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AN ANALOGUE
OF THE FIELD-OF-NORMS FUNCTOR AND
OF THE GROTHENDIECK CONJECTURE

VICTOR ABRASHKIN

Abstract

The paper contains a construction of an analogue of the Fontaine-
Wintenberger field-of-norms functor for higher-dimensional local fields.
This construction is done completely in terms of the ramification theory
of such fields. It is applied to deduce the mixed characteristic case of
a local analogue of the Grothendieck conjecture for these fields from its
characteristic p case, which was proved earlier by the author.

0. Introduction

Throughout this paper, p is a fixed prime number.

The field-of-norms functor [FWI], [FW2] allows us to identify the Galois
groups of some infinite extensions of QQ, with those of complete discrete val-
uation fields of characteristic p. This functor is an essential component of
Fontaine’s theory of p-I'-modules—one of most powerful tools in the modern
study of p-adic representations. Other areas of very impressive applications
are the Galois cohomology of local fields [He], arithmetic aspects of dynamical
systems [LMS], explicit reciprocity formulae [Ab2], [Ab3], [Ben], a description
of the structure of ramification filtration [Ab7], the proof of an analogue of
the Grothendieck conjecture for 1-dimensional local fields [Ab4].

A local analogue of the Grothendieck conjecture establishes an opportunity
to recover the structure of a local field from the structure of its absolute Galois
group provided with the filtration by ramification subgroups. The study of
this situation in the context of higher-dimensional local fields became actual
due to a recent development of the ramification theory for such fields [Zh2],
[AD5]. The case of fields, of characteristic p > 2, has been already considered
in [Ab6]. (Notice that the restriction to 2-dimensional fields is not essential in
[Ab6]—the method works for any dimension N > 2.) This could lead to the
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proof of the mixed characteristic case of the Grothendieck conjecture if there
were a suitable analogue of the field-of-norms functor for higher-dimensional
local fields.

The construction of such a functor is suggested in the present paper. In our
setting, we replace the appropriate category of infinite arithmetically profinite
extensions of Q, from [FW1], [EW2] by the category B*(N) of infinite increas-
ing field towers Koy C K; C --- C K,, C ... with restrictions on the upper
ramification numbers of the intermediate extensions K,,1/K, for n > 0. In
order to introduce the set of elements of the corresponding field-of-norms, one
cannot use the sequences of norm compatible elements in such towers, but it
is still possible to work with the sequences of elements a, € Ok, such that
ap = afLH mod p°, where 0 < ¢ < 1 is independent on n.

The main difficulty in the realization of this idea comes from the fact that
the construction of ramification theory for an N-dimensional local field L
depends on the choice of its F-structure, i.e. on the choice of the subfields
L(i) of i-dimensional constants, where 1 < ¢ < N. On the other hand, in order
to be able to work with elements of L, one should use one or another choice
of its local parameters. This choice can be made compatible with a given F-
structure only after passing to some finite “semistable” extension of L. This
explains why we have a precise analogue of the Fontaine-Wintenberger functor
only for a subcategory of “special” towers B/?(N) in B%(N). Nevertheless, the
construction of our functor can be extended to the whole category B%(N) and
can be applied to deduce the mixed characteristic case of the Grothendieck
conjecture from its characteristic p > 2 case. Notice that another approach
to the problem of generalisation of the field-of-norms functor can be found in
the papers [And] and [Sch.

We now briefly explain the content of this article.

Section 1 contains preliminaries: definitions and simplest properties of V-
dimensional local fields L. We pay special attention to the concept of the
P-topology — this is a topology on L, which accumulates properties of N val-
uation topologies which can be attached to L. Then the Witt-Artin-Schreier
duality and the Kummer theory allow us to transfer the P-topological struc-
ture to the group I'2P(p), where I'z(p) is the Galois group of the maximal
p-extension of L. This structure gives an opportunity to work with I'z,(p) in
terms of generators (cf. [Ab6]).

Section 2 contains a “co-analogue” of Epp’s elimination wild ramification.
This statement deals with a subfield of (N — 1)-dimensional constants in an
N-dimensional local field. (The most widely known interpretation of Epp’s
procedure deals with a subfield of 1-dimensional constants.) Our proof estab-
lishes an elimination procedure which is similar to the procedure developed
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in |ZhK], where it was shown that an essential part of such elimination can
be done inside a given deeply ramified extension in the sense of [CG]. This
elimination procedure is required to justify the main starting point in the con-
struction of the ramification theory for higher-dimensional local fields from
[AbS]. (The original arguments from [ADb5] were not complete (cf. remark in
section 2.1).)

Section 3 contains a brief introduction into the ramification theory and
contains a version of Krasner’s Lemma in the context of higher-dimensional
local fields. In Section 4 we introduce and study the categories of special
towers B*(N) and Bf%(N). These towers play a role of strict arithmetic
profinite extensions from the Fontaine-Wintenberger construction of the field-
of-norms functor.

In section 5 we explain the construction of the family X (K,) of local fields
of characteristic p, where K, € B/*(N). We prove that all such fields can
be identified after (roughly speaking) taking inseparable extensions of con-
stant subfields of lower dimension. These fields will play the role of the field-
of-norms attached to a given tower K, € Bf%(N). In section 6 we apply
Krasner’s Lemma from section 3 to establish all expected properties of the
correspondence K, — K € X(K,), where K, € Bf%(N). In section 7 we
use these properties to define the analogue Xy , K, € Bf%(N), of the field-
of-norms functor. In addition, we use the operation of the radical closure
to extend this construction to the whole category B*(N). In section 8 it is
proved that the corresponding identification of the Galois groups I'zz (where
K is the p-adic closure of the composite of all fields from the tower K,) and
I'x becomes P-continuous when being restricted to their maximal abelian p-
quotients. The proof is based on a higher-dimensional version of the relation
between the Witt-Artin-Schreier theory for I and the Kummer theory for K
from [Ab2]. This relation and the proof of compatibility of the proposed field-
of-norms functor with the class field theories for K and K , leads to another
proof of the explicit reciprocity formula from [Vo| (cf. also [Ka]) — the details
will appear later elsewhere.

Finally, the P-continuity result from section 8 allows us to prove in sec-
tion 9 the mixed characteristic case of the Grothendieck conjecture under the
restriction p > 2. Notice that the construction of the higher-dimensional ver-
sion of the field-of-norms functor from this paper is especially adjusted to the
proof of this conjecture and was motivated by Deligne’s paper [De]. It should
also be mentioned that there are definite ideological links with methods of
the paper [Fu], where the construction of Coleman power series was devel-
oped in the context of 2-dimensional local fields with further applications to
the construction of p-adic L-functions.
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1. Preliminaries

1.1. The concept of higher-dimensional local field. Let K be an
N-dimensional local field, where N € Z>. In other words, if N = 0, then K
is a finite field and for NV > 1, K is a complete discrete valuation field with
the residue field K1), which is an (N — 1)-dimensional local field. We use the
notation K (V) for the last residue field of K. (This field is 0-dimensional by
its definition and, therefore, is finite.)

Let Og) be the valuation ring of K with respect to first valuation and let
«: O%) — KM be a natural projection. Define the valuation ring O of
K by setting for N = 0, Ox = K and for N > 1, O = a (Okq)). Recall

that a system t1,...,ty € Ok is a system of local parameters in K if t;
is a uniformiser in 02) and a(ta),...,a(ty) is a system of local parameters
in KU,

In terms of such a system of local parameters, any element £ € K can be
uniquely presented as a power series of the following form:

€= ) aat] oy
a=(a1,...,an)

Here, all coefficients oy are either elements of K) if char K = p > 0, or
the Teichmiiller representatives of those if char K = 0. All indices a; € Z and
there are integers (which depend on §) A, Aa(ay), ..., An(a1,...,an—1) such
that az = 0 if either a1 < Ay, or as < As(aq),...,oray < An(ay,...,an—1).

There is an important concept of the P-topology on K which brings into
correlation all N valuation topologies related to K. The P-topological struc-
ture provides us with a reasonable treatment of morphisms of higher-dimen-
sional local fields. We discuss this structure briefly in section 1.2 below.
Notice that if f : K — L is a sequentially P-continuous morphism of higher-
dimensional local fields, then F = f(K) is a closed subfield in L (i.e. Og) is
closed in O(Ll) with respect to first valuation and EF™) is closed in L(l)), for
any system tq,...,ty of local parameters in K, their images f(t1),..., f(tn)
are local parameters in £ and their knowledge determines the morphism f
uniquely.

Our considerations will be limited with local fields K such that char K1) =
p where p is a fixed prime number (such fields possess the most interesting
arithmetic structure). Under this assumption there is the following classifica-
tion of N-dimensional local fields:

— If char K = p, then K = k((ty))...((t1)) where & = K™) is the last
residue field of K. As a matter of fact, this result is equivalent to the existence
of a system of local parameters tq,...,ty in K.
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— If char K = 0, then K D Q, and we can introduce a canonical subfield
K(1) of 1-dimensional constants in K; this is the algebraic closure of Q, in
K. Suppose a uniformising element ¢; of K(1) can be included in a system
of local parameters t1,to,...,txy of K. Then K = K(1){{tn}}...{{t2}} and
such K is called standard. Otherwise, there is a finite extension E of K (1)
such that the composite K F is standard.

The above result concerning the characteristic 0 fields is implied by the
following version of Epp’s theorem [Epp], which holds for all (not necessarily
characteristic 0) higher-dimensional local fields K:

— Suppose K is an N-dimensional field and K(1) is its subfield of 1-
dimensional constants; then there is a finite extension E of K(1) such that
the fields KE and E have a common uniformising element (with respect to
the first valuation in K ).

1.2. Concept of P-topology. Let K be an N-dimensional local field.
Its P-topology can be described explicitly by induction on N in terms of any
chosen system tq,...,ty of local parameters of K by constructing a basis of
open O-neighborhoods Uy, (K) (cf. [Zh1]). We shall consider the following three
cases:

(a) char K = p;

(b) char K = 0, char K(!) = p and ¢, is a local parameter in K (1);

(¢) K is a finite extension of a field Ky, which satisfies the above assump-
tions from (b).

The case (a).

Here K = k((tn)) ... ((t1)), where k is a finite field of characteristic p. If
N =0, then Uy (K) contains by definition only one set {0}. Then the family of
all open sets in K consists of all subsets of K. Suppose N > 1. Let ty,. .. ,t2
be the images of ty,..., t in K. Then KM = k((ty))...((f2)) and we
can use the correspondences ty +— tn, ..., to — t3 and o — «a for o € k,
to define the embedding i : K" — K. Then Uy(K) consists of the sets
> ez t4h(Ua), where either U, € Uy(K™M) or Uy = KM for a > 0.

The case (b).

Here again the images fo,. .., ty give a system of local parameters of K1)
and the family of all open subsets of K1) is already defined by induction. So,
we again use the map h : K(!) — K, which is determined by the correspon-
dences t; — t;, i = 2,...,N, and a — « for o € k, and proceed along the
lines in case (a).

The case (c).

If [K : Ko] = n, then the P-topological structure on K comes from any
isomorphism of Ky-vector spaces K ~ K[ and the P-topological structure
on Kj.
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It is well known that K is an additive P-topological group, but the multi-
plication in K has very bad P-topological properties. Fortunately, the mul-
tiplicative structure on K is sequentially P-continuous. We will need this
property later when studying the P-continuity of maps between objects ob-
tained from K-spaces by duality. For this reason we shall use the following
description of sequentially compact subsets in K. Introduce a basis C,(K) of
sequentially compact subsets in K. In other words, if C,(K) is such a family,
then any sequentially compact subset D in K will appear as a closed subset
of some C € Cy(K). Proceed again by induction on the dimension N of K
according to the above assumptions (a)—(c) about K.

In case (a), Cp(K) will consist of only one set {K} if N =0. If N > 1, then
in cases (a) and (b) we can use the map h : K(!) — K to define C,(K) as
the family of subsets »___, th(C,), where C, € Cy(K™) and C, = {0} for
a < 0. In case (c), we just set Cp(K) = {C™ | C € Cp(Kop)}-

Proposition 1.1. The above-defined family Cy(K) is a basis of sequentially
compact subsets in K.

Proof. Proceed by induction on N when K satisfies the assumptions from
cases (a) and (b). The case N =0 is clear.

Let N > 1. Prove first that C,(K') consists of sequentially compact subsets
in K. Suppose C = > t{h(C,) € Cp(K). Notice first, that each h(C,) is
sequentially P-compact in K, because h is P-continuous. For any b € Z, set
C<v = 0y t11(Ca). Then Cg; is P-homeomorphic to the product of finitely
many sequentially compact sets h(C,), a < b. Therefore, Cy is sequentially
P-compact. Finally,

C =1imCq,
b

as P-topological sets. So, C' is sequentially compact.

Suppose D is a sequentially P-compact subset in K. Take ag € Z such that
DC)isa, t¢h(K M) (ag exists because D is sequentially compact). From the
definition of the P-topology, it follows that all projections pr, : D — K1)
(where, for any d € D, d = > t$h(pr,(d))) are P-continuous maps. Therefore,
all pr, (D) are sequentially compact subsets in K (1), By induction there are
Ca € Co(KM) such that pr,(D) are closed subsets in C,. Notice that we
can assume C, = {0} for a < 0. So, D is a subset in the P-compact set
S HA(C,) € Co(K).

Finally, the case (c) follows from the definition of the P-topology as the
product topology associated with the P-topology on Ky. The proposition is
proved. O
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2. Higher-dimensional elimination of wild ramification

2.1. Introduce the category LC of higher-dimensional local fields with a
given subfield of constants of codimension 1. The objects in LC are couples
(K, E) where K is a local field of dimension N > 1 and F is a topologically
closed subfield of dimension N — 1 which is algebraically closed in K. If
N =1 and char K = 0, we shall agree by definition to take as E' the maximal
unramified extension of Q, in K, i.e. in this case a 1-dimensional field will play
a role of a subfield of 0-dimensional constants. Morphisms (K, F) — (K', E")
in the category LC are given by sequentially P-continuous morphisms of local
fields f : K — K’ such that f(F) C E'.

We shall use the notation LC(N) for the full subcategory in LC consisting
of (K, E), where K is an N-dimensional field. Notice that LC(1) is equivalent
to the usual category of complete discrete valuation fields with finite residue
field of characteristic p.

Remark. Suppose (K, E) € LC. Then there is a natural embedding of
the first residue fields EM) ¢ KM but (KM, EMW) is not generally an object
of the category LC(N — 1), because EM is not generally algebraically closed
in KM, Notice that it is separably closed in K(1); otherwise, F will possess
a non-trivial unramified extension in K.

Definition. (K, E) € LC(N) is standard if there is a system of local pa-
rameters t1,...,ty in K such that ¢1,...,t5_1 is a system of local parameters
in E. In other words, if (K, F) is standard, then there is a ty € K which
extends any system of local parameters in F to a system of local parameters
in K. Such an element ¢ty of K will be called an Nth local parameter in K
(with respect to a given subfield of (N — 1)-dimensional constants E).

One of reasons to introduce the concept of a standard object is that the
situation from the above remark will never take place if (K, E) € LC(N) is
standard. In other words, E()) is algebraically closed in KM if (K, E) is
standard.

We mention the following simple properties:

(a) For any (K, E) € LC, there is always a closed subfield Ky in K con-
taining E such that (Kj, E) € LC is standard; this field Ky appears in the
form E{{t}} with a suitably chosen element ¢ of Ok.

(b) If (K, E) € LC(N) is standard and K is a closed subfield in K such
that K D E and (K, E) € LC(N), then (K, FE) is also standard. (One can
see easily, that [IN( : K] < oo and if ty is an Nth local parameter for K, then

Ng/KfN is an Nth local parameter for K.)
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(¢) If (K,FE) € LC is standard, then for any finite extension E’ of E,
(KE',E’) € LC is standard. (Any Nth local parameter in K is still an Nth
local parameter in KE'.)

(d) Any (K, E) € LC(1) is standard.

(e) For any (K, E) € LC(2), there is a finite extension E’ of E such that
(KE',E’) € LC(2) is standard. (This follows from Epp’s Theorem.)

The following property plays a very important role in the construction of
ramification theory for higher-dimensional fields.

Proposition 2.1. Suppose (K, E),(L,E) € LC(N), L D K and (L, E) is
standard. Then O, = Ok|[ty], where tx is an Nth local parameter in L.

Proof. Clearly, Ok[ty] C Of.
Let t1,...,tny_1 be local parameters in E. It will be sufficient to prove that

LN Y € Okt
if (CLl, e, AN, aN) 2 (_)N.
We can assume that ay < 0 (otherwise, there is nothing to prove).

Notice that ty = Ny ktn is an Nth local parameter for K and t~Nt§1 S
Oktn]. Therefore,

t LN = L Y (BNt TN € Ok [tn]

because ¢ ... t3 ' t%" € Ok. The proposition is proved. O
Definition. If K is an N-dimensional local field, then F(T) = T" +
a;T" ' + -+ a, € Og[T] is an Nth Eisenstein polynomial if ay,...,a,

belong to the maximal ideal mi of Ok and a, can be taken as Nth local pa-
rameter in K. Equivalently, the image of F(T) in K(V=Y[T], where KN—1)
is the prelast residue field of K, is a usual Eisenstein polynomial.

Notice the following simple properties:

(1) If (K,E),(L,E) € LC(N), L D K and (L, F) is standard, then L =
K (), where 0 is a root of Nth Eisenstein polynomial.

(2) If (K, E) € LC(N) is standard and L = K (6), where 0 is a root of an
Nth Eisenstein polynomial from Og|[T], then (L, E) € LC(N) is standard.

(3) In both of the above situations (1) and (2), the element 6 can be taken
as Nth local parameter in L.

2.2. The following theorem, in our setting, plays a role of a higher-dimen-
sional version of Epp’s Theorem.

Theorem 1. If (K, E) € LC(N), then there is a finite separable extension
E' of E such that (KE',E') € LC(N) is standard.

Proof of Theorem 1. Use induction on N. O
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2.3. If N = 1, there is nothing to prove. Notice that the case N = 2
follows from Epp’s Theorem.

Suppose N > 1 and the theorem holds for all local fields of dimension < N.

Choose a standard (Kj, E) € LC(N) such that Ky C K, and denote by
t1,...,tn a system of local parameters in Ky such that the first N — 1 of
them give a system of local parameters in E. It will be sufficient to prove
our theorem for extensions K/Kj satisfying one of the following conditions
(because any finite extension of Ky can be embedded into a bigger extension
obtained as a sequence of such subextensmns)

(a ) There is a finite extension E of E such that K := KE is unramified
over Ko = KOE i.e. such that both fields K and KO have the same first
uniformiser and KO is separable over Kél).

(a1) K/Kj is a cyclic extension of a prime to p degree m.

(b) K/K, is a cyclic extension of degree p such that after arbitrary finite
extension of F, the corresponding extension of first residue fields is either
trivial or purely inseparable. When considering this case below, we shall treat
the subcases separately:

(by) char K = 0;
(be) char K = p;
(¢) K/Kj is a purely non-separable extension of degree p.

Following the terminology from [Zh2] we can call (K, E') an almost constant
extension of (Kp, E) in the case (ag) and an infernal elementary extension in
the case (b).

2.4. The case (ap). This case follows from the following observation.
Consider the natural field embedding EM) I?él). Clearly, (IN((gl),E(l)) €
LC(N —1) is standard. On the other hand, EW is separably closed in K®
(otherwise, E will have a non-trivial unramified extension in K ). This implies
that any finite extension E’ of EW in KO is either purely inseparable or
trivial. Therefore, E' C IN{(l) (because K 1)/I~{(1) is separable) and B/ = EO
(because E() is algebraically closed in K ) So, (KM, EM) € LC(N —1).
Therefore, by the inductive assumption there is a finite separable extension
Eq of E(l) such that (K7, Ey) is standard, where K = K®E,. Denote by
ta,...,tn asystem of local parameters in K such that 5, ..., #x_1 is a system
of local parameters of E;. Let E’ be an unramified extension of E such that
E'Y = B,. Notice that if K’ = KE', then K’V = K,. Let t,...,tx_1 be
liftings of #5,...,tn_1 to Og,) and let tx be a lifting of ty to Og,) If t; is
a common first uniformiser of K and E, then t1,...,ty is a system of local
parameters in K’ and tq,...,txy_1 is a system of local parameters in E’. In
other words, (K’,E’) € LC(N) is standard.
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2.5. The case (a;). Via the above case ag) we can assume that the last
residue field of E is large enough. This implies that K = Ko( {/t7* ... t%),
where aq,...,an € Zso. Let E' = E(X/t1,..., ¥/Iny—1), then E’ has local
parameters %/¢1,..., %/ty—1 and this system can be extended to a system of
local parameters in K’ = KE’ by adding ™/ty, where m’ = m/ ged(m, ay).
So, (K', E') is standard.

2.6. Special extensions. For our future targets we need to keep control
on the choice of the extension E’ of E in Theorem 1. This idea goes back to the
paper [ZhK] where it was proved that Epp’s elimination of wild ramification
for an infernal extension can be done by the use of subextensions of a given
deeply ramified extension.

Set N’ = N — 1 and consider an increasing sequence of finite extensions of
N’-dimensional local fields

ECE,CE,CEyCEyC---CE,CE,C...

such that each E, and E, have a system of local parameters 1, ... ,txm
and, respectively, t1,,...,tN/n, satisfying the following condition:
Condition C. There is a ¢ > 0 such that for all 1 <i < N’ andn > 1,

tP
vl <~m — 1) > ¢,
tin

is a ti-adic (1-dimensional) valuation on E normalised by the con-
dition v1(t1) = 1, where t1 is a first local parameter in E.
Theorem 1 will be implied in cases (b) and (¢) by the following statement.

where vt

Proposition 2.2. Suppose K, Ky and E satisfy the assumptions from cases
(b) or (c). Then there is an n* € N (depending only on the extension K/K
and the ¢ from the above condition C) such that Theorem 1 holds with E' =
E,-.

Proof of Proposition 2.2. O

2.7. The case (b2). In the case (by) we have K = Ky(0), 07 — 0 = &,
where £ € Ky. Applying the Artin-Schreier equivalence we can replace £ by
an equivalent element £ € K{ such that its power series

§E = Zaat?l N .tl]lVN
a
contains only non-zero terms with @ < Oy and @ £ Omod p if @ # Oy

Let {g = & + &, where

! ay aN -1 " __ ay aN—-1,aN
&p = E agty' .ty E= E agty' .ty tN -
aN:O aN;éO
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Let

A Ul(é-;ﬂ) = min{al | Qg 7& O,CLN = 0}7
B =1t

= v (§g) = min{a1 | ag # 0,an # 0},
where v! is the t;-adic valuation from the above condition C.

Notice that the first set can be empty. In this case we set by definition
A = 0. The second set is never empty; otherwise, K is a composite of an
algebraic extension of E and Ky, i.e. E is not algebraically closed in K. For
any s € Zxo, let

" _ al aN-—-1,anN
Es = E agtyt .ty ty

vp(an)=s

and set B®) = v (¢} ) = min{a; | aa # 0, v(an) = s}. (We set B() =0 if
the corresponding subset of indices is empty.) Clearly, B = min{B®) | s > 0}.
Lemma 2.3. B < 0.

Proof. Suppose that B = 0. Consider the extension L' = E(¢’), where
0" — 0 = &y then KL = KoL'(0”), where 6”7 — 0" = ¢/L. Clearly, the
condition B = 0 implies that the first residue field of KL’ is a separable
extension of the first residue field of KoL’ of degree p. (It is generated by 6;
such that 6} — 6; = ¢/, modt;.) Therefore, we are not in the situation of the
case (bz). The lemma is proved. O

Notice that if we pass from E to its finite extension E, (cf. condition C),
then fu, ... ,tNN_Ll,tN is a system of local parameters for KOEL Rewrite
¢ in terms of these local parameters and apply to this expression the Artin-
Schreier equivalence to get rid of all pth powers and terms from the maximal
ideal of O KoB, - This procedure gives an analogue {3 of £ for the extension
KEl /KOEL As earlier, use the t;-adic valuation v' to define the analogues
Ay, By, §§5) of, respectively, A, B and B®), s > 0.

Lemma 2.4. (a) A; > A;

(b) for all s > 0, E%S) > min{#B(s‘“‘) | u > O}.

Proof. Tt is just an exercise on the Artin-Schreier equivalence. g

Apply the similar procedure to the extensions El,Eg,Eg, ... to get the
elements ¢g,, 552, ép,, ... and the corresponding invariants A;, By, B§s), ;{2,
Bo, BSY, Ay, By, B ...

Similarly, we have the following property.
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Lemma 2.5. For alli e N and s > 0,
(a) Ajp1 > Ay
(b) B, > min { B0 | w0},

(2

When passing through the special extensions E; /El, i > 1, we have the
following better estimates.

Lemma 2.6. Foralli>1 and s > 1,

(a) A; > min {%ﬁi, gl + c};

(b) BEO) > min {EZ@); %Ei(l); p%(gl(u) +c)yu= 0};

(¢) B = min {1 L (BE 4 e) u > 0}
The above estimates easily imply the following lemma.
Lemma 2.7. (a) lim;_, A; =0;

(b) ifi € N and ~; = min{Bgs) | s > 1}, then lim; o y; = 0.

Z-(O),z' € N, introduce the invariant h(§) €

QN as follows. Denote by vy the N-valuation on K, uniquely determined
by the conditions vg(t1) = (1,0,...,0),v9(t2) = (0,1,0,...,0),...,v(tn) =
(0,...,0,1). Denote by the same symbol a unique extension of vy to the
field KoE, where E is an algebraic closure of E. For any finite extension L’
of E in E and any system of its local parameters ¢}, ... ,t_, use the local
parameters t7,...,ty_;,tx in KoL’ to define an analogue {ryr . 4 of the
above elements &g, fE“l’ .... Then

In order to study the sequence B

vo(Errey..en_,) = vo(§, L)

does not depend on the choice of local parameters ¢}, ...,t_,. Clearly, if L”
is a finite extension of L' in E, then vo(&, L') < vo(&, L").
Set

h(¢) =sup{wo(¢, L") | L' C E,[L': E] < 0} .

Lemma 2.8. h(§) = min {p~*vo(¢},) | s € N}.

Proof. Clearly, for any s € N, vo(§% ) = vo(§r) = vo(§)-
Therefore, the right-hand side in the statement of our lemma is well defined.
Denote its value by h(&).

1 _
Let M € N be such that for any s > M, —vo(£% ;) > h(€). Then
ps k]

R(€) = min{p~"vo(€h,) | 0 < s < M).
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’

o / / /PM/ — M l
Take L' = E(t},...,ty_,), where t° =t1,...,ty_; =tny_1 and M’ >
M is such that p~™ vy (€],) > h(€). Then
b b
Eviy_ = D Bth o TR
b<On
where:
0 0 0
(1) vo (&, L) = g <t’1b1 ...t/]i),]i‘llt?\f,v> , p does not divide b%;, but all &), ...,

b%_, are divisible by p;

(2) vo(&, L) = h(E).

Notice that the above property (1) implies that for any finite extension L”
of L' we have v (&, L) = vo(§, L"). The second property implies, clearly, that
h(e) > (o). ) )

Suppose that h(£) > h(§). Then there is a finite extension L’ of E such
that

w0(€,L') > vo(&, L") = vo(&, L'L") = wo(€, L).
So, h(&) = h(€) and the lemma is proved. O

Corollary 2.9. For anyi € N,

pry (h(€)) = min{p~*B® | s > 0} = min{p*Sst) | s > 0}.

Finally we have the following lemma.

Lemma 2.10. There is an index n* such that A, > By«.

Proof. Let i € N and ; = min{l%Bi(s) | s > O}. By the above corol-
lary, for all i € N, 8; = 8 = pry(h(€)) < 0 does not depend on i. Then
Lemma 2.7(b) implies the existence of an index i* such that if i > i*, then
B = BEO) and BZ(O) < Bgs) for all s > 1. Therefore, for all ¢ > ¢*, B; = 3. So,
the lemma follows from Lemma 2.7(a). O

If n > n*, set K, = KE,, and Ky, = KoE,. Then K,, = K¢, (0,), where

08 — 0, = > Byttt R,
57561\7
where min{(by,...,by_1,bn) | B5 # 0} = (b9,...,8%_,,b%) < On is such
that 89,...,0%_, are all divisible by p and %, is not divisible by p. This

easily implies that the system of local parameters ¢i,,,...,tn—_1, of E, can
be extended to a system of local parameters of K,, by the element

_po —b%_4/
(7 oty T 0,) AR

where A, B € Z are such that Ab}, + pB = 1.
So, Theorem 1 is proved in the case (bz).
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2.8. The case (¢). In this case we have K = Ky(0), 07 = {g, where
¢p € Ky is the power series

€p =) aati' . 3N
a

containing non-zero terms only with a # 0 mod p.
Set {g = & + &, where

r al aN—1 an "o__ al aN—1,an
Ep= Y aatP WY, h= Y aatf
any=0modp anZ0modp

Let

=v'(¢g) = min{a; | g # 0,ay = Omod p},
B =v'(¢) = min{a; | az # 0,ay # 0mod p},

where v! is the ¢;-adic valuation from the above condition C.

Notice that the first set can be empty. In this case we set by definition
A = +00. The second set is never empty; otherwise, § € E(¥/t1,..., ¥/tn_1)
and FE is not algebraically closed in K.

If we pass from E to its finite extension EZ, i € N (cf. condition C), then
tii, - - tN 1,5, tn is a system of local parameters for KOE Rewrite &g in
terms of these local parameters and take away all pth power terms. This
procedure gives an analogue §~ B, of &g for the extension K El / KOEZ-. As earlier,

use the tj-adic valuation v' to define the analogues AZ and Ez of A and,
respectively, B. Similarly, introduce the invariants A; and B;, ¢ € N, when
passing in the above procedure from E to E;.

We have the following estimates.

Lemma 2.11. (a )ﬁl/A andél—B

(b) For alli €N, Az+1 z A; and Bz+1 B;.

(c) For alli €N, A; > A; + ¢ and B; = B;.

This implies that for n > 0, it holds that A,, > B,, = B. Therefore, there
is an index n* such that if n > n*, K,, = KFE, and Ky, = KoE,; then
K, = Kon(6,) with

= Z 5Etl{1 tN lnth
b#0 N
where min{(by,...,bx_1,bn) | B # 0} = (b9,...,0%_,,b%) is such that
v9,...,b% _, are all divisible by p and b3, is not divisible by p. Similarly,
to the above case (bg), this implies that the system of local parameters
tin,...,tn—1,n of E, can be extended to a system of local parameters of
K,.
The case (c) is also considered.
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2.9. Characteristic 0 analogue of the Artin-Schreier theory. The
characteristic 0 case (b) can be treated similarly to the characteristic p case
(b2) due to the characteristic 0 analogue of the Artin-Schreier theory from
[AbI]. This construction can be briefly reviewed as follows.

Suppose Lg is a complete discreet valuation field of characteristic 0 with
the maximal ideal my, and the residue field k of characteristic p. Assume
that ¢, € Ly (where (, is a primitive pth root of unity) and let m; € Lo be
such that 7/~ = —p.

Proposition 2.12.

(a) L = Lo(¥v) with v € 1+ mymy, if and only if L = Lo(f), where
0P — 0 = w withw € p~* my,.

(b) With the above notation and assumptions, L admits another presenta-
tion L = Lo(61), where 67 — 61 = w1 € p~tmy,, if wy = w+ nP —n with
n € Lo such that n”? € p~tmy,.

Proof. We only sketch the idea of proof.

Let E(X) = exp (X + XP/p+ -+ XP" /p" +...) € Z,[[X]] be the Artin-
Hasse exponential. Then v = E(m V) with V € m, and if w» = v, u € L,
then v = E(U) with U € my. Then the equivalence

E(X)P = B(X?)exp(pX) = E(X” + pX) mod(p* X, pX*?, X*")

implies that UP + pU = mV mod(mpmy) (notice that UP € m my).

Divide both sides of the above equivalence by 7} and deduce that L
Lo(), where 6 — 0 = w € p~'my, with § = 77 'Umodmy and w
—p~ 'V modmyp,.

2.10. The case (b1).

2.10.1. Assume first that (, € E.

For n € N, set K, = KE,,, Ky, = KEy, Kopn = KoEp and Kon = KoEn.
Then for a suitable 7,, € I~(0n and v, € Ky, we have I?n = fN{(m(W) and
K, = Kon(¢/vn).

First reduction: We can assume that all v,, are principal units.

Indeed, suppose

o

O = 153, - I B (1 + an),
where a, € mz and cj,...,cy are either zeroes or prime to p natural
numbers. Then the condition C' from section 2.6 implies that

Oy =00 .tlj\ffi;t%v(l + an),
where a,, € mg,,. This implies that we can take v, = ¥, (7}, .. .t;z,vjf’n)’p
=tV (1+an).

Suppose ¢y is a prime to p natural number. Then we can assume that
cy = 1. It is easy to see then that /v, extends a system of local parameters
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of E, to a system of local parameters of K,,. So, Proposition 2.2 is proved in

this case. Therefore, we can assume that ¢y = 0 and v,, is a principal unit.
Second reduction: For any n € N, we cannot choose v, € 1 + pmg,,,.
Indeed, otherwise there is an ng € N such that for all n > ng, all v,, and

¥y, can be chosen from 1+ pmg,, and, resp., 1+ pmp . In particular, all

extensions I?n/f(on and K,,/ Ko, can be treated via the analogue of the Artin-
Schreier theory from section 2.9. Thus we can apply arguments from section
2.7 to prove Proposition 2.2 in this case.

We can now assume that all v,, cannot be chosen in 1+pmp,, . Therefore,
all v,, also cannot be chosen in 1+ pmg .

For n € N, set v, =1 +«§n modpmfgo and v, =14 ¢, modpmg,, with
En = aatiy AN, &= aatth VT,
a a

where oz # 0 implies that @ > Oy, @ #Z Omodp and the corresponding
monomial does not belong to Pz Or, resp., PMEK,, . Clearly, such elements
én and &, are determined by v, and, respectively, v,, uniquely.

Let &, = &, + ¢, and &, = € + &, , where &, resp. £, contains only the
monomials with ay = 0modp and &/, resp. 5;;, contains the monomials with
any #Z 0mod p.

Set A, = v'(£), A, = v!(&), By = v*(€") and B, = v'(¢"). Then
these numbers Zn, Ay, B,, and B, behave exactly in the same way as the
corresponding numbers from case (c¢). Therefore, they satisfy the properties
(a)—(c) from Lemma 2.11 above. This implies that for n > 0, 4,, > B, = By
(even more: for all n > 0, all A, = 0 because the terms &, and ¢/, will
disappear) and

vy =1+ E agtil .. .t?VN_‘llyntEIVN mod p,
a>a’

Ql

where ago # 0 and @ = (a?,...,a%_,,a%) is such that a9,...,a% _, are
divisible by p, but a%; is not. Then

0 0
Yom =1+ aPEa Ny,

where 0,, € K,,. Let vg,, be the N-valuation on algebraic closure of Ky,
uniquely determined by the conditions wvg,, (t1,) = (1,0,...,0), ...,
Vion (En—1,m) = (0,...,0,1,0) and vg,, (tn) = (0,...,0,1). Then vg,, (6,) =

1 0
VKo, (1Y) = (0,...,0,a%/p). Therefore, {05, where A, B € Z are such
p

n?

that Ap+BaQ, = 1, can be taken as the Nth parameter for K,, and (K, E,) €
LC(N) is standard.
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2.10.2. Consider the case ¢, ¢ E.
Let K’ = K((p), Ky = Ko(Cp)s B = E(Cp) and B, = En(Cp)s B, = En(Cp)
for all n € N. Then the tower

’ IRl / IRl /
ECECEC---CE,CE, C...

satisfies condition C from section 2.6 with a suitably chosen parameter ¢’ > 0.
Therefore, there is an n such that if K] = KE, and K|, = KoE,, then
(K}, E)) is standard. For such n, let I' = Gal(E/,/E,). Then |I'| divides
p—1 (therefore, it is prime to p) and I' can be identified with Gal(K],/K,,) =
Gal(K{,,/Kon)-

Choose the Nth local parameter ¢/, in K], with respect to its subfield of
(N —1)-dimensional constants £,,. Because the action of I" on mg: is semisim-
ple, we can assume that for any 7 € ', 7(t] ) = x(7)t, 5, where x is a char-
acter of I' with values in F. Notice that this character does not depend on
the choice of ¢ .

This implies that (K,, E,) = (K., E.") is standard if and only if the
character x is trivial. Indeed, if (K, E,,) is standard, then its Nth parameter
can be taken as Nth parameter for K/ and y = id. Inversely, if y = id,
then t/ v € K, and K, = K/I' = E/ {{t, y}}' = E.{{t/,x}}, ie. (Kpn,E,)is
standard.

Now notice that the norm of ¢/, in the extension K/ /K|, is an Nth
parameter t,y for K{, such that T acts on it via the character x? = x. But
(Kon, Eon) = (KL, ELL) is standard. As we have noticed above, this implies
that y is trivial. Therefore, (K, E,) is also standard.

The Proposition 2.2 together with Theorem 1 are completely proved.

3. Ramification theory and Krasner’s lemma

3.1. Category of local fields with F-structure. This category LF(N)
appears as the disjoint union of its two full subcategories LF((IN) and LF,,(N).

The category LFq(N).

Choose a simplest N-dimensional local field of characteristic 0 with residue
fields of characteristic p, Ly = Qp{{t~}}...{{t2}}. Define its F-structure
as an increasing sequence of closed subfields {Lo(i) | 1 < ¢ < N} with the
system of local parameters p = t1,ts,...,txy. Choose an algebraic closure
Lo of Lyg. Denote by C(N), the completion of Ly with respect to its first
(p-adic) valuation. For 1 < ¢ < N, denote by C(i), the completion of the
algebraic closure of Ly(i) in C(N),. It will be convenient to have a special
agreement for ¢ = 0. By definition, C(0), is the completion of the maximal
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unramified extension of Q, in C(NNV), and L¢(0) = Lo N C(0), = Q,. Notice
that C(1), = C, is the usual p-adic completion of an algebraic closure of Q,.

Clearly, the P-topological structure of finite extensions of Ly induces the
P-topological structures on the fields C(0), C C(1), C --- C C(N),.

The objects of the category LFo(IN) are finite extensions K of Ly in C(N),,
with the induced F-structure. This structure is given by the sequence of
algebraically closed and P-closed subfields {K (i) | 0 <4 < N}, where K (i) =
K N C(i),. Notice that K(0) is the maximal unramlﬁed extension of Q, in
K. We agree to use the notation K for the algebraic closure of K in C(N),.
Notice that I'y = Aut(K/K) consists of all sequentially P-continuous field
automorphisms 7 of C(N), such that 7|x = id and for all 0 < ¢ < N,
T(C(i)p) = (C(i)p. It is well known [Hy], that C(N)J* = K and, therefore,
for all 0 <i < N, C(i),* = K(i).

Suppose K L € LFy(N). Then the corresponding set of morphisms

HomLpo( Ny (K, L) consists of all sequentlally P-continuous field morphisms
C(N), — C(N), such that for 0 <i < N,
( ) 2(C(i)p) = C(i)p;
(b) p(K) C L.

Notice that any ¢ € Homyp, () (K, L) transforms the F-structure of K to
the F-structure of L.

The category LF,(N).

This category consists of fields of characteristic p and can be defined sim-
ilarly to the above characteristic 0 case. Choose a basic N-dimensional local
field L, = F,((tn)) ... ((t1)) and define its F-structure by a sequence of sub-
fields {L,(i) | 0 < i < N}suchthatL (0) =F, and for 1 < i < N, L,(i) has
local parameters t1,...,t;. Choose an algebraic closure L, of L,. Denote by
C(N), the completion of Ep with respect to its first valuation. For 0 < i< N,
denote by C(i), the completion of the algebraic closure of L,(¢) in C(N),.
As earlier, the P-topological structure of finite extensions of L, induces the
P-topological structures on the fields F,, = C(0), C C(1), C --- C C(N),.

The objects of the category LF, (V) are ﬁnite extensions K of L, in C(N),
with the induced F-structure {K (i) | 0 < i < N}, where K (i) = K NC(1)p.
Notice that C(N),* = R(K) — the radlcal closure (= the completion of
the maximal purely non-separable extension) of K in C(N),. Similarly for
0 < i < N, it holds that C(i),* = R(K(i)). The morphisms in LF,(N) are
defined also along lines in the above charactersitic 0 case.

3.2. Standard F-structure. We say that the F-structure on L € LF(N)
is standard if there is a system of local parameters tq,...,ty in L such that
forall 1 <r < N, ty,...,t, is a system of local parameters for L(r). Clearly,
L € LF(N) has a standard F-structure if and only if (L, L(N — 1)) € LC(N)
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is standard (cf. section 2.1) and L(N — 1) € LF(N — 1) has a standard F-
structure. Applying Theorem 1 we obtain the following:

Proposition 3.1. For any E € LF(N), there is a finite separable extension
E’ of E(N — 1) such that EE' has a standard F-structure.

Remark. The above proposition played a fundamental role in the con-
struction of the higher-dimensional ramification theory in [ADb5], but its proof
in [ADD] was not complete, due to reasons mentioned in the Remark from
section 2.1. Notice that the construction of ramification theory (cf. section
3.3 below), needs only the result of Theorem 1.

Note that F-structure allows us to treat higher-dimensional local fields in
a very similar way to classical complete discrete valuation fields with finite
residue fields. For example, for any finite extension of local fields with F-
structure we can introduce:

(a) a vector ramification index e(L/K) = (e,...,eN).

Any finite extension of K in K appears with a natural F-structure and a
natural P-topology. In particular, if L C M are such subfields in K, then its
vector ramification index equals (M /L) = (e!,...,e"), where for 1 <r < N,

e"=[M(r): L(r)]/[M(r—1): L(r — )] = [M(r) : L(r)M(r — 1)].

This index plays a role of the usual ramification index in the theory of 1-
dimensional local fields. Notice that e’V = 1 if and only if M coincides with
the composite of L and M(N —1).

(b) a canonical N-valuation vy, : L — QN U {oc}.

If L has a standard F-structure and ty,...,ty is a corresponding system
of local parameters, then vy, is uniquely defined by the conditions vy, (t1) =
(1,0,...,0), vp(t2) = (0,1,0,...,0),..., vr(tn) = (0,0,...,0,1). Otherwise,
one should use a finite extension L of L with standard F-structure and
set vy, = &(Ly/L)"tvr,. One can easily verify that vy, does not depend on
the choice of L;. Notice that, as usual, vy can be extended uniquely to
any algebraic extension L’ of L. (We shall use the same notation vy, for
such extension.) Also notice that if L’ is a finite extension of L, then vy, =
e(L'/L)vr.

3.3. Review of ramification theory (cf. [Ab5]). Suppose K € LF(N).
Then I'y = Aut(K/K) has a canonical decreasing filtration by ramification
subgroups {F%) | 7 € J(N)} with the set of indices J(N) = ][ J,. Here

1<r<N
J, ={j € Q" |j>0,} with respect to the lexicographic ordering on Q",
where 0, = (0,...,0) € Q". By definition, if r; > ro, then any element from
Jr, is bigger than any element from J,,.
The definition of the ramification filtration can be given as follows.
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Let E/K be a finite extension in K (this is a subfield in C(N),, or C(N),).
Consider the finite set I,k of all sequentially P-continuous embeddings of
F into K which are equal to the identity on K. There is a natural filtration
of this set

Ip/k D Ie/k0 D IE/K,(00) O " D IE/K 0N
where for 1 <7 < N, I,k 5, are embeddings which are equal to the identity
on the subfield of (r — 1)-dimensional constants E(r — 1).

For 1 <7 < N and j € J;, define the set Ig/k ; C Ig K, as follows.

Take a suitable finite extension E’ of E(r — 1) in K such that if E(r) =
E'E(r) and K(r) = K(r)E’, then (E(r), E') € LC(r) is standard (cf. section
2.1). Then for an rth local parameter 0 in E(r), we have Oy = O bl
(Recall, if L € LF(r), then Op, = {l € L | vr(I) > 0,} and also notice that
Ve (0) = ’UE(T)(Q) =(0,...,0,1) € Q".) Then use the natural identification
Ip/ko, = IE(T)/I?(T) to define the ramification filtration of I,k in lower
numbering by setting for every j € J,,

Ig/kj =17 € IE(T)/?(T») | vE@) (T(0) — 0) = ve@)(0) + 5}
The subsets Ig,/k j, where j € J., do not depend on the above choices of
the finite extension E’ of E(r — 1) and the corresponding rth local parameter
0 € E(r). The resulting filtration {Ig/k; | € J(N)} does depend on the
F-structures on F and K.
We now introduce an analogue of the Herbrand function ¢g/x : J(N) —
J(N) by setting for 1 <r < N and j € J,,

orictd) = (B /K0 gi.

dj € J,.

This gives the upper numbering such that for any j € J(INV), Ig/)K =
Ig Kk j, where j' € J(N) is such that ¢p,k(j') = j. As in the classical
situation, if o D F; D K, then the natural projection Ip, x — Ip /i

induces for any j € J(N), an epimorphic map from Igz) /i onto Igl) /K and

@Ig/) K= F%) is the ramification subgroup of I' with the upper number j.
E

As an example, consider the case of an extension E/K in LF(N) such that
[E: K] =p" and é(E/K) = (p,...,p) € Q. Then for 1 < r < N, there are
o, € Jp, a, > 0, such that for all j € J,,

o) =40
ar—l—Jpa", if 7 > a,.

if j <y

Similarly to the classical case for any finite extension F /K, the Herbrand
function ¢g/k : J(N) — J(N) is a piecewise linear function with finitely
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many edge points. Define i(E/K) € J(N) and j(E/K) € J(N) as the first
and the second coordinates of the last edge point of the graph of ¢, . Notice
that if 1 < < N and j € J,, then j is an edge point iff ¢’ (j) # ¢/, (j), where
¢’ (j) and ¢’ (j) are slopes of ¢ k in the left and right neighbourhoods of
j, respectively. (By definition, ¢’ (0,) = gq0€(E(r)/K(r))™!, where g,o =
[E(r): K(r)E(r—1)].)

If1 <r < Nandj€ J, then ¢ (§) = g_(j)e(E(r)/K(r))~! and
¢ (j) = g+(j)e(E(r)/K(r))~!, where g_(j) and g4(j) € N. We shall call
9-(7)/9+(j) := multg,k (j) — the multiplicity of g /k in j € J.. We have:

— multg/k(j) = 1 if and only if j is not an edge point;

— mult g,k (j) is prime to p if and only if j = 0,, 1 <r < N;

—if j # 0., 1 <7 < N, then multg, g (j) is a power of p;

— [I multgr(j)=[E: KE(0)].
Jjed(N)

3.4. Krasner’s Lemma. Suppose L, K € LF(N), L D K, L(N —1) =
K(N —1) and F is a finite extension of L(N —1) such that (LE, E) € LC(N)
is standard. Then O; = O[] where L =LE, K = KE and 6 is an Nth
local parameter in L.

Let F(T) = T*+ aiT% ' + -+ + ag € O[T] be the minimal unitary
polynomial for € over K. Note that F (T) is an Nth Eisenstein polynomial
(cf. section 2.1). Denote by 6 = 0,0,,...,04 € K all roots of F(T). Notice
that v;(0) = vp(61) = --- = vp(0a) = (0,...,0,1). As usual, o,k is the
Herbrand function for L/K.

In this situation the Krasner Lemma can be given by the following propo-
sition.

Proposition 3.2. If a € K is such that vk (F(a)) = A+(0,...,0,1) with
A > Oy, then

(1) there is an index 1 < lp < d such that v (o —6,) = a+ (0,...,0,1),
where o k(a) = A;

(2) if A> j(L/K), then the above index ly is unique.

Proof. Choose an index Iy, 1 < lp < d, such that

v (a—0;,) =max{vp(a—06;) | 1 <1< d}.

Let a € Jy be such that vg (o —6;)) =a+(0,...,0,1).

Lemma 3.3. vk (F(a)) = ¢/ (a) +(0,...,0,1).

Proof of lemma. Let iy < i5 < --- < ig be the lower indices which corre-
spond to all jumps of the ramification filtration on I,,x. Notice that due to
the assumption L(N — 1) = K (N — 1), all ramification jumps i1,...,is € Jy.
Then, for some integers, d =gy > g1 > -+ > ¢gs—1 > gs = L and all 2 < i < d,
v (6 — ;) takes go — g1 times the value iy +vr(0), ..., gs—1 — gs times the
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value iy + vr(f). Notice that iy = i(L/K), e(L/K) = e(L/K) = (1,...,1,d)
and if iy < a < 4441 for some 0 < ¢ < s (with the agreements ig = Ox and
is+1 = 00), then

or/x(a) =e(L/K)™ " (goir + -+ gi—1(ie — is—1) + ge(a — iy)) .

Clearly, for all 1 <1 < d, vp(a—6;) = min{vg (o — 0y,),vr (61, —6;)}. This

implies
v (F(a)) = Y vp(a—06)
1<I<d
= (90 — g1) (i1 +vr(01,)) + -+ + (ge—1 — 9¢) (i + vL(6h)) + ge(a + vL(6s,))
900 (01,) + goir + g1(i2 — 1) + - 4+ ge—1(i¢ — ir—1) + ge(a — iy)
= &(L/K) (vr(0h,) + ¢r/x(a)) .
The lemma is proved, because vx = e(L/K) tvg. O

It remains to prove part (2) of our proposition.

Suppose 0;, is a root of F' with the same property vp(a — 0;,) = a +
0,...,0,1). Then vr(0;, —6;,) = a+(0,...,0,1). Butif A > j(L/K), then
a>i(L/K) and 6;, = 0,,.

The proposition is proved. O

Corollary 3.4. With the above assumption and notation

where 6(F) is the different ideal of F.
Proof. We have §(F)=F'(0) = (0 —0s)...(0 — 0;). Then

vr(0(F)) = Z vr(0 —0;)

2<i<d
= (90 — g1) (i1 +vr(0)) + -+ + (95-1 — 95)(is + v (0))
— e(L/K)ppx(is) — is + (d — 1vg(6).

It remains to note that e(L/K) = (1,...,1,d), is = i(L/K), or/k(is) =
J(L/K) and vi(0) = (0,...,0,1). O
Corollary 3.5. j(L/K) < 2uk (6(F)).
Proof. Notice that

i(L/K) =max{vr(6h —0;) | 2<i<d}—(0,...,0,1) < vp(6(F)).
Then Corollary 3.4 implies that
(1,...,1,d)j(L/K) < 2v.(6(F)) =2(1,...,1,d)vk (6(F))

and we can cancel by (1,...,1,d). O
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4. Families of increasing towers

In this section we work with local fields of characteristic 0 from LFq (V).

4.1. The category B(N). The objects of B(IN) are increasing sequences
K, ={K,|n>0}of K, € LFo(N). If K, L, € B(N), then Homgn)(K.,, L,)
consists of field automorphisms f : C(N), — C(N),, such that

— f is sequentially P-continuous;

— f is compatible with F-structure;

— f(K,) C Ly, for all n> 0.

Clearly, if K, = {K,, | n > 0} € B(N), then for any 1 < r < N, the
subfields of constants of dimension r {K,(r) | n > 0}, give an object of the
category B(r). This object will be usually denoted by K (r).

Notice that two towers K, and L, can be naturally identified if K,, = L,
for all n > 0 (all sufficiently large n). Such towers will be called almost equal.

Let K,,L, € B(N). Then by definition K, C L, or L, is an extension
of K, if for all m > 0, K,, C L,,. L. is a finite extension of K, of degree
d=d(L./K,)if for all m > 0, [Ly, : K,,] =d. Clearly, if L,/K, and M, /L, are
finite extensions, then M, /K, is also finite and d(M,/K,) = d(L./K,)d(M,/L,).

An extension L,/K, will be called separable if there is an index mg and
an algebraic extension E of K,,, such that L, is almost equal to FK, :=
{EK,, | m > 0}. Clearly, if L,/K, and M,/L, are separable, then M, /K,
is also separable. Notice also, that the composite of finitely many separable
extensions of K, is again separable over K,. Therefore, any finite extension
L./K, contains a “unique” maximal separable over K, subextension L_(s) (i.e.
any another maximal separable subextension is almost equal to L_(s)).

An extension L, /K, will be called purely inseparable if for any n > 0, there
is an m = m(n) > 0 such that L,, C K,,. The simplest example of a purely
inseparable extension of K, is K’ such that for all m, K/ = K,11.

Suppose L, D K, is a finite extension in B(N) of degree d = d(L./K.).
Let L and K be the p-adic completions of the |J L,, and, resp.,

m=0
U K. Suppose that [E : f(] = d. Then there are the following simple
m>=0
properties:

(1) d < d;

(2) d = d iff L, is separable over K_;

(3) d = 1 iff L, is purely inseparable over K ;

(4) if mg > 0 is such that Lmof? = E, then L_(s) = L, K, and L, is purely
inseparable over L_(s);

(5) if L_(i) := {Ln,NK | m >0}, then L_(i) is the maximal purely inseparable
extension of K, in L, and L, is separable over L_(i).
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Remark. The above property (2) implies also that a separable L, /K,
can be decomposed into a sequence of separable extensions K, C K,L.(0) C
- CKL(r)c---CKL(N-1)CL, and forany 1 <r < N, L(r) is
separable over K (r). In addition, the vector index &(L,,/K,,) becomes stable
for m > 0. We shall denote it as é(L,/K,) below.

4.2. The category B*(N), N € Zx,.

Definition. B*(N) is a full subcategory in B(NV) consisting of K, € B(N)
such that there is an index n* = n*(K,) and a positive real number ¢* =
c*(n*, K,) > 0 such that for all n > n*,

(a) [Kny1: Kn] = p" and e(Kns1/Ky) = (ps...,p) € ZN;

(b) if 1 < r < N, then jp, := j(Kp11(r)/Kn(r)) € J- and pry (jrn) = pc*.
(As usual, pry(j) denotes the first coordinate of j € J,. C Q".)

Remarks. (1) If K, € B*(N), then for n > n*(K,), all K,, have the same
last residue field.

(2) With the above notation, K, € B*(N) will be called a tower with
the index parameter n* and the ramification parameter c*; notice that any
n'* > n* and 0 < ¢/ < ¢* can also be taken as such parameters for K.

(3) For n > n*(K,), the condition (a) implies the equality of valuations
w41+ We shall use this to define the N-valuation v, :=
lim,, oo p~ vk, below. Due to the above remark (2), we shall also be able to
assume that the parameter ¢* = ¢*(n*, K,) satisfies the restriction pry v (p) =
¢*/p. The number ¢*/p will be denoted below as ¢;(n*, K,).

(4) From condition (b) it follows that if m > n*(K,), 1 < r < N and
J € Jy is such that pry(j) < p™c*, then g, . /K, (j) = j. Therefore, the
composition property of the Herbrand function implies that for such j and
all n > m, vk, /Kk,(J) = ¢k, /K,(J). Therefore, there is a limit function

pug, and v

YK, = limy, oo PKm/Ko-

Proposition 4.1. Suppose K., L. € B(N) and L, is a separable extension
of K.. If K, € B(N), then L, € B*(N).

Proof. Suppose K, has parameters n* = n*(K,) and ¢* = ¢*(n*, K,).

If L, = {L,, | m > 0}, then we can assume that there is an my > n
such that for all m > mg and 1 <7 < N, Lyy1(r) = Lyy(r)Kppq1(r) and
[Lin (1) : K (r)] = d(L.(r)/K.(r)) is independent on m. This implies that for
m = mo, [Lmy1 : L] = p" and &(Lyyi1/Lim) = (p,...,p). In other words,
L, satisfies the requirement (a) of the above definition of objects in B*(N).

Prove that L, satisfies condition (b) from the definition of objects from
B*(N).

First, consider the case K,(N —1) =L (N —1).

*
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We must prove that if j), = j(Lm+1/Lm) and mo > 0, then there is a
¢* > 0 such that for all m > my, pry(j,,) = p™c™.

Let = (L /Kp) and jp, = j(Kpma1/Km). Notice that aun, jm € Jn-

Lemma 4.2. Suppose m = mqg. Then

(1) a1 < max{pay, — (P — 1)jm,; m };

(2) if m < Jm, then a, = Q.

Proof. By the composition property of Herbrand’s function we have

(1) CLis /K (F) = CRoir /K (PLonsr /Kmsr (7))
for any j € J(IN). Looking at the last edge point we obtain

J(Lmy1/Km) = max {‘PKm,+1/Km (O‘erl)»jm} .

On the other hand, L,,+1 = LKy implies that j(Lye1/Kp) =
max{am, jm}~

Therefore,

—if o 2 Jm> then PEmi1/Km (am+1) <

— if ayp < jim, then oy, and ¢k, /K, (my1) coincide because they both
appear as second coordinates of the pre-last edge point of vr, ., /K, -

It remains only to notice that for j € Jy (cf. example in section 3.3),

¢ () = {j’
K/ G+ LG = ), i
The lemma is proved. g

Lemma 4.3. If m > mg and amm < Jm, then or, Kk, = PLo1 /Kt

Proof. Notice first that j(Ly41/Km) = max{m, jm} = jm and a,11 =
A < Jm-

Then (1) implies that the largest edge point of ¢, ., /K, comes from
the edge point of g, /K, and they both have the same multiplicity p.
Therefore, all edge points of ¢, ., /Kk,., apart from the largest one, coincide
with the edge points of v, . /K,,,, counting multiplicities.

Let j, = j(Lm+1/Lm). Then for all j € J(N),

(2) PClomis /K (J) = PL /K (P11 (7))
implies that
Jm = j(Lm-i-l/Km) = max{ama PLi/Km (.];n)} = PLpn/Km (];n)

Again, the largest edge point of ¢ . /i, comes from the edge point of
L. /Kn- S0, all edge points of oy, /K, apart from the largest one, coincide
with the edge points of ¢, /i, counting multiplicities.
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SO, YL,/ Km = PLmi1/Kmi. Decause they have the same edge points count-
ing multiplicities.

The lemma is proved. 0

We continue the proof of our proposition.

If m = my, then pry(j,/p™) = c¢*. By taking, if necessary, a bigger mg we
can assume that for all m > mg, a,, < jm. Indeed, Lemma 4.2 implies that

therefore, a,, /p™ tends to 0. Hence for a sufficiently large mq we have that
pry(am/p™) < ¢* and ay, < g if m > mg. Then by Lemma 4.3 the Herbrand
functions of the extensions L,,/K,, with m > mg coincide. Denote this func-
tion by ¢ k. and notice that ¢ /xk (j,) = jm, where j,, = j(Lpy1/Lm)
(cf. the proof of Lemma 4.3).

It remains to notice that ¢,k is a piecewise linear function and from its
definition it follows that for any j € Jx, the number pry (¢ /&, )(j) depends
only on pr;(j). This gives a piecewise convex linear function a — p(a) =
pry¢r k. ((,0,...,0)) on Rxo with the last slope 1/e! = 1/d(L,/K.,) if
N =1and e! =1if N > 1. (Note that we are considering the case where
L (N—-1)=K,(N-1).) So, for any given 0 < v < 1, there is an mg such that
for all m > myg, the conditions pry(j,,) = p™c* and o' (pr,(5.,)) = pry(jm)
imply that pry(j/.) = p™elc*y. Taking v = 1/2 we obtain that for a suffi-
ciently large index parameter n* = n*(L,), L, has the ramification parameter
c*(n*, L) =elc*/2.

Consider the case of a general separable extension L, /K., where K, €
B*(N) with parameters n* = n*(K,) and ¢* = ¢*(n*, K,). Then our proposi-
tion is implied by the following lemma.

Lemma 4.4. Ife! = pry(e(L,/K.)), then for a sufficiently large parameter
m* = n*(L,), one can take for L, the ramification parameter ¢*(m*,L,) =
ele* /2N,

Proof. Apply induction on N > 1.

The case N =1 follows from the above considerations.

Let N > 2. Then we have two separable extensions K, C E, C L,, where
for any m > 0, E,, = K, L, (N — 1).

Prove that for n > 0, one can take c*(n, E,) = elc* /2N 1.

Indeed, if 1 < r < N, then

Uy j(Ems1(r)/Em(r)) = pry j(Linga (r) [ Lin(r)) > e'¢" /27 > e'er /2N 71
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by the inductive assumption. Compare the values of the Herbrand functions
of Eni1/Em and Kpyy1 /Ky, for j € Jy. In both cases the definition of the
Herbrand function uses two ingredients:

— the canonical valuations vg,, ., and vk, .,, which differ by the factor
(e',...,eN71 1), where e(L./K,) = (e',...,eN "1 eM).

— the ramification indices €(E,,+1/FEy) and €(K,,11/K,y,), which are both
equal to (p,...,p) for m > 0.

This implies that for any j € Jy,

B En () = (e e Dok, (€ eN 1) 7).
Therefore, j(Eyy1/Em)=(e',...,eN 1 1)j(Kpny1/Km) and pry j(Emi1/Em)
> pm 1 c*.

So, for n > 0, ¢*(n, E.) = min{elc*, elc*/2V71} = elc¢* /2N~ Finally,
because E,(N—1) = L. (N —1) we have L_ € B*(N) and for n > 0, ¢*(n, L,) =
pri(1,...,1,eN)c*(n, E,)/2 = elc* /2N,

The lemma is proved. O

Remark. Suppose K,,L, € B*(N) and L, is separable over K,. Then
the above arguments give the equality of the Herbrand functions ¢y, /g, for
m > 0. This function will be denoted below as ¢, /K -

4.3. The category B/*(N).

4.3.1. Suppose K, € B*(N) with an index parameter n* = n*(K,) and a
ramification parameter ¢*(n*, K,).

Definition. If indices u1,...,uy are such that n* < uy <wuy_1 <--- <
up, then Ky, uy = Ky, (1) ... KuN_l(N 1)K, ,. We shall denote this field
with its natural F-structure below also as Ky, where @ = (uq,...,un).

Definition. B/%(N) is the full subcategory of all K, € B*(N) such that for
some vector index parameter #° = @#°(K,), Kzo has a standard F-structure.

Remark. If 4° = 4°(K,) is the above vector index parameter, then we
always assume that the corresponding index parameter n*(K,) equals u%.
K, will be called a tower with the vector index parameter 4° = 4°(K,) and
the ramification parameter ¢* = c¢*(u°, K,). Note that we use the notation
¢t =ci(u’, K,) := ¢*/p and assume that pr,(vk. (p)) > c}.

A tower extension L, D K, will be called finite Galois if it is finite separable
and there is an index mg such that for all m > myg, all L,, D K,, are Galois.
Equivalently, there is a finite Galois field extension L of K,,, such that for all
m = mg, Ly, = LK,

Proposition 4.5. Suppose L.OK, isa separable extension in B“( ).
Then there is a finite Galois extension L. of K, such that L OL and L, €
Bfe(N).
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Proof. Let n* = n*(L,) = n*(K,). Choose a finite Galois extension E of
K- such that E, = EK, D L,. Then E, € B%(N) (cf. section 4.2) and we can
assume that n* = n*(E,). Take a finite extension F' of E,«(N — 1) such that
(En+F, F) is standard in the category LC(N).

Let F, = FK,(N—1). We can assume that m* := n*(F,) = n*(K,(N-1)) >
n*. By induction there is a finite Galois extension H of K« (N —1) such that
H, = HK,(N —1) D F, and H, € B/*(N —1). Then (E,-H,H) € LC(N)
is still standard and, therefore, HE, € Bf*(N). At the same time, HE, is
Galois over K, as a composite of Galois extensions.

The proposition is proved. g

Remark. The above proposition shows that for a given K, € B%(N), the
family of all its Galois extensions in Bf%(N) is cofinal in the family of all its
separable extensions in B*(N).

4.3.2. The following proposition (or more precisely, its applications below)
plays an important role in the construction of an analogue of the field-of-norms
functor.

Proposition 4.6. Suppose K, € B/*(N). Then for anyu > u® (K,), there
is av =v(u) = u such that (K, K,(N —1), K,(N —1)) € LC(N) is standard.

In sections 4.3.3-4.3.6 below we assume that this proposition is proved
and consider its applications. We need these applications later on in our
construction of the field-of-norms functor. We also need them in dimension
< N, when proving the above Proposition 4.6 by induction on N in section 4.4.

Notice, if Proposition 4.6 holds with a function v(u), then this proposition
also holds with any function v (u) such that vy (u) > v(u) for all u > uQ(K.).

4.3.3. Structural functions m,, 1 <r < N.

Proposition 4.7. Suppose K, € B/*(N) with the index parameter u°(K,)
= (ul,...,ul). Then for 1 < r < N, there are non-decreasing functions
My Lo, — Lzyo such that for any u = uly i, me(u) = u and for any
Ulyeoo s UN, UN—1 Z MN—1(UN), - .., up = m1(U2), Kuyjus..uy has a standard
F'-structure.

Proof. Use induction on N.

If N =1, there is nothing to prove.

Assume that N > 1. Then K (N —1) € Bf%(N —1) and there are functions
m, : Z>u2+1 — Z}u?.a where 1 < r < N — 2, such that if uny_q1 > u?v_l,
UN—2 = mMy—2(UN_-1),...,u1 = mi(uz), then K(N — 1), uy_, has a stan-
dard F-structure.

If u> u?v, take v = v(u) > u?v_l from Proposition 4.6. Then define
MN—1: Ly — Ly, | by the relation

my_1(u) = max{v(u') | vl <u' < u}.
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Then this collection of functions m,., 1 < r < N, satisfies the requirements of
our proposition. O

Remark. With the above notation, suppose the indices (v9,...,v%) are
such that v? > e > U?v and the functions n, : Z%,gﬂ — Z>v9, 1 <
r < N, are such that v ; > «Y,; and n,(u) > m,(u) for all u > v2,.
Then the proposition holds also with the new indices v?,...,v%, and the new
functions ny_1,...,n1. In particular, we can assume (if necessary) that the
functions m,. from our proposition are strictly increasing. For a similar reason,
if L., K, € Bf*(N), then we can always choose a common vector parameter
u’(L,) = u°(K,) and common corresponding functions my,...,my_1 such
that Proposition 4.7 holds for both K, and L,.

4.3.4. Local parameters. Suppose K, € Bf%(N) and for 1 < r < N,
My : Z>u9+l — Zx0 are corresponding functions from Proposition 4.7. We
always assume in this situation that n*(K,) = u%, and m,(ul, ;) = u? for all
1<r<N.

For 1 <r < N and v, > u!, fix a choice of an rth local parameter t(U:) in
the field K, (1) ... K, (r), where v,_1 = my_1(v,),...,v1 = mq(v2).

Proposition 4.8. For any indices uy,. .., uy such that uy > u?v, UN_1 =
(1) (N)

my_1(un),...,u; = m(uz), the above introduced elements ty, ..., tuy give
a system of local parameters in the field Kz = K., (1)... Kyy (N —1)K,,.

Proof. If N =1, there is nothing to prove.

If N > 1 we can assume by induction that t&ll), .. .,tS}’VjP is a system of
local parameters in E = K, (1) ... Ky, _, (N —1).

Let vy—1 =mn_1(un), vn—2 = my_2(vN_1),.-.., v1 = mq(vy). Let B/ =
K, (1)...Kyy_,(N —1), then K; = EF'K,,, with © = (v1,...,un_1,un).
Clearly, E' C E and (K3, E') € LC(N) is standard. Therefore, (K3E, E) is

also standard and t,(fx) extends the system of local parameters tE}R, e JS[YQ} )
of FE to a system of local parameters of K; = Kz E.
The proposition is proved. O

4.3.5. Construction of special extensions. Assume that K, € B/*(N)
is given via the above notation. Assume, in addition, that the functions m,,
1 <7 < N, are strictly increasing. Under these assumptions, for any n € N,

set v% = u® +n — 1 and define the vector 2" = (v7,...,v"%) by the relations
v = my_1(Vl 4+ 1),..., 07 = my(v5 + 1). Notice that for any indices
wi, ..., wy such that ' < w, < v+1with 1 < r < N, the field K, ., has

a standard F-structure. Indeed, for any 1 < r < N, we have the inequalities
my(wry1) <mp(v) +1) =0 < w,.
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Set for alln € N, 4™ = (v +1,...,v% +1), Opn = Ok, and Ogn = Ok,
Notice that we have natural embeddings

Ogo COs C O C++-COyn COgn C ... .

Indeed, the embedding Ogzo C Oy exists because vy = u, and for 1 <r < N,

vy, = ul,, implies that v} = m, (vl +1) > m,(ul;) = ul. The existence
of the embeddings Oz» C Ogn for n € N is obvious, because for any 1 < r <
N, v} < u} = v} + 1. In order to prove the existence of the embeddings
Ogn C Ogn1 for n € N, compare @" and 9" 1. Clearly, u%, = v} and for
n>1ul =vh+1=ul+n=0ovy" Suppose 1 <r <N and u?,; < v/
Then u? = v% +1 = m,(v0; + 1)+ 1 =m(uly;) +1 < m(v]) +1 <
e (o) 1) = o,

For any u > u%;, let vk, be the canonical N-valuation associated with K,
(cf. section 3.2(b)). Then vk, := vk, /p* does not depend on the choice of
u (cf. Remark (3) in section 4.2). Introduce the 1-valuations vj := pr; vk,
and vy = pr; vg,. For any ¢ > 0, set

my (c)={o € Oc(ny, | v (0) = c}.

For any subring O in O¢(y),, agree to denote by O mod mk (c) the image of
O in O¢(n), modmj (c). Then for any n > 0, there are natural inclusions
Ogn modmj (¢) C Ognsr modmy (¢) C Ognsr modmi (c).

Proposition 4.9. Let ¢; = ¢*(u},K.)/p. If ¢; < v (p) (¢f. Remark
(3) in section 4.2), then for all n € N, the pth power map induces a ring
epimorphism

Og» modmp (cf) — Ogn modmp (cf).

Proof. Note that for n € N, @" = (uf,...,u%) = (v} +1,...,0% +1). Let
1 <r < N and let tg;) be the rth local parameter for Kgz»(r) from section
4.3.4. It will be sufficient to prove that its pth power is congruent modulo
my, (¢}) to some rth local parameter of the field Kyn (r). By induction we can
assume that r = N.

Let E = Kgn, E' = Kgn (tgx)) C Kgn. Then [E' : E] = p and both these
fields have a standard F-structure. If 7 € Ip//p and 7 # id, then

vk (Tt%) _ t%)) S e

(cf. the definition of objects of B*(N) in section 4.2 and use the Herbrand
function from section 3.3). This implies that all conjugates to tl(g) over E are

congruent modulo mj (¢*/p) = my (¢}). Therefore, the pth power of tfgv) is
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congruent modulo mj (¢f) to the norm N/ /p (ti%)), which is an Nth local
parameter in Kyn.
The proposition is proved. O
Corollary 4.10. With the above notation and assumptions the field tower

Kijpo CKjyn CKyji CKyg2 C-+- C Kgn C Kgn C ...

satisfies condition C from section 2.6 with the parameter ¢ = c;(i°, K,) =
(@, K.,)/p.

4.3.6. A modified system of local parameters. As earlier, we have
K, € B/%(N) together with the corresponding strictly increasing functions
my : Z>u9+1 — Lzyo for 1 <7 < N.

For 1 < r < N, define U(my,...,m,) CZ" ! as the set of = (uy,...,Upr11)
such that uy 41 > ulyy + 1, up = me(upgr) + 1.0, ug = maq(u2) + 1.

Notice that @ = (u1,...,un) € U(mq,...,mny—_1) if and only if 7 =
(v1,...,on) = (ur —1,...,un — 1) satisfies the restrictions vy > u%, vy_1 >
my_1(vxy + 1),...,v1 = myi(va + 1). In other words, the vectors u €
U(mi,...,mn—1) can be taken as the vectors ™, where n € N, in the tow-
ers from Corollary 4.10. In particular, the pth power map induces a ring
epimorphism

Ok, modmy (cf) — O, modmp (c}).

Proposition 4.11. For all 1 <r < N and u > u?, there are Tff) € C(r)p
such that:

(a) Tié), ceey Tg)v) 18 a given system of local parameters in Kgo;
1 N
(b) TI(Q]f = 7" mod mi (¢});
(¢) if u = (ur,...,up) € U(my,...,mp_1), then Téj), e ,7'1(‘:) is a system

of local parameters in Ky(r).
Proof. Use induction on 0 < r < N. If r = 0, there is nothing to prove.
So, it will be sufficient to define T&N) with v > “9\/~
Set Tg)v) = tq(f:) (cf. section 4.3.4).
N N

Then use induction on n > 0, where u = u?v + n. We can assume that

Tiévzrnq = TTEWNN) € Opn has already been constructed. By Proposition 4.9 we
N
can take Tiévzrn = ég) € Ogzn such that
N
Tig)p = TTEZTVJLV) mod mj (c}).

Clearly, this is an Nth local parameter in Kgn.

It remains to prove the property (c¢) for r = N. We must prove that if
= (u1,...,uny) € Ulmy,...,mn_1) and @” = (uf,...,ul) is such that
uf =un, then u, > forall 1 <r < N,
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Indeed, it holds with » = N. Suppose 1 <r < N and u,41 > u;'y ;. Then
Up = My (Upg1) 1L Zmp(ur )+ 1=mp(v) + 1)+ 1 =0 +1=u.

The proposition is proved. O

4.4. Proof of Proposition 4.6. Notice that there is nothing to prove
if N =1 and use induction on N by assuming that the proposition holds in
dimensions < N.

Therefore, we can use the result of Corollary 4.10 in dimensions < N. It
remains to note that if Ky~ is F-standard, then KU%HKW is elementary in-
fernal over Kyn, due to the condition on the upper ramification numbers from
the definition of objects of the category B® from section 4.2. So, Proposition
4.6 follows from case (b) of the procedure of elimination of wild ramification
from section 2.3 via an analogue of the tower from Corollary 4.10 constructed
for K (N —1).

5. Family of fields X(K,), K, € Bf*(N)

5.1. Fontaine’s field Ry(N). Recall that objects K € LFy(N) are
realised as subfields in C(N),. They are closed subfields with induced F-
structure and P-topology. Any K € LFq(N) has a canonical valuation vg of
rank V.

Notice that if K/ € LF(N), then vgr = avg with some & € QJ>VO, and
therefore, all such valuations belong to the same class of equivalent valuations.
If K € LFo(N) and vk is the extension of its canonical valuation of rank N to
C(N)y, then O¢(n), = {0 € C(N), | vk (o) = 0n}. For any ¢ > 0, my(c) :=
{oe C(N), | vi (o) = ¢} is an ideal in O¢(pny, (as earlier, vy := pry (vk)).

Set R(N) = lim(Oc(n), mod p), where the connecting morphisms are in-

duced by the ptﬁ power map. Then R(N) is an integral domain and its
fraction field Ry(N) is a perfect field of characteristic p. The F-structure on
C(N)p induces the F-structure on Ro(NN) given by the decreasing sequence of
the subfields

Ro(N) D) R()(N - 1) DD Ro(l) D RO(O)

In addition, the field Ro(0) consists of the sequences {a?” " },,>¢, where a € F,.
The map {a? "},>0 +— « identifies Ro(0) with F,, in particular, any finite
field of characteristic p can be embedded naturally into Ro (V).

Notice that R = R(1) and Frac R = Ro(1) is the original notation intro-
duced for the corresponding 1-dimensional objects by J.-M. Fontaine.
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Let K, € B*(N). It determines the N-valuation on C(XN), given by the
formula vg, = lim (vg, /p™). Define the N-valuation vg k. on Ro(N). If

r= (Tn)n>0 € R(N), then

vr K, (F) = hm prug (fn) = lim vk, (F)

n—oo

where 7, € O¢(ny, is such that 7, mod p = r,,. (For n > 0, vk, (#,) < vk, (p)
and then vg, | (Fny1) =0 M0k, (Ph 1) = vk, (Pn).)

If L, € B4(N), then vg 1, = avg i, with & € ng. Therefore, the equiva-
lence class of valuations vg g does not depend on the choice of K.

For ¢ > 0, set mp - (¢) = {0 € R(N) | vp g (0) > c}, where v =
Pri VR.K,-

The following proposition is just an easy consequence of the above defini-
tions.

Proposition 5.1. Suppose ¢ > 0 is such that p € m}a (¢) (or, equivalently,
Vi (p) = p). Then:

(a) R(N) = lim(O¢(n,, mod my (¢))n, where all connecting morphisms are

induced by the p?fh power map;
(b) for any u > 0, the uth projection pr : R(N) — Og(n), modm (c)
induces a ring isomorphism of R(N) mod my, 5 (p“c) and Og(ny, modm (c).
Proof. Let 7 = (r, mod p). Take ng > 0 such that p"°c > v (p). Consider
the map ¢ : R(N) — lim(OC(N)p modmp (c)), given by the correspondence

7= (rpmodmp (c ))n>0 Then:

— ¢ is injective.

Indeed, suppose for alln > 0, r,, € mK (c). Then forn >0, r, = Tngo =
0 mod p.

— ¢ is surjective.

Indeed, suppose u = (u, modmp (c)) € lim(Oc(ny, modmj (¢)),. Then
,H_no mod p), € R(N) and ¢(r) = u. O

Remark. Oc(y), is equipped with the P-topology induced by the induc-
tive limit of the P-topologies on all fields K € LFy(N). This topology induces
the P-topology on R(N) and Ro(N). With respect to this topology the arith-
metic operations in Rg(N) are sequentially P-continuous.

5.2. The family of fields X (K,). Suppose K, € B/¢(N) with the vec-
tor index parameter @’(K,) = (uf,...,u};) and the ramification parameter
c* = c*(ul, K.). As earlier in section 4.3.3, choose for all 1 < r < N, the
corresponding strictly increasing functions m,. : Z2u2+1 — Zzyo and ele-

(r) , where u > uo such that qur) is the rth local parameter in Kz (r)

if u = (ul,...7ur) eU(my,...,mp_1).

r:(u

ments 7y
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For ¢f = ¢*/p, set

7 = (r{” mod mj (¢}))uzuo € lim(Og(w), mod m () = R(N).

Let k = k(K.) be the last residue field of Ko (this is also the residue field
for all K, with u > u%;). As mentioned in section 5.1, k can be naturally
identified with a subfield in Ry(0) C Ro(N).

Proposition 5.2. The correspondences Ty — 7V ,..., Ty — 7N) deter-
mine a unique P-continuous identification v of the N-dimensional local field
K = k((Tw))...((Th)) and the N-dimensional local subfield in Ro(N) with
the system of local parameters 7M. .., 7(N) and the residue field k.

Proof. We need the following obvious lemma.

Lemma 5.3. Suppose L € LFy(N) has a standard F-structure, which
is compatible with given local parameters ti,...,tn. If ¢ > 0 is such that
p € ml(c), then any o € Op can be uniquely presented modulo ml(c) in the

form
Z agtt . Y.
a1<c
Remark. The coeflicients [ag] are the Teichmiiller representatives of the
elements of the last residue field of L and satisfy the standard restrictions
from the beginning of section 1.1.
Continue the proof of Proposition 5.2.
We first prove that the power series

(3) Z agrMer | (Nay

a>0y
converges in R(N) if its coefficients o satisfy the restrictions described in
section 1.1. This is equivalent to the fact that for all u > u%, the series

(4) > af e e
&261\]
converge to elements f, € O¢(y), such that f,; = f, mod m}(. (7).
Let v(u) = (u1,...un—1,un) € U(mq,...,my_1) be such that uny = u.
Then for 1 <r < N, it holds u < u,. and

(r) = (r)p*r ™"
Tu ' = Tu,

mod m}(_ (c1).

This means that the above series (4) can be expressed in terms of local pa-
rameters of the field K7 (,,), its coefficients [aa]p_u satisfy the restrictions from
section 1.1 and, therefore, this series converges in Og,) C Og(n),. Denote
this limit by fy(,). Clearly, the elements f5(,,) do not depend modulo m}(_ (c})

on the choice of v(u).
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For u > u%;, prove the congruences f” 1 = fumod m}(_ (7).

Choose ©o(u + 1) € U(mq,...,mny—1). Then we can take o(u) :=
olu+1)—(1,...,1) € U(mq,...,my—_1). Then the congruences from 4.10(a)
imply that

fh= fé’(uﬂ) = fo(w) = fumodmp (cf).
So, the map t|o, : Ox — R(N) is well defined.

Then the uniqueness property from Lemma 5.3 implies that any element
from R(N) can be presented in at most one way as a sum of the series (3).
Indeed, suppose

Z agrMa  sNan — g
a>0xn
in R(N). Then for all w > 0 and o(u) = (uy,...,un—1,u) €U(mq,...,my_1),

aP_uT(UPulfual FIN=Dp*N=1"%an 4
a

(N)an 1 *
w1 o Tun—1 Tu EmK_(Cl).

a>0n

In other words, if @ = (a1, ...,an—1,an) is such that agz # 0, then T&)p’“‘“al

€ mk(c{) and alp_“v}(. (T&i)pm) > ¢f. But this is impossible because
vk (qui)pul) = v}(ul (7'151)) = 1 does not depend on u.

So, all @z = 0 and the image ¢(K) is an N-dimensional local field with the
set of local parameters 7V, ... 7(V),

The proposition is proved. O

Notice that the above fields ¢() C Ro(N) are not uniquely determined
by a given K, € B/*(N). They do depend on the choice of the structural
functions myq,...,my—_1 and on the next choice of the modified system of lo-
cal parameters {Tﬁr)}u>ug, 1 <r < N. Denote by X(K ;mq,...,my_1) the
family of all fields K which can be constructed for a given tower K, by the
use of a given vector-index @°(K,) and the ramification invariant ¢*(@°, K,)
together with an appropriate choice of strictly increasing structural functions
mi,...,my—1. Notice that taking a bigger vector-index, and a smaller rami-
fication invariant together with the contraction of the domain of definition
of functions mq,...,my_1 doesn’t affect this family. For a fixed K., all
X(K.,mq,...,my—1) form an inductive system. Its limit we shall denote
by X(K.).

5.3. The categories LFr(N) and LF;(TV). Consider the category
LFRr(N) of all N-dimensional closed subfields K in Ro(N) together with
the induced F-structure given by the subfields of r-dimensional constants
K(r) = Ro(r)n K, 0 <r < N. If K,£ € LFr(N), then Homyp () (K, L)
consists of sequentially P-continuous morphisms f : Ro(N) — Ro(NN), which
are compatible with F-structure and such that f(K) C L.



706 VICTOR ABRASHKIN

Suppose that v! is a 1-dimensional valuation coinciding with one of equiv-
alent valuations pr; vg i, where K, € B/(N). For a subfield £ in Ro(N)
denote by R(L) the v!-adic closure of the maximal inseparable extension of
£ in Ro(N).

Definition. If ,£ € LFg(N), then K ~ L if for 1 < r < N,
K(r)R(K(r — 1)) = L(r)R(L(r — 1)), where the composite is taken in the
category of v!-adic closed subfields of Ry(N).

Clearly, the above-defined relation ~ is an equivalence relation. Denote by
LF(N) the category whose objects are the equivalence classes cl(KC) of all
K € LFR(N) and for any cl(K),cl(£) € LFg(N), Homﬁ,R(N)(cl(lC),cl(/J))
consists of sequentially P-continuous field morphisms f : Ro(N) — Ry(N)
which are compatible with F-structure and such that for any 1 < r < N,
fK(r)) € L(r)R(L(r —1)).

We shall need below the following property, which is an easy consequence
of the (usual 1-dimensional) Krasner Lemma.

Proposition 5.4. Suppose L1,L € LFg(N), L1 D L is a separable ex-
tension of degree m € N. If L' € LFr(N), L' ~ L, then there is a unique
LY € LFR(N) such that L} is a separable extension of L' of degree m and
L)~ L.

Remark. By this proposition we can use below the concept of a finite
separable extension in the category LFr(N).

Proof. We can proceed by induction on N and, therefore, can assume that
Ly(N —1) = L(N —1). Then L' ~ £ implies that £ C LR(L(N — 1)) =
L'R(L(N —1)).

Suppose £1 = L(«), where « is a root of a separable polynomial G(T) €
L[T], degG = m. By Krasner’s Lemma there is a finite extension E’ of
L'(N —1) in R(L'(N — 1)) and G(T) € L'E'[T] such that degG = m and
L1L'R(L(N = 1)) = LR(L' (N — 1))(8), where f is a root of G(T). (G is
a sufficiently nice v'-adic approximation of G.) Notice that E’ is a purely
inseparable extension of £L'(N —1).

Let £, = L'E'(3). Then L1 is a separable extension of £'E’ of degree m.
Let £} be a separable closure of £’ in £;. Then

(o) L] is a separable extension of £’ of degree m;

(8) LY(N —1) = L'(N — 1), because L£{(N — 1) is a separable extension of
L'(N —1) inside E’;

(y) L, E' = £, and this implies that £/ R(L(N — 1)) = LiR(L1(N —1)).

Finally, notice that (8) and (v) imply that £ ~ £y ~ L;.

The proposition is proved. O
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5.4. The class cl(K,) € LFz(N), K, € B/*(N).

Proposition 5.5. Suppose K, € Bf*(N). Then all fields from X(K,) are
equivalent in I:\IER(N).

Proof. Let u(K.) = (uY,...,u%) and ¢ = ¢*(@°(K.), K.)/p be parameters
of K,.

Suppose K € X(K,,mq,...,my—_1) is obtained via a choice of strictly
increasing functions m,. : Z>u9+1 — Zzy0, and a special system of local

parameters ﬂ(f), where 1 <r < N and u > ug, from Proposition 4.11.

Take some u > u%, and choose 4 = (u1,...,uny_1,u) € U(my,...,mx_1).
Set Kg = K (e "N=1]C(N — 1)) ...(c%"*1K(1)), where o is, as usual, the
pth power map. Then

ot (T(l)), S, otTuN (T(N_l)), (V)

is a system of local parameters in g which is compatible with a given stan-
dard F-structure of Kz. In particular, this will imply the equality vx =
(pu—ur, . L, pt TN Tk,

For 1 < r < N, the correspondences g%~ % 7(") — 7'75:) give the ring identi-
fication

Yz + Ok, mod m}%vK_ (p“c]) ~ Ok, mod m}(_ (c])-

Notice that this identification transforms vi, to vk,. Therefore, ¥; trans-
forms vk to vk, = p vk, for u > “9\/~

If o = (uy,...,uly_q,u) € Ulmy,...,my_1) is such that u, > wu, for
all 1 < r < N, then ¢y and 1y are compatible via the natural inclusions
Ka € Ka and Ok, C Ok,,. Therefore, the uth projection pr, : R(N) —
Oc(n), mod my (¢}) induces the identification

Yy O}CR(IC(N—l)) mod m}%,K_ (p“ci) — 0™ mod m}(_ (c1)

where O is the valuation ring of the composite of all K with @ running over

the set of all @ = (u1,...,un—1,un) € U(my,...,my_1) such that uy = u.
In order to understand the relation between different 1, notice that if
ou +1) = (u1,...,un—1,u + 1) € U(mq,...,mny_1), then o(u) =

(ur = 1,...,uny—1 — Lu) € Ulmy,...,mn_1) and Kzuy = Kyuyr). This
implies that 15(,) and 5,41y fit into a commutative diagram via the natural
projection

Ok “Het)

mod m}%,K_ (p - OKi(u) mod m}%,K, (p"“ct)

B(ut1)
and the restriction of the transition morphism of the projective system
Oc(n), modmy (cf) from the definition of R(N). Therefore, lime, iden-
tifies Oxr(c(v—1)) with @(O(“) modmj (¢}))y € R(N). In particular,

u
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KR(K(N —1)) does not depend on the choice of functions my, ..., my_1 and
the corresponding system of modified local parameters. For similar reasons
we also have the similar property for all K(r)R(K(r — 1)) with 1 <r < N.

The proposition is proved. O

If K, € B/*(N), then set cI(K,) := cl(K) € LFg(N), where K € X(K,).
So, cl(K,) denotes the class of equivalence of fields K € X (K,) in the category
LFRr(N). Notice that if K € cl(K,), then vk = vg k.. Indeed, 95 transforms
v to p*vg, (cf. the proof of the above proposition) and, therefore, can be
recovered as lim(p“vk, Ju = VR,k, -

u
For future references point out the following corollary of the above consid-
erations.
Corollary 5.6. If u > u%; and v(u) € U(my,...,my—1) has Nth coordi-

nate u, then the uth projection pr, from R(N) = lim(Oc(n), mod mye (¢}))u
to Og(n), modmy (c}) induces the identification

Vo) + Ok, modmi (pUc]) — Ok, modmi, (p“ci)

v(u)

and this identification transforms v to vk, .
5.5. If K,, L, € B/*(N) denote by K and, resp., L the p-adic completions
of the fields Um>0 K,, and, resp., Um>0 L,,.

Proposition 5.7. With the above notation, if K=1L, K¢ cl(K.) and
L e cl(L,), then R(K) =R(L).

Proof. Suppose K., L, € Bf*(N) are such that K = L. By induction on N
we can assume that for £’ € cl(K (N — 1)) and £ € cl(L.(N — 1)), it holds
that R(K') = R(L'). We can assume also that @’(K,) = u°(L,) := @° and
the ramification parameters ¢*(u’, K,) and ¢*(a°, L,) are such that mj. (¢}) =
m} (dj) := m§, where ¢f = ¢*(a% K,)/p and dj = ¢*(a°, L,)/p. We can also
assume that £ € X(K,,m,...,mny_1) and £ € X(L.,mq,...,my_1) with
the same strictly increasing functions m,. : Z>u2+1 — Ly, 1 <7 < N.

For any u > u%;, choose a vector v(u) € U(my,...,my_1) with Nth coor-
dinate u. Then there is a w(u) € U(my,...,my_1) and an embedding
Ok, ., mod m(l) C OL@(u) mod rn(lJ

induced by the embeddings Ky,,) C IN(, Ly C L and the identification
K=1L.

If v is an Nth coordinate of w(u), then by Corollary 5.6 we obtain the
embeddings

by : Ok, mod my-(p“c}) — " %O, mod mj-(p“c})

@ (u)
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(notice that mi(p“c) = mk(p“d})). The embedding 6, u > u%;, is induced
by the identity morphism of R(N)modmj-(p“c;) and natural embeddings
of K and £ into Ro(N). Therefore, the projective limit of all §, induces
the embedding of Ok into Og(,) and this embedding is compatible with the
natural embeddings of I and £ into Ro(N).

This proves that R(K) C R(L). By symmetry, we also have the opposite
embedding. The proposition is proved. O

6. Separable extensions in B/*(N) and LFz(N)

6.1. In this subsection we prove that the correspondence K, — cl(K,),
transforms finite separable extensions in B/?(N) to finite separable extensions
of the same degree in LF (NN) (cf. section 5.3).

Proposition 6.1. Suppose L., K, € Bf*(N) and L, D K, is separable of
degree d(L./K,) =d. If K € cl(K.) and L € cl(L.), then cl(L) is a separable
extension of cl(KC) of degree d.

Proof. We can assume that:

—a(K)=a(L)=(u},...,u}), L= L, K, and d(L,/K,)=[Lyq : K9 ;

— K, and L, have common strictly increasing structural functions m,. :
Zyuo,, — Lzyo, where 1 <7 < N, such that m, (ufy) = ug);

— cj(a®, L) = elei(u®, K,), where ¢! = pr;(e(L./K.)); in other words,
my (c¢;(a’, K,)) = my (¢j(a® L,)) (this ideal will be denoted below by mg);

— for all u > u(])v, the Herbrand functions of extensions L, /K, coincide
and are equal to ¢ /. and pry (i(L,/Ky)) + 61n < pci(a®, L,).

We must prove that if L€ X (K ,mq,...,mny_1), CEX(K,,m1,...,mNn_1),
then £ is equivalent in the category LFg(NN) to a separable extension of IC of
degree d.

Notice that K(N — 1) € X(K (N —1),mq,...,my_2) and L(N — 1) €
X(L.(N —1),m1,...,mn_2). Therefore, by induction on N we can assume
that L (N —1)= K, (N —1) and K(N —1) = L(N —1).
Consider the corresponding sequence of multi-indices @
,... from section 4.3.5 and the corresponding field towers:

0 1 5T

717
LU0, U, ., 0,
n

U
LﬁOCLglCLﬁlCL@ZC"'CLanCL,_—LnC...
Kjpo CKjn CKgit CKgp2C - C Kgn C Kgn C ...

For any u > u%;, set n = n(u) = u — ul. So, if u > ul’, then 4" =

(uh,...,ul_q,u) € U(my,...,mn_1).
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For 1 <7 < N and u > u?, let " e C(r), be the modified local parame-
ters from section 4.3.6 used to construct the field £ € X(L.,m1,...,my_1).
They satisfy the conditions of Proposition 4.11 with K, replaced by L,.

If @Ty) =17, € R(N) and k is the last residue field of £ (and of K, as

well), then £ = k((ry)) ... ((r1)). For u > u, let 7/, be the norm of 7"’ in
the extension Lgn/Kgzn. This gives a system of Nth local parameters 7,, for
Kon suh that Jnr!, = 7/ € R(N) and K ~ Ky = K())((r-1)) .- (7)) €

u

X(K, my,... ,TTLN_l).

For any u > u?v, Ny = T,SN) belongs to Op,. and is a root of an Nth
Eisenstein polynomial F,(T) = T% + a1, TV~ + -+ + a;jq € Ok, [T).

Notice that for any n > 0, Lz» = Lu?\, Kz» and we have a natural identifi-
cation of the sets I, /x,, of all isomorphic embeddings of Lz~ into C(N)y,
which are the identity on Kz~ , with the set IL“?V/K“‘}V . Then, for any u > u'])\,,
another root of F, appears in the form g(7,), where g € ILu(z’v/KU?v’ g #id.

Therefore, the conditions 7}, = 7, mod m}, imply that for all 1 < i < d,
aﬁuﬂ = a;, mod m(l). It then follows from Corollary 5.6 that for all 1 <i < d,
lim(a;, modmg), := a; € Og, where K =KR(K(N—=1)) = KyR(K1(N —1)).
Therefore, F(T) :=T" + oy TN "'+ -+ a4 € Og[T] is the Nth Eisenstein
polynomial and n := 7y € L is its root. Clearly, L= 16(77), where £ =

LR(L(N — 1)).~ N
Prove that L is separable over K. Notice that for any g € I , /k , »
“N YN

limg(n,) is a root of F(T') in R(N). It remains to prove that these roots are

u
different for different elements g € I, , /k , -
UNTOUN

Suppose ¢1,92 € ILu‘?v/Ku?v and liﬂlgl(ﬁu) = liLngQ(nu). Then for any
u u
u = u%, g1(n) = ga(ny) modm}. Because m} = miu(p“c’{(ao,L_)) this

implies for g = g;lgl,

UL, (g(nu) - nu) > Z(Lu/Ku) +vr, (nu)

So, by the definition of the biggest lower ramification number (L, /K,,), we
have g = id, i.e. g1 = go.
Therefore, F(T) has d distinct roots in R(N) and £ is separable over K.
Finally, applying arguments from the proof of Proposition 5.4 we obtain
the existence of £ ~ L in the category LF gr(N), which is separable of degree
d over K. (]
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Corollary 6.2. In addition to the assumptions of the above proposition
assume that L1 € cl(L) is a separable extension of K of degree d. Then:

(a) there is a natural identification of the set Iy, ;i of all isomorphic em-
beddings v of L, into C(N), such that t|k, = id and the set I /c of all
isomorphic embeddings ¢ : L1 — Ro(N) such that t|x = id;

(b) oL k. = Pri/k-

Proof. We can assume that K, (N — 1) = L (N — 1). From the proof of
the above proposition we obtain a natural identification of the set I, ,r and
the set I & of all field embeddings of £ into Ry(N) which are identical on

K (notice that K(N — 1) = L£1(N —1)). Then Proposition 5.4 gives the
identification of the sets IE/)% and Iz /x.

So, for large u, we have a natural identification of the sets Iz, /i and I /x,
and this identification transforms vg, to vr,. This implies that the identifi-
cation of sets from section (a) is compatible with the ramification filtration
in lower numbering and, as a result, we obtain the equality of the Herbrand
functions ¢, k. = VL, /K, = Pri/K- O

6.2. With the above notation we are going to now prove that for a suffi-
ciently large separable extension E, of K, the appropriate £ € cl(E,) contains
any given separable extension of K in Ry(N). By induction on N this will be
implied by the following proposition.

Proposition 6.3. Suppose K, € Bf*(N), K € X(K.) and L is a finite
separable extension of IC of degree d > 1 with a standard F-structure such
that K(N — 1) = L(N —1). Then there is an L, € Bf*(N) and a field
embedding v : L — Ro(N) such that:

(a) L, is a separable extension of K, of degree d;
(b) ¢«(L) € cl(L.).

Proof. We can assume that:

— there are parameters @°(K,) = (u?,...,u%), ¢f(ul, K.) = ¢} and strictly
increasing structural functions m,. : Z>u2+1 = Zizqy0, where 1 < 7 < N, such
that K € X(K.;mq,...,my_1);

— O = O] where 6 is a root of the Nth Eisenstein polynomial F(T') =
T4+ T 4o 4 ag € Ok[TY;

— if v-(D(F)) = D! and u > u%,, where D(F) is the discriminant of F,
then 2D! < pUci — 2(d — 1)d1n-

Consider the sequence 4° = u°(K,),u",...,u",... and set u = n+u%; this
is the Nth coordinate of @". For u > u%;, introduce the polynomials

F (T) =T+ ap, T+ 4 agy € Ok, [T]
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where for 1 < u < d, ay € Ok,, are such that a;, modmp (i) = pr,(a).
Recall that the projection pr,, : R(N) — Og(n), mod mj (c}) induces identi-
fication of O, mod mi(p“c}) and Ok, modmy, (p“c;). This identification
transfers the valuation v to the valuation vy, (cf. Corollary 5.6). So, for all
u > u, F, are Nth Eisenstein polynomials and their discriminants D(F,,)
satisfy the following congruences

D(F,) = D(Fy41)? modmj (cf)
and
D(F,)modmj (p“c) = D(F)modmj (p“c}).

From the above restriction on D! = v} (D(F)) it follows that for all u > u$,
D! < ptci. Therefore, D(F) ¢ my(pcy) and vk, (D(F,)) = vk (D(F)).

Choose a root 1,9 € Oc(n), of F,y and set Lo = Ko (1,9,). Then g
is Nth local parameter in Ly , [Lyo : Kyo ] =d, Lyg (N — 1) = Ky (N — 1)
and € := €(Lyg /Ky ) = (1,...,1,d). Notice that el =pry(e)is 1if N # 1
and is d if N = 1.

For u > u%;, we want to prove the existence of roots 1, € Oc(n), of Fu(T)
such that 7,9 is the above chosen root of Fyo , and if M, = Kgn (1), then:

(1) n,, is the Nth local parameter in M,;

(2) My = Ly Koo

(3) nu — iy € my, (elerup¥ci/2), where ery, = pry(e(Kgn /Ky)).

Notice that M,o = L,o and the above properties (1)-(3) imply that
my, (e'erup’ci/2) = my (pci/2) = mi (ci/2) does not depend on u > uf.

Suppose u > uY; and such roots M, » - - - » Nu have already been constructed.

Let 0,41 € Oc(y, be a root of Fy,11(T). Then

Fu(041) € mi, (pUc}) = my_, (e1up“c])
and, therefore, v, (Fu(0h 1)) = ju + (0,...,0,1) with pr;(ju) + din >
el c;.
Lemma 6.4. j, > j(M,/Kgn).
Proof of lemma. From Corollary 3.5 we have
. 2 261
P11 (j (M / Kan)) < 205, (0(Fu)) = Svic,, (D(Fu)) = =
< 2e1, D' < erup®cl — 2(d — 1)d1n < erup”c} — 01n < pry(fu)-

The lemma is proved. O
Continue the proof of our proposition.
The above lemma together with Krasner’s Lemma from section 3.4 imply
the existence of a unique root 6,, of F, such that

on, (084 — 0,) =iy + (0,...,0,1)
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where ©ps, /Ky (1) = ju. From Lemma 6.4 and the definition of the Herbrand
function it follows

iy — i(My/Kan)
where e(M,,/Kz») = (1,...,1,d). This formula together with the formula
from Corollary 3.4 gives

=& ' (M,/Kan)

iw=(1,...,1,d)ju — var, (6(F.) + (0,...,0,d — 1).

Notice that

el el

v]lwu (0(Fy)) = EeluDl < ?elup"ci‘ —epu(d—1)01Nn
(use our assumption about D).

Therefore,

pry(in) +din = elprl (Ju) — Ullwu (6(Fu)) + dorn
1
* e *

> €' (erup®c; — 61n) — Eelupuc1 +eru(d—1)01n + doin
el 1
= 7e1up"0i +eru(d —1)01n > e e ptcl.
In other words, for any root 6,41 of Fy 11, there is a unique root 6, of F),

such that 0, — 07, € my, (e'erp“ci/2).
Suppose two different roots 6,41 and 6/, 41 of Fyy1 satisfy this condition
with the same root 6, of F,,. Then 6!, is congruent to 6.7, modulo the

ideal

N —

miy, (e erup”c}/2) = mic (c1/2) = m,_, (p""'ci/2).

Therefore, 0,11 —0;,,, € mkuﬂ(puclk/?)-
But

Vicyon Gusr = 0141) < vk, (D(Fuy1)) = D' < pUcj/2.

Contradiction.

So, the above correspondence 6,41 — 6, is a one-to-one correspondence
between roots of F,11(T) and F,(T). This correspondence is stable under
the action of any sequentially P-continuous automorphism of C(N),, which
is the identity on Kgn+1. So, if 1,41 is the root of Fy 1, which corresponds
to Ny, then Kgnt+1(ny) = Kgnt1(us1). In other words, My, 41 = My Kgn1 =
Lu?v Kigntr.

The existence of the sequence 7, u > u?v, which satisfies the above re-
quirements (1)—(3), is proved.
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Consider the tower L, = L,y K.. Then one can easily verify the following:

— L, € B/%(N) and has the parameters u°(K,) and e'c*(u;, K.)/2;

— for suitable structural functions mj,...,my_, Kzo(n) belongs to the
family X (L.;mi,...,mjy_;), where n = limn, is a root of F(T') in Ro(N);

— the choice of this root n of F(T') determines a field isomorphism ¢ of £
and K(n), which induces the identity on .

The proposition is proved. U

Corollary 6.5. Suppose K, € Bf*(N) with the parameters u°(K,) and
c*(u% K.). Suppose that K € X(K,) and L/K is a finite separable extension
in Ro(N) with standard F-structure. Then there is an L, € Bf*(N) such that

(a) L, is a separable extension of K ;

(b) £ e X(L.);

(c) form >0, c*(m, L) = etc* (ul, K.) /2, where e* = pry(e(L/K)).

Proof. Apply the construction from the proof of the above proposition to
the sequence of extensions K C KL(0) C LL(1) C --- C KL(N) = L. This
gives L, € Bf*(N) such that £ € X(L,). Then use that e(£/K) = &(L./K.)
and apply Lemma 4.4 from section 4.2. 0

Remark. Notice that the ideal m} (¢} (2°, L,)) = mj (cf(u°, K.)/2") does
not depend on L,.

Corollary 6.6. The correspondence K, — cl(K,) € ﬁR(N), where K, €
Bf(N), induces the identification of the absolute Galois groups 1 : Iy —
Tk (here K is the p-adic closure of the Umso Km ). This identification is

compatible with ramification filtrations, i.e. for any j € J(N), I‘%)K' )

'z = Fg), where o = liMy, o0 Yk, /K, 5 the function from Remark (4)
in section 4.2.

Proof. Suppose L is a finite Galois extension of K in Ro(NN). By Corollary
6.2, there is a Galois extension L, € Bf%(N) of K, and a natural identifica-
tion of Galois groups I'z/x = I'p, /i, , where u > 0. This identification is
compatible with the ramification filtration in lower numbering, i.e. for any
j € J(N), it holds that

Peseg =Trurui =T k-
Also, for u > 0, we have ¢/ = ¢r, /K, Suppose j1 = ¢, /k(j). Then for
u > 0,
PL./Ko(J) = P, Ko (0L, k., (1) = PK. /K (1) = ¢K. (1)
(1) _ ples.()

So, for any j; € J(N), we have e =Lk, NTg and we obtain the
statement of our corollary by taking projective limit on L. g
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6.3. The above results show that if X € X(K,) with K, € B/*(N), then
Ro(N) contains a separable closure of K. Because Rg(N) is perfect, the
algebraic closure of K in Ry(N) is algebraically closed. Even more, Ro(N) is
vi-complete, therefore, Ro(N) contains the vj--completion R(K) of K.

Proposition 6.7. Ry(N) = R(K).

Proof. Suppose K, has the index parameter n*(K,) and the ramification
parameter ¢* = c*(n*, K.). Let d = ¢*(n*, K,)/p2". Consider the identifica-
tion R(N) = lim(O¢(x), modmp (d)), and take any 7 = (74 )w>0 € R(N).

u

Fix w > 0.

Let L be a finite extension of Ko in C(N), such that r,, € O modmj (d).
We can assume that L is such that L, := LK, € B/*(N). We know that for
m > 0, we can take the ramification invariant ¢*(m, L,) for L, such that

c*(m,L,)/p=ci(m,L,) = elc*/p2N =eld,

where e! = pr; é(L,/K,). Notice that mj (e'd) = mj (d) does not depend
on L,. By Corollary 5.6 after an appropriate choice of the structural func-
tions my,...,my—1 we can find an index parameter @ € U(my,...,my_1)
such that pr, induces an identification of O, modmy, x (p"d) and
O, modmy (d). Because, Ly D L, there is an I(w) € Og, C R(N) such
that pr, (I(w)) = ry = pr, (e~ %r).

So, a"7(r) = l(w) € mp, g (p*d) and r = 0¥~ *(I(w)) mod mp, ; (p“d).

Because o *(I(w)) € R(L) and w can be taken arbitrarily large, this
implies that KC is v}, ; -adically dense in Ro(N).

The proposition is proved. O

Remark. Corollary 5.6 implies that the above identification Ro(N) =
R(K) is compatible with the P-topological structures. Also, this identification
is compatible with the natural structures of I'z-module on Ro(N) and I'x-

module on R(K) via the identification ¢ from Corollary 6.6.

7. The functors X and Xk,

7.1. The functor Xx , K, € B/*(N).

Let K, € B/*(N) and let B (N) be the category of separable extensions
L, of K, in B*(N). Morphisms in Bf (N) are isomorphisms f in the category
B*(N) such that f|x, = id.

Let LFz(N)k. be the category of finite separable extensions of cl(K,) €
LF r(NV), where morphisms come from isomorphisms in LFz(N), which are
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the identity on K. In this section we use results of section 6 about the cor-
respondence E, — cl(E.), where E, € B/%(N), to construct an equivalence of
the categories Bj (N) and ITFR(N)K..

Let L, be a separable extension of K, € B/¢(N) in B(N). Then L, €
B%(N) (cf. section 4.2). Choose a finite Galois extension F, of K, such that
E, € B/%(N) and E, D L. (cf. Proposition 4.5). If K € cl(K,), then there
is a unique separable extension £ of K in Ry(N) such that £ € cl(E,) and
[€ : K] = [E. : K] (cf. section 6). Therefore, G = Gal(E,/L,) (by definition
it equals Gal(E,/L,) for u > 0) acts on € and we can set £ = £ where
H C G is such that Ef = L.

Proposition 7.1. With the above notation, cl(L) € LFgr(N) does not
depend on the choice of K € X(K,) and E, € Bf*(N).

The proof is straightforward.

With the notation from the above proposition set Xk (L.) = cl(L).

Suppose L,, L € By (N) and f : L, — L/ is a morphism in Bf% (N). In
other words, f is sequentially P-continuous and compatible with the corre-
sponding F-structures automorphism of C(N), such that f(L,,) = L}, for
m > 0 and f|x, = id.

Choose E. € B/*(N) such that E, D L, and E, is finite Galois over K.
Let E! = f(E.), G = Gal(E,/K,), G’ = Gal(F'/K,), H = Gal(E,/L,) and
H' = Gal(E'/L)).

Let K € cl(K.) and let &€ be its Galois extension from cl(E,) of degree
[E.: K]. Then €7 = £ € Xk (L,). Let fr be an automorphism of Ry(N)
induced by f. Then fg is sequentially P-continuous and compatible with F-
structures, fr(£) € cl(E') and fr(E)" = fr(EM) = fr(L) = L' € Xk (L).

So, fr € Hompz |y, (Xk (L.), Xk (L)). Clearly, if we set fr = Xk (f),
then we get a functor Xk, from Bf (N) to IE‘R(N)K_.

Summarizing the results of section 6 we obtain the following principal result
of this paper.

Theorem 2. (a) The above defined functor Xy, where K, € B/*(N), is
an equivalence of the categories B, (N) and ﬁR(N)K_.

(b) Xk, induces an identification Yr, of groups I'z = Gal(K/K) and
I = Gal(Ksep/K), where K € cl(K,) and Keep is the separable closure of K

(c) The identification 'k, is compatible with ramification filtrations on I'z
and Tx, i.e. for any j € J(N), vk, identifies the groups I'z N F%OK' @) and
I‘g), where k. is the function from Remark (4) in section 4.2.

Remark. If N = 1, then cl(K,) consists of only one field K. So, we
obtain the functor from B (1) to the category of finite separable extensions
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of K in Ry(1). Even more, we can treat all K, € B*(1) with the same field
U, K. := K° by introducing the family & of all finite extensions F of Q, in
K° such that K° is a p-extension of E. Then Ok can be identified with the
family of all (aE mod In}{.(c’{))Eeg, where ap € O, such that if £y D F is
an extension in £ and [E; : E] = p?, then

pd _ 1 *
oy, = apmodmy (c7).

This description of the elements of the field-of-norms, which is attached to the
infinite extension K 0. was used in [FWT,[FW2] to prove all the basic properties
of the field-of-norms functor in the case of 1-dimensional local fields.

7.2. The functor X : B*(N) — RLFg(N). Let RLFr(N) be the
category of sequentially P-closed perfect subfields in Ro(IV). These subfields
are considered with their natural F-structure and P-topology. Morphisms are
sequentially P-continuous isomorphisms of such fields, which are compatible
with corresponding F-structures.

If K, € B*N), choose L, € B'*(N) such that L /K, is a finite Galois
extension. If £ € cl(L,), then G = Gal(L,/K,) acts on R(L). Indeed, for any
g € G and any L € cl(L,), the action of g on L, induces a field isomorphism
g: L — L', where £’ € X(L,) and we have a natural identification R(L) =
R(L") (cf. Proposition 5.7). With the above notation set X (K,) = R(L)Y €
RLFg(N).

Proposition 7.2. X(K,) does not depend on a choice of L, € B/*(N).

Proof. Suppose L’ € Bf%(N) is such that L'/K, is a finite Galois extension
with the Galois group G’. Choose M, € Bf%(N) such that M, > L., M, > L'
and M, is a finite Galois extension of K, with the Galois group S.

Let H = Gal(M,/L,), H = Gal(M,/L’). It L € cl(L,), L € cl(L'), then
there are M € X(M,) and M’ € X(M,) such that M /L and M’/L’ are Galois
extensions with Galois groups H and H’, respectively. Then R(M) = R(M’)
and R(L)E = R(M)® = R(M)S = R(L)E.

The proposition is proved. O

Suppose K,,K! € B*(N) and f € Hompga(n)(K,, K!) is an isomorphism,
ie. f:C(N), — C(N), is a sequentially P-continuous and compatible with
F-structures field automorphism such that f(K,) = K’. As earlier, denote by
fr the automorphism of Ry (/N) which is induced by f.

Choose L, € Bf*(N) such that L,/K, is a finite Galois extension with the
group G. Then L' = f(L,) is a Galois extension of K’ with the group G’
which is conjugate to G via the automorphism f of C(N),. If £ € cl(L.),
then fr(£) = £’ € cl(L) and f(X(K.)) = [r(R(£)%) = R(L)C = X(K").

So, fr € Homgpp,(n)(X(K.),X(K!)) and X : B*(N) — RLFg(N) is a
functor. The following property follows directly from the above definitions.
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Proposition 7.3. (a) X is a faithful functor;

(b) if L., K. B'*(N) and L, is a separable extension of K., then R(Xk (L.))
= X(L,).

7.3. Let ¢ = (" mod p),>0 € R(1) C R(N), where £ =1, e £ 1 and
e tp — () for all n > 0, be Fontaine’s element. Let (¢) = % C R(1)*
be the multiplicative subgroup of all Fontaine’s elements. Notice that if f :
C(N), — C(N), is a field automorphism, then fr({¢)) = (¢), where fg is
induced by f.

Proposition 7.4. (a) The correspondence f — fr identifies Aut C(N),
and the subgroup Aut’ Ro(N) of g € Aut Ro(N) such that g({e)) = (e).

(b) If f is sequentially P-continuous (respectively, compatible with F-
structures), then so is fgr.

Proof. We have noticed already that for any f € Aut C(N),, fr({e)) = (¢).

Suppose g € Aut Ro(N) and g((¢)) = (¢), i.e. g(¢) = * with a € Z;,.

Notice that g : R(N) — R(N) induces the automorphism W (g) : W(R(N))
— W(R(N)), where W is the functor of Witt vectors. Consider Fontaine’s
map (cf. [Eo]), v : W(R(N)) — Oc(n, given by the correspondence

(7“0,7“1,~-~77"m~.-)r—»r(()o)+pr§1)+~~-+pnr§1”)+...,

where for any r = (7, mod p);,>0 € R(N) and n > 0, r(™ = lim,, T‘ﬁ::n €
Oc(n),- This map is a surjective morphism of p-adic algebras and its kernel
J is a principal ideal generated by 1 + [¢]'/? + --. 4 [e]®=1/P_ Therefore,
W(g)(J) = J and W (g) induces an automorphism f = W {(g) mod J of C(N),.
Clearly, fr =g.

From the above description of the correspondence f — fgr it is clear that
the compatibility of fr with F-structures is implied by the same property
for f.

Suppose f is sequentially P-continuous. Because arithmetic operations in
C(N)p and Ry(N) are sequentially P-continuous, it will be sufficient to prove
that for any M > 0, the map

a: R(N) — Ocny, mod pM+1

such that for r = (r,modp)m>o € R(N), a(r) = ~([r]) modpM+l =

LY

78
rh, modpM+1 is sequentially P-continuous. But the map r — rj modp
is sequentially P-continuous by the definition of the P-topological structure

P

M M+1
on R(N) and the map 7y modp +— rh, modp™*

is sequentially p-adically
continuous and, therefore, sequentially P-continuous. The proposition is
proved. O

Remark. Suppose K, € Bf*(N), K is the p-adic closure of the union of
all Ky, u > 0, and £ € cl(K,). Then the Fontaine map induces the ring
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epimorphism 7 : W(Og(x)) — Oz. This follows from the basic properties
of the construction of I, e.g. from Corollary 5.6. This map also transports
the I'c-module structure on the left to the I'z-structure on the right via the
identification of I'x and I'z from Corollary 6.6.

7.4. Introduce the following definition.

Definition. A subfield K of C(N), is an SAPF-field if there is a K, €
B*(N) such that K is the p-adic closure of Unso Kn-

Remark. The above defined SAPF-fields are higher-dimensional analogues
of strict arithmetic profinite extensions introduced in [EWT, [FW2].

Denote by SAPF(N) the category of SAPF-fields in C(N), such that
if IN(,I?’ € SAPF(N), then Homgapr(n) (IN(,IN{’) consists of sequentially P-
continuous and compatible with F-structures f € Aut C(N), such that f(K)
=K'

Let K € SAPF(N). Set X(K) = X(K,), where K, € B(N) is such that
K is the p-adic closure of |J,,5 o Ky and X' is the functor from section 7.2.

Lemma 7.5. The above defined é’?(f() does not depend on the choice of
K, € B4(N).

Proof. The proof follows directly from the construction of the functor X
and Proposition 5.7. (]

The correspondence Kw— X (f( ) can be naturally extended to the functor
X : SAPF(N) — RLF(N). Taking together the above results about the
functor X we obtain the following theorem.

Theorem 3. Suppose K, € B*(N) and K is the p-adic closure 0fUn>0 K,.
Then the functor X induces the identification v : I'py — Iz where K =
X(K). If K, € Bf*(N) and K € cI(K.), then R(K) = K and under a natural
identification T = T, the identification v is compatible with ramification
filtrations, i.e. for any j € J(N),

(pr. () _ @)
DN =T

Remark. If N =1 we can relate all fields from X (K,) with a given field
K without using the operation of radical closure (cf. the above remark to
Theorem 2).

8. A property of the P-continuity for the functor X

8.1. Suppose K € LF,(N).
Let T'%*(p) be the Galois group of the maximal abelian p-extension of K.
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For any M > 1, consider the Witt-Artin-Schreier duality
I (p) /0™ x Wi (K)/ (0 — id)War(K) — War(Fy)

where o is the Frobenius endomorphism of the additive group Wy (K) of
Witt vectors of length M with coefficients in K. This allows us to provide
I'#b(p)/p™ with the P-topological structure. Its basis of open 0-neighbor-
hoods consists of the annihilators of the sequentially P-compact subsets of
W (K) /(o —id)Wp(K). By the results of section 1.2 the basis of such com-
pact subsets consists of the images in W (K)/(c —id)Wi,(K) of all subsets
of the form

W (D) = {(ao,---,an—1) € Wy (K) | ag,...,an—1 € D}

where D € C,(K) is the basis of P-sequentially compact subsets in K.

Finally, the P-topology on Fa,cb (p) appears as the projective limit topology
of the projective system of P-topological groups I'¢P(p)/pM.

8.2. Suppose K € LFo(N) and K contains a primitive p™th root of unity
(pm . Then the P-topological structure on K™ induces the P-topological struc-
ture on I'52(p)/p™, where Tk (p) is the Galois group of the maximal abelian
p-extension of K. This structure is defined similarly to the characteristic p
case by the use of the Kummer duality

52 (p) /p™ x K* /K" — (Cyur).

We do not need this structure in a full generality. Let I'gx (p)/p™ be the
quotient of T3 (p) /p™ by the annihilator of the subgroup (14 pOx)* in K*.
Then we have the induced pairing

L3 (0)/p™ x (14 pOx)™* — (Gpn)
and a basis of open subgroups in I'%?(p)/p™ consists of the annihilators of
the subsets 1 4+ pD, where D € Cp(K), D C Ok and Cp(K) is a basis of
P-sequentially compact subsets in K from section 1.2.

8.3. Suppose K, € Bf%(N) and for any M € N, there is an n = n(M) such
that K,, contains a primitive p™th root of unity.

Let K be the p-adic closure of the union of all K,,. Then for any M € N,
we have a natural identification

r22(p)/p™ = iml'% (p)/p".
Notice that if no €N and ve K}, , then for n>>ng, ve (1+pOk, )* mod K"
for any given M € N. Indeed, it will be sufficient to verify this for M = 1.
Consider the tower Kzypo C Ky C Ky C -+ C Kgn C Kgn C ... from
section 4.3.5. Then for any n > 1, there are local parameters tq,,...,tNy in
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Kgn and f1p,...,txy in Kge such that ¢}, = #, modmj (cf), ..., th, =
tnnmodmiy (¢f). Ifv =15 ... 1% (1 + a1) mod K7, then

o=t Y (T4+al +b1) = (1+a) +b1)(14a1) 7P = 1+ b1 +pa) mod K7,

where vi (b1) > ¢}, &1 € mg,, a1 € mg, is such that @; = af mod mjy (¢})
and a} € mp_,. Repeating this procedure m times we obtain that v =
1 + bm + pal, mod K., where vj (bm) > mc} and a], € mg,,.. So, if
me; = vj (p), then v € (1 + pOg,,, ) mod K. It remains to notice that
for n > 0, Kgm C K,,.
Therefore,
ab M _ ;. Tab M
I (p)/p™ =l (p)/p
n

and the basis of P-open neighborhoods in 1"% (p)/p™ consists of annihilators
of all sequentially compact subsets 1+pD C (14 pO3)*, where D € Cy(K,,),
for some n > 0.

8.4. Suppose K, € B/*(N), K € X(K,) and ¢ : I'z — T'x is the identifi-
cation of Galois groups (where K is the p-adic closure of the |-, K») from
Theorem 3. Suppose that for each M € N, a primitive p™th root of unity
Gpm € Ky, if n > 0 and consider the groups I‘% (p)/p™ = @F}‘a (p)/p™ and

n

I'#b(p) /p™ with the above P-topological structures.
Theorem 4. For any M € N, the identification

vmodp™ 1 T2 (p) /p™ — TR (p) /™

is a P-homeomorphism.

Proof.

8.4.1. Choose a primitive p*th root of unity ¢pm. Then we can identify
Wi (Fp) and ((par) and consider the dual to ¢ mod p™ group morphism

i War(K) /(o —id) Wy (K) — K* /K"

Then ¢ mod p™ is P-continuous if and only if 75; transforms each sequentially
P-compact subset in Wy, (K) /(o —id)Wis(K) onto a sequentially P-compact
subset in K* / KP". In other words, ¢ mod pM is P-continuous if and only if
Tpr is sequentially P-continuous.

Notice that the map 75, can be characterised as follows.

Let w € Wy (K)/(o —id)Wp(K) and let w € Wy (K) be a lifting of w.
Consider T € Wy (Ro(N)) such that ¢T — T = w; then for any 7 € Tk,
™ —T =a; € Wy (Fp). Let 0 € IN(*/I?*pM and v € K* be a lifting of .
Consider Z € C(N), such that z°" = v. Then for any T € Iy 72/7 = ¢,
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where b, € Wy (F,). With respect to the identification I'zz = I'xc given by
the construction of the functor X , we have the following criterion:

ZM(II)):@ &S ar =b; VTGF[?:F)C.

8.4.2. As earlier, let R(K) be the completion of the radical closure of K
(with respect to first valuation). Denote by Ox () its valuation ring. Notice
first that the natural embedding K C R(K) induces a natural identification
of P-topological groups

Wy (R(K))/ (0 = i)W (R(K)) = W (K) /(o — id)Wh (K).

Let ¢ be Fontaine’s element. Recall, ¢ = (€M), € R = R(1) C R(N)
is such that €@ =1, ¢ =£ 1 and we can assume that £ = ( x — this
is the primitive pMth root of unity chosen in 8.4.1. From the construction of
K € cl(K,) it follows that ¢ € Og(x), and therefore, it is invariant under the
action of I'k.

Lemma 8.1. Suppose w comes from w = [E]Ll mod pM € Wi (R(K)),

where f € W(Ogx)). Then in(w) = v, where
o= exp(—py(o ' f) =+ — pMy(o™M f)) mod K7

and v is Fontaine’s map (cf. remark in section 7.3 ).

Proof. Let U € W(Ry(N)) be such that U — U = f/([e] — 1), then for
any 7 € I'e, 7U — U = a, € W(F,), where a, modp™ = a,.
Let &1 = 0~ ¢, then

s = (] = 1)/(lea] = 1) € WH(R(1)) € W(R(1)) € W(R(N)),

where W'(R(1)) = Kery and v : W(R(1)) — Oc, is Fontaine’s map. It is
well known (cf. [Fo]), that s generates the ideal W' (R(1)). Notice that similar
arguments show that s also generates the kernel W1(R(NN)) of the analogue
of Fontaine’s map from W (R(N)) to Oc(ny, -
Let Ty = U([e1] —1). Then T3 € W(R(N)) and 0Ty — sTh = f. Let
X =U([e] - 1) = sT;, € WHR(N)), then
X,
os
and for any 7 € I'e, 7X — X = a,([g] - 1).
Let A(N)cris be an analogue of Fontaine’s A.,;s constructed by the use of
R(N) instead of R. This is the divided power envelope of the W(R(N)) with
respect to the ideal W!(R(N)), which is generated by s. Proceeding as in
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[Ab2] we obtain that if
) ——-m=
() » f

where m € Fil! A(N)eris, then for any 7 € T'zz, 7m — m = a, log|e].
Multiplying both parts of the equality (5) by p and taking exponentials we

obtain the equality
(6) oY =YPexp(pf)

where Y € 1 + Fil' A(N).is and for any 7 € Iz, 7Y/Y = [e]%. Proceeding
again as in [Ab2] we can prove that Y € 1+ W1 (R(N)) (and therefore can
forget about the crystalline ring A(N).is; cf. Remark (2) below).

The equation (6) implies that

oMy = y?»" exp(pa™ = f 4o 4 pMf)
and, because o is bijective on W (R(N)), this gives
(7) Y = (0 MY exp(po f+ -+ pMomMf).

Notice that for any 7 € Tz, 7(6™MY) = (67 MY ) [c~Me]or.

Apply Fontaine’s map v : W(R(N)) — Oc(n), to both parts of (7).
Notice that y(Y) = 1, v(c™MY) = Z € 1 + pOc(n),, 7([o"Me]) = (u and
Y(o7*f) € O for any s € Z. This gives

M

zP" =exp(—py(o ' f) = —pMy(eTMf)) € 14+ pOg

and for any 7 € 'z, 72/7 = Cg;,.
The above computations imply that 7);(w) = v, where

o= exp(—py(o ) — - = pMa(e M f)) mod K"

The lemma is proved. O

Remarks. (1) The above computations can be used to deduce (in the
similar way as in [Ab2]) the explicit formula for the Hilbert symbol for higher-
dimensional fields from [Vol.

(2) The use of Fontaine’s crystalline ring in the above proof provides a
very natural way to pass from the Witt-Artin-Schreier theory to the Kummer
theory through the “Bloch-Kato” theory: equation (5) plays a very important
role in the paper [BK].
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8.4.3. Continue the proof of Theorem 4.

Suppose ti,...,ty is a system of local parameters in IC (note that X has
a standard F-structure). Denote by k the last residue field of K. Let {; =
[t1],...,tn = [tn] be the Teichmiiller representatives of ¢1,...,tx in W (K).
Denote by O (K) the set of all power series

E watllll ce t?VN,
a

where @ = (ay,...,ax) € Z" and the coefficients wy satisfy the restrictions
similar to the restrictions on az from section 1.1. Then O, (K) is a sequen-
tially P-closed subring in Wy, (K).

Let 09,(K) be a minimal sequentially P-closed additive subgroup in O, (K)
containing all wgt{* .. .f?v’\’, such that w; € Wy (k), (a1,...,an) < Oy and
ged(ay,...,ay,p) = 1, and the element agmod p™ € Wy (k), such that g
has trace 1 in the extension W (k) ® Q,/Q,. With the above notation there
is the following proposition.

Proposition 8.2. (a) Oy (K) = 0%,(K) & (0 —id)Opm (K).

(b) A natural embedding Op(K) C W (K) induces a sequentially P-
continuous identification of O%,(K) and Wy (K)/(o — id)(W (K)).

Proof. For part (a) one can proceed on the level of formal power series.
For (b) we must have the following two properties:

O3 (K) N (0 = id)Wa (K) = 0

and

O (K) + (0 = id)W (K) = War(K).
Both follow easily from (a) and the existence of the embedding o™ =1 (W), (K))
C O (K), which can be proved by induction on M. O

Corollary 8.3. In Wy (K)/(c — id)Wx(K), any convergent in the P-
topology sequence can be lifted to a convergent sequence in O%,(K) C Wy (K).

Now we can finish the proof of Theorem 4.

Suppose {w;}i>1 € Wy (K)/(o — id)Wp(K) is a P-convergent sequence.
Lift it to a convergent sequence {w}};>1 in Wy (K). Consider 1-dimensional
valuation vi on Ro(N). Then the convergence of {w}};>; implies that vj.-
valuations of coordinates of all w] have a lower bound. Therefore, there is

!
an sop € N such that for all ¢ > 1, w} = L mod p™ , where all fl e
oo (le] = 1)
W (Or(x))- Clearly, the sequence { f; mod pM};>1 converges in War(Orky)-
For any i > 1, set w; = o~ %ow] = [E]f—il, where f; = 070 f. Then all

w; are still liftings of w; to Wy (R(K)) and {f; modp™};>; is a converging
sequence of elements in Wy (Or(k)))-
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Applying Lemma 8.1 we obtain for all ¢ > 1, that iy (w;) = ¥;, where
~ M
vi = exp(—py(o~ ' fi) = = pMy(e™Mf;)) mod K7

Clearly, such a sequence {7;};>1 is P-convergent and its limit is the image

of the limit of w; under 75;. Therefore, I3, is sequentially P-continuous. We

omit the verification that the inverse map is also sequentially P-continuous.
The theorem is proved.

9. The Grothendieck conjecture for higher-dimensional local fields

9.1. Suppose K, K’ are 1-dimensional local fields from the category LF(1)
= LFo(1) [TLF,(1). Then any isomorphism f € Hompp) (K, K') is given
by an automorphism of C(1), or, respectively, C(1), such that f(K) = K’.
Therefore, f induces the isomorphism of profinite groups

[fiTg — Tk

such that for any v > 0, f*(F(I?,)) = Fg), where F%) is the ramification
subgroup with the upper number v > 0.

The inverse statement was proved in [Mo| in the mixed characteristic case
and in [Ab4] if the characteristic of the residue fields of K and K’ is > 3. It
is known as a local (1-dimensional) analogue of the Grothendieck conjecture
and can be stated in the following form:

If v : T — Tk is an isomorphism of profinite groups such that for any
v >0, L(F(Kv2) = F(Kv), then there is an f € Homypq) (K, K') such that v = f*.

9.2. Suppose N > land K, K’ € ITFR(N). Suppose f € HomﬁR(N) (K, K"
is an isomorphism. In other words, f : Ro(N) — Ro(NN) is sequentially P-
continuous and compatible with F-structures field automorphism such that for
alll1 <i< N, f(KGE)R(K(i—1))) =K'({)R(K'(i—1)). Then f*: ' — Tk
is an isomorphism of profinite groups such that for any j € J(N), f*(F;Cj,)) =
F%) (cf. [Ab5]). We point out that in the case of higher-dimensional local
fields KC of positive characteristic, the knowledge of their Galois group to-
gether with its ramification filtration is sufficient to recover the isomorphism
class of K only in the category LF r(N).

In addition, suppose £ is a finite extension of K in Ry(N) and f(€) = &’.
Then &£’ is a finite extension of K’ such that f*(I'¢/) = I'e. Let M € N.
Consider the induced isomorphism of the maximal abelian quotients modulo
pMth powers

fir i T2() /o™ — T2 (p) /M.
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It is dual to the isomorphism of additive groups
I s Wy (€)/ (o —id)War () — W (E') /(o —id)War (E7).

Clearly, fys is sequentially P-continuous and, therefore, maps sequentially P-
compact subsets to sequentially P-compact subsets. This implies that f}; is
P-continuous for all M € N.

The inverse statement appears as an analogue of the Grothendieck conjec-
ture for higher-dimensional local fields of characteristic p.

Theorem 5. With the above notation, suppose that p > 3 and ¢ : T'ier —
T'c is an isomorphism of profinite groups such that

(a) for any j € J(N), L(I’;Cj,)) = F%);

(b) if € and &' are finite extensions of K and, resp., K' in Ro(N) such
that both £ and &' have a standard F-structure and «(T'g/) = Tg, then for
all M > 1, the induced isomorphism vy : T2 (p)/p™ — T2P(p)/pM is P-
continuous.

Then there is an isomorphism f € Hompg, - (K,K') such that f* = .

This statement was proved in [Ab6] in the case N = 2. The case of general
N can be done along the same lines.

Remarks. (1) Actually, in the statement of the main theorem in [Ab6]
there was no requirement that £ and &£’ have a standard F-structure. But
in the proof we applied this condition only to fields, which have a standard
F-structure. Also, in [Ab6] there was a requirement about the P-continuity of
the induced group isomorphism ¢ : FZI? — I‘%b but again, in the proof, we
applied this property only to the induced isomorphism of the Galois groups
I'#>(p) and I'%*(p) of the maximal abelian p-extensions of £ and €.

(2) The restriction p > 3 appears because our proof is based on the nilpo-
tent Artin-Schreier theory, which allows us to study the maximal quotient of
the Galois group I'c(p) of nilpotent class < p together with induced ramifica-
tion filtration. If p = 2, this gives us only information about I'x:(2)?* which is
not sufficient to establish such a result. For p > 3, the proof uses only the ex-
plicit description of the ramification filtration in the group I'x (p)/Cs(Tx (p))-

9.3. Suppose N > 1 and K, K’ € LFy(N). Any sequentially P-continuous
and compatible with F-structures field automorphism f : C(N), — C(N),
such that f(K) = K’ induces an isomorphism of profinite groups f* : T —
'k such that f*(I‘%;) = I‘%) for any j € J(N).

Suppose E is a finite extension of K; then E' = f(E) is a finite extension of
K'. If both FE and E’ contain a primitive p™th root of unity, then the groups



FIELD-OF-NORMS FUNCTOR AND THE GROTHENDIECK CONJECTURE 727

rab(p)/pM and T3 (p)/p™ are provided with the P-topological structure (cf.
section 8.2) and the induced isomorphism

fir T8 @) /p" — TE (p)/p"

is P-continuous.

Consider the inverse statement.

Theorem 6. With the above notation, suppose thatp >3 and ¢ : U'gr —
'k is an isomorphism of profinite groups such that

(a) for all j € J(N), L(F%)) = F%);

(b) if E,E' are finite extensions of K and, resp., K' such that both contain
a primitive pM th root of unity and (T'p) = 'y, then the induced isomorphism

ur TR (p) /0™ — T (p)/p™

is P-continuous.

Then there is a (unique) f € Homypp,(n) (K, K') such that f(K) = K' and
f*=u

Remark. Modulo some technical details and notation (cf. Remark (1) in
section 9.2) this statement was announced in [AD5].

Proof.

9.3.1. Notice first that the compatibility of ¢ with ramification filtrations
gives for 1 < r < N, the group isomorphisms «(r) : I'g/(y — [ (ry, which
are induced by ¢. All these isomorphisms are also compatible with the corre-
sponding ramification filtrations.

In particular, ¢(1) is compatible with ramification filtrations isomorphism
of the absolute Galois groups of 1-dimensional local fields K (1) and K'(1).
Therefore, by the 1-dimensional case of a local analogue of the Grothendieck
conjecture (cf. section 8.1) ¢(1) is induced by a field isomorphism f(1) : C, —
C, such that f(1)(K(1)) = K'(1).

9.3.2. Prove the existence of F,, F’ € B/%(N) such that for all n > 0,

(a) Fo D K, Fj D K';

(b) (Tsy) = T

(c) Gn € F,, and (pn € F),, where (pn is a primitive p"th root of unity.

Let Lo = Qu{{tn}}...{{t2}} be a basic N-dimensional local field. Then
K and K’ are its finite extensions with induced F-structures. Consider E. €
B(N) such that for all n > 1, E,, = Eo({pn, "Vt2,..., "Win). Clearly, E. €
B%(N) (even more, E. € Bf%(N)): It is easy to see that n*(E,) = 1 and
c¢*(1,E.) = 1, because for all n € N, pry(j(En+1(r)/En(r))) = p™. Indeed,
if n>1and 0 = »"V%,, then for any 7 € Gal(E,1(r)/En(r)Epii(r — 1)),
T # id, it holds that

vEn+1(T’) (T9 - 6) = UEW,+1(T) (9(410 - 1)) = UEW,+1(T) (9) + (pn7 07 st 0)
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Let L, = KE.. Then L, € B%(N) by Proposition 4.1. Introduce L' =
{L;, | n >0} € B(N) such that «(I'r; ) = T'z,. Then L/ € B*(N) because ¢ is
compatible with ramification filtrations.

Suppose n* = n*(L,) is an index parameter for L, (cf. section 4.2). Clearly,
n* can be taken also as an index parameter for L’. Choose a finite extension
M(N—1) of L,+(N—1) such that if M = L, M(N—1), then (M, M(N—-1)) €
LC(N) is standard (cf. Theorem 1). We can enlarge (if necessary) M (N —1) to
satisfy the following property: If M (N —1)"is such that «(N —1)(Tpr(n—1y) =
Fyv—1yand M" = L) .M (N — 1), then (M', M(N —1)") € LC(N) is stan-
dard. Therefore, the towers M, = L M(N — 1) and M/ = L’M(N — 1)’ are
such that for all n > 0, «(I'a;) = T'ag, and both (M, My« (N — 1)) and
(M].,M].(N —1)) € LC(N) are standard.

Apply the above procedure to (N — 1)-dimensional towers M, (N — 1),
M!/(N —1) € B*(N — 1) with a parameter m* > n* and so on. Finally,
we obtain finite separable extensions F, and F’ of L, and, resp., L/, which
still satisfy the above requirements (a)—(b) but are already objects of the cat-
egory B/*(N). Clearly, for all n € N, (n € F,,. Then ¢(1)(I'g (1)) =g, (1)
implies that f(1)(F,) = F}, and (n € F..

9.3.3. Let F € cl(F,) and F' € cl(F) (cf. section 5). By Theorem 2, the
group isomorphism ¢ induces the identification

LF, © F]:/ — F]:

which is compatible with ramification filtrations on these groups.

Suppose the finite extensions £/F and £’/ F' are such that v (Tgr) =Te. If
& and &’ have standard F-structures, then £ € cl(E,) and &’ € cl(E’), where
E.,E' € B/*(N) are finite separable extensions of F, and F’, respectively.
Therefore, we can apply Theorem 4 to deduce from the condition (b) of the
statement of our theorem that for any M € N, the induced identification

v 1 T8 (p) /0™ — T (p) /0"

is P-continuous.

Therefore, by the charactersitic p case of the Grothendieck conjecture (cf.
Theorem 5 in section 9.2), the isomorphism ¢ is induced by a sequentially
P-continuous field isomorphism fr : Ro(N) — Ro(N), such that fr|F is an
isomorphism between F and F’ in the category ﬁR(N).

9.3.4. Clearly, fr|g,(1) is induced by the f(1) : C(1), — C(1), from
section 9.3.1. Therefore, fr leaves invariant the subgroup of Fontaine’s el-
ements (¢) and by Proposition 7.4, fr is induced by a field automorphism
fiC(N)p — C(N)p.
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The characteristic property of the field automorphism fg is that it trans-
forms the action of any 7 € T'xs on Ro(N) into the action of ¢(7) € T'x on
Ro(N). Therefore, f satisfies the same property and we have

F(K) = FCN)ER) = C(N)bw = K,

So, f € Hompp,(n) (K, K') and Theorem 6 is proved.
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