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Abstract

We calculate 3-point correlation functions of A-BMN operators with 3 scalar impurites
in N' = 4 supersymmetric gauge theory. We use these results to test the pp-wave/SYM
duality correspondence of the vertex—correlator type. This correspondence relates the co-
efficients of 3-point correlators of A-BMN operators in gauge theory to the 3-string vertex
in lightcone string field theory in the pp-wave background. We verify the vertex—correlator
duality equation of hep-th/0301036 at the 3 scalar impurites level for supergravity and
for string modes.
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1 Introduction

This paper continues the study of correlation functions of BMN operators [TI, 2, 3, 4, B, 6]
in the light of the pp-wave/SYM correspondence [7].

The pp-wave/SYM correspondence of Berenstein, Maldacena and Nastase (BMN) [{]
represents all massive modes of type IIB superstring in the plane wave background in terms
of composite BMN operators of NV = 4 Yang-Mills theory in 4D. In its minimal form, this
correspondence emphasizes a duality relation between the masses of string states and
the anomalous dimensions of the corresponding BMN operators in gauge theory in the
large N double scaling limit. This relation has been verified in the planar limit of SYM
perturbation theory in [7, K, @]. Calculations in the BMN sector of gauge theory at the
nonplanar level were performed in [I0, [T, @, 5] also taking into account mixing effects of
planar BMN operators. The minimal mass—dimension type duality relation was extended
in [I1, 2, 13] to all orders in the effective genus expansion parameter g, and expressed in
the form Hgyping = Hsym — J. Here Hgying is the full string field theory Hamiltonian, and
Hsyy — J = A — J is the gauge theory Hamiltonian (the conformal dimension) minus the
R-charge. Recent work in this direction includes [T4].

In this paper, instead, we address a more ambitious duality relation [6] of a vertez—
correlator type, summarized in the next Section. This type of correspondence for pp-
waves was first discussed in [I] and relates the coefficients of 3-point correlators of BMN
operators in gauge theory to 3-string vertices in lightcone string field theory in the pp-wave
background. It is well-known that in the AdS/CFT scenario, in addition to the relation
between the masses of supergravity states and the dimensions of the dual gauge theory
operators, one can also compare directly the correlation functions in gauge theory with
supergravity interactions in the bulk [I5, [[6]. Since the pp-wave/CFT correspondence
can be viewed as a particular limit of the AdS/CFT correspondence, it is natural to
expect that a version of vertex—correlator type duality will hold in the pp-wave/SYM
correspondence.

Building on previous work [Il, 17, 2, 4], the authors of [6] were able to represent all
known gauge theory results for 3-point functions of BMN operators with 2 scalar impurites
in terms of a single concise expression involving the 3-string vertex in light-cone string
field theory in the pp-wave background. The goal of the present paper is to test this
relation at the level of BMN operators with 3 scalar impurites.

In conformal theory, the two- and three-point functions of conformal primary operators
are completely determined by conformal invariance of the theory. One can always choose
a basis of scalar conformal primary operators such that the two-point functions take the
canonical form:
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and all the nontrivial information of the three-point function is contained in the x-
independent coefficient C'93:
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where 27, := (x1 — 22)?. Since the form of the z-dependence of conformal 3-point func-
tions is universal, it is natural to expect that (93 is related to the interaction of the
corresponding three string states in the pp-wave background. Note, that in order to be
able to use the coefficients (a3, it is essential to work on the SYM side with A-BMN
operators. These operators are defined in such a way that they do not mix with each
other (i.e. have definite scaling dimensions A) and which are conformal primary opera-
tors. Conformal invariance of the N/ = 4 theory then implies that the 2-point correlators
of scalar A-BMN operators are canonically normalized, and the 3-point functions take
the simple form (). Defined in this way, the basis of A-BMN operators is unique and
distinct from other BMN bases considered in the literature. For 2 scalar impuritites, this
A-BMN basis was constructed in [].

In this paper we will work with scalar! A-BMN operators Onyingns With 3 impurites
which correspond to the string bra-state (Ol 02,3 . In string theory n; are the labels
of string oscillators «;, , and the level matching constraint is n; + ny + n3 = 0. Bare

single-trace BMN operators with 3 different real scalar impurities [II, [[2] are given by
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where gy = €?™2// and ¢z = €>™/7 and from now on, we always set n; = —ny — ns.

There are two terms on the right hand side of (B) since there are two inequivalent orderings
of ¢, ¢ and ¢3 inside the trace?. The pp-wave/SYM duality is supposed to hold in the
BMN large N double scaling limit,

J~VN, N — oo. (4)

In this limit there remain two free finite dimensionless parameters [, [0, [I]: the effective
coupling constant of the BMN sector of gauge theory,

)\/ _ g%(MN o 1 (5)
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and the effective genus counting parameter

2

J ,
g2 = = 4mgs(up*a ). (6)

Wector operators, i.e. A-BMN operators with vector impurites, discussed in [I8, [T9, 0], will be
considered elsewhere.

2Note that in both terms ¢, in the Z-position [ is accompanied by ¢}, similarly for ¢3. Hence, each
of the two terms contributes to the same string state.




The right hand sides of (H),([d) express A and g in terms of pp-wave string theory pa-
rameters.

Operators (Bl) are the starting point for building the A-BMN operators. In interacting
field theory, bare operators have to be UV-renormalized and the effects of operator mixing
have to be taken into account. It is well-known by now [211, 22, 4, B] that the single-trace
BMN operators mix with the multi-trace operators even in free theory at non-planar
level, i.e. starting from order go(\)°. Hence, in order to calculate the leading-order
contribution to the 3-point coefficient C93 o g2 in (B), one has to work with the order go
A-BMN operators which involve the single-trace expressions (B) plus a linear combination
of double-trace operators with coefficients of order go(\')°. For the simpler case of 2 scalar
impurites, the single-double trace mixing effects have been calculated in [], and the
corresponding conformal 3-point function coefficients C}o3 were determined. One of the
main technical results of the present paper will be a determination of the coefficients Ca3
for A-BMN operators with 3 scalar impurities (and general oscillator labels ng, ng € 7).

The paper is organized as follows. In Section 2 we summarize the vertex—correlator
duality proposal of [6] and write down the relevant equations. In Section 3 we calculate
2-point correlators of operators O,,,,,n; to order X' in planar perturbation theory in the
BMN limit. This is necessary in order to canonically normalize the UV-renormalized
operators to order . Section 4 contains our main technical results on the field theory
side. There we calculate 3-point functions involving operators O,,,n,n,. We first derive the
conformal expression (B) and extract the coefficient C'93 for 3-point functions containing
1 general and 2 chiral operators (i.e. 1 string and 2 supergravity states in dual string
theory). We then generalize this calculation of Cja3 to the case of two string states. In
the final Section we demonstrate that the results of Section 4 are in complete agreement
with the vertex—correlator duality prediction [6] of Section 2.

2 The vertex—correlator duality

Here we give a brief summary of the duality relation. For more detail, we refer the reader
to [6].

For the bosonic external string states (®;| the proposed correspondence relation is

(AL + Ay — Az) Craz = (D1 [(Po| (D3] P exp(5 Z Z Zarﬂ]\@fn 51 10)125. (7)
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This relation, is conjectured to be valid to all orders in A" and to the leading order in g,
in the double scaling limit (#). Equation @, originally proposed in [I], is the first key
element of the vertex-correlator duality. N,,, are the Neumann matrices in the a-basis



of string oscillators. These matrices were recently calculated in [23] as an expansion in
inverse powers of i at p — co. Results of 23] for N,,, constitute the second element of
the proposed duality. The relevant for us leading order expressions of Nonn directly in the
a-oscillator basis can be found in the the Appendix.

The third and final element of the vertex—correlator duality is the expression [6] for
the bosonic part of the string field theory prefactor, P, which appears on the right hand
side of (),

P= (=1 Chorm (P +Pyr) , (8)
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The only new ingredient here compared to [6] is the overall sign (—1)? in (®), where

T . e . .
P=3 Zr oo arl'ar! counts the number of impurities. For all the cases involving

BMN operators with 2 impurities considered in [6], it turns out that (—1)? = (=1)? =1,
and hence is irrelevant. In the present paper, all the cases involving 3 impurities will lead
to an overall minus sign, (—1)? = (1) = —1.

In terms of the original SFT a-oscillator basis the full prefactor takes a remarkably
simple form

Pe mrmz<z g +u81gn(ar)a8ﬂa5">, (12)

m>0 Qr

however, as in [6], we will continue using the prefactor in the BMN «-oscillator basis, (@)
and (I0), where the comparison with the gauge theory BMN correlators is most direct.

This prefactor, and in particular the second term P;;, was constructed in [6] to re-
produce a particular class of field theory results for the 3-point functions*. It was then

3We are using standard definitions for the SFT quantities in the pp-wave background such as wyy,, o,
and p, which are summarized in the Appendix.

4A first principles derivation of the string field theory prefactor is highly desirable, but (at least in
our view) not yet available inspite of much progress made in the pp-wave lightcone string field theory
24, 25, 26, 27, 28, 29, B0, 23]. We note that () is different from the earlier proposals for the prefactor
n |25, 27, 23].



successfully tested in [6] against all the available field theory results involving BMN op-
erators with 2 scalar impurites and also the simplest cases involving BMN operators with
3 impurities. In Section 5 we will verify that the duality relation () with the prefactor
[®) holds at the 3-impurity level.

Kookoskokokok kokokok

We emphasize that the matching to field theory results is highly non-trivial even
though the choice [6] of the prefactor in (8) is “phenomenological”. In the next two
Sections we will assemble a detailed SYM calculation of the 3-point coefficients for BMN
correlators with 3 impurities, (29), [B0). This calculation is presented in detail in order
to convince the reader that a coincidental agreement of our SYM results and the string
vertex with the prefactor (§) (which a priory knows nothing about 3-impurity operators)
is very unlikely. The reader primarily interested in the tests of the correspondence, can
skip directly to the final SYM results, Eqs. (@), ([{7) and (8H), [84) and then to the last
Section.

3 Two-point correlators

As explained earlier, on the SYM side of our proposed correspondence we must use the A-
BMN operators O. For BMN operators with 2 scalar impurities this basis was constructed
in [4] to order go(\)° and go?(\)? and involves a linear combination of the original single-
trace BMN operator and the double-trace (in general multi-trace) BMN operators.

There are two important cases where simplifications occur such that at the leading non-
vanishing order in go, only the single-trace operators (B]) need to be taken into account.
The first case involves 2-point functions (OO), and will be considered in this Section.
The second case involves 3-point functions ((’)1(92@3), where O; and O, are chiral BMN
operators, and O3 is a general one, i.e. two supergravity and one string state in dual
string theory. This case will be considered in the first part of the next Section. It is easy
to check (see e.g. H]) that in both cases the contributions from double- and higher trace
operators to O’s give vanishing contributions to the correlators at the leading order in g
and in the double-scaling limit (H).

Before we continue we make a final general comment. One can split scalar interactions
of the N' = 4 SYM Lagrangian into D-terms, F-terms and K-terms as is done in [, 4] and
show that at one loop level the D-terms cancel against the gluon exchanges and scalar
self-energies. So one is left only with F-terms and K-terms. However the K-terms have
vanishing contribution in the cases we are going to consider since K-terms couple only to
SO(6) traces. Thus, there is only an F-term interaction to consider which has a factor
of g%, for every vertex where a ¢’ line crosses a Z = &J’—\/%‘bﬁ line, and a factor of —g,,
when the lines do not cross.



In this Section we calculate 2-point correlators (OO) of renormalized operators (B]) in
planar perturbation theory to order \'. This is needed to normalize the operators correctly,
such that ([I) holds at order A’. In this and the next Section we will be calculating Feynman
diagrams in dimensional reduction to 4 — 2¢ dimensions, and in coordinate space. Our
calculations follow and generalize the approach of [2].

We note that bare operators in (B) were normalized in such a way that their free
2-point planar correlator is

<On1n2n3 (O)Oﬁﬁbzﬁg (ZL’)> = 5n2,ﬁ25n3,ﬁ3A(x)J+3 (13)
in the BMN limit (). Here A(x) is the scalar propagator,

['(1—¢)
(4m2=) (22)1-¢

Alr) = (14)

There are four contributions to consider, (O'?3(0)0'#(x)), (O'3(0)O'*(x)), (O'3(0)O'*(x))
and (O'¥2(0)O0'*(x)). The last two correlators vanish in free theory (since the 3 ¢’s are
different), and will be shown to vanish also at order A" at the planar level.

We first calculate the interacting part of (O'23(0)O123(z)),

AW e NV 1) (Pt Pyt By) (15)

<@123(0)0123(5L’)> — J2

where I(z) is the interaction integral with A(z)? removed:

1) = () | Gy

1 1
= @(E+7+1+10g7r+10g:82+0(e)). (16)

We will use a subtraction scheme which subtracts the 1/e pole together with (an arbitrary)
finite part s

1

- ) 17

~ s (17)
Py, P, and P3 on the right hand side of ([H) are the total contributions of the phase

factors for the diagrams of Figure 1, Figure 2 and Figure 3 respectively. Denoting by
G2, q3 the BMN phases of the Oz, n,ns () operator, and by T2, T3 the BMN phases of the



Oninans (0) operator, we obtain

1+k<J
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(18)

To derive ([[§) we have added the contributions of four diagrams in Figure 1 and noted
that contributions of diagrams where a Z line crosses a ¢ line in the Z-¢ interaction (the
second and the fourth diagrams in Figure 1) have a relative minus sign compared to the

Z-¢ interaction without crossing (the first and the third diagrams in Figure 1).

Similarly from four diagrams of Figure 2 and from four diagrams of Figure 3 we get

I+k<J—1
Py = Z (42T2)"(g373) (1 = g2) (1 — T2)]gsTs (19)
0<1,0<k
I+k<J—1
Py= " (qaF2) (qs7s) ™[(1 — g3) (1 — 3)] (20)
0<1,0<k
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Figure 1: Interacting diagrams for the 2-point function where ¢ interacts with Z. These

diagrams give rise to P;.
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Figure 2: Interacting diagrams for the 2-point function with ¢, interactions. These dia-
grams give rise to P;.
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Figure 3: Interacting diagrams for the 2-point function with ¢3 interactions. These dia-
grams give rise to Ps.

We now evaluate the double sum:

l+k<J—1 J-1 J—1-1
Z (Q2T2)ZQ3T3)l+k = (Q2f2Q3f3)l (Q3f3)k

0<1,0<k 1=0 k=0
0 when C_I2f2 7é 1 and Q3f3 7& 1

J(J+1)/2 when ¢oTy = 1 = ¢373

- _qﬁ;]—l when ¢oTy # 1 and ¢3t3 = 1 (21)
qgfi—l when ¢oTy = 1 and ¢35 # 1

It is clear that, in the BMN limit (), the correlator is non-zero only when ¢oTy = 1 = ¢3T2,
that is, when the operators in the correlator are the same.

The result for the second correlator, (O'2(0)O2(z)), is obtained from the first one
by interchanging labels 2 and 3. The sum of the two contributions, (O23(0)023(z)) +
(O2(0)0'32(z)), will have the second term on the right hand side of (EII) doubled up,
and the third and fourth terms cancelled.

We now show that the other two correlators (O'23(0)O2(z)) and (O32(0)0'*(x)),
vanish in our case. There are 12 diagrams to consider, the first 6 are shown in Figure 4.
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Figure 4: Interacting diagrams for the two-point function. These diagrams give rise to
Py = 0. There are six additional diagrams with ¢, and ¢3 exchanged. Their sum is also
zZero.

The combined phase factor with these six diagrams is:

J
Py o= ) (3e5torh — gdgkryrh)

k=0
J J
+ > (ghahTors) — ghaiTors) + > (ghayThE) — ghafThEy) =0 . (22)
=0 =0

The remaining six diagrams are obtained from the ones in Figure 4 by exchanging ¢
and ¢3. They also sum to zero. Thus, the non-diagonal terms do not contribute to the
correlator at the planar level.

Finally, combining with the free result we obtain

<@n1n2n3 (O)Oﬁﬁmﬁa (ZL’)> = 57127326713733A(I)J+3 [(I) (23)
x{1 = gy N[(1 = 4203)(1 = Go3) + (1 — g2)(1 — @) + (1 — ) (1 — g3)]},

where the four terms in curly brackets correspond respectively to the free contribution,
Py, P, and P;. Now, substituting (@) for /(z) with a subtraction (), and using an
expansion

A(2)* ~ 1+ alog A(z) =1+ a(—log4n® — logz?) + O(e)) (24)

we derive the final expression for the 2-point function,

<@n1n2n3 (O)Oﬁﬁmﬁg (ZL’)> = 5n2ﬁ25n3,ﬁ3A(I)J+3+a[1 - O‘('V +1-— log 4 — S)] (25)
where « denotes N
o= 5[(712 + n3)2 + n% + ng], (26)



and, from the right hand side of (23, it has to be identified with the anomalous dimension

Of Onl nans3»
/

A
A—J=3+a= 3—1-5[(71/24—713)2—'—”%4‘”%]7 (27>

in agreement with dual string theory prediction.

The normalized operator is given by

+E<J

14+ a/2(y+ 1 —logdm — s) I+k Ly ko o d—l—k
Onmzm = Z [Q2q+ tI‘(¢1Z ¢2Z ¢SZ )
JVNT* 0<L.k

YO (VA YAV AR | (28)

4 Three-point functions

Here our goal is evaluate 3-point functions involving BMN operators with 3 scalar im-
purities in planar perturbation theory to order . We will consider two such 3-point
functions,

Ga(w1,22) = (O 1y, (00O s (21) O3 (2)) (29)
and

Gh1,22) = (O, 1,0y (VO (21)08 () (30)
Here O,{lmm with ny = —ny — ng3, is a A-BMN operator with 3 scalar impurities, it is

given by (ER) plus multi-trace expressions® at higher orders in g,. The operator (9;2 18

2
a A-BMN operator with 2 scalar impurities, at the classical single-trace level it is given
by

Oy g = \/7“2 Z rate(6:12'6:2"7"), (31)

and the remaining operators are chiral and are protected against quantum corrections,

1 1
T2 J J
0y = ~ tr(psZ72) , O A

We also note that the R-charge conservation implies that

tr(Z72). (32)

Jo = J — J (33)

In the first subsection we will derive conformal expressions () and determine the 3-
point coefficients C'93 for both of these Green functions in the settings where the barred

°In fact, it follows from the analysis of ] that at the relevant to us first order in go, only the double-
trace corrections and only to the barred operators in [Z9) and ([B) give non-vanishing contributions.
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operator is general, and the two unbarred operators are chiral, i.e. correspond to two
supergravity states. As mentioned earlier, in this case, only the single-trace contributions
to the operators are relevant at the leading non-vanishing order in g, thus simplifying
our analysis significantly.

In the second subsection we will calculate the 3-point coefficients of (29) and (B0)
in the general case of two non-chiral operators. Here the double-trace corrections are
important, in order to derive the conformal expression (). However, using a simple trick
we will show how to uniquely determine the coefficients C}o3 directly from the single-trace
expressions for the operators, thus obtaining the main results of this Section, Eqs. ({6,

@) and RH), (&4).

4.1 One string and two supergravity states

As explained above, in this subsection only, we set nj = n}, = n} = 0 and consider

Gs(w1,22) = (O] 100, (0O (21) O2.(2)) (34)
and
Gh(w1,22) = (O} 1,0, (0O (21) O (22)) (35)

At first we consider the 3-point function G3(x1,z2) and express it as follows:

14+ %(v+1—log4r —s) N7+2 ],

JVNI+3 Jl\/ J2NJ1+3NJ2
Az PBA(2)”2 (X — NY K (21, 22)) (36)

G3($1,$2) =

where A = ¢g%,,N and X and Y are the combined phase-factors at the free and interacting
level respectively. K (z7,x2) is the interaction integral for the diagrams depicted on Figures
6-9 (as in [2]):

_ [(1—¢ ? 22 1 (p2)1-e d >y
K(xhx?) - ( A2—e ) ( 1> ( 2> /(y2>2—2e(y_xl)Q(l—E)(y—x2)2(1_5)

1 i}
(E+fy+2+log7r+log o~ +0()  (37)

Lo

~ 1672

The first fraction on the right hand side of (BH) arises from the normalization of O} , .

The denominator of the second fraction arises from the normalizations of the other two
operators, while the summation over the J+2 loops gives a factor of N/*2. The remaining
factor of Jo comes from the Wick contractions with Oz .

Free diagrams are shown in Figure 5. There are six diagrams because of the six
different ways of arranging three ¢’s in a trace. We denote with X535 the combined phase
factor of a free diagram where ¢ comes first, ¢ is second and ¢3 is third.

11



x1 To

Figure 5: A typical free diagram for G3. This diagram gives rise to Xj93. There are five
additional diagrams with ¢q, ¢ and ¢3 interchanged. a, b and ¢ are the positions of the
impurities in the trace. For this particular diagram, a = 2, b =4, ¢ = 6.

We have:

Ji+1 Ji+2 Ji+3

Xig3 = Z Z Z qg—a—lqg—a—2 J—oo

a=1 b=a+1 c=b+1

Jl/J Jl/J J1/J
J3 / da/ db/ de 6—27rm2(b—a)€—27rm3(c—a) (38)
0 a b

Ji4+1 Ji42 J1+3

Xozp = Z Z Z qg—(C—a—2)q§—(c—b—1) J—>_o>o

a=1 b=a+1 c=b+1

JI/J JI/J J1/J
J3 / dCL/ db/ de e~ 2mm2(=1)(c—a) ;—2mmnz(—1)(c—b) (39>
0 a .

Ji+1 142 Ji+3

X310 = Z Z Z qg—b—l(—lg—(b—a—l) J—os

a=1 b=a+1 c=b+1

J1/Jd J1/J ) ' |
J3 / da/ db/ de 6—27rm2(c—b)6—27rm3(—1)(b—a) (40)
0 a b

(41)
where a, b, ¢ are the positions of the first, second and third impurities in the trace. Also
it is easy to see that X3 is equal to Xja3 with g, and @y exchanged, Xs3 is X310 with
4, and q; exchanged and, X391 is X3 with q, and g5 exchanged.

The sum of the six X'’s is:

Ji/J Ji/J Ji/J
X — J?’/ da/ db/ de e—27rm2(b—a)e—27rm3(c—a) (42)
0 0 0

12



For example the part of the above sum with ¢ > b > a is Xj93, the part with ¢ > a > b is
X513 and so on. Evaluating the integral we get

5 sin(mngJy/J) sin(mngJy/J) sin(m(ng + ng)J1/J)

X = J32
(2m)3(ng + ng)nang

(43)

We now calculate the phase factors coming from interacting planar diagrams. In the
case where ¢, interacts with Z we have eight diagrams with the first four shown in Figure
6 and the remaining four obtained by interchanging ¢» and ¢3. We do not need to consider
diagrams where ¢; interacts with ¢; since they will be suppressed in the BMN limit (H])
relative to ¢-Z interactions of Figure 6.

a b a b a b a b
¢2 O3 01 ¢.52 O3 91 ¢1€52 ¢3 ¢1§52 O3
T i) T i) T i) T T

Figure 6: Interacting diagrams for G3. These diagrams give rise to Yjo3. There are four
additional diagrams with ¢, and ¢3 exchanged.

The phase combined factor of the four diagrams in Figure 6 is:

Ji+1 Ji+2

_J—(J1+3—a—1)_J—(J14+3=b) |, —J—(J1+3—a—2)_J—(J1+3—b—1)
Yig3 = § g [ ds +q ds
a=1 b=a+1
J14+2 J1+3
a 3= b 4 —a—2-b—3
+ § § —d2 3 ]
a=3 b= a+1
J1+1 J1+2 J14+2 J1+3
_ _—(J1—a+1) - —(J1—b+2) 7—17—1 7a 3= b
=> Y a ds I-a'a)+>. > (1 —ay03)
a=1 b=a+1 a=3 b=a+1
271"& n +7’L J1+2 J143 Ji4+1 J1+2
“lteilog 1 1e3) —a—3 = b 4 —a—l—b—2——J1——J1
dodoawtat =) Y @ 0 (44)
a=3 b=a+1 a=1 b=a+1

In deriving the last line above, we have used that 1 —q,q; — Mfr"?’) in the BMN limit.
Converting the sum into an integral we get

T )T J1)J ' ' '
Yio3 = 2mi(ng + ng)J/ da/ db e~ 2min2a g =2minabl _ p=2mi(natna)(=/1/J)]
0 a

CUAHANI 1T AL AshIT(Ay 4 Ag) + Ay

_ —J[l . e—(A2+A3)J1/J]
Az A,

(45)
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where Ay = —2min, and A3 = —2ming. We must add 4 more diagrams with ¢ and ¢
exchanged. This gives the expression above with ny and ng exchanged. If we sum the two
contributions we get:

4(nz + no)?J sin(mwnyJ1 /J) sin(mnsJy/J) sin(mw(ng + ng)Ji/J)

Yio3 4+ Yise = 46
123 132 (13 + n2)man (46)
In the case where ¢, interacts we have again eight diagrams, see Figure 7.
a b a b a b a b
i I i I P I P I
; [ ; [ Lo | Lo |
b3 1 @2 b3 1 @2 P2 P3P P2 P3P
a i) v T vl T Al i)

Figure 7: Interacting diagrams for GG3. These diagrams give rise to Ya3;. There are four
additional diagrams with ¢; and ¢3 exchanged.

The combined phase factor of four diagrams in Figure 7 is easily obtained by substi-
tuting no — ng and n3 — —(ny + n3) into (), as follows from comparing diagrams in
Figures 6 and 7 and remembering that ny := —(ng + n3). In the BMN limit we have,

—e A2 NI (Ay + Ag) 4 em (st ADN/T 4y + A4
As(Ay + As)

Yag1 = J[1 — e421/7] (47)

Now we consider the above diagrams with ¢; and ¢35 exchanged, i.e. —(ng + n3) < ns
and ny unchanged in (@),

e~ AN T Ay 4 eI Ay — Ay — Ay

Vo3 = J[1 — e*1/7 48
213 = J1 = €] Ag( Ay + Ay) (48)
Summing the above contributions we arrive at

4n2 J si J1/J) si J1/J) si Ji/J

Yaut + Yars = nsJ sin(mngJy/J) sin(mngJy /J) sin(w(ng + ng)J1/J) . (49)
m(ns + ng)nang
Similarly, for diagrams in Figure 8 and their four partners, we find:

4n2J si J1/J) si J1/J) si Ji/J

Yars 4+ Vo1 — n3J sin(mngJy /J) sin(mngJy /J) sin(w(ng + ng)J1/J) (50)

m(n3 + ng)naons
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I AL IL X

o1 @ C'bs o1 ¢.52 <'Z53

T 4p) T 1) € X2 € €2

Figure 8: Interacting diagrams for (3, contributing to Y3;2. There are four additional

diagrams with ¢; and ¢9 exchanged.

! .

/ .

X :
/

' .
\ .
\

o

-

01 )
T i) T i) T T T i)
9a 9b 9¢ 9d
o o J J
b ) 5 \
b1 P2 93 P12 @3 P12 @3 1 P2 O3
T i) T i) T T T i)
9e 9f 9¢ 9h

Figure 9: Interacting diagrams for GG3. Diagrams 9a, 9¢, 9e and 9¢g have an opposite sign
with respect to 9b,9d,9f and 9h, so they cancel pairwise. There are additional diagrams
where ¢5 and ¢3 are exchanged which also add up zero. Additional diagrams where ¢ or
¢3 (rather than ¢ interact with Z also cancel in the same way.

For completeness, we note that diagrams without x;-to-xry connection, depicted in
Figure 9, sum to zero.

Putting together all the expressions above, we get for G

Gs(xq,22) =

A 1
X [1— Z((ng +n2)® + nj +n§))(g +v+2+logm+ log

1+ a/2(y+1—logdr —s)

NJ+2 J2

JVNTH3

y J?sin(mng Jy/J) sin(mngJi/J) sin(m(ng + ng) Ji/J)

3

/

(n3 -+ ng)n2n3

Subtracting 1/e¢ + s we obtain the result

G3(x17 x2> _ 0123 A(:L’l)J1+3+a/2A(5L’2)J2+a/2A(SL’12)_a/2
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1
2
Ti2

Az) P A(22)”

%) (51)




with

Cl23 =

J?\/ Ty sin(mngJy/J) sin(mnsJi/J) sin(m(ng + ng)J1/J) (

o
1——
J1N7T3 (n3 + ng)n2n3 2 ) (53>

A few comments are in order. First, we note that we have proved that to order in A" and
g2 we are working here, GG3 takes the conformal form of (2]). This is so since (B2) is nothing
other than the conformal expression (&) for G3. Second, we have derived the expression
for the coefficient Cia3 given by (B3)). This expression does not depend on s and, hence,
is the subtraction scheme independent, as expected. In what follows, and in parallel with
[6, @], we will use only the leading order in X' part of Cja3, i.e. will set w = 0 in (B3)). This
is because the, yet unaccounted, mixing effects at order X can change constant order \
contributions to C93 (but not the logarithms in eqrefg3resl, which cannot appear in the
z-independent mixing matrices).

Three-point correlator G(xy, x2)

We now consider the second 3-point function, G4(z1, x2), of Eq. ([BH). Its structure is
much the same as for G3(x1, x2) leading to the following expression

14+ a/2(y+1—logdr —s) NI+2

G3(£C17 $2) = J\/W \/JlNJ1+2NJ2+1
XA(l’l)J1+2A(SL’2)J2+1(P — AQK(ID 1’2)) (54)

where P and () are the phase factors to be determined shortly.

P is the phase factor which we get by summing the contributions from the two free
diagrams depicted in Figure 10.

a b c a b c
o1 P2 03 P2 O 03
T T Ty T2

Figure 10: Free diagrams for (G3. This diagram gives rise to P.

Ji+1 Ji+2  J+3 Ji+1 Ji+2  J+3
_ —b—a—1-c—a—2 _J—(b—a—1)—c—b—1
P = E E E 2 ds3 + E § E o ds3 (55)
a=1 b=a+1c=J1+3 a=1 b=a+1c=J1+3
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Converting the above sun into an integral one finds

Ji/J Ji/J 1
P=J3 / da/ db/ dc e 2min2(b—a) ,—2min3(c—a)
0 a Ji/J
J1/Jd Ji/J 1
—|—J3 / da/ db/ de 6_27ri”2(—1)(b—a)e—27rin3(c—b)
0 a Ju)J

Ji/J Ji/J 1 ] ]
— JS/ da/ db/ dce—27rzn2(b—a)e—27rzn3(c—a) (56)
0 0 Ji/J

Evaluating the integral we finally arrive at

_ _J3sin(7m2J1/J) sin(mngJy/J) sin(w(ng + ng)J1/J) .

m3(n3 + ng)nang

P (57)

Now we have to account for the interacting diagrams. In the case where ¢, takes part
in the interaction we have four diagrams which are shown in Figure 11. The corresponding
phase factor is

Ji1+1 J+3
_J—(J1+3—a) _b—(J1+3 _J—(J14+2—a) _b—(J1+2
Q=Y > —q gyt g g hrmadgr
a=1 b=J;+4
Ji1+2  J+2
+> > atat —as s (58)
a=3 b=J1+3

which in the BMN limit is

| naoop -
Ql — Qﬂi(ng + n3>J(1 . e—27rz(n3+n2)(—1)J1/J)/ da/ dbe—27r2n2ae—27rm3b
0 Ji)J

_ —éJ(ng N nz)zsin(ﬂnng/J) sin(mngJy/J) sin(m(ns + ng)J1/J) (59)
T (ng + ng)nang
a b a b a b a b

! . Ny ! i ! ‘ . !

/ H . \ H 1 . H \ . H
o : ! ) : ! // : !

/ i : / i : i : i
/ ! : / ! \ ! \ : !

¢2 o1 ¢3 ¢.52 o1 @3 Cgl &2 653 1 Cblz Cb.S

T 4 T 1) € X2 € €2

Figure 11: Interacting diagrams for G4 contributing to ;. The ¢; line is in the o'

position in the O; . (0) trace and @3 is in the b™ position.
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In the case where ¢, takes part in the interaction we have again four diagrams which
are shown in Figure 12. The corresponding phase factor is

Ji4+1  J43

Z Z ,J1+2 a) b a— 2+q2=]1+ a)qg a—2

a=1 b=J1+4
J1+2  J+42

——(a—3) —-b—a— ——(a—2) _p—a—
+Z Z Ql2( )qg 1—012( )qg h, (60)

a=3 b=J,+3

which in the BMN limit becomes

. J1/)J 1
Qy = —J? 2ming (1- e—2m‘an1/J)/ ' da/ db e~ 2min2(—a) ,—2mins(b—a)
J T )d

4, sin(mngJy/J) sin(mngJy/J) sin(m(ns + na)Jy/J)
T (ng 4+ n2)nang

NiBHIEGR

e v S s ) roulr %

T T2 T ) T T2 X T2

o) ___

Figure 12: Interacting diagrams for G contributing to Qs.

For interacting ¢3 there are eight diagrams. The first four are depicted in Figure 13,
and the other four are obtained by exchanging ¢; with ¢5. The phase factor associated
with the four diagrams of Figure 13 in the BMN limit is

Ji)J Ji)J
_J? 2”;”3(1 _ e—2m‘n3J1/J)/ ' da/ ' db e—2min2(b—a) ,~2mins(~a) (62)
0 a

The phase factor ng) for the remaining four diagrams is obtained by exchanging n; < ns
in le). Adding the two we obtain

M, @ - A b - -
Q3 — Qg + Qg — 27TZTL3J(1 _ 6—27r2n3J1/J>/ dCL/ db e—27rm2(b—a)e—27r2n3(—a)
0 0

4 5 sin(mngJy/J) sin(mngJy/J) sin(m(ns + na)Ji/J)
T (n3 + na)ngng

Taking everything into account, our final expression for G% takes the conformal form

Giy(21,22) = ClygA(xy) 2T A () 2T A(215) 7/ (64)
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1 1 Y I
| PN | : !
| SN | : : i
| : \ | : \

| : : | :

T 5 e 5 r % o %

T T2 T T2 T T2 T T2

Figure 13: Interacting diagrams for G% contributing to 3. There are also diagrams with
¢1 and ¢, exchanged.

with the 3-point coefficient

;o J?  sin(mngJy/J) sin(mngJy/J) sin(mw(ng + no)Jy/J)
123 \/le’]T?’ (n3 + ng)ngng

(1—a/2) (65)

This expression is again subtraction scheme independent. As in the case of G5 discussed
earlier, we will set @ = 0 on the right hand side of (E3) to be safe from unknown mixing
effects at order \.

4.2 Three-point functions with two string states

We are now ready to finally address the general case and calculate the 3-point coefficients
of (29) and (B0) for two non-chiral operators. Here the mixing of the known single-trace
BMN operators with double-trace corrections is important as it does contribute to the
conformal expression (B). However, our goal is not to derive the conformal expression on
the right hand side of (£l) (which must be correct anyway, as far as the mixing effects
are such that we are dealing with scalar conformal primary operators). Our goal is to
calculate the coefficient Cja3. At leading order, the only mixing effect which contributes
to the right hand side of (@) is the mixing with the double-traces of the barred operator
O/ . ..(0) in () and @0). These mixing effects will affect the free-theory contribution

ninans

free and also the logarithmic terms N log |z1| and X log|zs| due to interactions of the

double-trace in O/ \nyns (0) with the BMN operators at z; and 25. But, these mixing effects
cannot affect the third logarithm, X\ log |21 — z3|. Hence out programme is to assume the
conformal form, and by carefully evaluating the terms proportional to X log |z, — 23], to
determine C'13. In doing so we can neglect the double-trace corrections and work with

the original single-trace expressions.

We start with

Gs(w1,22) = (O} 1yny (0O, (21) 02 (w2)) - (66)

ninang n1MyNg

The calculation is done as in the previous subsection, except that now we have additional
phase factors coming from non-zero nf, and n. The result for phase factor X coming from
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the free diagrams of Figure 5 is obtained from (f2)) by substituting ny — n}/y for ny and
ns — ny/y for ng where y = J;/J. The final result is

X 393 sin(mnay) sin(rngy) sin(m(ng + n3)y) (67)
(2m)3(ng + ng — “2) (ny — 22)(ng — =2)

To simplify notation somewhat, we will define

sin(mney) sin(mnsy) sin(m(ng + n3)y) (68)

H :: ! ! n/ n/ .
(ng +ng — “2) (ny — “2) (ng — =2)

Next we evaluate the interacting diagrams of Figure 6,

Ji4+1 J1+2

T S
a=1 b=a+1
J1+2 J1+3
Y > @t - as e
a=3 b=a+1
T4l Ji42 L2
_ Z Z —(Ji—a+1) 7—(J1—b+2) 121 1 b 2(1_q2 q3 + Z Z qa 35 b 4 [21 3 b— 4(1—q2q3)
P — a=3 b=a+1
J1+2 J1+3 Jitl 12
27i( n2 + ng) N’
Z Z dara)” Q37”3 Z Z Qor2)* q37‘3) “a 15" | (69)
a=3 b=a+1 a=1 b=a+1

Converting the last sum into an integral we obtain,

) ) i nt X nt .
Yio3 = 2mi(ny + ng)J/ da/ db 6_2”2("2‘72)“6‘2“2("3—73)6[1 — e2rilna+na)y)
0

€(A3+A2)yA3 — €A3yA2 — €A3yA3 + Ag
(As + Ag) A3 A

= 27TZJ(712 + n3)[1 — e27ri(n3+n2)y]

. / . / ., .,
where Ay = —2mi(ny — 72), Ay = —2mi(ng — %), 12 = 22/ and ry = e?mnalNt,

Expression for Yj3, is obtained by interchanging A, and As in Yjo3. After some algebra
we get

4(713 + 712)(713 + Ng — M)J

Yigs + Yigo = - Y II (70)

Similarly, for diagrams of Figure 7 we obtain (in the BMN limit)

Yy Y X nl . n .
Yoz = 27rz'n2J/ da/ db 627”(”2_f)bezm(”g_f)(b_a)[1 — e 2minay]
0 0

—AzyA2 +e AzyA —(A3+A2) yA2 A3
(As + AQ)A3A2

(71)

= 2mingJ[1 — 6_2’”"2?’]
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Now consider the above diagrams with ¢; and ¢3 exchanged. In the BMN limit we
find

y y . nl . n/ .
Y13 = —27Tin2J/ da/ db 6_27”("2_72)(_“)6_2”’("3_73)(1)_“)[1 — e 2minay]
0 0

€_A2yA3 + eASyAQ — A2 — Ag

= —2miny J[1 — e 2TV 72
2| ] (Az+ Az)AzAy (72)
Summing the two we arrive at
4712 (TLQ — n—é)J
Yo31 + Yoi3 = - L 1I. (73)
Similarly for the diagrams of Figure 8 we get:
4713(713 — n—g)J
Y312 + Y31 = L 1I. (74)

™

Using the above phase factors and concentrating on the logarithmic terms of the 3-
point function we have

/ / /

A n n
Ga(w1,22) = Cizy Ala)" A (w2)[1 = F(nalna = =2) + no(ng = =)
/ / 2.2
+(n3 4+ n2)(ng + ng — M2t n?’)) log :)31;@ +C'log 3 + ...] (75)

EP)

The last term in the equation above comes from the diagrams of Figure 9 which no longer
sum to zero as in the case with two supergravity states. However we do not need to know
the coefficient of this term since the log 22 receives corrections from the the double-trace
operators. From the equation above one can easily read the coefficient C}o3 at order g
C C(O) ng(ng — %)+n3(n3—%)+(n3+n2)(n3+n2—%)
123 — 123 n’22+n32+(n’2+ng)2 (76)
y2

n3 +n3 + (ng + n3z)? —

where
VYT =y sin(mnaey) sin(mngy) sin(m(ne + na)y)

0 7(
C£22’> - n}, n
7)(”3 - g)

—— (77)

Three-point correlator G(xy, x2)
Finally we consider the G function with two string states

Gi(11,72) = (O 10y (002 (1) OF (12) > (79)

ninan3s
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Similarly to the earlier analysis, we determine P from free diagrams in Figure 10,

P _ J3 sin(mngy) sin(mnsy) sin(m(ng + na)y)

(79)

(15 + 12 — “2)(ns — “2)ny

The diagrams of Figure 11, Figure 12 and Figure 12 lead to the expressions for @)1, Q-
and ()3 respectively

4 ;. : : +
Q1 = —2 T + na)(ns + s — @) sin(mnay) s1n(7m;;yl;) s1n(7r(:/3 n2)y) (80)
™ Yy (n3 “+ N9 — 72)(712 - f)’n,g
Qs = —é]ng (nz B n_’z) sin(7nyy) sin(ﬂnig//) Sil’l(ﬂ'(’:,,g +n2)y) (1)
(ng +n2 — ) (n2 — 2)ng
Qs = —éjng sin(mnay) sin(wnig//) sin(w(zg +n9)y) (82)
™ (ng +ne — 2)(n2 — 2)ng
Using the above results the three-point function reads
(0) N n;
Gy(w1,m9) = Clayg Awy) T2 A () # 1 — Z(ng + na(ng — f) (83)
n/2 x%x% / 2 " 2
+(ng + n2)(ns + ny — —=))log ——= + C'log 1 + C"log x5 + ...
Y 12
where
o0 _ JVJ  sin(mngy) sin(mngy) sin(r(ng + na)y) (84)
FOVINT (g, — ) (n — %)
And our final expression for Clog is
. -(0) n§+n2(n2—%/2)+(n3+n2)(n3+n2—%/2)
Claz = Clgs o2 (85)
n3 +n3 + (ng + ng)? — =%

5 Tests of the correspondence

In this section we test the correspondence proposed in [6] and outlined in Section 2 against
the gauge theory results of Section 4.
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5.1 1—(n’2+nf3)2n’23nf3 + vac — 1—(n2+n3)2n23n3

In this case the external string state is

_ 3 3iy  3iz i lig, 1i
(O] = <0\oz_(ln2+n3)ozn22ozn33a_(1n,2+n,3)ozn,;ozn,: (86)
In the expression above, 1 and 3 denote the first and the third string in the vertex. In order
to avoid confusion, and distinguish from the indices corresponding to scalar impurites,
01, G2, @3, we label the latter with 1, o, i3. Since all three SYM impurities are different,
we note that i; # iy # i3 and the repeated indices in the external states are not summed
over.

The contribution of the first part of the prefactor P is

1 n/2+n/2+ n/ +n/ 2
@p V) = o [N sy g2
24 Yy
731 731 731
Xan,nlan;g,néan-i-ng,n/z-i-né (87)

which, using the expression for the Neumann matrices (see Appendix),

. R _ 1 \m+n+1 :
NBL o N8l (1) sin(mmy) L0 (i) ’ (88)

mn —m—n T \/g(m _ n/y) M2
becomes
1 n/2 +n/2 + n/ _I_n/ 2
@PVe) =5 sms | = yQ( Rl S A I )

Now consider P;;. The contributing terms in P;; for the state under consideration are

1. ws Wint - Y
PII - 5[( Oézz + Oé—12)( 731’21,—n’2 - stl,n’z)aigﬂanzﬂ
wg wln' ~ ~ . 14
+( o: + a—;)(Ny?Z;,_n.g - NS;,ng)ai?TanfT
w w / ~ ~ . .
O+ = N,y = N, an g (90)
Using this we find
1 n/2 . .
(@[P1|VE) = —@[(ng - y—é) Elnz,—né Sing Elm,—n;
2 néz 31 31 nr31
+<n3 - ?)N—ng,—ngan,n’QN—nl,—n’l
2 n_/12 N3, 8L A3t 91
+(7’L1 2 ) ni,n}* Ynz,nf nz,n’Q] ( )

Y
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Recalling that n; = —(na + n3) and n} = —(nj + nj) and substituting into the above
result the expressions (BY)) for the Neumann matrices N and expressions for the Neumann
matrices N_ _ (see Appendix)

2(=1)™*t™  nsin(mmy) 1
N3 - 2
—m—n T y3/2(m?2 — n?/y?) +0 u? )’ (92)
we obtain
<(I)|P[[‘A/‘O> = —# né(ng — n—lz) + n' (n3 — n—é) + n' (n1 — n—ll) II (93)
2pumy5/? y o7 y y

Adding these results for P; and P;; and multiplying by (—1)?Corm = —¢2 y\(/lj_y) we get
the string theory answer

g VI—y [ n n’ nh + nj
)

( Ng — ?) +n3(n3 — ?)+(n3+n2)(n3—l—n2 —

273/ Ty
which is ezactly the SYM result, (Aq + Ay — Ag)Clhas, since

)} I (94)

1 n/2 _'_ n/2 + n/ + n/ 2
(AL + Ay — Az) = oM { T y2< Rl ny —nj — (ng + "3)2] (95)

and C1a3, given by (I0), ([Z0), reads

C B J\/71/1_y ng(ng—%)—l—ng(ng—%)+(n3+n2)(n3+n2_%) 0 06
2 Nymd 2, 2 _ B nft(ngtnh)? - (96)
ns + n3 + (ng + n3) 7
5.2 1n’22—(n’2+ng)3n’3 + vac — 1—(n2+n3)2n23n3
In this case the external string state is
(@] = (0la,,,,, odmadialial, 0l (97)
and the operator O;(z1) is
1 a+b<J
O1(71) = ——= Z IO Y AGVAIY AR
J NT+3 0<a,b
+r3ry Tt (ga 2 93 201 277070 (98)
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Using the cyclic property of the trace, O;(x1) can also be written as

a+b<J

a+b a b J—a—b
g (7203t (1 2% o Z° Pp3 Z )
J,/ J+3 &

T3 Ot (91 20 P 20 e 77070 (99)

01 (LL’l)

where 75 = (ror3)~! and 73 = r3. Hence, we find the 3-point function for this process
by substituting nfy — —(n) + n}), ny — n} and —(n) + n}) = ny — nj into the SYM
expression (@) and also to (@3).

Thus, the result on the gauge theory side for this process is

92 V1 — ysin(mnoy) sin(rnzy) sin(m(n2 + n3)y)
273V Ty (ny + —"22"3)(713 — 22 (ng +ng + 72)
/ /

) + 713(713 — ?) + (ng + ng)(ng + ns + ?) (100)

(AL + Ay — A3)Claz = —

/ /
Ny + Ny

X |ng(ng +

On the string theory side of the correspondence the calculation follows the same lines
as in 5.1, and the result is in precise agreement with the SYM formula ([00).

This is also true for the remaining four cases involving different permutations of the
three ¢’s in the trace of the shortest BMN operator.

5.3 1—n’22n’2 + 30 — 1—(n2+n3)2n23n3

Here we consider the case which corresponds to G%, i.e. where instead of the vacuum
state for the string 2, we have a supergravity state. The external string state now is

(®] = <0|a3“n2+n3)a322a313a1“, a};;, g (101)

The result in the SYM side can be obtained from (8H) and (&4)) and is

1 JVJ sin(mngy) sin(rnsy) sin(m(ng + ng)y)
2 VyNT? (ng +ng — %)(m — "—é)ng

Yy
/ /

(n3 4+ na(ng — ?) + (n3 + n2)(ns + ny — ?)) (102)

(A + Ay — As)élz?,

This expression is again, as it is easy to check using the Neumann matrices from the
Appendix, in precise agreement with the expression on the string theory side of the
duality relation ().
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5.4 12 4w + 30— 1 (0, 1ng)2n,3n,

As a final example we consider the case where the external string state is

(@] = <0\a?f(1n2+n3)ozii;oziffozizlozl_ifl,zozgi3 (103)

The result on the SYM side is given by

1 JVJ  sin(mngy) sin(mnsy) sin(m(ns + na)y)
20 INT® (g4 ny + 22) (na + 22y

!/ !/

(n3 + na(ny + %) + (ng + ng)(n3 +ng + %)) (104)

(A + Ay — A3)C~'123 =

which is in precise agreement with the string vertex—correlator duality prediction ().
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Appendix

Here we outline the pp-wave string field theory conventions used in the text. The com-
bination o/p*™ for the r-th string is denoted «, and Zf’:l o, = 0. As is standard in the

literature, we will choose a frame in which az = —1
ay = a'pz;) : ag = —1, ap = v, ary=1—1. (105)

In terms of the U (1) R-charges of the BMN operators in the three-point function, (O7*O20f),
where J = J; + J5, we have

:72, 0<y<l. (106)

The effective SYM coupling constant (H) in the frame ([05) takes a simple form
1 1 1

=—. (107)

N =
(upta’)?  (pas)®>  p?

Here p is the mass parameter which appears in the pp-wave metric, in the chosen frame
it is dimensionless® and the expansion in powers of 1/u? is equivalent to the perturbative
expansion in ). Finally the frequencies are defined via,

Wem = VM2 + (pay)?. (108)

The infinite-dimensional Neumann matrices, N}° are usually specified in the original
a-oscillator basis of the string field theory. In this basis the bosonic overlap factor |Vp)
of the 3-strings vertex is given by

V) = exp(= Z Z al "N a3 |0). (109)

rs=1mmn=—o0

However, for the purposes of the pp-wave/SYM correspondence it is more convenient
to use another, the so-called BMN or a-basis of string oscillators, which is in direct
correspondence with the BMN operators in gauge theory. The two bases are related as

follows:
1

Qp = ﬁ(aln\ —isign(n)a_j,y), o = ao, (110)
and satisfy the same oscillator algebra

[t ) = Gy (111)

6Tt is ptp which is invariant under longitudinal boosts and is frame-independent.
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In this basis, the bosonic overlap factor ([09) in the vertex reads
Vi) = exp( §j§jamMafm (112)
r,s=1m,n=—o0

where N are the Neumann matrices in the a-basis and are related to the N’s via (here
m,n > 0):

Ng, =N", = %(Nrs — N, ), (113)
N®_=N® .= (Nfs + N ), (114)
Nigy = N5 = VFN%—J%; N§ (115)
N = NE. (116)

We now copy the explicit expressions for the Neumann matrices [23] in the a-basis
from the Appendix of [6]. These expressions are needed for our calculations in Section 5.

2(—=1)™ L sin(rmy) 1
31 R
N = = e ey O\ ) o
2(—=1)™ msin(mmy) 1
N32 — — 11
™ T i/ O\ ) e
_1\n+1
Y ) Lo (ig) | (119)
poo2m y(l—y) p
1
Npm =0 (?) : (120)
no_ 1(E=)™l kS
Now =35 +0(5) (121)
» 11 1 kS
mn—u2wl_y+0 ) (122)
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1
“9(?)’

AL 2(=1)™*"  nsin(rmy)
o S T R )
N 2(—1)mtt n sin(rmy)

o T (L=y)?(m? —n?/(1—-y)?)
1
21
N—m—n =0 3
i
s 12D
1
1
woeo(2)
i
1
22
N—m—n - O <—3) .
i

For the zero-positive Neumann matrices below we have

N2 =0.

Ngr =0,

23 __
NOn -

V2(—1)"* sin(mny)

N2 =0,

V2(—1)" sin(7ny) N

™

NG

T ny/1—y
2(_1)n+1
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3

e
:)
M Y

sin(mmy) sin(rny) + O (—

112

)

(123)
(124)
(125)
(126)
(127)

(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)

(137)

(138)

(139)
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