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Abstract We study a random walk (Markov chain) in an unbounded planar do-
+
main whose boundary is described by two curves of the form x, = a’“xll3 and

Xy = fa_xlf , with x; > 0. In the interior of the domain, the random walk has
zero drift and a given increment covariance matrix. From the vicinity of the upper
and lower sections of the boundary, the walk drifts back into the interior at a given
angle o or @~ to the relevant inwards-pointing normal vector. Here we focus on
the case where o™ and ™ are equal but opposite, which includes the case of normal
reflection. For 0 < B%, B~ < 1, we identify the phase transition between recurrence
and transience, depending on the model parameters, and quantify recurrence via
moments of passage times.
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1 Introduction and main results

1.1 Description of the model

We describe our model and then state our main results: see §1.4 for a discussion of
related literature. Write x € R? in Cartesian coordinates as x = (x1,x;). For para-
meters a*,a~ >0and B, B~ > 0, define, for z > 0, functions d " (z) := at7?" and
d(z):=a 7P . Set

2 :={xeR*:x; >0,—d (x;) <xy<d"(x1)}.

Write || - || for the Euclidean norm on R2. For x € R? and A C R?, write d(x,A) :=
infycq ||x — || for the distance from x to A. Suppose that there exist B € (0,0) and
a subset P of 9 for which every x € P has d(x,R*\ 2) < B. Let Z; := 9\ Dp;
we call I the boundary and Z; the interior. Set @Bi :={x € Iy : £x; > 0} for the
parts of Zp in the upper and lower half-plane, respectively.

Let & := (&o,&i,...) be a discrete-time, time-homogeneous Markov chain on
state-space S C Z. Set S;:=SN %, Sp := SN Dp, and S; =8N @gt. Write Py
and E, for conditional probabilities and expectations given &) = x € S, and suppose
that P, (§, € Sforalln>0)=1forallx € S. Set A := & —&. Then P(&,1 €A |
Ei=x)=Py(x+A c€A)forallx €S, all measurable A C &, and all n € Z, . In what
follows, we will always treat vectors in R? as column vectors.

We will assume that & has uniformly bounded p > 2 moments for its increments,
that in S it has zero drift and a fixed increment covariance matrix, and that it reflects
in Sp, meaning it has drift away from d % at a certain angle relative to the inwards-
pointing normal vector. In fact we permit perturbations of this situation that are
appropriately small as the distance from the origin increases. See Figure 1 for an
illustration.

To describe the assumptions formally, for x; > 0 let nt (x;) denote the inwards-
pointing unit normal vector to d 7 at (x1,d " (x1)), and let n~ (x;) be the correspond-

(x1)); then nt(x1) is a scalar multiple of (a*ﬁ*xllﬁ*] ,—1),

ing normal at (x;,—d
and n~(x1) is a scalar multiple of (a’[i’xll3 -1 1). Let n* (x1,a) denote the unit
vector obtained by rotating n (x ) by angle ¢ anticlockwise. Similarly, letn™ (x1, o)
denote the unit vector obtained by rotating n~ (x;) by angle o clockwise. (The ori-
entation is such that, in each case, reflection at angle ¢« < 0 is pointing on the side
of the normal towards 0.)

We write || - ||op for the matrix (operator) norm defined by ||M||op := sup, || Mul],
where the supremum is over all unit vectors u € R2. We take &y = xo € S fixed, and
impose the following assumptions for our main results.

(N) Suppose that P, (limsup,,_,., ||&:|| =) =1 for all x € S.
(M,,) There exists p > 2 such that

supE([[A[[7) <ee. (1
xes
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Fig. 1 Anillustration of the model parameters, in the case where = 3~ € (0,1).

(D) We have that sup, .5, | ExAll = o(r™") as r — o,
(R) There exist angles o € (—x/2,7/2) and functions u* : S5 — R with
liminfj e, 4= (x) > 0, such that, as r — oo,

sup  [|ExA —pt (0)nt (o, 0t) | =007, 2
xeSE:HxHZr

sup [ Eed —p~ (0 (v,07) | = 0(). 3
x€Sg:||x[|>r

(C) There exists a positive-definite, symmetric 2 x 2 matrix X for which

lim  sup ||EX(AAT)—ZHOp:0.

T eS| >r

We write the entries of X in (C) as

2
s=(°1P).
p o3
Here p is the asymptotic increment covariance, and, since X is positive definite,
61 > 0,0, >0,and p? < 6203,
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To identify the critically recurrent cases, we need slightly sharper control of the
error terms in the drift assumption (D) and covariance assumption (C). In particular,
we will in some cases impose the following stronger versions of these assumptions:

(D) There exists € > 0 such that sup,c,. >, || ExA | = O(r '"%)asr — oo,
(C4) There exists € > 0 and a positive definite symmetric 2 x 2 matrix X for which

sup  [|E((447) —ZHOP =0(r %), asr — oo.

xeSp:||x||>r

Without loss of generality, we may use the same constant € > 0 for both (D)
and (Cy).

The non-confinement condition (N) ensures our questions of recurrence and tran-
sience (see below) are non-trivial, and is implied by standard irreducibility or ellipt-
icity conditions: see [26] and the following example.

Example 1. Let S = 72N 2, and take P to be the set of x € 2 for which x is within
unit /..-distance of some y € Z?\ 2. Then Sp contains those points of S that have a
neighbour outside of &, and S consists of those points of S whose neighbours are
all in 2. If & is irreducible on S, then (N) holds (see e.g. Corollary 2.1.10 of [26]). If
Bt >0, then, for all ||x|| sufficiently large, every point of x € S has its neighbours
to the right and below in S, so if o = 0, for instance, we can achieve the asymptotic
drift required by (2) using only nearest-neighbour jumps if we wish; similarly in Sy .

Under the non-confinement condition (N), the first question of interest is whether
liminf,_,c ||, ]| is finite or infinite. We say that & is recurrent if there exists rp € R
for which liminf, ||| < ro, a.s., and that & is transient if lim,_,e ||€, || = oo, a.s.
The first main aim of this paper is to classify the process into one or other of these
cases (which are not a priori exhaustive) depending on the parameters. Further, in
the recurrent cases it is of interest to quantify the recurrence by studying the tails
(or moments) of return times to compact sets. This is the second main aim of this
paper.

In the present paper we focus on the case where ot + o~ = 0, which we call
‘opposed reflection’. This case is the most subtle from the point of view of recur-
rence/transience, and, as we will see, exhibits a rich phase diagram depending on
the model parameters. We emphasize that the model in the case ot +a~ =0 is
near-critical in that both recurrence and transience are possible, depending on the
parameters, and moreover (i) in the recurrent cases, return-times to bounded sets
have heavy tails being, in particular, non-integrable, and so stationary distributions
will not exist, and (ii) in the transient cases, escape to infinity will be only diffusive.
There is a sense in which the model studied here can be viewed as a perturbation of
zero-drift random walks, in the manner of the seminal work of Lamperti [20]: see
e.g. [26] for a discussion of near-critical phenomena. We leave for future work the
case at 4+ a~ # 0, in which very different behaviour will occur: if B+ < 1, then
the case o + a~ > 0 gives super-diffusive (but sub-ballistic) transience, while the
case @ + o~ < 0 leads to positive recurrence.
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Opposed reflection includes the special case where ™ = a~ = 0, which is ‘nor-
mal reflection’. Since the results are in the latter case more easily digested, and since
it is an important case in its own right, we present the case of normal reflection first,
in §1.2. The general case of opposed reflection we present in §1.3. In §1.4 we review
some of the extensive related literature on reflecting processes. Then §1.5 gives an
outline of the remainder of the paper, which consists of the proofs of the results in
§§1.2-1.3.

1.2 Normal reflection

First we consider the case of normal (i.e., orthogonal) reflection.

Theorem 1. Suppose that (N), (M), (D), (R), and (C) hold with ot = ot~ = 0.
(a) Suppose that B+, € [0,1). Let B := max(B ™, 37). Then the following hold.

(i) If B < 67 /03, then & is recurrent.
(ii) If 62 /o3 < B < 1, then & is transient.
(iii) If, in addition, (D) and (C4) hold, then the case 3 = 0'12 / 622 is recurrent.

(b) Suppose that (D) and (C) hold, and B+, 8~ > 1. Then & is recurrent.

Remark 1. (i) Omitted from Theorem 1 is the case when at least one of B+ is equal
to 1, or their values fall each each side of 1. Here we anticipate behaviour similar
to [5].

(i) If 67 /03 < 1, then Theorem 1 shows a striking non-monotonicity property: there
exist regions ) C 9, C 25 such that the reflecting random walk is recurrent on Z;
and 23, but transient on %,. This phenomenon does not occur in the classical case
when X is the identity: see [29] for a derivation of monotonicity in the case of
normally reflecting Brownian motion in unbounded domains in RY. d>2.

(iii) Note that the correlation p and the values of a™,a™ play no part in Theorem 1;
p will, however, play a role in the more general Theorem 3 below.

Let 7, := min{n € Z : ||&,|| < r}. Define

s0 1= s0(Z,B) := % < - 2> : )

Our next result concerns the moments of 7,. Since most of our assumptions are
asymptotic, we only make statements about r sufficiently large; with appropriate
irreducibility assumptions, this restriction could be removed.

Theorem 2. Suppose that (N), (M), (D), (R), and (C) hold with ot = ot~ = 0.
(a) Suppose that B+,8~ €[0,1). Let B := max(B™, 7). Then the following hold.

(i) If B < 06} /03, then E (1) < o for all s < so and all r sufficiently large, but
E(15) = oo for all s > so and all x with ||x|| > r for r sufficiently large.
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(ii) If B > 62 /032, then By (1) = oo for all s > 0 and all x with ||x|| > r for r
sufficiently large.

(b) Suppose that B*,B~ > 1. Then E,(15) = oo for all s > 0 and all x with ||x|| > r
for r sufficiently large.

Remark 2. (i) Note that if § < 612 / 0'22, then sp > 0, while sop < 1/2 for all § > 0,
in which case the return time to a bounded set has a heavier tail than that for one-
dimensional simple symmetric random walk.

(i1) The transience result in Theorem 1(a)(ii) is essentially stronger than the claim
in Theorem 2(a)(ii) for § < 612 / 622, so the borderline (recurrent) case f§ = (712 / 0'22 is
the main content of the latter.

(iii) Part (b) shows that the case B+ > 1 is critical: no moments of return times exist,
as in the case of, say, simple symmetric random walk in 72 (26, p. 77].

1.3 Opposed reflection

We now consider the more general case where o + ™~ = 0, i.e., the two reflection
angles are equal but opposite, relative to their respective normal vectors. For ™ =
—a~ # 0, this is a particular example of oblique reflection. The phase transition in
B now depends on p and « in addition to 612 and 622. Define

2 2 2
c 6f—o0

Be:=B(Z,a) := 712 + (22‘) sin® o0 + %sinZOc. 5)
%) 0; %)

The next result gives the key properties of the critical threshold function ;. which
are needed for interpreting our main result.

Proposition 1. For a fixed, positive-definite X such that |6} — 62|+ |p| > 0, the
function o — Be(X, ) over the interval (-5, 2] is strictly positive for |a| < /2,
with two stationary points, one in (—%,0) and the other in (0,%), at which the

function takes its maximum/minimum values of

1 o} 1 5 2
—+ 4+ /(0 —c}) +4p2. 6
2 20} 203 (o —03)"+4p ©

The exception is the case where 612 — 622 =p =0, when B. = 1 is constant.
Here is the recurrence classification in this setting.

Theorem 3. Suppose that (N), (M), (D), (R), and (C) hold with a™ = —a~ = o
for|a| < m/2.

(a) Suppose that B+,8~ €[0,1). Let B := max(B™, 7). Then the following hold.
(i) If B < B, then & is recurrent.
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(ii) If B > B, then & is transient.
(iii) If, in addition, (D) and (C) hold, then the case B = B. is recurrent.

(b) Suppose that (D) and (Cy) hold, and B+,8~ > 1. Then & is recurrent.

Remark 3. (i) The threshold (5) is invariant under the map (a,p) — (—a, —p).

(i) For fixed X with |67 — 65|+ |p| > 0, Proposition 1 shows that f3 is non-
constant and has exactly one maximum and exactly one minimumin (—%, ). Since
B:.(Z,£%) = 1, it follows from uniqueness of the minimum that the minimum is
strictly less than 1, and so Theorem 3 shows that there is always an open interval of
o for which there is transience.

(iii) Since fB. > 0 always, recurrence is certain for small enough f3.

(iv) In the case where 612 = 622 and p = 0, then . = 1, so recurrence is certain for
all 7,8~ < 1 and all a.

(v) If ¢ =0, then B, = 612 / 622, so Theorem 3 generalizes Theorem 1.

Next we turn to passage-time moments. We generalize (4) and define

50 1= so(&%ﬁ)iZé(“é)» @)

with f; given by (5). The next result includes Theorem 2 as the special case o = 0.

Theorem 4. Suppose that (N), (M), (D), (R), and (C) hold with aa™ = —a~ = o
for o] < m/2.

(a) Suppose that B+,8~ €[0,1). Let B := max(B™, 7). Then the following hold.

(i) If B < B, then so € (0,1/2], and E(15) < oo for all s < sy and all r suf-
ficiently large, but Ex(T}) = oo for all s > s and all x with ||x|| > r for r
sufficiently large.

(ii) If B > B, then Ey(T¥) = oo for all s > 0 and all x with ||x|| > r for r suffi-
ciently large.

(b) Suppose that B,8~ > 1. Then Ey(1) = o for all s > 0 and all x with ||x|| > r
for r sufficiently large.

1.4 Related literature

The stability properties of reflecting random walks or diffusions in unbounded do-
mains in R? have been studied for many years. A pre-eminent place in the devel-
opment of the theory is occupied by processes in the quadrant Ri or quarter-lattice
Zi, due to applications arising in queueing theory and other areas. Typically, the
process is assumed to be maximally homogeneous in the sense that the transition
mechanism is fixed in the interior and on each of the two half-lines making up the
boundary. Distinct are the cases where the motion in the interior of the domain has
non-zero or zero drift.
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It was in 1961, in part motivated by queueing models, that Kingman [19] pro-
posed a general approach to the non-zero drift problem on Zi via Lyapunov func-
tions and Foster’s Markov chain classification criteria [15]. A formal statement of
the classification was given in the early 1970s by Malyshev, who developed both
an analytic approach [23] as well as the Lyapunov function one [24] (the latter,
Malyshev reports, prompted by a question of Kolmogorov). Generically, the clas-
sification depends on the drift vector in the interior and the two boundary reflec-
tion angles. The Lyapunov function approach was further developed, so that the
bounded jumps condition in [24] could be relaxed to finiteness of second mo-
ments [28, 11, 30] and, ultimately, of first moments [14, 31, 34]. The analytic ap-
proach was also subsequently developed [12], and although it seems to be not as
robust as the Lyapunov function approach (the analysis in [23] was restricted to
nearest-neighbour jumps), when it is applicable it can yield very precise inform-
ation: see e.g. [16] for a recent application in the continuum setting. Intrinsically
more complicated results are available for the non-zero drift case in Zi [25] and
74 [18].

The recurrence classification for the case of zero-drift reflecting random walk in
Zi was given in the early 1990s in [6, 13]; see also [14]. In this case, generically, the
classification depends on the increment covariance matrix in the interior as well as
the two boundary reflection angles. Subsequently, using a semimartingale approach
extending work of Lamperti [20], passage-time moments were studied in [5], with
refinements provided in [2, 3].

Parallel continuum developments concern reflecting Brownian motion in wedges
in R2. In the zero-drift case with general (oblique) reflections, in the 1980s Varadhan
and Williams [32] had showed that the process was well-defined, and then Willi-
ams [33] gave the recurrence classification, thus preceding the random walk results
of [6, 13], and, in the recurrent cases, asymptotics of stationary measures (cf. [4]
for the discrete setting). Passage-time moments were later studied in [27, 7], by
providing a continuum version of the results of [5], and in [2], using discrete ap-
proximation [1]. The non-zero drift case was studied by Hobson and Rogers [17],
who gave an analogue of Malyshev’s theorem in the continuum setting.

For domains like our &, Pinsky [29] established recurrence in the case of reflect-
ing Brownian motion with normal reflections and standard covariance matrix in the
interior. The case of general covariance matrix and oblique reflection does not ap-
pear to have been considered, and neither has the analysis of passage-time moments.
The somewhat related problem of the asymptotics of the first exit time 7, of planar
Brownian motion from domains like our & has been considered [9, 8, 21]: in the
case where B =B~ = B € (0,1), then logPP(7, > ¢) is bounded above and below
by constants times —¢(17B)/(1+B) see [21] and (for the case B = 1/2) [8].
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1.5 Overview of the proofs

The basic strategy is to construct suitable Lyapunov functions f : R> — R that satisfy
appropriate semimartingale (i.e., drift) conditions on E,[f (&) — f(&p)] for x outside
a bounded set. In fact, since the Lyapunov functions that we use are most suitable for
the case where the interior increment covariance matrix is X = I, the identity, we first
apply a linear transformation 7 of R? and work with T . The linear transformation
is described in §2. Of course, one could combine these two steps and work directly
with the Lyapunov function given by the composition f o T for the appropriate f.
However, for reasons of intuitive understanding and computational convenience, we
prefer to separate the two steps.

Let % < 1. Then for a™ = o~ =0, the reflection angles are both pointing essen-
tially vertically, with an asymptotically small component in the positive x; direction.
After the linear transformation 7', the reflection angles are no longer almost vertical,
but instead are almost opposed at some oblique angle, where the deviation from dir-
ect opposition is again asymptotically small, and in the positive x; direction. For this
reason, the case &t = —a~ = a # 0 is not conceptually different from the simpler
case where o = 0, because after the linear transformation, both cases are oblique. In
the case a # 0, however, the details are more involved as both o and the value of the
correlation p enter into the analysis of the Lyapunov functions, which is presented
in §3, and is the main technical work of the paper. For * > 1, intuition is provided
by the case of reflection in the half-plane (see e.g. [33] for the Brownian case).

Once the Lyapunov function estimates are in place, the proofs of the main the-
orems are given in §4, using some semimartingale results which are variations on
those from [26]. The appendix (§5) contains the proof of Proposition 1 on the prop-
erties of the threshold function f; defined at (5).

2 Linear transformation

The inwards pointing normal vectors to d % at (x,d*(x;)) are

”i(xl) = ! (aiﬁ::xlfil> , Where ri(xl) = \/1+(Cli)2(ﬁi)2xfﬁi72,

e ] 1
n(x) = ——— < |-
ST ) \apd
Recall that n* (x1, &™) is the unit vector at angle o to n* (x;), with positive angles

measured anticlockwise (for n1) or clockwise (for n™). Then (see Figure 2 for the
case of n) we have n* (x;, a*) = n* (x;) cos & + nT (x1) sina®, so
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| sin(xiJraiﬁixfi_lcosai
+ .
r*(xn) :Fcosai:taiﬁixf -1

ni(xl,ai) - sin o*

In particular, if ™ = -~ = «,

+
£) 1 <:|:sina—|—ai,3ix? 1cosoc) ni (xy, at)

Recall that A = & — &). Write A = (A}, 4;) in components.

ni(X],Ot

= +
r=(x) $Cosa+aiﬁix? 'sina

ﬁ+)

()C] 7a+x1

n (x)sino™

Fig. 2 Diagram describing oblique reflection at angle ot > 0.

Lemma 1. Suppose that (R) holds, with at = —a~ = and B+,~ > 0. If B+ < 1,
then, for x € SE, as ||x|| — oo,
E A = £u*(x) sinOtJraiﬁjtui(x)x’fi’1 cos o
i— —
+O(Ix*2) + o(lIxl ) )
E Ay = Fu™ (x) cosOt4—ai[3iui(x)x’fi’1 sina
i— —
+O(IxPP %) +o(lIx ). (10)
If B~ > 1, then, for x € Sg, as ||x|| = oo,
p=(x)sinor g+
a*p= X1

ui(x)cosocxl,gi
aiﬁi 1

Ey A :[Ji(x)cosoc:t JFO(x%_zBi)JrO(HxH_I); (11)

_Hpt
E Ay = p*(x)sina T +o ) 1o(x ™. a2

Proof. Suppose that x € Si. By (2), we have that || E,A — u* (x)n* (x1,a®)|| =
+
O(||x||~"). First suppose that 0 < B* < 1. Then, 1/r*(x) = 1+0(x%ﬁ _2), and
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hence, by (8),
+ +
ni(x1,a%) ::I:sina—l—aiﬁixf 7lcosa+0(x%ﬁ 72);
+ +
ny (x1,a%) ::FcosoH—aiBix[f 7lsina+0(x%ﬁ 72).

Then, since ||x|| = x1 +o(x1) as ||x|| — e with x € 2, we obtain (9) and (10).
On the other hand, if B > 1, then
1-p*
1 _ X
r(x;)  atf*E

+o( ),

and hence, by (8),

sinot | g+

+ 4 _ 2-2B%,
ny (x1, o )-cosoaiaiﬁix1 +0(x] );

cosa |_pg*

. 2-2p*
nzi(xl,ai):smaq:aiﬁixl +0(x] p ).

The expressions (11) and (12) follow. O

It is convenient to introduce a linear transformation of R? under which the
asymptotic increment covariance matrix X appearing in (C) is transformed to the
identity. Define

% _ P
T:= <8 fc2> , where s := VdetX = /o705 — p2;
02

recall that 63,5 > 0, since X is positive definite. The choice of T is such that TXT " =
I (the identity), and x — Tx leaves the horizontal direction unchanged. Explicitly,

[ I
T<m>: T et (13)
X2 (szz

Note that 7' is positive definite, and so || Tx|| is bounded above and below by positive
constants times ||x||. Also, if x € Z and BT, B~ < 1, the fact that |x;| = 0(x1) means
that 7x has the properties (i) (Tx); > 0 for all x; sufficiently large, and (ii) | (Tx)2| =
o(|(Tx)1]) as x; — oo. See Figure 3 for a picture.

The next result describes the increment moment properties of the process under
the transformation 7. For convenience, we set A := T A for the transformed incre-
ment, with components A; = (TA);.

Lemma 2. Suppose that (D), (R), and (C) hold, withot = —o~ =, and B, >
0. Then, if ||x|| — e with x € Sy,

IE:Al =o(||lx]| "), and ||E.(AAT) ~1|[,, = o(1). (14)
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Fig. 3 An illustration of the transformation T with p > 0 acting on a domain 2 with B+ =~ =
B for B € (0,1) (lefr) and B > 1 (right). The angle 6 is given by 6, = arctan(p/s), measured

anticlockwise from the positive horizontal axis.

If, in addition, (D) and (C..) hold with € > 0, then, if ||x|| — oo withx € §,
IE.All = O(|lx]7'7#), and [[Ex(AAT) ~1| ,, = O(|lx]|7*).

If B* < 1, then, as ||x|| — oo with x € S5,

+ + Tt +
Ele:iMSiHaipﬂf‘(wcosa_&-wxﬁsi*lcosa
o)
tpt,,+
PP B Gy o2+ (]
5SO?
+ tpt,+
Eszzqz‘uc(x) cosq+ 20 Bo_'u (x)x?iflsina
2 2
j:7 —
+O(|IxI*P =) + o(|lx| ).
If B* > 1, then, as ||x|| — o with x € S,
+ + +
E. A = Mcosa— PHG(X) sin o & szﬁix)x}_ﬁi sin o
s SO a s
+
pH=(x) 1-pt 2-2p* N
e Tt P cosa+ 0Py + o)

+ +
i, W) B aep 2-2p* .
E, A = o Sma:Faiﬁiszl cos o+ O(x; )+ O(]|x]| 7).

Proof. By linearity,

5)

(16)

A7)

(18)

19)
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E.A =TEA, (20)

which, by (D) or (D), is, respectively, o(||x||~") or O(||x||='~¥) for x € S;. Also,
since TXT T =1, we have

Ex(AAT) —I=TE(AA)T"—1=T (E((AA")-X)T".

For x € Sy, the middle matrix in the last product here has norm o(1) or O(||x|| %),
by (C) or (C). Thus we obtain (14) and (15). For x € S;, the claimed results follow
on using (20), (13), and the expressions for E, A in Lemma 1. O

3 Lyapunov functions

For the rest of the paper, we suppose that «™ = —a~ = « for some |¢t| < 7/2. Our
proofs will make use of some carefully chosen functions of the process. Most of
these functions are most conveniently expressed in polar coordinates.

We write x = (r, 0) in polar coordinates, with angles measured relative to the pos-
itive horizontal axis: r := r(x) := ||x|| and 0 := 0(x) € (—m, 7] is the angle between
the ray through 0 and x and the ray in the Cartesian direction (1,0), with the con-
vention that anticlockwise angles are positive. Then x; = rcos 0 and x, = rsin 0.

ForweR, 6y € (—7/2,7/2), and y € R, define

By (x) := hyy(r,0) := r cos(wO — ), and f7(x) := (h,(Tx))?, (21)

where T is the linear transformation describe at (13). The functions 4,, were used
in analysis of processes in wedges in e.g. [32, 30, 5, 22]. Since the k,, are harmonic
for the Laplacian (see below for a proof), Lemma 2 suggests that h,,(T&,) will be
approximately a martingale in S;, and the choice of the geometrical parameter 6
gives us the flexibility to try to arrange things so that the level curves of h,, are
incident to the boundary at appropriate angles relative to the reflection vectors. The
level curves of A, cross the horizontal axis at angle 0y: see Figure 4, and (33) below.
In the case B + < 1, the interest is near the horizontal axis, and we take 6, to be
such that the level curves cut d2 at the reflection angles (asymptotically), so that
hy(T&,) will be approximately a martingale also in Sg. Then adjusting w and y will
enable us to obtain a supermartingale with the properties suitable to apply some
Foster—Lyapunov theorems. This intuition is solidified in Lemma 4 below, where
we show that the parameters w, 6y, and ¥ can be chosen so that f;/ (&,) satisfies an
appropriate supermartingale condition outside a bounded set. For the case S < 1,
since we only need to consider 6 ~ 0, we could replace these harmonic functions in
polar coordinates by suitable polynomial approximations in Cartesian components,
but since we also want to consider ﬁi > 1, it is convenient to use the functions in
the form given. When B > 1, the recurrence classification is particularly delicate,
so we must use another function (see (57) below), although the functions at (21) will
still be used to study passage time moments in that case.
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204

Fig. 4 Level curves of the function £,,(x) with 8y = /6 and w = 1/4. The level curves cut the
horizontal axis at angle 6y to the vertical.

If B+,8~ < 1, then 6(x) — 0 as ||x|| — o with x € 2, which means that, for
any |6g| < 7/2, hy(x) > 3]|x||"” for some & > 0 and all x € S with ||x|| sufficiently
large. On the other hand, for %, 3~ > 1, we will restrict to the case with w > 0
sufficiently small such that cos(w8 — 6p) is bounded away from zero, uniformly in
0 € [—n/2,7/2], so that we again have the estimate 4,,(x) > J||x||"” for some § > 0
and all x € 2, but where now Z is close to the whole half-plane (see Remark 4). In
the calculations that follow, we will often use the fact that &, (x) is bounded above
and below by a constant times ||x||"" as ||x|| — oo withx € 2.

We use the notation D; := % for differentials, and for f : R* — R write Df for

the vector with components (D f )i = D;f. We use repeatedly

in 6 0
Dyir=cos8, Dyr = sin@, D6 = — 22 p,g = 7 22)
r
Define
o7 P
0 := 6,(X, ) := arctan (sztanOH— s) €(—m/2,m/2). (23)
For B* > 1, we will also need
6, := 0,(X) := arctan (B> €(—m/2,m/2), 24)
s
and 63 := 63(X, ) € (—m, ) for which
. 2 _ .
sin93:ssma7and C0893:6200506 psma’ 25)
62(1 62d

where
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d:=dX,a):= \/022 cos2a —2psinacos o + o7 sin® . (26)
The geometric interpretation of 6y, 6, and 03 is as follows.

* The angle between (0,41) and T(0,=+1) has magnitude 6. Thus, if * < 1,
then 6, is, as x; — oo, the limiting angle of the transformed inwards pointing
normal at x; relative to the vertical. On the other hand, if ,BjE > 1, then 6, is,
as x| — oo, the limiting angle, relative to the horizontal, of the inwards pointing
normal to 70 9. See Figure 3.

* The angle between (0,—1) and T (sin@, —cos ) is 6. Thus, if B < 1, then
0, is, as x| — oo, the limiting angle between the vertical and the transformed
reflection vector. Since the normal in the transformed domain remains asymp-
totically vertical, 6; is in this case the limiting reflection angle, relative to the
normal, after the transformation.

* The angle between (1,0) and T(cos,sine) is 65. Thus, if B~ > 1, then 65
is, as x; — oo, the limiting angle between the horizontal and the transformed
reflection vector. Since the transformed normal is, asymptotically, at angle 6,
relative to the horizontal, the limiting reflection angle, relative to the normal,
after the transformation is in this case 65 — 6.

We need two simple facts.
Lemma 3. We have (i) infyc_z zd(Z,0) >0, and (ii) |63 — 6;| < 7/2.
Proof. For (i), from (26) we may write
d* =03 + (of — 03) sin’ a — psin2a. 27

If 612 * 622, then, by Lemma 11, the extrema over o € [—7, 7] of (27) are

2 2 2
2, 01—03 4p
o +——= | 1+4/14+——=—=].
? 2 ( (03622)2)

Hence
42

2, 2
oi+oy 1
S
which is strictly positive since p> < 6703 If 67 = 03, then d> > 03 — |p|, and
Ip| < |6102| = 62, s0 d is also strictly positive in that case.
For (ii), we use the fact that cos(6; — 6,) = cos 63 cos 6, + sin 65 sin 6,, where,
by (24), sin 6, = ﬁ and cos 6, = *~, and (25), to get cos(6; — 6,) = ﬁ cosa >

0. Since |03 — 6| < 37/2, it follows that |83 — 6| < /2, as claimed. O

Y

We estimate the expected increments of our Lyapunov functions in two stages:
the main term comes from a Taylor expansion valid when the jump of the walk is
not too big compared to its current distance from the origin, while we bound the
(smaller) contribution from big jumps using the moments assumption (M,). For
the first stage, let By(x) := {z € R? : ||x —z|| < b} denote the (closed) Euclidean
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ball centred at x with radius » > 0. We use the multivariable Taylor theorem in
the following form. Suppose that f : R?> — R is thrice continuously differentiable in
By (x). Recall that Df(x) is the vector function whose components are D; f(x). Then,
fory € By(x),

2 2
Pt ) = 1)+ 7))+ 3 2L P s

+R(x,), (28)

where, for all y € B,(x), |R(x,y)| < C||y||>R(x) for an absolute constant C < o and

R(x) :=max sup |D;D;Dif(z)|.
ik ze By (x)

For dealing with the large jumps, we observe the useful fact that if p > 2 is a constant
for which (1) holds, then for some constant C < oo, all § € (0,1), and all g € [0, p],

E. [[lA11{A]| = l¥|°}] < Clla) =209, (29)

for all ||x|| sufficiently large. To see (29), write ||A[|7 = ||A||?||A||? 7 and use the
fact that ||A|| > ||x||® to bound the second factor.
Here is our first main Lyapunov function estimate.

Lemma 4. Suppose that (M,,), (D), (R), and (C) hold, with p > 2, ot=—0" =
forla| < m/2, and BT,B~ > 0. Let w,y € R be such that 2 — p < yw < p. Take
60 € (—m/2,7/2). Then as ||x|| — oo withx € S,

yiy—1 - _
B (Eret) — (&) | & =) = PO )12 g2
+o([lx™7%). (30)
We separate the boundary behaviour into two cases.

(i) If 0 < B* < 1, take 6y = 8y given by (23). Then, as ||x|| — o with x € S,

E[7(Gne1) = £1(5n) | &n = ]

_ _1 a*u*(x)orcos 0 £
= yw|| x| " (h(Tx))? ]%(ﬁi—(l—w&)ﬁ |

+ ol 2), 31
where B is given by (5).
(ii) If BT > 1, suppose that w € (0,1/2) and 8y = 6y(Z,at,w) = 6; — (1 —w)6,,
where 0, and 05 are given by (24) and (25), such that SUpge| -z 1) [wh — 6| <
/2. Then, with d = d(Z, &) as defined at (26), as ||x|| — oo with x € S,
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E[fvjv/(énﬂ) _f»}vl(gn) | En = x|

+ X
= el () D os (1w /2)) o). 32)

Remark 4. We can choose w > 0 small enough so that |63 — (1 —w)6,| < 7/2, by
Lemma 3(ii), and so if 8y = 63 — (1 — w)0,, we can always choose w > 0 small
enough so that supge|_z 1) 1/w8 — 69| < /2, as required for the B* > 1 part of
Lemma 4.

Proof (of Lemma 4). Differentiating (21) and using (22) we see that

Dy (x) = wr " cos ((w—1)0 — ), and
Dahyy(x) = —wr Lsin(w—1)0 — 6p). (33)

Moreover,
D2hy,(x) = w(w — 1) "2 cos ((w—2)8 — 6p) = —D3h,,(x),

verifying that h,, is harmonic. Also, for any i, j, k, |D;D;Dyh,,(x )| = O(r"=3). Writ-
ing h}y(x) := (hy(x))?, we also have that D;hl,(x) = yhl, Y(x)D; hy(x), that

DiD i (x) = yhl; ! (x)DiD jhuy (x) +y(y = V)Rl (x) (Diy (x)) (D jhy ()
and |D;D;Dihl,(x)| = O(r"~3). We apply Taylor’s formula (28) in the ball B, »(x)
together with the harmonic property of ,,, to obtain, for y € B, »(x),

L x9) = KL )+ D), 508 () + 20 (m )30

2_\2p2h,
+y (W +y1yzD1Dzhw(x)> Ry (x)

+R(x,y), (34)
where |R(x,y)| < C|ly||*||x||™~3, using the fact that A,,(x) is bounded above and

below by a constant times ||x||".
Let E, := {||A|| < ||x||®}, where we fix a constant § satisfying

max {2, yw 2=k _ o (35)

such a choice of & is possible since p > 2 and 2—p < yw < p. If & = x and E,
occurs, then Tx+A € B, /2(T'x) for all [|x|| sufficiently large. Thus, conditioning on
&y = x, on the event E, we may use the expansion in (34) for hl’v(Tx + A~), which,
after taking expectations, yields
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E.[(f1(&) —fy(cfo»lEx] = ¥ (o(Tx))" " Ea [(Dhy,(T), 4)1,]
D?hy,(Tx)E, [(A — A1 } .
+ 7 (b (Tx))7~ 5 +D1 Dol (Tx) B [A1 A1, |
+ W; D (1)) By [(DI(T2), 501, ] + Ex[R(Tx, AV, (36)

Let p’ = pA3, so that (1) also holds for p’ € (2,3]. Then, writing ||A|]* = ||A||”'|A[]>~7,
B [[R(Tx,A)[15,] < Clle| ™= CrP R [ A]1P] = ol ™72),
since (3 — p')8 < 1. If x € S, then (14) shows |E,(Dh,,(Tx),A)| = o(||x||*~2), so
E.|(Dhy(Tx),A)1g, | < Cllx|" ' Ex(|A [ 1gg) +o([|x[*2).
Note that, by (35), § > % > ﬁ Then, using the g = 1 case of (29), we get
E.|(Dh(Tx), A)1E, | = o||x]*~2). 37
A similar argument using the g = 2 case of (29) gives
E.[(Dhy (Tx), A) 1] < Cllxl|* 72072 = o( x| 7).
If x € Sy, then (14) shows that E.(A? — A?) and E,(A; A) are both o(1), and hence,
by the g = 2 case of (29) once more, we see that E[|A? — A2|15, ] and E,[|A 43 |1, ]
are both o(1). Moreover, (14) also shows that

E.(Dh,(Tx),A)* = E ((Dh,(Tx))'AA" Dh,,(Tx))
= (Dhy(Tx)) " Dhy(Tx) +o(||x[|** )
= (D1h(Tx))? + (D2l (Tx))? + o(||x][ ).

Putting all these estimates into (36) we get, for x € S,

—1
E[(E0) ~ A1) = T 0, (7)1 (D (7)) + (Do (7))
+o([[x ™). (38)
On the other hand, given &y = x, if yw > 0, by the triangle inequality,
|F1E) = £ < ITEN™ + 1Txl|™ < 2()IT& ||+ | Tx][) ™
<2(2)|Tx| + | A])™. (39)

It follows from (39) that |£;7(&) — £l (x) |15 < C||A ||7/8, for some constant C < oo
and all ||x|| sufficiently large. Hence
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Ex| (£1(61) = £1(60)Les| < CEL[ A7/ 1]
Since § > T, by (35), we may apply (29) with ¢ = %’ to get
| (A1(E1) = £1(E0)) Leg| = O([[x]|7*~27) = o(|lx|™2), (40)

since 6 > > If wy < 0, then we use the fact that £,/ is uniformly bounded to get

E.|(f1(&) = £1(E0))1Es| <

CPL(ES) = O(||x] ~°7),

by the ¢ = 0 case of (29). Thus (40) holds in this case too, since yw > 2 — dp by
choice of § at (35). Then (30) follows from combining (38) and (40) with (33)
Next suppose that x € Sp. Truncating (34), we see that for all y € B,./>(x)

Rl (x4 y) = Al (%) + Y(Dhoy (x), ) B, (x) + R(x,y), 41

where now |R(x,y)| < C|ly|[?||x||" 2. It follows from (41) and (M) that

E[(f1(E1) = fH(&o)1e,] = vhl, (Tx) Ex [(Dhy(Tx), A) 15, | +O(|lx]|™72).

By the g = 1 case of (29), since & > o1

, we see that E[(Dh,,(Tx),A)1g] =
o(||x||*~2), while the estimate (40) still apphes so that

Ey [quv/(gl) _fvjv/(%)} = YRl (Tx) B (Dhy(

Tx),4) +0(|x|™72). @2
From (33) we have

B w1 {cos((1 —w)6(Tx) + 6p)
Dhy (Tx) = wl| Tx|"™" <sin((1 —w)0(Tx) +9§)> ’ “3)

First suppose that B < 1. Then, by (13), for x € S, x, = +a*x =B O(1) and

+
sinO(Tx) = :i:sa—lefi*l + O(x%ﬁi*2
c

)+Oo( ).
2

Since arcsinz = z+ O(z) as z — 0, it follows that

6(Tx) :i? P06 Y roarh).
2

Hence

cos ((1—w)O(Tx)+6y) =cosBy F (1 — ) 5 f smOoJrO(x?Bi_z)JrO(xl_l);

B

sin ((1—w)0(Tx) + 8y) = sin By % (1 —w) > xF" T eos 8y + 0 %) +0(x)).

2

2

:i:
2
2
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Then (43) with (16) and (17) shows that

E,(Dh,(Tx),A)

|| T pE(x) cos By cos &

o (£t @ o) ) @

where, for |6y| < 7/2, A] = 67 tana + p — stan 6, and

Ay = 03B —pBFtana— (1 —w)stanBptana — (1 —w) SPZ tan 6y
03
2
+sB*tan Gy tan o — (1 —w)g.
2

Now take 6y = 0; as given by (23), so that stan 8y = 622 tana+ p. Then A; =0,
eliminating the leading order term in (44). Moreover, with this choice of 6y we get,
after some further cancellation and simplification, that

_ 62 (Bi — (1 _W)ﬁc)
Ap == cos2

)

with B as given by (5). Thus with (44) and (42) we verify (31).

Finally suppose that B% > 1, and restrict to the case w € (0,1/2). Let 6, €
(—m/2,m/2) be as given by (24). Then if x = (0,x2), we have 6(Tx) = 6, — %
if x; <0Oand 0(Tx) = 6>+ T if x > 0 (see Figure 3). It follows from (13) that

T _
6(Tx) = 62 5+ 0(x, B, forx € 5E,

as ||x|| = oo (and x; — o). Now (43) with (18) and (19) shows that

% .ui(x) 2
E, (Dh, (Tx),4) = wi[Tx| "~ E—2 (02 cos occos (1 —w)8(Tx) + 6p)
502

—psinacos((1 —w)0(Tx)+ 6p)

. . 1-B*
+ssinasin ((1 —w)6(Tx) + 6p) + O(x; )) (45)

Set ¢ := (1 —w)Z. Choose 6y = 05 — (1 —w)6s, where 65 € (—m,7) satisfies (25).
Then we have that, for x € Sf,

cos ((1—w)8(Tx) + 6p) = cos (83 + ¢) + O(x) ")
= cos ¢ cos B3 F sin @ sin 65 + O(xifﬁi). (46)

Similarly, for x € S5,

sin ((1—w)8(Tx)+ 6y) = cos ¢ sin s +singcos 63 +0(x P ). (@7)
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Using (46) and (47) in (45), we obtain

+
E,(Dh,y(Tx),A) = w||Tx||W—1%£’” (A3cos ¢ FAssing +o(1)),
2

where
Az = (0'22 cos @ — p sin OC) cos 03 + ssin o sin 63
= 0rd cos’ 03 + 0rd sin” 65 = 0»d,
by (25), and, similarly,
Ay = (622COSOC —-p sina) sin 63 — ssin o cos 03 = 0.
Then with (42) we obtain (32). O

In the case where B,8~ < 1 with B # B, we will in some circumstances
need to modify the function ffvl so that it can be made insensitive to the behaviour
near the boundary with the smaller of S+, 3. To this end, define for w,y,v,A € R,

EIY (x) == f2(x) + Axo|| T[> (48)
We state a result for the case = < B7; an analogous result holds if §7 < 7.

Lemma 5. Suppose that (M), (D), (R), and (C) hold, withp >2, 0" = —a~ =«
Jor |a| < m/2, and 0 < B~ < B+ < 1. Let w,y € R be such that 2 — p < yw < p.
Take 6y = 0, € (—n/2,7/2) given by (23). Suppose that

wH+B —2<2v<yw+pBT—2.

Then as ||x|| — oo with x € S,

E[ENY (Eni1) = FIY(6) | &0 =]

= %Y(Y— D)W +0(1)) (s (T)) 2| Te]| 2. (49)

As ||x|| — oo with x € S,
E[er'v(éwrl) *F»Z’v(én) | én :x]
o _atuT(x)oscos 0; +_
=l T (hy (1)) CEEIOO0 gy B
+of||x]"7F72), (50)

As ||x|| = o with x € Sg,

E[ELY (Guit) = FIY (&) | & =] = AT (1~ (x)cosa+o(1)) . (5D)
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Proof. Suppose that 0 < B~ < BT < 1. As in the proof of Lemma 4, let E, =
{l|A]l < ||x||®}, where & € (0,1) satisfies (35). Set vy (x) := x2||Tx|?". Then, us-
ing Taylor’s formula in one variable, for x,y € R? with y € B, /z(x),

2(x,3) + [IyII?
X2

where |R(x,y)| < C||y||?||x||*Y~2. Thus, for x € S with y € B,/>(x) and x+y € S,

v
ey = nw”(1+ ) — el 4+ 2v () Y2 4 Rx,),

vy (x+y) = vy (x) = (v +32) I T+ Tyl — 2| T
= 2| Tx||?Y - 2vaep (Toe, Ty) | Toe|[*Y 2 + 2vya(Tox, Ty) | Tx| 22
+R(x,y), (52)

where now |R(x,y)| < C|ly||?|lx]|?*8" 2, using the fact that both |x;| and |y,| are
O(||x|[F"). Taking x = &) and y = A so Ty = A, we obtain

E[(v (&) =vv(8o))1E,] = ITx|*" Ec[Ao1g, ] +2voa | T|[>Y 2 B [(Tx, )1, |

+2v||Tx||* 2 E[Ay(Tx,A)1, |

HE[R(x,A)1g,]. (53)
Suppose that x € S;. Similarly to (37), we have E,[(Tx, A~>IEA] =0(1), and, by sim-
ilar arguments using (29), E[Ax1g,] = o(|[x|| "), Es|A2(Tx,A)1E¢| = o(||x||), and
E, [R(x,A)1g,| = o(||x]|?V~1), since B+ < 1. Also, by (13),

EX(A2<T)C,A~>) = GzEx(A~2<T)C,A~>)
= 02(Tx)1 Ex(A142) + 02 (Tx)2 EL(A3).

Here, by (14), E.(A
A)

Ay) = o(1) and B (A2) = O(1), while 65 (Tx), = x, = O(||x[|P7).
Thus E,(Ay(Tx,A)) =

; o(||x]|)- Hence also
E.[42(Tx, A)1,] = o x]).
Thus from (53) we get that, for x € S,
Ex[(v(&1) —vv(8o)1e] = o([le]*). (54)
On the other hand, since |vy (x+y) — vy (x)| < C([lx]| + |[y] )2 #" we get
[y (§1) — vl L] < CE[[lA ]3P/ 1].

Here 2v+ BT <2v+1 < yw < 8 p, by choice of v and (35), so we may apply (29)
with g = (2v+B7)/8 to get

Ex[[ve(&1) = v (&) [Lee] = O(lx|P7727) = o[l "), (55)
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since 8 p > 2, by (35). Combining (54), (55) and (30), we obtain (49), provided that
2v —1 < yw — 2, which is the case since 2v < yw+ BT —2and f+ < 1.
Now suppose that x € Sz?. We truncate (52) to see that, for x € S with y € B, /z(x)
andx+y€S,
vy (x+y) = vo(x) = 2 | Tl + R(x,y),

|2v+ﬁi71

where now |R(x,y)| < C||y|||x| , using the fact that for x € S5, |x2| =

O(||x||ﬁi). It follows that, for x € S35,

E¢[(v(&) —vv(&0)1E,] = ITx|* Ec[Ar1g,] +0(||XH2V+Bi71)-

By (29) and (35) we have that E[|A;[1ge] = O(||x|| 73~V = o(||x||~!), while if
x € S5, then, by (10), E; Ay = Fu*(x)cos ot + 0(||x||ﬁi_1). On the other hand, the
estimate (55) still applies, so we get, for x € SE,

E.vv (&) = v ()] = F T2 u* (x) cos e+ O(|[[* 7). (56)

If we choose v such that 2v < yw + BT — 2, then we combine (56) and (31) to
get (50), since the term from (31) dominates. If we choose v such that 2v > yw +
B~ —2, then the term from (56) dominates that from (31), and we get (51). O

In the critically recurrent cases, where max(8,87)=f. € (0,1) or +,8~ > 1,
in which no passage-time moments exist, the functions of polynomial growth based
on h,, as defined at (21) are not sufficient to prove recurrence. Instead we need
functions which grow more slowly. For n € R let

h(x) :=h(r,0) :=logr+n6, and ¢(x) :=logh(Tx), (57)

where we understand logy to mean max(1,logy). The function /4 is again harmonic
(see below) and was used in the context of reflecting Brownian motion in a wedge
in [32]. Set

_ Gzztan(vap

cltano —
No:=no(X,a) := — andny = (2Z, ) := ortand=p,

(58)

Lemma 6. Suppose that (M,,), (D), (R), and (C.;) hold, withp >2, € >0, o =
—o~ =ajfor|o| <m/2, and BT, > 0. Forany n € R, as ||x|| — o withx € S,

1+ n*+o(1)
2||Tx||*(log || Tx[|)*

E[l(&n+1) — (&) | =] = (59)

If0 < B* < 1, take N = Mg as defined at (58). Then, as ||x|| — oo with x € S3,

E[£(Gnt1) = £(&n) | &n =]
_ oratput(x) 1
~ s2cosa  ||Tx|[*log||Tx]

(8%~ o™ + 0P 1) +0(1)). (60)
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If B* > 1, take n = My as defined at (58). Then as ||x|| — oo with x € S,

E[l(Ent1) —€(&n) | & =]

I ®)) X stin2a+620052afffpsin2(X+0(1) (61)
s2cos o |[Tx|2log [ Tx]| \ ! 2 B+ '

Proof. Given 1 € R, for ry = ro(1n) = exp(e+|n|7), we have from (58) that both &
and log are infinitely differentiable in the domain %,, := {x € R? : x| > 0, r(x) >
ro}. Differentiating (58) and using (22) we obtain, for x € %,,,

1 1
Dih(x) = - (cos® —nsin®), and Dyh(x) = - (sin@+mncosB). (62)

We verify that 4 is harmonic in %,0, since

sin260  cos20
Dh(x) =1 S~ S = D).

(x)| = O(r=3). Moreover, D;log h(x) = (h(x)) "' D;h(x),

DiDjh(x) — (Dih(x))(D,h(x))
h(x) (h(x))>
and |D;D;Dylogh(x)| = O(r—3(logr)~!). Recall that Dh(x) is the vector function

whose components are D;i(x). Then Taylor’s formula (28) together with the har-
monic property of / shows that for x € %,, and y € B, >(x),

Also, for any i, j, k,

DiDjlogh(x) =

logh(x+y) =logh(x) + <Dh(};)) ») + Ot _;ézg%h(x) ylylel(xD)zh(x)
_ (Dh(x)

7 >2
2(h(x)?

where |R(x,y)| < C||y|*|jx|| > (log||x||)~" for some constant C < oo, all y € B,)>(x),

and all ||xH sufficiently large. As in the proof of Lemma 4, let E, = {[|A|| < ||x/|®}
for 6 € ( 1). Then applying the expansion in (63) to logh(Tx -+ A), conditioning

on & =x, and taking expectations, we obtain, for ||x|| sufficiently large,

20(T x A2 _ A2
E[(6(&) — (&) 15] = E [(D. (( ); A1, ] | Din(r )%;1[((?;) g,

+D1D2h(Tx)Ex[A~1A~zlEX] B x[< h(Tx), A 21]5{\]
h(Tx) 2(h(Tx))?
Let p’ € (2,3] be such that (1) holds. Then

>

+R(x,y), (63)

+E,[R(Tx,A)1g,]. (64)

B R(Tx, A) 15, | < Cll| B0 B([lA]17) = 0(|Ix] ),
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for some €' > 0.

Suppose that x € S;. By (15), E¢(4;42) = O(||x|| ~¢) and, by (29), E |A; Ax 1| <
CE[|A|*1g] = O(||x]| %), for some & > 0. Thus Ey(A;A15,) = O(|lx]| ). A
similar argument gives the same bound for E,[(A? — A?)1g]. Also, from (15)
and (62), E,((Dh(T2),4)) = O(x|2) and, by (29), E,[(Dh(Tx),A)1s] —
O(||x||727¢") for some & > 0. Hence E,[(Dh(Tx),A)1z,] = O(||x||"27¢"). Finally,
by (15) and (62),

E.(Dh(Tx),A)* =E, ((Dh(Tx))" AA" Dh(Tx))
(

S
:‘
~N

=

g
S
=
~

&
Jr

S

=

O
=

while, by (29), E,|[(Dh(Tx),A)* 15| = O(||x||"2¢). Putting all these estimates
into (64) gives

(D1h(Tx))?+ (Dyh(Tx))?

e o),

B [(£(&) — (&) 1E] = —

for some €’ > 0. On the other hand, for all ||x|| sufficiently large, [£(x+y) —£(x)] <
Cloglog||x|| 4+ Cloglog||y||. Forany p >2 and 6 € (%, 1), we may (and do) choose

g > 0 sufficiently small such that 6 (p — ¢) > 2, and then, by (29),
E.[(¢(61) — £(60))1E] < CEL[[|A]1"15¢]
= O(|lx| 5P~y = o(|lx| ), (65)
for some &' > 0. Thus we conclude that

(D1h(Tx))? + (D2h(Tx))?

7 )

Ec[0(&1) —((80)] = -

for some €' > 0. Then (59) follows from (62).
Next suppose that x € Sp. Truncating (63), we have for x € %5, and y € B, (x),

(Dh(x),y)

logh(x+y) =logh(x) + nx)

+R(x,y),

where now |R(x,y)| < C|ly||?||x||~%(log ||x||)~" for ||x|| sufficiently large. Hence

. [(DH(T3),4)15,] +0(] )

Ee[(€(&1) —(&0))1E,] = h(Tx)

Then by (65) and the fact that E |[(Dh(Tx),A)1ge| = O(|lx||=2¢) (as above),
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E.[(Dh(Tx), A)] +O(|lx]| )
h(Tx)

E.[0(&1) —£(&0)] = : (66)

From (62) we have

1 — 1 L A I
Dh(x) <x1 nxz),andhenceDh(Tx) ( s 1T 50y 72 %2 ’

I\ 0 T T \ A+ 125 —

using (13). If ﬁi <landxe€ S;f, we have from (16) and (17) that

E,(Dh(Tx),A)

() i}
= ‘usz( ) ||Tic||2 {ai {(m(ﬁi —1)—p(1+B%))sina+ (622/3i — 612) cosa}x[f

+ [agsina+(p —sn)cosoz}x1 +o(xfﬁi1)+o<1)}.

Taking 1 = mng as given by (58), the x| term vanishes; after simplification, we get

Zai + X 4 ii
EX<Dh(Tx),A>:M((ﬁi—ﬁc)x? +o(2P ‘)+0(1)). (67)

Using (67) in (66) gives (60).
On the other hand, if 8 *>landxe S;, we have from (18) and (19) that

E,(Dh(Tx),A)
ur(x) 1 {1

s> || TP L B*

+a* [Glzsinoc— (p 4—sn)cos0¢}x€3i +O(x%ﬁi)+0(1)}.

((sn(B* 1)~ p(14+B4) sina+ (3B — o7) cos ]

+
Taking 1 = 1 as given by (58), the x| term vanishes, and we get

+ 2
. ut(x)  x . o .
E.(Dh(Tx),A) = Peosa [T (61251n206+622005206— Bﬁlﬁ —psm2a+0(1)> ,

as ||x|| = oo (and x; — o). Then using the last display in (66) gives (61). O

The function £ is not by itself enough to prove recurrence in the critical cases,
because the estimates in Lemma 6 do not guarantee that ¢ satisfies a supermartin-
gale condition for all parameter values of interest. To proceed, we modify the
function slightly to improve its properties near the boundary. In the case where
max(B*,87) = B € (0,1), the following function will be used to prove recurrence,

2
1) = 85(1:6) = 1)+ T
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where the parameter 1) in £ is chosen as 1] = 1 as given by (58).

Lemma 7. Suppose that (M), (D), (R), and (C,) hold, with p > 2, € >0, ot =
—a~ = o for|a| < /2, and BT,B~ € (0,1) with B7,B~ < B.. Let 1 = 1o, and
suppose

0< }/<min(B+,,[3_,1—B+,1—ﬁ_,p—2).
Then as ||x|| — o with x € Sy,

1+n%+o(1)

Elgy(Gnr1) —8y(&n) | &n =] = 2| Tx|P(log || Tx|[)?

(68)

Moreover, as ||x|| — oo with x € S,

o
Elgy(&ns1) —gy(&n) | &0 =] < —2a*u*(x)(cosa+o(1)) [x]P" 7. (69)
Proof. Set uy(x) := uy(r,0) := 6(1 +r)~7, and note that, by (22), for x; > 0,

20sin®  y6%cosO 20cos®  yH’sinb

()7 (T Dauy(x) = r(L47)7 (Lr)tHy

Diuy(x) =

and |D;Djuy(x)| = O(r~277) for any i, j. So, by Taylor’s formula (28), for all y €
Br/Z(x)’
uy(x+y) = uy(x) + (Duy(x),y) + R(x,y),
where |R(x,y)| < C||y||?||x|| =27 for all ||x|| sufficiently large. Once more define the
event E, = {[|A|| < ||x[|®}, where now § € (£%,1). Then
E.[(uy(&1) = uy(80))15,] = Ex [(Duy(x), A)1E, | + O([lxl| 7).

Moreover, Ey |(Duy(x), A)1ge| < C||x|| 7"V Ey(]|A||1ge) = O(||x]| 7>7), by (29) and

the fact that 6 > % > pll. Also, since uy is uniformly bounded,

Ex[Juy(§1) — uy(80)[1Es] < CP(ES) = O(|lx]| ),
by (29). Since pd > 2+ 7, it follows that
E.[uy(&1) —uy(&)] = Ex(Duy(x),A) + O(||x]|7>77). (70)

For x € Sy, it follows from (70) and (D) that E.[uy (1) — uy(&)] = O(||x]|277),
and combining this with (59) we get (68).

Let B = max(B*,B7) < 1. For x € S, |8(x)| = O(rP~1) as ||x|| = o, so (70)
gives

20cosOE, Ay

= ey QU+ Ok,

Ex[”y(él) - “y(éo)]
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Ifx € 5% then 8 = +a*(1+0(1))x® " and, by (10), E, Ay = Fp* (x) cos a + (1),
SO

Euliuy(&1) - uy(&0)] = —2a* % (3) (cos o+ o) P27, 71)
For 1 =1 and B1, 3~ < ., we have from (60) that

1
D —
= ITx|*log || 7]

EdJ0(&1) — 4&) (oUIPE* 1 +0()).

Combining this with (71), we obtain (69), provided that we choose ¥ such that ﬁi —
2—y>2B*—3and BT —2—y> 2, thatis, y<1—-BTandy< B*. O

In the case where 87,8~ > 1, we will use the function

X1

A T

where the parameter 1 in £ is now chosen as 7 = 7 as defined at (58). A similar
function was used in [6].

Lemma 8. Suppose that (M,,), (D), (R), and (C;.) hold, withp >2, € >0, a™ =
—o~ =afor|a| <®/2, and Bt,B~ > 1 Let n = M1, and suppose that

1< < min ( 1 : 1 I p-l
2 =7 BT 2B 2 )

Then as ||x|| — o with x € Sy,

1+n°+0(1)
Efwy(&n1) —wy(En) | & =] = _2\|Tx||2(10g||Tx||)2. (72)
Moreover; as ||x|| — oo with x € S5,
u*(x)cosa+o(1)
E[wy(&nt1) —wy(n) | & =x] = — |x[[27 (73)
Proof. Let qy(x) := x1(1+ ||x||*) 7. Then
1 2yx3 2yx1x2
D - _ D ___ M
) = ey~ e P2 = Ty

and |D;D;qy(x)| = O(||x||"'=2") for any i, j. Thus by Taylor’s formula, for y €
B, (),

Gy(x+y) = gy(x) = (Dgy(x),y) +R(x,y),
where |R(x,y)| < C||y||?|jx||~'=2" for ||x|| sufficiently large. Once more let E, =
{l|A]l < ||x]|°}, where now we take & € (%, 1). Then

E, [(%’(‘51) - CIy(‘ﬁo))IEX] =E, [(qu(x)7A>1EJ + 0(||x||7]727),
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Moreover, we get from (29) that E, [(Dgy(x),A)1ge| = O(||x||~2r-%(>=1), where
6(p—1)>2y> 1, and, since g is uniformly bounded for y > 1/2,

E[(ay(81) = 4y(80))1ee] = O(|Ixl|7°),

where pd > 1+2y. Thus
Ex[ay(81) = ay(&0)] = Ex(Day(x),A) +O(||x[| =) (74)

If x € Sy, then (D) gives Ey(Dgy(x),A) = O(||x||='=27) and with (59) we get (72),

+
since ¥ > 1/2. On the other hand, suppose that x € S and 8% > 1. Then ||x|| > cxll3
for some ¢ > 0, so x; = O(||x||'/F%). So, by (74),

Edlgy(&1) — ay(&0)] = % Lo (Hxlﬁ%glzq |

Moreover, by (11), E; A; = u® (x) cos & +o(1). Combined with (61), this yields (73),

provided that 2y <2 — (1/8%), again using the fact that x; = O(||x|| 1/’3i). This com-
pletes the proof. 0O

4 Proofs of main results

We obtain our recurrence classification and quantification of passage-times via
Foster—Lyapunov criteria (cf. [15]). As we do not assume any irreducibility, the
most convenient form of the criteria are those for discrete-time adapted processes
presented in [26]. However, the recurrence criteria in [26, §3.5] are formulated for
processes on R, and, strictly, do not apply directly here. Thus we present appro-
priate generalizations here, as they may also be useful elsewhere. The following
recurrence result is based on Theorem 3.5.8 of [26].

Lemma9. Let Xo,X),... be a stochastic process on R¢ adapted to a filtration
Fo, 71, ... Let f : RY — R be such that f(x) — oo as ||x|| — oo, and E f(Xp) < oo.
Suppose that there exist ro € Ry and C < oo for which, for alln € Z,

E[f (Xns1) = f(Xa) | Zal <0, on {[[ Xl = ro};
Elf (Xus1) = f(Xa) | Fa] <C, on {|[Xa]| <10}

Then if P(imsup,,_,., || Xx|| = o) = 1, we have that P(liminf, . || X, || < ro) = 1.

Proof. By hypothesis, E f(X,,) < oo for all n. Fix n € Z and let 4, := min{m >
n: || Xm|l < ro} and, for some r > rg, set o, := min{m > n: ||X,,|| > r}. Since
limsup, ... [|Xy,|| = o a.s., we have that 6, < e, a.s. Then f(X,r1,1c,)> M > 1,
is a non-negative supermartingale with lim,, e f(X,ya2,16,) = f (X310, )> @.5. By
Fatou’s lemma and the fact that f is non-negative,
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Ef(X,) > Ef(XA,,/\G,,) >P(o, < ;Ln)y:“iﬁlgrf()’)

So

E f(Xa)
infy: > £ (V)
Since r > ro was arbitrary, and infy, >, f (y) — o0 as r — oo, it follows that, for

fixed n € Z, P(infy>p ||Xm|| < ro) = 1. Since this holds for all n € Z, the result
follows. O

P (inf ] <70 ) 2 B(Ry <) 2 Pl < ) > 1-
m=n

The corresponding transience result is based on Theorem 3.5.6 of [26].

Lemma 10. Let Xy, X,... be a stochastic process on R adapted to a filtration
Fo, F1,.... Let f:RY — R, be such that sup, f(x) < oo, f(x) — 0 as x| = oo,
and inf,.| <, f(x) > 0 for all r € R. Suppose that there exists ro € R for which,
forallneZ,,

E[f (Xnt1) = f(Xa) | Fu] <0, on {||Xa]| > 10}
Then if P(imsup,,_,., || Xy || = o) = 1, we have that P(lim,_ || X, || = ) = 1.

Proof. Since f is bounded, E f(X,,) < e foralln. Fixn € Z; and ry > ro. Forr € Z
let o, := min{n € Z; : || X,|| > r}. Since P(limsup,_,.. || Xu|| = 0) = 1, we have
o, < oo, as. Let A, :=min{n > o, : ||X,|| < r1}. Then f(X,,2.), n > O, is a non-
negative supermartingale, which converges, on {4, < e}, to f(Xj ). By optional
stopping (e.g. Theorem 2.3.11 of [26]), a.s.,

sup f(x) > f(Xq,) = E[f(X3,) | Fo,] 2 P(Ar < oo | Fg,) inf  f(x).

xillxf|>r xiflxf|<ry
So

SUPy > (%)
P(Ar < o0) < ———————,
( ) lnfx:HXHSrl f(x)

which tends to 0 as » — oo, by our hypotheses on f. Thus,
P (ligElfHX,,H < rl) =P (Nrez, {A <o}) = imP(A, < o) =0,
Since r; > rg was arbitrary, we get the result. O

Now we can complete the proof of Theorem 3, which includes Theorem 1 as the
special case & = 0.

Proof (of Theorem 3). Let B = max (BT, 87), and recall the definition of 3. from (5)
and that of sy from (7). Suppose first that 0 < 8 < 1 A .. Then s¢ > 0 and we may
(and do) choose w € (0,2s9). Also, take ¥ € (0,1); note 0 < yw < 1. Consider the
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function fvz with 6y = 6; given by (23). Then from (30), we see that there exist ¢ > 0
and ry < oo such that, for all x € §y,

E[f(&n1) = £1(8n) | &n =2 < —c[lx| ™2, for all [|x]| > ro. (75)

By choice of w, we have B — (1 —w)B. < 0, so (31) shows that, for all x € S,

Elf}(Ei1) — f1(&) | &n=x] < _C||x“yw72+ﬁi,

for some ¢ > 0 and all ||x|| sufficiently large. In particular, this means that (75)
holds throughout S. On the other hand, it follows from (39) and (M,,) that there is a
constant C < oo such that

E[f7(Ens1) = £1(8n) | & = x] < C, forall ||x|| < ro. (76)

Since w,y > 0, we have that f/(x) — oo as ||x|| — . Then by Lemma 9 with the
conditions (75) and (76) and assumption (N), we establish recurrence.

Next suppose that B, < B < 1. If B* = B~ = B, we use the function f,/, again
with 6y = 6; given by (23). We may (and do) choose y € (0,1) and w < 0 with
w > —2|so| and yw > w > 2 — p. By choice of w, we have  — (1 —w)f. > 0. We
have from (30) and (31) that (75) holds in this case also, but now f&f(x) — 0 as
[|x|| = oo, since yw < 0. Lemma 10 then gives transience when B = .

Suppose now that 5. < B < 1 with B # 3. Without loss of generality, suppose
that B = B > B~. We now use the function F,/" defined at (48), where, as above,
we take Y € (0,1) and w € (—2[sp[,0), and we choose the constants A, v with A <
0and yw+ B~ —2 < 2v < yw+ B+ —2. Note that 2v < yw — 1, so F2 (x) =
£7 (@) (140(1)). With 8y = 6; given by (23), and this choice of v, Lemma 5 applies.
The choice of y ensures that the right-hand side of (49) is eventually negative, and
the choice of w ensures the same for (50). Since A < 0, the right-hand side of (51) is
also eventually negative. Combining these three estimates shows, for all x € § with
||lx|| large enough,

E[F]Y (Gni1) = F]Y (&) | &0 =x] 0.

Since F)"Y (x) — 0 as ||x|| — oo, Lemma 10 gives transience.

Of the cases where B7, 3~ < 1, it remains to consider the borderline case where
B =B € (0,1). Here Lemma 7 together with Lemma 9 proves recurrence. Finally,
if BT,8~ > 1, we apply Lemma 8 together with Lemma 9 to obtain recurrence.
Note that both of these critical cases require (D) and (C;). O

Next we turn to moments of passage times: we prove Theorem 4, which includes
Theorem 2 as the special case oo = 0. Here the criteria we apply are from [26, §2.7],
which are heavily based on those from [5].

Proof (of Theorem 4). Again let B = max(B*, 7). First we prove the existence of
moments part of (a)(i). Suppose that 0 < B < 1 A, so sq as defined at (7) satisfies
50 > 0. We use the function £}, with y € (0,1) and w € (0,2s0) as in the first part
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of the proof of Theorem 3. We saw in that proof that for these choices of y,w we
have that (75) holds for all x € S. Rewriting this slightly, using the fact that fav/(x)
is bounded above and below by constants times ||x||"" for all ||x|| sufficiently large,
we get that there are constants ¢ > 0 and rg < oo for which

EL£1(En1) — f1(E0) | & =2 < —e(F(x))" ", forall x € § with ]| > ro. (77)

Then we may apply Corollary 2.7.3 of [26] to get E,(7}) < oo for any r > ry and any
s < yw/2. Taking y < 1 and w < 2s arbitrarily close to their upper bounds, we get
E, (1) < oo for all s < sp.

Next suppose that 0 < 8 < .. Let s > so. First consider the case where §7 ="
Then we consider f?v' with ¥ > 1, w > 259 (so w > 0), and 0 < wy < 2. Then, since
B—(1=w)B.=Pc— B+ (w—2s0)B: > 0, we have from (30) and (31) that

E[f5(&n+1) = £1(&a) | & =] > 0, (78)
for all x € S with ||x|| sufficiently large. Now set ¥, := A/ "(&,), and note that ¥,

is bounded above and below by constants times ||&,||, and ¥, = £7(&,). Write
Fn=0(&,&1,...,&). Then we have shown in (78) that

E[Y,, =¥ | Z,] >0, on {¥, > r}, (79)

for some r; sufficiently large. Also, from the ¥ = 1/w case of (30) and (31),
B
E[YnJrl_Yn \3‘}]2—?, on {Yn>r2}7 (80)
n

for some B < o and r; sufficiently large. (The right-hand side of (31) is still eventu-
ally positive, while the right-hand-side of (30) will be eventually negative if y < 1.)
Again let E; = {||A]| < ||x||®} for § € (0,1). Then from the ¥ = 1/w case of (41),

2
A (E@) - R @) 12 < ClAl

while from the ¥ = 1/w case of (39) we have

2
A @) = ™ (&) 1 < Clla ).
Taking 0 € (2/p, 1), it follows from (M,,) that for some C < o, a.s.,
E[(Yi1—Y,)? | %] <C. (81)

The three conditions (79)—(81) show that we may apply Theorem 2.7.4 of [26] to
get Ey(7¥) = oo for all s > yw/2, all r sufficiently large, and all x € S with ||x|| > r.
Hence, taking ¥ > 1 and w > 2s¢ arbitrarily close to their lower bounds, we get
Ex(7}) = oo for all s > 59 and appropriate r,x. This proves the non-existence of
moments part of (a)(i) in the case B+ = .
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Next suppose that 0 < 7,8~ < B. with B+ # B~. Without loss of generality,
suppose that 0 < 8~ < B+ =8 < B.. Then 0 < 59 < 1/2. We consider the function
E'Y given by (48) with 6y = 6; given by (23), A >0, w € (250, 1), and ¥ > 1 such
that yw < 1. Also, take v for which yw+ = —2 < 2v < yw+ 8 — 2. Then by
choice of ¥ and w, we have that the right-hand sides of (49) and (50) are both even-
tually positive. Since A > 0, the right-hand side of (51) is also eventually positive.
Thus

E[FPY (Eu1) —FIY(6n) | &0 = x] >0,

for all x € S with ||x|| sufficiently large. Take ¥, := (F»" (&,))"/("™). Then we have
shown that, for this Y;,, the condition (79) holds. Moreover, since yw < 1 we have
from convexity that (80) also holds. Again let E, = {||A|| < ||x[|®}. From (41)
and (52),

RV (et y) = FPY (0] < Cllyll ™,

for all y € B,./,(x). Then, by another Taylor’s theorem calculation,

[(F2 )™ = (R ()™ <

for all y € B, 5(x). It follows that E,[(Y; —¥p)*1g,] < C. Moreover, by a similar
argument to (40), |¥; — Yo|?> < C||A[|*"/9 on ES, so taking § € (2/p, 1) and using
the fact that yw < 1, we get E[(Y; — ¥y)*1£¢] < C as well. Thus we also verify (81)
in this case. Then we may again apply Theorem 2.7.4 of [26] to get E,(75) = o for
all s > yw/2, and hence all s > so. This completes the proof of (a)(i).

For part (a)(ii), suppose first that 7 = = = 8, and that 8. < 8 < 1. We apply
the function f,5 with w > 0 and Y > 1. Then we have from (30) and (31) that (78)
holds. Repeating the argument below (78) shows that E,(7¥) = oo for all s > yw/2,
and hence all s > 0. The case where B # B~ is similar, using an appropriate F,"".
This proves (a)(ii).

It remains to consider the case where B+, 3~ > 1. Now we apply £, with y > 1
and w € (0,1/2) small enough, noting Remark 4. In this case (30) with (32) and
Lemma 3 show that (78) holds, and repeating the argument below (78) shows that
E,(7}) = oo for all s > 0. This proves part (b). O

5 Appendix: Properties of the threshold function

For a constant b # 0, consider the function
¢(a) = sin® & + bsin2a.
Set & := 4 arctan(—2b), which has 0 < || < 7/4.

Lemma 11. There are two stationary points of ¢ in [—%, g] One of these is a local
minimum at O, with
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1
0(00) = 5 (1 V1 +4b2) <0.

The other is a local maximum, at 01 = 0o+ 5 if b >0, orat oy = a9 — 5 if b <0,

with
¢(a1):%(1+\/1+4b2> > 1

Proof. We compute ¢'(o) = sin2a + 2bcos2o and ¢” (o) = 2cos20 — 4bsin2ar.
Then ¢’(a) = 0 if and only if tan2c = —2b. Thus the stationary values of ¢ are
oy + k%, k € Z. Exactly two of these values fall in [—Z, Z], namely o and a; as

202
defined in the statement of the lemma. Also
9" (o) = 2cos2a — 4bsin2ag = (2+8b%) cos2ag > 0,

s0 O is a local minimum. Similarly, if |§| = /2, then sin26 = 0 and cos26 = —1,
SO
0" (0 +8) = —cos20 +4bsin20p = —¢" (),

and hence the stationary point at ¢ is a local maximum. Finally, to evaluate the
values of ¢ at the stationary points, note that

o | A sinoop — 2
ORI U T

and use the fact that 2sin” o = 1 — cos20p to get 0 (o), and that 2cos’ oy =
cos20p + 1 to get ¢ () = cos® g — bsin20p = 1 — ¢(ap). O

Proof (of Proposition 1). By Lemma 11 (and considering separately the case 612 =

03) we see that the extrema of (X, ) over a € [—%, %] are

2 2

O + 05 1 \/ 5 2

124 /(62— 062)" +4p2,
2622 2622 (2 1) p

as claimed at (6). It remains to show that the minimum is strictly positive, which is
a consequence of the fact that

2 2 2
of +05 — \/(612+622) —4 (0?07 —p?) >0,
since p? < 612622 (as X is positive definite). O
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