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RULED MINIMAL LAGRANGIAN SUBMANIFOLDS OF
COMPLEX PROJECTIVE 3-SPACE*

J. BOLTONT AND L. VRANCKENf*

Abstract. We show how a ruled minimal Lagrangian submanifold of complex projective 3-space
may be used to construct two related minimal surfaces in the 5-sphere.
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1. Introduction. In previous papers [1], [2] we showed how a Lagrangian sub-
manifold M of complex projective 3-space CP3(4) satisfying Chen’s equality [7] but
having no totally geodesic points may be used to construct a minimal surface in the
unit 5-sphere S°(1) with ellipse of curvature a circle.

In this paper, we replace the assumption concerning Chen’s equality with the
assumption that M is minimal and admits a foliation by asymptotic curves, that is
to say curves with vanishing normal curvature. In fact, these curves turn out to be
geodesics of CP3(4) (hence our description of M as a ruled submanifold of CP3(4)),
and we show that the local construction referred to above may be applied to M to
give two minimal surfaces in S°(1) whose ellipses of curvature are not circles. We also
show that these minimal surfaces are related by a transform which generalises that
of the polar (see [3], [9]) for linearly full minimal surfaces in S°(1) whose ellipses of
curvature are circles. In a forthcoming paper [4], we will show that this transform
may be defined for all non totally geodesic minimal surfaces in S°(1).

2. Ruled minimal Lagrangian submanifolds. Let M be a Lagrangian sub-
manifold of CP3(4). That is to say, if J is the complex structure of CP3(4), then
J maps the tangent bundle of M onto the normal bundle. Let V denote the Rie-
mannian connection on CP3(4), and V, V+ the induced connections on M and the
normal bundle of M. Let h(X,Y) = VxY — VxV denote the second fundamental
form of M, and, if N is a normal vector field, let Ay (X) = f@XNJrVJ)gN denote the
corresponding shape operator. If { , ) denotes the Fubini-Study metric on CP3(4),
then [5, 8], the cubic form

is symmetric in X, Y and Z. In particular,
Aix(Y) = Ay (X) = —JW(X,Y). (2)

We now assume that M admits a smooth unit length vector field e; whose integral
curves are asymptotic curves in M, that is to say they have zero normal curvature,
so that

h(el,el) =0. (3)
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46 J. BOLTON AND L. VRANCKEN

If Aje, vanishes identically at some point p € M, then M satisfies Chen’s equality
at p (see [7]), and the situation in which this holds on an open subset of M has been
discussed in [1] and [2]. Since we are dealing with a local theory here, we will from
now on assume that M does not satisfy Chen’s equality at any point.

It follows from (2) and (3) that Aje,e1 = 0, so we may choose eigenvectors ey
and ez of Aje, such that {e1,es,e3} is an orthonormal basis of the tangent space of
M. Let Mg, A3 be the eigenvalues corresponding to ez, e3 respectively.

We now assume that M is minimal, so that

0= <h(92,eg) + h(eg,eg), Jel) = (Az]eleg,e2> + <A.]eleg783> = )\2 —+ )\3. (4)

Thus Ay = —A3 = A, where we may assume that A is a strictly positive function on
M and es, ez are smooth unit vector fields.

If we put @ = (A je,€2,€2), b = (Aje, €2, €3) then it is easy to check using (2), (3)
and (4) that, with respect to the orthonormal basis {e1, e2, €3}, we have the following
matrix expressions.

00 0

Aje,=[0 X 0], (5)
0 0 —A
0 X 0

Aje, =X a b ], (6)
0 b —a
0 0 -

Ajes = 0 b —a]. (7)
-\ —a b

Let z; be the connection 1-forms on M defined by

Vej = z;»ei, (8)

and define the connection coefficients z,’w by

zi(ex) = zij, 9)
so that
Zlij = <v9kejvei> = _Ziz (10)

We use the fundamental equations of submanifold theory, namely the Gauss,
Codazzi and Ricci equations, to find relations between z;-k, a, b and \. However, for
Lagrangian submanifolds, the Gauss and Ricci equations are equivalent.

First consider the Codazzi equations, namely,

Vx (WY, 2)) = h(VxY,Z)=h(Y,VxZ) = Vi (h(X,Z)) - h(Vy X, Z) - h(X,VyZ).

If we apply J to this expression and take (2) into account, we see that that the Codazzi
equations are equivalent to
VX(AJYZ) — AJ(va)Z — AJy(VXz) = VY(AJXZ) — AJ(VyX)Z — AJX(VYZ).
(11)
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Equations (5), (6) and (7) may be used to show that (11) is equivalent to the
following system (12)-(19).

A =201 =0, 2y =23 = —2h, 25 = 23, (12)
e1(\) = —2z3 )\, (13)

ea(\) = =223\, (14)

es(\) = 223\, (15)

ei(a) = 2bz3, — az3, — 223, (16)

e1(b) = —2azd, — bz3, + 223, (17)

es(a) — ea(b) = 3azs, + 3bzdy + 423, (18)
e3(b) + ex(a) = 3bzay — 3azi, — 223, \. (19)

In particular, we note from (12) that Ve,e; = 0, so that, by (3), the integral
curves of e; are geodesics in C'P3(4). We have thus proved the following lemma.

LEMMA 1. Let M be a minimal Lagrangian submanifold of CP3(4). If M admits
a foliation by asymptotic curves then these curves are geodesics of CP3(4), so that M
is a ruled submanifold.

We next investigate the Gauss curvature equation, which states that the curvature
tensor R of V is given by

RX,Y)Z=(Y,Z)X — (X, Z)Y + (Anv,2)X — Anx,2)Y).
Taking (2) into account, the above equation is equivalent to
RXYZ=Y,2)X —(X,2)Y + [Asx,A;v]Z. (20)

Using (5), (6), (7) and (12), we find that (20) is equivalent to the following system
(21)-(24).

e1(z}y) = —223,23,, e1(z3)) = =1+ (23,)* — (23,)° + X°, (21)
91(232) = _93(231) - 2312’3% el(zgz) = 92(231) - 2312325 (22)
32('2%2) = _63(231) + 2bA, 33('2%2) = 62(351) = 2aA, (23)

ex(23,) = e3(23,) +2a° + 20> — 1 = 3(23,)% — (231)% — (25,)° — (25,)° + > (24)
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The Gauss, Codazzi and Ricci equations provide a full set of integrability condi-
tions, so we have the following theorem.

THEOREM 1. Let {e1,e3,e3} be an orthonormal moving frame on a simply-
connected Riemannian manifold M, and let {z,ij} be the connection coefficients of
the corresponding Riemannian connection. If there exist functions A > 0, a, b on M
satisfying (12)-(19) and (21)-(24) then M may be isometrically immersed as a ruled
minimal Lagrangian submanifold of CP3(4) with shape operator A given by (5), (6)
and (7). Moreover the immersion is unique up to holomorphic isometries of CP3(4).

We now show the existence of such submanifolds M of CP3(4). In fact, we will
show in a forthcoming paper [4] that a solution f(z,y) to the sinh-Gordon equation

foxw + fyy +4sinh f =0

determines a ruled minimal Lagrangian submanifold of CP3(4) with the property that
the distribution orthogonal to the rulings is integrable. Indeed, let f be such a function
and let p(t, z,y) = costsinh f+cosh f. Then define a Riemannian metric on a suitable
open subset of R? by taking e; = —2(9/dt), es = u~1/2(9/dx), es = u=/2(9/dy)
to be an orthonormal moving frame. It follows easily from the Koszul formula that
the non-zero connection coefficients of the corresponding Riemannian connection are
given by
1 3 1 M 3 2 Ha 3 2 Hy

2 _ — — — — — — —
Z21 = TR22 = 231 = T4Z33 = »  A32 = TZ33 = 2372 Rgp = TZa3 = _2;“3/2’

and, in particular, {es, e3} span an integrable distribution. Then taking

_ _ Jxsint _ fysint
)‘* 1/:“’7 a = 2'”3/2 9 - 2,&3/2 9

it may be checked that (12)-(19) and (21)-(24) are all satisfied, so we may apply Theo-
rem 1 to prove the existence of a corresponding ruled minimal Lagrangian submanifold
of CP3(4).

Returning now to the general situation, let Eg be a local horizontal lift of a ruled
minimal Lagrangian submanifold M of CP3(4) to the total space of the Hopf fibration
7 :87(1) — CP3(4), where S7(1) is the unit sphere in R® = C*. The existence of
such a lift follows from a result of Reckziegel [10], and any two such lifts Eq Eq are
related by Eq = e’ Eq, where 6 is a constant.

For j = 1,2,3, let E; be the image under the derivative dEq of e;, and let
& = (Eo, E1, E2, E3) be the map from M to the unitary group U(4) so constructed.

We now write down the moving frame equations of £. In fact, if wy,ws,ws is the
dual frame to ey, e, €3, a routine calculation using (5)-(9) and (12) shows that

d€ = E(a+ip) (25)
where
0 —Ww1 —Ww?2 —Ww3
0 22 o + 23 L3 2
o= w1 Zo1W2 Z1oW3 Z1oW2 Z51W3 (26)
= 2 3 3 3 3
W 251W2 — 27ow3 0 —Z{oW1 — Z5oW2 — 235W3

3 2 3 3 3
w3 212&}2 + 221(4()3 212011 + 222(4)2 + Z32w3 0
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and
0 0 0 0
o 0 0 )\LL)Q —)\wg
p= 0 Adws  Awi+ aws + bws bwo — aws (27)
0 —Iws bws — aws —Awi — aws — bws

Note that taking a different horizontal lift Ey would imply that we multiply Eq
(and thus also E;, E2 and E3) by a factor e where 6 is a constant. Thus we may
choose a lift for which £ lies in SU(4) at some point. It then follows from (26) and
(27) that & always lies in SU(4) so, by choosing a suitable horizontal lift Ey, we may
assume that

E:M — SU(4). (28)

We now compose £ with a suitably chosen standard double-cover of SO(6) by
SU(4) to obtain a map U : M — SO(6). In fact, if we let V be the 6-dimensional
real subspace of the second exterior power A2C* of C* spanned by

1

E(EQ ANE; + Eq /\Eg), (29)

1
U, = —=(FEoNE3+E; AEy), U, =
1 \/5(0 3 1 2) 2

1 1
= —(EgAE;+EsAE)), U;=—(FEoAE —EyAEs), (30

Y= 3

1
=

then V is a constant subspace. If we extend the standard inner product on C* to
A2C* and identify V with ES by choosing an orthonormal basis of V, then we obtain
our required map U = (Uy,...,Us) : M — SO(6).

We now write down the moving frame equations of . In fact, if

1
Us = W(EOAEQ—EgAEﬂ, Us (Eo AEs — Eq A Eg), (31)
1

dU = UQ (32)

for a 6 x 6 matrix Q of 1-forms on M, then a calculation using (26) and (27) shows
that

0 (23 — Dws + 231ws (232 4+ Dwi + 2502 + 255w
(1- zfQ)wz — 22 ws 0 — 22 wa + (zi"z — lws
q— — (282 + Dw1 — 23we — 2hows  251we + (1 — 255)ws 0
Aws 0 —Aws
—bws + aws —Aws2 — w1 — aws — bws
Aw1 + aws + bws Aws —bws + aws
(33)
—Aws bws — aws —Awi — awa — bws
0 )\wz —)\(.4)3
Aws Aw1 + aws + bws bws — aws
0 —22 wa + (2?2 + Dws —(zfQ + Dwz — 23, w3
251w — (212 + 1)ws 0 (1 — zi2)w1 — 23wz — 23ows

(22 + Dwa + 251ws (272 — Vw1 + 25w2 + 25ws 0
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It is clear from the above that dUs(e1) = 0, while
dUQ(eg) = (—1 =+ Z?z)Ul + Z§1U3 — )\U5, (34)
dU2 (63) = Z%lUl -+ (1 — Z?Q)Ug + )\Uﬁ (35)

It follows that the image of Us is a surface S in S°(1), and we now show that
this is a minimal surface.

LEMMA 2. The vectors X = dUz(e2) and Y = dUsy(es3) are perpendicular and
have the same (non-zero) length.
THEOREM 2. The image S of Uy is a minimal surface in S°(1).

Proof. Let II denote the second fundamental form of S in S°(1). It follows from
Lemma 2 that we need only check that 11(X, X)+11(Y,Y) = 0, or, equivalently, that
dX (e2)+dY (es) is a linear combination of Uy, X and Y. In fact, a calculation using
(14), (15), (23) and (33) shows that the component of dX (e2)+dY (e3) perpendicular
to Us is equal to —z3,X + 23,Y, from which the result follows. O

We now investigate the ellipse of curvature E of S. Recall that the ellipse of
curvature at a point p of a minimal surface is that (possibly degenerate) ellipse in the
first normal space given by

E={II(Z,Z) | Z is a unit tangent vector to S at p}.
LEMMA 3. The ellipse of curvature at any point of S is not a circle. The direction
of the minor azis is given by I1(X,X) and that of the major axis by II1(X,Y).

Proof. We first note that 2I1(X, X) (resp. 2I1(X,Y)) is equal to the component
of dX (e2)—dY (e3) (resp. dX (e3))+dY (e2)) perpendicular to S. In order to facilitate
the calculations, which we carried out using Mathematica, we let

K, = dX(e2) — dY(e3) + 3(25,Y + 25, X),
and
Ky = dX(e3) +dY(e2) + 3(25,Y — 25,X),

so that 2I1(X, X ) and 2I1(X,Y") are the components of K; and Ks perpendicular to
S. A calculation shows that

K1 = p2U; + p1Us + p3Us + 114 Us, (36)
Ko = 1 Uy — puoUs — 42U 4+ puyUs — pu3Us, (37)
where
pi1 = 4(255 — 235239 + 23, 255) + €3(21y) + e2(23), (38)
po = 4(23, 25, — 23 + 23523,) + e2(21,) — es(23)), (39)
ps = 2(b(1 — Zi?)z) - az%l)v (40)

pa = 2(a(2iy — 1) — bz3y). (41)
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It is clear from (36) and (37) that K; and Ko are orthogonal vectors, and from
(34) and (35) that

(Kl,X) = (KQ,Y) and (Kl,Y) = —(I(g,)()7

where (, ) denotes the standard inner product on RS. Hence the components of K
and K tangential to S are orthogonal and have the same length. It now follows
that II1(X,X) and II(X,Y) are also orthogonal, so that IT(X, X) and II(X,Y) lie
along the axes of the ellipse of curvature. Also, it is clear from (36) and (37) that
|K>|? — |K1]? = 16)?, implying that

[II(X,Y)|? = [II(X, X)]? = 4)\2. (42)
Hence the ellipse of curvature is not a circle since A # 0. O
We note from (42) that there is a positive function ¢ such that
[II(X,Y)| =2Acosh¢ and |II(X,X)| = 2Asinh¢. (43)

We may express the eccentricity e of the ellipse of curvature in terms of ¢. In fact,

_ XX
TI(X.Y)?

= sech ¢.

e=14/1

We have seen that X and Y determine geometrically significant directions on S,
so we would therefore expect that dX(e;) and dY (e1) are scalar multiples of X and
Y respectively. In fact, it follows from (21), (13) and (33) that dX (e;) = —23, X and
dY (e1) = —23,Y.

We now determine conditions on M in order that S lies in a totally geodesic S(1)
in S5(1).

THEOREM 3. Let S be the minimal surface in S°(1) determined by Us. Then the
following conditions are equivalent.
(i) The surface S is contained in a totally geodesic S3(1) in S°(1).
(ii) The ellipse of curvature of S is degenerate at each point of S.
(iii) The vector field ey on M is a Killing vector field.
(v) (Ve,e1,e2) = 0.
(v) (Veser1,es) = 0.

REMARK. Minimal Lagrangian submanifolds M admitting a unit length Killing
vector field whose integral curves are geodesics in CP3(4) are investigated in [6]. In
particular, explicit examples of minimal Lagrangian tori admitting such a vector field
are constructed.

Proof. The equivalence of (iv) and (v) is immediate from (12).

Minimality of S, together with the Codazzi equations for S show that (i) holds
if and only if I7(X, X) = 0 on an open subset of S or, equivalently, (i) holds.

On the other hand, (iii) holds if and only if e; satisfies the Killing equations,
namely (Vyey, V) + (Vyer,U) = 0 for all vectors U, V tangential to M. It follows
from (12) that this holds if and only if (iv) holds.

Hence, we may prove the theorem by showing that the vector K; given by (36)
is a linear combination of X and Y if and only if 22, = 0.
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We first assume that 22, = 0. In this case, using (23) we see that
K1 = 2(223,(27, = 1) +bA) U1 —2(223, (27, — 1)+ a\) Uz +2b(1 — 27, ) Us +2a(23, — 1) Us.

This is a linear combination of X and Y if and only if both the following equations
hold.

a(z%2 —1)2 = 2z§’2)\(zi’2 -1+ a2, (44)
and
b(z3y — 1)% = 225, M (23, — 1) + bA%. (45)

Using (21), these equations simplify to

azly = Az, (46)

and
bz, = Az 47)
However, it follows from (12) that [e;,e2] = 0, and, applying this to 23, using

(13), (17), (21) and (23), we obtain (46). Similarly, [e1, es] = 0, and, applying this to
235 , we obtain (47). Thus K; is a linear combination of X and Y as required.

Conversely, assume that K; is a linear combination of X and Y. It then follows
from (34), (35) and (36) that

Aa = —pszay + pa(l = z3,), (48)
and
Mz = pi3(1 = zia) + pazhy. (49)

We may use the above two equations, together with (23) to obtain the following
algebraic expressions for es(232,), e3(z3,), e2(z3,) and e3(23,).

Aea(25)) = —(21s — 1)?a+2(275 — 1)(b23; + A25,) + a((251) + A?) — 2A25,25,, (50)
)‘33(251) = _(Z§2 - 1)25 + 2(7«'?2 - 1)(_@’551 + /\7«'32) + b((351)2 + /\2) + 2)\2312327

(51)

Aea(z1y) = (2o — 1)%b 4+ 2(z7, — 1)(azd; — Az3) + b(—(231)” + A?) — 2X23, 25, (52)

Aes(zy) = —(21s — 1)?a+2(275 — 1) (023, + A255) + a((251)* — A?) — 2A25,25,. (53)

We now consider the integrability conditions for A. In fact, the only one we will

need is obtained by applying Ve,e3 — Ve €2 — [€2, €3] to A and equating the answer
to zero. Carrying out this process using (12)-(15), we obtain

e2(25,) + es(23y) = 223,23, . (54)

Using the above equations and (12)-(19), (21)-(24), a calculation (for which
we used Mathematica) shows that the integrability condition obtained by applying
Ve,€3 — Ve,€2 — [€2, €3] to 23, and equating the answer to zero reduces to 23, = 0.
This completes the proof of the theorem. O
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We now return to the general situation governed by the ruled minimal Lagrangian
submanifold M of (CPi3 (4). We note that the arguments applied to Us may be used to
show that the image S of Uy is also a minimal surface in S°(1). We now investigate
the relation between the two minimal surfaces S and S.

LEMMA 4. If S is contained in a totally geodesic S3(1) then S is the polar of S
in the sense of Lawson [9].

Proof. In this situation, I7(X,X) = 0, so that K; is a linear combination of X
and Y. We also have from Theorem 3 that 232, = 0, so it follows from (34), (35), (36)
and (37) that 2/1(X,Y’), the component of K5 perpendicular to X and Y, is equal
to —4A\Uy. In particular, S is in the totally geodesic S3(1) containing S and at each
point is orthogonal to S and the tangent space to S. Thus S is the polar of S. [

We now assume that S is not contained in a totally geodesic S3(1). Theorem
3, together with real analyticity of minimal surfaces imply that, by restricting to an
open dense subset of M, we may assume that 22, is a nowhere vanishing function.
Therefore, by replacing e; with —e; (and interchanging e; and ez in order to keep A
positive) if necessary, we may also assume that 22, is a strictly positive function. We
now let N be the unit vector in RS such that

{Uo, X, Y, II(X,X),I1(X,Y),N} is a positively oriented orthogonal frame of RS.
(55)

It follows from (34), (35) and (36) that Uy, is orthogonal to Uz, X, Y, and
I1I(X,X), and so is a linear combination of I7(X,Y) and N. Also, it follows from
(37) that (Uy, II(X,Y)) = —2X so that, using the positive function ¢ introduced in
(43), we see that

U, = —sechqb‘ég Q‘ + etanh ¢ N,

where € = +1.
In order to determine the sign of €, we compute the determinant of
(Uy, X, Y, II(X,X),I[I(X,Y),Uy). In fact,
4det(Uqg, X, Y, I1(X, X),11(X,Y),Uy) = det(Usz, X, Y, K1, Ko, Uy)
= —(m® + p2?)A* + 2 ((212 — 1) (papra + pops) + 251 (s — pojis)) A
— (us® 4 pa®) (28 — 1) + (251)%).
Regarding this as a quadratic equation in A, we see that its discriminant is given

by

2
— ((papz + pap) (200 = 1) + 231 (pops — papa)) ™
This is always non-positive, implying that
det(Uqg, X, Y, I1(X, X),1I(X,Y),Uy) <0,

from which it follows that e = —1.

We remark that the minimal surface S determined by Uy may be determined
directly from S together with a choice of direction along the major axis of the ellipse
of curvature E of S. In fact, the unit vector N determined by (55) does not depend
on the choice of basis {X,Y} of the tangent space of S, so if V' is the unit vector in
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the direction determined by I7 (X,Y) along the major axis of F then we may define
" S — S, where

p=(—sech¢ V —tanh¢ N)(p), pe€S.

We will call this the (—)transform of S. This, together with a related construction
called the (+)transform, may be described geometrically as follows. Let E be the
ellipse of curvature of S at a point p € S and let P be the 3-plane orthogonal to Ug
and its tangent space. Let Ry be the rotation of P about the minor axis of ' through
an angle 6, 0 < 6 < 7/2, such that Rp(V) makes an acute angle with N and having
the property that the orthogonal projection of Ry(E) onto the plane containing F is
a circle. Then the inverse rotation R_y has a similar geometric effect on E, and we
define the (+)transform and (—)transform of S by setting

pT = Rp(N) = (—sech¢ V +tanh¢ N)(p), p€ S, (56)
and
p~ =R_¢(—N) = (—sech¢ V —tanh¢ N)(p), pe€S. (57)

Thus Uy is obtained by applying the (—)transform to the minimal surface deter-
mined by Us, and we now show that Uy is obtained by applying the (4)transform
to the minimal surface determined by Uy. We begin by noting that if, in our
construction, we replace ez by —es then a suitable lift to SU(4) gives the map
U= (Uy,...,Us) : M — SO(6) where

U, =Us, Uy=-U;, U3=-U;, Us=U,, U;=U; Us=-U;. (58)
Thus, from Theorem 3, S is not contained in a totally geodesic S(1). Also,

U, =— seché% —tanh¢ N, (59)
where gg > 0 is such that sechq; is the eccentricity of the ellipse of curvature of the sur-
face S determined by U,, X = dU, (e2), Y = dﬁg(—e3)7 IT is the second fundamental
form of S, and N is the unit vector in R® such that {Us, X, Y, IT(X, X),[1(X,Y),N}
is a positively oriented orthogonal frame of R.

Now let X = dUy4(e3), Y = dUy(es), and let IT be the second fundamental form
of . Then IT(X,X) = —IT(X, X) is along the minor axis of the ellipse of curvature
of §, while IT(X,Y) = II(X,Y) is along the major axis. Now let N be the unit vector
in R® such that {Uy, X, Y, IT(X, X),[1(X,Y),N} is a positively oriented orthogonal
basis of RS. Tt then follows from (58) that N = —N, and from (58) and (59) that if
qB > 0 is such that sechci is the eccentricity of the ellipse of curvature of S , then

Uy =— seché% + tanh ¢ N.
Thus, taking the direction along the major axis of the ellipse of curvature of S to be
that determined by IAI(X, Y), then applying the (+)transform to S gives us S.
The following theorem summarises the results of the paper.

THEOREM 4. A ruled minimal Lagrangian submanifold M of CP3(4) defines two
minimal surfaces S and S in S%(1). These surfaces are related geometrically in that S
is obtained from S by the (—)transform and S is obtained from S by the (+)transform.
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Thus, ruled minimal Lagrangian submanifolds of CP3(4) induce two constructions
on what could be a special class of minimal surfaces in S°(1), namely a (—)transform,
given by (57), producing S from S and a (+)transform, given by (56), producing S
from S.

In a forthcoming paper [4] we shall show that if we apply either of these con-
structions to an arbitrary minimal surface with non-circular non-degenerate ellipse of
curvature in S%(1) then we obtain another minimal surface in S®(1). As a consequence
of this we will show that every such minimal surface in S°(1) may be constructed lo-
cally in the manner described in the present paper from a ruled minimal Lagrangian
submanifold of CP3(4).
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