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ABSTRACT. The paper contains a construction of ramification theory for higher di-
mensional local fields K provided with additional structure given by an increasing
sequence of their “subfields of i-dimensional constants”, where 0 < ¢ < n and n is
the dimension of K. It is also announced that a local analogue of the Grothendieck
Conjecture still holds: all automorphisms of the absolute Galois group of K, which
are compatible with ramification filtration and satisfy some natural topological con-
ditions appear as conjugations via some automorphisms of the algebraic closure of
K.

0. INTRODUCTION

This paper deals with the formalism of ramification theory of higher dimensional
local fields. It comes from I.Zhukov’s approach [Zh], [Ab5] to such a theory in the
case of 2-dimensional local fields K, which is based on the introduction of the
additional structure on K given by its closed 1-dimensional local subfield K. of
dimension 1 — “the subfield of 1-dimensional constants”. Then the filtration of
I'x = Gal(Kgep/K) by its ramification subgroups appears in the form of decreasing
filtration of I'x by normal subgroups {I‘%) }ies2)- Here J(2) = Jy ] Jo, where
J1={jeQ|j=0},Jo={j€Q?|j=>(0,0)} (with respect to the lexicographical
ordering on Q?), and by definition each element of .J; is greater than every element of
Ji. For j € Jy, the groups I‘(I%) appear as the preimages of the classical ramification
subgroups of ', = Gal(K sep/Kc) with respect to the natural projection 7 from
'k to I',. The “2-dimensional part” of ramification filtration of I'x appears as
a decreasing filtration {F%)}je 7, of T = Kerm and its definition can be given
in terms of semistable reduction of the arithmetical scheme Spec Ox — Spec Ok,
attached to the field extension K D K. (here Ox and Ok, are corresponding
valuation rings).

The above interpretation of Zhukov’s approach admits a direct generalization
to the case of local fields of arbitrary dimension n, which are supposed to be pro-
vided with an additional F-structure given by increasing sequence of subfields of
i-dimensional constants with 1 < ¢ < n. The techniques developed earlier by the
author [Abl1-3] to study the classical ramification filtration can be adjusted to ob-
tain similar results for higher dimensional local fields. In particular, the paper
[Ab5] contains an explicit description of the ramification filtration of the maxi-
mal p-extension of 2-dimensional local field of characteristic p with Galois group
of nilpotence class 2 (p > 3). Following the strategy from [Ab4] one can use this
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description to prove a local analogue of the Grothendieck Conjecture for higher
dimensional local fields. This result is stated in n.6 below. It justifies that the
proposed ramification theory is sufficiently nice because it carries practically all
information about the original local field. Complete proofs of announced Theorems
1 and 2 are given in the papers [Ab6,7] in the case of local fields of dimension 2. It
would be interesting to compare our theory with recent approach to ramification
theory from [A-S] as well as with earlier approaches to such a theory by K.Kato,
O.Hyodo, etc., which were basically related to the study of arithmetical proper-
ties of abelian extensions of higher dimensional local fields. One can find a brief
exposition of related results together with necessary references in the book [HLF].!

1. n-DIMENSIONAL LOCAL FIELDS

By definition L is a local n-dimensional field if either n = 0 and L is a finite field,
orn > 1 and L is the quotient field of a complete discrete valuation ring O(Ll) with
residue field L, which is a local field of dimension n — 1. With the obvious notation
there is the following sequence of epimorphic maps and embeddings of valuation
rings and residue fields

L= L(O) D) 021) — f/ = L(l) D) 021()1) T E(n_l) = L(n)ﬂ (1)
where L(") is a finite field. For 0 < i < n, denote by O(Li) the preimage of LW
in L with respect to the composition of corresponding morphisms from (1). The
kernel of the natural projection from O(Lz) to L) will be denoted by m(Lz). Notice

that O(LO) =L and mg)) = 0. The ring O(Ln) will be denoted also by O, and will be
called the valuation ring of L.

A subfield F of L is closed if it is either finite or it is the fraction field of a closed
non-discrete (with respect to the corresponding valuation topology) subring of O(Ll)
and the corresponding residue field E is a closed subfield of the (n — 1)-dimensional
local field L. Then E is provided with a unique induced structure of local field
of dimension < n. On the other hand, if M is a finite extension of L, then M is
provided uniquely with a structure of an n-dimensional local field such that L is a
closed n-dimensional subfield of M.

In this paper we are going to consider only local fields L, which satisfy one of
the following two basic assumptions:

a) the finite characteristic case, i.e. char L = char L(™; in this case the field L
is always standard, that is L ~ k((t,))...((t1)), where k = L™ (for any field F,
F((t)) is a field of formal Laurent series with coefficients in F);

b) the mixed characteristic case, i.e. char L(®) = 0 but char L") = char L™ =
p > 0; in this case L is a finite extension of some standard field K{{¢,}}...{{t2}},
where [K : Q] < oo (if F D Q, then F{{t}} = F®z, imZ/p™Z((t))).

Only in the above two cases the absolute Galois group I'y, = Gal(Lgep/L) is
complicated enough to be provided with interesting ramification filtration.

Let t1,...,t, be a system of local parameters of L, i.e. for all 1 < i < n,
t; € m(Lz) and ¢; mod m%fl)
ation field LG~1 = O(Li_l) mod mg_l). Notice that t1,...,t, is a system of local

is uniformizing element of the complete discrete valu-

IThe author is very grateful to the referee and I.Fesenko for pointing out several inaccuracies
in the original version of this paper
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parameters if and only if #; is uniformizing element of O(Ll)7 ta, ...ty € O(Ll)* and
to mod m(Ll), ..., tp mod mg) is a system of local parameters in L(1). Clearly, L can

be identified with the set of all formal Laurent series

I= > fow.a Jti .t (2)

01 5ensin
where the sum is taken for all multi-indices (i1,...,%,) such that for some (de-
pending on [) lower boundaries m, m(i1), ..., m(i1,...,in—1), one has i; > m,
12 = m(i1),..., in = mi1,...,in—1), and [, ;] are Teichmiiller representatives

of aj,. 5, € L™ (if char L = char L(™, then the Teichmiiller representative of
a e L™ is just a itself). This identification has been considered in basic papers on
higher dimensional local fields (A.Parshin, K.Kato) via introducing a special topol-
ogy on L, with respect to which (we shall call it the P-topology) the above series
(2) are convergent (the concept of P-topology was analyzed and studied later by
I.Fesenko and I.Zhukov). Actually, the P-topology brings into correlation all n dis-
crete valuation topologies of the fields L = L(®) ... L™=V Notice that operations
of addition and multiplication are sequentially P-continuous in L. If 1 < i < n
and the ring O(Lz) C L is provided with the induced P-topology, then all natural
projections pr; : O(Lz) — L® are continuous. On the other hand, any choice of

local parameters t1, . .., t, gives rise to continuous sections s; : L(Y) — O(Lz) of pro-
jections pr; and implies a description of elements from L as formal power series (2).
It is also known that the P-topology of a finite extension E of L is compatible with
that of L with respect to an identification of L-vector spaces E ~ L™ m = [E : L],
given by some choice of L-basis in E. For these and related results we refer again
to the book [HLF].

So, it is natural to consider the P-topology as an essential part of the concept
of higher dimensional local field. In other words, when working with the category
of higher dimensional local fields we shall consider only P-continuous field mor-
phisms. For example, if t1,...,t, is a system of local parameters in L, then any
1 € Autp_yop(L) is uniquely determined by the images 9 (1), . .., (¢, ), which have
to form again a system of local parameters in L.

2. F-STRUCTURE

If L is an n-dimensional local field then its F-structure is given by an increasing
sequence of its closed subfields L.y C Leo C -+- C Len = L such that for all
1<i<n,

— L. is a closed i-dimensional subfield of L;

— L., is algebraically closed in L.

The subfields L.; may be treated as subfields of “i-dimensional constants”. It will
be also convenient to introduce the subfield of 0-dimensional constants. If char L is
positive, then the last residue field L(™ can be naturally identified with a unique
subfield of L and of all L.;, 1 <i < n. So, L™ may be interpreted as the subfield
of “O-dimensional constants” L.g. In the mixed characteristic case L contains
Qp, therefore, L. is the algebraic closure of Q, in L, and we take its maximal
unramified over Q, subfield as L.

If F is a finite extension of L then E is provided with a unique induced F-
structure such that for any 1 < i < n, E.; is the algebraic closure of L.; in
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E. Inversely, any given F-structure on E induces the F-structure of L given by its
subfields L.; := LNE.;. In the both cases above we shall call F-structures of ¥ and
L compatible. Throughout all this paper all local fields are assumed to be provided
with some F-structure. When considering any algebraic extension of n-dimensional
local fields we always assume that the corresponding F-structures are compatible.
Notice also that for 1 < ¢ < n, the subfields Lgi)_l = (Lei N O(Ll)) mod m(Ll) give
the induced F-structure of the first residue field L(*) of L. So, while giving an
F-structure on L we provide automatically all residue fields of L with uniquely
determined induced F-structures.

Suppose L is a standard field. Then either L = k((¢,))...((¢1)), where k is
a finite field, or L = K{{t,}}...{{t2}}, where K is a 1-dimensional local field
with uniformizing element ¢;. In the both cases ti,...,t, form a system of local
parameters in L. Associate to it the F-structure of L such that for 1 < j < n, the
subfield L. ; consists of elements { given in terms of corresponding formal series (2)
by the condition

oy, .4, = 0 if at least one of the indices ij11,...,%n 5 not zero.

In other words, for 1 < j < n, the subfield L. ; consists of elements presented as
formal series in variables t1,...,t;. This F-structure of (a standard field) L will be
called standard. The following proposition is very well-known application of Epp’s
result on eliminating wild ramification.

Proposition 1. Let L be an n-dimensional local field with F-structure. Then there
is a finite separable extension E' of Le,,—1 such that the induced F-structure on
E := LFE’ is standard.

Proof. Apply induction on n.

If n =1 then there is nothing to prove.

Let n > 1 and let L,y be an algebraic closure of L. By Epp’s Theorem [Epp, KZ]
there is a finite separable extension My of L¢q in Laig such that if M = LM, then
any uniformizing element ¢; of M; appears also as a uniformizing element of M
(with respect to its first valuation). Let M’ = M) be the first residue field of M.
Consider its induced F- structure {M/, | 1 <i¢ < n— 1}, where M/, = (MC,Z'H)(D
is the first residue field of M, ;1. By induction there is a finite separable extension

E' of M/, 5 in LS; such that the induced F- structure {E.; | 1 < i < n — 1}
of E := E'M’ is standard, i.e. it is associated to some system of local parameters
1?1, “ o ,fn_l of E

Let E be one of unramified extensions of M in L,j, with the (first) residue field
E. For 1 < i < n, denote by E.; the maximal unramified extension of M.; in E.
It is easy to see that {E.; | 1 < i < n} is F-structure on F, this F-structure is
associated to a collection of local parameters t1,...,t, such that for i = 2,...,n,

t; € Ogc) and ¢; mod mgc) = t;_1. The proposition is proved.

Remark. If in the notation of the above proposition M’ is a finite extension of E’
then the induced F-structure of M := LM’ is not generally standard. Nevertheless,
we have the following property:

— if t1,...,t, is a system of local parameters of E, which is associated with its
(standard) F-structure, and uq, ..., u,—1 is a system of local parameters of M’ then
UL,y ..., Un_1,tn is a system of local parameters of M.
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3. THE VALUATION vy,

A valuation of rank n of an n-dimensional local field L is a map v : L —
Q" U {0} such that
— v|g+ is a group homomorphism from L* to Q™ and v(0) = oc;
— v(l1+12) = min{v(ly),v(l2)}, where Q™ is provided with lexicographical ordering
and by definition oo is greater than any element of Q™;
— if 1 < i < n and v* is the i-th coordinate function of the map v, then

oW ={leL| @), v 1) =01

where here and everywhere below 0, := (0,...,0) € Q.

As usually, if E is an algebraic extension of L then there is a unique valuation
v’ of rank n on F such that v'|;, = v. Inversely, any valuation v’ of E induces the
valuation v = v'|p, of L. (In these both situations we often use below the same
notation for v and v'.)

Suppose an n-dimensional local field L is provided with some F-structure
{L¢i | 1 <4 < n}. A valuation v of L will be called compatible with this F-
structure if for all 1 < i < n, it holds v(L?;) C Q' ® 0,,—, i.e. for all [ € L¥,, the
last n — ¢ components of v(l) are zeroes. Suppose [E : L] < co and the valuation v’
on E is the extension of v. Then the compatibility of v with some F-structure on L
is equivalent to the compatibility of v’ with the corresponding induced F-structure
on F.

Proposition 2. If v and v1 are valuations of rank n on L, which are compatible
with its F-structure then there is d € Q™ such that for any l € L, v(l) = dvi(l) —
the component-wise product of vectors d and vi(l).

Proof. By Prop.1 and the uniqueness property of extension of valuations the state-
ment can be reduced to the case of a field L provided with a standard F-structure.
Let t1,...,t, be a system of local parameters associated with such F-structure and
let for 1 <@ < n, v(t;) = (@1,...,qim) € Q" and v1(t;) = (aly,...,al,) € Q™
By the definition of valuation of rank n we have a;; = agj =0 foralli>j In
addition, F-compatibility of v and v, implies ay; = agj =0 for all i < j. So, we
can take d = (a11/y, - .., Qun/cl,). The proposition is proved.

If [E: L] < oo, introduce the vector ramification index ég /1, = (e1,...,e,) € Z"
by setting for 1 < i < n,
ei =[Fei: LeiFBeio1] = [Bei: Leil[FBeio1: Leio1] ™"
Notice that if L C E C E; is a tower of finite extensions (with compatible F-
structures) then ég, /1, = €g, /E€E/L-

Proposition 3. Any n-dimensional local field L with an F-structure can be pro-
vided with a unique valuation vy of rank n such that

a) if L has a standard F-structure and t1, ..., t, is a corresponding system of local
parameters, then for all 1 <i < n, vr(t;) = (0i1,...,0mn), where § is the Kronecker
symbol;

b) if [E : L] < oo, where E has standard F-structure, then vy, = EE}LUE.
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Proof. a) Clearly, the values vy (t;), 1 < ¢ < n, determine vy, uniquely and it is
easy to see that for any other corresponding system of local parameters uq, ..., uy,
it holds vy, (u;) = vp(t;), i =1,...,n.
b) It will be sufficient to verify that if £ and L are provided with standard
F-structures, then
VE = €g/LVL. (3)

Suppose t1, ..., t, is a corresponding system of local parameters in L and w1, . .., uy,
is a corresponding system of local parameters in E. Then relation (3) easily follows
from the fact that for any 1 < j < n, u1,...,u;-1,1; is a system of local parameters
of L¢jEc j—1 and u1, ..., u; is a system of local parameters of E. ;. The proposition
is proved.

Notice that the above valuation vy, is automatically compatible with given F-
structure on L and for any finite extension F of L, it holds vg = €g/rvr. Besides,
for any 1 <4 < n, vy, induces the valuation vy,., when being restricted to L.

On the other hand, if L is the i-th residue field of L, where 1 < i < n, then vy,
generally does not induce the valuation vy on L(®). But this will be true if e.g. a
given F-structure of L is standard.

4. SUBGROUPS I'/;, AND ITS RAMIFICATION SUBGROUPS

Let Lo be a local field of dimension n with F-structure. Choose an algebraic
closure Ly of Ly and suppose everywhere below that any algebraic extension L of Lg
is chosen inside Lo and is provided with the induced F-structure {L.; | 0 < i < n}.

For any finite normal extension E of L, set I'g;;, = Gal(E/L(;)), where L,
is the maximal purely non-separable extension of L in E. Notice that I'g, is
identified also with the Galois group of the maximal separable extension E(y) of L
in E, cf. [Jac], n.8.7. With the above agreement use the induced F-structure on
E to introduce the group fE/L = T'g/LE,,_,- Clearly, there is a natural exact
sequence N

1 —Tg/y —Tey—TEe, /L — L

cn—1
Let J, = {j € Q" | 5 > 0,}, where Q" is provided with the lexicographical
ordering. Consider a finite extension M’ of E.,_1 in Lo such that the induced
F-structure {E.; | 1 < i < n} of E := M'E is standard, c¢f. Prop. 1. Then
any system of local parameters ¢q,...,t,_1 of Ec,nq = M’ can be extended to
a system of local parameters t,...,t, 1,0 of E = EM'. Let L = LM'. Then
the extension of 1-dimensional complete discrete valuation fields E(®=1) /L(n=1) js

)

totally ramified and # mod m%ﬁl is uniformizing element of E(™=1_ This implies

that t1,...,th_1, NE/ZG is a system of local parameters of L and we obtain very

important property of monogeneity Oz = Oz[f].

Remark. Notice that if M] is any finite extension of M; and El = EM{ and
L, = LMj then we still have the monogeneity property O 7 = Oz, [0]. This follows
easily from Remark in n.2.

Let vg be the valuation of rank n on E from Prop.3. Use the natural identifica-
tion '/, = FE/Z to set for any g € 'y,

ig/L(9) = vE(90 — 0) —vE(0).
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Then ig,1,(g9) € Jn U{oc} does not depend on the above special choices of the aux-
iliary field M’ and the generator 6 (but it definitely depends on the corresponding
F-structure on L). For any j € J,, set

fE/L,j ={ge fE‘/L | ig/(9) = 7}

This is a decreasing filtration of r £,/1 by its normal subgroups, which is parametrized
by elements of J,,. Define the auxiliary Herbrand function ¢g,r, : Jn — J,, by the
relation

I
QE/L(]‘):EE‘}L/_ Te/r,;dj.

The value of this integral coincides with that of the corresponding integral sum
taken for the partition 0,, < j1 < --- < js < j where all breaking points j1, ..., js
are the indices of jumps of the ramification filtration {f E/L,j; between 0, and j.
This implies for any j € J,, that

@E/L(j)zéE}L Z min{ig,1(9),7}

QEFE/L

Suppose a subfield F' of E is normal over L. With the above notation we have
a tower of normal extensions E O F := FM' > L. Con81der the natural projection
e FE/L — FF/L = FF/L Then Kerm = FE/F = FE/F.

Clearly, for any XS I‘E/F, it holds 7 /1,(6) = 7g () and, therefore, one has for
all 7, FE/F] = FE/F N FE/L j-

Notice that the extension of penultimate residue fields E(”*l)/F("’l) is totally
ramified, so t1,...,t,—1, NE/};Q is a system of local parameters of F', we still have
the monogeneity property Oz = O7[Ng / #0], and we can introduce for all j € J,,

the subgroups fF/L,j.
Proposition 4. For any j € J,, W(fE/L,j) = fF/L@E/F(j)'

Proof. We follow arguments from the proof of corresponding 1-dimensional property
from [AN], Ch.1.

Clearly, we have w € W(fE/LJ') & j <d(w) :=max{ig/(y) | 7(y) = w} and
w € fF/L,vBE/F(j) & ¢p/r(j) <ip/r(w). So, it is sufficient to prove that

Pr/r(dw)) =1p/L(w).

Suppose vy € fE/L is such that m(y) = w and ig,(y0) = d(w). For any
o€ fE/F, we have
Indeed,
i5/L(700) = vE((100)0 — 0) —vg(0) >

min{ve (70 (60 — 0)),vE(y08 — 0)} — vE(0) = min{ig,(0),75,/L(Y0)},
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and this inequality becomes the equality if 75 /7,(6) < 7g/1(70). On the other hand,
if iE/L((S) 2 iE/L(PYO)v then
d(w) =2 g/ (70) = min{ig,(6),75/L(v0)} = ig/L(Y0) = d(w)
and the equality (4) still holds. So,
Pu/p(dw) =eg)p Y min{in/p(),dw)} = eg)p ig/L(7)

S€lp/Fp Y€l g/ F
m(y)=w

(notice that 75/ (d) = ig/1()) and our proposition will be implied by the following
lemma.

Lemma. For any w € fE/L, it holds

ep/rip/L(w) = Z ig/L(7)-

'YefE/L
m(y)=w

Proof. As earlier, we have O = Oz [0] and O = Op[¢'], where 6" = N i:(6). Let
fX)=X"+a X" '+ +a, € 0z[X]
be the minimal monic polynomial of 6 over F. Consider
WHX)=X"+w(a)X™ '+ +w(an) € O[X].

Clearly, am = (=1)™0", ip/(w) + vr(0) = vE(Wam — am) < vr((Wan — an)d™ ™)
for all 1 < n < m, and therefore,

ve((Wf)(0) — f(0) = ep/rvr((Wf)(0) — £(0)) = ep/r(ir/L(w) +vr(0)).
On the other hand, the equality

wh)O)—fO) = ] 0-~9)

’YEFE/L
m(v)=w

implies
ve((Wf)©O) = fO) = D (s/(v)+ve(0)
"/EfE/L
()=
and it remains to notice that €/ pvr(0') = ve(0') = [E : Flog(0).
Proposition 5. For any j € J,, it holds
Gr/(j) = @r/L(Pr/F(d)) (5)

Proof. The both functions are piecewise linear functions taking the same value 0,
in 0,,. Notice that Prop.4 gives for any j € .J,,, the following natural exact sequence
of ramification subgroups

1—Tpp; — Tr/ng — Tr/nge () — 1

Therefore, |fE/L7j| = |fE/F,j||fF/L7¢E/F(j)|. This relation implies the equality of
derivatives of the both sides of (5) in all j except a finite number of edge points
coming from jumps of the corresponding ramification filtrations. The proposition
is proved.
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5. RAMIFICATION FILTRATION OF I'j,

As earlier, let L be an n-dimensional local field inside Ly provided with induced
F-structure {L.; | 1 < i < n}. Denote by Lg, the separable closure of L in Ly
and set I';, = Gal(Lgep/L). Consider the set of indices J(n) = Jo[[J1--- ] Jn,
where as earlier J; = {j € Q' | j > 0; € Q'} for all 1 < i < n and Jy = {c},
where c is just a symbol. The set J(n) is provided with the ordering coming from
lexicographical orderings inside each of its component Jg, 1 < s < n, and by setting
that for 0 < 51 < s < n, every element of Jg, is less than any element of J,. We are
going to define the ramification filtration {T'/)} jeJ(n) of the absolute Galois group
Tr.

Consider a finite Galois extension E/L with the induced F-structure
{Eci | 1 < i < n}. Then for all 1 < i < n, E;;/L.; is a finite Galois exten-
sion of i-dimensional local fields provided with induced compatible F-structures.
Besides, for all 1 < ¢ < n, we have the natural exact sequences

~ 7
1 FEci/Lci FEci/Lci FEc,i—l/Lc,i—l L.

Let vg be the valuation of rank n on E from Prop.3. Then vg|g,, = vg,, is
also the valuation of rank i on E.; from Prop.3 whilst Q’ being identified with
Qi 2] ani C Qn

Let j € J(n). If j =c € Jo weset 'y . = I'g/r. Suppose that j € J; with
1 <4 < n. Consider the subgroup fEci/Lm,j of I'p /1., from n.4 and denote
by I'g/r,; its preimage with respect to the composition of all projections 7, with
s=14+1,...,n. It is easy to see that {I'g/r j}jcs(n) is a decreasing filtration by
normal subgroups of '/, This completes the definition of ramification filtration
of the group '/, in lower numbering.

Define the Herbrand function g/, : J(n) — J(n) as follows. For ¢ € Jo, set
vp/r(c)=c. For1<i<nandjeJ; CJ(n),set pp/r(j) = Pr.,/n..(J)

Clearly, vg,, is a bijection of J(n) such that ¢g/r(J;) = J; for all 0 < i < n.
Prop.4 implies obviously the following property.

Proposition 6. Let E D F D L be a tower of finite Galois extensions provided
with compatible F-structures and let ™ be a natural epimorphism from U,y to
T'p/r. Then for any j € J(n),

a) T(T'r/r,j) = Cr/L e ei)s

b) op/L(j) = er/ (ee/r())-

As usually, introduce the upper numbering of the ramification filtration of I'g;/ 1,
by setting
(ep/L())
Ty = FE/L

for all j € J(n). By the above Prop.6 the ramification filtration in upper number-
ing behaves well in the projective system of all finite Galois extensions E/L with
compatible F-structures and we can introduce for all j € J(n), the ramification

subgroups
() — i T
Iy’ = mrE]/L

EDL

of the absolute Galois group I'.
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H
sep?

Notice that if H is an open subgroup of I'y, and E = L
sequence of subgroups

T, oTWHESTY S 5T H S H
corresponds to the tower of algebraic extensions
LCLE.c.CLE;C---CLE.,—1 CE.

In particular, if ez, = (e1,...,e,), then e; = (I‘(LO)H : I‘(LO’O)H), B
(I‘g)")H : H), i.e. the ramification filtration contains all information about the
vector eg/ .

Similarly to the classical 1-dimensional case the composition property from
Prop. 6b) allows to extend the definition of Herbrand’s function ¢g,; to the
case of all not necessarily normal finite extensions E/L of n-dimensional local fields
with induced F-structures. Equivalently, the Herbrand function can be introduced
directly (cf. e.g. [De] for 1-dimensional case): it will be sufficient to replace in

then the decreasing

all the above constructions the group I'g,;, by an appropriate subset I, g/ of L-
isomorphic embeddings of E into Lg. Then the Herbrand function is a piece-wise
linear function on J(n) and its “edge points” correspond to the jumps of the corre-
sponding filtration {Ig /1, ;} ;e (n). The above definitions and formal computations
with Herbrand’s functions imply the following proposition.

Proposition 7. Suppose E is a finite extension of an n-dimensional local field L
and let g1, be the inverse Herbrand function. Then

a) for any j € J(n), ngE/L(j)) = F(Lj) NIg;
b) if j € J; with 1 <1i < n, then

J N a0\ —1
vrn() = epme | (0PTR:10) " d (6)
0;
(iféE/L = (61, .. .,en) then éE/L,gi = (61, ce ,61‘)).

Proof. We can assume that j € J,.
Let E; be any finite Galois extension of L containing F. Then for any j € J,,,

Ve e (VE/L(j)) = ¥Ep,/L(j) and, therefore,

(¥e/L0)) ()
Tpm  =Teyews,n6) = Ceiys () NTeye =T, N B

Taking the projective limit on E; we obtain the property a).
In order to prove b) notice that

N - _ . . ~ . ~ ) _ 1
(rrg 1) = (11 Arge) (1 nrg r arg)
where the first factor equals |Fg1)/L| =[E, /1,95, ,.(j)| and the second factor equals

We/L() | ~We/L() o)\t -
(FE B/L() rl 2/L(d) A F(El )) _ |FE1/E,wE1/L(j)| 1

So, the derivative of the right-hand side in (6) equals
e, /LITE /s, o) €a BT B Bae, ()| =
/ 1 . / Y A\ —1 ’ .
e Ve L) Orye W) =Yg L)W 8 (e () = VgL0)-
The proposition is proved.

Notice that the left-continuity property of the ramification filtration implies
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Proposition 8. For any finite extension E/L of n-dimensional local fields, there
is a mazimal j(E/L) € J(n), such that FSEJ}L acts non-rivially on E if and only if
J<J(E/L).

One must be a bit careful about the definition of edge points in 0; € J; for
1 < i < n. They should correspond to tamely ramified sub-extensions. Anyway,
if E/L is a p-extension, then such sub-extensions doesn’t exist, and we have the
following important property.

Proposition 9. If E/L is a p-extension, then all edge points of the Herbrand
function correspond to the jumps of the ramification filtration, and the point

(@E}L(j(E/L)),j(E/L)) is the last edge point of gz,

In the paper [Ab5] the definition of ramification filtration was given in slightly
different terms: when giving the definition of ramification subgroups r E/L,; from
n.3 we used the extension of a chosen from the very beginning valuation v of the
basic field Ly instead of the canonical valuation vg. Actually, if v = vy, then the
both definitions of ramification filtration for the Galois group I'f, coincide. So, the
main result from [Ab5] gives an explicit description of the ramification filtration of

the groups I‘L/FiM C3(T'y), where M > 1, C5(T') is the subgroup of commutators
of order > 3 and L is a 2-dimensional local field of characteristic p provided with
a standard F-structure. This result admits a direct generalization to the case of
n-dimensional local fields and plays a crucial role in the proof of a local analogue
of the Grothendieck Conjecture, cf. n.6 below.

As usually, let L be an n-dimensional local field with the subfield of i-dimensional
constants L.; and the i-th residue field L(¥, 0 < i < n. Then there are natural
group epimorphisms m; : I'r, — I'z,, and @ .1, — T'r¢y. By the use of the
relation between vy, vy, and vy we obtain the following property.

Proposition 10. 4 ' '
a) If j € J; C J(n) then m(TY)) = e if I > i and (DY) =TV if 1 <i;
b) If L is provided with a standard F-structure and j € J(i) then 7 (F(Lf(j))) =

Fg(),.,), g)heref 2 J(i) — J(n) is such that for 0 < s < i and j € Jg, it holds

f(]) =0,_;XJ€ Jernfi'

6. A LOCAL ANALOGUE OF THE GROTHENDIECK CONJECTURE

6.1. The category FPG(n), n € N. The objects of this category are profinite
groups G with decreasing filtration by its normal closed subgroups {G)} jed(n)-
Suppose H is an open subgroup of G. Define “the vector ramification in-
dex” égy = (e1,...,en) € Z", where e = (GOH : GOOH), ..., e,1 =
(GO-DH: GOVH), e, = (GOH : H).
Define also “the inverse Herbrand function” ¢gy : J(n) — J(n) by setting
Yau(c) = c and

J ) _ _ N1
wcH(j) = éGH7<i/ (G(])H(Oa‘,) . H(m)) dj,
0;

where j € J;, 1 <7< n, HO) .= g nGo) and, as earlier, the vector eqn,<; € VA
consists of the first ¢ coordinates of the vector eqy.
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If G1,G2 are objects of the category FPG(n), then the set of morphisms
Homppg(n)(G1,G2) consists of open embeddings i : G1 — G2 such that for any
j € J(n), it holds

i (G(l’l/«'Gzi(Gm(j))) — Z(Gl) ) Gé]) (7)

Following arguments from [Ab4], n.1.2, one can verify that the composition of any 2
morphisms in FPG(n) is again a morphism in FPG(n) (what is actually equivalent
to the composition property of the above inverse Herbrand function). Therefore,
FPG(n) is a category.

Define also the category FPGP(n). Its objects are objects G of the category
FPG(n) provided with additional structure given by some topology on the maximal
abelian quotient H?P of every open subgroup H of G. These topologies must be
compatible with natural maps Hi® — H?P where H; is another open subgroup
of G such that H; C H. Morphisms in FPGP(n) are morphisms 7 : G; — G»
from FPG(n) such that for any open subgroup H of G; the corresponding map
7aP . H3> — 7(H )P is continuous with respect to the corresponding topologies of
these abelian subquotients.

6.2. The category DVF,(n). Choose a basic n-dimensional local field Ly =
Fp((tn)) ... ((t1)) with standard F-structure {Lo; | 0 < i < n} associated to the
system of local parameters ti,...,t,. Let Lg be an algebraic closure of Ly. The
direct limit of P-topologies of all finite extensions of L gives the P-topological
structure on Lg. Denote by C(n), the completion of Ly with respect to its first
valuation v} = pry(vy,). The P-topological structure on C(n), appears as vi-adic
topology associated with P-topology of Lg. For 0 < i < n, denote by C(i), the
completion of the algebraic closure of Lo, in C(n),. Notice that we have the induced
P-topological structures on the fields F, = C(0), C C(1), C --- C C(n),.

Objects of the category DVF,(n) are finite extensions K of Ly in C(n),. Any
such field K is provided with induced F-structure {K.; | 0 < ¢ < n}, where K.; =
K NC(i)p. Notice that C(n),* = R(K) — the radical closure (=the completion of
the maximal purely non-separable extension) of K in C(n),. Similarly, for 0 < i < n,
it holds that C(i)L% = R(Kc;).

Suppose K,L € DVF,(n). Then the corresponding set of morphisms
Hompyr(K, L) in the category DVF,(n) consists of all P-continuous field mor-
phisms ¢ : C(n), — C(n), such that for 1 < i < n,

a) (C(i)p) = C(i)p;

b) ¢(Kc;) C LeiR(Lc,i—1) — the closure of the composite of L; and R(L¢,;—1) in
C(n)yp;

¢) LeiR(Lc,i—1) is separable over ¢ (Ko R(Kci—1)).

Notice that for all ¢, K¢;, Le; € DVF,(4) and ¢|k,; € Hompyr(Kei, Lei)-

If v: K — L is a separable field embedding then it induces a morphism in
DVF,(n), which we denote by the same symbol +.

It is easy to see that ¢ € Hompyr (K, L) is isomorphism if and only if LR(L¢ ,—1) =
@(KR(K¢pn—1)). This implies that Lc;R(Lci—1) = ¢(KciR(Kci-1)), i.e. |k, is
an isomorphism in DVF, (i) and R(Lc;) = p(R(K,;)) for all 1 < i < n.

Proposition 11. Any ¢ € Hompyr (K, L) is uniquely decomposed into the com-
position of a field embedding and an isomorphism.
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Proof. The proof can be obtained by the use of the following lemma, which is a
consequence of Krasner’s Lemma and results from [Jac], n.8.7.

Lemma. Suppose K’ is a closed subfield of K € DVF,(n). Then for any finite
separable extension M of KR(K') of some degree d, there is a unique separable
extension M of K of degree d such that M = MR(K'). In addition, if M’ is
the algebraic closure of K' in M then R(M') = M'R(K') and, therefore, M =
MR(M).

6.3. The category DVFg,(n). Choose a basic n-dimensional local field Ly =
Qp{{tn}}- . {{t2}} with the standard F-structure {Lo; | 0 < i < n} associated to
the system of local parameters p = ti,t,...,t,. Let Lo be an algebraic closure
of Ly. Denote by C(n), the completion of L with respect to its first valuation.
For 0 < ¢ < n, denote by C(i), the completion of the algebraic closure of Ly; in
C(n)p. As earlier, the P-topological structure of finite extensions of Ly induces
P-topological structures on the fields @p,ur =C(0), Cc C(1), C --- C C(n)p.

The objects of the category DVFq,(n) are finite extensions K of Lo in C(n),.
Any such field K is provided with the induced F-structure {K.; | 0 < ¢ < n},
where Kc; = K N C(i)p. Notice that C(n),* = K cf. [Hy] and, similarly, for all
1 <i<n, Cli)x = Kei.

Suppose K,L € DVFq,(n). Then the corresponding set of morphisms
Hompyr(K, L) in the category DVF(,(n) consists of all P-continuous field mor-
phisms ¢ : C(n), — C(n), such that for 1 <i < n,

2) $(C(i),) = Cli)y:
b) QO(KC'L') C Lei-

6.4. The functor RF,. Let K € DVF,(n). Then K is provided with canonical
F-structure and, therefore, RF,(K) := I'x = Gal(Kgsep/K), where Kgep is the
separable closure of K in C(n),, being provided with the corresponding ramification
filtration becomes an object of the category FPG(n).

Let L € DVF,(n) and ¢ € Hompyr (K, L). By Lemma from n.6.2 the categories
of separable extensions of L and of K are equivalent to the categories of separable
extensions of LR(L¢ ,—1) and, respectively, of KR(K.,—1). Therefore, the separa-
ble field embedding ¢ : KR(K¢ pn—1) — LR(Lcn—1) gives rise to the embedding ¢
of the first category into the second and we obtain an open embedding of topological
groups ¢* : I'p — I'g.

Proposition 12. ¢* € Homppe (', T'k).

Proof. If ¢ comes from a separable field embedding of K into L then our proposition
follows from Prop.7. Therefore, by Prop.11 we can assume that ¢ is isomorphism
and we must prove that for any j € J(n), it holds @*(F(Lj)) = F(]?.

Suppose that L’ is a finite Galois extension of L, then K’ := @(L’) is Galois
over K and we obtain induced group isomorphism ¢* : I'z, ), — T'gr /. We must
verify that for any j € J(n),

" Cryrg) =TryK; (8)

The compatibility of ¢ with F-structures on K and L implies that for all 0 < i <
n, ¢* is compatible with natural projections I'rr/;, — TI'p; /1., and I'xr /e —
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'k /K., and induces group isomorphisms

eoi T jpei — Ukt ke (9)

We can assume by induction that ¢}, are compatible with ramification filtration
for all i < n and, therefore, it is sufficient to prove (8) only for all j € J,,. Notice
also that (9) implies that e(L'/L) = e(K'/K).

Choose a finite extension M of L, ,,_; such that if L'=L'M,L=LMK=g(L)
and K' = ¢(L'), then:

a) there is L, with standard F-structure such that L' C L} ¢ L';
b) there is K with standard F-structure such that K’ ¢ K} C K'.

Then there are §; € L and 0 € K/ such that Oz, = Oz[0L] and Of, =

Ox0k], cf. Remark in n.4. Therefore,

Otrir, )= Oirie. »l0t] = Otpi,,, »lelx)] (10)
Lemma. Ifwvp and vk are valuations of rank n from Prop.3, then ¢*vp = vk,
i.e. for any z € C(n)p, v (2) = v/ (p(2)).

Proof of lemma. Because é(L'/L') = é(K'/K’), it will be sufficient to prove that
©*v;, = vg,. By induction we can assume also that ¢*v7, and vg, coincide when

being restricted to K

c,n—1-

Notice, that any system of local parameters of f(é’nfl being completed by O
gives a system of local parameters of K’ So, we must prove only that vz, (¢(0x)) =
vf(, (91{)

From the definition of valuations v;, and v, it follows v;,(0L) = éf,l/zll v, (0p) =
(0,...,0,1) and, similarly, vz, (0x) = (0,...,0,1), i.e. vz (0x) = v;,(0L).

It remains only to note that 8 and 61 appear as lifts of uniformizing elements
of the (n — 1)-th residue fields of the fields E’R(zg7n_1) and I?’R(I?ém_l), which
are isomorphic under ¢. Therefore, v, (¢(0x)) = v7,(0L).

The lemma is proved.

From (10) it follows that we can use ¢(fk) instead of 6 to compute rami-
fication invariants of I'r,/r. So, for any 7 € T'r/ /), = VAR holds i/ /r(1) =
vp (T((0k ) — (k) —vi (p(0k)) = vier (0™ (T)0k — Ok ) — v (0K ) = iy (07T).
The proposition is proved.

Now we can set RF,(¢) = ¢* to obtain the functor RF),, : DVF,(n) — FPG(n).
Actually, if K € DVF,(n) then I'y can be considered naturally as an object of the
category FPGP(n). Indeed, if H C I'k is an open subgroup then H = I'g where
[E : K] < oo and H?" is provided with the P-topological structure coming from
P-topology on E by Witt-Artin-Schreier duality. Clearly, RF,(¢) is a morphism of
the category FPGP(n).

The functor RF,, is faithful. This follows from the faithfulness of action of the
group of all P-continuous field automorphisms of K R(K ,—1) on the Galois group
of the maximal abelian extension of K of exponent p. The proof is based on a
suitable version of Artin-Schreier theory. Actually, we have the following local
analogue of the Grothendieck Conjecture in characteristic p:
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Theorem 1. The functor RF, : DVF,(n) — FPGP(n) is fully faithful.

The above formalism of ramification theory reduces the above statement to the
following result.

Theorem 1°. Suppose that K is an n-dimensional local field of characteristic p, K’
is its subfield of (n—1)-dimensional constants and {I‘%) Yier. is the “n-dimensional
part of ramification filtration” of I'x. Then any continuous group automorphism
m: ' — Tk such that' '

a) for any j € Jy, W(F%)) = I‘(I%) ;

b) for any open subgroup H of 'k, 7|gav is P-continuous,

is induced by a P-continuous field automorphism ¢ of KR(K') such that
P(R(K')) = R(K').

The proof follows the strategy from the proof of the corresponding 1-dimensional
property from [Ab4] and will appear in [Ab6] for the case of 2-dimensional local field
K. We use the explicit description of ramification filtration of the maximal quotient
of the Galois group of the maximal p-extension 'k (p) of nilpotence class 2. Then
we prove that any its group automorphism, which is compatible with ramification
filtration and P-continuous on I'x (p)®", must satisfy very serious restrictions.

6.5. The functor RFy. Let K € DVF(,(n). As earlier, K is provided with the
canonical F-structure and RF(K) := 'k is an object of the category FPGP(n).
If L € DVFg,(n) and ¢ € Hompyr(K, L) then ¢(K) C L is a finite extension

and the corresponding group embedding I'r, C T'y (k) “Lr K gives the morphism
RFo(p) € Homppep(T'z, Tk ). Again RFy is a functor and we have

Theorem 2. The functor RFy : DVFq,(n) — FPGP(n) is fully faithful.

The proof follows again the strategy from [Ab4]. First of all, we adjust the
construction of the field-of-norms functor to the case of higher dimensional local
fields. Then we apply it to deduce Theorem 2 from Theorem 1.
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