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1. Introduction

In this paper we study the spherical model with hierarchical ferromagnetic
interactions. We show existence of a phase transition for the total magnetization
and give limit laws, for all temperatures and all hierarchical dimensions larger
than 2. We show that the fluctuations of the magnetization are Gaussian for
temperature larger than critical. A slightly surprising feature is that the critical
fluctuations are still Gaussian for dim > 4, and non-Gaussian otherwise (but
reasonably explicit).

Our study is based on the explicit knowledge of the spectrum of the hierar-
chical Laplacian and is close in spirit to the paper [5], related to the standard
lattice Laplacian on Z? and published without proofs. However, the results of
our analysis (especially at the critical point) are different from [5]. The Gaussian
critical fluctuations for dim > 4 might be related to the absence of phase tran-
sitions in the spectral theory of the Anderson Hamiltonian on the hierarchical
lattice [4].
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This work is a first step. We intend to devote future work to random versions
of this model, and to non-equilibrium dynamics, for instance aging properties,
as those studied for the Spherical Sherrington — Kirkpatrick model in [1].

2. The model and the results

In this section, we introduce first the hierarchical structure and discuss cer-
tain analogies between the asymptotic properties of the corresponding random
walks with those of the random walks in the Euclidean case. Next, we define
the related spherical model on this hierarchical structure and describe the phase
transition seen from the limiting distribution of the total magnetization in the
thermodynamic limit.

2.1. The hierarchical structure

On the lattice Zd, d > 1, we introduce the hierarchical structure in a usual
way.

Fix a (lattice) cube Qél) of volume |Q(()1)| = v > 1 centered at the origin,
consider the tiling T} of YA generated by the translates QZ(.l) =z Jngl) of Qél),

Zd _ UQ(l)
i

and call the subsets Ql(-l) C Z% cubes of the 15° generation. Next, consider the

(centered at the origin) cube QSQ) consisting of v cubes of the 15¢ generation.
Its translates generate in a similar way the tiling 7T5:

zd _ UQ£2)~
i

Clearly, the volume \QEQ)\ of any cube Ql(?) of the 2" generation is v2. By re-
peating this procedure again and again we obtain cubes of the 3™, ..., 4th,
...generation. Note that each vertex z € Z? belongs to exactly one cube
QY (x) = Qg’) of the i*" generation. In particular, we may put Q) (z) = {x}.
Next, we introduce the hierarchical distance dj(-,) between two points z,
y € Z% as the minimal rank of generation in which they belong to the same
cube,
dn(z,y) = min{r : 3QM > z,y}. (2.1)

Note that dn(z,y) is exactly half of the graph distance between z and y in the
tree representation of the hierarchical structure, see Figure 1 below.
2.1.1. The hierarchical Laplacian and its spectrum

Let o, be a sequence of positive numbers satisfying the condition

> =1 (2.2)
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We define the hierarchical Laplacian Ay as a (formal) operator in the functional
space L2(Z%) via

oo

Anple) =3 5 > (bly) — v(@).

)
r=1 |Q(]r | yeQ( (z)

[]
[]
=l I =l e

Figure 1. A piece of hierarchical structure and a part of its tree representation.

In what follows we will consider mainly the particular case

ar=pg"" ', p=1-q€(0,1);

the aim of this section is to study the spectral properties of the finite-dimensional
analogue A(hR) of Ay acting in L? (Q(()R));

r—1

APy =3P S (4(y) - d(a)
yeQ() (x)
" . (2.3)
= p%ﬂ > vy - (1 "))
r= yeQ) (x)

For a fixed R, it is not difficult to find the spectrum of A(hR) inV = QSR).
Define first £; as the space of functions from L?(V') that have vanishing averages
on each cube of the 1% generation:

El.—{¢eL2 Y W }

yGQ“)(I)

Clearly, £; is a (v — 1)v®~!-dimensional space of eigenfunctions of A(hR) corre-
sponding to the eigenvalue

—\ = Zar— (1-4¢");
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its orthogonal complement £ in L?(V) consists of functions that are constant
on each cube le). Next, define the subspace Lo C L1 via

Ly SV md 3 () =0}

yEQX (x)

Lo = {w e L(V) Vo, o],

It is immediate to check that Lo is a (v — 1)vf*~2-dimensional subspace of the
eigenfunctions of A(hR) corresponding to the eigenvalue

R
“do=-) o =—(q—q").
r=2

Continuing further in this way, we define Ly, k < R, as the subspace of functions
that are constant on all ngil) and have zero average on each cube of the k"
generation. This provides us with the eigenvalue

R
Ak = _Zar =—(¢"" = ¢")
r=k

of multiplicity (v — 1)v~*. Finally, Lz, is defined as the one-dimensional
space of constant functions in V’; it corresponds to the simple eigenvalue

—Ar+1 = 0.

Summarizing, we obtain the complete spectral description of the operator A(hR),
see Figure 2.

multiplicities: (v—1)rf=1 (v—1)pf2 (v—1)vE=F v—1 1

T T T T T

eigenvalues: —(1-¢")  —(g—¢") —(@*"=d) ("¢ o

. (R)
Figure 2. The spectrum of the operator A} ™.

Finally, since

log(v=B1{j: \j > —(* "= ¢®)})  logv

—

log(gk—t — ¢F) log g

as R — oo, it is natural to define the hierarchical spectral dimension as

_ 2logv

dim := .
™ log1/q

(2.4)



Phase transition for the spherical hierarchical model 569

2.1.2. The analogy with the Euclidean case

To the hierarchical Laplacian A} it can be associated a continuous time
random walk in the following way. Let at the moment ¢ the random walk be
at a site z. After a (random) time At ~ Exp(1) the walker chooses the rank r
according to the distribution «,. (recall (2.2)) and then jumps uniformly in the

associated to x cube Qg” of the r*? generation. Then the procedure is repeated
again and again.

Alternatively,’ one can describe this hierarchical random walk as follows.
thinking of the lattice sites as of cubes of 0" generation (the lowest level of the
tree in Figure 1) the walker waits an Exp(1) interval of time and then climbs the
level r of the tree with probability «,. After, the walker descends by choosing
uniformly between all possible edges on each level. Then the process iterates.

To establish the analogy between the hierarchical random walk and the one
on the usual lattice, we introduce the “Euclidean” distance p(-,-) on the hier-
archical structure by requiring the volume of a sphere of radius R to grow as
R4™_ In other words, we put

p(f,y) d;f th(a:7y)/dim _ qfdh(w,y)/Q.

Now, using the spectral description of the hierarchical Laplacian Ay, we obtain

plt,y) = e b (@) (y),
ol.9) = 3 3 bn @) (y)

with )\, denoting the eigenvalues and 1, (-) — the corresponding eigenfunctions.
In particular, the Green function

V-1 _r
g(x,z) = — (vq)
r=0

is finite if and only if vg > 1 (that is dim > 2). Thus, the random walk is
recurrent only if dim < 2 and is transient if dim > 2. Moreover, in the transient
case the Green function g(x,y) exhibits the usual “Euclidean” asymptotics

g(@,y) < pla,y)> 9™ as p(z,y) — 0.

By a direct computation one verifies also that

2
x?
log p(t, z,y) = —@

as soon as p(x,y) — oo in such a way that the right-hand side above remains
uniformly bounded.

Some additional analogies will be seen below when studying the phase tran-
sition for the magnetization in the related spherical model.

IThis interpretation will be crucial in studying the random version of the hierarchical
structure in the forthcoming paper.
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2.2. The spherical model

The spherical model was introduced by Berlin and Kac [2] as a rough, though
analytically convenient, approximation to the multidimensional Ising model. To
fix the notations we describe it briefly below while referring the reader to the
original paper for missing details.

2.2.1. The model

Let a finite set V and a symmetric function J : V2 — R! be given (that
satisfies some additional constraints, see below) and let S}, denote the |V|-
dimensional sphere of radius v/R,

Vo i, 2 _ gl
Sp: {UVER IEZVUI R}

with a shorthand notation S¥' = SK/‘. The spherical model in V is defined by

assigning to each configuration oy € SV the energy Hy (ov) corresponding to
the potential J(-,-):

Holov)i=— 3 J(a,y)os0,
z,yeV:izH#y,
and thus introducing the Gibbs measure Py (do) in the usual way,

exp{—BHv (o)}

do, ocesY; 2.5
7 (255)

Py (do) :=

here 3 > 0 is the inverse temperature and the normalizing constant (the parti-
tion function) Ze = Z"B,(|V|) is given by

Z‘B/ = /exp{—ﬂHv(Uv)}dov.
SV

Let Ey denote the operator of the mathematical expectation corresponding
to Py (-). We will describe below the distribution of the specific magnetization

1
sy ==Y 0q (2.6)
‘V‘ zeV

with respect to the Gibbs measure Py (do).

2.2.2. Diagonalizing the partition function

We derive next an analytic expression for the partition function under an
additional (innocent in a finite volume) assumption that all the eigenvalues of
the quadratic form corresponding to J(-,-) are non-positive.
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To this end, let the radius VR = /[V] of the sphere Sg vary and consider
the Laplace transform Ze()\) of the partition function Z‘B, with respect to R:

Ze()\) = /OOZ‘[;(R)G)‘R dR = / exp{ﬂZJ T,Y)050y— )\Z }da (2.7)
0 RIVI

using the definition of Sg. Diagonalizing the quadratic form in the exponential
and applying the classical formula for the Gaussian integral, we obtain:

V] V]
Zﬁ /Hexp{ (BA; + Ao }dO*ﬂ"Vl/QH

rivl J=1

w/)\—l-ﬁ)\

where —\; denote the (non-positive) eigenvalues of the quadratic form J. As a

result, the normalizing constant Ze is expressed via the inverse Laplace trans-
form: for Ag > 0 (i.e., to the right from all eigenvalues of J),

Zy, = 5 / eXp{|V|z— §Zlog(z+ﬁ)\j)}d2. (2.8)
/\o—ioo ‘7:1

In the limit of large |V|, the integral in the right-hand side of (2.8) is evaluated
using the saddle point method.

2.2.3. The characteristic function

We think of hy € R!V! as a linear functional hy (oy) acting on the configu-
rations oy € SV via

hv(a’v) hv,CTV Zh Og. (29)
zeV

Our next goal is to compute the characteristic function of hy (o) with respect
to the Gibbs measure Py (-). Note that for hy = (1,...,1)/|V], the functional
hy (ov) coincides with the specific magnetization sy from (2.6).

Denoting

Zg(R7 t):= /exp{—ﬁHv(Uv) —l—it(hwav)}dav,
Sk

we rewrite the characteristic function Wy (t) of hy (ov) as (here and below,
Z‘ﬂ/(R, 0) = Z@(R) in the old notations)

22V _ 200
Z(v1,0)  zy

\I’h(g)(t) = EV eXp{it(hv,Uv)} =
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and use the same diagonalization procedure to present Z"B, (R,t) in a form sim-
ilar to (2.8). Namely, rewriting the Laplace transform Z€ (A, t) of Z€ (R,t) as
(cf. (2.7))

Z‘ﬁ,()\,t) = / exp{ﬁz J(z,y)oz0y — )\Zag + itz hmaw} do,
RIVI

we change the variables 0 — &, ¢; = (ov, ¢;), where ¢; is the eigenfunction
of J corresponding to the eigenvalue —\;, and obtain

V]
Zo(M\t) = / Hexp{ (B + N)67 +ita;é; } do
rivi J=1

%
V] 242

_7T|V|/2H VAHBN) eXP{_m}
J

with a; := (hv, ¢;). A simple application of the inverse Laplace transform leads
now to

Zv(t):% / eXp{VZ_lez:z—l—ﬁ/\ —7210g 2+ BA; )} (2.10)
/\of’L‘OO

with A\g > 0.

2.3. The hierarchical spherical model

Now we are ready to introduce our model of interest — the hierarchical
spherical model.

For a finite box V = QgR), (R being some natural number), define the energy
function Hy (o) via

Hi(o) = —(A(hR)U, 0), cesSY,

where A(hR) is the hierarchical Laplacian from (2.3). Our aim is to describe the
limiting distribution of the total magnetization sy with respect to the Gibbs
measure Py (-) defined as in (2.5) with the hierarchical Hamiltonian H,. This
amounts to consider the functional hy () with hy = (1,...,1)/|V]. Since hy €
LRr11, the last sum in (2.10) simplifies to a single term, the one corresponding
to the simple eigenvalue 0. Thus, taking into account the spectral description
of the operator A(hR), we rewrite (2.10) as

Ao+ioco

Ze(t):% / exp{vFi(z)} dz, (2.11)

Ao —1i00
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where

R-1

> % log(z + B(¢" — ¢™)).

r=0

t2 1 ) v—1
 4z2R QYR 08 %

Fi(z) =

Consequently, the question about the limiting behaviour of the specific magne-
tization sy is closely related to the asymptotics of the partition function Ze(t)
as |V]| = vt — 0.

As we shall see in the sequel, the limiting behaviour of sy, depends heavily
on the fact whose contribution — the one of the top eigenvalue —Ag;1 = 0 or
the one of the rest of the spectrum — wins the infinite volume limit. For this

reason, we introduce the function

R—

,_.

-1 1

2v VT
r=0

Sh(z

g(z+ 8" —4¢%), =z>0, (2.12)

containing the total contribution of all negative part of the spectrum of A(hR)
and its derivatives of order k =1,2,...,

R—1
v—1
Sk(z) = ——(=1)* DY =, 2>0. (213)
v = v Z+6(q —q")
With such notation, the “phase function” Fj(z) reads
¢ t? 1 0
Frz)=2——% log z — Sg(z). (2.14)

4z12R  9yR

2.4. The results

In the rest of the paper we shall consider the high dimensions dim > 2 (i.e.,
vq > 1). In this case the behaviour of our system depends heavily on the value
of the inverse temperature 3; namely, there is a critical value

(v—1)q
2(vg—1)

such that: for 8 < B the behaviour of the system is “analytic”, in particular,
the specific magnetization satisfies the classical central limit theorem, whereas
for B > B the distribution of the specific magnetization approaches certain
symmetric Bernoulli law. The behaviour of the model at the critical temperature
exhibits certain dependence on the hierarchical dimension dim and, in particular,
is asymptotically Gaussian in dimensions dim > 4.

More precisely, in the sequel we establish the following results. Recall
that ¢ () denotes the characteristic function of the specific magnetization
sy from (2.6).

We start by describing the high-temperature phase.

Ber = (2.15)
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Theorem 2.1. Let 0 < 3 < f¢. For any fixed t € R,

A EV{W Z 72} = EXP{_;x*}’

where x, is the only positive solution to the equation

v—1 1
1-— =0
2v ;VT(LE-I-ﬁqT)

In other words, the limiting law is the centered Gaussian distribution with
variance 1/2z..

As one can expect, the low temperature phase of our system is characterized
by the presence of the phase transition resulting in appearing of spontaneous
magnetization.

Theorem 2.2. Let > f3,. For any fixed t € R',
ngréo (bshv (t) = COS( 1— /B t)7

that is, the law of the specific magnetization sy tends, as R — oo, to the
symmetric Bernoulli distribution with the atoms at the points +1/1 — 8 /.

The next term in the expansion of the characteristic function qbg‘v (t) can be
also obtained, in particular, a Gaussian correction on the scale |V|_1/ 2 if dim >
4, but since the asymptotics of this correction is analogous to the behaviour of
the system at the critical point, we do not do this here.

At the critical temperature, the normalization is dimension dependent and
the limiting law is different below and above the critical dimension dim = 4.

Theorem 2.3. Let 8 = (.
For dim > 4, the distribution of the (normalized) magnetization

|V|7(2+dim)/2dim Z o

zeV
tends, as R — oo, to the centered Gaussian law with the variance
1 wvg—1
2ﬁcr (V - 1)C].
For 2 < dim < 4, the distribution of the (normalized) magnetization

|V|7(2+dim)/2dim Z o

zeV

tends, as R — oo, to the law with the characteristic function

/exp{@t(s)}ds / /exp{q>0(s)}ds,
2

Rl
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where ®*(s) is given by
t2
4o, B(1 + is)

I/*l > 1l - 1 7:SO[*ql
ol =tog(1+ =g )
+ Zl/ [zsa q og —|—1_

1
P! (s) i=isa. 3 — B log(1 + is) —

2 (1— ay)d
and «, denotes the only positive solution to the stationary point equation
d
— (s =0.
ds ( ) s=0

We shall see in the sequel (Section 3.3.2) that in the critical dimension
dim = 4 the convergence to the limiting Gaussian distribution is in fact very
slow.

3. Proofs

We perform here our main analytic task — the asymptotic analysis of the
partition function Ze(t) from (2.11) with the phase function F}(z) defined in
(2.14) thus proving Theorems 2.1-2.3.

Our approach below is based on the saddle point method, the main ingredient
of which is the study of the stationary point xr defined as the (unique) solution

d
to the equation d—Flg(xR) =0:
z

1
l— ——— -5} =0 3.1
3o — Sk(en) (3.1)
with subsequent expansion of the “phase function” Fj5(z) in a small neighbour-
hood of the extremal point xg. Besides of uniqueness of the solution xg, the
monotonicity of the left-hand side of (3.1) implies also (for any R > 0) the
following a priori bounds:

1 1
— < < = 3.2
SR STRS 5 (3.2)
For k£ > 1 define the functions
R-1
- -1 1
Sk(z) == ”T(_l)’f—l(k —1)! (3.3)
v

(s +80)"

We shall see below that in certain interval of values of z > 0 they give good
approximations to the derivatives S%(z) from (2.13). In the sequel we shall also
use the following simple properties.

Lemma 3.1. Put
R, if vghtt = 1;

R—-1 1
TE=D oy =yttt (3.4)
v +1\r vq _ .
r=0 ( q ) m(l — (qu+1) R), otherwise.
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Then, uniformly in x > 0, one has

< Sk(z) — St :
0 < Sg(z) — Sg(z) < wB 1—q I (3.5)
Por a1 a1 v—1 1
— < — < — . .
5 ﬂerﬁ_SR(O) Sg(z) < 50 2 xTx (3.6)
Moreover,
SE(0) = Per + Oexp(1) as R — oo0. (3.7)

B

Here and below we use 0exp(1) to denote a correction term that vanishes expo-
nentially fast as R — oo.

For future references, we observe that
q"Th = O(Rq"™) + O((rg) ™) = 0exp(1), (3.8)
v ETEL = O(RV*R) + O((Vq)ﬂR) = Oexp(1). (3.9)

Proof of Lemma 3.1. We proceed by direct computation. To obtain (3.5), note
that uniformly in x > 0and r=0,1,..., R — 1,

1 1 q®
0< RY = 2
r+ 0" —qf) x+pq" T Be*(1—q)

and use it in the definitions (2.13)-(3.3). Next, (3.6) follows immediately from
the bounds

T 1 1 T
_— < — — < i 3.10
Gt B) S By wtbe - P (310)
Finally, (3.7) is an implication of the equality
R—1
~ -1 1 16/ _
SL(0) = Y == (1= (vg)~F
R( ) 2w ; ﬁ(VCI)T ﬁ ( ( ) )
together with (3.5) and (3.8). O
Lemma 3.2. Fork > 1,
k v—1r2\kro ¢ 2k—1
[SEO)] < (k= 1)1 <ﬁ> [TR S (3.11)

as R — oo.

Proof. Using the simple bound

1 1 q®
L QT S— r=0,1,...,R—1,
¢ —q® T ¢ (1—-q)¢*
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and the Cauchy inequality, we get

L1 111 q »
K01 < e =0 X+ e
p—oV—1 _ - 1 -
<2 G (k 1)|T_O[(qu) (1 — q)*(vg2*) ]

3.1. The high-temperature region

First, we consider the high-temperature phase of our model, i.e.,
(v=1)¢
2(vg—1)

and begin by investigating the unique positive solution to the stationary point
equation (3.1),

vg>1 and 0<fB<f,=

1

1/—1
1-— - =0.
2vfteR Zﬁq —q¢®) + 2R

Lemma 3.3. Let vg > 1 and 0 < 3 < (. Then there exist two positive
constants ¢; = ¢;(8,v,q), i = 1,2, such that the solution z, to the equation
v—1 1

D Y

=0 (3.12)

satisfies the inequality 0 < ¢; < x, < ca.

Proof. Using the estimate (3.10), we obtain, for any = > 0,

1 vq . vq T
ZVT(%‘—i—ﬁq’") < ﬁ(uq—l) ﬁ(l/q—l)l‘-i-ﬁ,

r>0
thus bounding below the left-hand side of (3.12) by 1 — G /(z++ 3); as a result,
Ty < ﬂcr _ﬂ =:C2.
For the lower bound, find a finite R such that (recall (3.3))
~ 1 ﬁ
SE(0)=(1- _ )= > 1
W0 = ( (Vq)R) 3

Now the left-hand side of (3.12) is smaller than 1 — 5'}%(:10*) and it remains to

observe that 5'11?(:1:)7 x > 0, is a strictly convex decreasing function with finite
derivative at zero. a
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We show next that for large R the true stationary point zp (i.e., the unique
solution to (3.1)) is a small perturbation of z..

Lemma 3.4. Under conditions of Lemma 3.3, the stationary point x g satisfies,
as R — oo, the relation
TR = Zx + Oexp(l), (3.13)

x. being the unique positive solution to (3.12).

Proof. We show first that for large R the solution xg is uniformly positive.
Indeed, bounding the left-hand side of (3.1) above by 1 — S§(zr), we use (3.12)
to get

- ~ B 1 1
Sl —Sh(z) < 2 < .

By convexity, g}%(ﬁg) - g}%(x*) > glz%(l'*)(l']:g — %), where

R—-1 R

= v—1 1 1—-v™
S%(x,) = — < _ ’
r () 2v ; v (ze + 0¢7)2 — 2(x + F)?
and therefore (only the case zg < z, needs our attention),
1—-v R ( ) < 1
(. —x —.
2(zy + B)? R} = 2z, VB
Thus, g > 2. — O(v~ ) > ¢1/2 for all R large enough and as a result the
stationary point equation (3.1) can be rewritten as (recall (3.3))
1= Sh(zr) = 0ep(1).
Noting that

oo

~ v—1 1 1
0<1=Sk(@) =52 vr(
r=R

<
T+ Bq7) T 2z.0R

we obtain SL(z,) — Sh(zR) = 0ep(1) as R — oo; finally, (3.13) follows in view
of Lemma 3.3 and the analyticity properties of Sk(-). o

Our next goal is to study the phase function Fj(z) in a neighbourhood of
the stationary point xz. Being in the high-temperature region, we expect the
validity of the central limit theorem for the total magnetization, i.e., that the
law of (cf. (2.6))

1
VIVIsy = — Oy
m zeV
converges to a Gaussian distribution. For this reason, we change ¢ to t,/|v] in
FL(z) or simply replace (2.14) by

R—-1

> Vi log(z + B(¢" — ¢™)).

r=0

12 v—1
42vR v

1
Fi(z) =2z~ SR log z
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Lemma 3.5. Take z = z, +isyr = xr(1+1is//|V]). Then uniformly in s from
any bounded subset of R' we have

Rimt 0 2 -1 z%s?
v [FR(z) — FR(xR)] = —m -5 Z (o + BT )2 + Oexp(1).
. r=0

Proof. We proceed by a direct computation. First, using the notations from
(2.13) and (2.12), we rewrite the Taylor formula as

= 1
R[S?%( ) — SR fR Z}? ZS?JR) V1.
k=1

However, for x > 0,

/\

|Sh(x)| <

I /\

xk

R—
Z
r=0
and therefore
oo
‘Z .SR zr) (isyr) ‘Szik( > ) O(\V‘_?)/Q)

for all R large enough.
On the other hand, for any = > 0,

R-1

v 1 v 1
1/—1(1 )x+5 TZ::OI/T +5q _V—lﬁ;
consequently,
“2/' S2(xr) (isyr)” = 7%32 + Oexp(1) (3.14)
with e .
4 B- 2 — 2
Dr = V21/1 Tz:(:) VT(xRx—fﬁqr)? < [1 21/ (x:iﬁ) ’%]

Next, in the region under consideration,

s L (=1D)E s Kk 8
;log<1+\/|7)_z( 12)k: (m) _2\/7|+O<|11/|)

k=1

and

2 2 2 L0 ( 1 )

4z dap(l+is/\/V]) A4zg Vivi/®
Finally, using the estimates above together with the stationary point equa-
tion (3.1) we finish the proof. a
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Now we are ready to verify Theorem 2.1 the proof of which is a standard
application of the Laplace method [6]; it is based upon the uniform estimate
from Lemma 3.5, relation (3.14), and on the following result.

Lemma 3.6. Let z = xg + isyr with yg — 0 (as R — o0) in such a way that
the inequality
ViR 1SR (zR) > ¢ >0 (3.15)

holds for all R large enough. Then there exists a function (A) of A > 0,
e(A) | 0 as A | oo, such that uniformly in t € R' and all R large enough one
has

’/exp{|V| — FR(xR) }ds’<s (A).
|s|>A

Proof. By a direct inspection we verify that the real part of
VI[F(2) = FR(zr)]
is bounded above (uniformly in ¢t € R') by —Lg(s), where
vl R—r YR e
Lg(s) := o Tgo v log<1 + (m) 5 )

Let first |s|yr < zg + §; then

YR|s| < T+ < 1+2p
Tr+0q" — Beft T xp+ Bq — B T 1+26(q" —¢F)

where the a priori upper bound (3.2) was used. Therefore, in view of the ele-
mentary inequality

<1428,

log(1 + w) > %log(l +a),
if only w € [0, a], we obtain (recall (3.15))

log(1+ (1+28)?)
2(1+ 25)2

with some positive constant é. As a result,

Lr(s) > VRy}QQ |512%(x3)| s2 > g2

(B+zr)/yr oo A
exp{—Lr(s)} ds < /6_652 ds =: 8(4 )
A A

On the other hand, for |s| > (zg + 5)/yr we easily get the inequality

v—1 yr|s|
Lg E VR "log — 2P
- %8 2+ Ba” — "
R—-1
-1 -1
= log le | =T rrtf

2 xRJrB w =~ 8 Tr+ Ba — PR

<
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However, for any r > 1

TR+ 3 S TR+ 3 S 1+28
TR+ Bq" — Bef* T xr+Bg T 1+20q

and therefore

R
-1 1 1+2
Y E v~ "lo —IRJF/B > +25

— 1o =n>0
vh+Bq —BgR ~ v 51428

for all R large enough. Consequently,

oo oo

—(wf-1)/2
/ eXp{—LR(s)} ds < / (ﬂ) ( )/ e ™" ds

TR+
(zr+B)/yr (zr+PB)/yr

26_7]VR TR —l—ﬁ 2 _p R
VR -3 yn < C|Sg(zr)le™”

and in view of monotonicity of [S%(-)|, relations (3.11) and (3.4), the last ex-
pression is bounded above by

A
Cexp{ciR — '} < ¥

provided R is sufficiently large. |

3.2. The low-temperature region

We describe first the stationary point asymptotics.
Lemma 3.7. Let vqg > 1 and 3 > (... Then, as R — oo,

TR = 75
2(8 = fer)v

Proof. We start by observing that for any fixed n > 0 and all R large enough

(1+ 0exp(1)). (3.16)

R p
crv't < ——(1+ 7).
f 2(5 - ﬂcr) ( n)
et ft ‘e s R —1 ﬂ_ﬂcr. te
Indeed, for z not satisfying this condition we get (2v"z)™" < Bitn) this
together with the uniform estimate (see (3.7))
1 1 - Ber
Sg(z) < Sk(0) = 3 + 0exp(1)

renders the left-hand side of (3.1) positive.
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1
Next, uniformly in 2 satisfying 0 < zv® < W, we have (using (3.9))
Sh(s) = Sh(0) + O Th) + 0mal1) = 5 +oup(l) (317
and therefore (recall (3.16))
I B
— xp(1) = 0.
QVRJSR 5 + Oe P( ) 0

O

Now, we verify that in the region under consideration the correction S%(z)
is small, i.e., the function F4(z) in (2.14) is reduced essentially to the first three
terms only.

Lemma 3.8. Let z = xg(1 + is). Then, uniformly in s from any bounded
subset of R!, one has

fer
2 (ﬁ - ﬂcr)

Proof. In view of the properties (3.16), (3.11), and the simple inequality

R1S%(2) — Sh(zr)] = S+ 0ep(l)  as R — oo.
|Sh(2)] < [Sh(R2)| < [Sk(0)]

valid for any complex z with Rz > 0, we obtain

112zrs (F[ 1 a* \F ok
i N e R i

SR TR) szs)k’ < v—1
‘Z Y%

M8

k=2
= OeXP(l)

uniformly in s under consideration (and all R large enough). Using next the
relation (3.17) for Sk(xg) and the Taylor formula together with the asymp-
totics (3.16), we finish the proof. O

It is immediate now to deduce the following fact.

Corollary 3.1. Fix any t € R' and denote (cf. (3.16))

p
ai=———=>0. 3.18
2(ﬁ - 6cr) ( )
Then, uniformly in s from any bounded subset of R', one has
vE[Fl(z) — FR(zg)] = 51y, (1+is) — _ + Oexp(1)
R R\TR)] = 5 = 5708 da(l +is) P



Phase transition for the spherical hierarchical model 583

Our next goal is to establish the corresponding limit result, Theorem 2.2.
Take hy, = 1/|V], 2 € V, in (2.9) so that hy (o) is the specific magnetization sy
from (2.6) and denote by ¢! (t) the characteristic function of sy,

¢Shv (t) := E"} exp{itsv}, te R,
E{} being the operator of mathematical expectation corresponding to the Gibbs
measure P{}(-) with the hierarchical spherical Hamiltonian Hj.

Though the proof of Theorem 2.2 can be established by applying the stan-
dard Laplace method (giving even the asymptotic expansion to higher order
terms), we shall reduce the computational routine by using the following simple
corollary of the inversion formula for the gamma distribution: for any m € N,

+o0
1 .5/ 2 2 2-m 2 1
1 Mw/}dsz_\[:_ [2_ 1 4
2 ) (1 +is)m+1/2 el'(m+1/2) me (2m — 1)!!

—00

with T'(-) denoting the usual gamma function.
In addition, we shall need two inequalities given in the next lemma.

Lemma 3.9. Fix any t € R'. There exists a function e(K) of K >0, e(K) | 0
as K 1 oo, such that (uniformly in large R)

/ eis/2 e_t2/4a(1+is) ds < £(K) (3.20)
ol V1+is - ’ ’
/ exp{v*[Fi(zr(l+1is)) — FR(zr)] } ds < e(K). (3.21)

|s|>K

Proof of Theorem 2.2. Fix any t € R'. Using the Taylor formula, the definition
(3.18), and the relations (3.19), we obtain

—+oo

is > oo is
eis/2 e—t2/4a(1+is) ds — Z (—t2)k / eis/2 i
V1+is — (da)*k! (1 +is)k+1/2
— 0o - —0o0

7 2 o0 (_t2)k
B \/;kz_0 (2a)F(2k)!

_ \F con( ).

On the other hand, applying the Laplace method [6] to the integral (2.11)
in combination with Corollary 3.1 and Lemma 3.9, we get

Ze(t) = —\/ZxRexp{uRFlg(xR)} cos(v/1— Be/Bt) (1 +0(1)),

thus finishing the proof. O



584 G. Ben Arous, O. Hryniv and S. Molchanov

Proof of Lemma 3.9. Our argument is based upon the following fact (which
follows from the well-known Dirichlet criterion [3, p. 586]).

Proposition 3.1. If a (continuous) positive function f(x) decreases on [A, 00)
and vanishes asymptotically as x — oo, then the integral

/ f(x)e’® dx (3.22)
A

converges; in particular,
/ f(x)e™ dz — 0
o> K
as K — oo.
In addition, we shall use the two properties below, which are easy to verify:
1) Take any b > 0 and A > 0. Then the function

As

bs — arctan(bs) + 1—1—782

(3.23)

is monotonically increasing with uniformly positive derivative for all s > 0
sufficiently large.

2) Let A > 0. The function
1 A
e — -—— 3.24
=) (3:24)
decays to zero, as s — oo, monotonically for all s > 0 sufficiently large.

First, let us verify (3.20). To this end, we rewrite the integrand above as
¥(s) exp{ip(s)/2}, where

o) == m e -
= ————eXpy =
V1+s2 P da(1+s2) )’
(s) arctan s + s
s):=s—arctans + ————.
4 2a(1 + s?)

For s > K with K large enough,? the function 1(-) is monotonically decreasing
to zero and ¢(+) is monotonically increasing to infinity (with uniformly positive
derivative). Thus, the change of variables = ¢(s)/2 gives

20 (™1 (22))

¢ (p~1(22))
e(A)/2

/¢(s) exp{igp(s)/Q} ds = exp{ix} dz,
A

2Because of symmetry, the case of negative values of s is analogous.
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where the positive function 1 (¢~!(22)) /¢’ (¢! (2z)) decays monotonically to
zero as ¢ — oo (for all z large enough). It remains to apply (3.22).

Next, we check (3.21). Separating the real and the imaginary part in the
exponent we rewrite the integrand of (3.21) as ¢(s) exp{i®(s)}, where ¢(s) :=
1/’(3)1/’1(5)7

v 1R TR 2
P1(s :zexp{— —lo <1+ [—} 52>},
1) v ; Zh zr + B(q" — ")
- ) 1 t%s
QD(S) =ORS — 5 arctan s + m
R—1
v—1 vt STR
— — arctan —
2v 22:0 V" zr+B(q" — q%)

with the notation (cf. (3.18))

R p
ap ;= xpV ' = ———— (1 4 0exp(1)).
35—y o)
Since the function ¥ (s) is monotonically decreasing (to zero), we need only to
check the monotonicity properties of @(+). To this end, we rewrite

5(s) s 1 + n t2s
s) :=— — —arctans
v 2 2 dap(l+52)
v—1 R s s
- R R
+ — [— — arctan —}
2v ; v log + Blg" — ¢F) zr+ B(¢" — ¢
R—1
1 v—1 1
+a s{l - - },
" 2z gt 2v rz:;) vi(zr + B(q" — q7))

where the first two lines give us a function with the desired properties and the
last line vanishes identically due to the very definition (3.1) of xz. Now, change
variables = ¢(s) and proceed as before. ad

3.3. At the critical temperature

The limiting behaviour of our model at the critical temperature

B= o = L1

1
a1 3 (3.25)

exhibits certain dependence on the hierarchical dimension dim. We describe
first the asymptotics of the stationary point zg, i.e., the unique solution to
equation (3.1) (recall also the definition (2.13))

1

e —— Y =0.
whzrp r(TR)
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It is easy to obtain an a priori upper bound for zg; noting that the left-hand
side of the stationary point equation is strictly increasing, we get

1 1 1 1

1 .
l—m—SR(x)21—725VRqR—SR(ﬂqR) [1—%}( g) >0

as soon as ¥ > f3¢’%; consequently, the unique solution zr to equation (3.1)
satisfies 0 < zr < B¢". Next, in the last region we have

V—l —r_q_ _R
Sk(z) > QVﬁzvq 1 - (vq)

and hence the lower bound xz > ¢%/2. As a result,

aR = ﬁ% € (% 1). (3.26)

A more precise information about x g is given by the following claim.

Lemma 3.10. Let vq > 1, 3 = B, and let a, € (1/(26), 1) denote the only
positive solution to the equation

1 v—1 ko vght!
- - L) s o 2
28t 200 Z( o) 1= pghtt (3.27)
k>1
Then, as R — oo,
vg® —1 N_R e
[1—(26—1)W(uq) (1+oex,,(1))}, ifug > 1;

TR

Bt = {17(2571%_ 71(1+o(371))}7 o =1, (3.28)

o (1 + 0exp(1)), ifvg® < 1.

Proof. Denoting y = x/(3¢") and using the notation (3.4), we rewrite Sk (y3¢%)
in the region y € (0,1) as follows:

1 ry V-1 1
R-1 1
— )k R o+
~ Z . Z Y
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Recalling now the simple property

k+1
¥ (Vq]”l)R(l + oexp(l)), if vghtt > 1,

B+l _ 1
vq
(vd"™RTE = { R, if vgFtt =1, (3.29)
k+1
vq .
1 —vgktt (1 + Oexp(l))’ if vttt <1,

we observe that behaviour of the only solution y = ar = zg/(8¢") to the
stationary point equation

v—1 k+1 Rk
= Ty 3.30

depends on the hierarchical dimension dim.

Case 1. Let first vg? < 1 (i.e., dim < 4). Then all terms in the sum in (3.30)
are of order 1 and the sum itself is finite for any y € (0,1). Taking the limit
R — oo, we obtain (3.27) and the corresponding asymptotics of the stationary
point zg.

Case 2. Let now vq? =1 (i.e., dim = 4). Then the stationary point equation
(3.30) reads

1 1
1—%: 55 [(1— R+kz>:21— ’”1)RT’“}

and since the right-hand side equals

o ﬂ ((1 —y)R+ O(1)), we immediately

2vB 1260 —1
[ 26R

deduce
1—y=

+O(R2)]

and the second line in (3.28).

Case 3. Finally, consider the case of large dimensions dim > 4 (or v¢* > 1).
Then the limiting behaviour of the right-hand side of (3.30) is governed by the
first term,

v—1 2\Rl (vg—1)q, or
23 (1 =y)vg) T =1~ y)m(’/q ) (1 + 0exp(1))
thus leading to the solution
26—1 vg®> -1 N_R
1—y= ——(vgq 1+ 0exp(1
35 wg—ng 1) (o)
and to the first line in (3.28). O

Our next goal is to describe the limiting behaviour of the (scaled) specific
magnetization (recall (2.4))

(lﬂi)lj’/2 _ ( ) Z - |V|7(2+dim)/2dim Z on

zeV zeV



588 G. Ben Arous, O. Hryniv and S. Molchanov

and the corresponding phase function (cf. (2.14))

Rt2 R—1

q v—1 1 .
VY > o log(z +8(d" — ™). (3.31)
r=0

As one might have already guessed, the result depends on the hierarchical di-
mension dim.

3.3.1. High dimensions
We consider first the case dim > 4 (i.e., vg® > 1).

Lemma 3.11. Fix any K > 0 and put z = xr + iSYyr = :CR(l + is(VqQ)_R/Q).
Then, as R — oo, one obtains

(v—1¢

vl [iSyR — Sg(2) + SR(SCRH = *4(1,(]27_1)

s+ Oexp(1)

uniformly in |s| < K.

Proof. Using the Taylor formula, we rewrite (recall (2.13))
Sp(z) — Sp(x i Lk (is )]C
R\Z r(zR) oy Yr) »

where ygp = 2r(rq?) /2 = apBv~F/2. Next, for positive z, we have |Sk(z)| <
|SE(0)], the latter quantity being bounded above in (3.11). Therefore,

‘I/R Z%Sﬁ(mR)(isyR)k’
k=3

-1 1/2 k B 2k\R -
<% ZE( zzﬁ) |(va") T + gq_ q))kT}ZEk ! (3.32)

k>3

kR,,R(1—k/2)

= ”4;1 > %(QQRK)’“ [o(uRU*k/”) + 0(7‘1 1= aF )}

k>3

the latter sum being of order oeq(1) for R sufficiently large (uniformly in s
under consideration).
On the other hand,

2 ) Shiem) = s Y L 1
- \!SYRr TR) = SQR T 27
2 ) v SV (1 (1 ap)ghr)’
—1
T~ (saR)’ {T}% + 3 (k+1)(1 - aR)’“quT;;“} .
k>1

v

(3.33)
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Recalling the asymptotics (3.28), we deduce that the last sum is of order

C Nkt c*
Z(k+1)((yq)R) Th :Z(k+1)O(W> — 0ep(1).

k>1 k>1

On the other hand, applying (3.4) to the first term, we obtain

vit 2 (v —1)¢?
— (1 S2 . L (1) 3.34
2 (ZSyR) R(xR) 4(1/q2 _ 1)8 + 0e P( ) ( )
Finally, we rewrite
R-1
-1 1
1—Sh(zp)=1 Y E
r(zr) 2vp = vrgm(1— (1 — ag)gh—)
v—1
—1_ 1— k KRk
50 k§>o( ar)tq¢ TR (3.35)
1 v—1
_ _ 2 : 1— k kRk
(I/q)R QI/ﬂ ( aR) q R

k>1
and thus, using again (3.28), (3.29), and the definition of yr we get

viisyr(1 — Sh(zRr)) = Oexp(1).

Corollary 3.2. Under conditions of the lemma above,

(v-1)¢ ,

Vi [Fé(z) - Fzg(ﬂfRﬂ = —ms T 43

+ OeXP(l)

uniformly in |s| < K.
Recall relation (3.34); by a standard application of Lemma 3.6 and Corol-
lary 3.2 we deduce the CLT part of Theorem 2.3 in dim > 4.

3.3.2. The critical dimension dim = 4

We start by verifying an analogue of Lemma 3.11.

Lemma 3.12. Fix any K > 0 and put z = zr + isyr = ozRﬁqR(l + zs/\/ﬁ)
Then, as R — oo, one gets

v—1

vl [isyR — Sg(z) + SR(mR)} =~ + O(Ril/z)

uniformly in |s| < K.
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Proof. We follow the same scenario as the one of Lemma 3.11, by using the
Taylor formula and establishing analogues of (3.32), (3.33), and (3.35).
First (recall (3.29)),

\yﬂi;sz’%(xzz)(isw)k\
<i Z;(Q?/%K)k o6+ 0S| = o)

if only R is large enough.
Next, taking into account the bound 1 — ar < C/R, we obtain

UR vV — S 2
Y (isun)"Shtan) = LA g2y

+ 30+ (1 = an)*(vg" ) FTE (3.36)
k>1
v—1
¢ TO(R™).
Finally,
viisyr[l — Sk(zr)] = isarfvq) _r »)FqPRTE
YR [ R( R)} \/R |:(Vq kz>1 R:|
= O(R™'7?)
as soon as R is large enough. a

As a simple corollary we get, under conditions of Lemma 3.12, the asymp-
totics

1/—12_7 —1/2
w8 45+O(R )

uniformly in |s|] < K. This, together with relation (3.36), implies the CLT
statement of Theorem 2.3 for dim = 4.

v [Fi(2) = FR(er)] = -

3.3.3. Low dimensions

It remains to study the case of low dimensions, 2 < dim < 4 (i.e., ¢ <
vg® < 1). As usual, we start by describing the asymptotics of the difference
(recall (3.31))

VR [Fh(2) - F(wr))-
Denote
t2
4o, B(1 4+ is)

V1= T . is0t.q!
oo —tos(+ T o)
+ 5 ;V{zsaq og +1—(1—a*)ql

Ol (s) :=isa.ff — %1og(1 +is) —
(3.37)
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with «a, being the only positive solution to equation (3.27).

Lemma 3.13. Fix any K > 0 and put z = xg(1 4+ is). Then, as R — oo, one
obtains (recall (3.37))

v [F(2) = FR(zr)] = @'(s) + o(1)
uniformly in |s| < K.

Proof. Using relation (3.25), definition (3.26), and a simple summation, we
rewrite

2
v [Fi(2) - FR(wr)] =isarB — %bg(l +is) - m

v—1 iy . isarq
a1 )
+ 9 ;u {zsaRq ogll+ —(—and

In view of the last line in (3.28), our task is reduced to establishing the conver-
gence of

; !
i . 1S Rq
Zl/ [zsaRq — log<1 + T—(—and aR)ql>]

=1
> 1sQ ql
_ ar ! *
= ;:1 v [zsa*q — log<1 + = - a*)ql)} +0(1)

uniformly in |s| < K. We deduce it in an obvious way from the two properties

below:

1) There exists a function (M) of M > 1, (M) | 0 as M — oo, such that
(uniformly in |s| < K and all R large enough)

R - !
‘ Z V! |:iSOéqu — log(l + quﬂ ‘ <e(M), (3.38)
1—(1—-ar)g
I=M
o0 . 1
il 1 15Qxq ‘<
‘Z_ZMV [zsa*q log(l YA aa = a*)ql)} <e(M). (3.39)

2) For any fixed M > 1 (and uniformly in |s| < K), the sum

M—-1

) 1—(1—-agr—isag)dd 1—(1—a,)q

Z ! !
* ! ( — (1=, — 11— )}

— Y [zs( " Ja' —log 1—(1—a —isa.)g 1—(1—ar)g

vanishes asymptotically as R — oo.
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Since the latter property is an immediate corollary of the last line in (3.28),
we concentrate ourselves on the proof of the former one. We start by the follow-
ing simple observation: for any p € (0,1) there exists a finite constant C, > 0
such that uniformly in |w| < p one has

iw — log(1 + iw)| < Cplwl?. (3.40)
Let us first verify (3.38). Since 0 < ag < 1, for any [ > M we obtain

! M
isarg ‘S Kq < Kq <)
1—(1—ag)d 1—¢ —1—gM

and therefore (3.40) implies

R : I
zsaRq 1S RY
-! (1 =i a7
IZ”{1_ (1—agr)q o8 Jr1—(1—04R)ql

CE? & CoK+ ), o
a2 Z )

uniformly in R > M and s under consideration. On the other hand,

R ql K )
! 241
staR[——q} < — (vq™)
ZZM 1—(1—-agr)d 4(1 —¢M) ZJ\;
K+p 2\ M
< 4(17%2)(%1)

and (3.38) follows with

Co(K+p)? K+p >( M.

e(M) = 4max( =g A0 =g

A simple check shows that (a minor modification of) the argument above
proves (3.39) as well. O
Next, we verify the following uniform integrability property (cf. Lemma 3.9).

Lemma 3.14. Fixanyt € R'. There exists a function e(K) of K > 0,e(K) | 0
as K 1 oo, such that (uniformly in large R)

/ exp{®'(s)} ds < e(K), (3.41)
|s|>K
/ exp{v?[Fi(zr(1 +is)) — Fi(zr)] } ds < e(K). (3.42)

|s|>K
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Proof. As in the proof of Lemma 3.9, our argument is based upon the fact (3.22)
combined with the monotonicity properties (3.23) and (3.24).
We start by establishing (3.41). To this end, we rewrite the integrand as

exp{R®(s) } exp{iSP'(s)},
where

t2
4o, B(1 + 52)
q

og 1+ [ 5 (1 - a*>qz}252)

RO (s) = — 11og(1 +?) -

and
1 t?s
SPpt _5_Z t 7
JP(s) 5 5 aIc ans + To A0+ 57

S P . S0 q sa*ql
 arctan 0]
20w ;>ﬂ1—1—ag M T T g

501 = 5o MZ o' (1 =)

Clearly, for all s large enough, exp{%@t(s)} 1 0as s T oo; also, the first two lines
in the representation of I®%(s) give a function increasing monotonically to co
(as s 1 00). We are going to verify below that the last line in this representation
vanishes identically (and then (3.41) follows by change of variables x = 3®(s);
for details, see the proof of Lemma 3.9 above). But the latter is an easy task:
since vg*t! < wvg? < 1 for k > 1,

- Z(VQ)I [1 - ﬁ} = Z(VQ)Z Z(l — )"

=1 1>1 k>1
k+1
=Y - al)F 2L
1 —vgkt!
k>1

- (1 B 2;*5> 1/2liﬂ1’

where in the last equality we used the very definition of «.. Thus, (3.41) follows
directly.

Since the proof of (3.42) follows the same scenario, we check only the needed
monotonicity property of the imaginary part,

SR [FL(zr(l+is)) — FR(zr)]
t%s
4arB(1+ s2)

VA

1
=— — 5 arctan s 4

[\



594 G. Ben Arous, O. Hryniv and S. Molchanov

v—1 - SQRQq s« ql
Zyl[ R — arctan —R}
1—(1—ag)d 1—(1—ag)d

v—1
+SO‘R§{(”‘J)R 20¢R6 23 Z1— l—aR l]'

As before, only the last line needs our attention; we get

ZR: (VQ)l :Z 1—06Rk§: k+1
1—(1—agr)d pt

1=0 k>0
= (vq)*TS + Z k+1)RTk
k>1
vq R 2u3 ( 1 )
Z/q—l((VQ) )+V—1 2arB/’

where the stationary point equation (3.30) was used in the last equality. As a
result,

(1/ )R_ 1 _V_li (VQ)Z
1 2arB  2u8 — 1—(1—agr)g

_ R 1 _1/—1 vq VB 1) — (1 1 _
= (va) 2arB  2v03 uq—l(( 9 1) (1 2ozRﬂ)_

The proof is finished. o

The non-Gaussian asymptotics in Theorem 2.3 now follows in a standard
way by using estimates of Lemmas 3.13 and 3.14.
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