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HIGHER-LEVEL APPELL FUNCTIONS, MODULAR TRANSFORMATIONS,
AND CHARACTERS

A.M. SEMIKHATOV, A. TAORMINA, AND I. YU. TIPUNIN
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ABSTRACT. We study modular transformation properties of a class of indefinite theta se-
ries involved in characters of infinite-dimensional Lie superalgebras. The level-¢ Appell
Sfunctions X, satisfy open quasiperiodicity relations with additive theta-function terms
emerging in translating by the “period.” Generalizing the well-known interpretation of
theta functions as sections of line bundles, the X, function enters the construction of a
section of a rank- (£ + 1) bundle V, .. We evaluate modular transformations of the X,
functions and construct the action of an SL(2,Z) subgroup that leaves the section of
V¢,» constructed from X, invariant.

Modular transformation properties of X, are applied to the affine Lie superalgebra
sAE(Q\l) at rational level £ > —1 and to the N = 2 super-Virasoro algebra, to derive
modular transformations of “admissible” characters, which are not periodic under the
spectral flow and cannot therefore be rationally expressed through theta functions. This
gives an example where constructing a modular group action involves extensions among
representations in a nonrational conformal model.

1. INTRODUCTION

We generalize some elements of the theta-function theory by studying modular trans-
formations of functions that are not doubly quasiperiodic in a variable u € C. Such
functions emerge in the study of characters of representations in (nonrational) conformal
field theory models based on Lie superalgebras, which motivates investigation of their
modular properties.

A modular group representation associated with characters of a suitable set of rep-
resentations is a fundamental property of conformal field theory models, related to the
fusion algebra by the Verlinde formula, via the argument traced to the consistency of
gluing a three-punctured sphere into a one-punctured torus —in fact, to consistency of
conformal field theory itself [1, 2]]. Strictly speaking, this applies to rational conformal
field theories, where modular properties of the characters and the structure of the Verlinde
formula are known, at least in principle (for a discussion of the modular transformation
properties of characters and other quantities and for further references, see [3, 4, 15,16, 7]]).
Modular behavior of theta functions can be considered a basic feature underlying good
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modular properties in rational models (in particular, the well-known modular group rep-
resentation on a class of characters of affine Lie algebras [8]); it is deeply connected with
quasiperiodicity of theta functions and hence of the characters in rational models.

But characters that are not quasiperiodic (are not invariant under lattice translations,
often called “spectral flows” in that context) cannot be rationally expressed through theta
functions. Such characters often occur in nonrational conformal field theory models
(an infinite orbit of the spectral flow transform already implies that the theory is non-
rational). Modular properties of such characters present a problem both technically (the
theta-function theory is of little help) and conceptually (it is unclear what kind of modular
invariance is to be expected at all).

On the other hand, the paradigm that any consistent conformal field theory must be
related to a modular group representation, even beyond the class of rational theories,
motivates studying modular behavior of nonrational characters and, on the technical side,
seeking an adequate “replacement” of theta functions with some functions that are not
quasiperiodic but nevertheless behave reasonably under modular transformations and can
be used as “building blocks” of the characters. Such functions are to be found among
indefinite theta series (see [9, 10, (11} 12]] and references therein).

In this paper, we study the modular (and other related) properties of higher-level Appell
Jfunctions — a particular instance of indefinite theta series, not-double-quasiperiodic func-
tions involved in the characters of modules of the s/ (2|1) affine Lie superalgebra [[13] and
the N =2 and N =4 superextensions of the Virasoro algebra ([14, [15]). Remarkably,
the pattern of modular behavior established for the Appell functions is then reproduced
by the characters. For a positive integer ¢, we define the level-¢ Appell function as

e imm2r +2immly

(L) Krvp) =) s TED wpeC,
mez 1 —€ p+v ¢ Zr + 7.

Theorem 1.1. The level-{ Appell function X, satisfies the relations

(1.2) Kyr v t) = {fKe(T,V—i- Lu=1, ¢ odd
Ke(r,v, 1), (  even,
and
L vop e
(1-3) :KA_;’?’;) =Te T K(r, v, )
[ U
n Tzem;(w—zr) B(tr. L—aryd({r. o+ar),

where a=0
() =g [t PRV L)

2V 2 g smh(ﬂx —17—)

(we refer to (1.9)—(1.16)) for the theta-function notation).
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The simplest, level-1 Appell function «(z,y;q) = Ki(q,y 'q, xyq') has appeared
in [16} [17], and its S-transformation properties were formulated in [16] as the state-
ment that the difference between x and its .S-transform is divisible by the theta func-
tion J(7, p). Theorem [1.1| generalizes this to ¢ > 1 and in addition gives an integral
representation of the function ® accompanying the theta-functional terms in the modu-
lar transform. This integral representation allows studying the ® function, which is an
important ingredient of the theory of higher-level Appell functions, similarly to Barnes-
related functions arising elsewhere [18, 19, 20, 21} 22, 23]. We derive functional equa-
tions satisfied by ® and the formula for its S -transformation.

Already with theta functions, their modular properties are closely related to (and can in
fact be derived from) their quasiperiodicity under lattice translations, which in geometric
terms means that the theta function ¥(7, - ) represents a section of a line bundle over
the torus determined by the modular parameter 7 (hence the dependence on the second
argument v € C is doubly quasiperiodic). With the K, functions, which are no longer
doubly quasiperiodic, the geometric counterpart of “open quasiperiodicity” (a[dditive]-
quasiperiodicity in [24]) involves sections of rank- (¢ + 1) bundles. The simplest Appell
function « in [[16} [17] satisfies an open quasiperiodicity relation with an additive theta-
functional term arising in shifting the argument by the “period,”

(1.5) Kk(zq,a;q) = ax(z, a; q) +V(q, 2),

which implies that (x( -, a;q),9(q, - )) represents a section of a rank-2 bundle over the
elliptic curve [16]. Analogously, the higher-level Appell functions, in the “multiplicative”
notation are quasiperiodic under z — zq and satisfy an open quasiperiodicity relation
with the inhomogeneous terms involving theta functions,

-1

£
(1.6) Ko(g,2,yq) = 02 y' Kulg, v, 9) + > 2y ¢" V(g 2" ¢*).
a=0

This generalizes (1.3), to which reduces for ¢/ = 1 (but there also exists a “finer”
property for £ > 1, see Sec.[2.I). The theta functions occurring in the right-hand side
of the modular transform (I.3)) are precisely those violating the quasiperiodicity of &,
in (I.6). Together with X, these theta functions enter the construction of a section of a
rank- (¢ + 1) bundle,

(K((T, v, N’)a 0119(57', ﬁl/), ceey Cg’ﬂ(éT, 147 + (6 - 1)7_))a

with C, such that the entire vector is invariant under a subgroup of lattice translations (see
Lemma [3.1)in what follows). Moreover, it turns out that the action of a subgroup of the
modular group can be defined on (¢ + 1)-vectors F' = (fo(7, v, p), fi(7,v), ..., fo(T,V))
such that the above bundle section is an invariant of this action (Theorem3.5] which gives
a more “invariant” formulation of the modular properties of the Appell functions). This

'We resort to the standard abuse of notation, by freely replacing functional arguments by their exponen-
tials or conversely, by logarithms, via ¢ = e?™7, x = 2™V y = 2™ etc.
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gives an interesting realization of modular invariance with a matrix automorphy factor
(cf. [25, 26]).

As noted above, the Appell functions are a specific example of indefinite theta series
motivated by the study of characters. We use them to express the characters of “admis-
sible” SAE(2|1)—modules at rational level £ > —1 and to study modular transformation
properties of the characters. In this st (2|]1) example, indeed, the higher-level Appell
functions prove an adequate substitute for theta functions; their modular behavior de-
scribed in Theorem is essentially “inherited” by the admissible characters, whose
S-transform is given by

2 2
1 imkZE

(1.7) XA(—%, ;, ;) =e T Z Sapxs(T,v, 1) + Z Rao (T, v, 1) Qo (1,0, 1),
B o

where S4p is a numerical matrix and the functions R4, are expressed in terms of the
above function ®, and (2, are some characters expressed through theta functions, see
Theorem[d.1] for the precise statement. This shows a triangular structure of the same type
as in (I.3): the additional elements (2, occurring in the unconventional S-transform
formula of the x 4 (which are not quasiperiodic and hence cannot be rationally expressed
through theta functions) are expressible in terms of theta functions and are therefore
quasiperiodic under lattice shifts and carry a modular group action.

The theta-functional terms (2, turn out to be the characters of certain extensions among
the admissible s/ (2|1)-representations. A key feature underlying most of the unconven-
tional properties of a number of nonrational conformal field theories is that the irreducible
representations allow nontrivial extensions among themselves (by which we mean non-
splittable short exact sequences, or actually the middle modules in such sequences). Such
extensions do not occur in rational conformal field theory models.

Behavior of the admissible Q(2\1)-charaoters under modular transformations is re-
lated to their behavior under spectral flow transformations, i.e., a representation of a lat-
tice A whose elements § act via adjoint representation of the group elements exp(§ . ﬁ) ,
where A are Cartan subalgebra elements The role of spectral flows appears to origi-
nate in the fact that the fundamental group of the appropriate moduli space is not just
SL(2,7), but its semidirect product with a lattice. (Lattice translations also require con-
sidering the so-called Ramond and Neveu—Schwarz “sectors” and supercharacters.) The
admissible 56(2|1)-characters at the level k=% — 1 acquire additional theta-functional
terms under the spectral flow transform Uy with =u,

Uux ) (T, v, 1) = Xa(T, v, 1) + Y falT, v, 1) Qul7, v, 10),
a
where f,(7,v, pu) are some trigonometric functions and €2, are the same as in the modu-
lar transform formula (I.7). This demonstrates an obvious similarity to the properties of
the Appell functions (the same theta functions occurring in (1.3)) and (1.3)).

’The term spectral flow transform is taken over from the N=2 super-Virasoro algebra [27].
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This paper is organized as follows. In Sec. 2] we study the level-¢ Appell func-
tions K,. The basic quasiperiodicity and some other properties are derived in Sec.
The X, functions satisfy several “period multiplication” formulas, which we derive in
Sec.[2.2] Formulas relating the higher-level Appell functions to theta functions are given
in Sec.[2.3] In Sec. 2.4 we then derive modular transformation properties of the higher-
level Appell functions using their integral representation through theta functions. The
Appell functions of the lower levels are briefly considered in Sec. In Sec. we
next consider the ® function arising in the modular transformation of X,; its properties
are in some respects analogous to the properties of K,. The geometric point of view on
the higher-level Appell functions is outlined in Sec.[3] There, we first (in Sec. [3.1)) con-
sider how the X, function and the appropriate theta functions are combined to produce
a section of a rank- (¢ + 1) bundle. In Sec. we then derive the action of a subgroup
of SL(2,Z) on these sections (Theorem 3.5).

In Sec.[] we use the established properties of the higher-level Appell functions to eval-
uate modular transformation properties of the class of “admissible” st (2|1)-characters.
The main result (Theorem [4.1)) is formulated in Sec. The characters are expressed
through the higher-level Appell functions in Sec. Their S'-transformation formula is
derived in Sec.[4.3] Application of the higher-level Appell functions to N =2 and N =4
super-Virasoro theories is outlined in Sec. [3

In Appendix [A] we evaluate several useful contour integrals over the torus involving
theta and Appell functions. In Appendix |[B| we recall the st (2|1) affine Lie superalge-
bra, consider its automorphisms (Sec. E[) and define some of its modules (Sec. ,
and finally give the admissible representation characters (Theorem Sec.[B.3). The
different “sectors” and the corresponding characters are given in Sec.[B.4]

Notation. We let ) denote the upper complex half-plane. The group SL(2,7Z) is gener-
ated by the two matrices

s=(0 0} ()

S? = (ST)* = (TS)* =C,
where C? = 1. The standard SL(2,Z) action on h x C? is

_[a D)\ _ar+b v 1
(1.8) 7= (C d) '<T7 l/"u) ~ (,)/T’W/”y’u) o (CT—I—d’ et +d’ cr—l—d)

with the relations

(where the notation vy~ and yu is somewhat loose, because this action depends on 7).
We use the classical theta functions

(1.9 Diolg 2) = Y 2™ e = [Ja+2""¢™) [ +2¢™ [J(1-¢™).

MmEZ m=0 m>1 m>1
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(110) D11(g,2) =Y @™ ™ (=2) ™ = [Ja-="¢™) [J—2¢™) [[(1 0™,

mEZ m=0 m>1 m>1

(1.11) 9(g,2) = Voo(g,2) = 3 ¢ =™ = V1o(q, 247 ).

meZ
Their S transformations are given by

T T
(1.12) o1y .
1 . z
?910(—; g) =\ —ZT€Z7T T 1917()(7',7/"— B —%>,
and
(1.13) o1y =V=ir e o(rv).
The eta function
L m
(1.14) n(g) =qx [J(1—q™)
transforms as m=
im 1 .
(1.15) n(r+1)=e®n(r),  n(=2)=V-irn(7).
In a different theta-functional nomenclature, one introduces the higher-level theta func-
tions
. T T‘2
(1.16) Oro(q,2) = > q729 =22 g (g™, ).

JE€Z+5;

Either 6 or ¥ turn out to be more convenient depending on circumstances.

For a positive integer p, we use [x], to denote xmodp = x —p BJ , where |x| is
the greatest integer less than or equal to x.

2. HIGHER-LEVEL APPELL FUNCTIONS

2.1. Open quasiperiodicity and other basic properties. For / € N, the level-/ Appell

function
777,2[
qT T
= 1= 7yq

ml

(2.1) Ke(g,z,y) =

generalizes the Appell function « in [[16,[17]. Along with (2.1), there is another, double-
series representation for K, (cf. [[11} 28} [12]])

2.2) q’ T y (Z Z Z Z )qm mZL 4 mn m€+nyn
m>=0 n=>0 m<—1n<—1

valid for |¢| < |zy| < 1.
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The X, functions satisfy an easily derived quasiperiodicity property in the second
argument,

2
(23) Kf(qa I‘qnmy) = q_ 2 ZIK:Z(Q7 x7y)7 n e Z’7

and an “open quasiperiodicity” relation along the antidiagonal with respect to the second
and third arguments,

> (@) w'qT),  meN,
2.4) Kelq,zq7 7, yq?) = (2y)" Kelg, z,9) + "~ o
o Z ("L‘yyl_rﬁ(qaxéq_?n), n € —N.

r=n+1
These imply open quasiperiodicity in the third argument,

In—1
Z 2y "0(¢, 2t q?), necN,
Ko(g,7,94") = 4" v Kolg,w,y) + 7=,
=Yg, '), ne-N,
Jj=tn

or manifestly with only ¢ distinct theta functions in the right-hand side,

71

2.5 Kelg,,94") = 47 ¥ Kolg, z,y)

zq“"”%ezx 40 ), e

Zq](2n2 i)t jezxryrq(n J) Tﬁ q 1. q ) n € —N.

There is the easily derived “inversion” property

1

(2:6) Ki(g,,y) = =Kelg,a™",y™") +0(¢, ) = —y~'a 7 Kelg, 2 qt,y g 7).
We also note that in the exponential notation, there are the obvious relations

2.7 Ke(r,v+m,p) = Ke(r,v, 1) = Ke(T,v, 0 +m), meEZ,

(2.8) Ke(r,v + = —) Ke(T,v, 1), m € Z.

2.2, “Scaling” formulas. The scaling (“period multiplication”) formulas in this subsec-
tion are useful in studying modular transformations of functions expressed through X,.

We first recall the elementary theta-function identity

—_

p—
2

(2.9) g, 2) = q7 2°0(¢, 2Pg")

vy
I
o
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and its version for p = 2¢u with coprime ¢ and u,

; ! S”— ! _p(s!" — m 2 wl ul(ur’ —e(s" —
(2.10)  9(g, 2 Z 3 gl Us"=1) (20 | 2ut gui(ur”~£(" 1))

// 1 S// 1
(where we use double-primed variables in order to help identifying them in more com-
plicated formulas below).

Similarly, there is an elementary identity expressing K,(q, x,y) through X, with the
“period” ¢ for an arbitrary positive integer u

u—1lu—1

(211) :K: q’x y quaQZJrab al+b bg(: (q xuqua+b£ y q )’ = N

a=0 b=0
Whenever u is coprime with ¢, a formula relating the X, functions with the “periods” ¢
and ¢* differently from (Z.11) is

—

u—1 u—

S H u2 u Su u —ou
Ke(q, z,y) = 2y g K (g gyt )
0

i
o
S
Il

-1 u—1

+ qur ur—~s urs 19((] xéqur),

=1 s=1
—fs>1

which is shown with the help of the identity

1 un 1 -1 u—1
2.12 _ — =— ur—£s
(.12) 1-¢)1-q") 1-¢q ;szlq
ur—~£s>1

for coprime positive integers u and £.

The identity in the next lemma is crucial in Sec. 4 For n € Z, let
In
rlnl = |5

Lemma 2.1. For coprime positive integers { and u,

(2.13) Kog(qv,zv,yv) — Kog(qe,a v, yu) =
u u—l1

_ Z qu 5’71 (s'+1+2b) q —L(b+1)(b+s )(xyqufl)—rl,u[s’-&-%—i-l]
=1 b=0

s'=1_w , o1 u .
“ ~3eTeuls T2 o= S5 bt gy [ 420+1
X (:Kgg(q ,Xq 2 27 Z,u[ ]7 yq 2 27 gﬂl[ })

_ xZ'r‘e’u [s'+2b+1] q(s’— 1)1‘€7u [s'+2b+1]

_s'—1 w sl g w
x Kae(q", rTlgT e 2érf,u[3/+2b+1]7 yq~ 2 b+4; Té,u[8/+2b+1]))'
PROOF. The formula in the Lemma is equivalently rewritten as

1 1

1 11 1
j(:%(qﬂ’xﬂ’yi) - f](:%(qE,x*E?yﬂ) =
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u u—l1
’ _ o “ 1)
= ZZI_%HW 20—l yW +26-1)] q%(eb—[e(s’+2b—1)}u)

s'=1 b=0

2(s"+2b—1)]y (s’ +2b—1)]q,

P _
X (Kze(q R VT 20 )
2y 8142 (o (5= D)y, [57—1+20)

— X

! !
L1 b (s—1)p 2 e 2]
X Kog(q o tg Do g ).

Indeed, the summand here is mapped into that in (2.13)) by a redefinition of the b variable.
This changes the b summation limits, but Eq. (2.3) shows that the summand actually
depends on b only mod u, and hence the interval of u consecutive values of b can be
translated arbitrarily. But the last equation can be shown directly using the definition
and the fact that for coprime ¢ and u, [¢s'], takes all the values in [0,...,u — 1] as &'
ranges over the set of any u sequential values. ]

2.3. Relations to theta functions. Some special combinations of the Appell functions
can be expressed through theta functions. We first note an identity showing that the
higher-level Appell functions are expressible through X; modulo a ratio of theta func-
tions (cf. a more general statement in [[12]]).

Lemma 2.2. For { > 2,

/—1
I¢'2)Kelg, 2,9) = D 2"y (e 2 ') Kald' w7 ya ) =
r=0
_ _1
(gt D1.1(g; 29" ") g 877(618)3.
ﬂl,l(QJ Zy>791,1 (CI7 I”y_ )

This can be proved either directly (using (2.5)) and (2.2), via resummations similar to
those in Egs. (2.17)—(2.19) below) or by noting that in view of the open quasiperiodicity
formulas, the left-hand side is in fact quasiperiodic in y (and obviously, in x and z),
and is therefore expressible as a ratio of theta functions; the actual theta functions in this
ratio are found by matching the quasiperiodicity factors, and the remaining ¢-dependent
factor is then fixed by comparing the residues of both sides.

Lemma 2.3. For an even level 20,

/-1 1 1 1
»2 b L b V11(q7, 2%)g s n(qe)?
2.14) > 2®q7 (Kae(g, 297, y) — Kaelg, 27" 7,y)) = — 1’1<; ) ?( >1 :
b=0 ﬁl,l(qﬁaf?/)ﬁm(qe,xy_ )

To prove this, we use the same strategy as above, the crucial point being quasiperiodic-
ity, which is shown as follows. With A, f(q, x, y) used to temporarily denote f(q, x, yq)—
a2y’ f(q, 2, y), it follows from Eq. (2.3) that

b

2.15) Ap(Karlg, 247, y) — Kaslg, 27 ¢, y)) =
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{—
Z —a —f—l-a a y2€—2aqf—a _ 1)19(q227x2€q2b—a)

1
CLER —2a_ l—a a
+Zxaql+ y (1_y2€ 2 q€ )ﬁ(q%’x%qﬂ)—k )

This also shows that 2 q% AyKoe(q,272q7¢,y) depends on b only modulo £. In apply-
ing S0—! 22 ¢¥*/* to the second term in the right-hand side of (Z.13), we can therefore
make the Shlft b — b — a without changing the summation limits for b. This readily
implies that the left-hand side of is quasiperiodic in .

2.4. Integral representation and the S-transform of X,. Although the Appell func-
tions cannot be rationally expressed through theta functions, they admit an integral rep-
resentation through a ratio of theta functions. This integral representation proves to be a
useful tool, in particular in finding modular transformations of X,. We give this repre-
sentation in and then use it in the calculation leading to Theorem [1.1]

Lemma 2.4. The Appell function admits the integral representation

V(7 v+p+A) (1)
19171(7', V+[L)Q9171(T, /\—I—ZO) ’

where +10 specifies the contour position to bypass the singularities.

(% 1
(2.16)  Ki(r,v,p) = —e_4T/ AN (LT, v —N)
0

PROOF. Starting with the easily derived identity

m

(2.17) > Kilg, zyg™a™ =9(q", 2 ) ) — -

_ m
meZ meZ 1 y=q

and combining it with the identity [[11} [14]

m % , (1 — )3
(2.18) )P 11(¢, 2y) [0 (1= ¢') |
me7Z o qu 7’9171<q7 y)01,1<q7 l’)
we obtain
Y , 2YT -3 3
(2.19) S K, 5 y™)a" = —0(g", 22 11(¢, 2y) ¢ 51(q)

191,1(% Z?J)ﬁl,l(% 517) '

The right-hand side of (2.18)) is a meromorphic function of x with poles at z = ¢,
n € Z, but the identity holds in the annulus A; = { | |¢| < |#| < 1}, where the left-
hand side converges. We therefore temporarily assume that x € A; and then analytically
continue the final result. Integrating over a closed contour inside this annulus yields

mEZL

1 [de V1l zyx) g sn(g)?
(2.20) Ki(q,z,y) = —— ¢ — I(¢", 2l — :
ol ) 2w T ( ) 791,1(% zy)ﬁl,l(q,x)
In the exponential notation z = e 2Ty Yy = e 2™ g — ¢2ITA the annulus A is

mapped into any of the parallelograms P,,, n € Z, with the vertices (n,n+ 1,n+ 1+
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T,n —+ 7). We choose n = 0 in what follows. In the exponential notation, the integration
contour is then mapped into a contour in the interior of P, connecting the points in a
close vicinity of 0 and 1 respectively. Equation (2.16) thus follows. n

The integral representation in the Lemma allows us to find the S'-transform of K,. (As
regards the 7' transformation, it readily follows that Eq. (I.2) holds for X,.) For this,
we use the known S -transformation properties of the 7 and ) functions entering (2.16),
with the result

[—i ! (Ll 4 Xr
(2.21) JQ(—%,;,%):— Z—T/d)\em(T + 255 +2Mp)
0

—  2imr(v — 7A) + ’iﬂ'%T ﬁl,l('ﬂ v+pu+TA) e_iTTTn(T)g
YT, bv—T\
X Ze (T, V—T —H“T) 191,1(T,V+u)191,1(7,7‘)\—€)

Y

where we also used (2.9) (with u = /) to rewrite the theta function (7, -) occurring
in the S-transform of (and where infinitesimal positive € specifies the contour
position). Equation allows applying Lemma[2.2] As a result, after some additional
simple transformations involving (2.4)) and (2.3)), the second line in (2.21)) becomes

{—1

Z em%T_%ﬂm_%ﬂ%T)\ (19(€7', TN+ Ly — r7) Ko(T, v, 1)
r=0
-1
— Z e27’m(’/+“)19(£7, w+ar) XKy (br, =7\ — Lp+ 17, by — m-)).
a=0

In the first term here, we next use (2.9), which gives the integral in (A.T]), and in integrat-

Atr

-, which then allows

ing the second term, we change the integration variable as A\ —

us to do the » summation explicitly. This gives

1 vop, iﬂ'f”Z;“Z
(2.22) sz(—;a - ;) =Te Ke(T, v, 1)
L—1—a)T
/-1 a N2
. . (v+4271) . a2 . A(fp—ar)
—iT il irgs — 2im
A\ E Y(lr, v +at)e / dhe " * ¢
a=0
—T—aT

x Ky(br,\ —i0 — (bp — at), by — at),

showing that the remaining integral is the one in (A.5). This leads to the sought equation
expressing the S-transform of XK, through a single K, function and ¢ theta functions,
Eq. (1.3)), with
7
(I)<T7 N) - (b(T, M) - 2\/_71.7_7

. . AZ_2)
i K

o(r, 1) = _][d/\ewT XKy (T A=, )
0
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involved in the theta-function terms (see Appendix |A| for the principal-value integral).
Equivalently, the ¢ function can be rewritten as

.23 ot = — 3 [deemret ST )
R sinh (ray/—iT)
and ¢ as
) —2@'7?3:\/%
(2.24) O(r,p) = — / dre” ™ e
R=i0

This proves the formula for the .S-transform of X, in Theorem The integral is to be
analytically continued from 7 = it with ¢t € R..

2.5. The lowest-level Appell functions. Appell functions of levels 1 and 2 have some
special or simplified properties. For X, Eq. (I.3)) becomes (cf. [16])

v2—p? v
T

T Ki(rv ) +Te

1 v op s

(225) Kl(_ivfai) =Te @(T, M)ﬂ(T7 V)‘
For ¢ = 1, the formula in Lemma [2.2]becomes an identity in [16]],

0(q, xy2) V1.1 (g, 27 2) ¢ 5 1(q)?

Y 723( » L, - ’fo 1% -
(q,2)XKi(q, 2, y) (¢, ) XK1(q, 2, 9) V11(q, z7 'y 1) V11(q, yz)

For K, Eq. (2.14)) simplifies to

g, 7?) g 5 n(g)?
V1,1(q, vy)V11(q, 2zy1)

(2.26) Ka(g, 2, y) — Kalg, 2™ y) =

2.6. The ® function and its properties. We now study the properties of the function ®
appearing in the S' transform of higher-level Appell functions. These properties include
open quasiperiodicity relations — which can be viewed as functional equations satisfied
by ® —and a modular transformation formula. They already follow from Eq. (2.23), or
alternatively, can be derived from the integral representation (2.23)), similarly to the study
of Barnes-like special functions arising in various problems [18, [19] (see also [20} 21}
22, 123]]). Unlike Barnes-like functions, however, the ® function cannot be evaluated as a
sum of residues (tentatively, at x,, = i A=, n € Zx) of the integral (2.23), because the
Gaussian exponential causes the sum to diverge.

2.6.1. Open quasiperiodicity and related properties. First, a simple calculation al-
lows explicitly evaluating ¢(7, i) in (2.23) for p = %55, m € Z:

mT 1 (m—2j)
¢(T7 2)_ ize T 4 ) m/07
j=0
(2.27) e
mT 1 _ (m—2j)
o(T, 2)—§Ze T : m>1
j=1

In particular, ¢(7, —7/2) = 0.
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Next, elementary transformations with the integral representation, involving the iden-
tity

2ramy/—it m—1
_ Z e 1T (27 + 1)7 m € N,

J=0

2sinh(7x/—i7)

show that ¢ satisfies the equations

(ptir)*
O(r, u+m7) =d(1T, 1) — ) e —imE

(2.28) m € N.
i (=)

O(r, p=m7) = (1, 1) + p e

i

3
L

<
Il
o

Similarly to the equations for X,, these are open quasiperiodicity relations. They can
be alternatively derived from (2.25)) and the corresponding property (2.5) of the Appell
functions. For this, we evaluate the commutator of the S transform of K,(7, v, u) and
the translation of the p argument by elements of the lattice generated by (1, 7); because
modular transformations act on lattice translations (thus forming the semidirect product),
this results in equations for ®, equivalent to (2.28)).

A slightly more involved calculation with the integral representation leads to the “dual”
open quasiperiodicity relations

2
—z7r——227rm” rili=2m) m)

— ik
O(1, p+m) =e T O(T, 1) "

)

(2.29)
qii—2m) 2m) +227r] o

Y

. 2 .
— i 4+ 2irm e

O(r,u—m) =e 7 TO(T

where m € N. To show this, we recall the analytic continuation prescription and write
O (it, ) with t € R, as in (2.24). We then consider ®(it, u + m) with m € N and
change the integration variable as = = 2’ — z% This gives

2
p L ZWM

O(it, u+m) =e ! Q%(zt ),

where CID% (t, ) is given by the integral along R + i — i0 of the same integrand as
for ®(it, ). A residue calculation in accordance with

me1l —22’7717\%
o o o P v
CI)% (it, ) = ®(it, p) — 2im Z sy ( ¢ 1 e—27rx\/i)

n=0" Vi
(see Fig.[I) then yields the first equation in (2.29). Alternatively, Egs. (2.29) can also be
deduced from (2.25)) and the corresponding Appell function property in Eq. (2.7).

Next, a “reflection property” follows from (2.6)) (or can be directly derived from (2.23))),

(2.30) O(r,—p) = ——— —¢ TT _d(r, ),
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“Z'ﬂ
Vi -
-m—1
v
-1
v
73 - >

FIGURE 1. Integration contours for ®(it,u) (the lower dashed line) and
® im (it, ) (the upper dashed line) in the complex = plane and poles of the inte-
Vi

grand (crosses).

or equivalently,

1
—9ighte

(2.31) O(r,u+1)=—e T O, —pu—T).

A simple “scaling law” for & follows from (2.11)) and (2.23)) (or directly from integral
representation (2.23))),

p—1

(2.32) O(r, 1) =Y (1, pu—bpr),  peN.
b=0

In the case of “scaling” with an even factor, we have the following two formulas. As
before, [z], = x mod p.

Lemma 2.5. Forany { € N and m € Z,

20—1 | am . [m]2 -
im B w4 2imtmlae L T [m]ae
(2.33) go e G207, 20p—at) = e (55 nt+—),
1 20-1 QU am 4 ; a?
im A i A T a
(2.34) 5 g e 7 ¢ ”T(I)(ﬁ,;hL?—g) = O(207,20p—[m]ae 7).
a=0

For m = 0, Eq. (2.33) reduces to (2.32), and Eq. (2.34) becomes

20—1 2
1 umie i - 1 a
(235) 27£ E - e T 2ZT®<5£, ﬂ+?€> = @(267', 26/1)

PROOF. Both formulas (2.32)) and (2.34) follow from manipulations with the integral
representation, but as we see shortly, these two equations are .S-dual to each other, and
it therefore suffices to prove any one of them. We actually show (2.35)), from which the
rest (all of the m dependence) follows via (2.28)). For this, we evaluate the left-hand side
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using the integral representation and change the integration variable x in the ath term

as x = 1’ — ; as before, we analytically continue from the positive part of the

24\/
imaginary axis 7 = zt Then (omitting the prime at x)

20—1 o/t 2

i G T g 4@2 —mz? € i
TO(T, dxe .
2 2; (r. 1+ 37) Z / | _ i —2mav/t

a= — .
Rt Sir—i0

But the integration contour can be deformed to R —:0 in all terms, which allows us to
evaluate the sum over a as

L 2=l . )
20 Z a = 20
20 g 1— eZ’/qu 1 q
which shows (2.33). n

We also note that combining Eqs. (2.9), (2.32), and (2.29) allows expressing the S -
transform of X,, Eq. (1.3), as

. 1,2_#
(2.36) g(g(—l Y H) :Tem—g 7 Kﬁ(7—7 Valu“)
T = 2—&—177@ +2imal a T a
EZO ‘I’( )19(@77/—;)

With some care, Eq. (2.36) can be derived directly via the Poisson resummation formula.

2.6.2. Modular transformations of the ¢ function. Modular group relations impose
constraints on the function ¢ appearing in the S-transform of higher-level Appell func-
tions. With the action of C' = S? given by Eq. (2.30), we act with both sides of the
relation (ST)3 = C on X;. Comparing the results gives the identity

il i i 2)” 1 p 1
(2.37) iv—ite TO(r,pu)+e T @(1_;,;_9_5)
(p+1)?

—i\/—iTem L d(r—1, u+= ) 0.

Next, with the action of S given by Eq. (2.23), the SL(2,Z) relation S? = C results in
the S-transformation formula for @,

2

238) (") = —ivir(e” (e W)+ 1) = —iv/—ire' " T B (r, ).

T

It now follows that identities (2.33]) and (2.34) are the S-transform of each other.

It is instructive to verify (the first equality in) (2.38) by comparing the asymptotic
expansions of the integral in (2.23)) as —i7\, 0 and 7 — oco. We first find the asymptotic
form of ¢(it, u) for large positive ¢. Writing

/-i-oodx e_wmz sinh(ﬂx\/i(l + 2%))

olit,iy) = = sinh (o)
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o0 +oo
ST, Z/ dy e ™™ Sinh(ﬂ'l‘(\/%-f- 2%)) e‘”””@m‘*‘l)\/i’
m=0"¢

we readily obtain

oo 1 (m+1)t+y)2
o(it, iy) t; 3 erfc( %((m+1)t~|—y+\/¥e)>

1 > (y mt)?
52 t erfc(ﬁ(mt—y—l—\/fe)),

with the complementary error function
erfc(z) = 1 —erf(z —1—/ dte ™.

We isolate the m = 0 term in the first sum (the only term where the argument of erfc is
small as ¢ — o0), rearrange the remaining series, and use the asymptotic expansion

1 2 L (2n—1)
erfe(z) = 5=~ Y (-1 o

n=0

for large positive z. We can then set € = 0, which gives

L ibeo 1 ¥ - 1 - .
p(it,iy) = —5¢ t erfc(—\/;y)—i—Q(CO’c(t)—)

Ty
" (2n—1)! ¢(2n+1,14+%) — ¢(2n+1,1-%)

T Z 27T n+l tn+2 ’
where

o

Z m+a)”°.

m=0
Using

1) = D (= (" el + ),

n
i>0
where ((s) = >, -, m™*, and expressing the (-function values at even positive integers

through the Bernoulli numbers B,,, as

n 2 (1)

((2n)=m @D Boy,
we then obtain the large-¢ asymptotic expansion

t— 1 Wﬁ ]71—2]+7l+132( 1 y2j+1
; ; ~ - t v
(2.39) o(it,iy) = —5¢ erfe( \/> E E : (j+n+1) (2j+1)!n!  ¢3+2i+n’

n=0 j=0

The erfc function in (2.39) can be expanded further, with the result

. B 3 my?
2n
=2 nre i (=g o).
n=

t—o0

o 1
o(it,iy) =< —5¢

2
Y
%
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We next find the small-¢ expansionﬂ Writing

400 9
(2.40) ¢(it,iy) = _;/ dy e ™ (Cosh(27m%) + Coth(mc\/Z) Siﬂh(Qﬁ:E%)),

we calculate the cosh integral and expand coth, with the result

i 2
o(it,1y) = —% ZQJBQJ/ dz e~ ™" (mav/t) %~ 1smh(27rxi)

Vit

This involves the integrals

dze ™ 271 sinh T
/0 Te 'sinh(Bz) = (2\f)

/ d“_mgfzj‘lsinh(ﬂx)=(—1>”<Z4\7g Vo (5), iz
0

where H,, are the Hermite polynomials. They can be written as

Hyo(z) = (22)" <1— (?)2;+13(T>®—135<2)®+)

which gives the small-¢ expansion

Loy t20 ] W% 1 LT
(2.41) o(it,iy) =< —5¢ +Tﬂ erf<z\/;y>

2 [ee] o0
W* ZZ Ba(anpny 72 i m
Grntlnl(2j+1) Y '

n=0 j5=0

To verify consistency with the S-transform formula (2.38)), we rewrite it as
' . —T= ; 1 ¥
61, ) +ivie " (it iy) — _%\/g_ L

With the above asymptotic expansions, we then find that indeed,

2

Yy
(2.41) ’t_% +ivie | --:—f\/_—fe o

y——i¥
showing that the asymptotic expansions of the integral in (1.4) obey the S transformation

formula (2.38).
3. GEOMETRY AND FURTHER PROPERTIES OF THE APPELL FUNCTIONS

In this section, we consider some elements of the geometric interpretation of higher-
level Appell functions and then formulate their modular properties in terms of the action
of subgroups of SL(2,7). As noted in [16], (k(-,a;q),J(q, -)) is a section of a rank-2
vector bundle over the torus. For X, with ¢ > 1, we unify X, and the theta func-
tions arising in the open quasiperiodicity formula for X, into a vector K, representing

3We are grateful to V.I. Ritus for the elegant derivation in Egs. (2.40)—(2.41).
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a section of a rank-(¢ + 1) bundle. In the space of (¢ + 1)-vectors, sections of this
bundle are selected by the invariance condition with respect to the action of a lattice
in C? (Lemma . Moreover, there is a representation of a (/-dependent) subgroup of
SL(2,7Z) on (£+1)-vectors such that the section Ky is also invariant under this subgroup
action (Theorem [3.5). This description of the action of (a subgroup of) SL(2,Z) as an
invariance statement is in the spirit of the well-known result for classic theta functions,
which we quote in Lemma [3.3]below. The “essence” of the modular group action is then
hidden in an automorphy factor involved in defining this action. With K, similarly, the
invariance statement in Theorem [3.5] below involves a judiciously chosen automorphy
matrix.

3.1. Lattice translations and bundle sections. We begin with constructing a vector
bundle V, ;, of the rank determined by the number of terms in the right-hand side of the
open quasiperiodicity formula for X,. This bundle

(C2 % C@—H/:R
(3.1) l
TE,T

is defined as follows. We take the 4-dimensional torus T, . = c?/ L, ., where L, C C?
is the lattice generated by the vectors

1 1
7 =€, 72:Z(6_f)7 V3 = TE, 74:ZT(e_f>’

with e and f being the standard basis in C*. With v and p denoting the corresponding
coordinates and (v, 1, v) € C? x C**1, the relations R are given by

1 1 _
:R: {(y+17M7U>N<V7M7U)7 (V‘FZ,M_Z,U)N (ValuaA21v)7

(I/_'_Taua’l}) ~ (V7M7A3(Tv l/)ilv)a (l/+ %mu - %70) ~ (V7M>A4(7—7 v, :u)ilfu)}'

where the matrices A, As(7,v), and Ay(T,v, 1) are

1 0 0 0 0
0 1 0 0 0
0 0 e 277 0 0

A = —2iT2 ’
0 0 0 e 2Ty 0
00 0 0 e 2T

As (7_’ I/) _ emér + 227T€V1(£+1)X(£+1)7

Qimy —imiT
A4(T U M) _ e2i7rl/+i7r%7' ek ¢ v
) ) O B )
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where the ¢ x ¢-matrix

0 0 1
1 0
B=1|0 0
0 0 O 1 0
cyclically permutes the standard basis vectors, and v = (1,0,0,...,0). The projection
in (3.1) is given by (v, p,v) — (v, i, 0). o
We introduce the (-dimensional vector 8,(7,v) = (0a4(3,v)),., ., , (these are

the same theta functions that appear in the open quasiperiodicity formula for X, and
in (T3)).
Lemma 3.1. The (¢ + 1)-vector

Ke(, v, p) = (

is a section of the bundle V..

Ke(r, v, ,u))
0,(1,v)

The Lemma is almost tautological in view of Eqs. (2.7), (2.8), (2.3), and (2.4) and
quasiperiodicity of the theta functions. We nevertheless note that the assertion is conve-
niently formalized using the operators U;, i = 1,2, 3, 4, acting on functions f(7, -, - ) :
C? — C*! as

ULf(r,v, p fUV+1m
1

( ) =

Unf (r, v, ) = Ao (r,v + 11— 3),
Usf(m,v, 1) = As(r, ) f (1,0 + 7, 1),
Usf(7,v,18) = As(m v, i) f(rv + 7, = 7).
Lemma [3.1]is then a reformulation of the following easily verified fact.

Lemma 3.2. The operators U;, i = 1,2,3,4, pairwise commute, and hence y; — Uj; is
a multiplicative representation of the Abelian group L, . Sections of V, . can therefore
be identified with invariants of 1L, ; in this representation.

3.2. The action of a subgroup of the modular group. We now identify a subgroup in
SL(2,7) and construct its action on functions f : h x C? — C**! (where b is the upper
half-plane) such that the vector K, defined in Lemma [3.1]is invariant. The aim of this
subsection is to prove Theorem This action involves a matrix automorphy factor,
which can be considered an Appell-function analogue of the automorphy factor involved
in the classic statement in Lemma3.3l
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3.2.1. Automorphy factors. We begin with recalling the SL(2,7Z) action on h x C?,
Eq. (I.8). Possible SL(2,7Z) actions (actually, antirepresentations) on functions [ :
h x C — C are given by

(3.2) (v N)mv)=3((20);mv) f(am ),
where 7 is an automorphy factor satisfying the standard cocycle condition. More gener-
ally, SL(2,Z) actions on functions f : h x C?> — C**! are given by

(33) v f(7-7 v, lu) = JZ(’% T, v, H)f(’yTv Y, 7#)7

where Jy(v; 7, v, pt) is the matrix automorphy factor, a (¢4 1) x (£ + 1)-matrix satisfying
the cocycle condition

(34) Jg(Oéﬂ;T, v, M) = Jf(ﬁ;Ta v, ,U)Jg(Oé;ﬂT, 67/7 ﬁ,u% J@(l;Ta v, M) =1

Let Ty 5 be the subgroup in SL(2, Z) consisting of matrices v = (¢ ) with ab € 2Z
and cd € 27Z. We recall the following result about the invariance of theta functions

under I'; 5.

Lemma 3.3 ([29]). The theta function 9(7,v) is invariant under the action of I'i 5
(see (3.2)) with the automorphy factor

cv?
ct+d

GO0 i) = Cller +d)"3e

Here,

- _d—1
e'™ T (i), c even,
Cc,d = d

d
e"ime (Czl) ., codd
and (g) is defined as the quadratic residue for odd positive prime d and multiplicatively

extended to all d; see [30] for the details (we note that ¢ and d are coprime because of

the determinant condition in SL(2,7), and we assume (J%) = 1). As a simple corollary

of the Lemma, we have the formula
Z(a+c)(b+d)+ & —imsfe

(a7'+b

(3.5) cT +d

)3 = Cea (T + d)% e n(r)?, (Z Z) €,

to be used in what follows.

3.2.2. Matrix automorphy factors. The classic invariance statement in Lemma 3.3|ex-
tends to the theta-vector 6,(7, ) introduced before Lemma[3.1] This is shown in the next

Lemma, but we first set the necessary notation.

Let I'y o0 be the subgroup of SL(2,7) consisting of matrices (‘C’ Z) such that ab =

0mod2¢ and cd = 0mod 2(. For (* ") € T'y 5, let ged((,a) = ¢, and ged((, c) = L.
(hence, £, 0. = 0).
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We also need an ¢-dimensional representation D'g of I'y o, defined as

T= ( ) = D/( ) - (dsm)gésgffl,

<n<d—1
where
1 —2irtes ifn = (sa — rc) mod ¢
Vi - forsomeinteger 0 < r < 0, — 1,

dsn:

)

o

otherwise.

Lemma 3.4. The vector 0,(t,v) is invariant under the action of I'y 5 given by
v [ ) =Ty, ) f(yr, v ),

with the { x { automorphy factor

J(vimov, 1) = ke(y; 7 V) E(; 7),

where
i 2
im Ly

(3.6) k(vimov)=e M By(y;7) = ngad(CT +d)72 Dy(v),
and Dy(v) = Diy(7)™"

The proof essentially reduces to the formula

clv?

(lT+b 174 CT+d ZTrCT
(37) 926)(m, m) = gi,f d~ 7 +d Z sa rc(Ta V)a
=0

which can be verified for (‘Cl Z) € I'y 2¢ by direct calculation.

Example. To illustrate the structure of the automorphy factor in the Lemma, we consider
two examples with the matrix v chosen as S = (1 Bl) and C = S? = ( to ) For S,
the matrix elements D,,,,, of D,(S) are given by

1 2imnp

Dnmzﬁe , n,m=0,1,...,0—1.
For C', we have
1 0 ..... 0
0 ......... 1
D,(C)=(DyS)*=1|0 ..... 1 0
0 1 0 . 0

3.2.3. Modular behavior of K,. With these ingredients, we now formulate an analogue
of Lemma [3.3] for the vector K, in Lemma [3.1] As a final preparation, we define the
automorphy factor before formulating the result, because the corresponding formulas are
somewhat bulky in view of several cases that must be considered (the reader may first
concentrate on the “basic” case ¢ > 0).
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For v = ( ) € Ty.90, let Jo(;7,v, 1) bethe (£ + 1) x (¢ + 1) matrix defined as

( L(v: Foly:7, 1) Eol:
kg(%w)<e(%7,u) o(v; 7, 1) Ey(y T))) >0

0 E(v;7)
—1 v 1 0
, c=0andy=C = R
Je(y; v, ) = (0 De(0)> <0 1>
1, c=0and7-(12fb),
Jg(C;T,V,[L), C_Oand’y_<12_£f>v

| Je(=7s v, ) I(Cs v, ), € <0,
where k(~y; 7,v) and E,(v;7) are given in (3.6),

- clv?

L(vim,v) = (er+d)le " o H

and Fy(vy;7, 1) = (Fl(é)7 F2(Z), ce F(Z)) is the vector with the components
cZ/_L . ’I‘d rd(26p—rT)
_ _CC ' d?z\/_ I c7—+d T l(ct+d)
Z ra

< 2 (£
x Ze (b= (U7 -+, byt st —rr).
s=0

Theorem 3.5. The section of V, . given by Ky(T,v, 1) is invariant under the action of
I'1 20 given by Egs. (3.3)) with the matrix automorphy factor J, defined above.

Example: the S transformation. For the S matrix, the automorphy factor in the The-
orem becomes

Jo(S; 7 v, 1) = e_mf”; 1™ _(_”)_éem TWD,(S)
o 0 (—it)"3D,(S)

where D,(.S) is given above and ¥ = (U, ),—0,1,... ¢—1 is the row vector with the compo-
nents ¥, = ®({r, by — at).

Example: ¢ = 1. The above formulas become somewhat more transparent in the sim-
plest case £ = 1. For (* Z) € I'; 5 with ¢ > 0, we then have

- o(v?—p?)

ab v K _ tm ct+d
:K:l((c d) 75 CT—i—d’CT—i—d)i(CT—i_d)e " jcl(T7l/7u)

c—1 2
cq— -|- d Z7TCT Qiﬂucf‘—d — iﬂrci—d d d
+ Ced 1V — iz Ze d d O(r+-, ptaz)d(r,v).
a=0
For the section K;(7, v, 1) in Lemma[3.1] we therefore have

(2 o) K=Ky (D) €T
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where the action is defined as above with the 2 x 2 automorphy factor (for ¢ > 0)

—iT

(@ Y)imvm) = (e + dyre T

2 —
. cp ZﬂadQN T

2
amSE . .
(cr+d)"ze 7 ——‘ Ter+d §: (144, ptal)
0 Coa

3.2.4. Proof of Theorem We first evaluate the integral representation (2.16) with
(7,v, ) transformed by an element (¢ °) € I'y; using that a + ¢ and b+ d are then
odd and applying (3.5]), we obtain

cTd

v no\ at+b lv—\\ 2w o (v+p)A
(3-8) g{e((c d) Ter+d’ CT+d) N / d)\19<€m’m> ¢

0
e T Y1, v p A+ T (rf
I, v+ pu+ %)19(7, )H—%H)

We next assume that ac is divisible by ¢. Equation (3.7) then gives

a b v H _
j<E((c d) ™ CT—i-d’CT—i-d) -
1 ct+d c(AN20A0)

Lo
. Ver +d mfﬁ_d T =T ertd) +2imre(p+3)
= (& tud Nk dAe

r=0 0

e VT Y, v+ pt+ A rer+ ()
I(r, v+p+T3)9(r, Arer+ )
where we also shifted the theta function arguments using quasiperiodicity in order to have

A + re7 in the ratio of the theta functions. This allows us to apply Lemma with the
result

3.9) Ke((“ ) r L) =

X Y(lr, lv—(A+reT))

Y

ct+d et +d
+
s . c(A2t20x
= Cepa Ver +d meer / m < ;id)”)—l—Qwrrc(u—&—%)
= Ctted 7

r=0 7%
X <19(€T, L+ N+rer)Ko(T, v, @)
-1
e 2imk(V + 1) Ol bv + k1) Ky (b1, —Lpu— (N+rer), K,u—lm')).
k=0
This therefore consists of two terms, with the integration variable A\ involved in the

argument of the theta function in the first term and in the argument of X; in the second
term. In the first term, we change the variable as A\ — A\ — r(cT + d) — ¢ and use (A.3).
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In the second term, we change the variable as A — A\ —r(c7 +d) and then use (A.7) with
c— i d—l,d, 7 — ¢r,and p — fu — k7. This gives

. cl(v?—p?)

Ke((*0) 7, L) = (ertd)e” TE Ky(r,v, 1)

cd/ Ver4der+d
- - Ec Zﬂ-(ff:fd A 2'L.7Tkl/+l'ﬂ'§7'
+ (e iV =iy (cT+d)e D e DT, by +kT)
k=0

iwikde((%“;f;ﬂ ! 2i7r(€,u—k7)—”‘d iy 2d d d
< e cT+d Ze cT+d cT+d CID(ET—i—EE,E,u—i—(ME—/{?T)

a=0

This shows the desired behavior of the first element in K,(7, v, ). The rest of the cal-
culation leading to the statement of Theorem involves only theta functions and is
therefore standard.

4. MODULAR TRANSFORMATIONS OF s/(2|1) CHARACTERS

As an application of the higher-level Appell functions, we consider the “admissible”
representations of the affine Lie superalgebra st (2]1) atthe level k& = % —1 with coprime
positive integers ¢ and u. For ¢ > 2, neither these representations nor their characters
are periodic under the spectral flow (B.3), the characters cannot therefore be rationally
expressed through theta functions, and Appell functions enter the game.

The spectral flow is an action of the Z lattice, and because it acts on the admissible
representation characters freely, there are infinitely many representations involved and
the theory is certainly nonrational. It might then be expected that defining the modular
group action would also require infinitely many characters. But the actual situation turns
out to be somewhat closer to the case of rational conformal field theories: if extensions
among the representations are taken into account, the spectral flow and the modular group
action can be defined on a finite number of characters. For the spectral flow, this is shown
by elementary manipulations, but the calculation of the action of S € SL(2,7Z) is more
complicated. The resulting formula for the S-transform of the characters in Theorem 4.1
resembles that for the Appell functions: although the characters are not closed under
the S transformation, the offending terms are given by & times theta-functional terms,
whose modular properties are already standard.

We have to consider a number of facts pertaining to the st (2|1) representation theory.
We follow [13]E] with most of the representation-theory part collected in Appendix
Calculations with the Appell functions are given in Secs. .2 and 4.3 below.

4.1. Formulation of the main result. In Theorem [B.1 we find the characters X, s su:
of the admissible s¢(2|1)-representation L, ;.. in the Ramond sector. The .5 notation

4See also [31132] for aspects of the s¢ (2]1) -representation theory at fractional level.
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is for the spectral flow transform, see (B.5]) [13),133]. The four different sectors (Ramond,
Neveu—-Schwarz, super-Ramond, and super-Neveu—Schwarz) are mapped under the S
and 7" transformations as indicated in (B.35). Any of the S-arrows in (B.35) allows
reconstructing any other, and it is therefore a matter of taste which of these to evaluate
explicitly. The super-Ramond sector is chosen in the next theorem. With theta-functional
terms inevitably occurring in the S'-transform of ., s 7.9, Such terms can be added to the
X characters from the start (as we see in Sec. the theta-functional terms in question
are actually the characters defined in (B.30)). It then turns out that to avoid redundancy,
we can label the admissible characters by (s,0) with s =1,...,uand 0 =0,...,u—1
(see (4.7)). We then have the following result.

Theorem 4.1. At the level k = 5 — 1 with coprime positive integers { and u, the S-
transform of the super-Ramond admissible s{(2|1)-characters X?};g) is given by

2_ 2 u u—l1
s 1 v op irkY . .
4.1) X(I;G)(_;a g ;) —e 2 ZZS(S,G),(L«:’,G')X(?;(;')(7'7 v, )
s'=16'=0
ik’ el
—¢ 7 ZZ Rsﬁﬂ"ﬁ’(ﬂ :U’)QT’,S’ (7'7 v, b+ 1),

r'=1s'=1

where the characters . ¢ are defined in (B.30)),

o 1 2imL(s45 4040 +50450'+200") i [LHIA200][((s 20 1),
(50,500 — 4 © e )
and
Ms o 0 W 2 [0(s+204+D)]y | 8 / /
(1) dimse (pAT(s' 1= 4%r)) T —ip HEEEE e i L (254 5 —s6)
Rs,e,r’,s’ (7_7 :u) = T e 2 ( ¢ )
u—1 20b+[ur’ +6(s"—1)] 2,
im(s+20+1 2
X <e g ) u O (2ulr, —lpu—2001 —[ur’ —0(s'—1)]27)

o
I

0

. 20(b+1)—[ur'+£(s'—1)]2¢
_ezw(s+20+1) m CIJ(ZUET, —Eu—Q(b—i—l)ET—l—[ur’—é(s’—l)]zﬂ)>-

We recall that [x],, denotes z mod u. The theorem is proved by a calculation based on
the properties of the Appell functions established above. The several-step derivation is

given in Sec.[4.3]

The S-transformation formula in the theorem has a triangular structure similar to that
for the Appell functions: the X (.4 characters are transformed through themselves and
the additional characters €2, -, while the latter, being expressed through theta functions,
transform through themselves. The 2 characters in the right-hand side of are mul-
tiplied with the ® functions, defined in and studied in Sec. We note that the
arguments of ® above depend on s’ “weakly,” in fact only on s’ mod 2.
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4.2. Relation to the Appell functions and open quasiperiodicity. We first express the
admissible representation characters (B.22)) and (B.26)) through the higher-level Appell
functions: the “nontrivial” part of the characters, Eq. (B.23), is expressed through the
Appell functions with the even level 2¢ as

v ou(r—1) s—1 1 p  wu(r-1) s+1

4.2) @DT’&(’U(T,V,,LQ::Kgg(UT,—§— 57 T+TT,§—§+T 5 T 2)

_ ein(s—l)(r—l)T—%w(r— 1§17

v u(r—1) s—1 1 p ., u(r-1) s+1
xﬂ(y(m',5— 57 Ty Ty o T T Ty )

and hence the characters are given by

(43) Xr,s7€,u;9(7—7 v, ,u) = @(Ta v, :u)
5 621'77(9—}—1)(7“—1—5(34—9))7’—1—2’71‘(7"—1—5(5—1))V—|—i7r(7“—1—5(3—1—1—1—29))@

-1 -1 1- -1 1+26
x(nge(UT,—Z—u(T )T—i-s T, “—i—Tu(T )—75++ )

2 20 2 2 20 2
. e2i7r(s— D(r=1)7=2ir(r—1)v

X Ko(ur, 5 === T——5"T 5 +7—5; 2

v u(r—1) s—1 1-p u(r—l)_7_5+1+29)>

We now discuss the range of the labels in these characters. First, 1 < s < w. Second,
the twist 6 takes all integer values in principle, but modulo addition of theta-functional
terms to the characters, the # parameter can be restricted to u consecutive values, because
quasiperiodicity of K, implies an open quasiperiodicity property relating the admissible
st (2|1) characters with their spectral-flow transform by 6 = u (see (B.3)),

r—1
(44) Xr,s,bu0+u = Xr,s,lu;0 — Z(_l)a+r+19a,s;9
a=1
-1 /—1
+ Z(_l)a+r+1Qa,s;0+s+l - Z(_1>a+r+lﬂa,s;9+ua
a=1 a=r

where (), ; are the characters (B.28)), expressible in terms of theta functions. Thus,
although the admissible s/ (2|1)-characters are not invariant under the spectral flow (B.5))
with any é (i.e., are mapped into nonisomorphic representations), their characters are
invariant modulo theta-functional terms[]

5This is somewhat similar to the case with the admissible s/ (2) representations, which are not invariant
under any spectral flow transformations, whereas their characters, given by quasiperiodic functions, are
invariant under a certain sublattice of spectral flow translations. (That is not a contradiction because the
admissible representation characters are meromorphic functions of the variable that is translated under the
spectral flow, cf. [[14], and we are actually speaking of analytic continuation of characters.)
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Remark: ¢ = 1. For ¢ = 1, Eq. allows us to express the characters in terms
of theta functions, which immediately shows that the characters are periodic under the
spectral flow with the period » and readily leads to their modular transformation prop-
erties (the modular transformations for ¢ = 1 were derived in [34]]). This originates in
the fact that Uy with 6 = u acts as an isomorphism on the representations L 1, (the
representations are invariant under the 5 automorphism (B.4)), and accordingly, only one
of the two values of r remains for ¢ = 1; for the characters, this can be easily verified
using formulas in Sec. . There remain u? representations £ 51,9 With 1 < s < u
and 0 <6 <u—1[33].

We assume ¢ > 2 in what follows and often abbreviate the notation X, s ¢, Urseu>
etc. to X5, Uy,s, IC.

Next, it follows from formulas in Sec. [2.1] that the dependence of the characters on r
also amounts to additive theta-functional terms; for r > 2, 1), , is related to v; 5 as

1 1 g\
(45) ¢T,S(Q7x’y) = (_I 2y 2q 1) 1<77Z)1,5(q7x7y) + @T,S(q)xay))a
where
r—1 2 /
/ ur! ' (s+1)

@r,s((La:a y) = Z(_l)rly%q_ Tt (er’,f(qu>$q_(s_l)) - Hfr’,é(qua xq—(s—l)» .

r’'=1

Consequently, the corresponding formula relating x, s to X, s involves the €2, ;; char-

acters (B.28):

(46) XT,S;H(Q7 z, y) = (_1)14774/)(7",3;9(% x, y)

r—r'—1
§ (_1)aQr—1—a S T_é_a_ﬁ s+172+29 (q7 x, y)? 7”, < T,
1< u
a=0
+ r—r—1
E (—1)"Q, oy rta_ 2511420 (q, 7, Y), r’ >
ST Ty T 2
a=0

This is another instance of a triangular structure, with the characters being invariant only
up to theta-functional terms, which are already invariant.

To avoid redundancy, therefore, any fixed value of r can be used, for example only the
characters X s ¢, can be considered. More generally, we can choose a unique r for each
(s,0). As we see in what follows, a useful such choice is to set 7 = | £(s+26 + 1) | +1.
We use the special notation for these characters,

4.7) 1<s<u, 0<0<u—1.

X(si0) = X Lg(s+2e+1)J +1,5,0,u;0°

4.3. Evaluating the S-transform of X, ;/.¢. The S-transform of x, so(7,v, ) =
Xr.s.e:0(T, v, 1) is found in several steps.
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With the aim to use Eq. (4.5), which allows doing the most difficult part of the calcu-
lation for r = 1 only, we first rewrite the character as

—21 1 - Ly— 1+2
Xrssio (s v, 1) = € 2w (@D (50T —imy(s— Dy —im i (s-+1+20)

X (1) (Y15 + Oy) (1, v, u+207) O (7,0, ).

1
In evaluating X, s.0(— =

*HT

g) we then use Eqs. (L.9)—(I.15) to find the S-transform
of @, which gives

—irt(s+1+20)L

er@(

1 v g) _ (_1)r_1162m(9+1)§(s+9); p—ims=1)5Y

T T

(,u 7)2—p?
—9 =) —v"
: G)e o @(T7V7M_T+1)u

X (¢1,s + @r,s)(_%) ;7

where it remains to find the S'-transform of ¢, ;+ O, 5. For ©, ,, the calculation is again
standard, based on

. - 26-1 - _ar’
u v u v —1T 15— —U1T =5 T UV T UV
ue(=7:7) = b-ael =2 D) =g P72 T (Ol ) = O-ral D))

For 1, 5, we express through the Appell functions as in (4.2) and use the S-transform
formula (I.3)), which we rewrite for the level 2/,

T

2 2 2 20—1
1 Qimh L —H 21 EV
Kae(—=, ;, g) =re” " 7 Kaylr,v,p)+Te Z(I) 207, 26— 1'7)0y04(7, 20).
r’'=0
This gives
1 vop roimpts=L? _gi S Ve
1,5(—;7;7;) = . ?

T v+s—1 p—7—5—1 T v+s—1 pu—7—5—1
X (:K%(77 T Tou 0T 2 ) - j(jgg(a - ))

T emf(”g‘:nl) %Zl (I)<2€T / pu—7—s5—1 70,7')
u u u u
r’'=0

X (QT’,E(%a V+S_1) 0_ /g(T s ))

u (7

Putting the ¢ and © parts together, we use the second identity in (2.29) to obtain

2 2
1 v op 7 i Es=l) _EL’;_T_S_D
(4.8) (@Dl,er@rs)(—;,;,;) =3 ’
T v+s—1 p—7-5-1 T vts—1  p—1—s—1
X <J<”(ﬂ’ BT A i )

—F, (v, p— 7')) ,



APPELL FUNCTIONS AND CHARACTERS 29

where

i?TL( s—1+%(r-1)) ! =
4.9) F. i (r,v,pu)=e 7 a ¢

r'=1
20T V4 T v+s—1 T v+s—1
(I)(T’ —a(u—s—l)———r—l—l)(ﬁw g(*, m ) — (9,71/7@(5, U ))
Therefore, X, s.0(— l v H) is evaluated as
T T T

Loy (20 ik ST L (54 1420)

(4 10) er@(_; Y :Te T “ @(T7V7M_T+1)
T v+s—1 pu—1—5-20—1 T v+s—1 pu—1—5—-20-1
x (jC%(i’ 2w 2u ) j{%( u 2u )>
R T e (e S |
+ ( ;) em]\C a Z7T“(s+1+29)fi'"r75(7, v, u—17—20)O (1T, v, u—7+1),

where k = 5 — 1 is the @(2|1) level.

The next step is to show that the Ky,-terms in (4.10) are expressible through the x
characters and the theta-functional terms are expressible through the (2 characters. We
first show that the term involving F, ;, which has arisen in form (4.9), can be expressed
through the characters €2,  introduced in (B.30). Elementary manipulations show that

:}'T,s(T,V,ILL): 2u—r(/1‘ 3_].—|— (7"—1))2
r—1 2¢—1 Z.7_‘_,,“/r717a 207 ’ /
il ! wr 0w
ngE:Ee O(—, —~(p—s—1) 1)
a=r—2¢ r'=1
T v+s—1 a T v+s—1 a
X (Vg 2 T30 = VG 20 —30))

Here, the range of the a summation (2¢ consecutive values) can be shifted arbitrarily,
and it was chosen such that (2.33)) becomes applicable with no remanining [-]o,. Apply-
ing (2.33) to ® and rearranging the ¢-part in accordance with (2.10), we then have

F, (70, 1) = % Z emmu s—1+7% a)q)(i _p—s—l_g)

a=r—2¢
20—1
"\ ny gar’ —ime (s—l)(s —1)+ima(s”—1)+in(s—1)r"
SHW S
// 15// l

where

£ s—1
u

— £ S— u —(s— U —(Ss—
@rs(q,x) = 270 7 g0, (", g7 Y) — 0, 4(q", xg V)
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accumulates the y- and h- independent factors in the character (B.28). From iden-
tity (2.35)), we now have

(—1 u
m“z pos—lr—1 1) 2% il r 3—1) r'+£(s’—1)
Fo(r ) =TT ZZ 7 ) (r'+5 )
r'=1s'=1
2r L, Cfur’ ("= 1)]ae
O( —, u( s—1)—r+1 — T)W o (T, V).

Next, identity (2.32)) (with p = w) allows us to express the ® functions involved here
through ®(2uflr, ... — 2¢br). This produces the integer ¢(s + 1) — u(r — 1) in the
argument of each ®, to which we can further apply (2.29), with the result

2261uu1

LB _ /I . £
F, (70, 1) = _ il ZZZ im(s—1)(r'+£(s'=1))+2imbL(s+1)

r'=1s"=1b=0
im(s+1) = Dlae

X e u O 2ulr, —lpu—[ur'—L0(s'—1)]oem — 2007 )0, o (T, V)
iw“é p=s— 1+T 1 2 iy r 1—7 5*1))( Z(S'—l))
D »
r’'=1s'=1
X Hﬂ(s—l—l)—u(r—l),ur’—((s’—l) (7-7 ,u)wr’,s’(Ta V)u
where
( n u— 2nm+Z7T’I’L(E+£,)
24T T 0 >
\/—22u€T Z ’ m =1,
Hypo (7, 12) = i< /
m,m (7—7 M) Z e n u— 72—n’m +Z7TTL(/;L+%) m < _1
\/—2zu€7' ’ =
\ nu>m+1

We observe that the first (triple-sum) term in F, ¢ is actually independent of . The
second term does depend on r, but H,, ., vanishes whenever 1 < m < u — 1, and be-
cause we consider such m in what follows (more precisely, r such that the corresponding
m is within this interval), we drop the second (double-sum) term in F, ;. More precisely,
Eq. actually involves F, ; with the argument shifted by —26 with integer 6. The
integer in the argument of ® mentioned above, and hence the m label in H,, ,,, is then
l(s+260 — 1) —u(r — 1). With r chosen such that 1 < m < u — 1, it then follows that
Fo(r,v,p—20) =F, (7, v, p — 20) is given by

22€1uu1

F (1, v, 1 — 20) = i ZZZ —im(s—1)(r'+£(s'=1))+2imbL (s+20+1)

r'=1s'=1b=0

. 2041 [’U,T‘/Jre(slfl)]gg
M) T b Qubr, — b= [ur’ — (5 — 1)] o — 2607 )00 o (7, V).
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Using (B.29) and the fact that [—al,, = n — [a],, for a > 0, we obtain

4.11) Fy(r,v,n—20) = emf% ZZZ e_m(s_l)(rl+a(8/_1))
r'=1s'=1b=0
. [ur’+£(s" —1)]20+20b
% (e’L?T(S+29+1) u (I)(QUKT, —EIU,—[U?”/—g(sl—l)]ggT—ngT)

[ur’4+£(s"—1)]2,+2€(b+1)
_ (s 20+1)= w O (2ubr, —Cpt[ur’ — (' — 1)o7 —2(b+1)07))

X Wy g (T, V).

To finish the calculation, it remains to recognize the x characters in the first term

n (@.10). Lemma[2.1] gives

(—1)’"—1 ik 2= L (541420)

) — e 2T
4(s +1+29 )w

imL(s'+1+20)(s+1420) —imL(s'— )(5—1)+m[
(5 p—

(4 12) Xr,s; 0(

\H+—‘

14
T

*H‘é:

/ 10/
—F, (r,v, p—7—-20)O(7, v, u—7’—|—1)>.

The characters arising in the right-hand side are those in (4.7), and we can therefore
restrict to the same characters in the left-hand side, i.e., choose X(s:0) A8 “representatives”
of the X;su0(q, x,y) characters with different r (see (4.6)). With X(sp) in the left-hand
side, it is then easy to see that the above H,, ,,,; terms indeed vanish.

The S-transform formula (4.12)) applies to the characters X, 5o = Xrssu0 in the Ra-
mond sector, which are related to super-Neveu—Schwarz characters under S, see (B.33).
Accordingly, we can rewrite the above formula with the super-Neveu—Schwarz characters
in the right-hand side,

(_1)r2’u[s+1+20]+1

ik 242
(4.13) 1st term in the rhs of @.12) = e”k ot — iy (s+2+20)

u

u utl s’ )]
imL(s'+14+20")(s+1420) —im L (s'—1)(s— 1)—}—277% NS
X Z Z X?SI;GI) (T, v, ,u)

/ 1 9/
The result given at the beginning of this section is for the super-Ramond sector, which
is mapped into itself. Using (B.34)) and recalling (4.11)), we immediately rewrite (4.13)

as (@.1J).
5. SUPER-VIRASORO CHARACTERS

The higher-level Appell functions also arise in superconformal extensions of the Vira-
soro algebra.
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S5.1. N =2 characters. Following [14], we consider the admissible representations of
the N =2 [super-Virasoro] algebra with central charge ¢ = 3(1 — %) t = 7. Asin the
sl(2|1) case, the spectral flow transform acts freely on the representations, and therefore

the theory is nonrational. The admissible representation characters are given by
(r—1)+s—1 ) ﬁl,O(Qa Z)

@r,s,u,é(qa z 1
¢ sn(q)®

wr,s,u,f((L Z) = Zﬁ% )

1<r<u—1, 1<s</,

where

Spr,s,u,é(q, Z) = ngg(qu, q%_%(‘g_l)’ —Z_l q—%-i-%(s—l))
— g Kog(q", g FHETY, gy,

The N =2 spectral flow acts on the character of any /N =2-module ® as
—c c(p2— —
Wo(g,2) = 27505 0w (g, 2¢77),
with 6 € Z. For w, ;. above, open quasiperiodicity occurs for the spectral flow trans-
form with 0 = v [[14].

The modular transformations of w, ;¢ can be derived either by repeating the cal-
culations in Sec. 4| in the N =2 context or by noting that the /N = 2 characters follow
by taking residues of the appropriate st (2|1) -characters, and hence Theorem implies
the N = 2 modular transformation formula. Taking the residues amounts to using the

formulas
Pale ') =0 %QW) o= (=) i@t %, nel
Noting that
Yrsea(@:4" 2" 6%) = Qsmn1rue(a, 24 HH2),

we then immediately obtain that for even n,
—kn g U10(g; 2)
g n(q)?
The spectral flow transform by —6 (rather than #) in the right-hand side is due to oppo-
sitely chosen conventions for the /N =2 algebra in [14]], which we reproduce for ease of
comparison, and for s/(2|1) in [13], which we follow here. The s¢(2|1)-characters then
correspond to /N =2 characters in accordance with the relation between the st (2|1) and
N =2 representations 35, 36] under the Hamiltonian reduction [37, 38} 139]].

2 —k
xr_eqsn XT,S,K,U;G(CL z,z ) =%z q w57n717r7u7@;7(9+%+1) (q’ Z)

5.2. N =4 characters. Another application of the Appell functions is to models of the
N =4 super-Virasoro algebra. To avoid lengthening an already sufficiently long paper,
we only note that the unitary irreducible N = 4 characters at central charge ¢ = 6k,
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k € N, derived in [15], can be expressed through the level-2(k + 1) Appell functions aﬁ

755 (g, 2y)0(q, 2y Y)
y=t—y Y11(q, 2*)n(q)?

2541 k—2j7 27+1 k—2j5

(yz jj<:2 k+1 (q ZqZ(k+1) _yq2 k+1)) y Z Jj<:2 k+1) (q Zq2(k+1 y q2(k+l)>

Char) (¢, 2,y) =

2j—k—2

— 2B Koy (g, 247050, —yq T )

—2j+1 k

+ y_lz q fKZ(k-i-l (q z2q*H —yq 2<k+;) ))7 J= O’ CEARRRICE

which reduces evaluation of the modular transform of the characters to a calculation with
Appell functions based on Theorem [1.1]

6. CONCLUSIONS

We have investigated the modular properties of the Appell functions and used these
to calculate modular transformations of characters in some nonrational conformal mod-
els. Expressing representation characters through higher-level Appell functions can be
viewed as going one step up in functional complexity compared with the characters ex-
pressed through theta functions: while the characters are not quasiperiodic, the quasiperi-
odicity-violating terms are still given by theta functions. Efficient manipulations with the
X, functions, as in the study of &(2|1)—characters, require using properties of the @
function defined by integral representation (which is at the same time the b-period
integral of X,, Eq. (A.6)). We have studied the properties of ¢ in some detailﬂ

There are many rational models of conformal field theory, but nonrational models are
also interesting. The theory of nonrational models is still in its infancy, however. The
axioms of rational conformal field theory can be relaxed to different degrees, which in
some cases gives “almost rational” theories whose structure may be worth studying, but
difficulties in treating them in the same spirit as truly rational theories emerge at full
scale in calculating the modular group representation on characters. The characters of
nonrational models are usually not expressible in terms of theta functions; going beyond
rational conformal field theories requires an adequate replacement of theta functions with
some functions that are not quasiperiodic but nevertheless behave reasonably under mod-
ular transformations.

In the examples in this paper, the spectral flow transform action leads to infinite pro-
liferation of representations, and at first sight also of characters to be involved in modu-
lar transform formulas. But the deviation from rational theories may be expected to be
“soft” because the spectral-flow-transformed representations, although nonisomorphic,

®An alternative form of the character follows by applying Eq. (2.4) to each Appell function.

"The function f(7, 1) = —®(—1, £) has appeared in [40], where the role of the integral representation
was to give a solution of finite-difference equations (2.28) and (2.29), in a context not unrelated to the
present one.
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have “the same” structure. It turns out that at the expense of including extensions among
the representations, a modular group action can be defined on a finite number of char-
acters. Technically, this was achieved by first studying modular properties of the Appell
functions, which demonstrate a triangular structure in their behavior under both lattice
translations and modular transformations.

More specifically, we investigated the properties of st (2]1) models based on the set of
admissible representations at rational level. A crucial property of these representations
is that they allow nontrivial extensions among themselves. Such extensions do not occur
in rational theories but are typical of logarithmic conformal field theories (see [41} 42,
20, 43| 144]] and extensive bibliography therein; such extensions of representations have
been known to play an important role in the derivation of the modular transformations
of N = 4 superconformal characters since [15], where the corresponding characters are
called “massive at the unitarity bound.”). It might therefore be expected that the theory
can be consistently formulated as a logarithmic one (i.e., further extension of modules
results in modules where Ly and /or some Cartan generators act nondiagonally). There
also arises a very general problem of defining a reasonable class of nonrational conformal
field theory models, where by “reasonable” we mean that the properties known in the
rational case are modified, but not dropped in going beyond the rational models. Good
examples are the (1,p) Virasoro models [26] and, probably, the logarithmic extensions
of all the (p, p) models. We hope that some features of this class of nonrational models
have also been captured in this paper.

We have found the S-transform (4.1)) of admissible characters in the sense that we

expressed x(—=, %, ) in terms of the x(7,v, ;1) and Q(7,v, u) characters. At the next
step, we face the “.S(7) problem,” which is a typical difficulty encountered in nonrational
conformal field theories: the matrix representing the action of (] ') € SL(2,Z) on

the characters acquires dependence on coordinates on the moduli space,

X((1 7)) - @) = S@)x(@),
where x /() is a vector whose entries are the characters and = denotes coordinates on the
moduli space (z = (7,v,...), with y. (1,v,...) = (42, 2= ) for v = (¢ ") €
SL(2,7Z)). The problem is that the matrix S(x) depends on z in general, making the

Verlinde formula in its standard form inapplicable.
The general strategy to deal with the “S(x) problem” was outlined in [26]. The mod-
ular group action on the characters is to be redefined as
v x(z) = J(v2)x(v- ),
with a matrix automorphy factor J(; x) such that the matrix

(6.1) S=J(( );z)S(a)

1 0
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is numerical (independent of the coordinates on the moduli space)f| Then S defined
in can be used in a Verlinde-like formula (an example of successful application of
this ideology is given in [26]). For the <9A€(2|1)—characters, with the vector x composed
of the x and ) characters, the most essential part of the “.S(x) problem” is the 7- and
p-dependence in the ® functions arising in the S-transform. The ® functions, studied in
Sec.[2.6] are a characteristic element of the Appell function theory. We leave this problem
for a future work.

We finally note that the derivation of modular transformation properties of K, and the
characters given above may not be “optimized” — apart from technical improvements, a
more “conceptual” derivation must exist, possibly applicable to more general indefinite
theta series.
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APPENDIX A. THE a- AND b-CYCLE INTEGRALS ON THE TORUS

We first evaluate the integral along the b cycle on the torus,

T (m+1)7’
fdAe”T 91, \) = /d)\emT WA =Y / dre'" T,
b
0 meZ mT

where we shifted the integration variable as A — A\ — m7 in each term of the v/-series.
For &7 > 0, the integrals are defined by analytic continuation from 7 = it with ¢t € R,
and therefore

A2 e
(A.1) }[dAe”” 19(7,/\):i/dme T = iv/—iT.
b R t=—1T
The “dual” integral is, obviously,
1
def
(A.2) %dw(n \) = / dAO(T,\) = 1.
a 0
. 2,2
8We note that the (7, v, ) -dependence through the standard scalar factor e™" 7+ is in fact eliminated

similarly, with the standard scalar automorphy factor. Any automorphy factor must satisfy the cocycle
equation; also see [25]] for the matrix case.
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Somewhat more generally than in (A.I]), we can evaluate the integral

ptcer+d i 2%
/ dhe  “TTI(T, )N, ceN, deZ, cde?Z,
I

(with an arbitrary p) by shifting the integration variable as A — )\—m(T—i-%l) in each term
of the theta series and then summing over m as »_, ., f(m) =" ;> . f(cm+a).
With even cd, it then follows that m drops from the exponentials, and we readily obtain

e ¥ a(r+2)+(m+1)(cr+d) 2 .
. e —ima?d
(A.3) / dre T Y(r,\) =Y / dre e Se ima
M meZ a(r+4 )+m(cr+d) a=1

—i(er —i(er +d) d) —
=1 —c gcd_(CT—i_d) Ccd7
where the two factors are a Gaussian integral, calculated by analytic continuation (for 7
such that &7 > 0) from the integral over R, and a Gaussian sum, see, e.g., [29].

Remarkably, much similarity is preserved if theta functions are replaced with Appell
functions in the above integrals. We first consider the corresponding analogue of (A.1),

,\272,\M

w2 def
]{d)\e Ky (A=, p) = / dre'™ 7 Ki(r,A\+¢e—p,p1),
b 0

where an infinitesimal positive real € specifies the prescription to bypass the singularities.
Again continuing from 7 = ¢t and p = ty with positive real ¢ and real y, we have

) —mt?m? —27rm(z—y)

e
=1 dre t )
Z /0 1_6727r(x+mt) —i0 t=—irt

MmeZ Yy=—1/

Making the same substitution A — A — m7 as above, or x — x — mt, and using that

+o00o
/ dx xfE z)O —][ dx f;x) + i ri%f(w),

we obtain
>\272>\#
(A4) j{d)\e T Ky (TN =y p) = =iV —iT O(7, 1),
b

with @ defined in (I.4). The derivation shows that the same result is valid for the “b”-
integral with a translated contour:

Tt+ar A2 —2Xp
(A.5) / dre™ 7 Ki(r, A\ +e—p,p) =—iv/—iT O(7, ), aeR.

T

The version of (A.4) for K, is given by

. oA —2)p s
(A.6) j{d)\emg T KT, A — ) = —i % (I)(%,M)-
b
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More generally than in (A.4)), we can evaluate the integral

cr+d+ar i /\2+2d)\,u
(A.7) / dhe T Ky (T, =N+ — p, p)

d - 2i7r/1—rd T
_ i “ cr+d
= —iy/ Z(T+C) Eoe

r=

force N, d e Z,and cd € 27.
Similarly to (A.2)), we have the dual, a-cycle integral

i d  d
(I)(T—i-g,,u—f—?“g), acR

1
(A.8) ?{d)\le(T,/\ — [, ) oo / AAK (T, A — 4140, u) = 1.
a 0

APPENDIX B. s/(2|1) ALGEBRA, ITS AUTOMORPHISMS AND MODULES

B.1. The algebra and automorphisms. The affine Lie superalgebra s¢(2|1) is spanned
by four bosonic currents F'2, H~, F'2, and H™, four fermionic ones, F', E?, F*,
and F?, and the central element (which we identify with its eigenvalue k). The 5?(2)
subalgebra is generated by E'?, H—, and F''?, and it commutes with the «(1) subalgebra
generated by HT. The fermions E' and F? on one hand and F'* and E? on the other
hand form s¢(2) doublets. The nonvanishing commutation relations are

[, B} = By [Ho Yl = = Fo,
(B2, F22) = mbp ok +2H, . [HE HE) = F5mbm ok,
[y ] = Frpin, (B Fdl = =B
[Fos Bo] = —Fp s Bty Fol = B

(B.1) [H Bl = 5EL, HE Fl = —3Fh o,
HE B2 = F5E2,,, HE F2) = £3F2,

[Erln, Frﬂ = —m(5m+n,ok + Hnt—‘rn — HT?L""TL’
[E72nv FZ] = m6m+n,0k + H;L_n +H_

m-+n?
B Bal = B [F Fa] = Fy

m+n*
The Sugawara energy-momentum tensor is given by
1

(B.2) Tog = 57

(HH  —HTHT+ E"F® + E'F' — E°F?).
There are involutive algebra automorphisms
E! — F?, e A O
(B.3) a: Flw— B2, F?—E'  F?- E2
H'w— HI, H, — —H,_,



38 AM SEMIKHATOV, A TAORMINA, AND IYU TIPUNIN

and
E) — E2, E2—E.  E?—E?

(B.4) B: Fp— —F7, E?— —F,, F)~F7
H'— —H', H, — H,

and a 7Z subgroup of automorphisms called the spectral flow,
E,— E)_,, E. — Er21+9>

(B.5) Uy -
FJHFJ—&-@’ FSHFj_m

H,: — HJ_ -+ k@émo,
where 6 € Z (and the @(2) subalgebra remains invariant). We note the relations
B.6) o’=1, =1 (af) =1 oly=Uq,  (BUp)*=1.

Another Z algebra of automorphisms (a spectral flow affecting the st (2) subalgebra,
cf. [14]) acts as

1 1 2 2 12 12
E, — En+,7, E - En+n, E*— En+2n,
1 1 2 2 12 12
(B.7) A, F,— Fn*n’ Fr— Fn*n’ F.=— Fn72n,

H, — H, + knd,, HY— H
There also exists the automorphism v = U 10 A_ 1 (while U 1 and A_ 1 are not auto-

morphisms, but rather mappings into an isomorphic algebra, their composition is). For
0 € Z, its powers Ty = ~? map the generators as

Elvs Bl Eles B2, B2 B2, Hy e Hy — 20,0,
(B.8) To - L
Foe Fog Fie Fp FP = Ey H = HE + 500,

Spectral flow transform (B.5)), affecting the fermions and leaving the st (2) subalgebra
invariant, plays an important role in the study of sf(2|1)-representations [13]. We use
the notation

'P;g = Z/{QP

for the action of spectral flow transform on any st (2|1)-module P. Obviously, P,y = P.
For a module P, we let

(B.9) X[Pl(q, 2, y) = Trp (g™ a0 yi0)

be its character. The character x[P], of the spectral-flow transformed module Py is
expressed through the character of P as

(B.10) X[Plo(q,,9) =y ¢ X[Pl(q, =,y ¢%).
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B.2. Highest-weight conditions and modules. A significant role in the SA€(2\1) rep-
resentation theory is played by the spectral flow transform (B.5]), which is a family of
st (2|1) automorphisms. Applying algebra automorphisms to modules gives nonisomor-
phic modules in general. The (upper) triangular subalgebra is also mapped under the
action of automorphisms, and the annihilation conditions satisfied by highest-weight vec-
tors change accordingly. Thus, the existence of an automorphism group leads to a free-
dom in choosing the type of annihilation conditions imposed on highest-weight vectors
in highest-weight representations (in particular, Verma modules). We consider the family
of annihilation conditions
1 o 2~
(B.11) Beoo™ 0 B0, 0ct

1 ~ 2 ~ 12
F29+1 ~ 07 F>1—6 ~ O? >1 Y

that are an orbit of Uy (the ~ sign means that the left-hand sides must be applied to a
vector; at the moment, we are interested in the list of annihilation operators, rather than
in the vector, hence the notation). These annihilation conditions are called the twisted
highest-weight conditions in general. By the st (2|]1) commutation relations, the condi-
tions explicitly written in (B-TT) imply that E1? ~ 0 and HZ; ~ 0. This is understood
in similar relations in what follows.

Accordingly, a twisted Verma module P,_ 5, 1,9 over the level-k 9, (2|1) algebra is
freely generated by EL_, |, E2, |, B |, F.,, F2_,, F3, H__,,and HZ_, from the
twisted highest-weight state |h_, h,, k;0) satisfying annihilation conditions (B.TT]) and
additionally fixed by the eigenvalue relations

(B.12) Hy |\h—yhy,k;0) =h_|h_,hy k;6),

(B.13) Hf |h_ hy k;0) = (hy —kO) |h_, hy, k;0).

With the parameterization of the H, eigenvalue chosen in (B.13), we have
(B.14) Uplh_ hy k;0) =|h_ hy k;0+6")

and, obviously, Uy Pp_ 1, k6 = Ph_ n, ko+e for the Verma modules. This simple behav-
ior of |h_, h, k;0) under the spectral flow explains the subtraction of k¢ in (B.13).

The character of Pj,_ j,, 1.0 is given by

2 _p,2
h? —n3

_ e _ 2
B.15)  X[Plh_hp(q, 7,y) = al= ys~EFDI g 120 =D g (g g y),
where

(B.16) O(q,z,y) =

1

D10(q, 22y7 )0 0(q, 22y 2)
Y11(q,2) ¢ s n(q)?

We let |h_, k;0)~ denote a state satisfying the highest-weight conditions
EL_,~0, E2, 0,

(B.17)
Flom0, FZ_,=~0
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and the eigenvalue relations
(B.18) Hy|lh_,k;0)” =h_|h_,k;0)"

Conditions are stronger than (B.T1)), and as a result, the eigenvalue of H is no
longer an 1ndependent parameter. We let NV, , , denote the (twisted) narrow Verma
module — the module freely generated by E._, ,, E2, |, B, F}, |, F2_,, F3,

~_y.and HZ | from |h_, k;0)~ ﬂ

Similarly, let |h_, k;0)" denote the states satisfying a different set of the highest-
weight conditions

E;fG ~ 07 Ei@ ~ 07

(B.19) ) )
F>9+1 ~ 0, F>79 ~~

(which are again stronger than (B.IT))) and the eigenvalue relations

(B.20) Hy|h_ k;0)t = h_|h_ k;0)"

We write N}~ p for the corresponding (twisted) narrow Verma module freely generated
by E< 0—1> E<9 1 Eg_l, Fée, Fé_(,_l, F<0, <_1-and Hg_l from |h_, k;0)"

The characters of NV,~ ., and N, ., are given by
XIPlh_n_x0(q,7,y)
L4 g 02 by
XIPln_ ~h_k0(q, 7, y)

X[N+]h,,k;9(qﬂx7y): g.—1 1 )
14 q¢%z72y>

XN e wo(q, 2, y) =

Y

where x|[P] is defined in (B.I3). The twisted narrow Verma modules are convenient in
constructing a resolution of the admissible representations L, s, see the next subsection.

B.3. Admissible s/(2|1) representations L, s0up0. The admissible s{(2|1)-representa-
tions, which belong to the class of irreducible highest-weight representations character-
ized by the property that the corresponding Verma modules are maximal elements with
respect to the (appropriately defined) Bruhat order, have arisen in a vertex-operator ex-
tension of two s¢(2) algebras with the “dual” levels & and &’ such that (k+ 1) (K'+1) =

1 [33]; via this extension sf( )k D 56( )k/ — sf(2\1)k, the admissible 56(2\1) Tepre-
sentations are related to the admissible s/(2) representations [45]. We fix the s/(2[1)
level as

k=11

u

with coprime positive integers ¢ and «.

9The name Verma module is a (very convenient) abuse of terminology. The N~ modules, as well
as N T introduced momentarily, occur as submodules generated from a charged singular vector in the
proper Verma modules P [13]]. The modules are called narrow for the reason explained in [13] (essentially
because they are narrow compared with the proper Verma modules).
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— 'ff(sfl),k;sfl l—j—(s—1),k;s—u—1

P ]

'/\/’j—nf—l,k:;—nu '/V’j—i-nf—l,k;nu
2 >< |
N7 N7

- '—%(s—l)—né,k;s—o—nu—l - '—%(s—1)+(n+1)£,k;s—1—(n+1)u
1 >< 1

FIGURE 2. Mappings between narrow Verma modules.

For 1 <r </ and 1 < s < u, the admissible SAE(2|1) representations L, ;.9 is the

2 uw 272 wuw 2 ’u
5— 1in Py_ , k0 and similar notation in what follows. In this Verma module, there is the

irreducible quotient of the Verma module Pr_¢s—1 » _¢st1 ¢_;,,. We omit the level k =

charged singular vector given by E', | F, acting on the twisted highest-weight vector

5 — f%, 5 — f%; ). The corresponding submodule is the narrow Verma module

N, ..., .. and the quotient is the narrow Verma module N, ,,, .
7= witl 7 ~u oz 0t

The admissible representation L, ; ¢, is therefore the irreducible quotient of the latter
— Er,s,f,u;@

with the mappings in Fig. |2, taken from [13], with j — % = 2=, we obtain a
resolution of the admissible representation. The resolution readily implies a character

formula.

Theorem B.1. For 1 <r < {, 1 < s < u, and 0 € Z, the character of L, s 1.9 Is given
by

(9+1)(7~_1_§(s+9))x”"gl—Sglg rlosflL gt

(B22) X’r,s,&u;G(qa x, y) =4q
X wr,s,f,u(Q7 x, yq29) 8(Q7 x, ?/)7
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where

mﬁ(s—l)x—mf

q
(B23) Vrosalawy) = Y "m0 (e
T;Z 1+y—§x—§qmu—l

—ml(s—1) ,.met
(s=1)(r=1) L 1-r q (s=1)

)
1 _|_ y*%x%qmufs

-9
(and O is defined in (B.10)).

For r < p, this is proved by a straightforward summation of the characters of the twisted
narrow Verma modules involved in the resolution. For » = p, the above character formula
follows from a somewhat different resolution, with a special role played by one of the
charged singular vectors (see [13]]).

Unless ¢ = 1, the discrete 3A€(2\1) automorphism [ (see Appendix [B) maps the
L, s 040 TEpresentations into nonisomorphic ones, Zr,s,&u = B L, 50, Which gives the
second half of the admissible @(2[1)-representations. It follows that the character of
L,.s.0. can be written as

(B24) %r,s,é7u(Q7 T, Z/) = XT,S,@,U<Q7 T, yil)u
which after a simple calculation gives
(B.25) Yr,s,é,u = ~X1-r,sLu;—s—1,

and hence X, ; ;.0 = —X1-rs,6u0—5-1>

(B.26) Yr,s,z,u;a(%xay) — _q(e—s)( r—£(6-1)) x_z_gg _ristll gt

X wlfr,s,f,u<Q> Z, yq2(97871)) @<Q7 z, y)

We finally consider the Verma modules P,_ .9 with the same i = £ 5—1

the Verma module involved in the construction of £, s s .. Let M, 55 9 = Mns,h )
be the quotient with respect to the MFF singular vectors defined in [13]. In the case where
no charged singular vectors exist in the above Pj,_ 3, .4, i.e., for

as in

H
20
the modules M, 1., o are irreducible and M, 55,0 = M,  , _¢,. Another straight-
forward calculation shows that the character of M, ;. .4 is given by

(B.27) L xth¢z,

(B.28) Quunlq,w,y) =y a w7 gl =i
X (Ore(q", 2q ™) = 0_10(q", 2q” 7)) O(q, 2,y),
where h = hy — (k4 1)6. It follows that
Qrronesn(@,7,9) = Lsn(@:2,y),  Quesnl(q,,y) =0, nezZ,

(B.29)
Q—r,s,h(Q7 T, y) = _QT,S,h(CL z, y)
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We use the special notation for the reducible modules M, ;. with h, such that
the left-hand side of (B.27) is an integer, namely with h, = £(§ — 5%) M, =
M. .

7‘,8,5

_espn and M, o = M, . ¢s1. The respective characters of M, ; and M,
u 2 w2
are given by

u 2

Qr,s(Qa x, y) = Qns, 5;1 <Q7 z, y)a
(B.30) _

QT’,S(q7 x? y) = Qn&—%—‘,—é% ((:Z7 LE, y)

Reducibility of these modules can be expressed as the exact sequences

_£
u

(Ml

0= L1 = Mps—Lrs—0,
_ _ _ 1<r<é—1.
0= Lrj1s = Mps— L, s — 0,

Consequently,

Xr+1,s + Xr,s = Qr,sa
(B.31) _ 1<r<i—1,

Xrt1,s T X5 = Qnsv
which can also be easily verified directly using (4.3) and (2.4). We note that at the same
time, (2, , and ﬁr,s are essentially (apart from their y-dependence) the admissible char-
acters of a level-(k—1) 5/’\6(2) algebra obtained from 58(2]1),% by the reduction with
respect to only the fermionic generators; this reduction therefore sends reducible st (2|1)-
modules into irreducible s (2)-ones, and the cohomology of the complex associated with
the reduction is certainly not concentrated at one term.

B.4. Ramond and Neveu-Schwarz characters and supercharacters. The 5A€(2|1)—
characters introduced above are in the so-called Ramond sector. We also introduce
Neveu—Schwarz characters and supercharacters in both sectors as follows. The Neveu—
Schwarz characters are simply the 6 = —% spectral flow transformations of the above
(Ramond) characters: for the (twisted) character y of any 5?(2[1)—m0dule in the Ra-
mond sector, the corresponding (twisted) Neveu—Schwarz character is Xf\és = Xo-1> and

therefore (see (B.10))
(B.32) X%S(T, v, M) _ elﬂk,u—m-k§

Xo(T, v, p— 7).

With the supercharacter of a module P defined as

) o -
O[P}(T, v, M) — Trp (€2mLoT+2mHO v+2imH{ (M+1))

Y

sR — R

we then have the Ramond supercharacters x3y = oy and the Neveu-Schwarz superchar-

acters x3"° = oy (for 0 € Z)

)

iﬁku—iﬂ§T+i7rk

(B.33) X (T, v ) = e
(B34) X?g(Tv v, :u) = X;9(T7 V:M+1)7

expressed in terms of the Ramond character x.

Xo(T, v, p—7+1),
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Schematically, behavior of characters in the different sectors under the S and 7" mod-
ular transformations can be summarized in the diagram

(Tl/SN
(B.35) R . sNS
M
sR NS
(J (J
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