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Abstract

A new approach has been developed that couples the Material Point Method
(MPM) with the Finite Element Method (FEM). The introduced coupling
method is achieved by utilizing a bond element to connect the material points
to the finite elements, and employing the penalty approach to prevent slip-
page. Moreover, the developed approach deals with the contact between
MPM and FEM. The contact is regulated by introducing additional condi-
tions. When these conditions are met, the bond elements become active and
prevent penetration. The coupling is monolithic, meaning that one system
of equations is built for both MPM and FEM, and solved simultaneously.
Additionally, an automated conversion of finite elements to material points
is presented, which is controlled by the eigenfracture approach that splits the
finite elements into intact and eroded sets. Eroded finite elements are then
converted to material points. Numerical examples are reported to express
the novelty of the developed approach.
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1. Introduction

The Material Point Method (MPM), introduced by Sulsky et al. [36],
is applied in problems where extreme deformations are addressed, especially
when the material being analysed includes a stress history dependence. The
MPM is a hybrid method which consists of particles that represent the sim-
ulated specimen, and a background computational mesh where the weak
formulation of the problem is solved. Every time step, the data are ex-
changed between the particles, called material points, and the background
mesh. Within a time step, the data are mapped to the mesh, the unknown
field is evaluated, the result mapped back to the material points, and, the
computational mesh is reset to the undeformed shape which is the main rea-
son why the MPM is a good choice to be used for problems with extreme
deformations.

Most of the MPM applications available in the literature address an ex-
plicit time integration scheme. On the other side, few efforts have been made
to consider an implicit formulation [5, 7, 8, 9, 14]. In this work, the implicit
framework is addressed. Compared to the explicit time integration scheme,
in the implicit scheme, a bigger time step can be applied, without degrading
the accuracy of the computed result.

Due to its hybrid nature, the MPM can overcome the problem of large
element distortion that Finite Element Method (FEM) has as a shortcoming.
On the other side, the MPM has also some disadvantages. Compared to the
FEM, the MPM consumes more computational time, it is less accurate, and
it has less numerical stability. Hence, the simulation can be optimized if
the two methods are coupled and applied at the same time, in a way that
the MPM is only applied in the field where the deformations are extremely
large, and the FEM is applied elsewhere. This description is summarized
as coupling MPM-FEM, which is the topic of this paper at hand. Coupling
MPM and FEM has not been studied much in the literature. Few studies are
available. In [2], the coupling is limited to finite elements undergoing small
displacements, and the whole computational grid is involved in the problem
solution, even the inactive nodes. [6, 17, 18] work on the explicit time inte-
gration scheme, and, in [7], the coupling is presented for truss finite elements
only.
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An implicit monolithic coupling of MPM and FEM is introduced in this
research. The coupling is achieved by bond elements located at the interface
between the material points and the finite elements. The bond elements con-
nect the finite elements to the active elements in the background mesh of the
MPM. One single system of equations is built and the solution for the MPM
part and the FEM part is calculated simultaneously. A penalty approach
is applied in the bond element in order to prevent a slip between the finite
elements and the material points, or more precisely the activated elements
of the MPM.

Contact between material points and finite elements is also introduced
in this work. The contact is implemented using the same bond element for-
mulation. However, additional conditions are applied in order to activate
and deactivate the contact bond elements. The two bodies have to be close
enough, as the activated elements can extend beyond the physical surface of
the body, and they have to be approaching each other.

As a further step to enhance the predictive capabilities of the method, a
conversion of finite elements to material points is applied during the simula-
tion. In this way, a minimum number of material points shall be used, and
only the finite elements which are determined based on certain criteria will
be replaced by material points. This approach removes the task of defining
which domain is discretized by MPM and which is discretized by FEM prior
to the simulation. This description is introduced in this paper at hand as an
automated conversion of finite elements to material points. One or more cri-
teria can be defined to control the conversion, depending on the nature of the
problem being simulated. For instance, the criterion could be the degree of
element distortion or the damage percentage. In this study, the eigenfracture
approach [23] serves as a criterion for the conversion. It is a fracture model
which defines a crack as a set of eroded elements. Hence, in the introduced
approach, the eroded finite elements are converted to material points.

Many versions of the MPM have been introduced. Mainly to mitigate
the so-called cell crossing noise, which arises when the material points cross
element boundaries of the computational mesh. The Generalized Interpo-
lation Material Point (GIMP) method [3], the Convected Particle Domain
Interpolation (CPDI) method [26], the second order Convected Particle Do-
main Interpolation (CPDI2) method [22, 27], Dual Domain Material Point

3
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(DDMP) method [11, 19, 40], and in addition to applying B-spline shape
functions [13, 37, 39]. CPDI2 is the adopted version of MPM for the cou-
pling introduced in this paper. It is necessary to maintain the connection
between the finite element boundaries and the material point domain bound-
aries. This can only be achieved by the CPDI2 method.

The article is organized as follows. In Section 2, the basics and the
formulations of the implicit MPM are shown in addition to a brief description
of the CPDI2 approach. Section 3 explains the coupling method developed
in this work. The automated conversion of finite elements to material points
is introduced in Section 4. Numerical examples are shown and discussed in
Section 5. Finally, conclusive remarks are given in Section 6.

2. Implicit MPM

The formulation of the MPM is similar to the formulation of the FEM.
One can think about the MPM as an FEM with moving Gauss points, as the
material points play the same role as the Gauss points do in the FEM [14].
However, the material points move over a computational mesh and carry
all the relevant information for the computation. Each time step consists
of three phases. The first phase is mapping body forces, external forces,
mass, momentum, and inertia from the material points to the nodes which
is achieved by

O, = ZN(ﬁp)TDP ) (1>

where the subscripts v and p indicate nodes and material points, respec-
tively, IN is the matrix of the shape functions, &, is the local coordinate of
material point p, and np is the number of material points in the element. []
are the mapped data. The second phase is solving for the unknown nodal
displacements, which in general are solved by an iterative process

K iAuv =f ' ) <2>

u =l + Au,
where K is the stiffness matrix, u, and Awu, are the nodal displacement and
displacement increment vectors, respectively, f is the residual vector, and
the superscript is the iteration number. The third phase then is mapping
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displacements and acceleration from the nodes to the material points, which
is achieved by
0, = N(&) O, (3)

and resetting the computational mesh to the undeformed configuration.

2.1. Formulation of non-linear implicit MPM

As mentioned above, the MPM is an FEM with moving Gauss points,
the mathematical formulations are the same. The only difference is that the
material points are used to evaluate the numerical integration instead of the
Gauss points (integration points) in the FEM. Hence the discretized weak
form of the equilibrium is given by

/NTpN'U,UdV—i—/BTadV:/NT de+/NTtdA, (4)
%4 \% \% A

where p is the material density, wu, is the nodal acceleration vector, B is
the matrix of shape function derivatives, o is the Cauchy stress, body forces
b acting over the volume V', A is the domain surface, and ¢ is the applied
traction [4, 10]. In this paper, geometrical non-linearity is included and the
St. Venant-Kirchhoff material model is applied. Hence, Eq. (4) is non-linear
in terms of the nodal displacements. Applying the implicit Newmark scheme
for time discretization and using the Newton-Raphson method for solving
nonlinear problems, after linearisation, the vector of internal forces and the
stiffness matrix of a material point are given by

fp = BEU Vp ) <5>
. 1
Kp == WMP + Kp 5 (6)

where (3 is the Newmark parameter, At is the time step, M), is the mass
matrix, and the tangential stiffness matrix K, is given by

K,=[B]-Cy -B,+ B}, -0 -By.|V,, (7)

where Cr is the tangential material tensor, V), is the material point volume,
and By and By, are matrices of the shape function derivatives that have



125

126

127

128

129

131

132

133

134

135

136

138

139

140

141

the form in the general three-dimensional case

[Ny, 0 0 .. Nyo 0O 0
0 Ny, O 0 N,, 0
0 0 Ny, 0 0 N
BL a 0 Nl,z Nl,y 0 an Nn,y ’ <8a>
Nl,z 0 Nl,m Nn,z 0 Nn,m
| Ny Nip 0 Ny Nuw 0
[N, 0 0 Now 0 0 ]
Ny, 0 0 N,y 0 0
Ni. 0 0 N,. 0 0
0 N, 0 0 Npo O
Byy=| 0 Ny, 0 0 N,, 0 |, (8b)
0 N. O 0 N,. 0
0 0 Ny 0 0 N
0 0 Ny 0 0 Ny,
0 0 N 0 0 Np. |

respectively, where N, ; is the derivative of shape function at node n with
respect to i, with i = {z,y, z}.

The standard MPM suffers from the so-called cell crossing noise. This
problem happens when the material points cross element boundaries, causing
numerical oscillation and incorrect stress values. More explanation is pro-
vided in [8]. In order to mitigate the problem, different versions of MPM have
been introduced. For instance, the Generalized Interpolation Material Point
(GIMP) method [3], the Convected Particle Domain Interpolation (CPDI)
26], and the second order Convected Particle Domain Interpolation (CPDI2)
22, 27]. In this paper, the CPDI2 is used which is briefly explained in the
following section.

2.2. Second order Convected Particle Domain Interpolation (CPDI2)

In the CPDI2, particle domains are tracked as quadrilaterals in 2D and
hexahedra in 3D. The CPDI is a development out of the GIMP. In the GIMP,
the simplified weighting and gradient weighting functions, with a piecewise
constant particle characteristic function, are given by
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(9)

where (2, is the influence domain of the material point, 2 is the problem
domain, N, is the shape function of the background finite element grid. In
the CDPI2, the shape function is replaced by an alternative function [22]
given by

Nt (g Z M, (x (10)

where M.(z) are the shape functions of quadrilateral elements in 2D and
hexahedral elements in 3D, nc is 4 and 8 in 2D and 3D, respectively, and
N,(x.) are the shape functions of the computational mesh evaluated at the
domain corners. Eq. (9) becomes

1
Sy =— [ N (2)dQ= = ZM dQ

Vi p Q| e=1
1 nc

=3 Z [ M. (x)d2| Ny(z.) ,
Pt L78 (11)
1

VS, = v VN (2)d$) Z VM, (z )] ig)
p D | =1

:—Z/ 2)d§)

Nguyen et al. [22] derive the solution of the integrals in the square brack-

ets for 2D bilinear quadrilateral element, which is used in this paper. The
integrals for the hexahedral element in 3D are evaluated numerically.
The main reason, why the CPDI2 is used in this work, is the coupling with
the FEM. It is necessary to update the displacements of the domain corners
exactly as the mesh is deformed. In the next section, the coupling with the
FEM is introduced.

N, (z.) .
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3. Coupling MPM with FEM

The FEM, compared to the MPM, is faster, more accurate, and numer-
ically more stable. Accordingly, it is more efficient to use the MPM only in
the parts of the domain where the FEM will fail. In this paper, a monolithic
coupling of the implicit MPM with the FEM is introduced. The coupling is
achieved by introducing bond elements which connect the finite elements to
the activated elements in the computational mesh of the MPM. The bond
elements are applied at the common boundaries of the finite elements with
the material points.

3.1. Nodal bond elements

In order to describe the nodal bond element, a simple structure is con-
sidered as shown in Fig. 1. The left half is discretized by the MPM and the
right one by the FEM. Fig. 1 shows the different components of the MPM
and the FEM.
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Figure 1: Coupling components of MPM with FEM.

The nodal bond element is represented by the arrows connecting the finite
element node n to the nodes of the activated element in the background mesh.
At each node of the finite elements with common boundary with the material
points, a nodal bond element is created. Theoretically, the displacement of
the finite element node n and the displacement at the same location of the
activated element should be the same. Hence the displacement slip vector s
should be kept equal to zero, which is given by

S= Uy — Upe , (12)
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with
Upe = Nc(snc) u, , (13)

the slip vector is given by

s=i-nNie { w b-m{ ] (14)

Uy

where in the three-dimensional case

0

01, (15)
1

and NN, is the shape function matrix of the activated element, which yields
for the hexahedral element the form

Nc(gnc) = 0 Nl (gnc) 0 o 0 Ng(gnc) 0 ’ (16>
0 0 Ni(&ne) - 0 0 Ng(&ne)

and &, is the local coordinates of node n in the activated element, u,, is
the displacement of node n, u,,. is the displacement of the activated element
at the location of node n, and wu, is the nodal displacement vector of the
activated element. The slip induces bond stress

g, — CbS s (17>

where C} is the bond element constitutive relation. Eq. (17) is represented
in matrix form as

Oy c, 0 0 Sy
o, p=10 C, 0 Sy P, (18)
0, 0 0 G, S,

and the slip values are kept close to zero by penalty terms given to C,, C,,

and C,, which are user defined.
The bond force is introduced, with one part is applied on the activated
element and the other part is applied on the finite element node, given by

fb:{ ;‘;” }:B,Tab, (19)

10
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where fp, is the part of the bond force applied on the finite element node,
and fi. is applied on the activated element. Introducing the bond stiffness
matrix, K, and considering Eqs. (14, 17), Eq. (19) is expressed as

szBchbs:BchbBb{Z”}:Kb{“"}. (20)

v

Bond force f, and bond stiffness K, are assembled on the system level for
each bond element. The coupled monolithic system is given by

K yipytve K, } { Auprpar }_{ Srprmtbe } (21)

K, K FEM-+be Auppy f FEM-+be

where the subscripts indicate the associated contribution. Subscript be de-
notes bond elements.

Fig. 2 shows a 1 x5 cm cantilever beam under dynamic loading discretized
by MPM, FEM, and MP-FE method. The nodal bond elements are shown
in Fig. 2c. The beam is fixed at the left edge and loaded by 8 N at the
tip with a triangular loading function {(0,0), (0.1,1),(0.2,0)}. The material
has a Young’s modulus of 10? N/em? and 0.2 Poisson’s ratio. The element
size, which is 0.1 x 0.1 cm, is the same for both MPM and FEM, with 2 x 2
material points per element. It is shown in Fig. 3 that the displacements at
the beam tip for the three methods are the same, which indicates a correct
implementation of the nodal bond elements.

11



a) MPM

¢) MP-FE method

Figure 2: Cantilever beam under dynamic loading discretized by MPM, FEM, and MP-FE
method.
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Figure 3: Displacement at cantilever tip.

3.2. Intermediate bond elements

The element size of the FEM and the size of the grid cells in the compu-
tational mesh of the MPM do not need to be equal. It is a common trend to
use a larger element size in the far field, where not much happens during the
simulation. Hence, this study investigates the coupling of MPM and FEM
where finite elements have larger element size. Fig. 4a shows a rectangu-
lar specimen discretized by MPM and FEM. The specimen is fixed at the
left edge and a prescribed displacement is applied at the right edge. Fig.
4b presents the deformed shape, where the element size for both MPM and
FEM is the same. Fig. 4c presents the deformed shape where, the element
size of the FEM is larger than the element size in the MPM. It is shown that
for the case, where the element size is the same, the connectivity between
the material points and the finite elements is maintained. However, when
the element size is not the same for both, the connectivity is lost and it is
only maintained at the location of the finite element nodes, where the nodal
bond elements are created.

13
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¢) Coupling MPM and FEM with larger element size

Figure 4: Response of specimen discretized by coupling MPM and FEM.
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Therefore, intermediate bond elements are needed between the finite el-
ement nodes. The introduction of the intermediate bond elements is illus-
trated in Fig. 5. In the same way as the nodal bond elements are formulated,
the intermediate bond elements restrain the difference in displacements over
the boundary between the FEM and MPM regions. The only difference is
that in the intermediate bond elements the displacement of the finite elements
is interpolated using the finite element shape functions. As represented by
the arrows in Fig. 5, the slip at the intermediate bond element is evaluated
by the interpolation of the nodal displacement of the finite element and the
nodal displacement of the activated element. The slip is

S = Upe — Upe , (22)
with
Upe = Ne(gne) u; , (23>

and wu,,. as given in Eq. (13), the slip vector is given by

s= &) - Ve { w b=m{ ] (24)

v uU

where u,. is the finite element nodal displacement, IN. is the matrix of
the shape functions of the finite element, &, is the local coordinates of the
intermediate bond element in the finite element, and w; is the finite element
displacement vector. Then, the bond force vector and the bond stiffness
matrix are formulated in the same way as for the nodal bond element.

15
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Figure 5: Intermediate bond element.

The same problem shown in Fig. 4a is now simulated with intermediate

bond elements included. The deformed shape is shown in Fig. 6. The nodal
bond elements are shown in blue and the intermediate bond elements are
shown in red. As depicted, the connectivity between the MPM and the FEM
with a coarser mesh is maintained.
The coupling, where the finite elements have smaller element size, is not
explicity investigated, because the nodal bond elements are created at the
finite element nodes, which in this case are more dense than the nodes of the
computational grid of the MPM, which means that the connectivity will be
maintained. This is in addition to the fact that in practice, the MPM mesh
should always be finer than the finite element mesh or at least not coarser,
as there large deformations are expected.
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Figure 6: Response of the specimen with intermediate bond elements included.

3.3. Contact of MPM and FEM

The contact of two bodies, one modeled by the MPM and the other by
the FEM, is also introduced in this work. The contact is described through
the bond elements explained in the previous sections with additional steps
in order to check whether the two bodies are in contact. As far as there is
not any finite element nodes in any activated element of the computational
mesh of the MPM, then the contact does not exist. Once at least one finite
element node is inside an activated element, two additional checks are made.
The first one is the so-called proximity condition, which is satisfied if

d<0, (25)

where d is the distance between the surface of the body modeled by the MPM
and the finite element node as described in Fig. 7h. If Eq. (25) is satisfied,
then the two bodies are checked if they are approaching or separating. The
two bodies are approaching if

(Up, — Upe) - >0, (26)

where m is the outward normal vector of the finite element as described in
Fig. Ta. If the two conditions are satisfied, then the contact bond element is
activated.

The bond element constitutive relation introduced in Egs. (17, 18) is modi-
fied for the contact bond element as follows

17
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C, 0 0
C,=| 0 C 0], (27)
0 0 C

where C,, and () are the constitutive coefficients in the normal and the
tangential directions, respectively. Penetration is avoided by a penalty term
assigned to C,. C} describes the friction between the bodies. In this work,
no friction is assumed as C; = 0.
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Figure 7: Contact of MPM and FEM.

A 3D simulation of the MPM-FEM contact problem is presented in Fig.
8. The two types of coupling are included in this simulation, the coupling
where the material points and the finite elements are in the same body, and
the contact coupling. As shown in Fig. 8, a 3D square frame is discretized
by both MPM and FEM, with a small block modeled by FEM inside the
frame. The block starts moving with an initial velocity (v, = —10, v, = 0,
v, = —10) m/s. The time step is 0.001 s, and the Newmark parameters are
B = 0.5 and v = 0.5. The outer dimension of the frame is 11 m and the
thickness is 1 m. The depth is 3 m, and it is fixed along the outer corners.
The moving block is 1 m cube and the initial location of its center is (5.5,

18



26 1.5, 9.5). The material is characterized by a Young’s modulus of £ = 10
27 GPa and a Poisson’s ratio of 0.2.

Figure 8: Contact benchmark.

288 The displacement and velocity plots in x-direction of the moving block
280 are presented in Fig. 9. When the block reached the left edge of the frame at
20 t=0.4s, Egs. (25, 26) are satisfied and the contact bond elements become
201 active. The block reflects and moves to hit the lower edge at ¢ = 0.8 s, and,
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then, it hits the right edge at ¢ = 1.2 s. Note, that at t = 0 s, the block
is close to the material points in the upper edge, and Eq. (25) is satisfied.
However, because the block is moving away from the material points, Eq.
(26) is not satisfied and the contact bond elements are not activated. The
results validate the implementation of the contact bond element.
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Figure 9: Displacement and velocity in the x-direction of the moving block.

4. Conversion of finite elements to material points

In the previous sections, the coupling of MPM with FEM and the contact
of MPM with FEM have been introduced. The idea behind the coupling is
to optimize the simulation by utilizing the merits of each method. As men-
tioned before, the FEM is more efficient and powerful than MPM as long
as the elements are not highly distorted. It is possible to further optimize
the simulation by starting the problem with only FEM, and during the sim-
ulation, some of the finite elements, chosen based on specified criteria, are
converted to material points.

The conversion criterion is specified based on the problem being simulated.
For instance, in the application of rubber-like materials, the criterion could

20
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be the degree of element distortion measured by a certain technique. In the
simulation of soil mechanics problems, the criterion could be the degree of
element distortion or/and the damage percentage of finite elements based on
the material model applied.

In the presented work, the criterion to convert finite elements to material
points is the erosion of the finite elements by the eigenfracture approach
which is applied for fracture simulation.

4.1. FEigenfracture approach

The eigenfracture approach introduced by Pandolfi and Ortiz [23] is a
variational fracture model based on an energy balance between the accu-
mulated strain energy and the fracture energy. The finite element with a
strain energy larger than or equal to the fracture energy is considered to be
eroded. In this approach, a finite element is either intact or eroded. The
elastic energy functional of an element is given by

Elu,c) = / G(F(u),c)dV (28)

where ve is the element volume, F' is the deformation gradient, and 1 is the
element elastic energy density

Y(F(u),c) = c " (F(u)) + v (F(u)), (29)

where 97" is the crack driving energy, which represents the part of the elastic
energy responsible of the crack propagation, and ¢~ is the remainder part of
the elastic energy

U (F(u)) = (F(u) — 7 (F(u)), (30)
and c is a binary numerical parameter
c=0, eroded,
. (31)
c=1, intact.
A finite element is eroded if
[ v F@)av = Gl (3)

where G, is the critical energy release rate, and |C] is the area of the crack.
The energy is divided into two parts, ¢ and ¢~ as shown in Eq. (29).
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Various split models have been developed to specify ¢+ and ¢~ in order to
accurately depict crack development and to describe the material behavior in
the presence of a crack. These split models include the volumetric-deviatoric
split (VD-split) [1, 12, 16], which separates the strain tensor into volumet-
ric and deviatoric components, the spectral-split (or TC-split) [21], which
classifies the strain tensor based on the signs of the strain eigenvalues, and
the Representative Crack Element (RCE) [33, 35, 34|, which represents the
crack as discrete crack elements. It has been shown in [8] that the RCE split
model shows superior behavior compared to the TC and VD split models.
For more details the reader could refer to [8, 24, 25, 28, 31, 32].

It is worth mentioning that, in order to maintain stability in numerical
simulations, zero stiffness is typically avoided. Consequently, the binary nu-
merical parameter ¢, as defined in Eq. (31), is often assigned a very small
value rather than being set to 0 for eroded material cases. Moreover, the use
of split models can result in varying stiffness behaviors for eroded materials,
depending on the specific split model employed and the applied loading con-
ditions. For example, when an eroded material is subjected to compression
loading, it exhibits normal stiffness without experiencing any degradation.
Furthermore, in dynamic simulations, the contribution of the inertial term
helps to maintain numerical stability.

As mentioned before, the simulation starts with only finite elements. Dur-
ing the simulation, once a finite element becomes eroded, it converts into
material points. The material points are assigned all the necessary data to
replace the finite element and continue the simulation. Fig. 10 shows an
eroded finite element converted into material points. The number of ma-
terial points per element can be chosen freely, and the data are assigned
to the material points through the shape functions provided with the local
coordinates of the material points.
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Figure 10: Conversion of FE to MPs.

An illustrative example is shown in Fig. 11. A notched specimen is
fixed at the bottom and subjected to prescribed displacement in the vertical
direction at the top. The initial configuration discretized initially by finite
elements is depicted in Fig. 1la. In Fig. 11b, the eroded finite elements
are shown (in red) just before they have been converted into material points.
The created material points are presented in Fig. 11c, and the computational
mesh with the activated elements is depicted in Fig. 11d. The computational
mesh needs only to be created, where a potential is present having material
points during the simulation. This will also reduce computational time and
the required memory.
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Figure 11: Automated conversion of eroded finite elements to material points.
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5. Numerical examples

In this section, numerical examples are presented. The first example stud-
ies a body initially discretized by material points and finite elements, and
the other examples depict the automated conversion of finite elements into
material points. The first example is a benchmark to show the stress prop-
agation at the interface between the material points and the finite elements.
The second example is an L-shaped panel simulated in the quasi-static case.
A crack branching in the dynamic case is presented in the third example. In
the forth problem, a three-dimensional plate under impact is investigated.
All the algorithms proposed in this work are implemented in the in-house
MP-FE code written in Fortran.

5.1. Benchmark - Stress wave propagation

Stress wave propagation through the interface between the material points
and the finite elements is investigated in a two-dimensional rectangular bar.
The bar dimensions are 150 x 50 mm subjected to a dynamic loading of
oo = 50 MPa at the left edge with the amplitude function described in Fig.
12. The applied loading is then calculated as o(t) = o¢ - f(t). The bar
has Young’s modulus of 40 GPa, zero Poisson’s ratio, and mass density of
2400 kg/m?. The simulation is conducted with a time step of 0.5 us. Three
simulations are conducted in order to study the influence of different element
sizes of MPM and FEM. The element size of the computational mesh of the
MPM is kept 1.25 x 5 mm in the three simulations. Initially, 600 elements
are activated with 3 x 3 material points per element. The total number of
material points is 5400.

1 —
o8 - 75 mm 75 mm
06 -
o =z| E
02 b~| S MPM FEM
— o
0
0 5 10 15 -
time [ps] -

Figure 12: Bar subjected to impact loading discretized by both MPM and FEM.

In the first simulation, the element size of the computational mesh in the
MPM is equal to the element size of the finite elements. As shown in Fig. 13,
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the stress wave propagates smoothly through the interface, where the nodal
bond elements are applied without any intermediate bond elements. Nodal
bond elements are presented by the blue dots in the figure.

5.00E+01 5.00E+01

— - MPM ——FEM — .. MPM ——FEM
_ 2.50E+01 __ 2soee01 / '
£ £ -
0.00E+00 0.00E+00 —
3 > =
-2.50E+01 LW -2.50E+01
N R
-5.00E+01 — -5.00E+01
a) t =22 us b) t =59 us

Figure 13: MPM and FEM with same element size.

In the second simulation, the same problem is addressed but with a larger
finite elements size of 1.25 x 16.7 mm as shown in Fig. 14. The results show
that the stress wave is unable to propagate correctly and it becomes distorted
once it reaches the nodal bond elements at the interface.

S5.0E+01 5.0E+01

— - MPM ——FEM

'

o

N // %
N\

i -5.0E+01

a) t =22 us b) t =59 us

2.5E+01 2.5E+01

— - MPM ——FEM

0.0E+00

0.0E+00

o[MPa]

-2.5E+01 -2.5E+01

-5.0E+01
Figure 14: Coarse finite element mesh with no intermediate bond elements.

The same simulation is repeated, but this time including intermediate
bond elements as depicted in Fig. 15. Intermediate bond elements are pre-
sented by the red dots in the figure. By including the intermediate bond
elements, the stress wave propagates correctly in the same way as in the first
simulation, where the size of the elements in both MPM and FEM are the
same as the plots show in both simulations.
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It can be concluded from this example that if the finite element size is bigger
than the element size of the computational mesh of the MPM, intermediate
bond elements are required.

Furthermore, the bar is modeled using only FEM. The results obtained
from the first and the third examples are compared to the results of the sim-
ulation using only FEM. The comparison is shown in Fig. 16. As the figure
shows, all results, in tension and compression are in very good agreement.
The comparison validates the coupling method as it shows correct stress wave
propagation, when enough bond elements are provided.

5.0E+01

5.0E+01
— - MPM ——FEM — - MPM ——FEM
2.56+01 2.5E+01 /'.
0.0E+00 0.0E+00 =
X < X
-2.5E401 N -2.5E+01

-5.0E+01

o[MPa]
o[MPa]

o — -5.0E+01

a)t =22 us b) t =59 us

Figure 15: Course finite element mesh with intermediate bond elements.
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0.0E+00 \ 0.0E+00
— - MPM ——FEM
25801 \, 25601 MPM diff. mesh = - — FEM diff. mesh
N — —FEonly

-5.0E+01 A S -5.0E+01

o[MPa]
o[MPa]

a) t =22 us b) t =59 us

Figure 16: Comparison of the results obtained from different simulations.

Finally, the convergence of the proposed coupling method towards an
analytical solution is investigated. For this purpose, the bar subjected to
impact loading is considered, while the right edge is fixed, as described in
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Fig. 17. The variation of the total reaction force as the element size changes
is studied. Based on the theory of wave propagation [20], the transmitted
stress, or, to the fixed boundary is twice the incident stress, o7, which hits the
boundary. As mentioned above, and shown in Fig. 13, the incident stress has
an amplitude of 50 MPa. Therefore the transmitted stress amplitude must
be 100 MPa. Five meshes, with square element of sizes 1/40, 1/80, 1/120,
1/160, and 1/200 m are investigated. The same mesh refinement is used for
both MPM and FEM. Furthermore, for each case, 2x2 and 3x3 material
points per element are addressed. Fig. 18 presents the convergence behavior
in terms of the normalized stress, o;/or, against 1/element size. As shown
in the figure, convergence is achieved as the element size decreases. The
number of material points has almost no influence on the result compared
to the element size. The result validates the proposed coupled MPM-FEM
approach.

_ 75 mm 75 mm
=| E
<= & MPM FEM
- 2

Figure 17: Fixed bar subjected to impact loading.

1 % X X
0.8 A
~ 0.6
5 A
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0 40 80 120 160 200 240
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Figure 18: Convergence behavior with mesh and material point refinement.
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5.2. L-shaped panel

An L-shaped specimen fixed at the bottom and subjected to prescribed
displacements in quasi-static case is simulated. The geometry and the bound-
ary conditions are described in Fig. 19a, and the finite element mesh , as
well as the MPM computational grid, are shown in Fig. 19b. The element
size of the computational mesh is 2.5 x 2.5 mm while the FE mesh is nonuni-
form. The material is described by Young’s modulus £ = 25850 MPa, and
Poisson’s ratio v = 0.18, and is subjected to prescribed displacements of 25
mm assigned to the node located at 30 mm from the edge. The displacement
is divided into 1000 loading increments. The critical energy release rate is
G, = 0.035 N/mm.

250 mm 250 mm

250 mm

ut

250 mm

a) L-shaped geometry b) L-shaped mesh

Figure 19: L-shaped specimen.

Fig. 21 describes the crack propagation, and it shows the material points
replacing the eroded finite elements during the simulation. The obtained
crack pattern is in a good agreement with the experimental result docu-
mented in [38] and the numerical simulation in [15, 29, 41]. Furthermore,
the total reaction force in the vertical direction is plotted in Fig. 20 and
compared to other results from the literature [41, 42]. The plot of the reac-
tion force is comparable to the results of other numerical simulations.
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Figure 20: L-shaped specimen load-displacement curves.

a) L-shaped panel at crack initiation

b) L-shaped panel with full crack

Figure 21: L-shaped panel crack development. Eroded finite elements are converted to
material points. Material points are shown in blue. Scale factor = 10.
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Fig. 22 shows a zoomed-in view of Fig. 2la. The material points are
created during the simulation and replace the eroded finite elements which,
are excluded from the simulation. Bond elements are also presented. They
are created during the simulation at the interface between the material points
and the intact finite elements. In addition to the nodal bond elements, one
intermediate bond element for each continuum element is created.

The initial and the final number of finite elements are 28958 and 27449,
respectively, and the final number of material points is 6036 with 4 material
points per element.

Figure 22: Conversion of eroded finite elements into material points. Material points (blue
color) are connected to intact finite elements through bond elements (red color). Scale
factor = 10.

5.3. Crack branching

A precracked rectangular specimen subjected to uniform stress in the
dynamic case is addressed to investigate the crack branching phenomenon.
The specimen is a 100 x 40 mm? plate with an initial crack of length 50 mm,
as described in Fig. 23a. The material is described by mass density p = 2450
kg/m3, Young’s modulus E = 32 GPa, and Poisson’s ratio v = 0.2, and is
subjected to uniform stress of 1 MPa on both top and bottom sides, which
is applied by a step function time history. The critical energy release rate is
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2 G.=1N/m. The time step At =5 ps is chosen, and the Newmark method
a3 with parameters § = 0.25 and v = 0.5 is used for time integration. The finite
s element mesh, with element size of 0.25 x 0.25 mm, is presented in Fig. 23b.
s The computational MPM mesh covers the right half of the domain, where
ars the crack is expected to develop, with element size 0.25 x 0.25 mm.

oy, =1 MPa
A A O O A O A A A A
g
g
C N
50 mm g 50 mm
g

Y

oy, =1MPa

a) Model geometry and boundary conditions

b) Finite element mesh

Figure 23: 2D dynamic crack branching model.

ar7 As depicted in Fig. 24, a crack starts at the tip of the initial notch and
s propagates in a straight path till it reaches a point, where two branches start
ao to develop. The two branches then propagate till the end of the specimen.
s0  The obtained result is similar to the simulation presented in [8, 30, 31].

4

]
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-1.5e+00 0 1 2 3 4 5 6.0e+00

a) Crack initiation

b) Crack branching

¢) Final Cracking

Figure 24: Crack initiation and branching. Material points are shown in blue. Scale factor
= 10.

481 Similar to the previous example, the details of the coupling of the mate-
w2 rial points and the intact finite elements are presented. Fig. 25 shows the
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details at the crack branching spot. One intermediate bond element per each
continuum element is applied.

The initial and the final number of finite elements are 63600 and 63106, re-
spectively, and the final number of material points is 1976 with 4 material
points per element.

Figure 25: Eroded finite elements replaced by material points. Scale factor = 10.

5.4. Plate under impact

The final numerical example is a plate subjected to impact loading. The
plate dimensions are 300 x 300 x 25 mm. Fixed supports are provided
along the outer edge of the plate. The impactor is a cylinder with diameter
of 50 mm and length of 100 mm. The geometry and boundary conditions
are described in Fig. 26a and the finite element mesh is shown in Fig. 26b.
The plate is described by mass density p = 2400 kg/m3, Young’s modulus
E = 30 GPa, and Poisson’s ratio v = 0.2. The critical energy release rate is
G. = 0.01 N/mm. The impactor is characterized by mass density p = 7850
kg/m?, Young’s modulus £ = 200 GPa, and Poisson’s ratio v = 0.3. The
time step At = 1 us is chosen, and the Newmark method with parameters
£ =0.5and v = 0.5 is used for time integration. The impactor hits the plate
at velocity of 24 m/s in vertical direction. Due to the symmetry, a quarter
of the plate has been simulated. The MPM computational mesh covers the
whole domain of the motion with element size equals the finite element size
which is 5x5x5 mm.
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Figure 26: Plate under impact.

504 The penetration of the impactor through the plate is depicted in Fig.
sos 28. Fig. 28a shows the top surface and Fig. 28b shows the bottom one.
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The material points are indicated in blue. In Fig. 27, the evolution of
the impactor’s velocity and acceleration are plotted. The impactor starts
moving with a constant velocity until it hits the plate. Then, acceleration
in the opposite direction of the motion of the impactor is developed, and
the velocity starts to decrease. After the cracking phase, the impactor starts
moving in a constant velocity again, with acceleration tending to zero.
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b) Impactor acceleration

Figure 27: Evolution of impactor’s velocity and acceleration.

The created bond elements during the simulation are depicted in Fig. 29.
In total, sixteen bond elements are created per surface of continuum finite
elements, four nodal bond elements, and twelve intermediate bond elements.
The initial and the final number of finite elements are 4635 and 4240, respec-
tively, and the final number of material points is 3160 with 8 material points
per element.
This example shows in a clear way the capability of the introduced approach
as penetration is not possible in the standard finite element method. It also
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s20 avoids using the MPM in the far field, where the deformation is small and
s the finite elements are not distorted.

522

a) Top face

b) Bottom face

Figure 28: Plate penetrated by the impactor.
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Figure 29: Formation of bond elements during plate simulation.

6. Conclusions

A novel coupling approach between MPM and FEM has been introduced.
The coupling is monolithic and the system is assembled in the same way as in
the standard FEM. Three types of elements are contributing to the system,
the activated element of the MPM, the continuum finite element, and the
bond element which connects the material points to the finite elements. The
system is solved simultaneously.

The bond elements are created on the interface between the finite elements
and the material points. They bond the finite elements to the activated ele-
ments in the computational mesh of the MPM. The bond is achieved using
the penalty approach. The assigned large stiffness by the penalty terms pre-
vents slip between the finite elements and the activated elements.

The bond elements are introduced at the finite elements nodes located at the
interface, and additional intermediate bond elements are used on the sur-
face of the finite elements to maintain the connectivity between the material
points and the finite elements, especially when the coupling is applied for
MPM and FEM with different element size.

The contact problem between MPM and FEM is also addressed in this work.
It is controlled by additional two conditions to activate the bond elements.
The first one, if the finite elements are close enough to the material points,
and, the second, if the two bodies are approaching and not separating. If
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the two conditions are satisfied, the bond elements at the interface become
active and prevent any penetration of the bodies.

Trying to reach an optimum simulation, an automated conversion of finite
elements to material points is presented. Starting the simulation with FEM
only and during the simulation the conversion is just applied on the eroded
finite elements. The eroded elements are defined by the eigenfracture ap-
proach, which models crack propagation. This approach describes a crack as
a set of eroded finite elements. This property is used as a criterion to control
the conversion of finite elements to material points.

Numerical examples are investigated to illustrate the capability of the devel-
oped approach.
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Highlights
e A nowvel approach is developed to couple implicit MPM and FEM.

e Bond elements are created at the interface between material points and
finite elements.

e An automated conversion of finite elements to material points for frac-
ture simulation s introduced.
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