ON TWO GEOMETRIC THETA LIFTS

JAN HENDRIK BRUINIER and JENS FUNKE

Abstract

The theta correspondence has been an important tool in studying cycles in locally
symmetric spaces of orthogonal type. In this paper we establish for the orthogonal
group O(p, 2) an adjointness result between Borcherds’s singular theta lift and the
Kudla-Millson lift. We extend this result to arbitrary signature by introducing a new
singular theta lift for O(p, q). On the geometric side, this lift can be interpreted as
a differential character, in the sense of Cheeger and Simons, for the cycles under
consideration.
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1. Introduction

Borcherds [B1] introduced a “singular” theta lift from modular forms of (typically)
negative weight for SL,(R) to the orthogonal group O(p, 2). This gave rise not only
to remarkable product expansions of automorphic forms for O(p, 2) but also to the
realization of generating series of certain special divisors in locally symmetric spaces
attached to O(p, 2) as holomorphic modular forms of positive weight (see [B2]). The
Borcherds lift was generalized by Bruinier and studied in connection with the coho-
mology of the special divisors (see [Br2], [Brl]).
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On the other hand, the Weil representation and theta series have been used in a
more classical way by several people (e.g., [S], [O], [RS], [TW], [W]) to show that
generating series of special cycles in orthogonal and unitary locally symmetric spaces
of arbitrary signature are modular forms. In greatest generality this was done by Kudla
and Millson (see, e.g., [KM4]).

The purpose of this paper is threefold.

(1) For O(p, 2), we derive an adjointness result between the Kudla-Millson lift
and the Borcherds lift.

2) We also introduce a new singular theta lift of Borcherds type for O(p, ¢) and
obtain a similar relationship to the Kudla-Millson lift.

3) As a geometric application, we show that the exterior derivative of the current
induced by this singular theta lift is closely related to the delta current of a
special cycle.

We sketch the main results of the paper in more detail.

Let V be a quadratic space over Q of signature (p, g), and write D for the asso-
ciated symmetric space. Let L be an even lattice in V, let I' be a finite index subgroup
of the group of units of L, and let X = I'\D be the associated locally symmetric
space. The special cycles arise from subsymmetric spaces of codimension ¢ induced
by embeddings of orthogonal groups of signature (p — 1, ¢) into O(V).

To simplify the exposition, we assume for now that L is unimodular. In the
main body of the paper, we treat the case of arbitrary level by using the setting of
Borcherds’s vector-valued modular forms. Moreover, for ¢ odd, this is essential in
order to obtain a nonzero theory.

We first introduce a new space of automorphic forms of (typically negative)
weight k. Its importance lies in the fact that on the one hand we systematically treat
this space as the input space for both the Borcherds lift for O(p, 2) and its extension
to O(p, g), while on the other hand it satisfies a duality with the space of holomor-
phic cusp forms of (positive) weight 2 — k. This duality, interesting in its own right,
is crucial for us.

Namely, we let Hy be the space of weak Maass forms. This space consists of
the smooth functions f on the upper half-plane H which transform with weight k =
2 — (p + ¢)/2 under SL,(Z), are annihilated by the weight k Laplacian, and satisfy
f(r) = 0(e®’) as t = u +iv — ioo for some constant C > 0. For f € Hy, put
&(f) = R_ir(v* f), where R_y is the standard raising operator for modular forms of
weight —k. We prove that & defines an antilinear map & : Hy — Mé_ x> Where Mé_ X
is the space of meromorphic modular forms of weight 2 — k which are holomorphic
on H (see Prop. 3.2). It is easily checked that M ,'{ is the kernel of &. We let H, k+ be the
preimage of S>_, the space of cusp forms of weight 2 — k.
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THEOREM 1.1
The bilinear pairing between S»_y and H,", defined by

{g. 1 = (8, %))y

for g € Sy and f € H", induces a nondegenerate pairing of S»_y and H,j/M}(
Here (, )2— is the Petersson scalar product for modular forms of weight 2 — k.

The main point here is to show that the map ¢ is surjective. The proof uses methods
from complex geometry and is ultimately based on Serre duality. The pairing {g, f}
can be explicitly evaluated in terms of the Fourier coefficients of g and the singular
part of f (Prop. 3.5). Note that Borcherds [B2] established a similar duality statement
(in terms of formal power series).

For signature (p, 2), when D is Hermitian, we then introduce the Borcherds lift
as a map on H,; that is, for any f € H', its lift is given by integrating f € HkJr
against O(z, z, o) (t = u 4+ iv € H, z € D), the Siegel theta series attached to the
standard Gaussian ¢g on V (R) (see also [B1], [Br2]):

reg
o= [ e (1)
SLy (Z)\H v
The integral is usually divergent, and a suitable regularization was found by Har-
vey and Moore [HM]. The regularization process leads to logarithmic singularities
along certain special cycles Z(f) in D, which in this case are divisors. Moreover,
Ap(z, f) :=dd°D(z, f) actually extends to a closed smooth (1, 1)-form on X. Here
d and d° are the standard (exterior) differential operators on D. Hence we have a map

Ap: Hf — Z4(X) (1.2)

from Hk+ to the space of closed 2-forms on X. For f € M}( one has Ag(f) =
a™t(0)Q, where a™(0) is the constant coefficient of f, and Q is the suitably normal-
ized Kihler form on D.

On the other hand, Kudla and Millson [KM4] construct for general signature
(p, q) a theta series O (z, z, ¢k pr) associated to a certain Schwartz function ¢ on
V (R) taking values in 27 (X). Then for € D@‘Z(p —Da (X), the compactly supported
closed (p — 1)g-forms on X, the Kudla-Millson lift is defined by

Agm(t,n) = / nAO(T,z, 0K M).
X

It turns out that Ak (7, %) is actually a holomorphic modular form of weight 2 — k,
so that we have a map

Axw = ZPVU(X) — My, (1.3)
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which also factors through cohomology. Moreover, the Fourier coefficients of A s
are given by periods of # over the special cycles.

THEOREM 1.2
Assume that D is Hermitian, that is, assume that ¢ = 2, and let f € H,:r with constant
coefficient a™t (0). We then have the following identity of closed 2-forms on X :

AB(Z, f) = (®(Ts 2, ¢KM): ka(f))z_k + Cl+(0)Q

Therefore the maps A p and Ay are naturally adjoint via the standard pairing (, )x
of Q"CZP_Z(X) with %2(X) and the pairing {, } of Ma_y with H, ; that is,

(1. AB(f) x = {Axkm ), £} +a"(0)(n, Q)x.

Furthermore, this duality factors through cohomology and Hk+ /M ,L respectively (see
also Th. 6.3).

This result is based on the fundamental relationship between the two theta series in-
volved.

THEOREM 1.3
Let Ly, be the lowering Maass operator of weight 2 — k on H. Then

Ly O(t,z, 0k m) = —dd O(z, 2, po). (1.4)

We show this by switching to the Fock model of the Weil representation. Then the
idea for the proof of Theorem 1.2 is given by the following formal (!) calculation:

(O(xm): & (), “=" — (Lai®(pxm). v* )"
reg dudv

= @0 o )= [ et T
SLo(2\H v

The first equality would follow from the adjointness of the raising and lowering op-
erators, except that the second scalar product no longer converges and needs to be
regularized. At this point, one also obtains an error term involving the Kéhler form.
The second equality follows from the key fact provided by Theorem 1.3, and the last
equality by interchanging the integration and differentiation (which also needs careful
consideration). Additional difficulties occur in the intermediate steps, where one must
deal with singularities along the special divisors.

As an application, we are able to recover several of the geometric properties of
the Borcherds lift in [Br2], often with simpler proofs.
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For general signature (p, ¢), the work of Kudla and Millson [KM4] shows that
there exists a theta function ®(z, z, ) taking values in the (¢ — 1)-forms of X such
that

Ly 1O(z,z,0xm) =dO(7, 2, w).

This is the exact analogue of the identity (1.4) in the Hermitian case. Hence for
f € Hk+ we define a singular theta lift ®(z, f, w) by replacing O (z, z, p9) with
®(z, z, ) in (1.1). Note that the image is no longer scalar valued but instead is a
(g — 1)-form with higher-order singularities along the special cycle Z(f) (see Prop.
5.6). The point is that although Borcherds introduces his lift for arbitrary signature
and for general (scalar-valued) theta kernels, he focuses on the Hermitian case. In
particular, the geometric interpretation given in [B2] and [Br2] applies only to this
case. Hence from this aspect the lift ®(z, f, y) and its features are new. We put
Ay (z, f) = —=d®(z, f, ), and one sees that this again extends to a closed smooth
g-form on M. Moreover, it essentially vanishes for f € M ,'( One obtains the following
as above (for a precise statement, see Th. 6.3).

THEOREM 1.4
In the case of signature (p, q), the lifts Ak y and A\, are adjoint.

This construction of a singular theta lift for general signature does indeed lead to new
information.

THEOREM 1.5
Let f € Hk+ . Then Ay, (z, f) is a harmonic representative of the Poincaré dual class
of the cycle Z(f). Moreover, we have the following equality of currents:

d[®(z, f, w)]+6z(r) = [Ay(z, )]

In particular, the pair (Z(f), ©(z, f, v)) defines a differential character in the sense
of Cheeger and Simons (see [C], [CS]). For g = 2, we have in addition for the
Borcherds lift,

dd[®(z, )1+ 0z(r) = [AB(z, f)];

that is, ®(z, f) is a Green’s function for the divisor Z(f).

For g = 2, the latter result already follows from [Br2] and [Brl]. We also briefly
discuss the relationship of ®@(z, f) to Green’s functions for the special divisors con-
structed by Oda and Tsuzuki [OT] and Kudla [K2], [K1].

The results of this paper are subject to several extensions and generalizations. On
the one hand, one should be able to introduce suitable singular theta lifts for unitary
groups since [KM4] covers these groups as well. This is of particular interest since
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in this case the symmetric spaces are Hermitian. In particular, such a lift should lead
to the explicit construction of Green’s currents for cycles on these spaces of complex
codimension g. On the other hand, Funke and Millson [FM 1] have recently developed
a theory for special cycles with coefficients analogous to the Kudla-Millson lift. This
also should give rise to new singular theta lifts with geometric importance. On a more
speculative note, it is a very interesting problem to generalize the present results to
special cycles of higher codimension. In the framework of this paper, one would need
to define a suitable singular theta lift for the symplectic group Sp, (R), and for this
one would need analogues of the space Hk+ and of Theorem 1.1. We hope to come
back to these issues in the near future.

The paper is organized as follows. After setting up the basic notation in Section
2, we discuss in Section 3 the space of weak Maass forms Hj in detail and prove
Theorem 1.1. In Section 4, we consider in detail the Fock model of the Weil represen-
tation and the Schwartz forms ¢k s and w, and we derive Theorem 1.3. We discuss
the Kudla-Millson lift and the Borcherds lift in Section 5, introducing for general sig-
nature the lift ®(z, f, ). Two of our main results, Theorems 1.2 and 1.4, are proved
in Section 6. Finally, Theorem 1.5 is considered in Section 7.

2. Basic notation

Let V be a rational vector space over (Q with a nondegenerate bilinear form (, ) of
signature (p, q); we assume dim V > 3. Let L be an even lattice in V (i.e., g(x) :=
(x,x)/2 € Z for x € L), and write L* for its dual. We write V= (resp., L™) for the
vector space V (resp., Z-module L) together with the bilinear form —(, ).

We pick an orthogonal basis {v;} of V(R) = V ®q R such that (v4,04) = 1
fora =1,...,pand (vy,v,) = —lforu = p+1,..., p+ g. We denote the
corresponding coordinates by x;. Throughout the paper we use the subscript a for the
“positive” variables and u for the “negatives” ones. We realize the symmetric space
associated to V as the set of negative g-planes in V (R):

D ~{zC V(R); dimz=gand (, )|, <0}.

Occasionally, we write D), ; to emphasize the signature. The assignment z 7zt

gives the identification Dy 4 >~ Dy p.

We have D >~ G/K with G = SOq(V (R)), the connected component of the
orthogonal group, and with K, the maximal compact subgroup of G stabilizing zo =
spanfv,; p+1=<u <p+q}.

For z € D, we associate the standard majorant (, ), given by

(xax)z = (le>le) - (XZ,XZ),

where x = x;+x,. € V(R) is given by the orthogonal decomposition V (R) = @zt
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Let g be the Lie algebra of G, and let g = p+¢ be its Cartan decomposition. Then
=~ g/€is isomorphic to the tangent space at the base point of D, and with respect to
the above basis of V(R) we have

p o~ [(t())( i)() ; X e Mp,q(]R)] >~ Mp,[R). (2.1)

For g = 2, it is well known that D is Hermitian, and we assume that the complex
structure on p is given by right multiplication with J = ( %, {).

Let I' C G be a congruence subgroup of the orthogonal group of L fixing the
discriminant lattice L¥/L, and let X = T'\D be the associated locally symmetric
space. Throughout we assume that I is torsion free such that I" acts freely on D, and
X is areal analytic manifold of dimension pg. Observe that, for instance, the principal
congruence subgroup I'(N) of level N (of the discriminant kernel of O(L)), that is,
the kernel of the natural homomorphism O(L) — O((L¥/N)/L), is torsion free for
N > 3 (which is seen similarly as [Fr, Chap. II.6, Hilfssatz 6.5]).

For x € V(R) with g(x) > 0, we let

Dy ={zeD; z Lx}.

Note that Dy is a subsymmetric space of type D, 1 4 attached to the orthogonal
group Gy, the stabilizer of x in G. Put I'y = I' N G,. Then for x € L¥, the quotient

Z(x) =T \Dy — X

defines an (in general, relative) cycle in X. For h € L¥/L and n € Q, the group I’
actson Ly, = {x € L 4+ h; q(x) = n} with finitely many orbits, and we define the
composite cycle
Z(h,ny= > Z(x).
x€M\Lp,,
Occasionally, we identify Z (&, n) with its preimage in D.

Borcherds [B2] and Bruinier [Br2] (for O(2, p)) use vectors of negative length to
define special cycles (which are divisors in that case); by switching to the space V™,
these are the same as the divisors for D, ; defined above by vectors of positive length.

We orient D and the cycles Dy as in [KM4, pp. 130— 131]. Note that for g even,
D, and D_, have the same orientation, while for g odd, the opposite. Moreover, for
q = 2, this orientation coincides with the orientation given by the complex structure
on D and D,.

Let G’ = Mp,(R) be the twofold cover of SL,(R), realized by the two choices
of holomorphic square roots of 7 +— j(g,7) = ¢t +d; here t € H = {w €
C; 3(w) > 0}, the upper half-plane, and g = (‘C‘ Z) € SL;(R). Therefore elements of
Mp, (R) are of the form (g, ¢ (7)) with g € SL2(R) and ¢ (7) a holomorphic function
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such that ¢(7)? = j(g, 7). The multiplication is given by (g1, ¢1(7))(g2, ¢2(7)) =
(8182, P1(g27)P2(7)), where SL,(R) acts on H by linear fractional transformations.
For z = re'? € C* with @ € (—x, x] and r positive, we take Vz=17?= r1/2¢i0/2,

Occasionally, we just write g for (g, +/j(g, 7)) € G'.
We write K’ for the inverse image of SO(2) =~ U(1) under the covering map

Mp,(R) —> SL(R). Note that for ky € SO(2) with kg = ( %0) *nO) (0 e
(—m, w]), we obtain a character of K’ by the assignment

N - ——1 .
a2 (ko, £ (ko 1)) > £ j ko, i) = £/

We denote by @ = oy the Schrodinger model of the (restriction of the) Weil
representation of G’ x O(V (R)) acting on . (V (R)), the space of Schwartz functions
on V(R). We have

o(@)p(x) = (g~ x)
for ¢ € .Z(V(R)) and g € O(V (R)). The action of G’ is given as follows:

(p+9)/2

o(m(@)p() = a7+ (ax)

fora > 0 and with m(a) = (ga&);

w(n(b))g(x) = e"PYg (x)
with n(b) = (| b); and
o(S)p(x) =vi" "4 (=x)

with § = ((97'), /7). and where ¢(y) = s 9 (x)e2m1™Y) dx is the Fourier
transform. If p + ¢ is even, (1, ¢) € G’ acts trivially, otherwise by multiplication by ¢.
For ¢ € (V(R)) and h € L*/L, we define the theta function

0. 0. h)= > w@hwl) & ed)
A€EL+h

We write I'” for the inverse image of SL2(Z) in Mp, (R). For the generators S and
T = (n(1), 1) of I'”, we then have

0(Tg',p,h) =" "Ma(g o, ) 22)
and, by Poisson summation,

’ ‘/’Tqip —2xi(h,h )¢/ ’
05,0, h) = ———= D "0 0, 1). (2.3)

\Y |L#/L| h’EL#/L
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Equations (2.2) and (2.3) define a representation gy of I'” acting on the group algebra
C[L*/L], whose standard basis elements we denote by e,, 1 € L*/L. We introduce
the vector

080, L) i= (00", 0. 1)) yeps) = D, 06 0. We,
hel*/L

and we see
(g0, L)=0.(r)0(g" 0, L)

for all y € I". Note that with respect to the standard scalar product (, ) on C[L¥/L]
(linear in the first and antilinear in the second variable), we have g, - = 0] = 0L
that is, L and L™ give rise to dual representations. From (2.2) and (2.3) it is clear that
o1, coincides with the representation gy considered in [B1] and [Br2]. Ultimately, o1
goes back to Shintani [S], which is also a good reference for the above discussion.

Let ¢ now be an eigenfunction under the action of K’; that is, w(kg)p =
)(lr/2(kg)¢ for some r € Z, so that

O('ko. 9, L) = x1/,(ko)O(g", 0, L).

Then we can associate to @(g’, ¢, L) a (vector-valued) function on the upper half-
plane in the usual way: We let g/ = (} %) (“1)/2 0*01/2) with 7 = u +iv € H be the
standard element moving the base point i € H to 7, and we define

O, 0, L) = j(g,)*Og, 0, L) = D D 91,2
heL#/LXEL-i-h

with
p(,1,2) = j(gh, )0 (g e ).
Hence, for (y, ¢) € T,

®(V 7, §0,L) =¢(T)rQL(y7¢)®(T7 (O’L); (24)

that is, ®(z, ¢, L) is a C°°-automorphic form of weight /2 with respect to the repre-
sentation p . (Note, however, that it is usually not an eigenfunction of the Laplacian.)

We denote the real analytic functions on H satisfying the transformation property
(2.4) with weight k by Ay .

From now on we frequently drop the lattice L from the argument of @ (g’, ¢, L).

The space of K -invariant Schwartz functions . (V (R))X is of particular interest
as we have

S(VR)S =~ [#(VR) ® c*(D)]°,

where the isomorphism is given by evaluation at the base point zo of D. Note that for
such p(x, z) € [Z(V(R)) ® C*®(D)]°, the theta function @ (g’, z, ¢) is I'-invariant
as a function of z; hence it descends to a function on X.
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The Gaussian on V(R) is given by go(x) = e " PVaHE Certainly ¢ €
Z(V(R))X, and the corresponding function in [.7(V (R)) ® C*(D)]° is given by

—7(x,x);

po(x,z) =e

Occasionally, we write gog 1 to emphasize the signature. We have

O(z,z, 00) = Z Z po(4, 7, 2)en € A(p—g)/2,1 ® CT(X)
heL*/L A€L+h

and

po(h,7.2) = %/ exp (i (2 A+ (4, A)civ)
=012 exp (wi((Aps A0)T + (s, A2)7)).

3. Weak Maass forms

In this section we introduce a new space of Maass wave forms. In particular, we es-
tablish a pairing with holomorphic modular forms and obtain a duality theorem for
this pairing. The results of this section can be viewed either as an analytic version of
the Serre duality result in [B2, Sec. 3] or as an algebraic approach to [Br2, Chap. 1].

Let k € (1/2)Z with k # 1. (In our later applications k£ will be smaller than 1.
However, we do not need that here.) Moreover, let I'” < I’ be a subgroup of finite
index.

We write Hy, . (I'") for the space of weak Maass forms of weight k with repre-
sentation gy, for the group I'”. By definition, this is the space of twice continuously
differentiable functions f : H — C[L*/L] satisfying the following:

@ fO)=¢@H ey, $)f(x)forall (y,¢) € I

(ii))  there is a C > 0 such that for any cusp s € Q U {oo} of I'” and (4, ¢) € T’
with doo = s, the function f;(¢) = ¢ () %0, ' (J, ¢) f (97) satisfies f;(r) =
0(e€?) as v — oo (uniformly in u, where 7 = u + iv);

(iii))  Axf(r) =0, where

02 o2 o 0
) 3.1)

Ap = —vz(ﬁ - ﬁ) + ikv(a +i
denotes the usual hyperbolic Laplace operator in weight k.
Since Ay is an elliptic differential operator, such a function f is automatically
real analytic. We mainly work with the full group I/, and therefore we abbreviate
Hi. 1 = Hi (). The transformation property (i) implies that any f € Hy r has a
Fourier expansion
f@= D" D alh,n;v)enu)ey,

heL*/L neQ
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where e(u) = ¥t
q(h) € Z. In particular, the denominators of the indices n of all nonzero co-
efficients a(h, n; v) are bounded by the level N of the lattice L. Since the ele-
ment Z = (( —01)= i) of T acts by o (Z)e, = i9 Pe_;, we have the relation
a(h,n;v) = (—D)kt@=P)/2q(—h, n;v). This implies that any weak Maass form in
Hy 1 vanishes if 2k £ p — g (mod 2).

Because of property (iii), the coefficients a (%, n; v) satisfy the second-order dif-
ferential equation Aga(h, n; v)e(nu) = 0 as functions in 0. If n = 0, one finds that
a(h,0; v) is a linear combination of 1 and v!=*. If n # 0, then, writing b(2z nv) for
a(h,n; v), it is easily seen that b(w) is a solution of the second-order linear differen-
tial equation

, as usual. The coefficients a(h, n; v) vanish unless n —

o2 k/o
5 b(w) — b(w) + = (%b(w) + b(w)) —0,

which is independent of /# and n. It is immediately checked that e~ is a solution.
A second, linearly independent solution is found by reduction of the order. Here we
choose the function -~
H(w) = e_“’/ etk ds.

2w
The integral converges for k < 1 and can be holomorphically continued in k (for
w # 0) in the same way as the Gamma function. If w < 0, then H(w) = e “I'(1 —
k, —2w), where I'(a, x) denotes the incomplete Gamma function as in [AS, (6.5.3)].
The function H (w) has the asymptotic behavior

H(w) ~ [(2|w|)‘"‘e‘|“’| for w — —o0,

(—2w)kew for w — +o0.

(Clearly, the functions |w|*/2¢~*/2 and |w|*/?>H (w/2) are the special values of the
standard Whittaker functions W, ,(lw|) and M, ,(lw]) for v = sgn(n)k/2, u =
k/2 —1/2 as in [AS, Chap. 13].) We find that

at(h,0)+a=(h,0)'* ifn=0,

a(h,n;v) = s _ ,
at(h,n)e *™" +a=(h,n)HQRrnv) ifn #0,

with complex coefficients a* (h, n). Thus any weak Maass form f of weight k has a
unique decomposition f = f+ 4 f~, where

ff@o= >0 D at(h.nemr)e, (3.2a)
heL*/L neQ

o= (a_(h,O)vl_k—i-Za_(h,n)H(Zn'nv)e(nu))eh. (3.2b)
heL*/L neQ

n#0
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Note that if f satisfies condition (ii) above, then all but finitely many a™ (h, n) (resp.,
a~ (h, n)) with negative (resp., positive) index n vanish.
Let us briefly recall the Maass raising and lowering operators on nonholomorphic

modular forms of weight k. They are defined as the differential operators

0 0

Re=2i—+ko™' and Ly =—2iv’—.

ot ot
The raising operator Ry maps Ay 1 to Ag42,1, and the lowering operator Ly maps
Ag, 1 to Ag—, . The Laplacian Ay can be expressed in terms of Ry and Ly by

—Ay = LRy +k =Ry 2Ly (3.3)

The following lemma is proved by a straightforward computation.

LEMMA 3.1
Let f € H.1 be a weak Maass form of weight k, and write f = f*+ f~ asin (3.2).
Then

Lif=Lef™
= 2>k Z ((k —Da™(h,0)+ Za_(h, n)(—47rn)1_ke(nf))eh.
heL*/L njé%

We write M}( (') for the space of holomorphic C[L*/L]-valued functions on H
satisfying the transformation property (i) above and being meromorphic at the cusps
of T'”. We call such modular forms weakly holomorphic. Identity (3.3) implies that
M,!( 1 (T") C Hi,(I'"). If we also require holomorphicity (vanishing) at the cusp,
we obtain the space of holomorphic modular forms My 1, (I'”) (cusp forms Sg, . (I'")).
Finally, if T'” is the full modular group I/, then we briefly write M ,'{ 1> My, and Sg 1
for these spaces of modular forms. They were first considered by Borcherds in [B1]
and later in [Br2].

The lattice L™ gives rise to the dual representation o = ¢1. Hence we can
consider Ay ; -, and so on, also as the space of modular forms with respect to the dual
representation o} of ;. We make frequent use of this fact.

Recall that the Petersson scalar product on My is given by

(f s = / (f g)ok du (3.4)
MH

for f, g € My, whenever the integral converges absolutely. Here du = v 2dudv
denotes the usual invariant volume form on H.
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PROPOSITION 3.2
The assignment f () — & (f)(z) := o*F 2Ly f (1) = R_;v* f (1) defines an antilin-
ear mapping

&Gt Hep — My, 3.5)

Its kernel is M}{}L C Hy,1.

Proof

By Lemma 3.1, the function & (f)(z) is holomorphic on H. It vanishes if and only
if f~ vanishes. It is meromorphic at the cusp via the growth condition on f. The
transformation behavior of & (f)(z) is easily checked. O

Welet H /<+ ;. denote the inverse image of the space of holomorphic cusp forms S,_; ;-
under the mapping . Hence, if f € H,:’r 1.» then the Fourier coefficients a™ (h, n)
with nonnegative index n vanish, so f~ is rapidly decreasing for v — oo. Clearly,
M,!{’L C H,j:L. Moreover, if k > 2, then f~ vanishes for all f € Hk""L.

Now let f € Hy 1, and write its Fourier expansion as in (3.2). Then we call the
Fourier polynomial

P(f)x)= > D at(h n)emr)e, (3.6)

heL*/L neQ
n<0

the principal part of f. Observe that if f € H,j .- then f — P(f) is exponentially
decreasing as v — o0. (This property could actually be used to define the space H,f L
in an alternative way.)

LEMMA 3.3
If f € Hy,L, then there is a constant C > 0 such that f(7) = 0(@€/"yasv — 0,
uniformly in u.

Proof
This follows from the transformation behavior and the growth of f in the same way
as the analogous statement for holomorphic modular forms. O

Later, we need the following growth estimate for the Fourier coefficients of weak
Maass forms.

LEMMA 3.4
Let f € Hy, 1, and write its Fourier expansion as in (3.2). Then there is a constant
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C > 0 such that the Fourier coefficients satisfy
at(h,n) = O(EC‘/W), n — 400,
a (h,n) = O(EC*/W), n— —oo.

If f e H,jL, then the a= (h,n) actually satisfy the stronger bound a=(h,n) =
o(Ink?y as n — —oc.

Proof

To prove the asymptotic for a~ (k, n), we consider the weakly holomorphic modular
form & (f) € M}
we have

_¢.1—- By Lemma 3.1 and the formula for the Fourier coefficients,

1
2a” (h, n)(—47rn)1_k = —/ (vk_szf(r), eh)e(nr)du. 3.7
0

Thus, according to Lemma 3.3, we get

1
a (h,n) K |n|k_1/ oC/vg=2mm0 4,
0

for all positive 0 < v < 1 with some positive constant C (independent of v and n). If
we take v equal to 1/4/|n|, we see that

a (h,n) K |n|k_1ecmez”‘/m

for all n < 0, proving the first assertion on the a™ (4, n).

From & (f) € Mé,k, - it can be deduced that the individual functions f * and
f~ in the splitting f = f* + f~ also satisfy the estimate of Lemma 3.3. We may
apply the above argument to

1
at (h,n) =/ (fT(x), enJe(—nt)du (3.8)
0

to derive the estimate for the a*(n, h) as n — +oo.

If f e H,:’rL, then & (f) € Sy, - is a holomorphic cusp form. Hence the
usual Hecke bound for the Fourier coefficients of cusp forms implies that the left-
hand side of (3.7) is bounded by some constant times |n|'=%/2 for all n < 0. Thus
a~(h,n) = 0(n|*?)as n - —oc0. O

The estimates of Lemma 3.4 are far from being optimal. However, they are sufficient
for our purposes. Observe that all the above results have obvious generalizations to
finite index subgroups I'” < I".
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Put x = 2 — k. We now define a bilinear pairing between the spaces M, ;- and
H,:r . by putting
{g, 1} = (g &) 3.9)

forge M, ;- and f € H

PROPOSITION 3.5

Let g € M, - with Fourier expansion g = Zh’n b(h,n)e(nt)ey, and let f € H,iL
with Fourier expansion as in (3.2). Then the pairing (3.9) of g and f is determined
by the principal part of f. It is equal to

(. f1= 2. D> at(hmbh,—n). (3.10)

heL*/L n<0

Proof
We begin by noticing that (g, f) dt is a I'’-invariant 1-form on H. We have

— - — 0 -
d((g, F)dv) = 3((s, F) dv) = (3. = f)dF dr = —(g. Luf) .

Hence, by Stokes’s theorem, we get
_ _ 172 -
| e Tpdn=-[ whar=[ " fetw+in.FuTin)du
i 0% —1/2
where

1
F, = {r €H:|e| > 1 Jul < 3, ando < z} (3.11)

denotes the truncated fundamental domain for the action of SLy(Z) on H. In the last
line we have used the invariance of (g, f) dz. If we insert the Fourier expansions of
f and g, we see that the integral over u picks out the zeroth Fourier coefficient of

(g, f). Thus

/ @ Tif)di =3 S at (h, wb(h, —n) + 0(e™")
h n<0
for some ¢ > 0. We finally obtain
(g, f) = lim / @LPdu= 3> a* (b mbih, —n),
heL*/Ln=0

as asserted. O
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Observe that the definition of the pairing (3.9) immediately implies that {g, f} = 0
forall f € M} .

By (3.10),,we get nontrivial relations among the coefficients of modular forms
in M, ;-. These are also easily obtained by means of the residue theorem on the
Riemann sphere. Moreover, it is clear that {g, f} = O for all Eisenstein series g €
M, 1-. This fact can be used to determine the constant term of a weak Maass form
fe H,j ;, in terms of the coefficients with negative index: For instance, if k¢ < 0 and
ae C[i#/L] satisfies both p7 (T)a = a and o7 (Z)a = i ~**a, then there is a unique
Eisenstein series Eq € M, ;- whose constant term is equal to a. The pairing {Eq, f}
gives a formula for the scalar product in C[L¥/L] of the constant term of f and a.

THEOREM 3.6
The pairing between the quotient HkJr /M ,'( , and S, - induced by (3.9) is nondegen-
erate.

It suffices to show that the mapping & : HkJr ;. — Sg - is surjective. This is an
immediate consequence of the following.

THEOREM 3.7
The mapping & : Hy, 1, — M}!( .- defined in Proposition 3.2 is surjective.

Before beginning the proof, we need to introduce some notation.

Let I < I be a normal subgroup of finite index. We write X (I'"") for the
compact modular curve corresponding to I'”, and we write 7 : H — X (I'”) for the
canonical map. The Poincaré metric 1/0% on H induces a Kihler metric on X (I'”)
(with logarithmic singularities at the cusps). We write * for the corresponding Hodge
star operator.

We denote the sheaf of holomorphic functions (resp., 1-forms) on X (I'”) by &
(resp., Q), and we denote the sheaf of smooth differential forms of type (p, g) by
&P-4 If D is a divisor on X (I'”"), then we write &p for the sheaf corresponding to
D. The sections of &p over an open subset U C X (I'”) are given by meromorphic
functions f satisfying div(f) > —D on U.

If Z is any O-module on X (T'"), we let &79(U, %) denote the .Z-valued
smooth differential forms on an open set U C X(I'”), that is, the sections of
&1 ®p £ over U. Moreover, we write %% 1, for the 0-module sheaf of modu-
lar forms of weight k with representation g7 on X(I'”). If U c X(I”) is open,
then the sections .} 1 (U) are holomorphic C[L*/L]-valued functions on the open
subset 7 ~!(U) C H satisfying the transformation law of modular forms of weight
k with representation gz for T'”, and being holomorphic at the cusps. If T acts
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freely on H, then . 1 is a holomorphic vector bundle. A Hermitian metric (with
logarithmic singularities at the cusps) on it is given by the Hermitian scalar product
(f, 8): = (f, g)v* on the fiber over 7 (z), where 7 = u + iv € H and (f, g) denotes
the standard scalar product on C[L¥ /L] as before.

The dual vector bundle .Z*, of Z; . can be identified with the vector bundle
21— of modular forms of we,ight —k with representation g7 on X (I'”). The map-
ping f > vX f defines an antilinear bundle isomorphism Z,L — £ - Itinduces a
Hodge star operator ,

Ry PRy Ly — ETPIR, L, Rr($® f) = (xd) ® 0F ),

on %, 1. -valued smooth differential forms on X (I'") (see [We, Chap. V.2)). It is easily
verified that

$o(f) =02 fdudo for f e WU, %4 1), (3.12a)
$o(fdr) =ivkfdt for fdr e &YW, 4.1, (3.12b)
$o(fd7) =iv*fdr for fd7 e &4V(U, %4 1). (3.12¢)

The Laplace operator on differential forms in &7-4(U, 4%,1) is given by
O = 0% ¢0% ¢ + % 90% 0.
By a straightforward computation using (3.12), it can be shown that
Of = %40%0 f = ReaLi f = — A f (3.13)
for functions f € &%, Zk.L)-

Proof of Theorem 3.7
Let I < I be a normal subgroup of finite index which acts freely on H. We
first prove the analogous result for the group I'”, namely, that the mapping & :
He (T — M,LL, (') is surjective.

We consider the Riemann surface X = X(I'”) using the above notation. Let
S1, ...,y be the cusps of X, and write D = > s; for the divisor on X given by
the cusps. Let n be a positive integer. By tensoring the Dolbeault resolution of the
structure sheaf & with the locally free 0-module % 1 ® 5 Oyp, We get the exact
sheaf sequence

0— ORL.LROD — E°RQ.L4.1® 0D o818l g0 ® %L ®0,p — 0.

Since &P°1 ® £, 1. ® Oy p is a fine sheaf, it is acyclic. Hence we obtain the following
long exact cohomology sequence:

0 — (L1 ® Oup)(X) — (X, L1 ® Op)
— EONX, L ® Oup) — H' (X, %L ® Gup) — 0. (3.14)



62 BRUINIER and FUNKE

We claim that H'(X, Zk.1 ® O,p) vanishes if n is large. In fact, using Serre
duality (see [We, Chap. V, Th. 2.7]), we find

H'(X, %L ® O,p) = H'X,Q® L) ® O}p) = H'(X, L 1~ ® O—(ns1)D).

Because the number of zeros (counted with multiplicities) of holomorphic modular
forms of fixed weight x is bounded, the latter cohomology group vanishes if n is
sufficiently large. This proves the claim.

Now let g € M’!(,L_ (I'). We want to show that there is an f € Hy, (I'”) such
that & (f) = g. We choose a positive integer n greater than or equal to the orders of
the poles of g at the cusps and such that H'!(X, Zk, L ® Oyp) vanishes. Then the 1-
form g dz defines a global holomorphic section in &1-0(X, 21 ®0up). Applying the
Hodge star operator, we get the 1-form iv*gdr e £%1(X, Zk,L ® Oyp). By virtue
of the exact sequence (3.14), we find that there is a function f € & 0.0(x, Zk,L®0uD)
satisfying 0 f = iv %z d7. But this is equivalent to saying

— k2L fdT = gdr.
We are left to show that Ay f = 0. This follows from
—Arf =Of =%90%90 f = %gp0kyiv *gdi = —%g0gdr =0,

completing the proof of Theorem 3.7 for the group I'”.

For the full modular group I'/, we use the fact that the cohomology of a fi-
nite group acting on a C-vector space vanishes. This implies that H/ (X ("), &) =
HI(XT"), .,f)rl/ I for any coherent &-module .Z. Hence the assertion follows by
considering the (I'’/ T'"")-invariant subspaces in (3.14). m|

COROLLARY 3.8
The following sequences are exact:

1

0 M r H,1 M;L,L* 0,
| + Sk
0 Mj(’L Hk,L SK,L_ 0.

We also need a slight variation of the above duality result. To formulate it, we in-
troduce a second pairing between the spaces HkJr pand M, ;- If g € M, - with
Fourier expansion g = Zh,n b(h,n)e(nt)ep, and f e Hk+ ;. with Fourier expansion
as in (3.2), then we put ’

. Y = > D at(h,nbh, —n). (3.15)

heL*/L n<0
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This definition differs from (3.10) by the fact that we sum only over negative n. We
let M, ,!(! ;. be the subspace of M ,'( . consisting of those weakly holomorphic modular
forms f whose constant term Z »a’(h,0)ey in the Fourier expansion is orthogonal
to the constant terms of all g € M, ;- withrespectto (-,-). If k < Oorif k = 0 and
oL does not contain the trivial representation, then, using Eisenstein series in M, -,
one sees that M }{! ;, simply consists of those f € M, ,'( ;, with vanishing constant term.
Otherwise, the fact that Eisenstein series of weigh’t < 2 may be nonholomorphic
implies that some f € M }{! ;, may have nonvanishing constant term. If f € M ,!(! L
org € S, -, then {g, f} = {g, V. In particular, the pairing {g, f}’ vanishes if
feM,.

COROLLARY 3.9
The pairings between H,jL/M,!C!L and M, - (resp., H,:FL/M,!C . and S, 1 -) induced
by (3.15) are nondegenerate.

This can be proved using Theorem 3.6 and Eisenstein series in M, j -. The details are
left to the reader.

Remark 3.10

Ifh € L¥/L and m € Z + q(h) is negative, the Hejhal Poincaré series Fj, » (z, x/2)
defined in [Br2, Def. 1.8, Prop. 1.10] (see also [H], [N]) are examples of weak Maass
forms in HkJr ; - If k < 0, it can be shown that they span the whole space H,:’r 7 (see
[Br2, Prop. ’1.12]). Moreover, one can check that & (Fp (7, x/2)) equals, up to a
constant factor, the usual holomorphic Poincaré series Py, () € S, - (as defined,
e.g., in [Br2, Chap. 1.2.1]). Therefore, for « > 2 (and k < 0), the above duality
statement also follows from [Br2, Chap. 1]. However, the approach of the present
paper is more conceptual while also covering the low weights x = 3/2 and 2 (where
the Pj, _,, would need to be defined by Hecke summation).

The principal part of the Hejhal Poincaré series Fj, (7, x/2) is equal to

e(mt)e, + (=1)*T4=P)2¢(mr)e_;, + constant term.

This shows that up to the constant term, any Fourier polynomial as in (3.6) occurs as
the principal part P(f) of some f € HkJr 1.~ This can also be deduced from Theorem
3.7 as follows.

PROPOSITION 3.11
For every Fourier polynomial of the form

o) = > D at(hn)emr)e,

heL*/L n€Z+q(h)
n<0
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with at(h,n) = (=1)Kt@=P)/2g+(—h, n), there exists an f H,:‘L with principal
part P(f) = Q + ¢ for some T-invariant constant ¢ € C[L*/L). The function f is
uniquely determined if k < O (and in certain cases also for k = 0).

Proof

Given Q as above, we define a linear functional A¢ on S, ;- via the right-hand side
of (3.15). By virtue of Corollary 3.9, this functional is represented by a weak Maass
form h € H,jL; that is, {g, h} = A¢(g) for all g € S, ;-. The functional 19_p()
then vanishes identically on S, ;-. Hence, by a variant of [B2, Th. 3.1] (see [Br2,
Th. 1.17]), there exists a weakly holomorphic &’ € M,!(’ ;, with principal part Q —
P (h) + ¢ for some T-invariant constant ¢ € C[L¥/L]. Then f :=h + I’ € HkJ’rL has
principal part Q + c. O

Remark 3.12

Borcherds [B2] uses equation (3.10) to introduce a pairing between formal Laurent
series and formal power series. Via Serre duality, he also obtains that M,!c’ ; is the
orthogonal complement of S, ; -, but he does not consider weak Maass forms.

4. Special Schwartz forms
For the following discussion the reader should consult [KM4, Secs. 58] and [FM1,
appendix].

Kudla and Millson constructed (in more generality) Schwartz forms ¢gj on
V (R) taking values in 79 (D), the differential g-forms on D. More precisely,

oxm € [7(V®) @ (D))’ = [ (v@) e \'eM)]' .

where the isomorphism is again given by evaluation at the base point of D. In fact,
ok m(x) is closed for all x € V(R).

Welet X, (1 <a < p, p+1 < u < p+q)denote the elements of the obvious
basis of p in (2.1), and we let a,, be the elements of the dual basis which pick out the
o pth coordinate of p. Then gk s is given by applying the operator

A R 1 o
7=5m I [ 2 (- 5,5,) ®Au]
n=p+1 oa=l1

to the standard Gaussian pg @ 1 € [y(V(R)) ® /\O(p*)]K:
okm = Z(po ® 1).

Here Ay, denotes the left multiplication by . Note that this is 29/2 times the
corresponding quantity in [KM4]. It is easy to see that ¢g s is K-invariant, and by
[KM1, Th. 3.1], it is an eigenfunction of K’ of weight (p + ¢)/2.
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For a multi-index a = (a1, ..., a4) € {1,..., p}?, we have

prm(x) = z Pg(x) ?o(x) @gyp+1 N N Ogyptqs
a

where P, (x) is an (in general, nonhomogeneous) polynomial of degree ¢. For a =
(a,...,a), Py(x) is given by

Py(x) = (47r)_‘Z/2Hq(«/27txa),
where H, (1) = (—1)‘1et2%e—’2 is the gth Hermite polynomial. For “mixed” «,

P, (x) is a product of Hermite functions in the x,.
In particular, we have (see [KM1, Prop. 5.1])

prm(0) = ey, 4.1)

where for ¢ = 2/ even, ¢, is the Euler form of the symmetric space D (which is the
Euler class (see, e.g., [KN]) of the tautological vector bundle over D; i.e., the fiber
over a point z € D is given by the negative g-plane z) and zero for g odd. Here ¢, is
normalized such that it is given in A?(p*) by

14\/1
eq = (— ) il Z sgn(0)Qp16(1), p+o2) * * - Qo @I-1), p+o QI

4w 0ES,
with
p
Q= Zwa# A Wy .
a=1
Note that for ¢ = 2, Q := —ej is positive; that is, it defines a Kéhler form on the

Hermitian domain D.

The space of K'-finite vectors in .7(V (R)) is given by the so-called polynomial
Fock space S(V(R)) ¢ Z(V(R)) which consists of those Schwartz functions on
V(R) of the form p(x)po(x), where p(x) is a polynomial function on V (R). Dif-
ferentiating the action of Mp,(R) x O(V (R)) on S(V (R)), we obtain the associated
action of the Lie algebra sl x 0(V'), which we also denote by w. Then there is an inter-
twining map z : S(V(R)) — £2(CP19) to the infinitesimal Fock model of the Weil
representation acting on the space of complex polynomials &(CP*4) in p + g vari-
ables such that 1(pg) = 1. We denote the variables in Z(CP*9) by z, (1 < a < p)
andz, (p +1 < u < p + q). Then the intertwining map z satisfies

I 0\ _ i
z(xﬂ — ——)l = %Z”'
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Note that this coincides with [FM1, p. 41] and differs from [KM4, p. 153] since a
slightly different realization of the Schrodinger model is used there
Clearly, the form ¢ s is in the polynomial Fock space. We see
—i2 ) q
4z

oxm = ( > tufa @Guprt A Awaprg  (42)

when considered as an element in [@((CPJ”]) ® A? (p*)]K.
In the Fock model, the Weil representation acts as follows: For o(V (R)), we have
o2 1

(Xapu) ﬂaZaaZﬂ + ir

ZaZu-

The elements R and L in sl (C) (which correspond to the raising and lowering oper-
ators R and L on Hj see Sec. 3) are given by

p+q
w(R) = Zz — 2z Z 4.3)
p+1
1 p+q
o(L) = _2”2& . > 2 (4.4)

The differentiation d in the Lie algebra complex [ 22(CP11) @ A\ (P*)]K is given
by

d= Zw(Xay) ® Agy.
a1
From this it is easy to see that g s is closed.
We also define a form

vin =y € [2@© )@ N1 6]

4.5)
(and therefore in [S(V (R)) ® «79~1(D)]%) by
-1
WKM pta-1) (pkm), (4.6)

where £ is the operator on [ 2(CP17) ® /\*(p*)]K given by

h—ZZﬂ ®A*
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Here A7, denotes the (interior) multiplication with Xg; that is, A7 (@) =

5(1(1’5/4/1’-

LEMMA 4.1
We have
(—i«/i)q -1
KM =
v ar ) 2q - 1)
Zp+] e Zerq
Doyp+l -+ Doyptq
X Z Zayp " Zaq_| det . . s
OlseensOg—1
a)mq—]p“l‘1 tee waq—ll’-‘rf{

where the determinant in the noncommutative algebra 22 (CPT4) @ \*(p*) is defined
inductively via expansion along the first row.

Proof
We give a brief sketch. We first note that (easily checked by induction)

—iv/2ya 1
oxn =) o1 2 e, det(@), “.7)
Ql,..50q
where
Ooyp+l -+ Baiptq
O— . :
a)aqp+1 C()aqp+q

The action of the operator Az, u Oon det(Q) can be computed by expanding det(C2)
along the (p — w)th column. If we write Q"# for the ((¢9 — 1) x (¢ — 1))-matrix
obtained from Q by canceling the vth row and the (p — w)th column, we have

q q
A%, det(Q) = = D (=1 P A% w4, det(Q) = = D (1) P dp,, det(Q"H).

v=1 v=1
A little calculation then shows

—(=iv/2/4m)

Y 2t q - Dig - 1!
Zp+1 Zp+q
0 Woip+l -+ Ogyptq
0],...,0q q
Doy 1p+1 -+ Doy 1p+q

One now applies the product rule to obtain the assertion. O
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THEOREM 4.2 (Kudla and Millson [KM4, Sec. 8])
@) We have the identity

o(L)pkm =dykm.
(i1) We have that y pr is an eigenfunction of K' with weight (p + q)/2 — 2.

Example 4.3
For signature (p, 1), we have in the Fock model (Schrodinger model) of the Weil
representation,

V2L P
PKM = _iﬁ Z;Za ® Wopt1 = ® 1)(«/§Zxa(po ®COap+1)
o=

a=1

and

2 1
VKM =1 —2p+i R1=0® 1)(ﬁxp+1(00 ® 1)~

We now specialize to the case of signature (p, 2), that is, ¢ = 2, when we have
an underlying complex structure on D. Then by the conventions of Section 2, the
operators & and & on D are given by

1 . :
0=3 Za O Xop+1 = i Xap+2) ® (@ap+1 +i0up12),
-1 . ;
0= 2 Za OXopt1+ i Xopt2) ® (@apt1 — iWap42).

We set d¢ = (1/(4mi))(0 — d), so that dd® = —(1/(2mi))06. Note that in this
case, gk is actually a (1, 1)-form.

THEOREM 4.4
In the case of signature (p, 2), we have

o(L)pxkm = —dd ¢o.

Remark 4.5

Theorem 4.2 states that there is a (¢ — 1)-form y such that w(L)pxy = dykum
(for any signature). So Theorem 4.4 suggests (and it is easily checked) that in the
Hermitian case one has

w = —dpo. (4.8)
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From this perspective we can consider Theorem 4.4 as the Weil representation-
theoretic analogue of the dd¢-lemma in complex geometry.

We prove the theorem by computing the two sides separately. For the left-hand side,
by (4.4) and (4.2) we easily see the following.

LEMMA 4.6
For signature (p, 2),
1 2
o(L)pxkm = E Zwaerl N Wgp42

a=1

1
2 2
- 6471'3(Zp+1 +Zp+2) E ZayZay Wayp+1 N Doy p42-
ay,02

For the right-hand side, we get the same.

LEMMA 4.7
For signature (p, 2),

1 p
—ddpo = E Z Wap+1 N Dgp42

a=1

1
2 2
- @(Zp-&-l +Zp+2) E Zay Zaz Payp+1 N Oay p+2-
ar,02

Proof
We have

1 0 0 0 1
C Xyt £ iXopia) = —27 ( e )—i——z Zpi1 £ izp12).
) ( ap+1 ap+2) 074 aZp-H aZp+2 87 a( p+1 p+2)

We first see

_ 1 . .
d(po) = . Zza (zp+1 +iz2p+2)(@ap+1 — i@ap+2)
o
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and then

- 1 . .
66((00) = _E Z(a)ap-H + lwap+2) A (a)ap-i-l + lwap—i-Z)
a

1

- m Z Zalzaz(zp-i-] - in+2)(Zp+1 +in+2)

1,02

X (a)alp—i-l + iwa1p+2) N ((Uazp—i-l - iwa2p+2)

=i E Wop+1 N Wgp+2
a

i
3272

2 2
E Zalzaz(zp.H +Zp+2) Way p+1 N Ogyp+2-
ar,az

The lemma follows. O
5. The theta lifts

5.1. The Kudla-Millson lift
We consider the Schwartz function ¢ 3s from Section 4. Since ¢ js is closed and an
eigenfunction of K’ of weight k = (p + ¢)/2, we get

0(t,z, 0k M) € Ax,L ® Z1(X);

that is, ®(z, z, x pr) is a nonholomorphic modular form of weight x associated to the
representation gy with values in 27 (X), the closed ¢g-forms on X. (In fact, it extends
to a closed g-form on the Borel-Serre compactification X of X; see [FM2].) We then
can consider the assignment

n> Axm(z,n) :=/ nAO(T,z,0km),
X

which is defined for rapidly decreasing (p —1)g-forms on X. This map factors through
pr —bq (X), the de Rham cohomology with compact support of X.

THEOREM 5.1 (Kudla and Millson; see [KM4, Th. 2])
For n closed and rapidly decreasing, the function Ak p(t, 17) is holomorphic on H
and at the cusp (even though O (t, z, px p) is not). We therefore have a map

~1
Axa : HP7(X) — My

The Fourier expansion is given by

Axwm(t, mn = 5h0(/x 77/\€q) +> (/Z(h " '7)6(7”);

n>0
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that is, the nth Fourier coefficient of ®(t, z, 9k m)n is a Poincaré dual form of the
cycle Z(h, n). Here (for q even), e, is the Euler form of the symmetric space D (see
(4.1)). For q odd, Ak p(z, n) is a cusp form.

Remark 5.2

For p = 1 and X noncompact, we have HCO (X) = 0, so that Theorem 5.1 would be
empty. However, in that case, the g-form ®(z, z, gk pr) is actually rapidly decreasing
on X (see [FM2]), and therefore it defines a class in HZ (X). This corresponds to the
fact that the cycles Z (A4, n) are a collection of points in this situation. Hence Ak s is
defined on H%(X) ~ R, and for ¢ > 3, the lift Ag(z, ) is a holomorphic modular
form (see [FM2]), while for g = 2, it is nonholomorphic (see [Fu]).

5.2. The singular theta lift
5.2.1. The Hermitian case
Here we assume that V has signature (p, 2) such that the corresponding symmetric
domain is Hermitian. We putk = 1 — p/2 and x = 1+ p/2. In this section we briefly
recall some facts on the Borcherds lift from weakly holomorphic elliptic modular
forms of weight k to automorphic forms on the orthogonal group O(V (R)) (see [B1])
and its generalization to weak Maass forms (see [Br2]).

We consider the Siegel theta function @(z, z, ¢5’2) € AL @ C*(X). The
(additive) Borcherds lift of a weak Maass form f € H," _ is defined by the theta

kL=
integral
reg

OC f) = DG, £, 90) = / (f(2), ©(r, 2, 00D d . 5.0)

T\H

The integral is typically divergent and needs to be regularized in the following way
(indicated by the superscript “reg”): If F is a I'’-invariant function on H, we consider
for an additional complex parameter s € C the function

lim F(o " du, (5.2)
t—00 Z,
where .%; denotes the truncated fundamental domain (3.11) for the action of SL;(Z)
on H. Formally, at s = 0, the quantity (5.2) equals the usual integral of F over I'"\H.
However, even if this diverges, (5.2) sometimes converges for 9i(s) > 0 and has a
meromorphic continuation to a neighborhood of s = 0. Then we define

reg
/ F(r)du (5.3)
["\H

to be the constant term in the Laurent expansion of (5.2) at s = 0. So one feature of the
regularization consists in prescribing the order of integration, the other in introducing
s and looking at the Laurent expansion. The above regularization of the theta integral
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for weakly holomorphic modular forms was discovered by Harvey and Moore [HM]
and vastly generalized by Borcherds [B1]. In connection with weak Maass forms, it
was investigated in [Br2].

Remark 5.3

Note that in [B1] and [Br2] the Borcherds lift is actually defined for signature (2, p).
Identifying the symmetric spaces D) > and D; ; and switching to the space V™, one
has

0. 1) = (F0). 06,2057 LN

where the integral defining the Peterson scalar product is regularized as above. The
right-hand side is the definition used in [B1] and [Br2]. The definition given here is
more convenient for our purposes.

PROPOSITION 5.4
Denote the Fourier expansion of f € H]j - asin (3.2). The regularized integral for
®(z, f) converges to a I'-invariant C*°-function on D with a logarithmic singularity

2> > at(h.n)Z(h, —n).

h neQ-g

along the divisor

Proof
See [B1, Sec. 6] and [Br2, Sec. 2.2]. O

We list some further properties of ®(z, f): Outside its singularities, the function
®(z, f) is almost an eigenfunction of the invariant Laplacian A on D induced by the
Casimir element of the universal enveloping algebra of the Lie algebra of O(V (R)).
More precisely, if we normalize A as in [Br2, Chap. 4.1], we have A®(z, f) =
a* (0, 0) p/4. Consequently, since A is an elliptic differential operator on D, the func-
tion ®(z, f) is actually real analytic outside its singularities.

It is proved in [Br2, Chap. 3.2] that ®(z, f) can be split into a sum

O(z, f) = —2log|¥(z, /) + <z, 1), (5.4)

where £(z, f) is real analytic on the whole domain D and ¥(z, f) is a meromorphic
function on D whose divisor equals

Z(f) =Y. > at(h,n)Z(h,—n). (5.5)
h neQ<o
IffeMm ]'( 1 and its Fourier coefficients a*(h, n) with negative index are integral,

then &(z, f ) reduces to a “simple” function and ¥ (z, f) is a meromorphic modular
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form for the group I' of weight a™* (0, 0). This is the (multiplicative) Borcherds lift
from M]!c’ -~ to meromorphic modular forms for I'. If f is not holomorphic, then
Y(z, f) is far from being modular under I". (Caution: It is, in general, not true that
&(z, f) is equal to the regularized theta integral of f~, as one might think.)

From these considerations it can be deduced that the (1, 1)-form

Ap(f) :==dd°®(z, f) = dd*¢(z, f) (5.6)

is closed, harmonic, I'-invariant, and of moderate growth. It represents the Chern
class of the divisor (5.5) in the second cohomology H?(X). In particular, we have

/ n =/ nANp(f) (5.7
z(f) X

for any rapidly decreasing 2(p — 1)-form 7. If f € M,!C 1> then Ap(f) = a™t(0,0)Q;
that is, a multiple of the Kéhler form Q = —e, on D and actually vanishes for f €
M, _andk <O0.

We summarize part of the above discussion in the following theorem.

THEOREM 5.5 (see [Br2, Chap. 5])
The assignment f +— Ap(f) defines a linear mapping H,:FL, — Qfé;,l (X) to the
space Q”,,llé,l (X) of closed (1, 1)-forms of moderate growth on X. The induced mapping
H,:'L_ — Q‘”,,l,g,l (X)/CQ factors through H,:‘L_/M;(,L_.
5.2.2. The real case
We now consider the case of general signature (p, q). If x € V(R), we put |x| =
|(x, x)|'/2. Moreover, as before we let k = (p + q)/2 and k = 2 — k. The Schwartz
form y = wgy (see Sec. 4) has weight —k = (¢ + p)/2 — 2 by Theorem 4.2(ii);
hence

O(r,z, p) € AL ® 171 (X).

Note that the components of @(z, z, ) are given by

O,z ), =0""1% > P,(Joi, 9l (4,7, 2),
AeL+h
with a (in general, nonhomogeneous) polynomial P,(x,z) € [Z(V(R)) ®
171(D)]C of degree q. By Lemma 4.1, Py, can be written as

Py(x,2) = D Qu(x,2) Ry(x, 2), (5.8)

where the sum extends over all multi-indices & = (a1, ..., ay—1). Here Q, is poly-
nomial in [Z(V(R)) ® «/°(D)]° of degree ¢ — 1 (in fact, a product of Hermite
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functions as for ¢ ¢ pr), which depends only on x,., while R, is a homogeneous linear
polynomial in [Z(V (R)) ® 79~ (D)]¢, which depends only on x. In particular, we
have Py, (0,z) = 0. We normalize the polynomials so that at the base point z(, we
have

Xp+1 Xp+q
-1 Do p+1 ce Wa | p+q
Ry (x) = Ry(x, z0) = ————det . . ,
- - V2(g —1)! : :
Woy_1p+1 " Day_iptq

and the leading term of Q,(x) = Qq(x, o) is given by 2@-1/2 1—[?:—11 Xg; -
Let f € H,:r - be a weak Maass form. We then define a singular theta lift of
Borcherds’s type for signature (p, g) by

reg _
O, f,y) = (O(r, 2, ), v* )% | =/r/\H(®(f,z, w), fldu. (5.9

We define the cycle Z(f) associated to f by (5.5), as in the Hermitian case. Note
that the Fourier coefficients satisfy a™(—h, n) = (—1)?a™ (h, n), corresponding to
Z(—h,n) = (—=1)2Z(h,n). In particular, we have Z(Fj ,,) = 2Z(h, —m), where
Fy m is the Hejhal Poincaré series (see Rem. 3.10).

PROPOSITION 5.6

The regularized integral for ®(z, f, w) converges to a I -invariant C*°-function on D
with singularities along Z(f). More precisely, there exist G-invariant scalar-valued
polynomials Qg(x, 2) € [Z(V(R)) @7 (D)C of degree (g —1) such that in a small
neighborhood of w € D the singularity is of type

> D> attn) D D 0ulhr/lhel, DR (e/ 1A, 2).

h neQo XEwLﬂLh’,n a

The leading term ég,q_l of Qvg at the base point z is given by

g—1
TR

ég,q—l (x) = ﬁ;ﬂ/z

i=

Note that all sums in the above formula are finite. The polynomials ég and R, depend
only on the signature (p, ¢) and not on f.

Example 5.7
In the hyperbolic case (¢ = 1), we have QO = 1/4/2 and R(x, z) = (x, gv,,+q)/ﬁ
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with z = gzo for some g € G, and the singularity near w € D is given by

%Z Doathn) YL D sen(h goprg).

h neQo rewinL, _, ¢

In particular, ®(z, f, ) is locally bounded.

Proof of Proposition 5.6
The argument follows, in large part, [B1, Sec. 6]. Since the function f~ is exponen-
tially decreasing as v — oo, and O(z, z, ¥) has moderate growth, the integral

/ (f~ (). 82 ) ) du
Tz

over the standard fundamental domain % = {r € H; |z| > 1, |u| < 1/2} for SL,(Z)
converges absolutely and defines a real analytic function on D. Moreover, the integral
of (f*(r), ®(z, z, w)) over the compact subset .7, C H converges absolutely and
defines a real analytic function on D. Hence we are left to consider the function

0o p1)2
h(z,s) =/] /_1/2<f+(r), 0O(r, z, w))z)*zfs dudv.

If we insert the Fourier expansions, the integration over u picks out the constant term
in the Fourier expansion of (f (), ®(z, z, w)). Thus

h(z,s) = Z a+(/1, —q(%)) /OO P, (v, z) exp (47wq(/lz))v_l_s dv. (5.10)

deL* !

(Note that g(1;) < O for all 4 in the above sum.) By the growth of f, it has only
finitely many nonzero Fourier coefficients a™ (h, n) with negative index n. Hence, if
U C D is a relatively compact neighborhood of w and ¢ > 0, then by reduction
theory the set

Sp(U,e) = {4 e L* a™ (2, —q(2)) # 0and |g(4;)| < & for some z € U}

is finite. We split the sum over 4 € L* in (5.10) into the sum over 1 S¢(U,¢) and
the sum over A € L¥ — § (U, &). The latter sum is, up to a constant factor, majorized
by

> at (A —q)|exp (2mq (i),

AeL¥—S;(U,z)

locally uniformly ins € Cand z € U. According to Lemma 3.4, there exists a constant
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C > 0 such that this sum is majorized by

> exp(CVigM] +274q(42))

Jel*
at(2,—q(2))#0
= > en(CVigDI+rg)exp (= T ;)
reL¥
at(2,—q(2))#0
<> exp(- %(L 22,
reLl?

which clearly converges. We may conclude that the sum over 1 € L* — § (U, ¢€) in
(5.10) (and all its derivatives) converges locally uniformly absolutely for s € C and
z € U. In particular, it defines a C°°-function for z € U at s = 0.

Hence the singularity of ®(z, f, ) for z € U is dictated by the finite sum

M= >, a"(h-q@) /1 " Py (k. 9y exp (dn0g ()0 do.

1eS;(U,g)

Note that, so far, the argument works for any polynomial P (x, 7).
Since Py, (0, z) = 0, the term for 4 = 0 does not contribute (and this implies that
h1(z, s) will actually be holomorphic at s = 0). We are left to consider (for 1 # 0)

w(,z,8) = /°° P, (o, 2) exp (4mog(iz))o ™"~ dv
1

R dv
_ 1/2—s 40
= ;Ra(iz,z)/l Qu(V04 1, 2)exp (4mvg(dz))v .

(%

q—1 00
d
=> Ry(32:2) D Qui(hy1,2) / exp (4mvq (Az))pt/2H/2—s 22
a £=0 1

q—1
= Z RQ(/117 Z) Z Qg,f(/lzl, Z)I4n’q(lz)|5_(€+])/2

(=0
1
x r(% —s, |47rq(/lz)|). (5.11)

Here Qg4 ¢(4,1, z) denotes the homogeneous component of degree £ of Q4 (4,1, 2),
and I'(a, x) = fxoo e 1191 dt is the incomplete Gamma function as in [AS, (6.5.3)].
This shows that /1(z, s) has a meromorphic continuation in s to the whole com-
plex plane and is holomorphic at s = 0. The claim now follows from the recur-
rence relations of the incomplete Gamma function and from I'(¢/2, [47q(1;)|) =
I'(g/2)+ O(A,]|) as 1, — O. O
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Analogously to the Hermitian situation, we define the map A, by

AI//(Zﬂ f) = —d(D(Z, fa l//) (512)

This is the analogue to the map A p considered in the Hermitian case. The correspond-
ing geometric properties easily follow from the relationship to the Kudla-Millson lift,
which we establish in the next section.

Remark 5.8

In the Hermitian case of signature (p, 2), we have now defined two singular theta lifts:
the Borcherds lift ®(z, f) = ®(z, f, po) and ®(z, f, w) = O(z, f, —dpo). We see
later that we actually have (outside Z(f))

d°O(z, f) = —0(z, f, v);

that is, one can interchange the differential operator d° on the orthogonal domain D
with the regularized SL;(R)-integral.

Remark 5.9

Analogously to [Br2, Chap. 4], one can show that ®(z, f, w) is harmonic, that is,
annihilated by the Laplacian for the symmetric space D. In particular, ®(z, f, y) is
real analytic.

6. Main results

Recall (with ¥ = (p + ¢)/2 and k = 2 — k) the map & (f) = R_(v* f) € S, for
fe HkJ’r - Since O (7, z, ¢k u) is moderately increasing in 7, we can therefore study
the scalar product

(O(r, 2, px M), fk(f))K’L e Z9(X).

THEOREM 6.1
Let V be of signature (p,q), and let f € H,:FL,. Then, outside Z(f), the set of
singularities of the lift ®(z, f, y), we have

(®(Z9 (pKM): é:k(f))K’L - a+(03 0)e£] = —d(D(Z, fa l//) = AI/I(Z’ f) (6.1)

For the Borcherds lift in signature (p, 2), we have, outside Z(f),

(0@, 9xm). &(f),, +a"(0,0Q = dd“O(z, ) = Ap(z, f). (6.2)

Here a™ (0, 0) is the constant coefficient of the Fourier expansion of f, e, is the Euler
form on D for g even (and zero for q odd), and Q = —e; is the Kdihler form for the
Hermitian domain D, 5.



78 BRUINIER and FUNKE

THEOREM 6.2
6))] Ay (f) extends to a smooth closed q-form of moderate growth on X.
) Iffe M,!C - s weakly holomorphic, then

Ay (f) = —a™(0,0)e,.
(iii)  In particular, Ay, induces a map

Ayt HY /My, —> HY(X)/Ce,.
Proof
This follows immediately from Theorem 6.1. The left-hand side of (6.1) is smooth and
has moderate growth, which gives (i). The assertion (ii) follows from & (f) = 0 for
fem . O
Observe that in view of (6.2) one obtains new proofs of the corresponding properties
of the Borcherds lift for O(p, 2) listed in Section 5.2.1.

We denote by (-, -)x the natural pairing between Q‘j‘ff - (X), the closed rapidly
decreasing (¢p — ¢)-forms, and f‘frﬁ ¢ (X), the closed ¢-forms of moderate growth. Re-

call that by Poincaré duality this induces a nondegenerate pairing between HZ" _[(X )
and H?(X) (see [BT]).

On the other hand, recall the pairings {, } and {, } between M, ; and Hk'f -
defined in (3.9) and (3.15).

THEOREM 6.3
The Kudla-Millson lift Axu - er‘j,(”*”(X) — My and the lift Ay, : H,_ —
g,zg (X) are adjoint in the following sense: For any n € Q‘jqd(p _1)(X ) and any f €

+
Hk,L_, we have

(. Ay () = (Mm@, £}
Moreover, this duality factors through the nondegenerate pairings on the cohomology

level and that of M, | with HZL_/M]!(!,L_.

Proof
Using (6.1), we see that

(1. Ay (N) x +a* 0,00, e)x = (1, Okm(z, 2), &(fiL) y
= ((n, Ok m(z, 2))x, &(f)),.,
= {Axkm(), f}.
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Here, in the second equality, we have exchanged the order of integration. This is valid
because the latter integrals converge absolutely. Now the assertion follows from the
Fourier expansion of the Kudla-Millson lift (see Th. 5.1) and the definition of the
pairing {, }'. o

Remark 6.4
In signature (p, 2), the statement of Theorem 6.3 holds with A, replaced by the lift
Ap.

COROLLARY 6.5

Forn € ffrqd(p_l)(X) and f € Hk+

- we have

(”aAq/(f))X :/Z(f) 1.

For q even, this also holds with n = e m particular, Ay, (f) is a harmonic repre-
sentative of the Poincaré dual form of the cycle Z(f).

Proof
By Theorem 5.1 and Proposition 3.5, we have

a+(0,0)/X;7/\eq—|— Z Za+(h,n) n

heL# /L n<0 Z(h,n)

{Axkm(n), [}

OO0 e+ [

A0p)
The claim now follows from Theorem 6.3. The above calculation also holds for # =
65 - (see [KM3]); hence the corollary is valid in this case as well. A, (f) is harmonic
by Remark 5.9 or, alternatively, by [KM3, Th. 4.1]. O

Proof of Theorem 6.1
We would like to use the adjointness of R_; and —L,_j to compute

(O, prm)s &())y_r = (0, pxm), R 1))y -

However, due to the rapid growth of f, the scalar product (L2 @ (z, px pr), 05 f )—k.L
does not converge. We have to proceed more carefully.

Let .%; be the truncated fundamental domain (see (3.11)) for the action of SL;(Z)
onH. For g € Ay 1 and h € A_; -, we then have (see [Br2, Lem. 4.2], correcting



80 BRUINIER and FUNKE

a sign error)

/ (g, R_ih)o Fdudo = —/ (Ly—xg, > dudo
F Ft

1/2
+/ (g +it), hu+injpFdu.  (63)
—1/2

Note that we do not require any regularity for g or & at the cusp. We apply (6.3) for
g=0(t,z,pxpm)and h = o f and obtain the following.

LEMMA 6.6
We have

(©(z, px m), R*k(ka))Z—k,L

= lim | (©(t,z, pxm), Ropo* flo ™ dudo (6.4)
t—00 Lg-t
. - dudv
= tim (= [ {Lav0(ezomm. /) 65)
t—00 ﬁ/ D
1/2
+/ (O +it, 2, prm), f(u+it))du). (6.6)
~1)2

Next, we would like to compute the limit in (6.5) and (6.6) separately. We see that
this is possible for z ¢ Z(f), while for z € Z(f) the limits of both terms do not
exist (in (6.5) and (6.6), the singularities cancel each other out). We first consider
the term (6.6). The integration picks out the zeroth Fourier coefficient of (®(u +

it,z,pxm), fu+it)).

LEMMA 6.7
Outside Z(f), we have
172
lim (O +it,z, pxm), fu+it))du =a™*(0,0)e,,
=00 [ 1,
while the limit does not exist for z € Z(f). In particular, the limit defines a smooth
differential form on D — Z( f) which extends smoothly to D.

Proof
Since f is rapidly decreasing in v, we see that

1/2 I
lim <®(u+it,z,¢KM),f—(u+it))du=0.

1= J 1/
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We write pxpy(x,z) = Prxm(x,z2)po(x,z), where Pgps is a polynomial in
[Z(V(R)) ® «/9(D)]° depending only on x,1. For £, we then have

12
/ (O + it 2 pxar), TF @+ 1) )du
“12

=pxm(0a™ 0,00+ > Pxy(Vik,2)a" (i, —q(2))et 1%,
reL¥—0
For z € Z(f) (hence 1, = 0), the sum clearly diverges as ¢ — o00; otherwise, the

sum is rapidly decreasing in ¢ by arguments similar to the proof of Proposition 5.6.
The lemma now follows from ¢ 3/ (0) = ¢, (see (4.1)). |

LEMMA 6.8
The quantity in (6.5) is given by

reg

lim [ (Lai®c. 2 oxu), Fdu = / (Loi®(r. 2. pxur). Fldu
t—00 Z, I/\H

reg N

= / (0(t,z,dy), f)dpu.
[N\H

This defines a smooth form on D — Z(f) which extends smoothly to all of D.

Proof
The second equality follows from the fundamental fact

Ly O(t,z,0km) = O(z,2,dy),

which is Theorem 4.2. From Lemmas 6.6 and 6.7, it follows that the limit exists,
defining a smooth form outside Z(f). As (6.4) defines a smooth form on D, the limit
extends to all of D. As the limit exists, it is, by definition, the regularized integral.
(This corresponds to Loy (0) = dyw(0) = 0.) O

Combining Lemmas 6.6, 6.7, and 6.8, we obtain the following outside Z(f):

reg

(0, okn)s &)y 4y = — /r oz dn, A+ at 0,00, 67

The identity (6.1) now follows from the next lemma.

LEMMA 6.9
We have

reg

reg _ _
/r (@(r,z,dw),fw:d/ (O(t. 2, ). fldu = dOG, f, ).

N\H I\H
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Proof
We recall that because Py, (0, z) = 0, we have

reg _ _
[ (et.zp). flan=fim [ (0.2 0. fldn.
F/\H —>00 %
Since .%; is compact, we only have to justify the interchange of the differentiation d
with the limit # — oco. Arguing as in the proof of Proposition 5.6 (using the notation
from there), we find that it suffices to show that

dh(z,0) = Z at (%, —q () /OO d Py (o1, z)exp (4mvg(1;)) djv. (6.8)

JeL* !

If U C D is any relatively compact open subset and ¢ > 0, we split the sum over
. € L* into the finite sum over A € S#(U, ¢) and the sum over 4 € L~ Sy, ¢). An
estimate for the latter sum, as in Proposition 5.6, shows that it converges uniformly
absolutely on U, justifying the interchange of differentiation and the limit. Thus it
suffices to show that

d/oQ Py (v/vh, z)exp (4mvgq(2;)) do _ /OO dPy(Vol,z)exp (4mvg(l;)) dv
1 v 1 v

for A € S¢y(U,¢e) and z € U — Z(f). This follows from the exponential decay of the
integrands as v — oo. O

For (6.2), we note that in this case we have w = —dpq (see (4.8)). Therefore we just
need to show that

reg

reg _ _
/ d(®(z, z, po), f)du = dc/ (0(z, 2,90, fldu = d“®(z, f, po). (6.9)
[\H [\H

This goes through as above with one extra point: Since ¢o(0) = 1 # 0, the constant
term of (@ (z, z, o), f ) also involves the term a™ (0, 0)v. One sees that the regular-
ized integral is actually given by

reg _ _
/ (®(r, 2, 90), f)du = a™(0,0)C+ lim / ((©(z, 2, 90), f)—a™t(0,0)0) du,
I"\H =00 ) 7,

(6.10)
where C is a constant not depending on z (namely, the constant term in the Laurent
expansion at s = 0 of lim, o | 7,0 1= d u). Applying d¢ to the right-hand side, one
can now interchange differentiation and the limit as above. One obtains (6.9), which
implies (6.2).

This completes the proof of Theorem 6.1. O
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7. The singular theta lift as a current
In this section we consider the current that is induced by the singular theta lift ®( f, y)
defined in (5.9).

Consider a top degree form ¢ € AP9(I'\ D). We then have

/1"\D¢(Z) - (/F\G¢(g)]dg)(1p),

where ¢ on the right-hand side is considered as an element in [C*®(T\G)® A7 p*1X.
(We frequently use this identification without further comment.) Here 1, is a properly
oriented basis vector for A”? p >~ R of length one with respect to the Killing form.
Moreover, dg = dz dk, where dz is the measure on D coming from the Killing form
and vol(K, dk) = 1.

We now pick appropriate coordinates for D. We set H = G,,, the stabilizer in G
of the first basis vector o1 of V. Then H is the fixed-point set of an involution 7 on G.
On the Lie algebra level, we obtain a decomposition g = h + q into £1 eigenspaces
of r. Then L = H N K is a maximal compact subgroup of H. We write I'y = I';,,.
There is a diffeomorphism (see [KM2, Sec. 4], [F, Sec. 2])

Y.:Hxp(pNg — D=G/K,
(h,Y)— hexp(Y)K.

Leta; = exp(tX1p4q) fort € R, and let A = {a;; t € R} >~ R be the one-parameter
subgroup of G associated to the maximal abelian subspace of p N g generated by
X1ptq- We write A, = {a;; t > ¢}. We have a decomposition G = HAK and, with
a positive constant C depending on the normalizations of the invariant measures, the
integral formula (see [F, Sec. 2])

— : q—1 p—1
/G(;S(g)dg—C/K/AO/H¢(ha,k)|smh(t)| cosh(z) dhdt dk.

(If g = 1, one has to replace Ag by A, corresponding to the fact that, in this case, D,,
splits D into two components.)

PROPOSITION 7.1
The (q — 1)-form ®(f, w) is locally integrable, that is,

/nACD(f,w)<oo
X

forne Aﬁ,”*“"“(X).
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Proof
For ¢ = 1, the statement is clear since, in that case, ®(f, v) is locally bounded (see
Prop. 5.6, Exam. 5.7). For g # 1, we need to show that

/ ng) A O(f, w)(g)dg < oo.
I'\G

We can replace @ (f, w)(g) by the part that gives rise to its singularities

> > attn D we '

h neQ-o A€Lp, _pn

with y (1) := w (4, z0, 0) given by setting s = 0 in (5.11). Now

Dowet= D D vk e,

A€Llp,—p AeD\Lp,—p y €IH\I

and therefore, by unfolding,

/r D> attun) D n@ A A)dg

\G h neQ-o A€Lp,—p
SDIDITUTNIND S O
h neQo AeT\Ly_, ' TA\G

This is a finite sum (since a*(h,n) = 0 for n < 0), so we only have to show the
existence of the integral for a given A of positive length. We can assume 1 = /mv;
for some m > 0. We have

/ n(g) A w(g™'Vmvy)dg
[y\G

o
_ c// / nhar) A (a7 h="/moy) sinh(£)4 " cosh(r)?~" dr dh
ru\H Jo

(7.1)
with a positive constant C’. But now h~ v =0 and
a; '/mvy = cosh(t)/mvy — sinh(t)/mv .
Hence
(a; ' /mv1), = — sinh(t)/mo piq, (7.2a)

(afl\/ﬁvl)zé = cosh(t)/mv1, (7.2b)
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so (see (5.11))

q—1
‘/;(a;l\/’;vl) = «/_Tin % Rg(vp—i-q) g Qg,f(\/”?COSh(t)Ul)

x (2zm sinh2(r)) /T (% 2wm sinhz(t)). (13)

Therefore the integrand in (7.1) is bounded as + — 0. On the other hand,
t/~/(at_ 1h_lvl) is exponentially decreasing in e’ (uniformly in #). Since # has com-
pact support and I\ H has finite volume, we conclude that (7.1) converges. Hence
the above unfolding is valid and the proposition is proved. O

Recall that a locally integrable £-form w on X defines a current [ew] on X, that is, a
linear functional on %pq_f (X), via

i) = [ nro
b'e
for n € ! - (X). For a current T, we define its exterior derivative by
@T)(n) = (=1)*EDHT (dy).

THEOREM 7.2
Let 07 yy be the delta current for the special cycle Z( f); and for a locally integrable
differential form w, we denote the associated current by [w]. Then

d[O(f, y)]+dz(r) = [Ay ()] (7.4)

Proof
Let y € 7 ""V9(X). Then

A I = D [y ()
X
= (1D /X d(n A O, p) + /X 1A DS, ).
To obtain the theorem, we therefore only need to show that

(_1)(p—1)q+l /Xd(,l/\ o(f, l//)) = /Z(f) 7.

By Stokes’s theorem, we can modify the differential form @ (f, w) by a smooth form
without changing the integral. Hence we can replace it by its singular part, as in
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Proposition 7.1. By unfolding, we see that

/Xd(;y/\(b(f, p)=>. > attn > /U\Dd(nAy;(i,z,O)).

h neQ-g Ael\Lp,—p

Again, this is a finite sum, so it suffices to consider the integral on the right-hand side
for 1 = /mo;.
For e > 0,
U =D —Y(H x {tX1p1q; t = ¢})

defines an open neighborhood of the cycle D,,. (For ¢ = 1, replace the condition
t > ¢ by |t| > ¢.) Then, by Stokes’s theorem, we obtain

/ d(n A y(/moy,z,0)) = lim nAp/mo,z,0). (15
TC\D ¢=>0Ja(Ty\(D-U,))

By the analogue for (7.1) (which follows from the considerations in [F, Sec. 2]), we
see that (7.5) is equal to

C lim / n(hag) A y(a_s/moy)sinh(e)? " cosh(e)? ' dh(1p/kx,,,,) (7.6)
I'uy\H

e—0

for some universal constant C # 0.
We consider (7.2) and (7.3) (with t = ¢). For (7.6), only the terms with{ = ¢ — 1
can contribute. But

-1 _
Qu.q—1(v/m cosh(e)vy, z0) = émCOSh(g))q »oa=(01... 1),

otherwise.
‘We obtain
C lim n(hay) A w(a—gs~/mo1) sinh(e)? ! cosh(e)?~ ' dh = C’ / n(h) dh
e=>0JTy\H Tu\H

with a constant C and y (1) = y (4, 2o, 0) as before. Therefore the theorem holds with
0z(y) replaced by C”dz(r) with a certain constant C” independent of 5. We conclude
that the constant is equal to 1 by noting that this is the case for # closed: In (7.4),

dI(f. y)I(n) = 0. while [A,, (/)1(1) = (7. Ay (f)x = [; 1 by Corollary 6.5.
O

Theorem 7.2 can be reformulated by saying that the pair (Z(f), ®(z, f, w)) defines
a class in the group of differential characters introduced by Cheeger and Simons (see
[C], [CS]). Note that we can consider the group of differential characters as the ana-
logue for real manifolds of the arithmetic Chow group (see [GS]).
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THEOREM 7.3
In the Hermitian case of g = 2, the Borcherds lift ®(z, f) defines a Green’s current
for the divisor Z(f), that is,

dd°[D(z, )]+ 0z(r) = [AB(z, f)].

Proof
Using —d“®(z, f) = ®(z, f, w), one easily obtains

dd“m@(z, f) = n Add“D(z, f) +d(@ MO, )+ 1A DG, f.y)).

The theorem now follows from Theorem 7.2 and the logarithmic growth of ®(z, f)
along Z(f). ]

This result also follows from the splitting (see (5.4)) of @ (z, f), obtained in [Br2] via
the Fourier expansion, and from the Poincaré-Lelong formula.

Observe that in the generic case the space X is noncompact. Thus, to study inter-
section theory, one has to consider a smooth compactification X of X. In particular,
in the arithmetic intersection theory of special divisors at the Archimedean place, one
has to study @ (z, f) as a current on X. This requires a detailed analysis of the growth
of ®(z, f) at the boundary, which turns out to be of log and log-log type (for the
case of Hilbert modular surfaces, see [BBK]). One has to work with the extension of
arithmetic intersection theory provided in [BKK].

Oda and Tsuzuki [OT] constructed Green’s functions for the special divisors
by means of Poincaré series involving the secondary spherical function. By [BK,
Th. 4.7], ®(z, f) can be written as a linear combination of Green’s functions of [OT]
in an explicit way.

We also compare ®(z, f) with Green’s functions constructed by Kudla [K2],
[K1]. He has introduced for x € V(R), x # 0, and z € D, the function

§O(x’ z) = —Ei (Zn('x25 xz)),

which for (x,x) > O turns out to be a Green’s function for the cycle Dy on the
Hermitian domain D and is smooth otherwise. Here, for w € C, Ei(w) = fi”oo e'/tdt
is the exponential integral. While ¢¥ is not a Schwartz function on V (R), we can still

define &(x, 7,2) = éo(ﬁx, z)e””(x’x) for 7 € H, and we then have (see [K2], [K1])

ddé(x,7,2) = pxm(x,7,2)

for x # 0. On the other hand, we can apply the lowering operator L, on H to ¢ and
easily check that
Lyl(x,7,2) = —po(x, 7,2).
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This provides a different proof of Theorem 4.4, that is, ¢ := L,pgy = —dd ¢, and
in summary, we obtain the following commutative diagram:

Ly
¢(x, 7,2) ——— —po(x, 7, 2)

Idd" Idd"

Ly
orm(x,7,2) —=¢(x,7,2)

One can then use the ideas of the proof of Theorem 6.1 (together with (6.10) to account
for the problem that ¢ is not defined for x = 0) to express @ (z, f) in terms of &.
Finally, we mention that one can use the ideas of this paper to give a somewhat
different proof of the results in [K2] and [BK] relating the geometric degrees (and
the Archimedean contribution to the arithmetic degrees) of the special cycles to the
coefficients of certain Eisenstein series and their derivatives (see also [K1], [KRY]).
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