m
a1l
Vol(2eg+e1+z
VolEZeg-o-ei-o-z; = (201 + az,¢) +m
ar
1
o Ao = (01 + a2, 0) +m
Vol(e1 + 2) = (as, &) +m NN Vol(eo + ) = (a1, 8) +m
e ar |
Vol(z) = (0,¢) + m Vol(z) = (0, ¢) +m
————————————— loag---a1 H---------------
Vol(e; — 2) = — ((—a2, d) + m) " Vol(eg — x) = — ({(—a1, @) +m)

ar N\ Vol(eg+e1—z)

Vol(egter—z) = — ((—(a1 + a2),¢) +m)
N vaste Tt = — ((—(201 + a2), 6) +m)
: Voot = — ((—(301 + a2), 6) +m)
s (e + 20,00+ m)
(4.110)
and the self-gluing curves in (4.104) impose
Vol(eg — ) = Vol(eg —y) and Vol(e; — z) = Vol(e; —w). (4.111)
These conditions are solved by
cr=m, I€e{zx,,y,zw}, bj=0, i=0,1, (4.112)

One notes that these volumes motivate the choice of phase (4.102).
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o Secondly, the geometric effective gauge coupling (2.25) needs to match the field theory
expectation (2.2). The arising linear equations are solved by

1
ayg = ——— , ay;] = ———&. (4113)

Consequently, the non-compact surfaces F' and N, introduced in (4.107), are glued to the
compact S; as follows:

3ep, =0 +y, 1=0,
F|si={e° L N|s.={””” vt (4.114)

er, 1= z4+w, 1=1.

An immediate observation is that the F'|g, restrict to 3ep and e; respectively, because the
e; act as simple roots (4.106). The prefactors equal ﬁ = 3,1 for the roots of Go.

Q;,Q
Moreover, the volumes of the fibres are given by

3
VOl(fO) = ? ) 1

) such that Vol(fen) = — (4.115)
VOl(fl) = ? ) g

which yields the volume of the elliptic fibre. The factor 3 is due to the permutation twist
in (4.101).

5 Fibre-base like duality: 5d to 5d

Inspecting table 1, it is clear that some twisted compactifications of 6d SCFTs may lead
to several 5d descriptions. In section 4, only the 5d theories that are related by fibre-base
duality to the 6d setup have been considered. Nevertheless, most of the 5d theories admit
an honest geometric description. As detailed, for instance in [60, 96], these geometric
frames are in many cases related by some operations on the Hirzebruch surfaces and their
gluing curves. In this section, two examples are considered for which the relation between
two 5d frames is simply realised in terms of the Iy isomorphism e <> f.

51 SU(3)z + 1Sym — Sp(2)~ + 1Adj

Starting from the 6d N = (2,0) A4 theory, the twist by the Zy permutation symmetry

su()®su(H)® su()® su(1)® permutation su(H® su(1)® (5 1)
2 2 2 2 P 2 2 ’
twist 7D

leads to a 5d KK theory with two known gauge theory descriptions: SU(S)% with one
rank-2 symmetric hypermultiplet [16] and Sp(2), with one adjoint hypermultiplet [97].

In this section, it is demonstrated that a suitable 5d frame for Sp(2) is related via a Fy
isomorphism e <+ f to a 5d frame for the SU(3) description. In other words, this mimics
a fibre-base like duality between the two dual 5d theories.
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5d Sp(2) description. Since the 5d KK descriptions is known, the prepotential (2.1)
is derived using appendix A.1.3. In addition to restricting to the Weyl-chamber of Cs, i.e.
(¢, i) >0 for i = 1,2, the following phase is chosen

<¢,20¢1 + ag) +my >0

(p,a1) +my >0

with a2 the simple roots of Cy, see appendix A.1.3. The prepotential becomes

6
675 = 120162 — 186165 + 80§ + 5 (208 — 20102 + 03)
— 6m*¢p1 — 24m7 + 36me1¢ — 18me3
with g the gauge coupling and m the mass parameter of the adjoint hypermultiplet.

Geometry. The geometric proposal for (5.1) in [61] does not have a manifest fibre-base
duality between the 6d and 5d frame. A convenient 5d geometry is given by [96]

T

el 2ea+f-
CléJrl L L 20 (54)

y
and one notices that

J1-Ks, f1-S2]s, 2 -1\ _ —Jo- f1 = (o, 9)
<f2'51|52 f2'KSz> (‘2 2) “ 7 {_J¢'f2 = (a2,9) >

which identifies the fi2 as the simple roots a2 of the 5d sp(2) gauge algebra, see ap-
pendix A.1.3. The gauge theory parameters can be incorporated into the Kéhler form via

1 2
J = —?F+z;¢iSi+mN. (5.6)

where the gluing curves of the non-compact surfaces F' and N with the compact .S; are
determined as follows:
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o Firstly, one identifies the —1 curves that give rise to the fundamental BPS particles.
It is instructive to evaluate the volumes of the blowups; in detail,

—Jy-x=—Jp -y =201 = —(—(201 + a2),9) (5.7)

where 2a; + ag is the highest weight of [2,0]¢, see appendix A.1.3. Recalling (5.5),
the volumes of the relevant —1 curves are required to satisfy:

Vol(4f1 + f2 — x) = (201 + a2),¢) + m
Vol(2f1 + 2f2 — x) = (az,¢) +m Vol(3f1 + fa — x) = (a1, ¢) +m
Vol(2f1 + fo—x) =(0,¢) + m Vol(2f1 4+ fa—x) ={0,¢) + m

Vol(2f1 — x) = (g, ¢) +m Vol(f1 + fo —x) = (—a1,¢) + m

(5.8)
and the self-gluing curves in (5.4) impose
Vol(z) = Vol(y) . (5.9)
One notes that these volumes motivate the choice of phase (5.2).

o Secondly, the geometric effective coupling (2.25) needs to match the field theory
result (2.2).

Consequently, one finds
2f17 1=1 6f17x7y5 ,L:]-v
F’Si = { o ) N‘Si = { (5‘10)

2, 1= 3f2, 1=2.

One may note that F'|g, restricts to 2f; and fo respectively, because the f; act as simple
roots (5.5). The prefactors equal ﬁ = 2,1 for the roots of Cj.

Fibre-base dual SU(3). Returning to the geometry (5.4), one aims to utilise the same
geometry for the SU(3) KK theory. As a first check, one computes

(i Ksy fi-Sals ) _ (2 -1 _ —Jy-fi = (a1, )

which indicates the 5d su(3) gauge algebra and identifies fi, ez as simple roots «;, see
appendix A.1.2. Besides restricting to the Weyl-chamber of A, i.e. (¢, ;) > 0 for i = 1,2,
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the following phase is chosen

phase
choice

(v3,#) +m <0 (vg,0) +m <0 (5.12)

(v, ¢) +m <0

with v; € [2,0]4, see appendix A.1.2. The prepotential becomes
6
6750 = (08 — 6102 + 63) + 12616 — 186104 + 804

+ 3mep? — 15mep1¢o + 15me3 — 6m2¢;
with ¢g the gauge coupling and m the mass parameter of the hypermultiplet in the 2nd

(5.13)

rank symmetric representation. The Kéhler form is supplemented by non-compact surfaces
as follows:

1 2 m
J = —?FJngzﬁiSmLEN. (5.14)
i=1
The gluing curves of F' and N with the compact surfaces S; are determined via two

constraints.

e One identifies the —1 curves that give rise to the fundamental BPS particles. The
blowups provide some insights

—Jy = —Jg-y=2¢1 = (v1,9) (5.15)
with the highest weight vector v; € [2,0]4. The identical volumes for = and y is

a consequence of the self-gluing in (5.4). Recalling (5.11), the set of —1 curves is
given by

Vol(z) L (v1,0) + m

o Vol(f1 — z) S ((v2, @) +m)
Vol(2fy — z) = — (13, 6) +m) Vol(f1 + ez — ) = — ({vg, @) +m)
Vol(2f1 + €2 — ) = — ((vs, @) + m)

Vol(2f1 + 22 — x) = — ({vg, ) + m)
(5.16)

and the self-gluing imposes
Vol(z) = Vol(y) . (5.17)
These conditions motivate the phase (5.12).
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o The effective coupling (2.25) derived from the geometry has to agree with field the-
ory (2.2).

These constraints lead to

fi, i=1 2042y —5f, i=1
Fls, = . , Nls, = . . (5.18)
er, 1=2 —beq, i=2

As above, the F|g, restrict to fi and e respectively, because the fi, ez act as simple
roots (5.11). The prefactor of 1 equals ﬁ for the roots of As. Moreover, one verifies

that 6Fgeom = J 3 matches the field theory result (5.13).

5.2 5d Gy + 1Adj — 5d SU(3)1s + 1F

The twisted circle reduction of 6d N = (2,0) D4 (4.101) is known to admit two different 5d
descriptions: Gg with one adjoint hypermultiplet [97] and SU(3) 15 with one fundamental
hypermultiplet [60].

The G5 theory has already been discussed in section 4.8, where the 5d frame has been
obtained via fibre-base duality from the 6d frame. In this section, it is demonstrated that
a suitable 5d frame for SU(3) is related via a Fy isomorphism e <> f to another 5d frame
for the Gy description (in a different phase). In other words, this mimics a fibre-base like
duality between the two dual 5d theories.

5d SU(3) description. The SU(3) gauge theory with Chern-Simons level xk = % has
one fundamental hypermultiplet. The prepotential is derived from (2.1) via the data sum-
marised in appendix A.1.2. In addition to restricting to the As Weyl chamber, a phase
needs to be choose. A suitable choice is

(¢, w1) +my >0
al |
(¢, wa) +my >0 (5.19)

phase
choice

with w; € [1,0]4, see appendix A.1.2. In this phase, the prepotential becomes

6 = 807 + 186362 — 240103 + 7] + (01 — G102 + 03)

(5.20)
— 3meT + 3me1z — 3m’ s
with g the gauge coupling and m the mass of the fundamental hypermultiplet.
Geometry. For the SU(3) frame, one may employ the following geometry [60]
e1 e2+3f2 51 (521)
1g L tfol
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which is argued to be flop equivalent to (4.104). One straightforwardly verifies that

fi-Ks, f1-5]s, 2 -1\ _ —Jo- f1 = (i, )
_ — =C 5.22
<f2 -Sils, fa- K52> (-1 2 ) A {—J¢ “fo =(a,9) (522)

which identifies the Cartan matrix of the 5d su(3) gauge algebra. In addition, the fibres f;
act as simple roots «; of As, see appendix A.1.2.
The gauge theory parameter can be included as follows:

1 2 m
- F iS; + —N 2
J 2 +;¢>S + 5 (5.23)

and the gluing curves of the non-compact surfaces with the compact .5; are determined via
two conditions:

o Firstly, the volume of the —1 curves match BPS masses. Based on (5.22) and

—Jy x =2 =—(ws,P) , (5.24)

with wy € [1,0] 4, one concludes that the BPS mass are given by

Vol(fi + fo — @) = (w1, ¢) +m

Vol(f2 — z) = (w2, ) +m (5.25)

which motivates the phase (5.19).

o The geometric effective gauge coupling (2.25) needs to match the field theory re-
sult (2.2).

As a result, the non-compact surfaces are glued as follows:

fi t=1

. 5.26
f2—21' 1=2 ( )

F|Sz:fz fori=1,2, N|SZ:{

The F|g, restrict to the f; respectively, because the f; act as simple roots (5.22). The

prefactor of 1 equals @%l) for the roots of As.

Fibre-base dual G2. Inspecting (5.21) shows an interesting instance of fibre-base dual-
ity. In detail,

f1-Ks, fi1-5]s, (2 1)\ _ —Js f1 = (v, @)
_<€2'51!sz 62-K52> B (—3 2)2002 = { . > (5.27)
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such that fi, es act as simple roots «; of Go, see appendix A.1.4. Therefore, one is lead to
another description of G with one adjoint hypermulitplet, but this time in a different phase

I (#,3a1 + 200) +myp >0
ag |

<¢,O&1+C(2>+mf ZO

ar
a2 N\
on ) (5.28)
a1 N\ <¢7—(a1+042)>+mf§0
(¢, =(3on + a2)) +myp >0
] T T =T pimee
(¢, —(3a1 +2a2)) +my <0

The prepotential in this phase equals

6F = 801 + 180302 — 240163 + 705 + — (36% — 30102 + 03)

(5.29)
— T2m¢? + T2me1dg — 21mes — 3m2¢o
The Kahler form can be expressed as
1 2
J = —g—2F+Z¢iSi +mN (5.30)
i=1
and the non-compact surfaces F' and N are glued to the S; via
3fi i=1 12f; i=1
Fls, = . , Nls, = ' . (5.31)
(D) =2 4f2 —r 1=2

Analogously to the cases discussed above, the F|g, restrict to 3f; and es respectively,
because f; and ey act as simple roots (5.27). The prefactors equal ﬁ = 3,1 for the
roots of Go. Also, note that in this construction —Jy - = —(—(3a1 + 202), ¢), which
justifies the phase (5.28).

6 Conclusions

In this work, a geometric description of twisted circle compactifications of 6d N = (1,0)
SCFTs has been analysed with the aim to fully characterise the resulting 5d theory. For a
number of such theories, we have shown how to recover the prepotential of the 5d gauge
theory on the Coulomb branch from the geometric prepotential of M-theory on a Calabi-Yau
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threefold Xg. We explicitly described the non-compact divisors which must be included
in the Kéahler potential of Xg to reflect the contribution of mass parameters and gauge
couplings. The strategy to find these divisors is composed of three steps: firstly, determine
a geometric description such that there exist curves of self-intersection zero which act as
roots of the 5d gauge algebra. Secondly, identify the weights of the blowup modes under
the gauge algebra and construct the —1 curves that correspond to the fundamental BPS
particles. The volumes of these curves have to reproduce the BPS masses. Moreover, this
step identifies the phase of the 5d theory on the Coulomb branch. Thirdly, the geometric
expression for the matrix of effective gauge couplings has to reproduce the corresponding
field theory expression. As a result, the non-compact surfaces in the Kéhler form are
determined by their intersection with the compact surfaces. This is sufficient information
to reproduce the physical quantities and to compute the prepotential Fgeom = %J 3 up to
constant terms.

This description then allows us to identify the effective gauge coupling with the volume
of the elliptic fibre of the F-Theory description of the parent 6d SCFTs. In particular, we
made this identification for the 5d reduction of the E-string theory, the untwisted 5d
reduction of su(n) on a —2, the Zy twisted compactification of the 6d N' = (1,0) minimal
SU(3) SCFT, and the Zs twisted reduction of the minimal SO(8) SCFT.

In a number of examples of rank 1 and rank 2 KK theories, we observed a fibre-
base duality between the 6d and 5d frame, which is realised via an exchange of fibre and
base in Fy. For non-gauge theoretic nodes and, in particular, non-geometric theories,
the appearance of some form of fibre-base duality between the 6d and 5d frame is not
guaranteed. In all cases considered in section 4, the geometry for the 6d frame, which
manifests the elliptic fibre, is fibre-dual to one of the 5d descriptions, precisely by an Fg
isomorphism e <> f.

For M-theory on a given non-compact Calabi-Yau threefold, compact surfaces in the
geometry may exhibit different rulings, which corresponds to different effective gauge theory
descriptions. In the limit in which we shrink the compact surfaces, all of these theories
flow to the same 5d SCFT, so that such a phenomenon encodes a UV duality. A particular
instance of this phenomenon is when the fibre of one ruling becomes a section of another.
Seen from 6d, the circle reduction admits more than one 5d description in this case, and
not all 5d frames are related to the 6d frame via fibre-base duality. We have demonstrated
that some of the dual 5d theories are related among each other by a fibre-base like duality
relating different 5d frames.

The geometric description of 5d theories by a collection of complex compact surfaces
sitting inside a non-compact threefold is a resourceful approach to the understanding of
quantum field theories. There are a number of open issues that would be interesting to
address in future research. Starting from a specific twisted compactification, the resulting
collection of surfaces and their gluing rules are far from unique. In this work, the geo-
metric frame suitable for a gauge theory in one specific phase has been chosen. Hence,
the transitions between different phases have not been addressed, although it is expected
that these are straightforward. Moreover, one may also choose to follow the isomorphisms
relating the different phases, and establish parameter maps between the different gauge
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theory descriptions. Fibre-base like dualities relating different 5d descriptions of the same
SCFT have also been observed in [54, 59, 60, 96]. In the present work we have collected
evidence for an elegant relation between the divisor F' and the fibres that establish the
gauge algebra. One may wonder whether there is an analogous, systematic relation for the
divisors Ny associated to hypermultiplet mass parameters.
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A Background material

A.1 Lie algebras and weight spaces

The evaluation of the prepotential (2.1) relies on the gauge group as well as the represen-
tations of the matter content. This appendix provides a brief summary. For more details,
the reader is, for instance, referred to [98, 99] as well as [16, appendix A].

A.1.1 Notation

Give a Lie algebra, the simple roots are «;, and the simple coroots are a;f. The Cartan
matrix is defined via

A = (. aY) = QM _ Al
o) = ) -
A convenient basis is the Dynkin basis, or weight basis, defined by the fundamental weights

being the basis vectors. Then, the Cartan matrix is the transformation matrix that provides
the expansion of the simple roots «; in the basis of the fundamental weights, i.e.

o = Z Aikwk = W; = Z(A_l)ikak (A2)
k k
Note that the j-th row of the Cartan matrix gives the simple root «; in terms of the
fundamental weights.
The vector ¢ of Coulomb moduli is an expanded in the basis of simple coroot

o= ¢}, (A.3)
i
which defines the components ¢; used throughout this paper. Next, consider the following
expressions
(6, 00) =D djAi(e wi) =D djAudie = Y Aoy (A.4)
Jk 3k k
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likewise

(3,¢0) =D ¢ivs(a),af) =D 6D Ajigi =Y bhjidi (A.5)
i, i, i,

where h;; is the inverse of the metric tensor defined as follows

(h™)i = (A1) Dy (A.6)
where D; is defined via
oy 92 9
Aii = (g, o :2(041,0@):1)‘,1 noj) e DTl =di ( >
J <a ’O‘] > <ai7 ai) j <a an> lag (al’ a1>7 ) <ar7 ar)

(A.7)

Recall that the factors ﬁ can only take three different values: 1 for all roots on A, D,

FE algebras and the long roots in B, C, Fy; 2 for the short roots of B, C, and Fy; and 3 for
the short root of G2. The Chern-Simons term in (2.1) can be expressed as follows:

o 1

6F oo ovel = K diji @70 with  dyp, = 5TrF (ti {tj tr}) (A.8)

Trg, (t {tj, tr}) 6’67 6" = 26y dijrd’ 0F = 2 S (6, w)? (A.9)
wERf

with cgi the cubic Dynkin index. Since 0%3 ) =1 for su(n), one finds

dijrd' @ " = > (p,w)*  for su(n). (A.10)

weF

In the following subsection, the roots and weights for the Lie algebra relevant for this
paper are summarised.

A.1.2 SU(2), SU(3), and SU(4)

SU(2). The simple root is @ = 2 and the representations relevant for this work have
weight systems given by

24

wi=1 *d (A.11)

wo=-—1 al
-2

where the arrows indicate the action of the simple roots. The Cartan matrix, which equals
the inverse metric tensor, reads

Cu,=2=h. (A.12)
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SU(3). The simple roots are a; = (2, —1) , ag = (—1,2) and the weight systems for the
relevant representation are as follows

[2,0]4
[1,0]4

wi1=(1,0) (2,-1)
a l

2=(—1,1) (0,0)
az |

3—(0771) (7271)

(A.13)

where the arrows indicate the action of the simple roots. In addition, the Cartan matrix

and the inverse metric tensor are given by

2 -1
(2 7)o s

SU(4). The simple roots are a; = (2,—1,0) , ae = (—1,2,-1), a3 = (0,—1,2) and the
Cartan matrix, which equals the inverse metric tensor, is given by

2 -1 0
Cay=|-12 —1|=hy. (A.15)
0 -1 2
A.1.3 Sp(2)

The simple roots are oy = (2, —1) , ag = (—2,2) and a; is the short root. The representa-
tions relevant for this work have the weights systems given by

[27 O]C'
[07 1]0

[17 O]C v1=(0,1)
w1=(1,0) az |

a1 v2=(2,—1)

wo=(—1,1) ar | (A.lﬁ)

az | v3=(0,0)
ws=(1,—1) ag

al va=(—2,1)
swyi=(—1,0) az |

vs=(0,—1)

— 57 —



where the arrows indicate the action of the simple roots. In addition, the Cartan matrix
and the inverse metric tensor h;; are given by

CCQ = (_22 _21> ’ (hzj) = <_42 _22> : (A17)

Al4 G»

The simple roots are given by a; = (2,—1), as = (—3,2) and «; is the short root. The
representations relevant for this paper have the following weight systems

[07 1]G
(0,1)
az |
(3,-1)
[1,0]q ar
w1=(1,0) (1,0)
ar | a1l
. wo=(—1,1) o (-1,1)
s =(2,~1) (=3.2) 2 NN (o1
ag | 1 a2 a; (A18)
w4=(0,0) (0,0) (0,0)
ar | Las o1 b
ws=(—2,1) (3,—-2) (-2,1)
az | a%
hog=(1,—1) NN
at a
2wy =(—1,0) (—=1,0)
a1}
(=3,1)
az |
(0,-1)

where the arrows indicate the action of the simple roots. In addition, the Cartan matrix
and the inverse metric tensor h;; are given by

Co, = (_23 ‘21) )= (_63 ‘23) . (A.19)

A.2 Geometry of Hirzebruch surfaces

A Hirzebruch surface is a P! fibration over P!, and one denotes by F,, a Hirzebruch surface
with a degree —n fibration. The fibre P! is denoted by f, while the base P! is e. The
intersections numbers are

2=-n, f2=0, e-f=1. (A.20)
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Another curve inside F,, is defined by h := e + nf, which for Fy becomes equal to e. For
n > 0, the set of holomorphic curves, the Mori cone, is generated by e and f.

One may also consider surfaces that arise from blowing up F,, is a number of points.
Let b be the number of blowups, such that the blowup of F,, at b points is denoted by Fg.
The exceptional divisors created by the blowups are the curves z; for ¢ = 1,...,b. The
intersection number of e, f, h with the z; are given by

xi-xj:—éi,j, e-xi:0, f-l’i:O, h-xi:O. (A.Ql)

Following the conventions of [61], the total transforms of the curves e, f, h are denoted by
the same names e, f, h in F2.

A single theory may enjoy many (isomorphic) geometric descriptions. To transition
between them, it is useful to recall the F? — [F?

1 isomorphism, see for instance [62, egs.
(2.19)-(2.22)],

e—T; — e
fomi— (A.22)
mi—>f—xi

Tj— Tj ]7&2

which comes into play in section 3.2.

B Rulings on rational elliptic surfaces

In this appendix, we give an explicit realisation of a rational elliptic surface dPy [100] that
shows that we can also view it as a blowup F§ of the Hirzebruch surface Fo = P! x P! at
eight points. Seen in this way, dPy inherits the two rulings on Fy, and we can derive the
inner form between divisors.

Consider a hypersurface S of degree (1,2,2) inside P, x IP’ZlJ x PL. Denoting the homo-
geneous coordinates of the three P's by [wy : we], [y1 : yo] and [z1 : 23], such a hypersurface
can be written as

P(y, z)w1 = Q(y, 2)ws (B.1)

for two homogeneous polynomials P and @) that have both degrees 2 in [y; : y2] and [21 : 22].

Projecting to P., this surface has the structure of an elliptic fibration, with the fibre
embedded in P, x P,. Denoting the hyperplane divisors of the three P's by H,, H, H,,
we find that ¢;(S) = H,, which is represented by the generic fibre of this elliptic fibration.
We hence identify S as a rational elliptic surface.

Let us now discuss the ruling. For a generic point on IP’}J x Pl (B.1) fixes a unique point
on PL. However, over points (¢;,p;) on IP’}J x P! where Q = P = 0, there is no constraint
on P} and we find another P! in S. As @ and P are in the class 2H,, + 2H,,, there are

/ (2H, +2H.)? = 8 (B.2)
PLxPL
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such points. We hence see that dPy is Fy blown up at 8 points (g;, p;). We can now describe
the inner form among divisors on dPy from this perspective. Let us denote H, restricted to
S by e and H,, restricted to S by f. We then have that e = f2 =0 (as Hy-H, = H,-H, = 0)
and e f =1 (as Hy- H, = 1 on S). Let us denote the P's sitting at the 8 points Q = P =0
by z;. As these are P's and Jgei(S) -z = ngxP;x]Pi H, - z; = 1 we find using adjunction
that z; - #; = —1. All other intersections must vanish, x; - ; = —0d;; as these sit over
different points of IP’; x PL, and similarly z; - e = x; - f = 0 as a generic hyperplane section
misses any of the points Q = P = 0. In summary, the only non-vanishing intersections of
the inner form are

e-f=1 7= -1 (B.3)

7

which in particular shows that this lattice is unimodular, i.e. e, f,z; generate H?(S,Z).
Note that the curves x; all become sections of the elliptic fibration on S: for every x;, we
may assign every point on a copy of the base PL to the point (p;, ¢;) in the fibre.

We can also discuss the details of the (blown-up) ruling. As we want f to be class
represented by the fibre and f = H,, i.e. the fibre class is given by e.g. z; = 0, the projection
of the ruling acts on the level of the ambient space as 7 : PL x ]P’le x Pl — Pl ie. it projects
S down to PL. Over a generic point z, the fibre of the ruling is the P! described by

Q(Z, y)wl = P(Z, y)1U2 ) (B4)

which is smooth as Q(z,y) and P(z,y) do not vanish simultaneously for any y for such a
fixed z. The class of the fibre f. If we now take [z; : 23] to correspond to the image of one
of the (g;,p;), the fibre is given by

Q(qi, y)wr = P(gi, y)w2, (B.5)

where now P = Q = 0 for y = p;. This implies that this set is the union of the IF’; times
the unique point in P, given by the above equation, together with the P! at p; x PL = z;.
If we denote the first curve by Z;, linear equivalence gives

f =T; + x; (B.6)

for all 4. In other words, the fibre of the ruling splits into pairs of P's of classes x; and
#; = f — x; over 8 points on PL.

As we may as well project down to ]Plll’ there is another ruling with fibre e and base
f. The fibre components of this ruling are seen to be x; and &; = e — x; by repeating the
same arguments as above.

As h1(S) = 10, the ten classes e, f, z; span all of H1(S, Q) and we can work out the
class of ¢1(S) in terms of them by computing intersections. As

c1(S)-e=Hy,-Hy=2

c1(8)-f=Hy, H,=2 (B.7)
cl(S)~xi:Hw-xi: 1



we find that X
cl(S):Hw:2e—|—2f—Za:i. (B.8)
i=1
This is of course precisely the result we are expecting for a surface that is reached from Fg
by blowing up at 8 points.

By construction, the cone of effective curves contains e, f and the z;, as well as ¢1(.59).
Furthermore, we have seen that there are the additional effective curves &; = f — x;
and #; = e — x;. All of these must have positive volume and due their negative self-
intersection they are among the extremal generators of the Mori cone. Note that we can
write f = z; + &;, e = x; + &;, but that ¢(S) is not a positive linear combination of
e, f,x;, T;, ;, so that is also among the extremal rays of the cone of effective curves. Note
that in the explicit realisation of S we have given, the volumes of the x; are locked to all
be identical.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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