
ASIAN J. MATH. c© 2001 International Press
Vol. 5, No. 1, pp. 1–18, March 2001 001

REAL HYPERSURFACES IN KÄHLER MANIFOLDS∗

WILHELM KLINGENBERG†

0. Introduction. The present work is concerned with the geometry of embedded
real hypersurfaces in a Kähler manifold, where isomorphisms are both holomorphic
and isometric in the underlying Riemannian structure. Here we introduce their local
invariants and compatibility relations, solve the local realization problem, and give a
characterization of the metric sphere in C

n via a maximum principle for an adapted
Laplace operator. A more detailed description follows.

a) In 1.3 we define a doubly covariant tensor � on the complexified tangent bundle
of the hypersurface N . It describes the curvature of the maximal complex subbundle
HN of TN in the ambient manifold with regard to the Kähler metric . One part of � is
the well-known Levi form of the hypersurface with respect to a one-form of norm one
that annihilates the “horizontal” tangent bundle HN . The form � may be expressed
in terms of the second fundamental form of the hypersurface in an appropriate frame
of the underlying Riemannian manifold, see 1.4.

b) In 2 we derive differential compatibility conditions of covariant derivatives of
�. In 2.3, 2.4 and 2.5 we employ a connection on the horizontal bundle that is the
projection of the Levi-Civita connection of the ambient manifold. It is a one-form on
the hypersurface with values in the Lie algebra of the unitary group of the horizontal
subbundle and we give its structure equations.

c) In 3.2 we solve the local existence problem as follows. The data are a CR-
manifold U with a metric on TU that is hermitian on HU and a real function r that
prescribes the ambient curvature of the curves in N that are orthogonal to HN . We
require that the composition of the defining form for HN with the complex struc-
ture is closed, the complex structure on the horizontal bundle is parallel with respect
to the associated Levi-Civita connection, and that an associated unitary connection
has vanishing curvature. The latter corresponds to Gauss and Codazzi compatibility
conditions. The conclusion is that there exists a local isometric CR-embedding of U
into C

n. In 3.4 we embed nondegenerate CR manifolds U together with a prescribed
hermitian metric on HU rather than on TU as in 3.2. In exchange we prescribe
additional data, namely mixed horizontal and vertical coefficients of �. In this case,
there is an embedding under analogous requirements as before. This result has fea-
tures of both the classical hypersurface existence theorem in Riemannian geometry
and of Kuranishi’s CR embedding [Ku]. Namely we require compatibility conditions
involving metric and complex structure, and the non-degeneracy of the Levi-form.

d) In 4 we give commutator identities for the operation of the Laplace operator
of HN on �. In the Riemannian case these are referred to as Simons identity, see [S]
and [CdCK].

e) As an application we give in 5 the following

Theorem 5.2. Let N be a compact strictly pseudoconvex hypersurface of C
n.

Assume that the horizontal mean curvature of N is constant, and H1,0N is parallel
in T 1,0

C
n. Then N is a metric sphere.
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2 W. KLINGENBERG

The first assumption relates only to the CR structure, the other assumptions are
that the trace of the second fundamental form on HN is constant, that the curves on
N orthogonal to HN are geodesics of N , and that the symmetric part of � vanishes on
the horizontal bundle. This result is an analogue of Alexandrov’s theorem on compact
convex hypersurfaces in R

n: if such have constant mean curvature, then they must
be metric spheres. Our result does not follow from this since we do not make any
assumption on the purely vertical coefficient of �. This coefficient describes the curva-
ture in the ambient manifold of the vertical integral curves. Therefore our assumption
neither implies that the full mean curvature of the hypersurface is constant nor that it
convex. Of course we use the ambient complex strucure, therefore our result does not
imply the one in R

n. Also, by the existence result of 3.2, our assumptions locally ad-
mit other surfaces than subsets of metric spheres. In this sense, this is a global result.
It is an application of our first Simons-type identity in 4.2 and the strong maximum
principle for the horizontal Laplace operator on strictly pseudoconvex hypersurfaces.
The remaining identities of 4.2 are recorded here for completeness and application
in [HK]. The maximum principle along horizontal curves for the horizontal Laplace
operator was used in [A] to study a heat flow for contact structures.

The paper [CM] gives a local normal form for real analytic hypersurfaces in com-
plex manifolds and [B] and [YK] present some material on real submanifolds of any
codimension of Kähler manifolds. In [O], geometric properties of real hypersurfaces
of complex projective space are studied. In [J1] and [J2] one finds an introduction
to CR-structures. The lectures of Fefferman, [BFG], give an extensive review of the
relation of function theory of a domain to CR geometry of the boundary and the
analogy with Riemannian geometry. Webster defines in [W] a connection on non-
degenerate CR manifolds with a distinguished one form that defines the horizontal
bundle. It is characterized by the requirement that the Levi form is parallel. The
resulting intrinsic curvature is different from the curvature that we have, as we use
the Levi-Civita connection of the induced Kähler metric.

Acknowledgements. The results presented here are part of the author’s Ha-
bilitationsschrift at the Universität Tübingen, [K]. The author is grateful to Professor
G. Huisken for advice, to Professors S.S. Chern and J.K. Moser for introducing him to
this subject, and to Mrs. S. Schmidt for her scrupulous typesetting of the manuscript.

1.1. Structure Equations. On a Kähler manifold M with complex structure
MJ and metric Mh we denote by T 1,0M and T 0,1M the subbundle of C⊗TM whose
fibres consist of the eigenspaces for +i and −i of the C-linear extension of MJ
to C ⊗ TM . By the Kähler property, the Levi-Civita connection M∇ of C ⊗ TM
preserves T 1,0M and T 0,1M . On the principal U(n, C)-bundle of unitary frames of
T 1,0M , n = dimC M , we have the C

n-valued canonical form Mθ, and the u(n)-valued
connection and curvature forms Mω, MΩ. For a unitary frame {ek}n

k=1 of T 1,0M

one has for θj = Mθj , ωj
k = Mωj

k ∈ Λ(C ⊗ TM), Ωj
k = MΩj

k ∈ Λ2(C ⊗ TM),
j, k = 1, . . . , n, the structure equations

dθj = −ωj
k ∧ θk

dωj
k = −ωj

p ∧ ωp
k + Ωj

k,

and analogous equations in T 0,1M for the conjugates ek̄, θj̄ , ωj̄

k̄
, Ωj̄

k̄
. Recall that

ωj
k(er) = θj(M∇er

ek) for r = 1, .., n, 1̄, .., n̄. By unitarity,

ωj
k = −ωk̄

j̄
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Ωj
k = −Ωk̄

j̄ .

Let now

F : N → M

be an immersion of a real hypersurface. The above structure equations hold for the
pull-back frames {F ∗ek}n

k=1,{F ∗θk}n
k=1, connection (F

∗M∇)(.)(.) : Γ(C ⊗ TN) ×
Γ(C ⊗ F ∗TM) → Γ(C ⊗ F ∗TM), F ∗Mω, and curvature F ∗MΩ of F ∗T 1,0M , and
exterior differentiation d on N . In the sequel we will denote these pull-back objects
by {ek}n

k=1, {θk}n
k=1,

M∇, Mω, MΩ respectively, and we write ω = Mω for economy
of notation.

1.2. Adapted Frames. Since N is odd dimensional, TN does not inherit a
complex structure from F ∗TM . We denote by HN ↪→ TN the maximal MJ-invariant
subbundle of iN : TN ↪→ F ∗TM :

HN := TN ∩ MJTN,

called the holomorphic or horizontal tangent bundle of N . Let H1,0N , H0,1N be the
(±i)-eigenspaces of (C ⊗ HN,H J =M J |HN), then H1,0N = F ∗T 1,0M ∩ C ⊗ TN .
For an analysis of the curvature of N with regard to the Kähler metric we consider a
unitary frame {ek}n

k=1 of F ∗T 1,0M which is adapted to TN in the following way:

span {eα}n−1
α=1 = H1,0N

span {eα, eᾱ,
1
2
(en + en̄)}n−1

α=1 = C ⊗ TN.

Then {ξk = 1√
2
(θk +θk̄), ξn+k = −i√

2
(θk−θk̄)}n

k=1 is the dual frame of {Xk, Xn+k} and
ker ξ2n = TN , ker ξn = HN ⊕ RX2n. Finally we introduce a frame {fa} of C ⊗ TN
by setting fξ = eξ, fn = 1

2 (en + en̄) with its dual frame {ϕa}, ϕξ = θξ, ϕn = (θn +
θn̄). Here and later we adopt the following convention for the ranges of the indices:
j, k, p, q ∈ {1, . . . , n} for frames of F ∗T 1,0M a, b, c ∈ {1, . . . , n − 1, 1̄, . . . , n − 1, n} on
C ⊗ TN , ξ, η ∈ {1, . . . , n − 1, 1̄, . . . , n − 1} on C ⊗ HN , and α, β, γ, δ ∈ {1, ..., n − 1}
on H1,0N .

1.3. Second Fundamental Form in Kähler Geometry. Let ek be adapted to
iN : TN → F ∗TM as above. Since C⊗TN=ker(θn − θn̄) is involutive in C⊗F ∗TM ,

i∗Nd(θn − θn̄) = 0.

On the other hand, we compute, recalling 1.1,

i∗Nd(θn − θn̄) = i∗N (−ωn
α ∧ θα + ωn̄

ᾱ ∧ θᾱ − ωn
n ∧ θn + ωn̄

n̄ ∧ θn̄)
= ωn

α(fξ)ϕα ∧ ϕξ + ωn
α(fn)ϕα ∧ ϕn − ωn̄

n̄(fξ)ϕᾱ ∧ ϕξ − ωn̄
ᾱ(fn)ϕᾱ ∧ ϕn

+ϕn ∧ (ωn
n(fξ)ϕξ + ωn

n(fn)ϕn)

= (ωn
α(fβ̄) + ωn

β (fᾱ))ϕα ∧ ϕβ̄ + ωn
α(fβ)ϕα ∧ ϕβ − ωn

α(fβ)ϕᾱ ∧ ϕβ̄

+(ωn
α(fn) + ωn

n(fᾱ))ϕα ∧ ϕn − (ωn
α(fn) + ωn

n(fᾱ))ϕᾱ ∧ ϕn.

This implies

ωn
α(fβ) − ωn

β (fα) = 0(1)

ωn
α(fβ̄) + ωn

β (fᾱ) = 0(2)
ωn

α(fn) − ωn
n(fα) = 0(3)
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This gives, also using i∗Nθn = 1
2ϕn,

i∗Ndθn = i∗N (θk ∧ ωn
k )

= ωn
α(fa)ϕα ∧ ϕa +

1
2
ωn

n(fa)ϕn ∧ ϕa

= ωn
α(fβ̄)ϕα ∧ ϕβ̄ +

1
2
ωn

α(fn)ϕα ∧ ϕn − 1
2
ωn

α(fn)ϕᾱ ∧ ϕn.

We define the coefficients of a doubly covariant tensor � on C ⊗ TN as follows.

�ja :=
√

2
i

ωn
j (fa)

�ᾱβ̄ := �̄αβ

�ᾱn := �nᾱ.

This gives

dϕn = i
√

2�αβ̄ϕα ∧ ϕβ̄ +
i√
2
(�nγϕγ − �nγ̄ϕγ̄) ∧ ϕn.

The restriction of dϕn to H1,0N ⊗ H0,1N is the Levi-form of the real hypersurface
F (N) for the choice ϕn of a defining one-form for HN . By (1), (2), (3) we have

�̄αβ̄ = �βᾱ

�αβ = �βα

�αn = �nα

�̄nα = �nᾱ

�̄nn = �nn.

We summarize: To a real hypersurface we associate a quadratic form �={�ja} on
C ⊗ TN which decomposes into a hermitian form (the Levi form) {�αβ̄} on H1,0N ⊗
H0,1N and a symmetric form {�αβ} on H1,0N ⊗H1,0N and a real form {�na = �an}
on C⊗TN . Namely {�na} is real on TN ↪→ C⊗TN . Recall that N is called strictly
pseudoconvex if {�αβ̄} is positive definite.

1.4. Relation of � to the Riemannian second fundamental form. We
will express the Kählerian second fundamental form � as defined above relative to
the adapted U(n, C)-frame {ek} of F ∗T 1,0M in terms of the Riemannian second
fundamental form −k with respect to the 0(2n)-frame {Xk, Xn+k} of F ∗TM . The
latter is defined by

kst := ξ2n(M∇Xs
Xt), s, t = 1, . . . , 2n − 1.

Using ξ2n([Xs, Xt]) = 0 and ξn(Xs) = −ξ2n(JXs), one computes

�αβ̄ = kαβ + kn+α,n+β + i(kα,n+β − kn+α,β)
�αβ = kαβ − kn+α,n+β − i(kn+α,β + kα,n+β)
�nβ̄ = knβ + ikn,n+β

�nn = knn.
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2.1. Gauss Equations for (TN,N ∇) ↪→ (TM,M ∇). Associated to the orthog-
onal projection

πN : C ⊗ F ∗TM → C ⊗ TN,

πN (v) = ϕξ(v)eξ + 1
2 (θn+θn̄)(v)(en+en̄), we have the connection N∇ = πN ◦M ∇(.)(.)

: Γ(C ⊗ TN) × Γ(C ⊗ TN) → Γ(C ⊗ TN) with connection form Nω. Relative to
the frame {fa}, its coefficients are given by Nωξ

η = Mωξ
η, Nωn

α(·) = ϕn(N∇(·)fα) =
ϕn(M∇(·)fα) = (θn+θn̄)(M∇(·)fα) = θn(M∇(·)fα) = Mωn

α, Nωn
ᾱ = Mωn̄

ᾱ, Nωα
n(·) =

ϕα(N∇(·)fn) = 1
2 ϕα(M∇(·)en + en̄) = 1

2
Mωα

n(·), Nωᾱ
n = 1

2
Mωᾱ

n̄ , Nωn
n = 0. The

structure equations of C ⊗ TN then read

dϕj + Nωj
a ∧ ϕa = 0

d Nωj
a + Nωj

b ∧ Nωb
a = NΩj

a.

Comparing these with the structure equations of F ∗TM with connection ω = Mω
from 1.1 gives the Gauss equations for TN → F ∗TM :

(MΩ − NΩ)α
β = d(ωα

β − Nωα
β ) + ωα

p ∧ ωp
β − Nωα

a ∧ Nωa
β

= ωα
n ∧ ωn

β − Nωα
n ∧ Nωn

β

=
1
2
ωα

n ∧ ωn
β

= −1
4
�ᾱa�βbϕ

a ∧ ϕb

(MΩ − NΩ)n
β = d(ωn

β − Nωn
β ) + ωn

p ∧ ωp
β − Nωn

a ∧ Nωa
β

= ωn
n ∧ ωn

β

= −1
4
�na�βbϕ

a ∧ ϕb.

2.2. Codazzi Equations for (TN, N∇). The coefficients of the covariant
derivative of � with respect to N∇, namely �N

jab = (N∇�)jab, satisfy

d�ja = �N
jabϕ

b + �pa
Nωp

j + �jb
Nωb

a.

Note that N∇� is a triply covariant tensor on C ⊗ TN . Then we compute

dωn
j =

i√
2
(d�ja ∧ ϕa + �jadϕa)

=
i√
2
�N
jabϕ

b ∧ ϕa +
i√
2
�ba

Nωb
j ∧ ϕa.

This gives for j = α and j = n

dωn
α =

i√
2
�N
αabϕ

b ∧ ϕa +
1
2
ωn

α ∧ ωn
n + ωγ

α ∧ ωn
γ

dωn
n = �N

nabϕ
b ∧ ϕa + ωγ

n ∧ ωn
γ .

Now by the structure equations of F ∗TM from 1.1,

�N
jabϕ

a ∧ ϕb =
i

23/2
�na�jbϕ

a ∧ ϕb + i
√

2 MΩn
j .
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These are Codazzi equations for F : N → M .

2.3. Gauss Equations for (HN, H∇) ↪→ (TM,M ∇). The orthogonal pro-
jection πH : C ⊗ F ∗TM → C ⊗ HN, πH(v) = θξ(v)eξ, gives rise to the connection
H∇ = πH ◦ M∇: Γ(C⊗TN)×Γ(C⊗HN) → Γ(C⊗HN) with connection form Hω.
Relative to the frame {ek}, Hωα

β = Mωα
β , Hωn

α = Hωα
n = 0. The structure equations

of C ⊗ HN read

dϕα + Hωα
k ∧ ϕk = (Hωα

k − Nωα
k ) ∧ ϕk

= − Nωα
n ∧ ϕn

= − i

23/2
�ᾱaϕa ∧ ϕn

d Hωα
β + Hωα

γ ∧ Hωγ
β = HΩα

β .

From the first equation we read off that H∇ has torsion. As above, we derive the
Gauss equations for HN → F ∗TM :

(MΩ − HΩ)α
β = d(ωα

β − Hωα
β ) + ωq

p ∧ ωp
β − Hωq

p ∧ Hωp
β

= ωα
n ∧ ωn

β

= −1
2
�βa�ᾱbϕ

a ∧ ϕb.

2.4. Codazzi Equations for (HN, H∇). The coefficients of the covariant
derivative �H

jab = (H∇�)jab of � on (HN, H∇) satisfy

d�ja = �H
jabϕ

b + �pa
Hωp

j + �jb
Hωb

a.

Here {�H
αξη} is a triply covariant tensor on C ⊗ HN , and {�H

nξη}, {�H
αnη}, etc. are of

corresponding lower covariance on C ⊗ HN . We define

�2ab := �aγ̄�γb , �3ab := �aγ̄�γδ̄�δb

and compute as in 2.2:

dωn
j =

i√
2
d�ja ∧ ϕa +

i√
2
�jadϕa

=
i√
2
(�H

jabϕ
b + �pa

Hωp
j + �jb

Hωb
a) ∧ ϕa

+
i√
2
�jγ(ϕδ ∧ ωγ

δ +
1
2
ϕn ∧ ωγ

n) +
1√
2
�jγ̄(ϕδ̄ ∧ ωγ̄

δ̄
+

1
2
ϕn ∧ ωγ̄

n̄)

+
i√
2
�jn(i

√
2�γδ̄ϕ

γ ∧ ϕδ̄ +
i√
2
(�nγϕγ − �nγ̄ϕγ̄) ∧ ϕn)

=
i√
2
�H
jabϕ

b ∧ ϕa + Hωp
j ∧ ωn

p +
1
4
(�2aj − �2ja)ϕa ∧ ϕn

−�jn�γδ̄ϕ
γ ∧ ϕδ̄ +

1
2
�jn(�nγ̄ϕγ̄ − �nγϕγ) ∧ ϕn.

This, again using the structure equations of F ∗TM , gives

�H
jabϕ

a ∧ ϕb = i
√

2ωn
p ∧ (Hωp

j − ωp
j ) +

i

23/2
(�2ja − �2aj)ϕ

a ∧ ϕn

+
i√
2
�jn(�nγϕγ − �nγ̄ϕγ̄) ∧ ϕn + i

√
2�jn�γδ̄ϕ

γ ∧ ϕδ̄ + i
√

2Ωn
j .
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We evaluate the first expression on the right-hand side for j = α and j = n:

i
√

2ωn
p ∧ (Hωp

α − ωp
α) =

i√
2
�na�αbϕ

a ∧ ϕb

i
√

2ωn
p ∧ (Hωp

n − ωp
n) =

i√
2
�2baϕa ∧ ϕb.

2.5. Commutator relations for the second covariant derivatives of � on
(HN,H ∇). The coefficients of the second covariant derivative of � on (HN,H ∇),
namely (H∇2�)jabc = �H

jabc satisfy

d�H
jab = �H

jabcϕ
c + �H

pab
Hωp

j + �H
jcb

Hωc
a + �H

jac
Hωc

b .

Then we compute

dd�ja = d(�H
jabϕ

b + �pa
Hωp

j + �jc
Hωc

a)

= (�H
jabcϕ

c + �H
pab

Hωp
j + �H

jcb
Hωc

a + �H
jac

Hωc
b) ∧ ϕb

+�H
jaγ(ϕδ ∧ ωγ

δ +
1
2
ϕn ∧ ωγ

n) + �H
jaγ̄(ϕδ̄ ∧ ωγ̄

δ̄
+

1
2
ϕn ∧ ωγ̄

n̄)

+�H
jan(i

√
2�γδ̄ϕ

γ ∧ ϕδ̄ +
i√
2
(�nγϕγ − �nγ̄ϕγ̄) ∧ ϕn)

+(�H
pabϕ

b + �qa
Hωq

p + �pc
Hωc

a) ∧ Hωp
j − �pa

Hωp
q ∧ Hωq

j + �pa
HΩp

j

+(�H
jcbϕ

b + �pc
Hωp

j + �jb
Hωb

c) ∧ Hωc
b − �jc

Hωc
b ∧ Hωb

a + �jc
HΩc

a

= �H
jabcϕ

c ∧ ϕb +
i

23/2
(�ξγ̄�H

jaγ − �γξ�
H
jaγ̄)ϕn ∧ ϕξ

+
i√
2
�H
jan(�nγϕγ − �nγ̄ϕγ̄) ∧ ϕn + i

√
2�H

jan�γδ̄ϕ
γ ∧ ϕδ̄

+�δa(HΩδ
j − MΩδ

j) + �jξ(HΩξ
a − MΩξ

a) + �δa
MΩδ

j + �jξ
MΩξ

a.

Note that dd�ja = 0. This gives for (ja) = (α, β̄), (α, β), (n, β̄), (n, n) the following
commutator relations.

�H
αβ̄bcϕ

b ∧ ϕc =
i

23/2
(�γξ�

H
αβ̄γ̄ − �ξγ̄�H

αβ̄γ)ϕξ ∧ ϕn +
i√
2
�H
αβ̄n(�nγϕγ − �nγ̄ϕγ̄) ∧ ϕn

+i
√

2�H
αβ̄n�γδ̄ϕ

γ̄ ∧δ̄ +
1
2
(�2aβ̄�αb + �2αa�bβ̄)ϕa ∧ ϕb

+�δβ̄
MΩδ

α + �αδ̄
MΩδ̄

β̄

�H
αβbcϕ

b ∧ ϕc =
i

23/2
(�γξ�

H
αβγ̄ − �ξγ̄�H

αβγ)ϕξ ∧ ϕn +
1√
2
�H
αβn(�nγϕγ − �nγ̄ϕγ̄) ∧ ϕn

+i
√

2�H
αβn�γδ̄ϕ

γ ∧ ϕδ̄+
1
2
(�2aβ�αb+�2aα�βb)ϕa∧ϕb+�δβ

MΩδ
α+�αδ

MΩδ
β

�H
nβ̄bcϕ

b ∧ ϕc =
i

23/2
(�γξ�

H
nβ̄γ̄ − �ξγ̄�H

nβ̄γ)ϕξ ∧ ϕn +
i√
2
�H
nβ̄n(�nγϕγ − �nγ̄ϕγ̄) ∧ ϕn

+i
√

2�H
nβ̄n�γδ̄ϕ

γ ∧ ϕδ̄ +
1
2
�2na�bβ̄ϕa ∧ ϕb + �nγ̄

MΩγ̄

β̄

�H
nnbcϕ

b ∧ ϕc =
i

23/2
(�γξ�

H
nnγ̄ − �ξγ̄�H

nnγ)ϕξ ∧ ϕn +
i√
2
�H
nnn(�nγϕγ − �nγ̄ϕγ̄) ∧ ϕn

+i
√

2�H
nnn�γδ̄ϕ

γ ∧ ϕδ̄.
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3.1. A model bundle for the embedding problem. Let (HU, HJ) be a CR
structure on an oriented manifold U of real dimension 2n−1, and Uh a metric on TU
which is hermitian on (HU,H J). In this section we construct an associated bundle
EU over U with fibre R

2n and endowed with a complex structure EJ and metric Eh.
For this purpose let the real line bundle RU → TU be the orthogonal complement of
HU → (TU,U h).

We define

EU := TU ⊕ RU ∼= HU ⊕ RU ⊕ RU

EJ := HJ ⊕
( 0 −1

1 0

)
Eh|TU := Uh, Eh is hermitian on (EU, EJ).

Now choose dual unitary frames {ek}n
1 , {θk}n

1 of E1,0U, (E1,0U)∗ which are adapted
to

iU : TU → EU,

namely such that fα := i∗Ueα ∈ H1,0U, fn := 1
2 i∗U (en + en̄) ∈ TU are compatible with

the orientation of TU . Let {ϕa} be the dual frama of {fa}.
3.2. Fundamental Existence Theorem for Real Hypersurfaces in Kähler

Manifolds. We require the following data.
a) (HU, HJ) is a CR structure on a real oriented (2n − 1)-manifold U
b) Uh is a metric on TU which is hermitian on (HU, HJ)
c) r : U → R a function, v ∈ U(n).

Using the notation of 3.1 and letting U∇ denote the Levi-Civita connection of
(TU,U h), we now define a u(n)-valued connection Eω on C ⊗ EU :

Eωα
β := ϕα(U∇(·)fβ)

Eωn
β := ϕn(U∇(·)fβ)

Eωn
n := ϕn(U∇fnfγ)ϕγ − ϕn(U∇fnfγ̄)ϕγ̄ + irϕn

for s, t = 1, . . . , n, 1̄, . . . , n̄; p, q = 1, . . . , n. We also define the differential dH by

dHg := (eξ · g)θξ

for a function g on U and in a compatible way for forms on C ⊗ HU . Note that in
general d2

H �= 0.

Theorem 3.2. Let (HU, HJ, Uh, r, v) be given as above and assume

dH(ϕn ◦ HJ) = 0
H∇ HJ = 0

d Eωj
k + Eωj

p ∧ Eωp
k = 0.

Then for every u ∈ U thre exists a neighborhood Uu of u and a unique

F : Uu → C
n
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with

F ∗T 1,0
C

n = E1,0Uu

F ∗ C
n

h = Eh

F ∗ C
n

ω = Eω

(F ∗v)(u) = id .

Remarks. a) Since iU : TU → EU is involutive, we have i∗Ud(θn − θn̄) = 0, and
by (θn − θn̄) = −i(θn + θn̄) ◦ EJ , the first assumption is an intrinsic version of the
involutivity.

b) The second condition is equivalent to Hωα
β̄

= 0, Hωᾱ
β = 0.

c) By the first conclusion and since C ⊗ TU ∩ E1,0U = H1,0U , F is a CR-
embedding. In addition by the second, F ∗ preserves adapted unitary frames. There-
fore by the third and the definition of Eω, we have

�αb =
√

2
i

Eωn
α(fb) = −i

√
2ϕn(U∇fb

fα)

�nγ =
√

2
i

Eωn
n(fγ) = i

√
2ϕn(U∇fnfγ)

�nn =
√

2
i

ωn
n(fn) =

√
2r.

3.3. Proof of the Existence Theorem. We prove Theorem 3.1 in two steps.
First we establish the existence of functions ej : U → T 1,0

C
n, j = 1, . . . , n, with the

property

dej − ωp
j · ep = 0

where ωp
q := Eωp

q is defined as in 3.2. The functions {ej} are represented by their
graph G ⊂ U × C

n2
. Let π1, π2 denote the projections to the first and second factors

of the product U ×C
n2

and zk ∈ C
n, k = 1, . . . , n be coordinate vectors of C

n2
. Then

TG ⊆ TU ⊕ TC
n2

is characterized by

d(zk ◦ π2) −
n∑

p=1

zp ◦ π2 · π∗
1ωp

k = 0

for k = 1, . . . , n. Let I be the ideal of differential forms on U × C
n2

generated by the
left hand sides above and their exterior derivatives. We drop the πj and differentiate:

d(zk − zpω
p
k) = dzp ∧ ωp

k + zp · dωp
k

= (dzp − zpω
q
p) ∧ ωp

k

≡ 0 mod I.

Threfore, ker(zk − zpω
p
k) is an integrable distribution by Frobenius’ Theorem, and

there exists

e : Uu → C
n2

, e(p) = v
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on a neighborhood Uu ⊂ U of u.
We claim that the image of e is contained in U(n) ⊂ C

n2
; let (·, ·) denote the

standard hermitian product of C
n:

d(ej , ek) = (dej , ek) + (ej , dek)
= (ωp

j ep, ek) + (ej , ω
p
kep)

= ωp
j (ep, ek) + ωp̄

k̄
(ej , ep)

= ωp
j (ep, ek) − ωk

p(ej , ep).

Define ejk(t) := (ej , ek)(γ(t)) for a real curve in U through u : γ(0) = u. then
ejk(0) = δjk and ejk = δjk solves the ODE

ėjk = ωp
j epk − ωk

pejp.

Therefore ejk ≡ δjk which proves the claim.
The second part of the proof consists of constructing F : Uu → C

n with

dF (fξ) = eξ, dF (fn) =
1
2
(en + en̄).

Again this map is represented by its graph in U × C
n, and its tangent distribution

satisfies

d(z ◦ π2) − (eξ ◦ π1) · π∗
1 ◦ ϕξ − 1

2
(en + en̄) ◦ π1 · π∗

1ϕn = 0.

Here, z is the coordinate vector of C
n. The exterior derivative is computed as follows.

We set ∇ = U∇, ω = Eω.

d(eξϕ
ξ +

1
2
(en + en̄)ϕn) = ωt

ξ ∧ ϕξet − eξϕ
ξ(∇fa

fb)ϕa ∧ ϕb +
1
2
(ωk

nek + ωk̄
n̄ek̄) ∧ ϕn

−1
2
(en + en̄)ϕn(∇fafb)ϕa ∧ ϕb

= ωn
γ ∧ ϕγ · en + ωn̄

γ̄ ∧ ϕγ̄ · en̄ − ϕξ(∇fa
fn)ϕa ∧ ϕneξ

+
1
2
ωn

n ∧ ϕn(en − en̄) − 1
2
(ωn

δ eδ + ωn
δ eδ̄) ∧ ϕn

− 1
2
(en + en̄)ϕn(∇fa

fb)ϕa ∧ ϕb.

Note that ϕξ(∇fa
fn) = − 1

2ϕn(∇fā
fξ̄), here we set n̄ = n. Then by definition of

ω = Eω in 3.2 we continue

d(eξϕ
ξ +

1
2
(en + en̄)ϕn) = [ϕn(∇fa

fγ)ϕa ∧ ϕγ +
1
2
(ϕn(∇fn

fγ)ϕγ

−ϕn(∇fnfγ̄)ϕγ̄) ∧ ϕn − 1
2
ϕn(∇fafb)ϕa ∧ ϕb]en

+[ϕn(∇fafγ̄)ϕa ∧ ϕγ̄ − 1
2
(ϕn(∇fnfγ)ϕγ

−ϕn(∇fnfγ̄)ϕγ̄) ∧ ϕn − 1
2
ϕn(∇fafb)ϕa ∧ ϕb]en̄

= −1
2
ϕn(∇fδ̄

fγ + ∇fγ
fδ̄)ϕ

γ ∧ ϕδ̄(en − en̄)

=
i

2
ϕn(HJ(∇fδ̄

fγ −∇fγ
fδ̄))ϕ

γ ∧ ϕδ̄(en − en̄)

= 0.
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The last equation follows from the first assumption of the Fundamental Existence
Theorem 3.2. We therefore conclude again by Frobenius’ Theorem that F : Uu → C

n

exists as above and satisfies the conclusions of the Theorem by construction.

3.4. Existence Theorem for nondegenerate CR manifolds. Here we pre-
scribe a different set of data from 3.2. Namely we assume, using the notation of
3.1:

a) (HU,H J) is a nondegenerate oriented CR-manifold.
b1) τ is a one-form on TU with kerτ=HN and compatible with the orientation

of U , and s : U → R
+

b2) Hh is a hermitian metric on (HN,H J)
b3) {rα} : U → C

n−1

c) r : U → R, v ∈ U(n, C).

Proposition 3.3. Let (HU,H J,H h, τ, s, rα) be as in a)-b3) and {fα} as in 3.1.
Then there exists a unique vector field X ∈ Γ(TU) with

i) τ(X) = s
ii) h(∇XX, fα) = rα for the metric h on TU with h|H = Hh, h(X, X) = 1,

X⊥H, and ∇ its Levi-Civita connection.

Proof. Let {fα, t} be dual to {ϕα, τ} and make the ansatz X = aηfη + st. Then
by [KN I, p. 160] and the integrability of the CR structure,

h(∇XX, fα) = 2h([fᾱ, X], X)
= 2h([fᾱ, aγfγ + aγ̄fγ̄ + st], X)
= 2aγζ([fᾱ, fγ ]) + 2sζ([fᾱ, t]) + 2s−1(fᾱ · s).

Here, ζ = h(·, X) and one has ζ = s−1τ . Therefore,

h(∇XX, fα) = 2s−1aγτ([fᾱ, fγ ]) + 2τ([fᾱ, t]) + 2s−1(fᾱ · s).

Since (HN,H J) ↪→ TN is a nondegenerate CR manifold, its Levi-form τ [fᾱ, fγ ] is
invertible, and the above equation can be solved uniquely for aγ . Then, since aγ̄ = aγ ,
the vector field X is uniquely determined.

Let ϕn := ζ, fn := X, Uh := h and recall the notation of 3.1. Now defining
Eωα

β = ϕα(∇(·)fβ), Eωn
β = ϕn(∇fξ

fβ)ϕξ + 1
i
√

2
rβϕn, Eωn

n := 1√
2
(rγϕγ −rγ̄ϕγ̄)+ irϕn,

we have the following

Corollary 3.4. Let (HU,H J,H h, τ, s, rα, r, v) be as in a)-c). Then the state-
ment of Theorem 3.2 holds for Eω as defined above.

Proof. By Proposition 3.3, the above definition of Eω matches the one in 3.2.
Therefore we may apply Theorem 3.2.

.

4.0. Laplace Operator on (TN, Nh). Setting fn = fn̄, the Laplace operator
on a tensor T on C ⊗ TN is given by

NΔT := traceTN(N∇2T).

Note that for an immersion F : N2n−1 → M , NΔF = M∇M
fk
∇fk̄

F − M∇N∇fk
fk̄

F +
complex conjugate = M∇fk fk̄ − N∇fk fk̄ + c.c. = LNX2n, where LN := Σ�kk̄.
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The latter equals the trace of the Riemannian second fundamental form oriented
in such a way that LNX2n points out of a convex hypersurface. Let now

�2(αβ̄) := Σk=2n−1
j=1 kαjkjβ + kn+αjkjn+β + i(kαjkjn+β − kβjkjn+α).

Note the analogy with �αβ̄ as given in 1.4. For the other coefficients (pa), �2(pa) is
defined analogously in the pattern of 1.4. The is easy to verify the following

�2(pa) =
1
2
�pη̄�ηa + �pn�na.

We also define |�|2 := Σ2n−1
p,q=1k

2
pq. Now the Simons commutator identity in C

n, see
[CdCK] reads

NΔ�pa − 2(N∇2LN )pa = LN�2(pa) − |�|2�pa.

4.1. Laplace Operator on (HN, Hh). We define a weakly elliptic second order
differential operator

HΔT := traceHN(H∇2T).

for a tensor T as above. It gives a tensor HΔT on C⊗HN of the same type. We also
define the trace of the Levi form,

L :=
∑

�αᾱ,

which may be viewed as a horizontal mean curvature of N . For F : N → M , we have

HΔF = M∇M
fξ
∇fξ̄

F −M ∇H∇fξ
fξ̄

F

= M∇fξ
fξ̄ − H∇fξ

fξ̄

= θn(M∇eα
eᾱ +M ∇eᾱ

eα)en + θn̄(M∇eα
eᾱ +M ∇eᾱ

eα)en̄

=
i√
2
�αᾱen − i√

2
�αᾱen̄

= LX2n.

4.2. Commutator identities for HΔ� in Euclidean Space. For a real
hypersurface F : N → C

n we compute the following commutator relations for HΔ�.
We use the Codazzi and second-order relations from 2.4 and 2.5. Note that since
M = C

n here, MΩ ≡ 0.

HΔ�αβ̄ − 2�γγ̄αβ̄

= �αβ̄γγ̄ − �αβ̄γ̄γ + 2(�αβ̄γ̄ − �αγ̄β̄)γ + 2(�αγ̄β̄γ − �αγ̄γβ̄) + 2(�αγ̄γ − �γγ̄α)β̄

= i
√

2L�αβ̄n +
1
2
(�2γβ̄�αγ̄ + �2αγ�γ̄β̄ − �2γ̄β̄�αγ − �2αγ̄�γβ̄)

+i
√

2(�nβ̄�αγ̄ − �nγ̄�αβ̄)γ

−i23/2�γβ̄�αγ̄n + (�2
βγ

�αγ + �2αβ̄L − �2γγ̄�αβ̄ − �2αγ�γβ)

+i
√

2(�αγ̄�γn − L�nα)β̄

= i
√

2[L�αβ̄n + �αγ̄(�nβ̄γ − �γβ̄n) + �αγ̄�γβ̄n + �nβ̄(�αγ̄γ − �γγ̄α) + �nβ̄Lα
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−�αβ̄(�nγ̄γ − �γγ̄n) − �αβ̄Ln − �nγ̄�αβ̄γ − 2�γβ̄�αγ̄n + �nγ(�αγ̄β̄ − �αβ̄γ̄)
+�nγ�αβ̄γ̄ + �αγ̄(�γnβ̄ − �γβ̄n) + �αγ̄�γβ̄n − �nαLβ̄ − L(�αnβ̄ − �αβ̄n)

−L�αβ̄n] + �2αβ̄L − �αβ̄�2γγ̄ + �3β̄α − 1
2
(�2αγ�γ̄β̄ + �αγ�2γ̄β̄)

= i
√

2[�nγ�αβ̄γ̄ − �nγ̄�αβ̄γ + 2(�αγ̄�γβ̄n − �γβ̄�αγ̄n) + �nβ̄Lα − �nαLβ̄

−�αβ̄Ln] − [�αγ̄(−�nn�γβ̄ +
1
2
(�2γβ̄ − �2β̄γ)) + �nβ̄(�αγ̄�γn − �nαL)

−�αβ̄(−�nnL +
1
2
(�2γγ̄ − �2γ̄γ)) + �nγ(�nγ̄�αβ̄ − �nβ̄�αγ̄)

+�αγ̄(�nn�γβ̄ +
1
2
(�2β̄γ − �2γβ̄)) − L(�nn�αβ̄ +

1
2
(�2β̄α − �2αβ̄))]

+�2αβ̄L − �αβ̄�2γγ̄ + �3β̄α − 1
2
(�2αγ�γ̄β̄ + �αγ�2γ̄β̄)

= i
√

2[�nγ�αβ̄γ̄ − �nγ̄�αβ̄γ + 2(�αγ̄�γβ̄n − �γβ̄�αγ̄n) + �nβ̄Lα − �nαLβ̄ − �αβ̄Ln]

−1
2
�αβ̄(�2γγ̄ + �2γ̄γ + 2�2nn) +

1
2
L(�2αβ̄ + �2β̄α + 2�nα�nβ̄)

+�3β̄α − 1
2
(�2αγ�γ̄β̄ + �αγ�2γ̄β̄).

HΔ�αβ − 2�γγ̄αβ

= �αβγγ̄ − �αβγ̄γ + 2(�αβγ̄ − �αγ̄β)γ + 2(�αγ̄βγ − �αγ̄γβ) + 2(�αγ̄γ − �γγ̄α)β

= i
√

2L�αβn +
1
2
(�2γβ�αγ̄ + �2γα�βγ̄ − �2γ̄β�αγ − �2γ̄α�βγ)

+i
√

2(�nβ�αγ̄ − �nγ̄�αβ + 2�αn�βγ̄)γ

+�2βγ̄�αγ + �2αβ�γγ̄ − �2γγ̄�αβ − �2αγ�βγ̄ + i
√

2(�αγ̄�γn − �nα�γγ̄)β

= i
√

2[L�αβn + �nβ(�αγ̄γ − �γγ̄α) + �nβLα + �αγ̄(�βnγ − �βγn) + �αγ̄�γβn

−�nγ̄�αβγ − �αβ(�nγ̄γ − �γγ̄n) − �αβLn + 2�αn(�βγ̄γ − �γγ̄β) + 2�αnLβ

+2�βγ̄(�αnγ − �αγn) + 2�βγ̄�γαn + �αγ̄(�γnβ − �γβn) + �αγ̄�γβn

+�nγ(�αγ̄β − �αβγ̄) + �nγ�αβγ̄ − �nαLβ − L(�αnβ − �αβn) − L�αβn]

+�2αβL − �αβ�2γγ̄ + �2βγ̄�αγ − �βγ̄�2αγ +
1
2
(�3αβ + �3βα) − 1

2
(�αγ�2γ̄β + �2γ̄α�βγ)

= i
√

2[�nγ�αβγ̄ − �nγ̄�αβγ + 2(�αγ̄�γβn + �βγ̄�γαn) + �nβLα + �nαLβ − �αβLn]

−[�nβ(�αγ̄�γn − �nαL) + �αγ̄(�nn�βγ − 2�nβ�nγ +
1
2
(�2γβ − �2βγ))

−�αβ(−L�nn +
1
2
(�2γγ̄ − �2γ̄γ)) + 2�αn(�βγ̄�γn − �nβL)

+2�βγ̄(�nn�αγ − 2�nα�nγ +
1
2
(�2γα − �2αγ))

+�αγ̄(�nn�γβ − 2�nγ�nβ +
1
2
(�2βγ − �2γβ))

+�nγ(�nγ̄�αβ − �nβ�αγ̄ − 2�αn�βγ̄) − L(�nn�αβ − 2�nα�nβ +
1
2
(�2βα − �2αβ))]

+�2αβL − �αβ�2γγ̄ + �2βγ̄�αγ − �βγ̄�2αγ +
1
2
(�3αβ + �3βα) − 1

2
(�αγ�2γ̄β + �2γ̄α�βγ)

= i
√

2[�nγ�αβγ̄ − �nγ̄�αβγ + 2(�αγ̄�γβn + �βγ̄�γαn) + �nαLβ + �nβLα − �αβLn]
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−1
2
�αβ(�2γγ̄ + �2γ̄γ + 2�2nn) +

1
2
L(�2αβ + �2βα + 2�nα�nβ)

−2�nn(�2αβ + �2βα) + 4(�2αn�nβ + �αn�2βn) +
1
2
(�3αβ + �3βα) − 1

2
(�αγ�2γ̄β + �2ᾱ�βγ).

HΔ�nβ − 2�γγ̄nβ

= �nβγγ̄ − �nβγ̄γ + 2(�nβγ̄ − �nγ̄β)γ + 2(�nγ̄βγ − �nγ̄γβ) + 2(�nγ̄γ − �γγ̄n)β

= i
√

2L�nβn +
1
2
(�3βn − �2γ̄n�βγ) + i

√
2(�2γ̄β − �2βγ̄ + 2�nn�βγ̄)γ

+�2nβ�γγ̄ − �2nγ�βγ̄ + i
√

2(−L�nn +
1
2
(�2γγ̄ − �2γ̄γ))β

= i
√

2[L�nβn + �γ̄δ̄(�δβγ − �δγβ) + �γ̄δ̄�δγβ + �δβ(�δ̄γ̄γ − �γγ̄δ̄) + �βδLδ̄

−�βδ̄(�δγ̄γ − �γγ̄δ) − �βδ̄Lδ − �δγ̄(�βδ̄γ − �γδ̄β) − �δγ̄�γδ̄β

+2�βγ̄(�nnγ − �nγn) + 2�βγ̄�nγn + 2�nn(�βγ̄γ − �γγ̄β) + 2�nnLβ

−�nnLβ − L(�nnβ − �nβn) − L�nβn +
1
2
(�2γγ̄ − �2γ̄γ)β ]

+
1
2
(�3βn − �2γ̄n�βγ) + �2nβL − �2nγ�βγ̄

= i
√

2[2�βγ̄�nγn + �nnLβ + �βδLδ̄ − �βδ̄Lδ +
1
2
(�γ̄δ̄�δγβ − �δγ�δ̄γ̄β)]

−[�γ̄δ̄(�nβ�δγ − �nγ�δβ) + �δβ(�2δ̄n − L�nδ̄ − 2�2nδ̄)
−�βδ̄(�δγ̄�γn − �nδ�γγ̄) − �δγ̄(�nγ�βδ̄ − �γδ̄�βn)

+2�βγ̄(
3
2
(�2γn − �2nγ) − �nn�nγ) + 2�nn(�βγ̄�γn − �nβL)

−L(
3
2
(�2βn − �2nβ) − �nn�nβ)] +

1
2
(�3βn − �2γ̄n�βγ) + �2nβL − �2nγ�βγ̄

= i
√

2[2�βγ̄�nγn + �nnLβ + �βδLδ̄ − �βδ̄Lδ +
1
2
(�γ̄δ̄�δγβ − �γδ�δ̄γ̄β)]

−�nβ(�2γγ̄ + �2γ̄γ) +
1
2
L(�2nβ + �2βn + 2�nβ�nn)

+2(�βγ̄�2nγ + �3nβ) − 1
2
(�nγ�2γ̄β + �3βn).

HΔ�nn − 2�γγ̄nn

= �nnγγ̄ − �nnγ̄γ + 2(�nnγ̄ − �nγ̄n)γ + 2(�nγ̄nγ − �nγ̄γn) + 2(�nγ̄γ − �γγ̄n)n

= i
√

2L�nnn + i
√

2(
3
2
(�2γ̄n − �2nγ̄) + �nn�nγ̄)γ

−i
√

2�nγ̄n�nγ +
i√
2
(�γδ̄�nγ̄δ − �δγ�nγ̄δ̄) + �2nn�γγ̄ − �2nγ�nγ̄

+i
√

2(−�nnL +
1
2
(�2γγ̄ − �2γ̄γ))n

= i
√

2[L�nnn +
3
2
�γ̄δ̄(�δnγ − �δγn) +

3
2
�γ̄δ̄�δγn

+
3
2
�nδ(�δ̄γ̄γ − �γγ̄δ̄) +

3
2
�nδLδ̄ −

3
2
�nδ̄(�δγ̄γ − �γγ̄δ) − 3

2
�nδ̄Lδ

−3
2
�δγ̄(�nδ̄γ − �γδ̄n) − 3

2
�δγ̄�γδ̄n + �nγ̄�nnγ + �nn(�nγ̄γ − �γγ̄n) + �nnLn
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−�nγ(�nγ̄n − �nnγ̄) − �nγ�nnγ̄ +
1
2
�γδ̄(�nγ̄δ − �δγ̄n) +

1
2
�γδ̄�δγ̄n

−1
2
�δγ(�nγ̄δ̄ − �δ̄γ̄n) − 1

2
�δγ�δ̄γ̄n − �nnLn − L�nnn +

1
2
(�2γγ̄ − �2γ̄γ)n]

+�2nnL − �2nγ�nγ̄

= i
√

2[�nγ̄�nnγ − �nγ�nnγ̄ +
3
2
(�nδLδ̄ − �nδ̄Lδ) + �γ̄δ̄�γδn − �γδ�γ̄δ̄n]

−3
2
�nn(�2γγ̄ + �2γ̄γ +

2
3
�2nn) + L(�2nn + (�nn)2) + 6�3nn +

1
2
(�3γγ̄ − �γδ̄�

2
γ̄δ).

4.3. Computation of HΔ(�2αᾱ).

HΔ(�αβ̄�βᾱ)

= 2�βᾱ
HΔ�αβ̄ + 4�αβ̄γ�βᾱγ̄

= 4�βᾱLαβ̄ + i23/2[�βᾱ�nγ�αβ̄γ̄ − �βᾱ�nγ̄�αβ̄γ + 2(�2βγ̄�γβ̄n − �2γᾱ�αγ̄n)

+�2nᾱLα − �2βnLβ̄ − �2ββ̄Ln]

−�2ββ̄(�2γγ̄ + �2γ̄γ + 2�2nn) + L(�3ββ̄ + �βᾱ�2β̄α + 2�3nn)

+2�βᾱ�3β̄α − (�3βγ�γ̄β̄ + �2βγ�2γ̄β̄) + 4�αβ̄γ�βᾱγ̄

= 4�βᾱLαβ̄ − i23/2�2γγ̄Ln + i23/2(�2nγ̄eγ − �2γneγ̄) · L
+i

√
2(�nγeγ̄ − �nγ̄eγ) · �2ββ̄ + 4�αβ̄γ�βᾱγ̄ + (L�3γγ̄ − (�2γγ̄)2) + L�βᾱ�2β̄α − �2ββ̄�2γ̄γ

+2(�βᾱ�3β̄α − �4γ̄γ) + 2(L�3nn − �2ββ̄�2nn).

5. Maximum principle and an application. An embedded curve in N is
called horizontal if its tangent is contained in HN ↪→ TN . The Laplace operator HΔ
of (HN,H h) satisfies a strong maximum principle along horizontal curves of N . This
was proved earlier in [A] in three dimensions for contact manifolds and the arguments
apply in the case of a strictly pseudoconvex N .

Theorem 5.1. Let HΔg ≥ 0 for a smooth real function g on N and g ≤ K on
N . If g(a) = K for some a ∈ N , then g|γ ≡ g(a) for all horizontal curves γ of N
through a.

If the horizontal distribution HN in TN defines a contact structure on N , that
is if N inherits a nondegenerate CR-structure, then the horizontal curves are also
called Legendre curves and by a well-known result, see [AG], they connect arbitrary
points on N . The above now immediately gives the following strong maximum prin-
ciple: Let N ↪→ (M, J, h) be a compact embedded real hypersurface that is strictly
pseudoconvex. If HΔg ≥ 0 (or ≤ 0) for a smooth real function g on N , then g is
constant.

Theorem 5.2. Let F : N ↪→ C
n be a compact, connected, strictly pseudoconvex

real hypersurface. Assume that the horizontal mean curvature L of N is constant and
that M∇|(F ∗T 1,0M × H1,0N) ⊂ H1,0N . Then N is a metric sphere.

Proof. Let {ek} be frame adapted to N ↪→ C
n as in 1.2. Then by the assumption

on the Levi-Civita connection, θn(∇ek
eα) = 0, and therefore �αk = 0. Now by 4.3

and since L = const, we have(
HΔ − i

√
2(�nᾱeα − �αn̄eᾱ)

)
· �2αᾱ ≥ (L�3αᾱ − (�2αᾱ)2).
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Since N is strictly pseudoconvex, we have �αᾱ > 0 for every α, and therefore the right
hand side is nonnegative. To see this choose a frame in which �αβ̄ is diagonal. Then

(∑
α

�αᾱ

)⎛
⎝∑

β

(�ββ̄)3

⎞
⎠ −

(∑
α

(�αᾱ)2
)2

=
1
2

∑
αβ

�αᾱ�ββ̄(�αᾱ − �ββ̄)2 ≥ 0.

The differential operator acting on �2αᾱ satisfies the strong maximum principle, there-
fore �2αᾱ = const. This implies L�3αᾱ − (�2αᾱ)2 = 0 and �ββ̄ = c1 for all β. Next
consider

∇eα
X2n =

i√
2
∇eα

(en − en̄)

=
i√
2

(
ωk

n(eα)ek − ωk̄
n̄(eα)ek̄

)
= −1

2
(�αk̄ek + �αkek̄)

= −1
2
�αβ̄eβ

= −1
2
c1eα.

Now on N ⊂ C
n we have, if z denotes the coordinate vector of C

n,

∇eα
(z +

2
c1

X2n) = eα +
2
c1

(−1
2
)c1eα

= 0.

This implies, since also ∇eᾱ(z + 2
c1

X2n) = 0, and the curvature of C
n vanishes, that

on N

0 = ∇[eα,eᾱ](z +
2
c1

X2n)

= ∇ξn([eα,eᾱ])Xn
(z +

2
c1

X2n)

= − i

23/2
�αᾱ∇Xn

(z +
2
c1

X2n).

Therefore, since �αᾱ �= 0, we conclude that (z+ 2
c1

X2n) vanishes identically on N , and
for any v ∈ TN , v · |z|2 = 2Re(z, v) = −2 2

c1
(X2n, v) = 0 which implies that |z|2 = c3

on N . Therefore N is a metric sphere.

Remark. The assumption that H1,0N is parallel in (F ∗T 1,0M,M ∇) is equivalent
to �kβ = 0 on the hypersurface. Since

∇XnXn =
1
2

(
θk(∇en(en + en̄))ek + θk̄(∇en(en + en̄))ek̄

)
=

1
2

(
ωk

n(en)ek + ωk̄
n̄(en)ek̄

)
=

i

23/2
(�nk̄ek − �knek̄) ,

we see that the condidtion �αn = 0 implies that the integral curves of the vertical line
bundle are geodesics of N . This, together with the condition �αβ = 0, implies that the
second fundamental form for the underlying Riemannian metric, as related in 1.4, has
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the form A⊕ lnn̄⊕A. Here we refer to the real basis X1, ..., Xn−1, Xn, Xn+1, ..., X2n−1

that corresponds to the frame ek as in 1.2 and in which �αβ̄ is diagonal, and A
is the (n-1)x(n-1) matrix with the coefficients kαβ as in 1.4. The assumption of
strict pseudoconvexity says that A is positive definite, and constant horizontal mean
curvature says that the trace of A is constant in this setting. We have no assumption
on the real coefficient �nn.
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