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’ﬁﬁi*SQ§ARE AS AN ALTERNATIVE TO RATIOS

FOR MAPPING AND STATISTICAL ANALYSIS

1, INTRODUCTION

Ratias, including such measures as proportions and percentages,
are among the most common forms of expression for variables in
demogrephy and population geography; theyv are widely used in both
statistical and non-statistical work. This paper suggests that, while
preferable to absolute numerical differences in making comparisons
between populations of widely varying size, they are still very
unsatisfactory numerical measures for mapping and for mathematical and
statistical analyses such as regression, corrvelation and multivariste

procedures.

The alternstive measure of chi-square (Xz) has several sdvantages.
It takes into sccount both absoclute and relative deviastions from the norm,
can be represented by & single cartographic symbol and permits a probab-
ilistic approach to the mapping of veriasbles. More important, it demsnds
&n assessment of the objectives of & particular investigstion before,

rather than after, the mechanical stages of the amnmlysis,

Illustrations of the application of the chi-sguare statistic ars,
in this paper, confined to & single dats set, namely the one-kilometre
grid sguare data on sex compogition for County Durham from the 1371
Census. The choice of sex compozition was made for a variety of
reasons, In the first place, the guantification of sex composition
ig dependent on only two of the original items of data for each areal
unit and thus the effects on the data of the various stetistical
manipulations under review are wore easily discernible. Becondly,
the categories of population used are unequivocal, namely the total
nugber of males @nd the total number of females in sach one-kilometre
grid sguare. Thirdly, these are the only items in the Census 100%
population record (apart from total population) which are not affected
by the arbiltrary suppression procedures sdopted, for reasons of
vonfidentiality, by the Cffice of Population Censuses and Survevs,

In addition, some patiern of spatial sorting of the sexes could be
anticipated (Dewdney and Rhind, 1975, pp. 34-35) and this could be

used to test the reliasbility of the various measures under review.
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Most population maps classify and displey all the available data.
For clarity, however, the illustrations in this paper map only those
aress with a marked prepondersdnce of one sex or the other. Although
the one-kilometre square data include the entirve population, their
spatial basis is a sample of all possible incidences of square grids;

thus a probabilistic approach can be adopted (Harvey, 18969, p. 284).,

Though confined to a consideration of sex composition, the discussion

in this paper and the conclusions reached have much wider applications,

2, TRADITIONAL MEASURES OF SEX COMPOBITION

Three measures of sex composition were listed by Shryock and

Siegel (1973), namely
(&) the masculinity proportion, expressed as

males
total populstion

(b} the masculinity or sex ratio, expressed as

males
females

{¢) the ratic of the excess or deficit of males to the total

population, expressed as

males - females
total population

These authors were of the opinion that these three measures
removed the effects of variations in populstion size and were therefore
suiteble for inter—area, inter-group and tewporal comparisons. Since
the simpls numerical excess or deficit of males is alfected by the
gize of the population, Shryock and Siegel considered such & measure
inadequate for making comparisons betwsen populations, In addition,
these authors noted that the sex ratio, the demographer's principal
measure of sex composition, was & "more sensitive" indicator and

postulated that this was due to its relatively swaller base.

8ince all the three measures of sex composition listed by
Shryock and Siegel ere derived from the same items of dates and are

functions of esach other, they should give similar descriptions.
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Measure {c) is derived from (&) by :

¢ = a-(1-a) = 2a-1
Thuﬁbthere is & linear relationship between the two. If, instead of
classifying the entire range of values, we consider only the spatiasl
distribution of extreme values, both measures (a) and (¢) produce
identical maps (Fig 1), with 82 sqguares having mssculinity proportions
gras&er than or equal to 0.716 (¢=0.432) and 46 squares with values less
than or eguel to 0.307 (c=~0.398)., 0f these 108 extreme cases, however,
only 13 appear to merit any further investigation (Table 1). The
majority of the very high and very low masculinity proportions were the
product of very small populations, including seversl cases of the situ-

ations shown in Table 2.

Chance variations in the numbers of maleg and femsles in sguares
with very small populations can lead to very high or very low ratios
(Choynowski, 1959}, Dewdney and Rhind (1975) have already shown that
the effect of populetion size is not removed by the use of the
masculinity proportion, still less by the use of the masculinity rastio.
Evans (1978) demonstrated this point and showed the effects of the
adjustment procedures smploved by OPCE on ratios derived Ifrom small
populations, He also pointed out some of the implicetions of using
ratios derived from smell ssmples such as those provided hy the 10%

census data,

Ratios have traditiconally been used for the study of macro-
populations and for making internetional comparisons. When applied to
micro-populstions with & broad size range (as is the case with the
ong-kilometre grid sguare deta), they have an adverse effect on the
ranking of those populstions by producing distributions whose extremes
gre dominated by sdquarss with smell populstions. This has serious
implicstions, noil only for mapping but also for multivariate statistics
which draw on correlation ﬁtra@ﬁurﬁs. From Figure 1 it is obvious
that messures {a) and (¢} are strongly bissed towards the discriminstion
of sex differences in rurasl sreas; it is sppgrent that, while
exsggerating small differences in such areas, these measures conceal
differences in urban areas which may be much more important because

of the large numbersof people involved.
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TABLE 1 EXTREME MASCULINITY PROPORTIONS WHICH APPEARED

TO MERIT FURTHER INVESTICGATION

Kilometre Number of
sguare males femsles a
4380 5600 52 18 0.743
4260 5480 87 13 0,838
#4270 B4BO 20 8 0.714
4110 54860 2 10 0.167
#4270 5420 24568 1020 G, 707
4260 5400 83 229 0,283
4270 5400 227 50 . 0.819
3970 5380 7 20 0,259
4280 5380 61 18 0,792
4060 5370 17 58 0.227
*4170 5340 21 44 0,323
4210 5320 10 52 0,161
4290 5250 126 7 0.547
#4230 5230 B85 38 . 681
4160 5210 5 12 0,294
#4070 5180 132 57 0. 698
4080 5180 273 8 0. 972
4150 5180 7 17 0,292
#4060 5150 10 21 0,323
#4080 5150 19 8 <. T04
*4310 85110 1c 23 0. 303

*Bguares not

TABLE 2 EXAMPLES OF EXTREME WASCULINITY PROPORTIONS
DUE TO SMALL POPULATION BIZE

represented in Figure 1

aiff, X2

&
34 16.581
54 36.45
12 5.14
~8 ~5.33
1438 584,55
~134 -53.42
177 113,10
~13 -6, 86
45 26,30
~41 ~22.41
-23 ~8.14
~42 -28.45
118 106,47
47 17.86
7 ~%.88
78 29,76
285 248.91
-10 ~4,17
~11 -3.80
il 4.48
~13 ~5,12

Total

1

B o3 O w3 b Oy L2

Males

Females

Masculinity

o MW W W

B O O w B g e e O

1.000
0. 833
0. 800
0.750
0.714
0. 300
0.286
0.200
0.000
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Measures (b) and (&) are related ﬁm;aamh~a%ﬁer by the following

relationships -

b
o — b o=
1+b and i-a

a
Figure 2 illustrates these relationships, using the ﬁurhsm-ﬂgtﬁ‘gmt,
and shows that the effect of populstion size must be ﬁimil&x in both
cases. As (b) is bounded by zero and is gsymptotic tgwarﬁa_ﬁhé_ﬁartinal
line a=1, it produces & very skewed distribution of values,progredgsively
exaggerating the arithmetic differences sbove and compressing those
below the value of 1. Thus, while the sex ratic (b), when used with
an arithmetic scale, identifies the pradominamce of males more sharply,
the inverse {(females/males) would be more useful for the study of
female preponderance. While either form of the sex ratio is guite adequate
for the comparison of national figures, which are generally very close
to the norm, neither is adequate {(without transformation} for use over
& broasder range of population size, Morsover, like the other messures,
the sex ratio is not & suitable input to multiveriate stetisticsl
analysis as the extremes, which are largely the products of small
populations, ere bound to dominate the cslculation of correlstion

coefficients,

Figure 3 snd Table 3 demonstrate that the use of consistent ratio
cut-offs is likely to mesk guite large absolute differences in areas
with large populstions., As Table 3 shows, the numericsl differences
between the sexes required to produce 8 particuler masculinity

proportion vary directly with population size.

TABLE 3 NUMERICAL DIFFERENCES BETWEEN THE SEXES REQUIRED TO PRODUCE
A MASCULINITY PROPORTION OF 60% AT DIFFERENT POPULATION SIZES

Total Numericel difference
Population Males between soxes
10 6 2
100 50 a0
1,000 800 200
10,000 6,000 2,000

100, 000 60, 000 20,000
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Thus, although the scatter (variance) increases with‘yﬂpulatién $ix®
(Fig. 3), aress with laerge numerical differences between the sexes are
not likely to be picked out using & constant sex ratioc sway from the
origin, since this sssumes that deviationis & linesr function of
population size. Even if the tolerance (or cut-offs) in terms of ratios
were to be derived as an inverse function of population size, ratios "
would still be unsuitable for compsring populstions of greatly differing
sizes., Egually, the use of absolute numerical differences glone is
inadeguete, since it is likely to be strongly biased towards the
discrimination of sex differences in areas with large populations (in
most cases urban areas), while ignoring quite large relative differences
in small populestions. Analyses based on the paired-t test showed

that a greater proportional difference (in relation to population size)

is to be expected in smaller populations than in larger ones,

3. AN ALTERNATIVE MEASURE 7

What, then, are the alternatives 7 Dewdney and Rhind (1975
removed the worst snomslies by considering only those one~kilometre
squares containing more than 10 psople, but the discusslion su far mekes
it clear that & distorted ranking snd distribution still exists, If
possible, suppression cut-offs should be sslected on & more ohiective
basis. One problem apparent Ifrom Figure 3 is thst the bivariate
relationship between males and femsles lacks homoscedesticity and thus
the various t-tests are not applicable. To some extent this can be
circumvented by considering subsets of large, smell and possibly also
middle~sized populations sepsrately so that expectations of variance
can be more legitimately standardised for the range of population size
in each subset, However, not ofly is the delimination of subsetfs
likely to be subjective, if not arbitrary, but the boundesries thenselves
will also vary with different ranges of populations and groups, making
comparative studies more difficult. For exemple, to cope with problems
arising from heteroscedasticity, different numbers and/or thresholds
may be necessary for the delimitation of “small” and “large” populations
in different dats sets (those of County Durhsm end Great Britain :
respectively, for example). Thus, if at all possible, it is desirable
that the selected measure should discriminite over the entire pange of

values by making sultable but consistent internsl asdjustments..
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The chi~square statistic was investigated as an alternative medsure
of sex composition which might overcome many of these pr@b&am3,~.ﬁﬁra o
the approach is one of projecting an "expected” freguency and caloulating
the magnitude of the (absolute x relative) departure of observed values

from that expectation :

B! 2
2 o {O=E (0-E)
X = L [(G-E) X (“ﬂﬁ”)} = Z: =
w4
where O = chserved frequency
E = expected frequency

The significance of this departure can then be assessed at different levels
of confidence., If we initizlly assume & norm of numerical equality

between the sexes, then E = half the observed total population, and the
expected value (E) for a particular area with observed males @m and
observed females O, can easily be derived as {Gm + Of}KE. The departure

b

of Gf, Om would have fo include not only the departure of Qm from

. e
expectation (giving Qm} but also that of Of (giving Df}. Thus ¥ for

each area includes two terms

_ 2 2
2 (Um %m) . (0, %f)
Eﬁ Ef
. . , ‘ 2 .2
In this particular case, B = E_ and thus D = D, Thus
i £ m b3
2 2
5 (o - E) D,
) P S S T = 2
E E
m m

2
For a given masculinity proportion, X wvalues are much higher for larger

populations than for smaller ones (Table 4}.

2
TABLE 4 ¥ VALUES FOR A MASCULINITY PROPORTION OF 60% AT DIFFERENT
POPULATION SIZES

2 2
Total E O B X
b W m
10 5 & 1 0,4
100 50 &0 LOG 4.0
1,000 500 800 10,000 40.0
10,000 5,000 6,000 1,000,000 400.0
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‘As'afﬂorciiaxy, th@-aama abesolute difference is rated as more important,
'héthy&aﬁm&ptually and numerically, in & smeller populetion, since the
denominator {Em} is ﬂﬁ&il@ﬂ* Por example, while & difference of 10 in
g -population of 10,000 gives a Xz value of 0,04, the same difference in
& p@ﬁﬁlatian of 100 (refer second row of Table 4) results in a Xﬁ value
of 4.@, Thus, although the chi-square statistic expects larger numerical
differences in larger populations, unlike ratios it does not expect the

magnitude of diffsrence to be a linear function of population size,

A better understanding of the chi-square messure may be obtained
if the chi-syuare formula for equal probabilities of males and femsles
is dnverted to derive the cut-off in terms of an cbserved value Gm for
& given population. {(Hote that this inversion is not universally applicable)},

In this case :

%@m Em + tolerance = Em + rulk Em

Hence, for a given Xz, the variastion that is permitted is basically a
sguare root function (see Pig 4) of the expected number of males (i.e,
of population size}., In practice, & value of Xz is chosen to define
the tolerance numeriéslly, while the root function keeps the variation
at an acceptable level, With one degvee of freedom, Xz tables indicate
values of 3.84 and 6.63 at the 95 and 99 per cent confidence levels
respectively and crude representations of the corresponding cut-oiis

are shown in Figure 5 {(cf. Fig. 3).

This measure sutomatically places less importence on very small
populations, With 3 people in & one-kilometre squsre, even if they are
all males, Xg {for simplicity ignoring VYates' correction) is not
gignificent at the 55 per cent confidence level because :

Z - gﬁgwi,ﬁ}% - 3.0
1.5 o
However, it would be inecorrect to say that Xz values can be interpreted
without reference to population size, The effect of chance fluctuations
{for example, due to the positioning of the grid) is greater with
smalier populations than with larger ones. Moreover, in general, XZ

values are unrélisble when veluss for expectation are less than O,
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In the study of sex composition, 1t is valusble to distinguish
between areas with male as opposed to female preponderance. For this
o .
purpcse, X may be modified as follows:

2 2
* e 1 - B},
Xg sgn (Gm m} X

where the sipgn function sgn ( )} is the sign, + or -, of the expression
in pasrentheses. Thus megle and femmle preponderance are indicated
bypositive and negative values of X; r@ﬁp&ctigeiy; the numerical values
remain exactly the same as for the standerd X statistic, Figures 1
and 6 show that the spatial pattern of extremes in the mssculinity
proportion and the xi values are unrelated (see also Table 1),
Although at the 85 per cent confidence level there is & higher
probability of errors in judgement, the additional cases confirm and
extend the patiern reported at the 89 per cent confidence level. As, in
1871, County Durham had only 721,558 males as against 753,818 females
{i,e. 8 difference of 32,360 snd & masculinity proportion of G.489) one
would expect a grester number of one-kilometre sguaeres with female than
with male preponderance (Table 5), given an expectation of equal

numbers of males and females,

TABLE § NUMBERS OF GRID SQUARES IN COUNTY DURHAM WITH MALE OR FEMALE

PREPONDERANCE AS ASCERTAINED BY THE Xi METHOD

Expectation 95% confidence level 99% confidence level

(% of total) Female Male Femsle Male
50.0 149 27 79 21
48,9 &4 44 30 26

If the expectations for males and females were based on the County

proportions

{Qm - G*QSQT}g (Gf - {l*O;éS%}?)ﬁ

0.489T (1-0.489)T
where T = the totel number of people in the one-kilometre grid sguare.

Figure 7 shows the aress of male snd female prepondervance at the
98 and 95 per cent confidence levels, The new expectation of 48,9>$wr
cent, compared with that of 50 per cent, indicates more one-kilometre

squares with & significent proportion and number of males (Teble ﬁ){,
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There arﬁ a1$9 fewer sguares with 8 preponderance of females st the new

level of expectation.

‘Pven with expectations based on the County average, there are more
squares with a preponderance of females than of males, suggesting that
xha male concentrations are more extreme and less frequent than the
female. Locel disparities between Figures 6 and 7 are observable,
notably between Peterlee and Seaham, arcund Spennyvmoor and in the north-
east of the County. More detailed analyses of inter-group varistions
iﬁ sex composition would be necessary to verify conjecturss concerning
causal factors and processes, and it would be interesting to see if
and how the spatisl pattern of sex composition changes with more
refined contingency tables involving other variables from the 100% and

10% census data.

4., DISCUBEION

4.1, Formulation of Expectation

"Significance may be measured only in terms of some @ priori
expectation” (White,1872). The key issue in the use of chi-square
is thus the formulstion of expectation. Values for expectation are
usually derived mechanically Irom contingency tebles or relsted to some
probability distribution such &s the Binomiel, Poisson (Choynowski, 1959;
White, 1872) or Normal (Worcliffe, 1872) distributions (Lieberman,1971).
in the study of sex composition, a dats-independent gnd arbitrary norm
of 50 per cent meles is egually valid, but it assesses the significance
of aﬁviatimnﬁ with respect to a different null hypothesis. A change
in expectation from 50 per cent msles to the County sversge of 48.8
per cent did not meke 8 great differsnce to the renking of one-kilometre
sguares in County Durham. However, when the veriable under consideration
haes @ skewed distribution, the degree of deviation and the ranks of the
kilometre sguares alter nmarkedly with s change of axpectafion‘ Thus
the appliicetion of chi-sguare to variables such as unemployment and
overcrowding introduces complications, since expectations can also, in
principle, be prescribed on the basis of social theories and political
objectives; such expectations would, however, be difficult, if not
imposaible, to define numerically. It is dwperative, in such ceses,
that the reasons for selecting & non-stetisticel norm are cleerly

stated in order thaet results are not misinterpreted.
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4.2, Mapping of Chi-sguare Values

While probability mapping proved convenient for the identification
of areas with extreme male or female prepondersnce, 1t might be more
appropriate in other instances to classify and map Xi values for all
data locations. This is likelv to be more useful when exzpectetions
are derived on the basis of non-statistical criteris, resulting in a

&

2
skewed distribution of XS values.

4.3. Unreliable Values for Small Populastions

With one degree of freedom, the chi-square messure is considered
unreliable when the expected number of occcurrences in any cell of the
contingency table is less than & (Siegel, 19586, p. 46), The conventional
solution is to aggregate dats for adjecent locations and to ascertsin
whether a similar spatial pattern resulis. As has alresdy been shown,
ratios are also mogt unstable for small populstions, The spatial
pattern of sex composition at different levels of aggregation is
currently being investigeted {using a subset of the 1971 one~kilometre
grid-based census date for Great Britain) by the present asuthor and
J.C. Dewdney, using both chi-sguare and ratioc measures, The results will

be reported in a later Working Paper.

4.4, Events in the Tails of & Distribution

A problem genersl to all forms of probability mepping is that of
separating nop-random from random events in the tails of & distribution
(Norcliffe, 1972; Visvalingam, 1872). It is hoped that the additive
property of chi-square c&ﬁ be utilised as another means of assessing

the significance of varistion in the spatisl domain,

4.5, Varisbles for Multiveriste Analysis

Varigbles expressed in ratioc form are likely to distort multivariate
analysis of micro-populations because the extreme values, which are
largely the product of smell populations, would dominete the caloulation
of correlation co-efficients. A comparison of Xﬁ values with ratio
correlations (with and without population welighting} is to be under~ .
taken by 1.5, Evans and the present asuthor in an sttemnpt to derive ﬁnﬁ
most meaningful expressions for use in multiveriate statistics.  Results

will be reported in & later Working Paper.




4.6, Open Ratios

it _”th»aguﬁr@ would appear to be a satisfsctory alternative to the
traditimﬁa1 m$a$ufes of sex mepmﬁitiém. This is partly because the
t#tal,gugulmtimn can be simply categorised in terms of those who are
males and those who are not {(i.e. females). This is an essentisl
pre~requisite for the use of the chi-square measure (Lieberman, 1971,
section V, p. 301). Variables expressed as closed ratios, giving
values from zero to one inclusive (for example, retired persons as

2 proportion of total population, or those seeking work as g proportion
of the sconomicelly sctive population} can be re-expressed to take

the Xi form. Although some open ratios can legitimetely be re-defined
in & closed ratio form (for ewxample, the masculinity proportion can

be derived from the mesculinity ratio}, other open-ratic varisbles,
such as persons per room, room per household or the age index, nsed

further consideration,

4,7. Other Merits of the Chi-sguare Model

Chi-sguare cen be sapplied to spetislly discrete phenomens
without reference to conditions of normality or homoscedasticity and
it should apply over the entire range of values, becoming suspect
only when the sexpected Ireguency falls below 5. Unlike parametiric
tests {for example, the use of the 2z and t statistics) for mapping,
which base estimates of error on the standard deviation, tolerance is
evaiuated by chi-square as a function of the central tendency of the
date set, which is less influenced by errors in the data. Abnormally
high values of chi-sguare would have to be checked but, in genersl,
erroneous data at specific locetions would not directly influence
the reting of sdiscent locetions, except when chi-sguare values were

pocled (see 4.4 above).

5. CONCLUSION

Batios and differences are known to be inadeguate measures for
the study of micro-populstions, Chi-square appears {o be an adsqusite
alternstive for the study of varisbles which can be expressed as
closed proportions. The Xi velue is & directionsl measure of both
absolute and relative deviations from expectation and lends itself
to significance testing and probability mapping. Comparative studies

undertaken using the Great Britain dets set confirm the srguments



- 2{}.'

put forward in this paper. At the same time, more extensive studies
are being conducted into the applicability of chi-square to ﬂth&r
variables, such as unemployment, retirement and overcrowding, and its

sultability for multivariate analysis.
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