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Abstract

We discuss statistical properties of random walks conditioned by fixing
a large area under their paths. We prove the functional central limit theo-
rem (invariance principle) for these conditional distributions. The limiting
Gaussian measure coincides with the conditional probability distribution
of certain time-nonhomogeneous Gaussian random process obtained by
an integral transformation of the white noise. From the point of view of
statistical mechanics the studied problem is the problem of describing the
fluctuations of the phase boundary in the one-dimensional SOS-model.
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1 Introduction

The problem of description of shapes of phase boundaries is a well-known prob-
lem of statistical mechanics. From the mathematical point of view it is equiv-
alent to the investigation of the asymptotical behaviour of the corresponding
sequence of probability measures describing the statistical properties of these
boundaries (see the recent book [10] for a discussion of related questions in the
case of the two-dimensional Ising model). The simplest variant of this prob-
lem arises in the one-dimensional Solid-On-Solid (SOS) model and has a nice
probabilistic interpretation.
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Consider a one-dimensional random walk Sy = 0, Si = Ele &, k> 1, where
&1,&s, ... are independent identically distributed random variables having finite
exponential moments. Assume that the variables §; are integer-valued and the
greatest common divisor of their values having non-vanishing probabilities is
equal to 1. The random variable

n—1
M = Z Sk
k=0

presents the area under the trajectory Sy, Si,...,S, of this random walk. Fix
a real number ¢ such that for some ¢ > 0 and all n the probabilities of events
{nn > n%*(qg+e)} and {n, < n*(q¢ — )} do not vanish. Assume also that for
all sufficiently large natural values n the events {n, = [n%q]} have positive
probabilities (here [n?q] denotes the integral part of the number n?q).

Let x,(t), t € [0,1], n = 1,2,..., be the paths of the random process such
that

k
xn(—> — S,  k=0,1,2,....n,
n

and x,(t) are linear on the intervals [£, 2EL],

0ut) = (a()] 1 = [1%).

The probability distributions of the normalized conditional processes n~16,,(¢)
converge weakly to the probability distribution concentrated on some determin-
istic function €(t). The limiting curve €(t) is interpreted as the shape of the
phase boundary in the one-dimensional SOS-model. The formulated result is
known in the literature on mathematical physics [5]. From the probabilistic
point of view it is a direct corollary from the known results of the sample paths
large deviations theory (see,e.g., [8, Chap. 5]).

The limiting curve €(¢) can be calculated using the algorithm known in
the physical literature as the Wulff construction [21]. To do this one needs
to determine the surface tension (an angle-dependent function which can be
explicitly calculated in our situation), then integrate it along any smooth curve
e(t), t € [0, 1], with e(0) = 0, and finally, to minimize the value of this integral in
the set of all such functions e(t) with the fixed value of the integral fol e(t)dt = q.

It is expected that a similar construction is also applicable to a wide class
of more involved and physically more natural situations but the problem of a
mathematical justification of the Wulff construction in such situations became
essentially more difficult. In the case of the two-dimensional Ising model at a
sufficiently small temperature this problem was solved in the book [10]. Recently
Ioffe ([15, 16]) extended this result to all subcritical temperatures.

The aim of the present paper is to study the asymptotics of fluctuations

05 () = n =2 (0,(t) — ne(t))

Define the conditional process

of the random process 6,,(t). We prove that the probability distributions of
the processes 0 (t) converge weakly to some Gaussian measure p in the space



C[0, 1] of continuous functions on the segment [0,1]. The limiting measure p
presents the conditional distribution of certain inhomogeneous Gaussian process
£(t) with independent increments conditioned by vanishing the value of integrals
along its trajectories, 7 = fol E(t)dt = 0.

To prove our main theorem we need to study the asymptotics of probabil-
ities more accurately than it is usually done in the classical large deviations
theory. Although there exist some interesting papers with the refinements of
classical theory (see [2] and references there) we could not find a possibility to
apply those general results to our situation. Instead of this we use a more ele-
mentary approach based on the multidimensional limit theorems for the tilted
random variables (i.e., the variables obtained from the original ones via Cramer
transformation of their distributions).

There is another and physically even more natural variant of the problem,
when the second end of the boundary is also fixed, i.e., when the process 6,,(t)
is additionally conditioned by a condition like 6,,(1) = 0. The results and the
proofs for this modified variant of the problem are similar.

Combining the approach developed in the present paper with the methods
of the book [10] one can obtain similar results for the fluctuations of the phase
boundary in the Ising model but this is a topic for separate considerations.

2 Formulation of results

Let integer-valued random variables &;, &s,... be independent and have the
same probability distribution P(-) with finite expectation and variance *

E¢=a, DE¢E=E(E-E&)?*=02>0. (2.1)

Suppose that the greatest common divisor of the values of variable £ having
non-vanishing probabilities is equal to 1. Denote by D¢ the set of real h such
that

L(h) =InE exp{h&} < oc. (2.2)

Assume that the set D¢ is an interval (can be infinite or semi-infinite one)
containing some neighbourhood of the origin.

Consider the random walk Sy = 0, Sx = Ele &, ... generated by ran-
dom variables &;. For any natural number n define a random polygonal func-
tion x,(t), t € [0, 1]:

xn(t> = S[nt] + {nt}g[nt]-l-l? (23>

where [a] denotes the integral part of a real number a and {a} = a — [a] is its
fractional part. Denote

Yn:%(So—FSl—l—...—i-Sn—l):Z(l—%>fj. (2.4)

j=1

I'Here and in the following E and D denote the operators of mathematical expectation and
of variance corresponding to their probability distribution.



Clearly, Y,, presents the ”area under the graph” of the piecewise constant func-
tion of ¢ € [0,1) which equals S; on the interval [i/n, (i + 1)/n). Our aim here
is to investigate the asymptotical behaviour of random paths x, (t) with fixed
"large” value of Y,,.

We start with the following definition.

Definition 2.1 Let the random wvariable & be as described above. For any
h € D¢ we consider the random wvariable &, with the (h-)tilted probability
distribution Py(-),

Py (€ = k) = P(&, = k) = exp{kh — L(h)}P(£ = k), (2.5)

where L(-) is the logarithmic moment generating function from (2.2). This
transformation of probabilities is called the Cramer transformation.

Note that for every h from the interior D¢ of the interval D¢ we have
E&, = L'(h), D¢, = L"(h) > 0. (2.6)

Moreover, the function L(h) is analytical in some complex neighbourhood U(Dg)
of the open interval De.

Definition 2.2 A real number r is called {-admissible if there exist h € Dy
such that
th =T.

Comparing the last equality with (2.6) one can see that the set of all -
admissible numbers coincides with the interval (R, R) where

R = inf{L'(h) : h € D¢}, R =sup{L'(h) : h € Dg}.
In other words, (R, R) is the image of D¢ under the strictly increasing mapping
h L'(h).

Let Ly, (h) be the logarithmic moment generating function corresponding to
the random variable Y,,,

Ly, (h) = InE exp{hY,} = iL((l - %)h) (2.7)

where the second equality above is due to the mutual independence of the vari-
ables &;. Observe that the function Ly, (h) is strictly convex in D¢ and analytical
in the neighbourhood U(Dg) defined above. Denote also

Lyoo(h) = lim Ly, (h) = /0 1L(hx) dz. (2.8)

Consider any sequence ng, of real numbers such that n2g, are integer and
Gn — q # a/2 in such a way that

1
n —q = 0(—) as n — oo. (2.9)

vn



Definition 2.3 Any sequence ng, satisfying (2.9) is called Y, -regular if the
following conditions hold:

a) for any natural n the probability P(Y,, = nqy,) is positive;

b) for any natural n the value ng, is Y,-admissible, i. e., there exists a
solution h = hY € D¢ of the equation

d

ar h‘ = ngy; 2.1
T Lva(h) ng (2.10)

h=h9
c) there exists a solution h = h(q) € D¢ of the equation

%Ly,m(h)’ :/O v L' (hz)dx = q. (2.11)

For future references we fix some Y,,-regular sequence nq,. Then the random
process

0,.(t) = (mn(t)}Yn = ngn) (2.12)

is well defined.

Note that the variable Y,, has the mean value EY,, = a(n —1)/2 and the
variance DY,, = o?(n — 1)(2n — 1)/6n of order n. Therefore, the condition
2q # a corresponds to the situation of large values of Y,,. Moreover, in view of
the strict monotonicity of the function Ly, () in Dg the condition

d a d
S Lyeo(h) | =a# S = Ly | 2.1
ar e, =07 5 = gl (2.13)
implies h # 0. Define
er,(t) = (L(h) — L(h — ht)) /R (2.14)
and consider normalized fluctuations of paths 6,,(¢) around nej(t),
. 1
01 (t) = —=(0,(t) — nej(t)). (2.15)

vn

Let p denotes the measure in the space C[0, 1] of continuous functions on the
segment [0, 1] induced by the probability distribution of the process 7 (¢). The
following statement presents the main result of this paper.

Theorem 2.1 Let a sequence &1, &3, ... of integer-valued random variables and
a sequence q, be as described above.

Then the sequence of measures |, converges weakly to some Gaussian mea-
sure p* in C[0,1]. The limiting measure p* coincides with the conditional dis-
tribution of the random process £(t), t € [0,1], obtained by the integral transfor-
mation of the white noise dw,,

£(t) E/O (L (h— ha))'"? duw,, (2.16)



conditioned by firing the value

1
ﬁE/ £(t) dt = 0. (2.17)
0
Remark 2.1.1 The limiting conditional Gaussian process 6(t) = (£(t)[7 = 0)
has zero mean and its correlation function Rq(t,s) = E6(t)0(s) can be easily
calculated (see, e.g., [20, Chap. 2]),

Ro(t,s) = /OS L"(h(1 - z)) dx

/1 L () da / oL () do (2.18)

—S 1—t

b

|
/ (1—2)’L"(h(1 - z)) d
0
where s At = min(s, t).

Remark 2.1.2 Definition (2.15) and Theorem 2.1 together imply the law of large
numbers for 6,,(t): distributions of random processes n~10,,(t) converge weakly
in CJ[0, 1] to the distribution concentrated on the (deterministic) function ej(+).

Remark 2.1.3 Using the inequalities for dual functions (see Property A.3 in
Appendix below) one can easily obtain the estimates for moderate and large
deviation probabilities of the process 6,(t). Then arguments similar to those
used in Theorems 5.2 and 5.4 below together with relations (5.5) and (2.9) give
the following estimate

%E (xn(t)’Yn = ng,) — e (t) = 0(

Sl
\./

As a result, the random process
0,(t) = —(0.(t) —Eb0,(t), tel0,1],
has the same asymptotical behaviour as 6 ().

Plan of the proof of Theorem 2.1. First we consider the process
Xn(t) = S[nt], t €10,1].

For every natural number k£ and any set of real numbers s;, 0 < s1 < s9 < ... <
s < 1 we form a random vector

Q= (Yo, Xp(s1), ..., Xn(sk)) € RFL (2.19)
Then for every M,, = (mQ,mb,...,m~) with nm® ml, ... .mF € Z' we have
P(Q, =M,)
_ 1 — kv — 0 — n n
P(Xn<51) =My, .. 7Xn<5k) - mn‘Yn = mn) - m7 (220)



where P(:|-) denotes the conditional probability (provided the probability of the
condition does not vanish).

To estimate the numerator and the denominator of the last fraction in the
case of m? = ng, (see (2.12)) we build new random variables Y,, , and Q, g
using the Cramer transformation with parameters h and H of the original dis-
tributions of Y,, and (2,, and then prove the corresponding local central limit
theorems for these random variables. This makes possible to evaluate the asymp-
totics of conditional probabilities (2.20) by using the normal approximation for
these tilted random variables. As a result, we obtain the central limit theorem
for the finite-dimensional distributions of the conditional random process

0,(t) = (Xn(t)} Y, = ngy). (2.21)
Noting that the interpolated conditional random process (recall (2.12))

On(t) = (mn(w‘ Y, = nCIn)

is obtained from the process 0,,(t) by adding the random variables uniformly
bounded in probability as n — oo we conclude that the finite-dimensional dis-
tributions of the process 6 (t) tend to the same limiting distributions as for
O (t) defined similarly to (2.15).

Finally, we establish the weak compactness of the sequence of measures p,
in CJ0, 1] by proving the inequality

E [6;(t) — 6, (s)" < Clt — s/

with some constant C' > 0 uniformly in n and all ¢, s € [0,1]. It remains to
apply Theorem 2.2 from [12, Chap. 9].
The detailed proof of Theorem 2.1 is given in §4-6 of this paper. O

The explicit limit formula (2.14) for the function ej (¢) can be explained by
using well-known facts from the theory of large deviations. Let Cg denotes the
space of all absolutely continuous functions f(t),¢ € [0, 1], such that f(0) = 0.
Define

1
1= [ L(r®)i  feco (222
0
where L*(z) is the Legendre transformation 2
L*(x) = sup(zh — L(h))
h
of the logarithmic moment generating function L(h) from (2.2) and f/(t) is the

derivative of the function f. The functional (2.22) is known in the literature as

the rate function of the sample paths large deviation principle for the random
walk Sp =0, S, = Ele &, k> 1, (see, e.g., [8, Chap. 5]). The infimum of this

2Here and in the following we omit restrictions near the signs like upper bounds, sums,
integrals etc. when the appropriate operation is going over the whole set of possible values of
parameters, summation indices, integration variables respectively.



rate function governs the asymptotics of large deviation probabilities for the
considered random walk. The direct check assures us that the function ej(t)
from (2.14) gives the solution of the following variational problem

1
I(f) — inf; f € Co, / f(t)dt =q. (2.23)
0

Observe however that results concerning the paths large deviation principle are
usually formulated in the so-called integral form when the integral condition
Y,, > ngq, is considered instead of the local one, Y,, = ng,. Nevertheless, these
results are valid also in our case since the local condition Y,, = ng, can be
understood as a limiting case of the integral one, ng, <Y, < n(q, + €), when
first n — oo and then e\0.

A similar result holds also in the case of non-lattice random variables. Name-
ly, let &1, &, ...be a sequence of independent identically distributed random
variables satisfying conditions (2.1) and (2.2). Assume that these variables have
a bounded continuous probability density. Define the random polygon x,(t),
t € [0,1], and the area Y,, by (2.3) and (2.4) respectively. Then the variables
x,(t) and Y,, also have bounded continuous probability densities.

Fix any sequence of real numbers ¢, satisfying (2.9) with 2¢ # a. We call
this sequence Y,,-regular if the density of Y,, does not vanish at the point ng,
and conditions b), ¢) of Definition 2.3 hold true. Then for every natural number
k and any set of real numbers s;,0 < 51 < s9 < ... < s < 1 the mutual con-
ditional probability densities of the random variables x,,(s1), Zn(52), - - ., Tn(Sk)
under the condition Y,, = ng, are well defined. Now we can define the con-
ditional random process (2.12) as the random process with finite dimensional
distributions having these conditional densities.

Theorem 2.2 Let a sequence &1,&a, ... of random variables having a bounded
continuous probability density and a sequence q, be as described above. Then
the statement of Theorem 2.1 holds true.

Remark 2.2.1 The condition of the existence of a continuous probability density
used in this theorem is essential since otherwise there are no natural definition of
the conditional distributions under the condition {Y,, = ng, }. The results of this
paper can also be extended to a more wide class of non-lattice random variables,
if we change the condition {Y,, = ng,} to the condition {|Y,, —ng,| < €, } where
e, = o(n'/?) as n — oo.

Plan of the proof of Theorem 2.2. 'The proof of this theorem is very similar to
that of Theorem 2.1. The only essential difference is that we need now to prove
the corresponding local central limit theorems for the probability densities of
random elements Y,, j, and €2, g instead of the probabilities of their values. But
since such theorems for densities are very similar to their analogs in the discrete
case (see, e.g., [18]) we omit the proof of Theorem 2.2. O

As mentioned in §1 there is another interesting variant of the main problem
when one considers the conditional distributions of random walks x,,(t) with



fixed value of area Y,, and value z,,(1) = S,, at the terminating point. Problems
of this kind arise in statistical mechanics (see, f.e., [5], [17]) in the context of
the so-called SOS-models (see discussion of this and related questions in §3 of
the present paper). We formulate the corresponding results.

Consider the random vector A,, = (Y;,,S,) and denote its logarithmic mo-
ment generating function by L, (H), H = (ho, h1),

L, (H) = InE exp{hoY; + hy S, } = zn:L((1 - %)ho + ).

Jj=1

Let Dy, be the set {H = (ho,h1) € R? : Ly (H) < oo}. Similarly to (2.8)
define

Lpoo(H) = lim lLAn(H):/O L((1 = z)ho + 1) dz.

n—oo n

Clearly, L oo(H) is finite for all H from the set
Dy = {H = (ho,h1> chi,hg + hy € DE}

Let A, = (ng,,nb,) be any sequence of real numbers such that n2q, and
nb,, are integer and n= 1A, — A = (q,b), 2q # b, in such a way that

ntA, - A= 0<%> as n — 0o. (2.24)
Definition 2.4 Any sequence A,, satisfying (2.24) is called A, -regular if the
following conditions hold:

a) for any natural n the probability P(A,, = A,,) is positive;

b) for any natural n the pair A,, is A,,-admissible, i. e., there exists a solution
H = H, € Dy of the equation

VirLa, (H) ’ — A,

H=H,

¢) there exists a solution H = H(A) € Dy of the equation

VirLaoo(H) )H:ﬁ: A (2.25)

In the last two equalities Vg denotes the gradient with respect to H = (hg, hy).
Fix any A,-regular sequence A,,. Then the random process
On(t) = (zn(t) | Ap = Ay)

is well defined. Determine the quantities hg = ho(q,b) and hy = hi(g,b) from
the following system of two equations (cf. (2.25)):

1
/ L/ (hl + yho) dy = b,
0 (2.26)

1
/ yL'(h1 + yho) dy = q.
0



Using convexity property of L(-) it is possible to prove that there exists a unique
pair of such quantities (see, e. g., [14, Appen.]). Moreover, they satisfy the
condition hg # 0 and so one can define the function

t
€7, (1) /O L'(hn + (1 —y)ho) dy

(2.27)
= (L + ho) = L + (1= t)ho) ) /ho,

(Note that the integral expression in ( 27) was obtained earlier in [5], although
the simple formula in the last part of (2.27) was not presented there.) Consider

~

normalized fluctuations of the paths 6,(¢) around the function ne;, ; (),

- 1 ~ R
02(6) = —= (0u(®) = nj, 1, ()
and denote by /i the corresponding measure in the space C|0, 1].

Theorem 2.3 Let a sequence &1, &, ... of integer-valued random variables and
sequences qp and b, be as described above.

Then the sequence of measures [i}, converges weakly to some Gaussian mea-
sure (i* in C[0,1]. The limiting measure i* coincides with the conditional prob-
ability distribution of the random process £(t), t € [0,1], obtained by the integral
transformation of the white noise dw,,

1/2

g(wE/O (L (hy + (1 — 2)ho)) " dw,, t e [0,1],

conditioned by the conditions

1
175/0 E(t)dt =0 and £(1) =0.

Remark 2.3.1 Note, that the equations (2.26) can be rewritten in the equivalent
form

1 N - R
. (L(h1 + ho) — L(h1)) = b,
0

1~ . 1 fho .
—L(hy + ho) — A—Q/ L(h1 +y)dy =q
0 h Jo

obtained in [17, Theorem 3] in a similar situation.

Proof of Theorem 2.3 follows the same scenario as that of Theorem 2.1. For
details see [14, Chap. 1]. O

Observe that the function ;| i, () presents the solution of the following
variational problem (cf. (2.23))

I(f) - inf: f € Co, /Of(t)dt:q, £(1) =b. (2.28)

10



Clearly, a result similar to Theorem 2.3 holds also in the non-lattice case
under the conditions analogous to that of Theorem 2.2. But since our ” Formu-
lation of results” is rather long yet, we will not make it longer and leave the
details for the reader.

3  Physical interpretation

The situation considered in the present paper is known in statistical physics as 1-
dimensional SOS-model (Solid-On-Solid model), which is the simplest interface
model. In view of its simplicity the 1D SOS-model is used for investigating the
properties of phase boundaries and so it was studied in the literature (see, e.g.,
[6], [5], [17]). Our aim here is to discuss formulated results from the physical
point of view.

Let us recall some notions needed (cf. [1], [6]). The SOS-model consists of the
interfaces without overhangs and therefore its configurations of the horizontal
length N are represented by sets of heights {r;} Y, 7o = 0. The energy of the
configuration R = {r;}, is determined by the Hamiltonian

N—

Hy(R) = Z U(rig1 — i),

=0

[y

where U(-) is a real-valued function. There are many possible natural choices for
U(-) (see, e.g., [6] for a list of examples). For the sake of simplicity we restrict
ourselves to the case of integer-valued heights r; (though the generalization to
the non-integer case is straightforward).

Introducing a positive parameter [ called an inverse temperature and as-
suming the finiteness of the partition function

AT S P

r16Z1 rNeZ1

we define the Gibbs probability distribution in the ensemble of surfaces {r;}¥
by
Pyp(R) = Zz?r,lﬂe_ﬁHN(R)~

Rewriting the last expression in terms of jumps k; = r; —r;j—1, ¢ = 1,...,n,
we see that this Gibbs distribution coincides with the probability distribution
of random walk o = 0, r; = >.7_, k;, j > 1, generated by the sequence of
independent (integer-valued) jumps k; having the same distribution

—BU (k)
Ps(k) = BT[;’ where Zg = Z e PUK) (3.1)
keZ?!

i.e., with the situation considered in the present paper.
Consequently, theorems formulated in §2 describe the statistical properties
of the interfaces in 1D SOS-model: Theorem 2.3 studies the interfaces with fixed

11



endpoints and the area under the interface, Theorem 2.1 describes the similar
situation but with the free right end, and Theorem 2.2 generalizes the previous
situation to the case of non-integer values r;.

There is a well-known general approach in statistical mechanics called the
Wulff construction [21], which is used for describing the asymptotical shapes of
interfaces. It is based on a fundamental notion of the surface tension and consists
in minimizing the total surface tension along interfaces with given constraints.

To discuss it more explicitly we fix a sequence of real numbers by such that
by — b=tany (with ¢ € (=7 /2,7/2)), nby is an integer number, and consider
the constrained interfaces R,, = {r;}}\, satisfying the condition ry = Nby.
Denote the corresponding partition function by Zy g(Nby),

Zn,g(Nby) = Z e PN Ry,
Ry

The quantity (see, e. g., [17])

_cosyp InZn g(Nbn)

T(p) =

is called the surface tension of the inclined interface with the slope angle ¢. The
last limit can be evaluated explicitly if we assume in addition that for all € in
some neighbourhood of the origin the following sum is finite

Zg(e) = Z ke PUR) < oo,
kezl

(Note that this condition holds true in all situations listed in [6]). Then the
known Cramer theorem (see, e.g., [9], [7], [4]) is applicable and one obtains

cosp, .. InPyg(ry = Nb
Tp) = ——5 (Jim NB(]]\\; ) 4 o z,)
cos (3.3)

= 5 (Lg(tancp) — Lg(O)),
where L7(-) is the Legendre transformation of the function Lg(-) = In Zg().
Observe, that instead of the integral form of the Cramer theorem describing the
asymptotics of the probability Py g(ry > Nby) we use here the local one (for
Py g(ry = Nby)), which is also true (see, e.g., [11]).

Consider the space Cq of all absolutely continuous functions f(t), ¢ € [0, 1],
such that f(0) = 0. Every f € Cy is rectifiable and so it is possible to introduce
the natural parameterization along the graph v(f) of the function f(-) denoting
by s = s(t) the arc length from the starting point (0,0) of v(f) till the point
(t, f(t)). Let ps and ds denote the slope angle of the tangent and the length
element at the point s under this parameterization. The Wulff functional is
defined by

W) = / T (3.4)

12



where T'(-) is the surface tension introduced in (3.2).

Consider the collection of one-dimensional SOS interfaces satisfying the re-
strictions from Theorem 2.3. According to the Wulff principle the limiting shape
e,,5(t) of the phase boundary under such constraints presents the solution of the
following variational problem:

W(f) — inf; f € Cy, /0 f@)ydt=gq, f(1)=0b. (3.5)

On the other hand, the Wulff functional W(-) and the rate function I(-) for
the sample paths large deviation principle defined as in (2.22) for the random
walk with the single step distribution given by (3.1) are closely related. Namely,
substituting (3.3) into (3.4) and changing the variables one easily obtains the
relation L Lo 1 L5(0)
* (gl B B
W) =3 [ (o) a- 2 = 2r - 2
that immediately implies the equivalence of variational problems (2.28) and
(3.5). Consequently, the function &; ; () from (2.26)-(2.27) coincides with
the Wulff shape e, ;(t) (i e., the solution of (3.5)) and thus one comes to the
following conclusion: in the case of 1D SOS-model the Wulff principle
coincides with the standard approach of large deviation theory.

One can expect that with the appropriate definition of the surface tension
the Wulff principle is applicable to much more general situations. As it was
mentioned in §1, the Wulff principle has been proved for the two-dimensional
ferromagnetic Ising model ([10], [15, 16]). Its mathematical justification for two-
dimensional SOS-models describing the surfaces separating three-dimensional
phases is a very difficult open mathematical problem.

4  Limit Theorems for Tilted Distributions

Let &1, &2, ... be a sequence of i. i. d. random variables introduced in §2 and

Y,, be the area from (2.4), Y,, = Z?Zl (1- %) §;. For any h € D¢ consider the

tilted variable Y;, ;, with the distribution
P(Yn,h = x) = exp{xh — Lyn<h,)} P(Yn = x), (4.1)

where Ly, () is the logarithmic moment generating function for the random
variable Y,, and zx is a real number of the kind m/n with integer m. Clearly,
the mean value and the variance of Y,, j, can be calculated from the equalities

d d?
EY, »=—Ly,(h), DY,n= 2

— Ly, (h). (4.2)

The probability of interest P(Y,, = x) can be expressed as

P (Y, =) =exp{— (zh — Ly, (R))} P (Y, p = 2). (4.3)
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Therefore, if for given x one can evaluate the probability P(Y,, ;, = ) from the
left hand side of (4.1) explicitly, say can prove the local limit theorem for it,
then the classical large deviation estimate in the strong form ([11, sec. 2]) for
the probability P(Y,, = x) will be available. Note that the left hand side in
(4.3) does not depend on h and so one is free to choose any possible value of
h. As usually in the large deviation theory the best value h(x) of the tuning
parameter h can be determined from the condition

EYnyh =X

that prescribes to choose such a tilted distribution first moment of which co-
incides with z. Recall that due to Definition 2.3 b) in the case x = ng, such
h = hY always exists. Observe also that in view of the first relation in (4.2) the
function h — xh — Ly, (h) in the exponent in (4.3) attains its maximum at the
point h = h(x), i. e., equals the value of the Legendre transformation of Ly, at
the point z,

Ly (z) = Sl}llp (zh — Ly, (h)). (4.4)

In this case (4.3) boils down to

P(Y,=z)=exp{-Lj ()} P (Yynu =2). (4.5)

Consider now the Y, -regular sequence ngq, fixed in §2. Without loss of
generality we may assume that the limiting value ¢ of ¢, satisfies the condition
2¢ > a which in its turn implies & > 0 (recall (2.13)). For future references we
fix a segment K C D¢ such that

[0,7]  K°, (4.6)

where K° denotes the interior of .
In what follows we will need the estimates on the rate of convergence of h,
calculated from (2.10) to h. For this reason we observe that convergence of the

kind (2.8) is valid for all derivatives. Moreover, for any £ = 0,1, ... one has
1 d* d*
- h) = —Ly (h -, 4.

where the estimate O(-) is uniform in h from any fixed compact subset of Dg.

Then, applying the last relation to k = 1 and h = h? and using the implicit
function theorem for Ly, (-) one easily obtains

hy —h=0(g,—q)+O0(n™), (4.8)

where the remainder terms O(n~!) and O(g, — q) are uniform in A € K and
qn € Ly o (K°) respectively. Here Ly,  (K°) denotes the image of K° under the

map Ljy (-). Consequently, h) — h as n — oo and without loss of generality

we may assume that every number hQ belongs to the interior K° of the compact
set K C Dg.
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Analogous constructions can be drawn for the random vector €2,, from (2.19),
Qn = (Yn, S[n51]7 S[n52]7 SRR S[nsk])a

defined for any fixed integer number £ = 0,1,... and a collection S of real
numbers s1, So, ..., Sg satisfying the condition 0 < s1 < 59 < ... < s < 1. For
any vector H = (h°, k!, ... h¥) € R*1 we put

Lo, (H) =InE exp {(H,Q,)} = > L(h;n), (4.9)

j=1
where (-, -) is the usual inner product in RF¥*1,

. k
(T
hjp = hj(H) = (1 . —> R+ 3 B X <tmens (4.10)

n
=1
and xgi<ims 3 denotes the indicator function of the relation {j < [ns;]}. Put
{i<[nsil}
Do, = {He R : Lo (H) < o}.

The sets Dg, depend essentially on n and on the collection §. However, any of
these sets contains the following region

Dipi={HeR" : —d<h’ <h+d|b|<dl=1,2..k},  (411)

provided the constant d = d(k,h,K) > 0 is sufficiently small. Moreover, we
can choose d in such a way that for any H € Dyyy all hj,, n = 1,2,..,
j=1,2,...,n, defined in (4.10) belong to the set K°. For future references we
fix such d.

Similarly to (4.1) we consider the random vector €, g with the tilted dis-
tribution

P Q1 = M) = exp{(M, H) — Lo, (H)} P (Q, = M), (4.12)

with M = (m% m!,...,mF) € R¥! such that the numbers nm® m?!, ... m*

are integers. Then the vector E €2, i of mean values and the covariance matrix
Cov Q,, g can be found from (cf. (4.2))

EQn’H = VHLQn (H), Cov Qn,H — Hess LQn (H), (4.13)

where Vi denotes the gradient and Hess Lo, (H) is the Hessian matrix (the
matrix of the second derivatives) of Lo, as a function of the variables h°, ..., h*.
Consider also the Legendre transformation (cf. (4.4))

L, (M) = Sgp((M, H)- Lo, (H))

If vectors H and M satisfy the condition
M = VulLq, (H),

15



then one obtains (cf. (4.5), (A.1))
P(Q, =M) =exp{—L5 (M)} P(Q,m=M). (4.14)

The functions n~'Lg, (H),n > 1, are analytical and uniformly bounded
provided H belongs to some complex neighbourhood U(Dy41) of the set Dyyq
from (4.11). As in (2.8) we define

Lo o(H) = lim 1LQ (H) :/0 L(h(z)) dz,

n—oo N

where (cf. (4.10))

k
) = (120" + 3K X (4.15)

=1
with X{z<s,) denoting the indicator function of the set {x < s;}. Note that
the analog of (4.7) is also true here with the estimate O(n~!) uniform in H €

U(Dg1).-
Define the matrix

B,(H) =

Hess Lg, (H) = Hb(n) (4.16)

1
n
In view of the analog of (4.7) for the functions LQn<H) one easily obtains the
relation

B,.(H)=B(H) + O(n™), (4.17)
where the matrix B(H) = ||bl:m||;€,m:() has the elements
62
bl,m - WLQ,OO(I_D (4'18>

and the term O(n™') in (4.17) is uniform in H € U(Dg,1). For any vector
T = (to,t1,...,tx) € R¥! define the quadratic form

Bou(T) = > titmb")
l,m=0,1,....,k (4 19)
n . k
1 7 2 '
= - ZL//(h]’,n) ((1 — E)to + Z X{jg[nsl]}tl> >0
7j=1 =1
and the quadratic form
Bu(T) = > ttmbim
I,m=0,1,...,k
(4.20)

= /01 L (}VL({L‘)) ((1 — x)to + g){{w@l}tl)de > 0.

Clearly, the strict convexity of L(-) (recall (2.6)) implies the strict positive def-
initeness of the symmetric matrices B,,(H) and B(H), H € Dy, (in the case
of B,,(H) at least for all sufficiently large n, n > ny(S)).
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Theorem 4.1 Let a sequence of vectors H,, € Dy1 be given such that H,, —
H € Dy1 with Dy defined in (4.11). Put

. 1
Q= N (Qm, —EQun,)- (4.21)
Then the distribution of the vector €}y, tends weakly to the distribution of the
Gaussian random vector © with zero mean and covariance matriz B(H).

Remark 4.1.1 The distribution of the random vector © is nondegenerate. We
denote its density by pg(X), X € RFF!) and its characteristic function by
Pu(T),

Bu(T) = exp{—% (B(H)T, T)}, T € R*!, (4.22)

Proof. Fix any T = (tg,t1,...,t) € R¥1. Using the Taylor expansion for the
logarithm of the characteristic function ®,,(-) of the vector 2 we get

In®,(T) = Lq, (H,+in" Y/?T —LQn(Hn)—L T,EQ.nu,
| ( ) \/ﬁ( ) (4.23)

= -3 (Bn(Hn)T, T) + R,,

where the matrix B,,(-) is determined in (4.16) and the remainder term R,
equals

. k
7 83 . —1/2
R, = ~ea7 Z titmty SR O Lg, (H,, + iwn~/27T)

l,m,p=

with some w = w(H,,,T), 0 < w < 1. The uniform boundedness of the family
of analytical functions n™'Lo_ (H), n = 1,2,..., H € U(Dyy1), implies the
uniform boundedness of their third derivatives. Consequently, R,, = O(n~/?)
as n — oo uniformly in T from any fixed compact set in R¥*1. Finally, (4.17)
implies the relation

~ 1 _
lim In®,(T) = -3 (B(H)T, T) = In®u(T) (4.24)
n—oo
which finishes the proof. O

Our next step consists in the evaluation of the probabilities P(€2, = M,,)
and P(Y,, = m!) entering the right-hand side of (2.20).

Fix any integer & > 0 and assume that a sequence of vectors H,, € RF 1,
H, = (h%,hl, ... hE), satisfy the assumption of Theorem 4.1. According to
the choice of the value d in (4.11) all points hj, = h;,(H,), 7 = 1,2,...,n;
n = 1,2,..., calculated as in (4.10) belong to K° (see (4.6)). Without loss
of generality (taking d slightly smaller if necessary) we may assume also that

h(z) € K° (recall (4.15)) for any z € [0, 1].
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Denote
MEHL = {(mo,ml, . ..,mk) e RFFL. {nmo,ml,...,mk} - Zl}. (4.25)

Let M,, = (m%,m},...,mk) be any sequence of vectors such that M,, € Mk+1
for all n. Put (cf. (4.13))
E,=EQ,u,

and define the vector X,, € R**1 by
X,=—M,—E,). 4.2

Theorem 4.2 Let k > 0 be any integer number and vectors H,, be as in Theo-
rem 4.1. Then uniformly in M,, € M+ one has

k+3

nz P(Quu, =M,) —pg(X,) =0 as n— oo, (4.27)

where Dy (+) is the density of the Gaussian random vector © with the character-
istic function ®u(T) from (4.22).

The following corollary specifies the statement of Theorem 4.2 in the one-
dimensional case. Let ng, be the Y,-regular sequence fixed in §2, h® and h be
the solutions of (2.10) and (2.11) correspondingly. Denote

b2 =0b%(h) = /0 L"(h(1—=))(1 - x)? dx.

For any real x € M} (recall (4.25)) put z = (z — ng,) //n.

Corollary 4.3 Uniformly in x € M} one has

1 2 2
n3/2p (Yoo =) /27 as n — oo. (4.28)

——e
v 21h

To prove Theorem 4.2 we need the following simple observation.

Lemma 4.4 Fiz any real numbers §, dg, 0 < § < §gp < 1/16. Denote by Os(m),
m € Z*, the §-neighborhood of the integer number m in the real line R' and put

Os = | Os(m). (4.29)
meZl
Consider an arithmetic progression ag, a1, ..., a, of the length n + 1 with the

step v and denote by N5 the number of elements a; located outside of the set
Os. Then the following statements hold true.
A If 8n~! < |v| < 1/2, then

N > (% - 450>n _3. (4.30)
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B. Let |v| < 8n~! and assume additionally that the element aq is located
outside of the set Os at a positive distance p from it, p = dist (ag, O5) > 0.
Then

p
> . 4.31
Nz gl (4.31)

Proof. A. First observe that at most [|a,, — ao|] +2 < [v|n+ 2 intervals Os(m)
can contain the points a;. Moreover, every interval Os(m) contains no more than
[26]v|7'] + 1 elements of the progression. Hence, the number Ms =n+1—Nj
of the points a; belonging to the set Os satisfies the following inequality

Ms < (Jvln +2)(20]v| ™t + 1) = 26n 4+ 46|v| ™ + |v|n + 2. (4.32)

To estimate the right-hand side of (4.32) we consider two possibilities:

a). If 1/2 > |v| > 2/n, then 46|v|~1 < 20n, |vjn < n/2, and so M5 <
(46 +1/2)n + 2.

b). If 2/n > |v| > 8F/n, then 46|v|™! < n/2, |vjn < 2, and so M; <
(26 +1/2)n + 4.

Obtained inequalities together with the definition of Mgy imply (4.30).

B. Note that |vjn < 8 < 1/2. Three cases are possible.

a). If [ujn < p, then N5 =n+ 1.

b). If p < |vjn < p+ 26, then N5 > [p/lv]] +1 > p/lv] = pn/(280 + p).

c). If p+2§ < |vjn < 1/2, then at most one interval Os(m) can contain
points a; and so Ms < [26/[v]] +1 < 2§/|v| + 1. Consequently, N5 >n + 1 —
(20/|v] +1) > pn/(26 + p). Collecting all three estimates one obtains (4.31). O

Proof of Theorem 4.2 Assume first that & > 1.
For any h € K (recall (4.6)) we denote by ¢, (t) the characteristic function
of the random variable &, defined in (2.5),

on(t) = E exp{itéy} = exp{L(h +it) — L(h)}.

Let us collect some properties of the function ¢p(¢) which will be used in
the following. First of all, for any h € K and t € R!

ln ()] < @n(0) = 1. (4.33)

Since the probability distribution of the random variable &, is concentrated on
the integer lattice Z', the function ¢y, (¢) is a 27-periodical function of ¢, i. e.,
on(t + 2m) = pp(t) for every h € K. Then, for any §, 0 < § < 7, there exists a
constant C' = C'(KC,§) > 0 such that for every h € K and any ¢, § <t < 27w — 0,
one has

on(®)] < €. (4.34)

And finally, there exists a constant o = () > 0 such that for all h € K and
any t, |t| < m, the following inequality holds

lon(t)| < exp{—at’L"(h)}. (4.35)
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The last two inequalities follow easily from the known properties of the charac-
teristic functions of lattice random variables and from the compactness of the
set IC.

Using relations (4.9) and (4.10) we rewrite the characteristic function ®,,(T)
of the vector €, g, in terms of functions ¢y (),

©,(T) =E exp{i(T, Qn,) } = [[ en, (tin) (4.36)

j=1
where the numbers ¢;,, are calculated from T = (t%,¢!,...,t') via (cf. (4.10))

k
tjn = (1 — l) 0 + Zth{jg[nsl]}- (4.37)

n
=1

Note that (recall (4.23))
b
Vn

is the characteristic function of the random vector 2 defined in (4.21).
Using the well-known inversion formula for the Fourier transformation and
definition (4.22) we rewrite the left-hand side

B,(T) = B (n~1/2T) exp{ (T, EQmHn)} (4.38)

k+3

R,=n"72P(Q,u, =M,) —pg(X,)
of (4.27) in the form

1 = —i
R, = W A q)n(T>6 (T, Xn) dT
1
)

- By (T)e UTXn) g
(27)k+1 /Rk+1 u(T)e 5

(4.39)

where
A={T=(to,t1,...,tx) € R* i Jto] <mn®2 |ty < my/n,l=1,2,...,k}.

Following the standard proof of the local limit theorem (see, e.g., [13, §43]) we
evaluate the left-hand side of (4.39) as the sum of four terms,

(27T>_(k+1) (J1 + Jo+ J3 + J4) ,

where, for some positive constants A and A,
J = / ‘(f)n(T) — &g (T)|dT, Ay =[-A, AP
Ay
Jo = / Ou(T)dT, A =R"1\ Ay,
A,

Jp :/ ’(/ﬁn(T)’dTv p=3,4,
A

p
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with

A; ={TeR"" |t <AVn1=0,1,... .k} \ Ay,

(4.40)
Ay =A\(A UAjy).

Fix an arbitrary € > 0. We will show in the following that for a convenient
choice of the constants A = A(e) and A = A(S) one has the bounds J; < ¢/4,
1 = 1,2,3,4, for all sufficiently large n. This will imply the assertion of the
theorem. It remains to evaluate all J;.

First of all, due to Central Limit Theorem 4.1, for every finite A > 0 one
obtains the convergence J; — 0 as n — oo.

Secondly, it is evident that

Jo = / ®(T)dT -0 as A — oo (4.41)
Az

To estimate J3 we fix any T € A3 and put

. T
k41

(4.42)

Then all the numbers ¢, ,, defined in (4.37) satisfy the condition [¢;,| < my/n.
Hence, evaluating each factor in (4.36) by the help of (4.35) one obtains the
bound (recall (4.38), (4.19) and (4.20))

@n(T)} < exp{—oaniHn (T)} < exp{—ochH(T)},

where the last inequality follows from estimate (4.17), the convergence H,, —
H and the positive definiteness of the quadratic forms B, u,, (T) and B (T)
provided ¢ > 0 is sufficiently small. As a result,

ng/ @n(T)‘dTg/ exp{—acBu(T)} dT -0 as A — oc.
A3 A2

To evaluate J, put
1

ST

For any T € A4 denote by N, (T) the number of indexes j = 1,2,...,n such
that 7;,, ¢ Os (recall (4.29)), where

(4.43)

1
in=——1:,. 4.44
7-.77 27_‘_\/% 75 ( )

Using (4.33) and (4.34) to estimate factors in the representation (4.36) one has

@H(T)‘ = ﬁ)‘PhJ,n (% tjyn) < exp{—CN,(T)}.
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Our aim here is to prove that for T € A, and all sufficiently large n
N, (T) > fn, (4.45)
were > 0 is a constant depending only on the set S = (s1, $2,...,Sk). Then

k+3

Jy = / @n(T)‘ dT < (2m)Fin~= exp{—CpBn} — 0
Ay

as n — oo and we obtain the needed estimate for Jy.

It remains only to prove (4.45). First observe that in view of its definition
(see (4.44) and the relation (4.37)) the sequence 7; ,,,7 = 1,2,...,n, splits into
k + 1 arithmetic progressions (k progressions if s, = 1) with the same step v,

to
Tjn = Tj—1n =V = 9032 (4.46)
for [ns)] < j < [ns;41], 1=0,1,...,k+ 1. Here we put so =0, Sg+1 = 1.

Fix any T € A,. It follows from the definition (4.40) that for any T € A4
there exists a number [ € {0,1,...,k} such that |¢;] > Ay/n. Let It denotes the
minimal such [. Two cases are possible: [+ =0 and [T > 0.

Consider first the case Iy = 0. Then Ay/n < |to] < 7n?/? and so, in view of
(4.42) and (4.46), the step v satisfies the condition

oA
=7 2rn 2n(k+1)

DN | —

On the other hand, at least one of the progressions mentioned above consists of
no less than [(n + 1)/(k + 1)] elements. Then for all sufficiently large n one has
the inequality v [(n + 1)/(k + 1)] > 86 and so Lemma 4.4.A can be applied. As
a result, for all sufficiently large n

1 4 ) [n +1 n (4.47)

N(T) 2 (5_ 17(k +1)2 k+1} -8z 4(k+1)

In the case It > 0 the statement B of Lemma 4.4 is applicable. Indeed, put
ji = [nsi] and consider the difference (recall (4.44), (4.37))

R = Tihin = Tih+1n = E +tip

sy * )

(for s =1, Ir = k we put 7,41, = 0.) Using the inequalities |tg| < Ay/n and
Ayv/n < |t ] < 7/n it is easy to verify that for all sufficiently large n

60 < |R| <3/5<1—60.

Consequently, at least one of the points 7, », Tj,+1,n (Tn,n in the case s, = 1,
It = k) is located outside of the set Os on the distance p > 24.
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To apply the statement B of Lemma 4.4 it remains to observe that for the
fixed set S there exists a constant v = 7(S) > 0 such that for all sufficiently
large n the length of every progression obtained above is no less than yn. Hence,

P yn > %n (4.48)

N,(T) >
(T) 2 20 +p
Obviously, (4.47) and (4.48) imply (4.45).

Collecting all the estimates of the integrals J,, obtained above we finish the
proof for k > 1.

The case k = 0 can be treated in the same way with obvious simplifications
in the formulas (4.10), (4.42), (4.43), and in the evaluation of J,. O

Observe that in the arguments above the Gaussian density py(-) can be
replaced by the density of zero-mean Gaussian distribution with the covariance
matrix B, (H,,) (recall (4.23), (4.24)). In particular, one has

Corollary 4.5 There exist positive constants ng, co and Cy such that for all
n > no

(LY. (n0)) "2, (4.49)

%O(Lgn(h%))_m <P (Yong =ngn) < %

where hY is determined from (2.10).
For the future references we make also the following simple observation.
Corollary 4.6 Let all X,, in (4.26) be uniformly bounded. Then in the condi-

tions of Theorem 4.2 one has

k+3

P(Qunu, =M,)=n""2 pg(X,)(1+0(1)),

where the estimate o(1) is uniform in such X,,. In particular, this probability
is positive for all sufficiently large n, n > ng, and therefore there exist positive
constants c¢;, C;, i = 1,2, such that uniformly in such X,, and n > ng one has

k+3

C2 S 61]_)H<Xn) S n 2 P (Qn,Hn = Mn) S 01]_)H<Xn) S CQ. (450)

5 Convergence of Finite-Dimensional Distribu-
tions

We prove here the convergence of finite-dimensional distributions of the random
process 0 (t) from (2.15) to the corresponding distributions of the conditional
random process 0(t) = (£(t)|7 = 0) (recall (2.16), (2.17)). To do this we check
such a convergence for the random process 07 (t) (cf. (2.15), (2.21), (2.14))

Or(t) = (@n(t) — ne,;(t))

Bl
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and prove the convergence ©;,(t) — 0 (t) — 0 in probability as n — oco.

As before, let ng, be the Y, -regular sequence fixed in §2, hY and h be the
solutions of equations (2.10) and (2.11) correspondingly. Then the sequence of
vectors

H) = (n0,0,...,0) € R*! (5.1)
converges to the vector (recall (4.8))
H° = (h,0,...,0) € R"! (5.2)

and all H? belong to the region Dy from (4.11).
Denote (recall (4.13), (4.9) and (2.10))

E) =EQ, m = (ngn, e, ..., el). (5.3)
It follows from (4.13), (4.9) and (4.10) that

[ns;)
)
¢l = en(s)) = 5= La, (H) ‘H:HO =

j=1

(- 9w). 6w

Similarly to (4.7) we find that
—en(si) = / L'(hY —hlt)dt + O(n™1),
0
where the estimate O(n~1) is uniform in K (recall (4.6)). Moreover, the ana-

lytical dependence of the function ey (s) = (L(h) — L(h — hs))/h on h in some
neighbourhood of h as well as relation (4.8) imply that

1 _
ﬁen(si) = ej(s;) +5,0(hY —h)+5,0(n™ 1) (5.5)
= ex(si) +5:0(gn — q) +5:0(n7),
where the estimates O(-) are uniform in s; € [0, 1].
Consider an arbitrary vector M,, € M%*+1 of the kind
M, = (ngn,mp,...,mk) (5.6)

and define 2!, = n=Y/2(m! —e'), i = 1,...,k. Denote by py(-) the probability
density of the Gaussian random vector © = (ﬁ, ST ,§k) with the character-
istic function ®go(T) (recall (4.22), (5.2)). Then

5 (2] ok _ (X9
P 0= 5 )

gives the probability density of the conditional distribution (El, &l = 0).

X0 = (0,2, ...,2"%), (5.7)

Lemma 5.1 Let x!, be uniformly bounded. Then
P (0,(s1) = mk, ..., 0,(sk) = mfl) = n_gﬁk(:v}” L zR0) (14 0(1)  (5.8)

as n — 0o; the estimate o(1) is uniform in such x?,.
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Proof. 1t follows from (5.1), (5.6), (4.9), (4.10) and (2.7) that
(M,,,H)) = ngyhy, Lq, (H)) =Ly, (hy).

Hence, applying (4.12) to M = M,, and H = H? and using (4.1) with = = nq,
and h = h? we obtain

P(Qn = Mn) P(Qn,HQL = Mn)

P(Yn - TLQn) N P(Yn,h% - TLQn> ‘

In view of (4.27) with H = H", H,, = H?, (4.28) with h,, = h{

ny T = NGp, and
the definition of p;(-) we rewrite the last ratio in the form

P, 1y = M) —k pL(X)
P(Y, no = ngn) Po(0)

(1+0(1)), (5.9)

where the estimate o(1) is uniform in the case of uniformly bounded z?,. Finally,
substituting (5.7) into (5.9) we get (5.8). O

Theorem 5.2 Fix any natural k, a set of real numbers 0 < t1 < ty < ... <
tr <1 and denote (cf. (2.15))

03() = —= (O (t) — nes (1)), (5.10)

where the process O, (t) is defined in (2.21).

Then the distribution of the random vector (0} (t1), ..., 0% (tx)) tends weakly
to the Gaussian distribution with the probability density pi(-|0) from (5.7). This
limiting distribution coincides with the corresponding finite-dimensional distri-
bution of the measure p* from Theorem 2.1.

Proof. In view of (5.5) and (2.9) one has e, (t) — ne;(t) = o(y/n) uniformly
in ¢ € [0,1] and so it is enough to prove the statement of the theorem for the
random vector

Z2(0,(0) (1)
For T = (t1,...,t;) put O,(T) = (O, (t1),...,0,(tk)). If x = (z1,...,21) €

Rty = (y1,...,9:) € R¥, we will write y > x instead of {y1 > z1,...,yx >
xr}. Denote also (cf. (5.3))

According to Theorem 2.2 from [3, Chap. 1] it is sufficient to prove the
asymptotical smallness of the difference

Ry = P(yvin < 0,(T) — en < 2v/) — / 5 (x]0) dx (5.11)

y<x<z
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for every y,z € R*, y < z.
To do this we recall that the estimate o(-) in (5.8) is uniform in x belonging
to every fixed compact set in R* and so one can rewrite

©n(T) —en _ z) = P (£2,(T) = m)
v - ) mezk :y\/ﬁzs:m—engz\/ﬁ
= (1+o0(1)) > Pr(x[0)n =%,

x:x=(m—epn)/\/n,
mezZF, y/n<m—e,<zyn

P(yé

(5.12)

It remains to observe that the last sum in (5.12) presents the Riemannian sum
for the integral expression in (5.11).

To prove the last assertion of the theorem we note that in view of definitions
(2.16) and (2.17) one easily obtains

n—// (L (h — ha))"? dw,dt = /(1—30)(L”(B—7Lx))1/2dwx

and so

Since the last expressions coincide with the appropriate elements of the covari-
ance matrix B(H?) of the Gaussian random vector © = (7,&;,...,&,) with
the characteristic function @0 (T) (recall (4.18), (4.15), (4.22), (5.2)) the last
assertion of the theorem follows from the first part of the theorem, definition
(5.7) and well-known properties of conditional distributions [20, Chap. 2]. O

To study the finite-dimensional distributions of the process 6,,(t) from (2.12)
we observe that due to (2.15), (5.10), (2.12), (2.21), and (2.3) one has

N " nt

00~ 05(6) = (g1 | ¥, = ngn). (513
\/_

Since {441 depends weakly from Y, for large n it is naturally to expect that

the last expression vanishes in probability as n — oco. The next lemma contains

the key result in this direction.

Lemma 5.3 Fiz any number p > 0 such that the real 2p-neighbourhood Ko, of
the segment K lies inside the set Dg. Then there exist constants C' = C(Kqp) >0
and ng = ng({qn}) such that uniformly inn > ng and j = 1,...,n the following
inequality holds

E (e’ Y, = ng,) < C. (5.14)
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Proof. Let a be any number such that P(§¢ = a) > 0. Then

P (Y, = nqﬂ‘ﬁj =a)
P (Y,, = ngn,)

P(&j :a|Yn :nCIn> - P(&j :a)'

We prove below that for all sufficiently large n the following inequality holds

P (Y, = nqﬂ|§j =a)
P (Y, = ngn)

< C’exp{ (1 - %)ah% + p|a|}, (5.15)

where hY gives the solution of (2.10) and C' > 0 is some absolute constant. Then
for all integer a one has

P (¢ = alYn = nay) < Cexp{ (1~ %)ahz + plal }P (& = a)

and so (5.14) follows easily from the inequality

+o0 :
E (6p\£j\ 'Y, = TLCJn) <C Z exp{ (1 — %)k‘hg + 2P|kf|}P (& =F)

k=—o0

and the inclusion [(1 — j/n)hd —2p, (1 — j/n) h + 2p] C Ka,.
It remains to verify estimate (5.15). Defining

?n:?n(j)EYn— (l—i)fj, NGn = NQp — (1—l>a
n n

we obtain _
p (Yn = TLQn|£j = a) = P(Yn = ngn) (516>

The logarithmic moment generating function L () of the random variable IN/n,

n

L (h) = InE exp{hY,} = Ly, (h) - L((l - i)h), (5.17)

Y, n
satisfies the relation of the kind (4.7) with the estimate O(n~1) that is uniform
in j =1,...,n and h belonging to any fixed compact subset of Dy. Therefore,

determining ﬁ% from the equation

C%L;ﬂ(h) ’h—ﬁ%: ngn, (5.18)
one easily gets (recall (2.10))
d%LLY’OO(h) ‘h—h% _%Ly’m(h) ‘h—ﬁg: O(n™").
As a result, the implicit function theorem gives the estimate B% —hY =0(n™1)
as n — oo which is uniform in j = 1,...,n. Thus,
|79 = hd| < p/2 (5.19)
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for all sufficiently large n.
The convergence h0 — h2 — 0 as n — oo and the analog of (4.7) for Lz (v)

mean that the asymptotical behaviour of Y,, is close to that of Yy, i. e., all the
statements of §4 hold true for Y,,. In particular, the probability P(Yn = nqn) is
positive for all sufficiently large n. Then (recall (2.10), (5.18), (A.1), and (5.17))

L?’n (TLQn) - L;k‘} (TLQn) = h%”‘]n — Ly, (h2> - E%”Qn + L?ﬂ (Eg)
— (W — iV, + Ly (h0) — 0y _ AT
( n n)nq + Y’n( n) LYn(hn) L((l n)hn>

and therefore this expression is bounded uniformly in 57 = 1,...,n. Finally,
(4.5) and (4.50) together imply the inequality

P(ffn = ngy) _ eXp{—L;i,n(nqn)}@gn—?’/Q
P(Y, =ng,) ~ exp{—L} (ngy)}con=3/2

< Cs

which in view of (5.16) gives for all sufficiently large n the estimate

P (Y,, = ng,|{; = a) < CSP(EEH - n(]n) .
P (Y, = ngn,) - P(Yn = nqn)

(5.20)

To evaluate the last fraction we apply analog of (4.5) for Y, to obtain

P(Y, = ngy) P(Y, iy = ndn)
———~ =expy LX (ng,) — L= (ng, = : 5.21
P(Yn = nqn) { Y”( ) Y”( )}P(Yn,ﬁo = ng, ( )
Observe that (5.18) and (A.3)—(A.4) imply
* ~ * d * ~ 70 J
Lg;n(nqn) — L57n (ngn) > %Lg;n (ngn) (ngn, — ngyp) = h,, (1 — ﬁ>a (5.22)

and so it remains to evaluate the last fraction in (5.21).
Let first |a| < D+/n with some constant D > 0. Then the analog of (4.50)
for Y;, imply

P(i}n,ﬁ% = ndn) - Con=3/2
P(EN/ o = nqn) T Con3/2

n

= C,. (5.23)

In the case |a| > Dy/n we find a constant C5 such that

P(i}n,ﬁ% = n(jn) < 1

- < < Cyerlal/? (5.24)
P(Ynﬁ% = nqn)

52n—3/2

for all n. Finally, the estimates (5.20)—(5.24) and (5.19) together imply (5.15).
O
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Theorem 5.4 Fiz any natural k, a set of real numbers 0 < t; < ... <t <1
and consider the process 07 (t) from (2.15).

Then the distribution of the random vector (05(t1), ..., 0% (tx)) tends to the
Gaussian distribution with the density px(-|0) defined in (5.7).

Proof. Denote

T, = (05L(t1),...,0%L(th)),  vn = (00(t1),...,00(t)).

In view of the result of Theorem 5.2 it is enough to show that the difference
T, — v, vanishes in probability as n — oo.

Let C1 = C1(p) > 0 be a constant such that |z| < C7 exp{p|z|} for all real .
Then (5.13) and (5.14) imply the estimate

* * 1 cc
E ‘9n<t) - @n(t)‘ < WE (|§[nt]—|—1‘ | Y, = nQn) < \/ﬁl

and so the difference 07 (t) — O (t) vanishes in probability as n — oco. Clearly,
the same is true for 1,, — v,. O

N O as n — 0o

6 Weak compactness of the sequence ),

To complete the proof of the Theorem 2.1 it remains to prove the weak com-
pactness of the sequence of measures p;. We obtain it here as an implication
of Theorem 2.2 from [12, Chap. 9] which presents a sufficient condition for the
weak compactness of sequences of measures in C[0, 1]. The following statement
verifies the assumption of the mentioned theorem.

Theorem 6.1 There exists a constant C > 0 such that
E [0;,(t) — 0;.(s)|" < CJt — s["/*
uniformly in all n > ng and all segments [s,t] C [0,1], s < t.

The remaining part of this section is devoted to the proof of Theorem 6.1.
Two cases, A = |t — s| <n~%9 and A > n =8/, are treated separately.

Lemma 6.2 There exists a constant C' > 0 such that for all n > nq and all
[s,] € [0,1], A < n~89, the following inequality holds true

E [0;,(t) — 0;(s)[" < C'| A7/, (6.1)
Proof. Denote €, = L'((1 — j/n)h3) and consider the function (cf. (5.4))

[nt]

én(t) - Z éj’n + {nt}é[nt]+17n. (62)
j=1
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According to estimates (5.5) and (2.9) one has the following relation
en(t) — nej(t) = to(v/n) as n — 00

that is uniform in ¢ € [0, 1]. Consequently, it is enough to prove the assertion of
the lemma for the random process

0 (1) = —= (0 (1) — &a(t)). (6.3)

Observe that due to Jensen inequality for the function y = x*,

l

o) <

=1

and Lemma 5.3 one has the estimate

E (‘5] o éj,n

provided n is sufficiently large. Here the constant Cj is such that the inequality
|z|* < Cyexp{p|x|} holds for all real x.
Define

1Y, = ngy) < 8C4E (61| Y, = ng,) +8le;a|* <G5 (6.5)

ny = [nt], ns = [ns]. (6.6)

For n; = ng the assertion of the lemma follows easily from the observation

R A R

= \/HA(gns — &n,n|Yn = nqn),

Yo = ndn) (6.7)

relation (6.5), and the condition nA < 1. Otherwise n; > ny and we consider
two cases, A < % and A > %, separately. The following formula is the starting
point in our reasoning (recall (6.3), (6.2), (2.12), and (2.3))

ne 1 n .
hs Oég,t) (4)

(1) =037 (s) = Y NG (& — €julYn = nan), (6.8)
j=natl
where
{’I’Lt}, if ] =ng +1,
() _ L, if ng+1<j<ng+1,
as,t (]) - 1— {ns}, if ] = n, + 17 (69)
0, otherwise.

Let A < . Then n, = n, + 1 and one easily obtains (cf. (6.5))

B 100 - 00 < soy Il ge I

n
< 8Csn?|t — s|* < 8Cs|t — s|?

(6.10)

30



for all sufficiently large n. In the second inequality above we use the simple
relation a* + b* < (a + b)* and the equality 1 — {ns} + {nt} = nA.

In the Case A > L we use Jensen inequality (6.4), the expansion (6.8), the
estimate |a ( )| < 1, and the simple observation ny4+1-ny < 24+nA < 2+4n!/?
following from (6.6) and the condition A < n~8/9 to obtain

4 (nt-l-l—n)g metd 4
BI6L0) = 0,)[" < Fm s 30 B (65— ) Ve = nan)
j=ns+1
7/4 1/919/4
5(nA—|—2) n(22+n ) <Ot 5T
(6.11)
for all sufficiently large n. Combining (6.7), (6.10), and (6.11) we get (6.1). O

Lemma 6.3 There exists a constant C"" > 0 such that for all n > no and all
[s,] € [0,1], A >n=%" one has

E [0;,(t) — 05, (s)|" < C"|A. (6.12)
Proof. As before, it is enough to prove (6.12) for the random process 6*(+)
from (6.3). Define the random variable ¢, (recall (6.9)),

’I’Lt+1

o =2a(t) —zals) = Y alY (),

j=ns+1

and consider the random vector A,, = (Y, Cn/\/Z). Let Ly, (H), H = (ho, h1),
be its logarithmic moment generating function,

Ly, (H) = InE exp{(H, A,)} zn:L((l j)h + O‘gnt)(j)h ) (6.13)
=Inh ex Ny = - = ’ . .
An P par n 0 \/Z 1

For HY = (hY,0) with hY determined from (2.10) denote

A _
E2 = VgL, (H) ‘H_Hg_ (g, en), (6.14)
where . )
0 L oag ()
= Y% r.™= ‘ D) ’ .
€A ahl An( ) H=H? \/K €3,

J=ns+1

Observe that in view of the estimate

E (9;*(t)\/_£);*(8>) kz>0(k 1 4P( S _\/n%\/_} k| Y, = nqn> (6.15)
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it is sufficient to prove the finiteness of the last sum for all n > ny. We prove
below the following estimate

P(|¢0 — eaVA| > kvVnAlY, = ng,) < gn(k),

where for some positive constants Cy, Cs, a1, ao and §

") C1 exp{—a1k?}, if |k <dVnA, (6.16)
gn = .
Coexp{—aon' /K|y, if |k| > 0vnA.
Then the convergence in (6.15) follows immediately.
To prove estimate (6.16) we consider the vector (cf. (6.14))
75 = (ngn,ea + kvn) = ES 4 (0, kv/n) (6.17)
and determine H,, = H,, (k) = (h%(k), kL (k)) from the condition
Vualy, (H) | _ =175, (6.18)

—iin

It follows from (6.13) and the implicit function theorem that provided £ in
(6.17) is of order v/nA the quantities h2 (k) — h® and hl(k)v/A are of order A.
Therefore, there exist § = §(p) > 0 and n3 > 0 such that for all k, |k| < 6v/nA,
and n > ng the following inequalities hold true

|79, (k) = ho | < pA,  |hyy (k)| < pVA. (6.19)

Consequently, if p is the same as in Lemma 5.3, then the function Ly, (H,) as
well as all its derivatives are uniformly bounded. For future references we fix
such value d(p).

Assuming that ¢, — eav/A > 0 (in the opposite case the estimates are
similar) we rewrite

P(C, > eaVA + kvnAlY, = ng,)
B P(Yn = NGn, Cn > eaVA + k\/nA)

B e~ Lr, (Z3) P (Yn = ngn, Cn > eaVA + k\/nA)

where H,, was determined in (6.18), ¥ in (2.10) and Pg (+,+) denotes the tilted

distribution of A,, (cf. (4.12)) with the fixed value H = H,,.
Our aim here is to evaluate the last expression in (6.20). Let first |k| <
dvnA. It follows from (6.13), (6.14), (2.10) and duality relations (A.1) that

Ly (Ep) =L} (ngn) and oLy (ER) =0, (6.21)
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where 01 L} (E2) denotes the derivative of the function L} (wg,21) with re-
spect to x1. Hence, applying (A.5) one obtains

kv/n
LRR(ZT%) — Lg"/n(nqn) = / (k’\/— — y)812LRn(nqn, ea +y)dy. (6.22)
0

To bound the derivative 812Lj‘\n(-) from below we determine HY = (h%Y, hLY)
from the condition

VaLa,(H) | =E! = (ngaea+y).

where |y| < |k|/n < dvnA. The same estimates as in §4 (see (4.19)) prove that
the matrix HessL,  (HY) is positively definite provided n is sufficiently large.
Then 92 52

Oho Ohy

and applying duality relation (A.1) one obtains

0 < det HessL,,, (HY) < 5L, (HY)

0% EY) — aho Bhg? Lan (H) ( 0

1 Cs
L _ > (L, (| ) > &8
1> A (En) det HessLy  (H%) — \9h,> A () —n’

since for all HY under consideration the derivative ;- 2LA (HY) is bounded

from above. Substituting the last estimate into (6.22) one gets

. . Cy [V Csk?
L3, (28) = Ly (ng.) = 52 [ (ki =) dy = =5 (6.23)
0
provided |k| < §vnA.
In the opposite case, |k| > dvnA, we apply Property A.2 to obtain
1/10
Ly, (28) — Li, (82) > Dovidln > B (62y)

It remains only to estimate the last fraction in (6.20). Consider first the case
|k| < 0vnA. Let Ly AL (h) be the logarithmic moment generating function of

the first component Y = of the tilted random vector A W,
Ly - (h)= m( 3 Py (Y, = ko)) — L, (R® + h,hY) — Ly (RO, RL).
koEZl

In view of the choice § > 0 in (6.19) the quantity n='L}. _ (h) is bounded

n Hn

from below by infyex,, L”(h) for all sufficiently large n. Therefore, all the
considerations of §4 are true for Y, i and so (cf. (4.49))

@( o

Pﬁn (Yn = nqn) < -



As a result, one obtains (recall (6.21))

— 2 1/2
P (Y. =ng, 4 Ly (K0
m, (Yo =n4.) _ Co ( L n>)> ce (6.25)

p n,hy — nQn) ) 82—?)21;/\” (ﬁn
where the last inequality follows from the boundedness of n™*LY{. (h) in K°.
In the opposite case, |k| > dvnA, one easily gets (recall (4.50))

Py (Yn = nqn) 1 n3/2 C36n1/10

= <7 < Cyexp(B

kY. (6.26)

Finally, (6.16) follows from (6.23)—(6.26) with C; = Cy, Cy = C5, aq = C3/2,
and ag = C30/4. O
The assertion of Theorem 6.1 follows immediately from Lemmas 6.2 and 6.3.

Proof of Theorem 2.1 The statement of Theorem 2.1 is a simple implication of
Theorems 5.2, 5.4, 6.1, and Theorem 2.2 from [12, Chap. 9]. O

Appendix
We collect here some properties of convex functions used above.

Property A.1 Let f(-) be a strictly convex twice continuously differentiable
real function defined in a region U C R™ (m > 1) and f*(p) be its Legendre
transformation, f*(p) = sup, ((z,p) — f(z)), p € R™. Assume that the values
x € U and p € R™ are related via V f(x) = p. Then the following relations hold

() = (z,p) = f(=),
V) =z, ) (A.1)
Hess f*(p) = (Hess f(z)) .

Observe that in the considered case the matrix Hess f(z) of the second
derivatives f(z) as a function of x € R™ is strictly positive definite at z.

This duality property of the Legendre transformation can be verified directly
or induced from the known facts ([19, Chap. 5]).

Property A.2 Let f,, v € I', be a family of convexr functions satisfying the
condition f(x) > fy(0) = 0. Assume that for some b > 0 and all z, |x| < D,
with some positive D the following inequality holds true

fy(@) = ba®.

Then for all z, |x| > D, one has

/(@) = bDle].
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Proof. Evidently. O

Finally, we prove here the following property of the Legendre transforma-
tion. Let f,(-) be a sequence of strictly convex twice continuously differentiable
functions defined in some J-neighbourhood Us(z,) of the point z, € R!. As-
sume that there exists a strictly convex twice continuously differentiable real
function f(-) defined in Us(x,) such that

d* d¥ _q

wfn(x) = wf(x)%—O(n ), k=0,1,2, (A.2)
where the estimate O(-) is uniform in some fixed segment K C Us(z,). Let p,
be a sequence of real numbers such that p, —p = o(n~'/?) as n — oo for some p
and for any natural n there exists the solution z,, of the equation f/(x,) = pn
belonging to the interior ° of the compact set K. Suppose also that the limiting
point z of the sequence z,, also belongs to K°. Let f(-), f*(-) be the Legendre
transformations of the functions f,(:) and f(-) correspondingly.

Property A.3 There exist positive constants Dy = Dy({pn},K) and a = a(K)
such that:
a) for all real s satisfying the condition |s| < Dy one has

5 (pn+8) > f5(pn) + Tps + as?. (A.3)
b) for any D = D,,, 0 < D < Dy, and any s, |s| > D, one has:
fa(on +8) = fr(pn) + 2ns + aDls|. (A.4)

In the proof of Property A.3 we will use the following simple formula that can
be verified directly using the integration by parts. Let f € C%(a,b), zo € (a,b)
and f'(xg) = 0. Then for any = € (a,b) one has

x

f(@) — Fo) = / (z — )" (y) dy. (A5)

Zo

Proof. Let K1 C K° be the smallest segment containing all the sequence x,,
and its limit as well. Clearly, the difference K° \ Ky consists of two intervals.
Every function f] (-) is strictly increasing in K°, therefore for any n the image
fH(K°\ Kq) also consists of two intervals. Denote by D’ the length of minimal
of them (over all n). Observe that (A.2) implies the estimate D’ > 0. We put
Dy = D’/2. Then for any s, |s| < Dy, and any n one has

pn+s€{fi(z):xz €K’}

Denote g,(s) = fi(pn + 8) — f(pn) — xps. Since every f!(-) is strictly
increasing the equation f/ (y,) = p, + r has a unique solution y,, = y,(r) for
any r, |r| < Dy, and so (A.1) implies

glr) = £ (pn +1) = (f1(yn)) " > inf inf (f7(2))" = 2a,

n xek°
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where in view of (A.2) the constant « is positive. Applying (A.5) we obtain

() = [ 6= ngiryar =20 (= ryir—as

which coincides with (A.3). Finally, relation (A.4) follows easily from (A.3) and
Property A.2. O
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