THE SHIMURA-SHINTANI CORRESPONDENCE VIA SINGULAR
THETA LIFTS AND CURRENTS

JONATHAN CRAWFORD AND JENS FUNKE

ABSTRACT. We describe the construction and properties of a singular theta lift for the
orthogonal group SO(2,1). We obtain locally harmonic Maass forms in the sense of
[7] with singular sets along geodesics in the upper half plane. We consider these forms
as currents and derive properties of the Shimura-Shintani correspondence. This work
provides extensions of the theta lifts considered in [20] and [§].

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Introduction. The modern theory of modular forms of half-integral weight was
initiated by Shimura [25], where he constructed a family of maps from half-integral
weight k + 1/2 cusp forms to even weight 2k holomorphic modular forms. Shortly
afterwards the Shimura correspondence was realised as a theta lift by Niwa [24] while
Shintani [26] described the adjoint map also as a theta lift. Much later Borcherds [5]
introduced a singular theta lift of modular forms. This encompassed the Shimura lift,
as well as many other examples. Borcherds used a regularisation of the theta integral to
enlarge the space of inputs from cusp forms to weakly holomorphic modular forms. The
Borcherds lift also gave rise to remarkable product expansions for automorphic forms
associated to orthogonal groups. The extension of the constructions from [5] by Bruinier
and the second author [10, [I1] led to the introduction of harmonic weak Maass forms.
This coincided with the work of Zwegers [27] who showed that Ramanujan’s famous mock
theta functions were holomorphic parts of harmonic weak Maass forms. Harmonic weak
Maass forms have had many recent applications ranging from combinatorial number
theory, arithmetic geometry, to mathematical physics.

Another class of automorphic objects, locally harmonic weak Maass forms, was in-
troduced by Bringmann, Kane, and Kohnen [7]. These forms are similar to harmonic
weak Maass forms but may also exhibit singularities. Hovel [20] described a singular
theta lift of weight 1/2 harmonic weak Maass forms to weight 0 locally harmonic Maass
forms which he then linked to the Shimura lift in the case k£ = 1. Bringmann, Kane,
and Viazovska [8] considered for k even the lift of certain scalar-valued Poincaré series of
full level and weight 3/2 — k. The lift in the opposite direction was considered by Alfes,
Griffin, Ono, and Rolen [2] for £ = 0 and by Alfes-Neumann and Schwagenscheidt [3] for
general k. Recently Males and Mono [23] have been investigating a generalised lift, for
even generic (b, b™) signature lattices using a general modified Siegel kernel function.

This paper further develops these ideas. For £ > 1, we consider a regularised theta
lift of harmonic weak Maass forms of weight 3/2 — k by integrating against a suitable
theta kernel associated to the dual pair O(2,1) and SLy(R) (essentially the same one
considered in [8][7]). Using this, we obtain locally harmonic Maass forms of weight 2 — 2k

with singularities along a collection of geodesics. We explicitly compute the Fourier
1
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expansion and give the wall crossing formulas when moving from one Weyl chamber to
another. We link our lift to the Shimura lift which then allows us to re-derive properties
of the Shimura lift. Finally, we also consider locally harmonic weak Maass forms and
the singular lift as distributions which we believe is the proper setting for such forms.
In the present situation this enables us to relate our work to the Shintani lift.

1.2. Statement of Results. Throughout, for N € N, we consider the quadratic space

(V,Q) given by
Vi={X € My(Q) | tr(X) =0}

with quadratic form Q(\) = —N det()A). Note (V, @) has signature (2,1). We consider
the even lattice
— b —a/N
L= {(c 7/b )

which has level 4N, and we have L'/L = Z/2N7Z where L’ denotes the dual lattice.

We let py, be the associated Weil representation of the inverse image of SLy(Z) under
the covering map of the metaplectic group Mp,(R) to SLy(R). We let x € 1Z. We write
M, ,, (Skp,) for the space of vector-valued holomorphic modular (cusp) forms of weight
k for pp.

We let H, ,, be the space of harmonic weak Maass forms (see [I1]) which consists of

real analytic forms of weight x on the upper half plane H of exponential growth which

a,b,cGZ},

are mapped under the operator &, = 2iv" a* (T = u+1iv € H) to the space of cusp forms
So_rp, of weight 2 — k. The Fourier expansion of a form f € H, ,, is given by

Z Z (n,h)e(nt)e, + Z Z I['(1 — k,4w|n|v)e(nT)ep,.

heL'/L n>—o0 heL’/L n<0

Here I'(+, -) denotes the incomplete gamma function, ¢, is the standard basis element of
C[L'/L] corresponding to h € L'/L, and e(7) = €*™". We also consider the space of
(scalar-valued) locally harmonic weak Maass forms LH, (k € 2Z), see [7]. These forms
mirror H, but are only harmonic in connected components, away from an exceptional
measure zero set.

We fix k£ € Z,k > 1, and let A € Z be a fundamental discriminant giving rise
to a genus character. We also set r € Z such that A = r? (mod 4N). With this
data we consider two closely related kernel functions Oa ,.x(7, 2) and O34 ., (7, 2) (where
z = = + 1y € H) which underlie the singular theta lift and the Shimura lift with the
following transformation properties:

(1) ©arx(T,2) has weight k — 3/2 in 7 for T. Tt has weight 2 — 2k in z for To(N).
(2) ©A,.x(7, 2) has weight k —i— 1/2 in 7 for . Tt has weight 2k in —% for Iy(NN).

(3) €k+1/27(@A,r,k(T z)) = 52 2kz( k= 3/2@Ark(7' Z))

Here T is the pullback of SLy(Z) under the metaplectic covering map and I'y(N) is a con-
gruence subgroup of SLy(Z) (see Section for full definitions). These transformation
properties are of crucial importance for the geometric aspects of the theta correspon-
dence and singular theta lifts for arbitrary signature, see [22] and [I1] (in our case of
O(2,1) it is the case k = 1). For k > 1, it can be also found in the setting of differential
forms with values in local systems in [17].
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For f € Hsjp_jp we then define the singular theta lift as the regularised Petersson
scalar product

D ri(z, f) = /feg <f(7'), Onri(T, z)> dzg’v'

f
The asymptotic behaviour of f means this integral diverges in general, and hence needs

to be regularised along the lines introduced by Harvey and Moore and Borcherds [19] [5].
The regularised integral ®a , (2, f) then converges pointwise for any z € H with singu-
larities along Z) ,.(f), a locally finite collection of geodesics in the upper half plane asso-
ciated to the principal part of f. These geodesics divide H into connected components
called Weyl chambers. Each component of Z (f) arises from a geodesic associated to
a rational vector of positive length. Our first main result is then the following theorem.

Theorem 1.1 (Theorem . The singular theta lift ®a . x(2, f) defines a locally har-
monic Maass form of weight 2 — 2k for T'o(N) with exceptional set Z ,.(f):
Pyt Hyjopp — LHy o (Fo(IV)).

We find explicit wall crossing formulas (Theorem which tell us the nature of
the singularities along Z ,(f). We also compute the Fourier expansion of ®.(z, f).
A simplified version of this expansion (omitting constants) is stated in the following
theorem.

Theorem 1.2 (Theorem [6.5)). If A = 1,7 =1 and k > 2 even, then for y sufficiently

large

iz, f) = )+ >t (~B &) By (mz + |ma))

m>1

T Z Z ( AN 2N> [e(nmz) + T'(2k — 1, 4wnmy)e(—nmz)] n~".

m>1n>1
Here By(x) is the k-th Bernoulli polynomial and ((s) denotes the Riemann zeta function.
Note that vertical half-line singularities of ®x(z, f) are encompassed by the periodic
Bernoulli polynomials in this expansion.
Let g = > ner/n 2onsoa(n, h)e(nT)en € Siy1/2, be a cusp form. Then in our setting
the Shimura lift is given by
. . dudv
(I)A,r,k('z?g) = / - <9(7'), @A,r,k(Ta 2’)> R —
TE
We have the following key theorem which links the two lifts.

Theorem 1.3 (Theorem . If f € Hypp 1 and z € H\Z, ,(f), then

q)*A,r,k(Za &322 (f)) = %fzz]@z(q)Amk(Z; f))-

This link allows us to give new proofs of properties of the Shimura lift. Firstly, we can
find its Fourier expansion by applying £,_o; to Theorem|[I.2] For example, if A = 1,7 =1

and k > 2, then
O (2, 9) Zde ! (%,ﬁ)e(mz).

m>1 d>1
djm

V2
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Considering the action under Atkin—Lehner involutions we then also recover that the
Shimura lift maps cusp forms to cusp forms if £k > 2 or k = 1, A # 1. In summary, we
have the following commutative diagram:

®
Hso_ 5 —— LHs o, (To(N))

63/24{ l 22k

Sk+1/2,p i) Szk(r()(N))
Remark 1.4. We can also apply the iterated holomorphic differential D~ = (;L.2) 2kt
to the lift ® , 1, which by Bol’'s Lemma is the same as applying the Maass raising
operator 2k — 1 times (up to a normalisation constant). From the Fourier expansion it
is easy to see that up to a constant multiple one again obtains ®} ., (2,&3/21-(f)), the
Shimura lift of the shadow of f. This feature of locally harmonic Maass forms (which

differs from the behavior of usual harmonic Maass forms, see [13]) was first observed in
7.

We also consider the singular theta lift as a distribution. We fix a space of test functions
g(z) € A™(Ty(N)) of smooth weight & forms of rapid decay. If h(z) € LH.(T'o(N)),
then we define the distribution associated to h(z) as

— dxdy
W) =@hh= [ e
Lo (N)\H Y
and define a distributional derivative by &.[h](g) = —(h, & _x(g))x for g € A5?_(To(N)).
We then have the following distributional version of Theorem [1.3]

Theorem 1.5 (Theorem [8.3). If g € A3 (To(N)), then

(L1) &k [Park(z S (9) = [E2-2(Pari(z, [))] (9)—/Z (f)g(Z)qz()\)k_ldz

9

204,42 6] @ - [ gl
ZA,r(f)
Here Za,(f) is the image of Z} ,(f) in the modular curve Y5(/V). As an application
we consider g € Sor(I'o(N)). Then the left hand side of (1.1)) vanishes, and we recover
the Fourier expansion of the Shintani lift of g.

The results in this work are based on the first author’s Ph.D. thesis [15] at the Uni-
versity of Durham under the supervision of the second author. The second author also
would like to thank the Max Planck Institute for Mathematics in Bonn for its hospi-
tality and stimulating working conditions during his stay in 2020. The authors further
thank Claudia Alfes-Neumann and Markus Schwagenscheidt for their helpful comments.
Finally, the authors would like to thank the anonymous referee for their many useful
comments and suggestions.

2. PRELIMINARIES

2.1. The Weil Representation. For g = (¢Y) we write j(g,7) = ¢7 + d as usual. We
let Mpy(R) be the (unique) non-trivial two-fold cover of SLy(R). We realize Mp,(R) as
the pairs (g, ¢,) with g € SLy(R) and ¢, : HH — C is a holomorphic function such that
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¢2(7) = j(g,7). We define I to be the inverse image of I' := SLy(Z) under the covering
map Mp,(R) — SLy(R ) f is generated by 7 == (({1),1) and S = ((? *01),\/?). We
also define the groups T, = {((17),1);n € Z} C T and Ty(N) == {(25) € T;c =0
(mod N)}.

Let (V,Q) be a rational non-degenerate quadratic space of signature (b™,b~) with
bilinear form (-,-). Let L be an even lattice (Q(X\) = 3(A\,\) € Z for all A € L) and L'
the dual lattice. We equip the discriminant group L'/L with the induced quadratic form
Q:L'/L— Q/Z. We write L~ C V™ for the lattice L C V with bilinear form —(,). We
let C[L'/L] be C-group algebra consisting of formal linear combinations >, ,, L ALeh
where \;, € C and ¢, is the standard basis element corresponding to h € L'/L. We
define a Hermitian scalar product on C[L'/L] by letting (e, ¢/) == Op p and extend this
to C[L'/L] by sesquilinearity. For a function f : H — C[L’/L] we denote the components
by fn so that f = ZheL,/L fren.

The (finite) Weil representation py, acts on C[L'/L], see e.g. [26, Section 1], [5, Sec-
tion 4]. On the generators it is given by

p(T)(er) = e(Q(h))en, pu(S)(en) = SO ZbD)/8)

|/ L]

> e(=(h1))ew.

WeL'/L

2.2. Vector-Valued Forms. Let xk € %Z. We write A, ,, for the space of smooth

vector-valued automorphic forms of weight x with respect to p;,. These are smooth
functions f : H — C[L'/L] such that

(flrpr (7, 8:)) (7) = & (T) " pr (7, 65) " f(77) = f(7)

for all (v,¢,) € T. We denote M, , M., and S, for the subspaces of (vector-
valued) weight x weakly holomorphic modular, holomorphic modular and cusp forms
respectively. If f € A, ,, satisfies

(1) Alif =0,

(2) there is a C' > 0 such that f(7) = O(e“?) as v — oo,

then we call f a harmonic weak Maass form, see also [I1], Section 3]. We denote the space
of these as H, ,,. Here A, = A, . = —v? (aa—; + g—;) + KV (% + i%) is the weight
x hyperbolic Laplacian operator. We also have the subspace H, ,, C H,,, where we
request that there exists a Fourier polynomial

=2 ) n)en

heLl’/L neZ+Q(h
—n0<n<0

so that f(7) — Py(7) = O(e™") as v — oco. We call Py the principal part of f. The prin-
cipal part Py is uniquely determined by f. Any f € H, ,, has a unique decomposition
f — f+ + f_ with

(2.1a) fr= Z Z Je(nt)ep,

heL’/L neZ+Q(h)
n>—ng

(2.1b) = E E ['(1 — k, 47 |n|v)e(nT)ey,
hel'/L neZ—ir%)
n<
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and for k > 2, the f~ part vanishes. Here I'(a, s) is the incomplete I'-function. We call
f* the holomorphic part and f~ the non-holomorphic part. We note that if f € H, ,, ,

-t
then c¢*(n,h) = (—1)”+b 2 ct(n,—h). We let R, = Qia% + kvl L= — 221}2;

be the standard Maass raising and lowering operators, and we define the anti-linear
differential operator

E(f)(T) =" 2L, f(1) = R_0" f(7).
Then —A, = Lo Ry +k = Ry Ly = & & By [11] the assignment f — &,(f) defines
surjective maps

fﬁ.HHpL—>M

2—K,pr? fﬁ : Hli,pL — SQ—H,EL7

and we have

(2.2) -y Z 47m1“*(nh)( 7)en.

heL!/L neZ—
n>0

For f,g € A, we let

dudv dudv
= lim (f(7),9(m)) v"—;

v

(f o) = /f S ), glr)) o

the regularised Petersson scalar product, whenever this limit exists. Here F; is the
truncated fundamental domain F; := {7 € F | S(7) < t}.

2.3. Locally Harmonic Maass Forms. We give a definition adapting [6] [7, [§]. For
a not necessarily continuous function f : H — C and a nowhere dense exceptional set
E C H, we will denote fy as the restriction of f to a connected component W C H\E.
For a point 7 € H we write WZ for the connected components that contain 7 in their
closure i.e. WP = {W C H\E | 7 € W}. Finally let

weW
T WeWE w—t

A7) = S lim flw)

be the average value of f on the connected components in which 7 lies (whenever this
limit exists).

Definition 2.1. Let k € 2Z,x < 0, [ C I be a finite index subgroup and E be a
[V-invariant exceptional set F C H. We will call a function f : H — C a (scalar-valued)
locally harmonic weak Maass form, of weight « for IV and FE, if
(1) fley = f for all v € I".
(2) For all 7 € H\ E there is a neighbourhood U C H of 7 in which f is real analytic
and A, f = 0.
(3) For all T € H we have that W7 is a finite set, the limit defining Ag(f)(7) exists,

and f = AE(f)
(4) For any cusp f has polynomial growth.

We will call the real analytic connected components Weyl chambers as in [5, Section 6]
and denote the space of locally harmonic weak Maass forms as LH,(I").
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2.4. Siegel Theta Functions. We define the Grassmannian, Gr(V (R)) as
Gr(V(R)) = {2z C V(R) |dim z=1b" and Q|. < 0}.

We have Gr(V(R)) =2 SO (b*,67)/SO(b") x SO(b™). For z € Gr(V(R)) and X € V(R)
we have V(R) = 2 @ 2+ and the orthogonal decomposition A = A\, + X... We define the
majorant Q,(A) = Q(\,1) — Q(A,). Following [5, Section 4] we let z € Gr(V(R)),h €
L'/L, o : V(R) — R be an isometry, p be a harmonic homogeneous polynomial on
R of degree (m*,m™) and let o, 3 € V(R). Then we have a Siegel theta function

19L+h<7—7 Z,0,p,Q, B)
=0T 3" pe(A+ B8)e QA+ Blu+ Q-(A + B)iv — (A + 5/2,0)),

AeL+h
and a C[L'/L] version 5L(7,z,a,p, a,B) = 3 perr Vin(T,2,0,p, 0, B)en. We know
(e.g. []) for any (v, ¢,) € I,y = (2%) that

(2.3) I1(y7, 2,0, p, aa+bB, ca+dB) = ¢ (r)" 02T o (3, 6,)01(7, 2, 0,p, @, B).
3. THE SETTING

Discussions of the following can also be found in [12, Section 2.1] Let N € Z, N >
0 and we let V := {A € My(Q) | tr(A) =0} with Q(\) = 1(\,A) = —Ndet(\) and
(A, 1) = Ntr(Ap) for A, u € V. We fix the lattice

= )

This is an even lattice of level 4N and discriminant 2N. The dual lattice is given by

, [ (2N —a/N
L—{( . —b/2N) a,b,cEZ}.

We see that L'/ L can be identified with Z/2NZ with discriminant form z — x?/4N. We
let GLy(Q) act isometrically on V' via conjugation. This gives rise to the isomorphism
SLs(Q) = Spin(V'). For m be an exact divisor of N we denote the corresponding Atkin—
Lehner involution on To(N) by W2,

In signature (2,1), Gr(V(R)) is the set of negative lines which we identify with one
component of a two-sheet hyperboloid. We fix an isotropic vector [ € V' and then call

Vi ={v € V(R) | (v_1,v_1) = =1, (v_y,1) <0}

the hyperboloid model, where we form a bijection from V_; to Gr(V(R)) via the map
v_1 — Rov_;. We also form a bijection from H to V_; via the map

o1 —x 2?4y
Vo= e (570

As is standard, we will often abuse notation, and set z = x + iy € H but also denote by

z its identifications in V_; and Gr(V(R)). We have an orthonormal basis of V(R) con-
sisting of e; == \/%W((l) 5),e2 = \/%—N((l) O),es = \/%Tv( 9 §) and we fix an oriented basis

bi(z) = g,.e1, ba(z) = g,.eo and b3(z) = g,.e3 where g, = (‘{ff;\g) If A € V(R),

a,b,cEZ}.
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then A = > \i(2)b;(2) where \;(2) = % It will also prove helpful to define
v(z) = —g,.e3.

We have the modular curve Yy(N) := T'o(N)\H. When N is square-free there are
0o(N) cusps, and can be represented by WNoo, with d running over the divisors of
N. The cusps can be identified with the set of isotropic lines Iso(V') in V' by the map

JIIPSlO((QY)) : P1(Q) — Iso(V) given by (m/n) — span (’”TZQ zi) Each of these lines I’ can
be uniquely represented by a primitive isotropic vector in L up to sign. We choose our
primitive vectors I so that sgn((—!, g..e3) = 1. Then the cusps oo and 0 correspond to

To(N)-classes of lo := (2N and lp == ( % §).

Let A € V,Q(X) > 0. Then we have the associated geodesic
Dy:={z€Gr(V(R)) | z L A}
or in the upper half plane model
Dy={z€H|cN|z>—bx+a=0}.

These are either vertical half lines (when A L [) or semi-circles (when X\ [ l.). Let
'y ={y€To(N)|~v.\A= A} be the stabiliser of X in I'((/N) and define the cycle Z(\)
to be the image of the quotient I'\\ D), in the modular curve Y5(N). We orient the

cycles counterclockwise if a > 0 and clockwise if @ < 0, in particular D_, = —D,. For
DeZ,heL'/L, we write
(3.1) Lpp={NeL'|Q\) =D/AN, A\=h (mod L)}.

It is well known that if D # 0, then there are only finitely many I'o(NV)-orbits of Lp j,.
Let A € Z be a fundamental discriminant and r € Z such that A = r? (mod 4N) and

set A = (b/ 3N :b(z//2]>fV> € L'. Let n be any integer that is coprime to A and representable

by a binary quadratic form [Nja,b, Noc] with NyNy = N and N;, Ny > 0 ie. n =
[N1a, b, Noc|(z,y) for some z,y € Z. If A is such that

(1) ANQ(N\)/A = s* (mod 4N) for some s € Z,

(2) ged(a,b,e,A) =1,
then we define the generalised genus character as xa(\) = (%) otherwise xa(A) = 0.
Xa is invariant under the action of I'g(N) and the Atkin—Lehner involutions. Further-
more, xa(A) only depends on A € L' modulo AL. We define the twisted Weil represen-
tation pr to be equal to py if A > 0 and equal to p; if A < 0. We will often use the
notation p = pr.

Definition 3.1. Let A be a fundamental discriminant. Let m € Z — sgn(A)Q(h) with
m < 0. We set d := 4Nsgn(A)m and
Znp(m,h) = > xa(W)Z ().
AELo(N)\L—aa,rh
We call Za .(m,h) a twisted special cycle. Let f € Hy; _. Then we set

(3.2) Zas(f) =) > ¢t (m, h) Za . (m, h),

heL'/L meZ—sgn(A)Q(h)
m<0
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the associated twisted cycle. We denote Z} ,.(f) for the pre-image of Za ,(f) in H.

Recall that ¢ (m, h) are coefficients from the decomposition of the Fourier expansion
of f stated in (2.1a). In particular, Za,(f) depends only on the principal part of f
(note that m < 0 in (3.2))) and so is a finite linear collection of twisted geodesic cycles.

3.1. Kernel Functions. Recall in Section [3] we set z = = + iy. We define

p.(A) = — (M A(2) = —(A, g..e3) = A3(2) = (cN|z|* — bz + a),

1
VaNy
() = YA ga(er +ie)) = g (2) + idal(2)) = ——

(cNz* — bz +a).

g

Using the explicit isometry o, : V(R) — R?! given by

1
75 (1(2), 22(2), 2a(2))

we can check that ¢.(\)*'p.(\) and (g.(\)/y2)" are harmonic polynomials of degree
(k—1,1) and (k,0) respectively.

o.(N\) =

Definition 3.2. Let h € L'/L. For k > 1 we define the kernel functions as follows:

A =(A).
Onrni(T,2) = v Z xaMNp-(N)g-(N) e (Q(A )u + QA( )w) :
\eTien Al 1Al
QN=AQ(h)(A)

I PR S ONGY (qZW)ke(Q'iARHQ'ZA(T)w).

yQ
AeL+rh
QN=AQ(h)(A)

The C[L'/L]-valued versions are O (7, 2) = e/ Oarnk(T, 2)en and O , (7, 2) =

ZheL’/L Q*A,r,h,k(Tv z)ep.

_ Both these functions have exponential decay as v — oo, uniformly in u. We have
Onrk(T,2) = O, k(—7,—%) and G*A,r,k(Ta z) = @*A,r,k<_F7 —7).

Remark 3.3. Versions of these kernel functions have been used recently in various places
in the literature. In particular, [9, Section 1], [8, (1.6)] (for k even, N =1, A = 1), [20],
[2] (for k =1), [3] and [4].

Proposition 3.4. As a function of 7 we have O(7,2) € Ap_3/25, and O(T,2) €
At1/2,5,-

Proof. The polynomials are harmonic of degree (k — 1,1) and (k,0) respectively. The

result follows from ([2.3) and the results of [I, Section 3]. See also [2, Theorem 3.1] and
[3, Section 3. O

As To(N) acts trivially on L'/L and xa(y.A) = xa(A) an easy calculation gives the
following result for the modularity in z.

Proposition 3.5. If v € I'4(N), then
Ou(1,7.2) = j(1,2) Ok(r,2),  Oi(r,—72) = j(v,2)*64(1, 7).
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As the genus character is invariant under Atkin—Lehner involutions we also have the
following result.

Proposition 3.6. We have
On(r, WX 2) = j(WN 2)2~% Z Own (T, 2)en.

hel!/L
4. THE SINGULAR THETA LIFT

For f € Hs/y 15 the decomposition in (2.1)) becomes

(4.1) f(r) = Z Z c(m, h,v)e(mr)ep,

heL'/L meZ—sgn(A)Q(h)
with ¢(m, h,v) = ¢"(m,h)+c (m, h)T'(k—1/2, —47mw) and ¢t (m, h) = 0 for m < —ny.
Definition 4.1. Let f € Hs/5_j 5. Then we define

Parae ) = (F0 0V OanTA) = [ {10 8ana) S5

3/2_k7ﬁ cF

We first check the regularised integral converges on all of H, including the singularities.
We follow the ideas in [B, Section 6], [L0, Proposition 2.8], and [11l Proposition 5.6].

Theorem 4.2. The regularised Petersson scalar product ®a ,x(2, f) converges pointwise
for any z =z + iy € H= Gr(V(R)).

Proof. We know (see [11I, Section 3] and [20, Lemma 1.49]) that the f~ part of f has
exponential decay as v — oo (note that in 2.1bj only negative n occur and that I'(1 —
k,2|w|) has asymptotic behaviour O((—2w) "e**) as w — —o0). We also recall from
Section that Oa (7, 2) has exponential decay as v — oco. This means it will suffice
to consider just the convergence of

1/2 dudv
4.2 / / ), Onrk(T, 2 )
( ) v=1 7—1/2 . k< )> v?

We plug in the expansions given in and Definition and carry out the integration
over u (noting p,(0) = O) to obtain

(4.3) / ct <_‘QA(‘/\) ; h) Xa(A)p-(N)g(A\) e <_2?A("\z)iv> vV 2dw.
v=1 heL’/L A€L+rh
)=AQ(R)(A)
AA£0
Using the identities [p.(A)] = /—2Q()\.) and |g.(N\)| = y/2Q(A,+) and estimating
v™1/2 <1 for 1 < v < o0, it remains to check that the following converges:

(4.4) 2|\§§|7r > >

hel'/L  AeL+rh
QMN=AQ(h)(A)
A0

ol a— Car)

We now split the sum into three parts and check that each converges.
Case Q(A) = 0: We know that Q(\,1) = —Q(A,) = Q.(N)/2 so we are left with a
subseries of a convergent theta series (for the positive definite quadratic form @Q,(\)).
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Case Q(\) < 0: Using [I1], Lemma 3.4] and [20, Lemma 1.49] we know that |¢* (7|QA(|’\), h) ‘ <

Ce“V=9W for a constant C' > dz| We also observe that in this case Q,(\) > —Q(A),
Q.(A) > QA1) and —2Q(\.) = —Q(\,) — Q(\) + QA1) > Q.(N). We use these
inequalities to again bound with a theta series in terms of @,(\).

Case Q()\) > 0: We remember there are only finitely many ¢t (m, h) # 0 with m < 0.
For each m = —Q(\)/|A| it then suffices to check that

(4.5) 4] T (y 262(&&)‘@(—2@(&)@)

2v/2m XeL+rh —Q(X) A
~Q)=IAm
Q(A2)#0

converges. We know from [10, p.50] that for any C' > 0 and any compact U C Gr(L)
the set

(4.6) (Ael'| —Q(\) =|Alm, 32 € U with — Q(\.) < C}

is finite. This tells us that there exists an ¢ > 0 such that —Q(X,) > € for all A in the
set {A € L' | —Q(\) = |Alm and Q()\.) # 0}. We then have that Q,(\) > Q(\,1),
—Q(X,) > eand —2Q(\,) = —Q(N\) +Q.(N\) = |Alm+ Q.()\) and we can use these facts
to once again bound with a theta series in terms of Q,(\). U

Theorem 4.3.

(1) @A, k(2 f) has weight 2 — 2k for To(N).

(2) @ark(2, f) is a smooth function on H\Z} ,.(f).

(3) ®ark(z, f) has singularities along Z) . (f). More precisely, for a point zy € H
there exists an open neighbourhood U C H so that the function

A ANg-( N1\ v(z
Parnlz, f) =/ 3 Z ¢t (m,h) Z xal )qu(m))(z))f =

hel'/L AEL_an,rh
meZ—sgn(A)Q(h) Alzg
m<0

can be continued to a smooth function on U [J,

Proof. Using Theorem the first statement is clear. The integrals over the compact
region J; and the f~ part converge absolutely (see Theorem {.2)) and therefore do not
contribute to the singularities. It then remains to consider (4.3)).

We first look at the case where Q(\) < 0. The arguments in Theorem can be
adapted to show local uniform convergence if for any point zy € H there exists an open
subset U C H and a constant € > 0 such that Q(\,) < eforall A € L', A # 0,Q(\) <0
and z € U. We know this to be true using [20, Equation 3.17].

“Where the constant C' appearing at the front of this bound is the same C' as the one that appears
in the exponent.

bWhere for z € U such that (A, v(z)) = 0 we set \3583\ to 0.
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So only the terms where Q(\) > 0 contribute to the singularities. Fix 2z, € H. Using
(4.3) and (3.1)) we are then left to consider}

D,z Z Z ct(m,h)

heL’/L meZ—sgn(A)Q(h)
m<0

/U > xaMWp-(Ng (V! <%<’)\Z)iv)vl/2dv.

Ixer_ dA,rh

We now split the sum over A € L_ja ,p, into two sums, one over A L 2z, and one over
A l 20-

For A } zy we need to check that for zy € H there exists an open subset U C H
(with compact closure U C H) and a constant ¢ > 0 such that Q(\.) < e for all
A€ L_gasn AL 2 and z € U. This is true using and noting that A [ z; means
we can choose a neighbourhood U of z; small enough such that Q(\.) # 0.

Finally, we look at the sum over A € L_ga ,;, where A L z;. We first notice that A L 2
means that Q(\,,) = 0. We can then use to see we actually have a finite sum over
A€ L_garn, AL zp. We now look at the remaining integral. We have

> -1 _2Q<>‘Z) -1/2 ’A|pz(>‘)QZ<>‘)k_1 1 _47TQ()\Z)
| pa ( Al ) VT o) F(E’ Al )

When A, = 0 this has a singularity of type

\A! (A v(2))
2 ey
as we know that I'(1/2, =47 Q(\,)/|A]) = T'(1/2) + O(|Q(X,)]) as A\, — 0. The integral

vanishes when —2Q(\,) = p.(\) = (A\,v(z)) = 0 so this is the zero contribution to the
singularities when (A, v(z)) = 0. So ﬁnally we have the required result

|A i (A, v(2)) k-1
q)Arkz f NU\/> Z Z ¢ ( 7h) Z XA()\)|(>\,U(Z))|fZ()\) :

heL! /L meZ—sgn(A)Q(h) AEL _gn rh
m<0 Alzg

0

We find the wall crossing formula as we move between Weyl chambers. We follow
[5, Section 6] and [I0, Section 3.1]. Let W C H be a Weyl chamber and let A € L'
Then we say (A, W) < 0 if (A\,w) < 0 for all w € W C H. We will denote @y, (z) and
Py, (2) for the restrictions of ®a,x(z, f) to two adjacent Weyl chambers W, and W.
The restrictions @y, (2) and Py, (2) can both be extended to real analytic functions on
W, U W, and we write Wiy := W, N W, for the “wall” dividing Wy and Wj.

Theorem 4.4 (The wall crossing formula). The difference Oy, (z) — Pw,(2) is given by

WAL YT Y m) Y xaWe ()

heL’ /L meZ—sgn(A)Q(h) AEL_gn rh
m<0 ALWi2
()\,Wl)<0

“Using the ~ notation from [I0, Theorem 2.12]
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Proof. Using Theorem we know that ®a , x(z, f) has a singularity of type

heL’/L meZ—sgn(A)Q(h) AEL_4n rh ()\7U<Z))|
m<0 AL Wia

along Wiy, We observe that the sums over A and —\ are the same because xya(—\) =
(_1)(1—sgn(A))/2XA()\), c+(m, h) — (_1)3/2—k+(sgn(A))/26+(m’ —h) and pz(_/\)q,z(_)\>k_1 —

(—=1)%p.(N)g.(A\)*¥~L. We can then rewrite (4.7) as a sum over elements with (A, W) < 0.
This means we pick up a factor of 2 and also another factor of 2 from the jump of size
2 arising from (A, v(2))/|(A, v(2))]. O

4.1. Locally Harmonic. We will show that the singular theta lift is harmonic away
from the singularities Z ,.(f). See also [23, Section 4]. Using [26]Lemma 1.5 we obtain
the following result.

Proposition 4.5. We have
40,372 :On 71k (T, 2) = Dok O 11 (T, 2) + (6 — 4K)Op 11 (T, 2).

Theorem 4.6. If f € H3jo_5 and z € H\Za,(f), then Ao_0p®Pa,k(2, f) = 0 and
Dari(z, f) is also real analytic on H\Z} .(f).

Proof. We apply Proposition [£.5] and obtain

' e\ 1_=a/odudv
Ag_gkq)Amk(Z, f) =4 lim <Ak73/27T@A7T,k (7—7 Z)a U3/2 kf(7—>> Uk 52 2
t—o0 TeF;
‘ dudv
—|—4(k—3/2)tll>r£10 <@Ark(7 z), f(T )> 2

TeF;

Arguing as in [I0, Section 4], using adjointness of the Laplace operator we obtain

Ao ok ®a (2, f) =4 lim <®A,r,k<77 2), Ap_3/or (U?’/%kf(T)) > v

=00 TeF:
—\ dudv
+ 4(k — 3/2) lim <®A,r,k(7_a z), f<7)> 02

=00 TeF:

k3,2 dudv
02

Here we used that in the limit the boundary terms vanish. But Ay_3/s - (v3/2_kf(7)> =
(3/2 — k)v¥/27k f(7), since f is harmonic, and the claim follows. O

5. PARTIAL POISSON SUMMATION

In Section [6] we will compute the Fourier expansion of our lift using a Rankin—Selberg
style unfolding trick. For this we will need to rewrite the kernel function as a Poincaré
series. Useful references are [5, Section 5|, [10, Section 2|, and [14, Section 4].

Let | € L be a primitive isotropic vector. We define a 1-dimensional positive definite
space W == [+ /1, (equipped with the same quadratic form) and a sublattice,

K=K, = (LnlM)/(LNI)
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The dual lattice is K’ = K] = (L' NI+) /(L' N1). We know there exists a vector I’ € L/
such that (1,I') = 1 and then K; = LNl NIt For A € V(R), we write Mg for the
orthogonal projection onto K ® R. If A € I/, then A\g € K’. We will now assume that
(I, L) = 7Z, in which case we can choose I’ to be isotropic. This holds for [, but also for
any [ when N is square-free. We then have

(5.1a) L=KoZl' ®7Z,
(5.1b) V(R) =(K, 2z R) & RlI' BRI,

and K|/K; = L'/L. We write wt for the orthogonal complement of .. in 2z and denote
the component of any A € V(R) in w' as \,.. We have

VR)=2@ 2" =RL ORI ©w.

We will also use the vectors

(5.2) pu=p(z):=-l'+ l s o= (1 ba(2))bi(2) — (1, b1(2))ba(2).

200 20 i)

We observe that (I,1,m1) = 0, and thus ' spans the one dimensional space wt. In
general A\, A\ic, \,,. are not the same vector. However if A\ € V(R) NI+, then (\,\) =
Ak, M) = (Api, Apr). Finally, if A € V(R) NI+, then (A, N)/2 = Ay, A\pr)/2 =
(0 )2/(2Q.(1).
Lemma 5.1. We have the following identities,

() peVRNIY) = (K ®zR) R,
p=pr+ ()0,

2)
) (1, 1) = (k1) =0,

; (,LL,,M) (MK,MK) :/(MwLuuwl);
)

)

Mot = (/‘LK) le;
(:uvm ) (:qu ) (—l’,mL),
(:u )/2 - (:uKa NK)/Q = _(llv lzL - lz)/(2Qz<l>>
VIFA € K @R, then (A1) = (M pixe) = O e — 1.)/(2Q.(1)).

5.1. Fourier Transforms. We will need several Fourier transforms. We will make use
of the Hermite polynomials H,(z) = (—1)"e*" 4= (e‘xz), see |16, Section 10.13]. We

dx™

let the Fourier transform over R be defined as f(¢) = [ f (x)e%”ff”dx

Lemma 5.2. The Fourier transform of
(1) flx —a) is ™ f(€),
(2) @f(x) is 4 f()/2mi,
(3) flax) is !a| 1f(ﬁ/&)
(4) =

n ,—mnx?
(&

H, (/7)™

Proof. (1)-(3) are of course standard. (4) can be derived from [I8, Lemma 4.5]. O

IThere is some discrepancy in the literature and often this integral is called the inverse Fourier
transform instead. We use the convention adopted by Borcherds [5].
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Lemma 5.3. Let A, B,C,D,E,F,G € C,Im(A) > 0. Then the Fourier transform of
(G + Fz)(E + Dx)fle(Ax? + Bz + C) is given bgﬁ

o () () S (e r () (2

ey (W (S22 E)) oo €20,

k—1
= Aiz?—B2+4AC
Proof. We let f(r) = (B — B8+ Be)' ¢ (2Aiopit

binomial theorem, Lemma (4) and the identity H,(z+y) = > _o (") Hp(z)(2y)" ™™
to find that f(f) is equal to

(3 (- 8) () e ()

j k= —2m A7 i£2 2
() o (v (5 22 ) (i)

We observe that f (M) = (E+ Dz)"'e(Ax? + Bz +C). So the Fourier transform

) . Then we can use the

N

-1

i
o

V—2Ai
of (E + Dz)*'e(Az* + Bx + C) can be found by using Lemma [5.2] (1)(3) to obtain

(60" () s (i (5 - ) e (0 427).

The stated result then follows using Lemma[5.2] (2) and H),(z) = 2nH,_(z). O

5.2. A Theta Function on the Sublattice. We rewrite our kernel function as a sum
of some specific Siegel theta functions defined on the sublattice K.

Definition 5.4. Let o, € Z,h € K'/K and ux € K ®z R. Then for k > 0 we define

gﬂ,h(TJ LK, Q, B) =

o2 g (/e =57 = 2Dl + mK,mL)))
2 ( PIINFTONG

AeK+rh
t(A)

QA=BI'+t)=AQ(h)(A)

/ —at QN+ Bur)t (AN Bk /2, apk)
X““‘ﬂ””k(moe( Al Al )

and a C[K"/K]-valued version (7, prc, @, ) = 3 e i §on(Ts b, @, B)en.
Lemma 5.5. If (v,6,) € [,y = (2b), then

EH(7T7 /JK,(IO[ + bﬂ,CO[ +d/8) = ¢7( )1+2H (fy QS’)/)HK(T /LK,O[ 5)

Proof. For k = 0,1, this is just the transformation property of the usual unary theta
series, see e.g. [14, Equation 4.5]. The general case follows by applying the Maass raising

“Here the sum over j is for 0 < j < max(k — 1,1). This convention holds throughout the text.
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operator and observing that
Rn—3/2 |: —(k—2) /2H (a\/_) ia T/2i|

B ((52—1)1 —a”) Hea(av/v) + & Q)QH,@ s(a\/_)> 1= /2 gia’7/2
ia®/2 ia’t/2

= ((Ii — l)Hﬁ_g(a\/l_J) — a\/;Hn_1(CL\/1_)>) U—n/ze 5 _ (a\/—) €T .

The following two lemmas will prove useful later.

Lemma 5.6. We have

§57h<7-7 MK, —1, O)

A . VT(n = 2|Alv(A, ot)) <Q(/\)T (/\,n,uK)>
— (2)ealapzz ST, _ .
<n> alAT AeKtrh ( 2|Alv@Q-(1) ) ) Al A
QN=AQ((h)(A)

Proof. Follows easily after observing that if A € K +rh, Q(X\) = AQ(h)(A) then xa(A+
tl) = ( ) so we obtain the stated result by using the Gauss sum in [I4, Equation 4.7). O

Here €a is defined to equal 1 if A > 0 or ¢ if A < 0. (%):OifA;élandifAzl

then (é) = 1. This means that &, ;(7,0,0,0) = 0 unless A = 1.

0

Lemma 5.7. Ifk € Z,xk > 2 and A =1, then

1
RK—3/QER—2(T7 07 07 O) - _ZEH(Ta 07 07 0)7
Lyy1/254(7,0,0,0) = k(K — 1)Z,-2(7,0,0,0).

Proof. The first claim follows from the proof of Lemma [5.5, while the second from

% (Hn(aﬁ)U*H/Z) — _m( (a\/_) —QG\/_HK 1(a\/_)) ((,.;_,_2 1) H,._ 2(@\/_).
0

5.3. The Poincaré Series. The next few technical lemmas involve rewriting our kernel
function in various forms with the aim of writing it as a Poincaré series in Theorem [5.10]
We will use the following constant

64)  copym (qzmz’m)’“((l—m 2|A1QZ<Z>>]"
79 2IAQ.(1) \ 24/27Q. (1) NG

Next we apply partial Poisson summation, see also [5, Lemma 5.1, [14, Lemma 4.6],
and [10, Lemma 2.3].
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Lemma 5.8. We have

NCOENEDY Z >3 Ot pgo 2 (d 4 (A D)

XEL/ZAl+rh dez j
Q(/\+tl) AQ(h)(A)

X Hy1_j <ﬁ(d+(x,z)72v(x,ml))) . (_ﬁ> o <TQ(Aw¢) CdL =) |d+(4/\,l)7\2> .

V21AvQ- (1) |A] |A] 2|A[Q= (1) 4|AJiwQ= (1)

Proof. We rewrite the sum over X\ € rh + L in the definition of ), ;(7, 2) as a sum over
N + d|All. This is where A runs over rh + L/ZAl and d runs over Z. Noting that
xaA+dIAJl) = xa(A) and Q(A + d|All) = Q(N)(A) we then obtain

(5.5) O (T, 2) = v*/? Z xa(A) Z g (|A|T, z, ﬁ, k, d)

NEL/ZAl+rh dez
QMN=AQ(h)(A)

where
g(1, 2, M\ k,d) == |AFp. (N + dD)g.(N + dD)* e (Q(\ + d)u + Q.(\ + dl)iv).
We notice
QN+ du+ Q.(\+ dl)iv = Ad*> + Bd + C
where A = Q(L,1)(7—7) = Q.(Div, B = (A, 1.)T+ (N, l,1)Tand C = Q(X\,)T+Q(\, )T =
Q(N)u+Q.(N)iv. We also set D = q.(1), E = q.(\), F' = p.(I) and G = p.(\). Then the
partial Fourier transform of g(7, z, A, k, d) in d can be found using Lemma to obtain

901, 2\ e, d).
Using the Poisson summation formula on the variable d we replace g(|A|r, z, . 2| k,d)

with g(|Alr, z, . 2‘ k,d) in (5.5). So then with the help of some simplifying identities

given in [15, Lemma 5.4.1] we obtain

ilrz) = > Y xaWewyo ®D2 (@ (A 1)r)'

XEL/ZAl+rh dEZ j
QMN=AQ()(A)

< [ VER(AHADT20(A\ L)) (TQ()‘U,J_) dL L =) |d+(>\,l)7\2>
k=1=j NCINEERD) A 28[Q:() — 4AlwQ-() )

Finally we rewrite the sum over A € L/ZDIl+ rh as a sum over X' + tl where X\ and ¢

run over L/Zl + rh and Z/DZ respectively to obtain the stated result. O

We now reformulate Lemma in terms of the theta function (Definition on the
sublattice, see also [5, Theorem 5.2|, [14, Lemma 4.7] and [10, Theorem 2.4].

Proposition 5.9. If h € L'/L = K'/K, then

buatrd) = 30 D eanster + e (~1 S0 Y 6.~
hk z,k ETNTVEETN k—1—3,h\1s MK, Wy, —C).
555 al 4|AlivQ (1) !

Proof. We use that L/ZI+rh = K+ZI'+rh to rewrite Lemma5.8]in terms of A € K+rh.
We do this by making the “substitution” A\ +— X+ ¢l’, where now A € K ® R and ¢ € Z.
We have that ({,/) =1 and (X,{) = 0. Using this alongside the identities in Lemma[5.1]
and inserting the definition of &, (7, ik, o, B, n) we obtain the stated result. O
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Theorem 5.10. We have
@k (7—7 Z)
1 1—j5 n? -
=5 DD D cami-m) [6 <__4|A|i<s<r_)Qz<Z>) k-1 (T, i _”’0)]
n>1 3l \I' J

and if k > 2 we also have the additional term c, ;1Zx—2(7,0,0,0).

7>
k_3/2zﬁK

Proof. We use Proposition to obtain that (T, z) is equal to

n?ld+cr*\ -
Z Z Zczkj 1 ] C7'+d) <—W> \:kflfj(T, ,uK,—nd,nc).

n>1 cdeZ j
(c,d):l

plus the stated additional term (when ¢ =0,d =0,5 =1,k > 2).

We know two elements (¢4),(% %) € I are equal in Do \I if and only if ¢ = ¢ and
d = d'. We rewrite the sum over coprime integers as a sum over 7 = (v, ¢,) € [, \T'
where v = (2%). This also introduces a factor of 1/2 due to the two possibilities (v, ¢.)

and (7, gbv) We then obtain the stated result using
Ek*l*j(Ta 20 ¢) _nd7 nc) = ¢’Y( )1 2k+2JpK (’)/ qb’y)—‘k 1— ](77— MK, —1, O) O
5.4. Asymptotics. We consider the asymptotic behaviour of our kernel function at the

cusps. We do this by considering the cusp | = loo = (') (so I’ = —ly = (§ 0)) We

will also associate the upper half plane with an open subset of K ® C by mapping 2z’ € H
to (§ %) ® z'. We then have the following identities

k—1 j
(1) ey = 2 (/3] 1-my/ia1)’
2kG " aal \ 2ver o N= .

We will denote ¢y, ; == ¢/~ ~c, ;. ; and for any function f : H — C[L’/L] with components
frn we will denote fWTer = ZhEL,/L JwN hen-

Proposition 5.11. Let N be square-free and s = WxNoo € P1(Q) be a cusp of To(N).
Then there is a constant C' > 0 such that as y — oo we have

(61‘7 'S QkWN> (2) = ¥ craBr_owy (1,0,0,0) + O(e=Y)
unless k =1, in which case (@1 ‘2 QkWN) (2) = O(e—sz)'

Proof. Using Proposition and the above identities we see that 6 (7, 2) decays expo-
nentially as y — oo (uniformly in z) except the case when ¢ = 0,d = 0. In that case we
observe that 6}, (7, z) vanishes unless £ > 2 and j = 1. In the remaining cases, Theorem
tells us we have ¢, ;1&k—24(7,0,0,0) left to consider. The explicit identities given
above also tell us that &, ,(7,0,0,0) does not depend on y and so

@k<7-7 Z) = Ck:,lykEk72(T7 07 07 O) + O(eicyQ)
as y — oo. The statement about the other cusps follows from Proposition [3.6| U
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6. THE FOURIER EXPANSION

In this section we compute the Fourier expansion of ®a, x(z, f) and conclude that
®a (2, f) is indeed a locally harmonic weak Maass form as in Definition . We need
to do some groundwork first.

Lemma 6.1. Let f € H3jo_5 with expansion (4.1), k> 2 and A =1. Then

reg _ wdv NG
[tnmmron) e - 3 3 <t (2

eF heK'/K NeK+h

Proof. We write g = Z;_2(7,0,0,0). We first show (Rk,3/2(g),53/2,k(f));€;g27k7L = 0.
Indeed, we have using [10, Lemma 4.2] (correcting a sign error):

(an(g)a ffi(f))gegn L — hm <an(g)a fn(f)) U_Ndudv

udv 1/2
= — lim <97 L2—I€€R(f)> d d + lim [<g’€“(f)> U_H} v=t du.

t—o0 reF; 1) t—o0 1/2

We observe that the second term disappears as g is bounded and &, (f) is exponentially
decaying. The first term also disappears as f is harmonic so Lo_&x(f) = vk (f) =
—v*A.(f) = 0. Using [10, Lemma 4.2] in the other direction gives

lim (R_..(9),&x(f)) v "dudv = lim (R_;(v"f), R_.(g)) v—"dudv

t—o00 reF; t—o00 reF;

=i [ (L Bo) T) T i 11/2 (£ F)] au

t—o00 reF; t—o00

Using Lemma [5.7] we obtain
1/2

/Treg <f(7-), W> % _ _ﬁ tlggo i <f(u +1t), Ry—3/2(g(u + 2t))> du.

cF

The integral over u picks out the 0-th Fourier coefficient and f~(u + it) decays expo-
nentially as ¢ — oo so it remains to consider

heK'/K NeK+h

We have a finite set of terms ¢t (—Q(A), h). Using H,(z) = n!) " Ln/2] % we
obtain the result after taking the limit
k/20+ Q(/\) ik E . S\
L ; (-1) —2v2rt(Awt)
= tlg?o Z Z ) Z nl(k—2n)! ( Va-0) ) . OJ

heK' /K AeK+h n=0

We need a few more integrals.

Lemma 6.2. Letn € Z,n >0 andr € Z,r > n. Then

& 2 ! r—n+1
1 TH, (e Pdt=— T .
(6.1) JREACE 2 )l ( 2 )
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2
Proof. This follows from % = —H}Hrl(t)e_t2 and integration by parts. |

Lemma 6.3. Let k € Z,k >0 and o, € R, > 0. Then
) J —2aB7 1. -9 5)
g (o RV oz dy _ 2Tk 4 1, —2a
/—Z e ( it ﬁ) ( o) TR T e

Proof. Substituting v = 042/752 and H,(z+y) =Y 1 (") Hpn(z)(2y)"™™ we obtain

m=0

(H : ]) <2§5)j (=205)™" / : U, () e dt.

Applying Lemma [6.2 - 2| for r = n + 1 this becomes

J
k= —n
2 Z Z ( ) (m) (~2a8) " (n+ 1)},
which we simplify and using the identity from [21] Section 11.1.9] to get
—(—a) 2 'Z 2045 _ e (r 41, -2af)

(—a)rt2

Lemma 6.4. Let k € Z,k > 0 anda,BER,a>0 57&0. Then

/OOO Z v <_7 " 5*/_) ( f) eI (1 + 1/2, 5%0) i_g

|
(-1 BV oo 6>0

T

(_ ) 4fian+2

e 2P (2k +1,—4apB) if B <O0.

Proof. We set @ = ay in the above integral and then denote it as I(y). Then I satisfies
the second order differential equation

yI"(y) — 261'(y) — (4kaB + 4a*B%y)I(y) = 0.
We easily check that e=2%% and e~2%YT"(2k + 1, —4afBy) are linearly independent so-
lutions. The result can then be obtained by using Lemma as part of some (fairly
tedious) calculations determining the asymptotics of the integral as y — oo. O

To state the Fourier expansion we need some additional notation.

For A C R we define the indicator function I4(x) to equal 1/2 if x € A and to
equal 0 otherwise. We will denote the fractional part as (z) = x — |z]. Recall that
the Bernoulli polynomials are defined by the generating function etff =3 Baln)5

while the periodic Bernoulli polynomials are given by B,,(z) = —nl>_ ;;rwa))”’ where

we set Bo(z) = 1. We let L (s, (£)) = D st (2) L be the Dirichlet L-function. For
k€ Z,k>1and s € C,|s| <1 we denote the polylogarlthm as Li,(s) and introduce a
shifted incomplete polylogarithm where for b € R, we set

[e.9]

» b
Lin’r(b, S) _ Z S (/‘fzg n )7

ntr T'(k)

n=1
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which is a finite sum of polylogarithms. Finally we will use the following constants

_ ealAlvV2 N . 2V2eaVA (A -l o V2eaVA(2k—2)! A k-l
Cp == in (mm/ﬁ) ,Cp = " <\/ﬁ> O3 1= 2 i/ 8mivV2N :
We can now state the main result of this chapter. The proof is similar in nature to
those found in [5, Sections 7 and 14], [10, Chapters 2 and 3| and [14, Theorem 5.3].
Theorem 6.5. Let f € Hsjo 5 with expansion (4.1)). If ng <0, then ®a (2, f) = 0.
Ifng >0, let z = o + iy € H where y > \/—|A|ng/N. Then at the cusp l

Park(z, f) =
(6.22)
Cic™(0,0)L (k, (2))

(6.2b)

- szszz ( ) " ( |A4|]T\7 2N> |:Bk ({ma + b/A) + imy) + k]zgzlxy;_bk/A)
(6.2c)

R () ()
(6.2d)

x [Lij, (e(mz + b/A)) + (—1)*sgn(A)Lisk_1,1-k (4rmy, e(—(mz — b/A)))] .

In the case k = 1 square bracketed part of (6.2b)) is replaced with By(mx + b/A). Note
that the constant term (6.2al) vanishes if k is odd and A > 0 or if k is even and A < 0.

Proof. Inserting ({5.10]) into Definition and using the usual unfolding trick, we have

cDA,r,k(Za f)

6.3

03 ree — dudv
= Cz,k,l /7.6]: <f(7-)7 ‘:'k72<7—7 07 07 O>> ’U2
(6.4)

< 3 iy 2 — dudv
+ 2/ . / ) Z Z Cz,k,j<_n>1 e (_m) <f(T)7 ‘:kflfj(Ta M, =T, O>> 02
v=0Ju=—35 ;51

We consider first. This disappears unless k 2 2 and A = 1 (see Theorem m
and Lemma [5.6). If &£ > 2, A = 1 we use Lemma [6.1] This term can then be simplified
using the identities in Section [5.4} identifying K’ Wlth % for m € Z, and observing that
cF(=Q(N\), ) = (=1)kct (—Q()\), —A). So the sum over /\ < 0 is the same as the sum
over A > (. Putting all this together we obtain

= () B (i)

m>1

For the second term ([6.4)), we insert the expansions given in (4.1) and Lemma and
carry out the integration over u. We notice that taking a sum over A € K, h € K'/K
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such that Q(\) = AQ(h)(A) and A = rh(K) is equivalent to taking a sum over \' € K’
with A = A)X and r\ = h(K). We obtain

(6.6 MAW?/NZZZ( ) et e (A QW) A )

) (VAR =280 w0 )Y o\
Hk”( 2| AvQ-(1) ) (@ juc) ( 4|A|sz<)) '

We now split the Fourier coefficients ¢(m, h,v) = ¢ (m, h)+c~(m, h)T'(k—1/2, —47muv).
The ¢t Terms: Since K is positive definite —|A|Q(A) is negative, and so we will
have only finitely many nonzero ¢*(—|A|Q(N), rA). We set

_onym S0 f= _\/%A()\, o)
2|A[Q-(1) |A|Q=(1)

In this case the integral and the sum over j in is exactly as in Lemma (for
k =k —1), and we are left with

o _VIEED) (-1AIQM). ™)
(6.8) IINIAY ( NG ) szZZ( ) iy

AeK' n>1

ot - 55 )

We then observe that if we change the sign of A and n and the terms in the sum remain
unchanged. This means we can replace the sums over n > 1 and A € K’ with sums
over n € Z,n # 0 and X\ € K’ A\ > 0 respectively. The case when A = 0 gives the
constant term . We observe that disappears if 1 (1 — 2k —sgn(A)) is odd as
then ¢*(0,0) = 0. Returning to (6.8) we use [14, Equation 4.7], the identifications in
Section and identifying K’ = 5 -7 to obtain

) 22 20)(R)

m>1nez\{0} b(A)
b
x n e (sgn(A)n (mz + Z)) [ (k, —sgn(A)2mnmy) .

Using the decomposition of the incomplete gamma function given in [21, Section 11.1.9]
and properties of the Bernoulli polynomials we obtain

L2 () () (B B (o3 o

m>1p(A) s=1

(6.7)

This gives the stated result when k£ = 1. In the case k > 2 we know Zb( A) (%) vanishes

if A # 1 and By(z) = 1 so we can combine ((6.5)) into this sum (we now sum over s > 0)
to get

w0 GETE()E) () e D

m>1p(A) s=0
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from which the form [6.2b| stated in the theorem follows using standard properties of the
Bernoulli polynomials.

The ¢~ Terms: We now have infinitely many nonzero ¢~ (—|A[Q(N),r\). With «, g
as in (6.7) we set @ = a/y > 0 and 3 = §/sgn(A)m > 0 for m € Z. We then obtain

A\ [ |Am?* rm -
_ 1/2 _ sgn(A)2ampBix,,, k+1
(6.10) 2en|AlY erp E E E (n) c ( AN ' aN %8 ny

j meZ\{0} n>1

T (tnym) s 3 a > _@? dv
X/UO ((k 52‘[> v 2 I (k — 1/23 (mﬁ)20> Hk717j (—7% + sgn(A)mﬂ\/ﬂ) e v ﬁ

We had this integral in v (and sum over j) in Lemma [6.4 Carefully considering the
cases when m and sgn(A) are positive and negative we can now switch to a sum over
m > 1 (also remembering ¢~ (m, h) = (—1)*sgn(A)c™(m, —h)). We obtain

V2ea A A -t A\ [ |Am?* rm
= ) X))
x n”* [sgn(A)(2k — 2)le(nmz) + (—1)Fe(—nm2)L(2k — 1, 4mnmy)] .
Since Yy, (5) e () =sgn(A) (&) VA we finally arrive at

o 22 () ZZE () (A )

m>1n>1 b(A)

x [(2k — 2)le(n(mz + b/A)) + (—1)*sgn(A)e(—n(mz — b/A))['(2k — 1, 4rnmy)] .

We can reformulate this more compactly (and remove an infinite sum) by writing this
in terms of polylogarithms to obtain the stated result. U

Remark 6.6. While the expansion a priori only holds when y > /2|A|ng/N the expan-
sion given in (6.2) actually converges absolutely for all z € H.

We can find expansions in the bounded Weyl chambers as well. Theorem [4.3] tells us
that for a point zy € H there exists an open neighbourhood U C H so that subtracting
some suitable polynomials allowed ®a , x(z, f) to be continued to a smooth function on
U. Using the real analyticity of @, x(z, f) and Theorem 4.4]it is clear that the expansion
in a bounded Weyl chamber is given by the expansion in ([6.2)) with the addition of the
following term

2v/2]A] ) Yoo Smh) Y Y xoMNa(W)F!

heL!/L meZ—sgn(A)Q(h) Wi; €W AEL_ga rn
m<0 AMloo
ALW;;

(A, W;)<0

where W is any set of (semi-circular) walls crossed to reach this Weyl chamber from the
unbounded Weyl chamber lying directly above it.

Proposition 6.7. Let f € H3jo_15 and k > 2. Then
(PA,T,k’(Zv f) = O(yk)

as y — oo, uniformly in x. If k =1, then lim,_ oo Pa,1(2, f) exists.
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Proof. We use Theorem The first part was just a constant. The second part
(6.2b)) consisted of a finite sum over m > 1 and we note that Bs(max + b/D) is bounded
for any m, z and it is clear that this part grows O(y*). We now consider the third part
as in . We will bound the absolute value. Using [21], Section 11.1.9] it will be
sufficient to consider (up to constants):

S e (A ) S S

m>1 n>1 s=0

Using the asymptotic behaviour of ¢~ (n, h) this is majorized by

2%k—2 2%k—2
C- Z Zm ’TmyZn e <L (C- Z y'Li_s_q(e”™)Li_s(e™™),
m>1 n>1
which decays exponentially as y — oc. 0

We can now combine some of our earlier results to give the following main theorem
(see also [23, Theorem 1.2] for a similar result in the case of lattices of generic signature).

Theorem 6.8. Let f € Hsjo_p5 and let N be square-free. Then ®a .1 (2, f) is a locally
harmonic weak Maass form of weight 2 — 2k for Io(N) with exceptional set Z .(f).

Proof. We recall Za ,(f) was a nowhere dense I'g(/V)-invariant set. Items (1),(2) and

(3) in Definition are clear from Theorem , Theorem and Theorem . It

remains to check the cusp condition. But this follows easily considering the action of

the Atkin—Lehner involutions on the integral kernel. 0
7. THE SHIMURA LIFT

In this section we consider the relationship of our lift with the Shimura correspondence.
We first link the two lifts via the differential operator £&_ox and then using this we obtain
new proofs of the properties of the Shimura lift.

Definition 7.1. For g € Si11/2, we define the Shimura lift as
(I)*A,r,k(z7 g) = (9(7—)7 @*A,r,k(Ta Z))k:—i-l/Q,p .
The next connection goes back to [11] and [I7] and here is adapted from [8, Lemma 3.3].

Lemma 7.2. We have
1

£k+1/2:T(@Z,T,k<7—7 Z)) = _552*2]6,2 (Uk73/2@A,r,k(T7 Z)) .
The next result is adapted from [8, Lemma 3.4]; results of this type go back to [I1].

Theorem 7.3. Let f € Hyjy 5 and 2 € H\Z, .(f). Then

D (2 Eyail()) = 56 (B ralz, ).

Proof. Using Stokes’ theorem we see the left hand side is equal to

—tlgglo . <m, Licy1j2.7 (Oa (T, 2))> dudv + lim " [<m’ On k(T Z)>} du.

U t—o0 1/2 v=t
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Using Lemma [7.2] we see the first term is equal to
res gy O ————\ dudv 1
/Tef <f(7'), iy? 2k$(@A,r,k(T> Z))> R 55272k(®A,r,k('z7 1))
We now show the second term vanishes for z € H\Z, .(f). We know f~ decays

exponentially, as does the kernel function. We calculate the integral of the f* part by
plugging in the expansions given in (2.1) and Definition to get

LD DI (—%,h) xa(}) (qzy(2/\>)ke (%(')\Z)it) £Y/?

AEL+Th
QMA=AQ(M)(A)
A#0
recalling ¢.(A\) = 0 for A = 0. Using the same analysis as in Theorem and Theorem
4.3 we see the limit vanishes unless z € Z .(f). O

We next find the expansion of &_of (Pa k). By Theorem this will give the ex-
pansion of the Shimura lift which we make explicit in Theorem [7.5] We set

O, = eEadV2TA TA Rl
4 i V2N :

Proposition 7.4. Let f € Hy)y 15 with expansion (4.1)). Then &_op(Pari(z, f)) ana-
lytically continues to a holomorphic function on the entire upper-half plane and

A 2k—1 2 A
1) &l @ane ) =Y <E> . (—%L—N' g%)e@m).

m>1 d>1
In the case k =1, A =1 we have an additional constant term given by

dlm

k—1
v2 (1 S meer (72T
ik \\/2N AN 2N

m>1

Proof. We deal with each part of our expansion in turn. We had a constant term
(6.2a)) which did not depend on z so this immediately vanishes under &;_o.

We next consider the ¢ terms (a finite sum over m). For mz + b/A ¢ 7Z (away from
the vertical half-line singularities) and k > 2 we consider

9 0 , kIz(mz +b/D)
— 41— | |B b/D
(8.75 +Z8y) { w ((max + b/ D) + imy) + (imy) i+ ,
which we see vanishes as - (B, (z)) = nB,_1(z). In the case of k = 1, we have
: m
(2 +i2) Bilma+b/D)] = 2
also Zb( A) (%) = 0 unless A = 1. This gives the constant term.
For the ¢~ terms we use the form given in (6.11)). We see

9 .0 (—1)Fsgn(A)
(% + za—y) [e (n(mz+0b/A)) + (%—_gm!e (—n (mz — b/A))T(2k — 1, 47mmy)]

_ (~1)fsen(a)

TR =) ¢ (T (mZ = b/A) (dmnm) Ty
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Using 3 ja) (5) e () = sgn(A) (£) VA and making the substitutions m — 2 and

n — d we find that applying £;_o » to the ¢~ terms gives the stated formula.

Theorem 4.6 tells us that ®a .. (2, f) was real analytic for z € H\Z} ,(f). Theorems
and tell us that our Fourier expansion held everywhere (even on the singular-
ities and if y < y/—|A|ng/N) if we added on appropriate polynomials when crossing
walls. These polynomials were of the form ¢,(\) = \/_TLN (¢N2* — bz + a) i.e. holomor-

phic. So they vanish when we apply the & o, operator and we can smoothly continue
E—ok (Pa k(2 f)) to the entire upper-half plane with the expansion given in (7.1]). But
the expansion ([7.1]) is clearly holomorphic. O

We set
k-1
C5 = 2iea/2N|A| (W) )

Theorem 7.5. Let (T) = e Yonezrom @ h)e(nT)en € Siyi,. Then

Phri (29) =C5 > > (%) d'a ( - % %%) (mz2)

m>1 d>1
dlm

and in the case when k =1, A =1 we have an additional constant term given by
(72) zk\f < ) ZTTL ct ( ZLN’ g%)

where ¢t (m, h) are the coefficients of the principal part of any f € Hszjo_5 such that
&p2-k(f) = 9.

Proof. We know there exists an f € Hss_15 such that &5 1 (f) = g. This f must have
a Fourier expansion where ¢~ (n, h) = —a(—n, h)(—4mn)"/>=*. Then as

D (2:9) = 560k (P (2. 1))

for z € H\Za,(f) by Theorem we then plug in ¢~ (n,h) = —a(—n, h)(—4mn)"/?=F
into Proposition [7.4] to obtain the stated result. O

Remark 7.6. In the case k = 1, A = 1 we notice the additional constant term depends
only on the ¢ (n,h) coefficients of f. This implies that ¢ uniquely determines this
term. This is actually an example of [20, Corollary 1.46] using the unary theta function,
see [20, Section 4.4]. This also leads to another corollary [20, Corollary 3.25]. Let
f e Mi/w and A = 1. Then §;5(f) = g = 0 and so ®,,,(z,9) = 0 which means

2
ot [(mi orm )
Zlem ¢ ( 4N’2N> = 0.

8. DISTRIBUTIONS

The nature of the singularities found in Theorem leads us to consider these ideas
as distributions. We let the space of test functions be smooth forms g € A, (I'¢(V))
with rapid decay. We denote this space by A7 (Iy(N)).
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Definition 8.1. For locally harmonic Maass form h € LH, (I'y(N)) we define its asso-
ciated distribution [h] on Y5(N) acting on A74(T'y(N)) by

(9) = (0.1), = | SR al

It is natural to consider the differential operator &, acting on the distribution defined
by a locally harmonic Maass form.

Definition 8.2. Let h € LH, (I'o(/N)) and [h] be its associated distribution. Then for
g€ Arl _(To(N)) we let

65 [h] = (h> 62—5(9))& :

Similar to [I1l Section 7] we now consider the distributional derivative of the singular
theta lift [Pa k(2 f)].

Theorem 8.3. Let f € Hyjo_y5. Then for g € Al (To(N)) we have

Eaok [Park(2, )] (9) = [S2-ok(Pari(2 — V2|A| N ldz,

ZAT

Proof. Using [10, Lemma 4.2] we see &a—ok [Parx(2, f)] (9) is equal to

ok drdy

/YO(N) Rap—s (yQ—Qk(I)A,r,k<Z7f))g(Z>y T /YO(N) d(g(2)®a,i(z, f)) dz.

The left hand term is equal to [{o—ok(Pa k(2 f))] (¢). It remains to consider the right
hand term. We decompose ®a (2, f) into its smooth and singular parts, both of which
are of weight 2—2k for I'y(N), see Theorem 1.3} For the smooth part h( ) we know using

[10, Lemma 4.2]) that lim; . fYO(N)d(g(z)h( 2))dz = —hmHoof 12 l9(2)0(2)],, da.

This vanishes due to the rapid decay of g. We now consider the singular part of
®p (2, f). Using Theorem [4.3]it suffices to consider

VEY Y cmn T ww

heLl!/L meZ— sgn0 A)Q(h) AETO(NN\L_garn
m<
(8.1) 1 |
L\ (2)) 1 \\k—1 —4rQ((v~1A),)
. ——QZ( AT dz.
7EP\\To(N) /Y0<N ( LA 0(2))] 2 A

We know ¢, .(7.A) = j(7,2)7%¢.(\). We also know that g(z) has weight 2k and that
(V- A)(y.2) = 7-(Az) and (7.A, v(7.2)) = (X, v(2)). So the integral in (8.1) is equal to

[ (seraaens (57550 ) &

For z € H and any cycle D) we let dist(z, D)) := min {|z — w| | w € D,}. For any € > 0
we let U(F) = {z € H | dist(z, D)) < €}, which defines an e-neighbourhood around the
cycle. Using Stokes’ theorem we can see that

lim MF (17 M) dz = 2\/7 1dz.
=0 Joranmo. oy [(Av(2)] \2 AN T3\Dy
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Remember our cycles are oriented so that approaching (A, v(2))/|(A,v(z))| with a left
orientation or right orientation gives us —1 or 1 i.e. 2. The contributions from the

[o(N)-equivalent boundary pieces cancel and also as Q(A,) — 0 the I’ (%, %‘(M) term

approaches I'(1/2) = /. Putting all of this together gives the stated theorem. O

We obtain the following refinement of Theorem

Theorem 8.4. Let f € Hyjo_y5. Then for g € A%l (To(N)) we have

Ea o [®aralz )] (9) + V2IA] /

e 9(2)a:(\)"Hdz = 2 [® 1 (2, E12-4(f)] (9)-

We now consider the case where g € Sy, (T'o(N)) C A%l (Io(N)). In particular, it
vanishes under the &y,-operator, and we obtain the following corollary.

Corollary 8.5. Let f € H3jo_p5. Then for g € Sa, (I'g(N)) we have

[Para(2:&a2-4(1)] (9) = \/@ / , IEE) e

We close with an interpretation of Corollary [8.5]in terms of the Shintani lift.

Definition 8.6. For g € S5;(I'g(/V)) the Shintani lift is given by

SO*A,r,k(T7 g) = (9(2)7 @*A,r,k(T7 Z))?k:

It is clear that o} ,., (7, g) has weight k+1/2 and via Lemmawe see that p} .. (7, 9)
is holomorphic with rapid decay since ©} ,.,(7, 2) is rapidly decaying. That is,

SO*A,T,k(T7 g) € Sk+1/2.p-
Then Corollary immediately gives us the following result.

Lemma 8.7. Let f € H3/o_5 and g € Sop (I'o(N)). Then

A
(SO*A,T,]C(T7 g)af3/2—k<f))k+1/27p = % L " g(z)qz<)\)k*1dz

Proof. This is clear from Corollary [8.5 after noticing the left hand side is equal to

/YO(N) 9(2) /Te]r <@*A,r,k(7-v 2)753/2—k(f(7))>

dud
oRF1/2 u U'

R1/2 dudv o, drdy

V2 y2

= [ (o0 st so) -

02

We then obtain the Fourier expansion of the Shintani lift in terms of cycle integrals
by considering &3/2(f) to be the standard (vector-valued) holomorphic Poincaré series
of weight k + 1/2.
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