CYCLES WITH LOCAL COEFFICIENTS FOR ORTHOGONAL
GROUPS AND VECTOR-VALUED SIEGEL MODULAR FORMS

JENS FUNKE* AND JOHN MILLSON**

ABSTRACT. The purpose of this paper is to generalize the relation [KM4] between
intersection numbers of cycles in locally symmetric spaces of orthogonal type and
Fourier coefficients of Siegel modular forms to the case where the cycles have lo-
cal coefficients. Now the correspondence will involve vector-valued Siegel modular
forms.

1. INTRODUCTION

Let V be a non-degenerate quadratic space of dimension m and signature (p,q)
over Q, for simplicity. The general case of a totally real number field is treated in
the main body of the paper. We write V' = V(R) for the real points of V and let
G = SOy(V). Let G' denote the nontrivial 2-fold covering group of the symplectic
group Sp(n,R) (the metaplectic group) and let K’ be the 2-fold covering inherited
by U(n). Let D = G/K resp. D' = G'/K’ be the symmetric space of G resp. G.
Note that D' = H,, the Siegel upper half space. In what follows we will choose
appropriate (related) arithmetic subgroups I' C G and IV C G'. We let M = I'\D
and M’ =TI"\D’ be the associated locally symmetric spaces.

We let E,, denote the holomorphic vector bundle over H,, associated to the standard
representation of U(n), i.e., E, = Sp(n,R) Xy, C". For each dominant weight A" of
U(n), we have the corresponding irreducible representation space Sy (C") of U(n) and
the associated holomorphic vector bundle Sy/(E,) over M’ (see §3, for the meaning
of the Schur functor Sy (-)). For each half integer k/2 we have a character det*/? of
K'. Let L2 be the associated G'-homogeneous line bundle over the Siegel space. For
each dominant weight A of GG, we have the corresponding irreducible representation
S (V) of G with highest weight A and the flat vector bundle S;(V) over M with
typical fiber Sy (V) (see §3, for the meaning of the harmonic Schur functor Spy(-)).

Let A be a dominant weight for G. Let i(A) be the number of nonzero entries in
A when A is expressed in the coordinates relative to the standard basis {¢;} of [Bou],
Planche IT and IV. Hence we have i(\) < [m/2]. We will assume (because of the choice
of X below in the construction of our cycles C'y, see Remark 4.7) that i(A) < p. Now
we choose n as in the paragraph above to be any integer satisfying ¢(A) < n < p and
choose for our highest weight of U(n) corresponding to A the unique dominant weight
A such that A and A\ have the same nonzero entries, We note that both weights
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correspond to the same Young diagram and consequently the Schur functors Sy (+)
and S, (-) are the same, and we will not distinguish between them.

The main point of this paper is to use the theta correspondence for the dual pair
(G,G") to construct for a pair of dominant weights A" and A\ as above an element

Ong (7, 2) € CF(M', S\E;, @ L_m )RA™(M, Sy V),
(t € H,,, z € D) which is closed as a differential form on M:
d@nq,w (7‘, Z) = 0.

Here A™(M, SyV) denotes the space of SjyV-valued differential ng-forms on M.
Note that our notation is justified since n and A determine )\. Hence we obtain
an induced element [0, y] € C*(M', S\E;, ® L_m) @ H™(M, S;,V). We will say
that elements of the above tensor product are sections of the holomorphic bundle
SAE;, @ L_m with coefficients in H™(M, Sy V).

Note that the highest weight of the isotropy representation of the homogeneous
vector bundle for the symplectic group coincides (up to a shift) after the addition
or suppression of zeroes with the highest weight of the coefficient system for the
orthogonal group.

On the other hand, we can construct cycles in M as follows. Recall that we can
realize D as the set of negative g-planes in V:

D={zCcV:dimz=g¢q, (,)|z<0}.

Then for x = (z1,...,z,) € V" with positive definite inner product matrix (x,x) =
(i, z;);;, we define a totally geodesic submanifold Dy by

Dy={z€D:z 1 span(x)}.
This gives rise to a cycle Cx in M of dimension (p — n)q, and by summing over all
x in a system of representatives of ['-orbits in (a coset of) a lattice in V' such that
%(X, x) = [ > 0, one obtains a composite cycle Cz. For [ positive semidefinite of
rank ¢ < n, there is a similar construction to obtain cycles Cj of dimension (p — t)g.
We can then assign coefficients to these cycles (see §4 for details) to obtain (relative)
homology classes
Cg,w € S)\((Cn)* & H(p,t)q(M, oM, S[)\]V),
i.e., for every vector w € Sy(C"™), we obtain a class
Com(w) € Ho—g(M, OM, SyV).
Then for a cohomology class n € H¥ ™ (M, SiyV), the natural pairing gives a vector
(nUeg™, Capn) € SM(C")"

Here, for ¢ even, e, denotes a certain invariant g-form, the Euler form on D, and is
zero if ¢ is odd.

In the usual way, we can identify the space of holomorphic sections of the bun-
dle SAE;, ® L_m over (the compactification of) M" with Mod(I", Sy(C")* ® det™7),
the space of holomorphic vector-valued Siegel modular forms for the representation
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Sy(C™)* ®@det™ 2 . Here Mod(I", Sy(C™)* ® det™ %) is the space of holomorphic func-
tions f(7) on ]Hln with values in S)(C")* ® det™ 2, holomorphic at the cusps of M’,
such that

FOrr) = (px @ det ™) (% (7, 7)) f (7).
Here py is the action of GL,(C) on S\(C") and j(vy,7) = ¢r + d is the usual auto-
morphy factor for v = (2%2) € I''. Recall that for Siegel modular forms, the Fourier
expansion is indexed by positive semidefinite 5 € Sym,(Q), and note that the §-th

Fourier coefficient of such a form is now a vector in Sy (C")*.
Our main result is

Theorem 1.1. The cohomology class [0nq 5] is a holomorphic Siegel modular form

for the representation S\(C")* @ det™ 2 with coefficients in H™ (M, S V). Moreover,
the Fourier expansion of [0pqn](T) is given by

O, [)\] Z Z P D(Cy, [)\] —t) e?ﬂ'itr(ﬁT)’

t=0 B3>0
rank =t

where PD(Cg,y)) denotes the Poincaré dual class of PD(Cg,y). Furthermore, if q is
odd or if i(X) = n, then [0hqn](T) is a cusp form.

This generalizes the main result of [KM4]|, where the generating series for the
special cycles C'z with trivial coefficients was realized as a classical holomorphic Siegel
modular form of weight m/2.

Pairing [0,4,x] with cohomology and homology defines two maps, which we denote
both by A, [, namely

m
2

Mg, - HP™™4(M, SV) — Mod(I', S5 @ det ~ 2);

Ay Hug(M, SpgV) — Mod(I", S @ det "2 ).

These pairings give rise to the following two reformulations of Theorem 1.1:

Theorem 1.2. For any cohomology class n € Hc(p_n)q(M, S V) and for any compact
cycle C € Hyq(M, S;\V), the generating series

ZZ 77U€ [ > 2mi tr(BT)

t=0 B>0

and

Z Z C,B o N en t)>€2ﬂ'i tr(87)

t=0 3>0
define elements in Mod(I", S,\(C")* ® det_%).

To illustrate our result, we consider the simplest example.
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Example 1.3. Consider the weight X' = (¢,¢,--- ,¢) of U(n) (so the number or ¢’s is
n). Then S)(C") =~ Sym*(A\"(C")) is one-dimensional, while Sj)(V') can be realized
as a summand in the harmonic tensors in Sym‘(A\"(V)) € V& For n a closed
rapidly decreasing SpyV-valued smooth differential (p — n)g-form on M, the pairing
([n], Cx,p) is given by the period

(), Cepp) = / (i, (@1 A A,

x

with the bilinear form (, ) on V extended to V™. Then the generating series of

these periods
Z (/ (’I]’ (1‘1 A A xn)ﬁ)) 67ritr((x,x)7—)

xeL™
(%x,%x)>0
mod I

is a classical scalar-valued holomorphic Siegel cusp form of weight ¢ + m/2. Here L
is (a coset of ) an integral lattice in V.

For n = 1, several (sporadic) cases for generating series for periods over cycles with
nontrivial coefficients as elliptic modular forms were already known: For signature
(2,1) by Shintani [S], signature (2,2) by Tong [T] and Zagier [Z], and for signature
(2,q) by Oda [O] and Rallis and Schiffmann [RS]. For the unitary case of U(p, q), see
also [TW].

We have not tried to prove that the Siegel modular form associated to a cohomology
class n or a cycle C' is nonzero. However, for the case in which G = SOy(p, 1) the
nonvanishing of the associated Siegel modular form (for a sufficiently deep congruence
subgroup depending on 3 and \) follows from [KM1] together with [M]. Indeed, first
apply [KM1], Theorem 11.2, to reduce to the case where the cycle Cj [y consists of a
single component Cx ® X[¢(x), by passing to a congruence subgroup, see §4.3. Then
apply (the proof of) Theorem 6.4 of [M] where it is shown that for a sufficiently deep
congruence subgroup the cycle Cx ® x[¢(n) is not a boundary.

For general orthogonal groups, the results of J. S. Li [L] suggest that again the
Siegel modular form associated to a suitable 7 is nonzero. Indeed, Li [L] has used the
theta correspondence (but not our special kernel 6,,() to construct non-vanishing
cohomology classes for O(p, q) for the above coefficient systems (with some restrictions
on \). However it is possible that all the above cycles Cs [y are boundaries for some
p,q and A. This would be an unexpected development.

Finally, we would like to mention our motivation for the present work. For M
not compact, we are interested in extending the lift A, ), say for A = 0, the trivial
coefficient case, to the full cohomology H ™ P)¢(Af,C). This would extend the results
of Hirzebruch/Zagier [HZ], who, for Hilbert modular surfaces (essentially Q-rank 1 for
0(2,2)), lift the full cohomology H?(M, C) to obtain generating series for intersection
numbers of cycles. In this process, cohomology classes and cycles with nontrivial
coefficients naturally occur, as we now explain.
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We let M denote the Borel-Serre compactification and let M denote the Borel-
Serre boundary of M. We study the restriction of 6,,0 to d(M), which is glued
together out of faces e(P), one for each I'-conjugacy class of proper parabolic Q-
subgroups P of G. In [FM1, FM2] we show that the theta kernel 6, extends to
M. In fact, the restriction to e(P) is given by a sum of theta kernels On(g—r),n for
a nondegenerate subspace W C V associated to an orthogonal factor of the Levi
subgroup of P with values in Sy (W) for certain dominant weights .

The paper is organized as follows. In §2, we briefly review homology and coho-
mology with nontrivial coefficients needed for our purposes, while in §3, we review
the construction of the finite dimensional representations of GL,(C) and O(n) using
the Schur functors Sy and Spy. We introduce the special cycles with coefficients in
4. In 85, we give the explicit construction of the Schwartz forms ¢,y underlying
the theta series 0,,4y). We give their fundamental properties and for the proofs, we
reduce to the case of n = 1. §6 is the technical heart of the paper, in which we prove
the fundamental properties of ¢,y for n = 1. Our main tool is the Fock model of
the Weil representation, which we review in the appendix to this paper. Finally, in
§7, we consider the global theta series 6,4y and give the proof of the main result.

A major part of this work was done while the first named author was a fellow at the
Fields Institute in Toronto in the academic year 02/03. He thanks the organizers of
the special program on Automorphic Forms and the staff of the institute for providing
such a stimulating environment. We thank Steve Kudla for encouraging us to consider
the case of an arbitrary dominant weight in order to produce generating functions for
intersection numbers and periods that are vector-valued Siegel modular forms.

2. HOMOLOGY AND COHOMOLOGY WITH LOCAL COEFFICIENTS

In this section, we review the facts we need about homology and cohomology of
manifolds (possibly with boundary) with coefficients in a flat bundle (“local coeffi-
cients”) and “decomposable cycles”. We refer the reader to [Ha|, page 330 - 336 for
more details.

2.1. The definition of the groups. We now define the homology and cohomology
groups of a manifold X with coefficients in E, a flat bundle over X. We will do this
assuming that X is the underlying space of a connected simplicial complex K. We
will define the simplicial homology and cohomology groups with values in E. By the
usual subdivision argument one can prove that the resulting groups are independent
of the triangulation K.

We define a p-chain with values in £ to be a formal sum X" ,0; ® s; where o; is
an oriented p-simplex and s; is a flat section over o;. We denote the group of such
chains by C,(X, E). Before defining the boundary and coboundary operators we note
that if ¢ is a flat section of F over a face 7 of a simplex ¢ then it extends to a unique
flat section e, ,(t) over o. Similarly, if we have a flat section s over o it restricts to
a flat section r,,(s) over 7. Finally, if o = (v, --- ,v,) we define the i-th face o; by
o; = (v, -+, ¥, -+ ,v,). Here 9; means the i-th vertex has been omitted.
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We define the boundary operator 9, : C,(X, E) — C,_1(X, E) for o a p-simplex
and s a flat section over X by
p
(o ®@s) = Z(_l)iai R To,0(5)
i=0
Then 0,-100, = 0 and we define the homology groups He(X, F) of X with coefficients
in F in the usual way. These groups depend only on the topological space X and the
flat bundle E.

In a similar way simplicial cohomology groups of X with coefficients in E are
defined. A FE-valued p-cochain on X with values in F is a function « which assigns
to each p-simplex o a flat section of E over 0. The coboundary d,« of a p-cochain «a
is defined on a (p + 1)-cochain o by :

P
5,0(0) = S (=1) e, (al0).
i=0
Then 6,41 0 9, = 0, and we define the cohomology groups H*(X, E) of X with
coefficients in F in the usual way.

If A is a subspace of X, then the complex of simplicial chains with coefficients in
FE|A is a subcomplex, and we define the relative homology groups H,(X, A, E') with
coefficients in E to be the homology groups of the quotient complex. Similarly, we
define the subcomplex of relative (to A) simplicial cochains with coefficients in E to
be the complex of simplicial cochains that vanish on the simplices in A and define the
relative cohomology groups H*(X, A, E) to be the cohomology groups of the relative
cochain complex.

2.2. Bilinear pairings. We first define the Kronecker pairing between homology and
cohomology with local vector bundle coefficients. Let E, F' and G be flat bundles
over X. Assume that v: E® F — G is a parallel section of Hom(F ® F,G). Let «
be a p-cochain with coefficients in E and ¢ ® s be a p-simplex with coefficients in F'.
Then the Kronecker index < «o,0 ® s > is the element of Hy(X,G) defined by:

<a,0®s>=v(a(o)® s).
The reader will verify that the Kronecker index descends to give a bilinear pairing
<, > HP(X,E)® Hy(X,F) — Hy(X,G).

We note that if G is trivial then Hyo(X,G) = G,,, here G,, denotes the fiber of G
over xy. In particular, we get a pairing

<, > H(X,E")® H)(X,FE) — R,

which is easily seen to be perfect. The coefficient pairing £ ® F' — G also induces
cup products with local coefficients

U: H?(X,E)® HY(X,F) — H"*(X,G)
and cap products with local coefficients (here we assume m > p)
N:H(X,E)® Hy,(X, F) — Hp,— (X, G).



CYCLES WITH COEFFICIENTS AND MODULAR FORMS 7

These are defined in the usual way using the “front-face” and “back-face” of an
ordered simplex and pairing the local coefficients using v.

Remark 2.1. We define the cap product a N o for a a p-cochain and ¢ a simplex
by making « operate on the back p face of o. This agrees with [Br], pg. 334-338 but
does not agree with [Ha]. With this definition the adjoint formula

(2.1) (@Uf,0) =(a,fN0)
holds (rather than (a« U 3,0) = (8,a N a)), see [Br], Proposition 5.1 (iii).

The above pairings relativize in a fashion identical to the case of trivial coefficients.
Since the proof of Poincaré (Lefschetz) duality is a patching argument of local
dualities (see [Ha|, p. 245-254), it goes through for local coefficients as well. Thus

Theorem 2.2. Let X be a compact oriented manifold with (possibly empty) boundary
and (relative) fundamental class [X,0X]. Then we have an isomorphism

D: HY(X,E) — H,_,(X,0X,E)

given by

D(a) =an[X,0X].
Definition 2.3. Suppose [a] € H,(X,0X, E). We will define the Poincaré dual of [a]
to be denoted PD([a]) by

PD([a)) = D~([a]).

We can now define the intersection number of cycles with local coefficients, again
following the conventions of [Br], see page 367.

Definition 2.4. Let E, F,G and v be as above and [a] and [b] be homology classes
with coefficients in E and F respectively. Then we define the intersection class [a]-[b] €
H (X, Q) by the formula

[a] - [b] = D(PD([]) U PD([b]))-

In order to help keep track of how the formula for intersection number depends on
our convention in Remark 2.1 we note (proof left to the reader)

Lemma 2.5.
[a] - [b] = PD([b]) N [a].

So in the special case that [a] and [b] have complementary dimensions we have

[a] - [b] = (PD([b]), [al).

2.3. Decomposable cycles. There is a particularly simple construction of cycles
with coefficients in £. Let Y be a compact oriented submanifold with (possibly
empty) boundary 9Y C 0X of X of codimension p and let s be a parallel section of
the restriction of E to Y. Let [Y,dY] denote the relative fundamental cycle of Y so
Y, Y] = %04, a sum of oriented simplices.
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Definition 2.6. Y ® s denotes the (n — p)-chain with values in F given by
Y = EiO'l‘ X s;
where s; is the value of s on the first vertex of o;.

Lemma 2.7. Y®s is a relative n—p cycle with coefficients in E, called a decomposable
cycle.

For motivation of the term decomposable cycle we refer the reader to [M],§3.2.1.

2.4. The de Rham theory of cohomology with local coefficients and the dual
of a decomposable cycle. In this subsection we recall the de Rham representations
of the cohomology groups H*(X, E) and of the Poincaré dual class PD(Y ® s).

From now on, X will always be smooth manifold.

A differential p-form w with values in a vector bundle £ is a section of the bundle
N’ T*(X) ® E over X. Thus w assigns to a p-tuple of tangent vectors at = € X a
point in the fiber of E over x. Suppose now that F admits a flat connection V. We
can then make the graded vector space of smooth E-differential forms A*(X, E) into
a complex by defining

p
dy(W)(X1, Xo, -+, Xpa1) = D> (=1 7'V (w(Xy, -, X, X))
i=1
T Z(_l)iJrjw([Xi? Xj]> Xy, X 7XJ'7 T 7Xp+1)'
i<j
Here X;,1 <1 <p+1, is a smooth vector field on X.

We now construct a map ¢ from AP(X, E) to the group of simplicial cochains
CP(X,E) as follows. Let w € AP(X,F) and o be a p-simplex of K. Then in a
neighborhood U of ¢ we may write w = ), w; ® s; where the s;’s are parallel sections
of E|U and the w;’s are scalar forms. We then define

< iw),o >= Z(/ w;)si(vo).

The standard double-complex proof of de Rham’s theorem due to Weil, see [BT],
p. 138, yields

Theorem 2.8. The integration map ¢ : HY, ppo (X, E) — H*(X, E) is an isomor-
phism.

Finally, we will need that the cohomology class PD(Y ® s) has the following rep-
resentation in de Rham cohomology with coefficients in E.

Let U be a tubular neighborhood of the oriented submanifold with boundary Y.
We assume (by choosing a Riemannian metric) that we have a disk bundle 7 : U — Y.
Then a Thom form for Y is a closed form wy where wy is compactly supported along
the fibers of m and has integral one along one and hence all fibers of 7. It is standard
that the extension of wy to X by making it zero outside of U represents the Poincaré
dual of the class of [V, 9Y]. The parallel section s of F|Y extends to a parallel section
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of F|U again denoted s. We extend wy ® s to X by making it zero outside of U. We
continue to use the notation wy ® s for this extended form. We will see below that
wy ® s represents the Poincaré dual of Y ® s.

If [a] € Hy(X,0X, E), then the de Rham cohomology class PD([a]) is the class of
(n — p)—forms characterized by the property that if a is a simplicial cycle representing
[a], then for any E* valued p-form 7 vanishing on 90X we have

[ nappa) = [n

Remark 2.9. In abstract terms the above equation is

([l U PD([a]), [X, 0X]) = ([n], [a]).

Since the expression on the right-hand side of this formula is equal to ([n], PD([a]) N
[X,0X]) our definition of Poincaré dual amounts to assuming the adjoint formula,
(2.1), and hence amounts to assuming the “back p face ” definition of the cap product.

Lemma 2.10. The de Rham cohomology class Poincaré dual to the cycle with coef-
ficients Y ® s is represented by the bundle-valued form wy ® s.

Proof. We need to prove that for any E*-valued closed (n — p)-form 7 vanishing on

0X we have
/n/wy®s=/ 77=/<77,8>-
X Y®s Y

/77/\wy®s:/<77,3)/\w.
b b

But since s is parallel on U the scalar form (n, s) is closed, and the lemma follows
because wy is the Poincaré dual to [Y,9Y]. 0

3. FINITE DIMENSIONAL REPRESENTATIONS OF GL(n) AND O(n)

In this section, we will review the construction of the irreducible finite dimensional
(polynomial) representations of GL(U) (resp. O(U)), where U is a complex vector
space of dimension n (resp. a finite dimensional complex vector space of dimension
n equipped with a non-degenerate symmetric bilinear form ( , )).

3.1. Representations of the general linear group.

3.1.1. Schur functors. We recall that the symmetric group Sy acts on the ¢—fold tensor
product T¢(U) according to the rule that s € S, acts on a decomposable element
v; ® -+ ® v, by moving v; to the s(i)-th position. Let A\ = (by,by, -+ ,b,) be a
partition of /. We assume that the b;’s are arranged in decreasing order. We will use
D()) to denote the Young diagram associated to A. We will identify the partition A
with the dominant weight A for GL(n) in the usual way.

For more details on what follows, see [FH], §4.2 and §6.1, [GW], §9.3.1-9.3.4 and
[Boe], Ch. V, §5.
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Standard fillings and the associated projections.

Definition 3.1. A standard filling ¢()\) of the Young diagram D(\) by the elements
of the set [¢(] = {1,2,---,¢} is an assignment of each of the numbers in [¢] to a box
of D(\) so that the entries in each row strictly increase when read from left to right
and the entries in each column strictly increase when read from top to bottom. We
will denote the set of standard fillings of D(\) by S(A). A Young diagram equipped
with a standard filling will be called a standard tableau.

We let £o(A) be the standard filling that assigns 1,2, -+ | £ from left to right starting
with the first row then moving to the second row etc.

We now recall the projection in End(T*(U)) associated to a standard tableau T'
with ¢ boxes corresponding to a standard filling £(\) of a Young diagram D(\). Let P
(resp. @) be the group preserving the rows (resp. columns) of T". Define elements of
the group ring of Sy by 7n) = 1 X pp and 0y = 2 Y- €(q)g where ¢; = 1/|P| and
c2 = 1/]Q)|, so ry») and ¢y are idempotents. We let P (resp. Q) be the projections
operating on T*(U) obtained by acting by r4(x) (resp. cyx)). We put syx) = c3¢i(n) Te(n)
(product in the group ring) where c3 is chosen so that sy(y) is an idempotent, see [FH],
Lemma 4.26.

Remark 3.2. We have abused notation by not indicating the dependence of Q and P
on the standard filling ¢(A). We will correct both these abuses by letting m;(») denote
the projector obtained by correctly normalizing the previous product.

We now have

Theorem 3.3. We have a direct sum decomposition

') =P D mo(TW),

AEP(8) H(N)ES(N)
where P({) denotes the set of partitions of {.
Furthermore we have, [GW], Theorem 9.3.9,

Theorem 3.4. For every standard filling t(X), the GL(V)-module myy (T*(U)) is
wrreducible with highest weight .

Remark 3.5. If #/()) is another standard filling then the permutation relating the
two fillings induces an isomorphism of ) (T*(U)) and my ) (T4(U)).

For concreteness, we will define the Schur functor Sy(-) by choosing t(\) = t5()\),
whence S\(U) = my, ) (T°(U)). We obtain projections 7y

m : THU) — Sx(U)

and inclusions

tx: S\(U) — THU).
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Semistandard fillings and the associated basis of S,(U).

Definition 3.6. A semistandard filling of D(\) by the set [n] = {1,2,--- ,n} is an
assignment of the numbers in [n] to the boxes of D(A) such that the numbers in
each row weakly increase and the numbers in each column strictly increase. We let
SS(\,n) denote the set of semistandard fillings of D(A) by the elements of the set

[n].

Suppose X = (z1,- -+ ,,) € U" and f(\) € SS(A, n). Suppose a;; is the j-th entry
in the 4-th column of the semistandard filling. Then x(y), the word in x corresponding
to f(A), is defined by

Xf() = Tay @ Tayy @+ & Tay,, -

We have

Theorem 3.7. Let uy,--- ,u, be a basis for U and let u = (uy,...,u,). Then the set
of vectors {my(upn)) = f € SS(A,n)} is a basis for m (T4U)).

For a simple proof of this theorem see [Boe], Theorem 5.3. Boerner proves the the-
orem using the idempotent c3PQ on T(U) (actually, he considers c3 QP on T(U*)),
but his proof can be easily modified to give the theorem above.

3.2. Representations of the orthogonal group.

3.2.1. The harmonic Schur functors. We will follow [FH] in our description of the
harmonic Schur functor U — S}(U) on an n-dimensional non-degenerate quadratic
space (U, (, )) corresponding to a partition \.

The harmonic projection. We extend the quadratic form (, ) to T%(U) as the
(-fold tensor product and note that the action of S, on T*(U) is by isometries. For
each pair I = (i,7) of integers between 1 and ¢ we define the contraction operator
Cr: ®'U — ®2U by

CI<U1®"'U€):Z(Uiaek)(vjaek)vl®"'®@®"'®@®"'®U€
k

where {e1, -+ ,e,} is an orthonormal basis for (, ). We also define the expansion
operator A; : @ 72U — ®‘U to be the adjoint of C, that is the operator that inserts
the (dual of) the form (, ) into the (4, j)-th spots. We define the harmonic ¢-tensors,
to be denoted U, to be the kernel of all the contractions C;. Following [FH], p. 263,

we define the subspace U, y_}% of U%* by
Uy =D Ao AL U

Carrying over the proof of [FH|, Lemma 17.15 (and the exercise that follows it)
from the symplectic case to the orthogonal case we have

Lemma 3.8. We have a direct sum, orthogonal for ( , ),

£
T'U) = U e &2, U,
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We define the harmonic projection H : T*(U) — U to be the orthogonal projection
onto the harmonic (-tensors U, The space of harmonic ¢-tensors UM is invariant
under the action of S,. Consequently we may apply the idempotents in the group
algebra of S, corresponding to partitions to further decompose U as an O(U)-
module.

The harmonic Schur functors. We let A = (b1, by, -+ ,b;) be a dominant weight
of SO(U) where k = [§]. Here our coordinates are relative to the standard basis {;}
of [Bou], Planche IT and TV. We will also use A to denote the corresponding partition
of ¢ =Y b;. Again following [FH], p. 296, we then define the harmonic Schur functor
SiyU as follows.

Definition 3.9.
Sn(U) = HQPT (U) = HS\(U).

We then have see [FH|, Theorem 19.22,
Theorem 3.10. The O(U)-module Sy (U) is irreducible with highest weight \.

Definition 3.11. We write 7y = H o, for the projection from T*(U) onto Spy(U).
For a semistandard filling f()\), we also set for x = (x1,...,z,),

X(r) = Xy € S (U)-
In what follows, we will need the following

Lemma 3.12. (i) H, P and Q are self-adjoint relative to (, ).
(ii) ‘H commutes with P and Q.

Proof. 1t is clear that H is self-adjoint. The arguments for P and Q are the same. We
give the one for Q. We will use the symbol ¢ to denote both the element ¢ € () and
the corresponding operator on T*(V). Since ¢ is an isometry we have ¢* = ¢~. Hence
we have Q* = Y €(q)q* = > e(q1)g~! = Q. To prove that H commutes with P and
Q it suffices to prove that H commutes with every element g € S,. But S, acts by
isometries and preserves U, Consequently it commutes with orthogonal projection
on U, U
The restriction of S, (U) to SO(U). The restriction of Spy(U) to SO(U) remains
irreducible unless the dimension of U is even, so dim(U) = 2k, and i(\) = k, and in
this case the restriction is the sum of two irreducible representations. For a precise
statement the reader is referred to [FH]|, Theorem 19.22. Thus for these cases our
cohomology classes will take values in the cohomology group of M with values in the
coefficient systems associated to the above direct sum (considered as representations
of SO(p+q)). However in case M is compact the classes obtained by our constructions
for these exceptional cases will often be zero. We will deduce from [LS], Proposition
2.14, that this is indeed the case provided that A is regular in the sense that the
entries of A\ are strictly decreasing. The argument divides into two cases: The case in
which both p and g are even and the case in which both p and ¢ are odd.

In case p and ¢ are both even and A regular it follows immediately from [LS],
Proposition 2.14, that all cohomology groups for a coefficient system as above are
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zero except in the degree equal to the middle dimension (pg)/2 (note that [o(G) =0
in this case). But we claim that the codimensions of the cycles we construct with
values in such coefficient systems are always larger than (pg)/2. Indeed, by Remark
4.7 in order to attach a nonzero local coefficient to the cycle Cy it is necessary that
dim(X) > i(\). Hence

cod(Cy) = dim(X) q > i(\) q.

Since we are assuming that i(A) has its maximum value (p + ¢)/2 we obtain

cod(Cyx) > q(p +q)/2 > (pq)/2.

Thus the cycles we construct in this case are always boundaries.

Now suppose that p and ¢ are both odd. It follows from [LS], Proposition 2.14, that
all cohomology groups for a coefficient system as above are zero except in the degrees
equal to the two middle dimensions (pg — 1)/2 and (pg + 1)/2 (note that [y(G) = 1
in this case). Once again we have i(A\) = (p + ¢)/2 and cod(Cx) > q(p + q)/2. Hence
the cohomology classes we obtain as the Poincare duals of our cycles with coefficients
occur in degrees greater than those allowed by [LS] if

q(p+q)/2> (pg+1)/2.

This inequality holds if and only if ¢ > 1. But for the case SO(p, 1) with p odd all
cohomology groups vanish provided only i(\) = (p + 1)/2, see [M], Theorem 1.2.

If A is singular, it no longer follows from [VZ] that the cohomologies of the cor-
responding local coefficient systems are concentrated in the middle dimension(s).
However it is still possible that all classes we construct in this case are boundaries.

4. SPECIAL CYCLES WITH LOCAL COEFFICIENTS

4.1. Arithmetic quotients for orthogonal groups. Let K be a totally real num-
ber field with Archimedean places vy,...,v, and associated embeddings Aq,..., A,
and let be O its ring of algebraic integers. Let V be an oriented vector space over
K of dimension m > 3 with a non-degenerate bilinear form (, ) and let V' be the
completion of V at v;. We assume that the associated quadratic form has signature
(p,q) at the completion v; and is positive definite at all other completions. Finally,
we let L be an integral lattice in V and L# D L its dual lattice.

Let G be the algebraic group whose K-points is the group of orientation preserving
isometries of determinant 1 of the form (, ) and let G := G(R) its real points. We
let ® = G(O) be the subgroup of G(K) consisting of those elements that take L into
itself. We let b be an ideal in O and let I' = I'(b) be the congruence subgroup of ® of
level b (that is, the elements of ® that are congruent to the identity modulo b). We
fix a congruence condition A € L™ once and for all and note that I" operates on the
coset h + bL".

We realize the symmetric space associated to V' as the set of negative ¢- planes in
V.

D~{zCV;dimz=¢q and (,)}. <0}
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We denote the base point of D by 2y, and we have D ~ G /K, where K is the maximal
compact subgroup of G stabilizing zy. Also note dimg D = pq. For z € D, we write
(, ). for the associated majorant. Finally, we write

M =T\D
for the locally symmetric space.

4.2. Special cycles with trivial coefficients. Let x = {x1,29, - ,2,} € V" be
an n-tuple of K-rational vectors. We let X be the span of x and let X be the
completion of X at ;. We write (x,x) for the n by n matrix with ij—th entry
equal to (z;,z;). We call x nondegenerate if rank(\;x, \;x) = dim X for all ¢ and
nonsingular if rank(\;x, \;x) = n.

Assume x is nondegenerate with dim X = t < n such that ( , )|X is positive
definite. Let rx be the isometric involution of V' given by

() —v ifveX
ry(v) =
X v ifve X+,

We define the totally geodesic subsymmetric space Dx by
Dx ={2z€D:(z,2;)=0,1<i<n}.

Then Dy is the fixed-point set of rx acting on D and has codimension (n — t)q in
D. We orient Dy as in [KM4], p.130-131. We also define subgroups Gx (resp. I'x)
to be the stabilizer in G (resp. in I') of the subspace X. We define G’y C Gx to be
the subgroup that acts trivially on X, and put Iy =I' N GY.

Theorem 4.1. There exists a congruence subgroup I' :==T'(b) of ® such that

(1) M =T\D is an orientable manifold of dimension pq with finite volume, and
(2) for all X as above, the image Cx of Dx in M is the quotient I'x\Dx and
defines a properly embedded orientable submanifold of codimension (n — t)q.

The theorem will be a consequence of the existence of a “neat” congruence sub-
group. We recall the definition of a neat subgroup of I'.

Definition 4.2 ([B],p. 117). An element g € G is neat if the subgroup of C* generated
by the eigenvalues of g is torsion free. In particular, if a root of unity z is an eigenvalue
of a neat element then z = 1. A subgroup I' C G is neat if all the elements in I' are
neat.

Proposition 4.3 (Proposition 17.4, [B]). Let G be an algebraic group defined over
Q and T" an arithmetic subgroup. Then I' admits a neat congruence subgroup.

Theorem 4.1 is an immediate consequence of the following

Lemma 4.4. If T is a neat subgroup, then I'x acts trivially on X, i.e., Iy =T'x.

Proof. We have a projection map px : 'y — O(X;) x O(X3) x --- x O(X,). Here by
X, we mean the i-th completion of X. The i-th completion of ( , ) restricted to X; is
positive definite for 1 <4 < r. Furthermore the splitting V = X ® X+ is defined over
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K. Thus the diagonal embedding of the intersection Lx = LN X is a lattice in ®]_; X;

which is invariant under px(I'x). Hence px(I'x) is a discrete subgroup of a compact

group hence a finite group. Hence if 7 € px(I'x), then all eigenvalues of v are roots

of unity. Since I' is neat all eigenvalues must be 1 and the lemma follows. O
We will later need

Definition 4.5. The Riemannian exponential map from the total space of the normal
bundle of Dx to D induces a fiber bundle 7x : D — Dy with totally geodesic fibers.
The map 7x induces a quotient fibering 7y : I'x\D — I'y\Dx = Cx, see [KM1]. A
Thom form ®x for the cycle Cx is a closed integrable (n — t)g-form on I'x\ D such
that the integral of ®x over each fiber of wyx is 1. In particular, ®x is a Poincaré
dual form for the cycle C'y in the non-compact submanifold I'y\ D.

Occasionally, we will also write Cx (Dx) for Cx (Dx).
We introduce composite cycles as follows. For § € Sym,,(K), we set

Qs ={xeV":3(x,x) = F}
and
Qf = {x € Qp:dim\; X =rank 3 for all i}.
We put
Lz = Ls(h,b) = (h+bL")N Q.
Then I' acts on L§ = L3N Q5 with finitely many orbits and for 3 positive semidefinite
(i.e., Ai(B) > 0 for all i), we define

Cy= Y Cx.

xelMLG

4.3. Special cycles with nontrivial coefficients. We now want to promote Cx
to a (decomposable) cycle with coefficients for appropriate coefficient systems W by
finding a nonzero parallel section of W|Cx. Note that it is enough to find any I x-
fixed vector w € W since such a vector w gives rise to a parallel section s,, of W|Cx
in the usual way. Namely, for z € Cx, the section s,, for the bundle Cx xp, W — Cx
is given by s,,(2) = (z,w). Thus s,, is constant, hence parallel. Furthermore, for such
a vector w, we write C'xy ® w for Cx ® s,,.

The key point for us in constructing parallel sections is Lemma 4.4. Namely, the
components xy, - - - , x, of x are all fixed by I'y = I'’y, hence any tensor word in these
components will be fixed by I'y.

Definition 4.6. For f(\) a semistandard filling for D()\), we define special cycles
with coefficients in Sy (V') by setting

Cxro) = Cx @ (Mx) )

We also define composite cycles Cg 7y analogously as before.

To lighten the notation, we will write x 7.\ and xjsx) for (A\ix)sn) and (A1x)[ron)-

However, there is an obstruction to the construction of nonzero sections.
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Remark 4.7 ([M], Proposition 4.3). Let A be the highest weight of W and let i(\)
be the number of nonzero entries in A (so i(A) is the number of rows in the associated
partition). Then

dim(X) > i(\)
is a necessary condition for the existence of a G'y—invariant vector in W, i.e., to
finding a nonzero parallel section of the restriction of the flat vector bundle W to the
cycle Cx.

On the other hand, for dim(X) > i(\), we do have nonzero parallel sections along
the submanifold Cy.

Theorem 4.8 ( [M],Theorem 4.13). For a weight A = (by,...,bm)), assume i(\) =
k < n. Let fo(\) be the semistandard filling that puts 1’s in the first row of D(u),
2’s in the second row etc.. Furthermore, assume that for x = (x1,...,x,), the first k
vectors xy, ..., Ty are linearly independent and satisfy (x;,x;) = 0,1 # j. Then

X)) = HmA(X o) = HQ2F" @ -+ @ ap™
is a nonzero Iy —invariant in S (V).
For later use, we record (by an analog of Lemma 2.10)

Lemma 4.9. Let 1 be a rapidly decreasing Sy (V)-valued closed (p — n)q form on
M. If ®x denotes a Thom form for the cycle Cx, then ®x ® X(p(n) satisfies

/ nA(Px ®X(po) = / n = / (7, X(r )
M Cx, [ (V)] Cx

4.4. Cycle-valued homomorphisms on T*(Q"). We now construct composite cy-
cles Cp,[y), which are homomorphisms from Sx(Q") to He(M, Sy (V)).

Definition 4.10. We define elements Cx y(-) of Hom(S\(Q"), He(M, Sp(V))) by
Crnilerm) = Cx @ Xy

Here € = (€1, -+ ,¢,) € Q" (Note that we could have defined the map on T¢(Q")
instead and observed that it automatically factors through S,(Q™)). We then have
composite cycles Cgy(+) as before by summing over all x € I'\ L.

Finally note that, if » is a rapidly decreasing S}y (V)-valued closed (p — n)q form
on M, then the period [, N is the linear functional on S)(C") given by

(4.1) ( / n) (maeroy) = / (7, Xgr))-
Cx,1\] Cx

5. SPECIAL SCHWARTZ FORMS

In this section, we will explicitly construct the Schwartz form 4\ needed to
construct the cohomology class [0,q,y](7, 2) alluded to in the introduction. As in the
introduction we will choose a pair of highest weights A for G and X for U(n) which
have the same nonzero entries. We let ¢ be the sum of the entries of A (which equals
the sum of the entries of \).
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5.1. A double complex for the Weil representation. In this section, V' will
denote a real quadratic space of dimension m and signature (p,q). We write S(V")
for the space of (complex-valued) Schwartz functions on V™. We denote by G’ =
Mp(n,R) the metaplectic cover of the symplectic group Sp(n,R) and let K’ be the
inverse image of the standard maximal compact U(n) C Sp(n,R) under the covering
map Mp(n,R) — Sp(n,R). Note that K’ admits a character det'/?, i.e., its square
descends to the determinant character of U(n). The embedding of U(n) into Sp(n, R)
is given by A+ iB — (“5%). We let w = wy be the Schrodinger model of the
(restriction of the) Weil representation of G’ x O(V') acting on S(V™) associated to
the additive character ¢ s 2™,

Let H, = {7 = u+ v € Sym,(C) : v > 0} ~ Sp(n,R)/U(n) be the Siegel
upper half space of genus n. We write g’ and ¥ for the complexified Lie algebra of
Sp(n,R) and U(n) respectively. We write the Cartan decomposition as g’ = ¢ @ p’,
and write p’ = pT @ p~ for the decomposition of the tangent space of the base
point i1, into the holomorphic and anti-holomorphic tangent spaces. We let Z;,
1 <j < n(n+1)/2 be a basis of p~ and let 7; be the dual basis. We let C(x;,/2)
be the 1-dimensional representation det™? of K’. We write W, = T*(C") ® C(Xm/2)
considered as a representation of K’ and let W, be the G’-homogeneous vector bundle
over H,, associated to W,. We also define W), and W, in the same way using Sy (C")
instead.

We pick an orthogonal basis {e;} of V such that (es,e,) =1 for a =1,...,p and
(ep,ey) =—1for p=p+1,...,p+q. We will use “early” Greek letters (typically a
and (3) as subscripts to denote indices between 1 and p (for the “positive” variables)
and “late” ones (typically 1 and v) to denote indices between p+ 1 and p+ ¢ (for the
“negatives” ones).

Let g be the Lie algebra of G and g = p + £ its Cartan decomposition, where
Lie(K) = t. Then p ~ g/t is isomorphic to the tangent space at the base point of
D ~ G/K. We denote by X,, (1 <a <p,p+1<p<p+q) the elements of the
standard basis of p induced by the basis {e;} of V, i.e.,

ey, ifi=a
Xoplei) =Q eq, ifi=p
0, otherwise.
We let w,,, € p* be the elements of the associated dual basis. Finally, we let A*(D)
be the space of (complex-valued) differential k& forms on D.
We consider the graded associative algebra
c- @ o
i,§,>0

where
i| KIXK

Cil = [W; ® /\i(p‘)* ®S(V") ® /\jp* ® T(V)
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where the multiplication - in C' is given componentwise. For each ¢, we have a double
complex (C7°,0,d) with commuting differentials

- n(n+1)/2 B

0= > 1AM ewZ)elal,
j=1

d=ds+dy,

where
ds =Y 1@1®w(Xayu) ® Alway) ® 1,

o,
dy =Y 10191® A(Way) @ p(Xap)-
a, [

Here A(-) denotes the left multiplication, while p is the derivation action of g on
T*(V). Furthermore, K’ acts on the first three tensor factors of C;”, while K acts on
the last three. The actions on S(V™) are given by the Weil representation, while the
actions on the other tensor factors are the natural ones.

We also have an analogous complex C’['/\]' by replacing W, and T*(V') with W5 and
S (V') respectively.
~ We call a d-closed element ¢ € C% holomorphic if the cohomology class [¢] is
O-closed, i.e., there exists an element ¢ € C**17=1 such that

0o = di.
Note that the maps 0 and d correspond to the usual operators 0 and d under the
isomorphism
Wi © AY(H,) @ S(V") @ A(D) & T'(V)]“*¢ — &Y,

given by evaluation at the base points of H,, and D. We will frequently identify these
two spaces, and we will use the same symbol for corresponding objects.

5.2. Special Schwartz forms. We construct for n < p a family of Schwartz func-
tions ¢, on V" taking values in W; ® A™(D) ® T*(V), which we interpret as
the space of differential ng-forms on D which take values in W/ ® T “(V). That is,
Png,e € Cg’j:
Pngs € [W7 @ S(V™) @ A™(D)  T(V)]* ¢
n K'xK
~ [W;‘ @SV") ® /\ ) ® Tf(V)}

These Schwartz forms are the generalization of the ’scalar-valued’ Schwartz forms
considered by Kudla and Millson [KM2, KM3, KM4] to the coefficient case.
Starting with the standard Gaussian,

QO()(X) _ e—wtr(m,m)ZO c S(Vn),

with x = (21, ,2,) € V", the ‘scalar-valued” form ¢, is given by applying the
operator
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svhe N ) — sV e /\'*“q(p*),
no M 1 9
T [z (s ) o At

i=1 p=p+1 La=1

to o @1 € [S(V) & A'(p7)]
Pngo = D(po @ 1).

Note that this is 2"%/2 times the corresponding quantity in [KM4]. We have

n n noy KIxK

Prgo € Cb™ = [Clxmp) @ SOV & \™(57)]
Here the K-invariance is immediate, while the K’-invariance is Theorem 3.1 in [KM2].
We let .
A= Ende (S0 @ \'(p) @ T(V)),

where T(V) = @2, T%(V) denotes the (complexified) tensor algebra of V. Note that
A is an associative C-algebra by composition. We now define for 1 < i < n another

differential operator D; € A by
p

1 1 0
Di = 52 <xai - %axaz> X 1 &® A(ea).

a=1

Here A(e,) denotes the left multiplication by e, in T'(V'). Note that the operator D;
is clearly K-invariant. We introduce a homomorphism 7" : C* — A by

T(Ez) = Di,

where €1, ..., €, denotes the standard basis of C*. Let m, : T°A — A be the (-fold
multiplication. We now define

T,:T(C") — A

T = my o <®€T>.

by

We identify
Homg <Wg,8 vye N ®TZ(V)) ~ W oSV e N ) e TV),
and use the same symbols for corresponding objects.
Definition 5.1. We define
Gns € Home (Wg,s Ve \Nep)e TZ(V))K

by
Prge(w) = Te(w)pngo
for w € T*(C"). We put ¢, = 0 for £ < 0.
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Note that the symmetric group Sy on ¢ letters is acting on T¢(C") and T*(V) in
the natural fashion. We will now show that ¢,,,¢ is an equivariant map with respect
to Sy. More precisely, we have

Proposition 5.2.

puge € Home (W, 800 & ") o (1))
that is, for any s € Sy, we have
Onge©0s=(1®1® s)pnge-
Proof. We first need
Lemma 5.3. Let s € S,. Then
Tros=(1®1®s) o7,
Proof. Let iy,i9,...,ip € {1,...,n}. Then

(R'T) (e ©-+ ©) = s(T(er) © - & T(ei.)
where s on the right hand side permutes the factors of A® --- ® A. Hence
Ty (s(ei, @ @e,)) =m(s(T(e,) @ @T(e;,))),

thus 7; (s(e, @ -~ @ ¢;,)) takes the factors of (Q*T) (s(e;, ® - ®¢;,)), permutes
them according to s and then multiplies them in A. The product Zy(e;, @ - - - ®¢;,) is
a sum of tensor products of products of certain differential operators in S(V") with
products of the e,’s in T'(V'). But the differential operators in S(V") commute with
each other so that the rearrangement of the D;’s has no effect on this factor in the
tensor product. Hence s only acts on the third factor of S(V*)@ A" (p*)@T*(V). O

The proposition now follows easily. For w € T*(C"), we have

Pnge(sw) = To(sw)Pngo = (1@ 1 ® 8)T(w)) Pngo = (1@ 1 ® 8) (Te(w)Png0) -
O

This will now enable us to define the Schwartz forms ¢, y. We first note
Lemma 5.4. For any standard filling t(\) of D()\), the composition
(1®1®Tyx)) © Pnge : TC" — S(V™) @ /\nq(lﬂ*) ® Sy (V)
descends to a map
i T'(C") — SV @ A" (p%) © my (V).

Proof. We have (1®1® sf(,\))2 =1®1® sp(n). Since ppqe is equivariant with respect
to Sy, we have

(1®1@msx) 0 Prge(wr @ -+ @wy) = (1@ 1@ Tp(x)) © Prge(mpon (w1 @ -+ @ wy))
for all w; € C™", 1 <7 < /. O
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We use the lemma for the standard filling ¢(A) to introduce pq x-
Definition 5.5. We define

K
Png, [N € HOIDC <S)\( Vn ® /\ ® S)\] ))
by
Prg (W) = (1 © 1 & mx)) (@ng.e(ea(w)),
the projection onto Sy (V), the harmonic tensors in Sy (V).
5.3. Fundamental Properties of the Schwartz forms. We will now state the
four basic properties of our Schwartz forms. These are:

e K'-invariance; thus ¢, € C’? na

e d-closedness; thus ¢,,, defines a cohomology class [png.¢]
e The holomorphicity of [¢ng y]

e A recursion formula relating [¢,q.] t0 [Png.e—1]

The first three properties are the generalizations of the properties of ¢,,0 in [KM2,
KM3, KM4], the trivial coefficient case. Except for the K’-invariance, we will reduce
the statements to the case of n = 1. Our main tool in proving these properties will be
then the Fock model of the Weil representation. We will carry out the proofs for the
K’-invariance and for the other statements in the case of n = 1 in the next section.

Theorem 5.6. The forms ppqe and @nq(y are K'-invariant, i.e.,
Pngt € CY™M =W @ S(VY) ® /\ )@ TH (V) K>
and
©Ong,\ € C&] =WyesSV")® /\ ) ® Sy (V )]K/XK.

In particular, for n =1, we have

K'xK
g0 € |C(Xtmy2) @SV /\ )@ THV

Proof. We consider the first statement using the Fock model in the next section. The
second statement follows from the first by projecting onto Spy (V). g

The K’-invariance of the Schwartz forms will enable us in Section 7 to construct
theta series using the forms @,q .

Theorem 5.7. The forms nqe and pnqx define closed differential forms on D, i.e.,
dpnge(x) = 0
for all x € V™. In particular, pngn(x) defines a (de Rham) cohomology class
[onqn(x)] € H™ (D, Home (SX(C"), Siy(V))) -
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Proof. We will prove the case n = 1 in the next section using the Fock model of the
Weil representation. For general n, it is enough to show that ¢,,e(€;, @ -+ ®€;,) is
closed for any n-tuple (e;,,...,€,). By the Si-equivariance of ¢,,, we can assume
that iy < --- < 4y, sothat ¢, ® ---® ¢, = e‘?zl K- ® ef?g” for some non-negative
integers /1, ..., {,. But this implies that

Spnq,é(e?el K- egﬂn)(x) = Pq,t, (331) N Npge, (7).

Here the wedge A means the usual wedge for A(D) and the tensor product in the
other slots. This reduces the closedness of ¢, to the case n = 1. O

To state the last two properties of the forms ¢, [, we first need to introduce some
more notation. We define a map

e N eV
by
0'(61') = Zwij ®1®€j.
7=1

Here the z;;,1 < ¢ < n,1 < j < m are the standard coordinate functions on V™.
Thus under the identification of (V*)* @ A*p* @ V with Hom(V"™, A\*p* @ V') we have

U(Ei)(x> = sz‘j(l X 6]‘) =1® ZIZ']‘GJ‘ =1® ;.
j=1 =1

Now the x;; are numbers, the coordinates of the n-tuple of vectors x.
We let g, be the ¢-th outer tensor power of o, and for A a partition of [¢], we put

or=o0p01y:5C" — (V") ® /\.p* QT (V).

Note that we do not need to distinguish between A" and A because only the nonzero
parts of the partition matter here.

Lemma 5.8. (i) Let f be a semistandard filling of D(X). Then
o) (%) = 1@ x4
forany e =¢;, ®---®¢;, € T*(C"). In particular,
oy SHC" — (V)" ® /\.p* ® SA(V).
(ii) The map oy is GL,(C)-invariant, i.e., for a € GL,(C), we have
a((a™'e) sn) (xa) = o (esn)(x).
Proof. For (i), first note
ouen @ ®¢€,)(x) =11 (x5, @ - @ xy,).
Indeed,
o€, @ @€,)(x) =0u(€,)0--00u(e,)(x) =(1Rxy)0-- 0 (1@,
:1@(%1@...@%[)'
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But now for s € Sy, and w; € C*, 1 <1 < ¢, we have
o (s(u @ - @wy)) = (1R 8)o(w ® -+ @ wy),
which gives immediately
ar(ermy)(x) = 1@ X,

as claimed. (ii) follows easily from o(a'e)(xa) = o(€)(x). O

We can therefore define oy by post-composing with the harmonic projection 7y
onto Spy(V), and we have

o (Tae ) (%) = 1@ X500

Via left multiplication we can interpret ¢ (and similarly oy, 0,00 ) as a map
from C" to A (and we do not distinguish between these two interpretations). With
this identification and considering S(V") @ A\*p* @ T(V) as the A\*p* @ T(V)-valued
Schwartz functions on V", we have

(o(&)p)(x) = (1@ A(z:))p(x).

For v € V, we let A;(v) : T*"1(V) — T*(V) be the insertion of v into the j-th spot.

We let Ay, : T72(V) — T

p+q

ZA (ea)Ax(en) — ZAe#Akeu

p=p+1

be the insertion of the invariant metric into the (j, k)-th spot, and we put

1L et
= §ZZAjk(f)

j=1 k=1

One of the fundamental properties of the scalar-valued Schwartz form ¢, is that
for (x,x) positive semidefinite, ¢, 0(x) gives rise to a Thom form for the special cycle
Cx. In view of Lemma 4.9, we now relate ¢nq x(x) to (073%nq0)(X).

Theorem 5.9. (i) Let n =1 and let o; be the operator on S(V) @ \°p* @ T(V)
defined by oj(x) = 1® 1 ® Aj(x). Then for each j = 1,...,{, we have in

cohomology

l—
1
[Pad] = lojpqen] + - Z F)pqe—2]
k=1

for all x € V. In particular,

[Pg,10] = [o10Pq0)-
(ii) For general n, we have in cohomology

[Png, ] = [oPng0];
i.e., for all semistandard fillings f,

[ongn (€ron) (%)) = [(1 @ X(p(a))) @ngo(X)]
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n where € = ¢, ® - R ¢;, € T*(C").

Proof. We prove (i) in the next section via the Fock model. For (ii), we first see by
(i) that up to exact forms we have

l1—1
Prg (7 @ @) (x) = (U($1)<Pq,z1—1($1) + i > Ajk(f)sﬂq,el—l(xl))

=1
A--

|
A (U(%)Sﬂq,znl(%’n) + P ; Ajk(f)@q,enﬂfﬂn)) :

and we get a similar statement for ¢, /(€;, ® - - ®¢;,) by the Sp-equivariance of @, .
Iterating and using Lemma 5.8 then gives a statement for ¢, ((x) with coefficients in
S\(V) analogous to (i) - up to terms coming from the metric. Projecting to Sp(V)
now gives the claim.

One of the main results of [KM4] is that the scalar-valued cohomology class [¢y4.0]
is holomorphic, i.e, [Opng0] = 0. We will now show that the more general cohomology
classes [¢ng,n] are holomorphic as well.

For n = 1, we have g’ = sl3(C), and the anti-holomorphic tangent space p~ is
spanned by the element L =1 (!, 7}).

Theorem 5.10. (i) Let n =1. Then in cohomology, we have
(L)eud = TIA()egeal
In particular,
[0q10] = 0.
(ii) For general n, we have
[0nq ] = 0.

Proof. We will prove (i) in the next section. (ii) follows from (i) by generalizing the
argument given for the scalar valued case in [KM4], Theorem 5.2. First note that we

have to show [0;;¢ng, ] = 0 for all n(n + 1)/2 partial derivatives 9;; (i < j) in p~.
By (i), we see

(1 ®R1® W[A])a_iicpnq,f(e?el Q@ 6§€n> =0

up to an exact form. By the Sy-equivariance, we then see

(1®1® mp)0iiPnge(en ® - ®€;,) =0,
again, up to an exact form. This gives the desired vanishing for the anti- holomorphic
tangent space p, of H x --- x H, naturally embedded into H,,. By the K'-invariance
of @nge we now see that (1 ® 1 ® c[z])@ng,e is annihilated by the Ad K’ orbit of py
inside p~, which is all of p~. U
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6. PROOF OF THE FUNDAMENTAL PROPERTIES OF THE SCHWARTZ FORMS

The purpose of this section is to prove the K’-invariance of ¢,,, and for n = 1 the
other fundamental properties of ¢, , given in the previous section. Our main tool will
be the Fock model of the Weil representation, which we review in the appendix.

By abuse of notation we will frequently use in the following the same symbols for
corresponding objects and operators in the two models.

6.1. The Schwartz forms in the Fock model and the K’-invariance. For multi-
indices o = (a1, -+ ,aq) and B = (B1,--- , B), (usually suppressing their length), we
will write

Wa = Waypt1 N - N Wagptqs
Faj = Farjtt Fagg
eﬁ2631®'®eﬁg

Here we have returned to our original notation, denoting the standard basis elements
of V by e, and e,. In the Fock model F, the “scalar-valued” Schwartz form ¢,
becomes with this notation

1 —i\"™
Pra0 = Sn07 (ﬂ) Z Zayl """ Zapn @Way 1\ - /\wann®1€.7-"®/\ TV

We define
w0 € Home (TH(C"), F @ /\ )@ THV))
by
Po€i, @ ® €)= ne Z 2810 26, ® 1 @ eg.

We then easily see

Lemma 6.1.
Pngt = Png,0 * L0,05
where the multiplication is the natural one in Home(T(C"), F @ A\*(p*) @ T(V)).
We should note that only in the Fock model we have such a “splitting” of ¢,

into the product of two elements. We do not have an analogous statement in the
Schroedinger model (only in terms of operators acting on the Gaussian ¢y).

Theorem 6.2 (Theorem 5.6). The form . is K'-invariant.

Proof. We show this on the Lie algebra level. The element &’ = 2w/ towy €t~ gl, (C)
is the endomorphism of C" mapping ¢; to ¢, and annihilating the other basis elements.
To show w(k')pngr = 0, we need to show

w(k/) (Spn%f(ﬁil K- ® Giz)) = @nq,f(k/(@l - ® eiz))'
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From Lemma A.1 we see

W(k") (Pngelen @ -+~ @ €;,)) = WK )Pngo - o€ @ @ €,)

p
0
+ g0 ) 2akg — (Poelen @ @ e,)).
a=1 aj

We have w(kl)wnq,O - 0, since ¥Pngq,0 € [C(X—m/2) ® ~,F® /\nq(p*)} ¥

rem 5.1. On the other hand, one easily sees

by [KM2], Theo-

p
0 /
>~ zarg— (Poclen @ ® i) = pouk (6 © - @ €,.).
aj

a=1

The assertion follows. Il

6.2. The Schwartz forms for n = 1. For n = 1, we consider the forms ¢, ¢, ¢q0,
and ¢g ¢ to be in F @ A*(p*) ® T(V), and we have

Pt = Cqp Z 228 X Wa & €g-
ap
Here ¢, = 29/%(—i/4m)7 . Also

Pg0 =24(—if4T)"Y za®wa®1  and  goe=(—i/4n)' Y 23 @ 1 @ ep.
a 8

For later use, we note that Theorem 6.2 for n = 1 boils down to

& 0
(6.1) > (zaa7 ®1® 1) Par = (¢+0) g,

a=1

which follows directly from
=0 0
(6.2) ; Zaa—za@q,o = qPq,0 and ; Zaa—za%,z =L o
6.3. Closedness. Similarly to the Schroedinger model, the differentiation d in the
Lie algebra complex F ® A *(p*) @ SY(V) is given by d = dr + dy with
(63) dr =) w(Xop) @ Alwe) ®1  and  dy =D 1@ A(Way) @ p(Xap)-

a1 [

Furthermore, we write dr = d'r + d% with

82
(6.4) dyr = —4rm R A(Wap) ® 1,
7 QZM: 0200z, K

1
dr = In Z ZaZy @ A(way) ® 1.
au
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Theorem 6.3 (Theorem 5.7). The form ¢, is closed. More precisely,
drpgr = drpge =0

and
dypge = 0.
Proof. First note that dz¢,, = 0 is obvious from (6.4). From the ‘scalar-valued’ case,

see [KM2], we have dryp,o = dyp,0 = 0. In fact, this can be seen directly by (6.4),
since one easily checks

(6.5) Z(za ® A(Wap) ® 1) g0 =0

for any p. We then easily see
drpqe = (drpe0) - oe = 0.

For the action of dy, we first note
‘

(6.6) (1®1® p(Xap)) o = Z 2 © 1® Arley)) o.o-1-
k:

(6.3) then implies

. ¢
dy e = e ZZ Zo @ AlWap) @ 1) @g0- (1 ®1® Agle,)) oe—1 =0

o, k=1

by (6.5). O

6.4. Recursion. We will now show Theorem 5.9(i), the recursive formula for the
cohomology class [, .¢]-
For j > 1, we define operators A;(o) by

Aj(a)zz'Z(a%—%za)@mAj(ea)—@';(882 417T >®1®A( ).

We write A(o) = A;(o), and by (A.3) we note that this is the image in the Fock
model of the operator A(¢) in the Schroedinger model.
For j > 1, we introduce operators h’; by

We write b’ = h}. Here A*(w,,) denotes the (interior) multiplication with X,,, i.e.,
A (wap) (Warp) = 6aar 6. We define a (¢ — 1)-form Ag{g by

AD T

q,l p+q+€—1 jgpq,ﬂ

: 1)
We write Ay, = Aq,z.



28 JENS FUNKE AND JOHN MILLSON

Theorem 6.4 (Theorem 5.9). For any 1 < j < {, we have

(—
1
Pge = Aj(0)Pge-1 + dA(]g = i ZAjk(f)%,e—z-

For the proof of Theorem 6.4, we first compute A;(0)pq—1:
Lemma 6.5. For any 1 < j < {, we have
Aj(0) g1 = g0 +A; + B + CF.
Here

. jaxl
2
b= (5 woreaen) s

p=p+1

, 0
Bj =3 Z<87 ®1® 1) ©q,0 (1 RI® Aj(6a>) ©0,0—1,

/-1

;= _ZAJk (f+)Pqg.e-2,
where Aji(f+) is the insertion Y 0 _ Ai(eqn)Ag(eq) in the j-th and k-th position in
T(V).
Proof We write Aj(0) = Aj(0) + AY(o) with Al(0) = £ >, 2 ® 1 ® Aj(ea) +
1r 2o 2n ® 1@ Aj(ey). We immediately see

A}(”)@q,ﬁA = g0 + 4Aj.
On the other hand, we have

Al (0)pq.e- 1—@Z—®1®A( ) (g0 - Po,e-1)

P
. 0
= Bj 4 ipg0 - (Z(ﬁz ®1® Aj(%))) P0,0-1-

a=1
But the last term is equal to C;r. Indeed, a little calculation gives

. -1

0 —1
. — 11 = — 11® A _
(6.7) (6za ®1®1) o pm kz:;( ®1® Ag(eq)) vo—2,
from which the claim follows. O

Therefore Theorem 6.4 will follow from
Proposition 6.6. For any 1 < j < {, we have
dAY) | = —(A;+ B; + Cy),
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where

T 4r
with Az (f-) = > 51 Aj(en) Arlep)-
Proof. Since ¢4 -1 is closed, we have
(p +q+ l— Q)qu,Efl = dh;’@q,éfl = {d7 h;}wq,g,h
where {A, B} denotes the anticommutator AB + BA. Tt is easy to see that

{df7 ]}90(1@ 1= O
so that we only need to compute {d, h;} and {dv,h}.

Lemma 6.7. As operators on F @ \*(p*) @ T'(V),

(i) dmi{dy, W} = Z 2 a@ Z2a ®1® Aj(e,) Z 2, ® D, ® Aj(ey).

() ifdv,h)} = Z—®1®A( Do(Xap) +Zi®Daﬁ®Aj<ea).

Here the operators Dag and D, are the derivations of )\ *(p*) determined by
Dopw-, = 0pyWay and D,war = OxpWap-
Proof. For (i), using the definitions of the operators and %za = za% + Oap, We
easily see
Ami{dy, b} = Zzﬂza ® {Aaus A} @ Ajley) + Sapzy ® A% Ay ® Ajey).

ﬂ 1/
Here and in the following we write A, , for A(w,,). The Clifford identities imply

{Aa,ua AEV} = 5a55;w

and
oA I—A,A,, ?f,uzl/
A AZ;}? lf ,LL ;é V.
Note
(6.8) > AwAi, =Dy and Y Ag,Al, = Dag.
a 7

We therefore obtain

0
ZZN ( a + 1) ® 1 ®Aj(elt) - Z ZH ®A0¢HA:W ®Aj(6V)7

a1 o, v

and the assertion follows from (6.8).
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For (ii), first note p(Xau)A (e,) = 0, A (ea) + Aj(ey)p(Xay). One then obtains

{dv, hj} = Z 3_ ® {Aaw Aﬁu} ® Aj<ev)P(Xau) + 8_25 ® AauAﬁu ® 5uVAj(€a)

_Z_®1®A Xop) +Z_®D5®Aj(ea)a

by (6.8). O
Proposition 6.6 now follows from

Lemma 6.8.
(i) {d%, P Ypge1 = —(p+q+ € —2)A;.

(i) {dv,P}pqe = —(p+q+€—2)(B;+CY).
Proof. We use Lemma 6.7. For (i), we first have

0
Z <Z“8 2 @1 ® A (e“)) g1 ={p+qg+L—1) (Z 2, ®1® Aj(ep,)> Pg—1

Q, M
= —4ri(p+q+{—1)A;,

which follows immediately from

(6.9)
o 0
za: (a—zaza ®1l® 1) Pg -1 = za: ((Za% +1)®1® 1) a1 = (PHg+H=1)@ge-1

by (6.1). Furthermore, by [KM4], Lemma 8.2 we have
(1 ® D,uz/ & 1)9011,0 - 5,uu§0q,07

and therefore
Z (24 ® Dy ®@ Aj(en)) pg—1 = Z(l ® Dy @ 1)ipgo - (2, ® 1 ® Ajle,)) o

v v
- (Z 2, 01® Aj(eu)> Pgo—1 = —4miA;.
Lemma 6.7 now gives (i). For (ii), by (61.16) we first note
-1
(6.10) (1®1® p(Xap) Putm1 = = 2 (70 © 18 An(e))pues.

k=1
Thus, using (6.9), we see

/-1
Z <% ®1® Ajle,)p (XW)) Dg -1 = ;—7: (Z Aﬂc(f—)) (P+q+L—2)pg0-
« k=1

=—i(p+q+{—-2)C;.
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Finally, by [KM4], Lemma 8.2, we have

0
(1 ® Dog ® 1)9011,0 = (Zﬁﬁ_ R1® 1)9%,0-

Hence

0
(611) Z <a7 & Daﬂ ® Aj(ea)> Pg,0—1
a,B

> (&
> (

Il
M QM

0
G2 ® 1 Aen)) (5 @10 Do) s
(az Z,ga—za ® 1 ® 1) @q,O) . (1 ® 1 ® Aj(6a>> 30074_1

0
+ ((— PRI 1)(,0(17[)) . (a—zﬂzﬁ ®1® Aj(ea>> $P0,0—1,

024

i

The second term, using (6.9), is equal to —i(¢ — 1) B, while for the first we have

g ,0
> ((a—zﬁ(ajzﬁ —dap) ®1® 1) (Pq,O) -(1@1e A5(ea)) voe,
a,f @

and this, using (6.9) again, equals to —i(p+¢—1)B. This finishes the proof of (ii). O

This concludes the proof of Proposition 6.6 and hence the proof of Theorem 6.4! [

6.5. Holomorphicity. We will now show Theorem 5.10(i), i.e., that the cohomology
class [¢g,q] is holomorphic.
Following [KM4], we define another operator h on F @ A°*(p*) @ S*(V) by

0 )
h: ZZMG_ZG(X)A (wau)@)l
o,
Definition 6.9. We introduce a (¢ — 1)-form v, , by

—1
wq,é = 1) (h@q,o) *P0,e-

2(p+q—

It will be convenient to note that we could have also defined 1), , by letting h act
on g e

Lemma 6.10.
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Proof. We have

; 0
(6'12) hgpq,ﬂ = (h@q,o) * 00,0 + Z(Zu ® A (wau) ® 1)9011,0 : (% ®1l® 1)@0,[

a,p

(6.13) = (hgo) - @oz——zh]%é 1
with 27 =3 2, ® A (way) @ Aj(eq). But now one easily checks that

_h]%ﬂ 1= gqu QOOZ
with

—p—1 —
‘P;,o = Z (=" P 2020 @ Wayprt A - Aoy u N Way_iprg © L.

On the other hand, we also compute

hpgo = (p+q— 1)@ .
From this the lemma follows. O

Theorem 6.11 (Theorem 5.10). The action of the lowering operator L on ¢, is
given by

w(L)pge = (wqw Zqu 1) —iA(f)%,g_g.

Remark 6.12. This theorem is the generalization of one of the main points in [KM4]
for ¢ = 0, the trivial coefficient case. Namely, [KM4], Lemma 8.3 states

(614) W(L)qu70 = d¢q70.
Proof of Theorem 6.11. We first compute the left hand side:

Lemma 6.13.

w(L)pge = (W(L)Pg0) - poe — ZB A(f+)eqe-2,

with Bj as in Lemma 6.5.
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Proof. By Lemma A.1 we have

-1
(6.15) w(L)pge = o Z (Zi ®1®1) g0
I

(6.16) +27rcq42(a2 >25®wa®65

(6.17) +47rcq,gz ( > <(%zg> R W, ® €g

82
(6.18) + 2meq e Z 2y (@Zﬁ) Q@ wy  €g.
o;{,B K

The first two terms ((6.15) and (6.16) give (w(L)p,0) - poe- By (6.7), the third term
(6.17) is equal to

—zZ (— ®1® 1) b0 ) (1@1® Aj(e;)pos1 == Bj.

For the fourth term (6.18) in the sum above, we apply (6.7) twice and obtain

S0 ZZ (—®1®A (%)) o1

Jj=1 ~
-1 — -1
= g Y0’ Z Z (1®1® Aj(ey)A(ey))po—2 = e —A(f+)po,—2.
j=1 k=1 ~
O
We now compute di), :
Lemma 6.14.
1
(i) drige = (dreo) - Poe — 3 > B,
j=1
1
(ii) dvibye =3 > A
j=1

with A; and B; as in Lemma 6.5.

Proof. For (i), we first observe

(6.19) A ((heg0) - @o.e) = (dFhpgo) - o
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For d’r we get

, ) )
ds ((hpqo) - poe) = =4 Y <5 ®le 1> K(g ® Aop ® 1) h%p) : wo,e]
a u

(6.20) = (dFh@q0) - Qo

(6.21) - 4WZ ((— ® Agy ® 1) hgpq,(]) - <(8iza ®1® 1) W) .

For the first term in (6.21) we see

0
(o) - B (Ao

w,v
&}

0
—z(a— Aop 1)
Bk

B

Combining this with (6.7) we obtain for (6.21)

! Z > <(— ® Dap ® 4; (ea)) soq,o) - P01

j=1 o,

But this is exactly (up to a constant) the term (6.11), i.e., (6.21) is equal to (p+ ¢ —
1) 25:1 B;. This together with (6.19),(6.20) and collecting the constants implies (i).
For (ii), we will use Lemma 6.10. We easily see

0
{dV7 h} = Zzﬂg ®1l® p(Xoau)-
oL «

By (6.6) and (6.1), we get

dyhoge = {dV7 h}SOqE

ZZ(% 20 ®1® A (em) ar

Jj=1 a,u
?

Z—Z(p+q+€—1)Aj.

j=1

This implies (ii). O



CYCLES WITH COEFFICIENTS AND MODULAR FORMS 35

We are now in the position to finish the proof of Theorem 6.11: Combining
Lemma 6.13, Lemma 6.14 and Proposition 6.6, we get

w(L )‘qu_ (@Dqé‘{’ ZA > (w(L )%0) SOOZ_ZB __A(f+)<:0q€ 2

7j=1

VA VA
1 1
—(df¢q,0)'¢o,z+§ZBj—§;Aj
1f
1 B;+C;
+2; j+B;+C7)

= _iA(f)qu,E—Qa
via (6.14) and A(f_)pg1 = 335 C5, since A(f) = A(f1) — A(f-). O

7. MAIN RESULT

In this section, we first construct the cohomology class [6,,4,y] and use the funda-
mental properties of ¢,y to derive our main result.

First note that over R, the Weil representation action of the standard Siegel para-
bolic in Sp(n,R) on ¢ € S(V™) is given by

W ((§1a"1)) (%) = (deta)™*p(xa)
for a € GL}(R), and
w((§1)) elx) = et Dp(x)

for b € Sym,(R). Here x = (xy,--- ,x,) € V", as before.

Globally, we let A = Ag be the ring of adeles of K. Let G'(A) be the two-fold cover
Sp(n, A), which acts on S(V"(A)) via the (global) Weil representation w = wy .

For ¢ € G'(A), we define the standard theta kernel associated to a Schwartz
function ¢ = ¢§ ® Yo € S(V{) by

0(d',0) = Y wlg)e(x).

xeVvV™

By abuse of notation, we let ¢\ = ®j_;py, = @0, Where ¢,, is the Schwartz form
©ng,[n at the first infinite place and the standard Gaussian ¢, at the other infinite
places, and we define ¢y, ¢ in the same way. For the finite places, we let ¢ correspond
to the characteristic function of h 4+ bL".

Given 7 = (7,...,7,) € HJ, we let g. € Sp(n,K) be a standard element which
moves the base point (7,...,i) € H! to 7, i.e.,

; (1 u\{a O
97_01 Ota—17

with v = a(*a™'). We consider ¢/ € G'(A) in the natural way.
We write p, for the representation action of GL,,(C) on S,(C").
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For 7 € HI,, we then define

enq,[)\] (7—7 Z) = Ng(det(a)_m)pi(a)e(gfm P ® Spnq,[/\})

= Y p@)engn(xa)e(x,x)u/2),

x€Eh+bL™

and similarly, 6,,,(7, z). Here

ex(A) = exp (27ri Z tr(A,(A))) ,

for A € M, ,(K).

We denote by A(I", Sx(C")* @ det™™/?) the space of vector-valued (not necessarily
holomorphic) Hilbert-Siegel modular forms of degree n for a congruence subgroup I
and for the representation (p} ® det™™/2, det™™/2, . .. ,det_m/z).

Then Theorem 5.6 and the standard theta machinery give us

Proposition 7.1.
Ong (T, 2) € ALY, S\(C™)* @ det ~™/%) @ A™(M, SpV),

i.e, Ong, (T, 2) is a vector-valued non-holomorphic Hilbert-Siegel modular form for the
representation (pi @ det™™/2 det™/2 ... det™™/?) with values in the Sin(V)-valued
closed differential ng-forms of the manifold M.

The Fourier expansion of 0,4y (7) is given by
Ong(T) = D Ogngu(v)en(B7),
5€Symn(K)
with
Opmal (V) = Y P(@)¢ng ) (xa)ex((x, X)0/2).

x€Lg

Definition 7.2. If 7 is a rapidly decreasing Spy(V)-valued closed (p — n)q form on
M representing a class [] € HY (M, SiV), we define

Ang (7 71) = / 0 A Ong (1) € AT, S5 (C")* @ det ~"/2).
M

We define A,q (7, 7n) in the same fashion for 7 taking values in T(V). If n is Spy(V)-
valued, then we have

Anq,@(Ta 77) = ATML[)\] (T7 77)

Before we can state our main result, we need a bit more notation. For ¢ = 2k even,
we let e, be the Euler form of the symmetric space D (which is the Euler class of the
tautological vector bundle over D, i.e., the fiber over a point z € D is given by the
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negative g-plane z) and zero for ¢ odd. Here e, is normalized such that it is given in

A(p*) by
M1
eq = (_E) T > 580(0) o) pio@ - - pro(2h1)proh),

with
p
Qu = wa A Wap-
a=1

Remark 7.3. The main result of [KM4] is that in the scalar valued case, the gener-
ating series

> ) (PD(Cp) Aep) en(Br),

t=0 (B3>0
rank =t

is a classical Hilbert-Siegel modular form of weight m/2. The key point is that for
nondegenerate x such that (x,x) positive semidefinite of rank ¢, ¢,,0(x) is (essen-
tially) a Thom form for the cycle Cx Nej~". One has

/FX\D 1A Pngo(xa) = (/CX nA ej;t> eu(—(%,%)0/2).

Remark 7.4. Actually, in [KM4] the non-compact hyperbolic case of signature (p, 1)
with n = p — 1 is excluded (when the cycles are infinite geodesics). In the following,
we will also exclude this case. Note however that for signature (2,1) and n = 1 this
restriction was removed in [FM1], and our result will also hold in that particular case.

The following two theorems are the generalization of the main result of [KM4].

Theorem 7.5. The cohomology class [0nqy] is holomorphic; i.e., it defines a holo-
morphic Siegel modular form of genus n with values in Sy(C™)* @ x(—m/2) and with
coefficients in H™ (M, Sy V).

Proof. This follows immediately from Theorem 5.10: We have [0y, n] = 0, thus
(00, 0](7) = 0. O

Theorem 7.6. The Fourier expansion of [0nqx](T) is given by
[Bugal(T) = > (PD(Cs ) Aey™) en(Br),
t=0  3>0
rank =t

where PD(Cg[5) denotes the Poincaré dual class of PD(Cgy)). Furthermore, if q is
odd or i(X\) = n, then [0,4,](T) is a cusp form.

This is equivalent to
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Theorem 7.7. For n a rapidly decreasing closed q(n — p) form on M with values in
S (V), the generating series

M =32 3 [ (wne) eon)

t=0 (>0
rank 8=t

1s a holomorphic Siegel modular form of type (det_m/2 ®p3, det™™/2,. det_m/Q).
Note that by Theorem 3.7 a basis of S\(C") is given by mxes(), where f(A) runs
through the semistandard fillings SS(\,n). With respect to this basis, we define the

T f(A) component (A (T,1)) =00 by

(Mg, (T, M) ms p00) = ( /M ?7A9nq,m(7)) (€ren) -

Note here that the value of A at €;(ny and myf(X) is the same. We then have

(Mg, (75 1) s p (0 Z > (nAey) ea(B7)

t=0 >0 YO8l
rank =t

—Z > / (n,xp00) A eg) en((x,%)7/2),

t=0 xeL§
(x, x)>0
mod I’

where
L; ={x € h+bL" : rank(x,x) = t; x nondegenerate}

Proof. We denote the 3 Fourier coefficient of (Apnq(7,7)) ¢(n) by

a5 = /M DAY P50 Pugn(xa) | ((a726) e (Bo).

x€L
We first note
Lemma 7.8. Assume that 8 not positive semidefinite. Then
ag = 0.

Proof. For n > 1, this follows from the Koecher principle, since Apy(7,7) is holo-
morphic. For n = 1, so that § < 0, the vanishing follows from the vanishing in the
trivial coefficient case by an argument similar to the positive definite coefficient, see
Lemma 7.9 below. U

For (3 positive semidefinite, we write

a5 = /M nA Y P png(xa) | (a6 s )ea(Br)

xGL%

for the contribution of the closed orbits and a$ = ag — af for the degenerate part.
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Lemma 7.9. Assume (3 is positive semidefinite of rank t. Then

a% = /C (77 A egft) )
8

L)
Proof. By the usual unfolding argument, we obtain

age.(—PBv) = /F\Dn A Z Png(xa) | ((@7'€)n)

xeﬁ%

N /F\D”A Yo > Yemmxa) | ((a7e)pw)

z€l\LG velx\I
=2 ( JRe <xa>) (a6
zer\cg Y Ta\D
But now by Theorem 5.9 and Lemma 5.8, we have

[ngy(xa)((a™'e)r)] = [(1® 1@ x50 )Pngo(xa)] -
Thus

( / N A PA(@)Pngn (Xa)) (ern) = / nA(1®1&®x(rn))Png0(xa)
I"x\D Fx\D
:/ (ﬁ,X[f(A)}) A Sonq,O(Xa>
=\D

= (/CX (1, X5 00) A 62) ex(= (%, %)v/2),

by Remark 7.3. This implies af = |, Cotron 1N ey, as claimed. O

It remains to show

Lemma 7.10. Assume 3 is positive semidefinite. Then
ag = 0.

Proof. The recursion formula reduces this to the analogous statement for the singular
coefficients in the scalar-valued case in the same way as in Lemma 7.9. The Lemma

then follows from the vanishing of those coefficients in the scalar-valued case, see
[KM4], §4. We leave the details to the reader. O

This concludes the proof of the theorem. O

APPENDIX A. THE FOCK MODEL

We briefly review the construction of the Fock model of the (infinitesimal) Weil
representation of the symplectic Lie algebra sp(W ® C), where (W, (, )) denotes a
non-degenerate real symplectic space of dimension 2N. We follow [Ad2, KM4]. We
let Jy be a positive definite complex structure on W, i.e., the bilinear form given
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by (w1, Jows) is positive definite. Let ey, ..., en; f1,..., fx be a standard symplectic
basis of W so that Joe; = f; and Jyf; = —e;. We decompose

WeC=W eW”

into the +i and —i eigenspaces under Jy. Then w; = e; —if; and w} = e; +ifj,
j=1,...,N form a basis for W’ and W" respectively. We identify Sym?(W) with
sp(W) via

(zoy)(z) = (x, 2)y + (y, z)x.

Given A € C, we define the quantum algebra (see [Ho]) W, to be the tensor
algebra T'(W ® C) modulo the two sided ideal generated by the elements of the form
rRy—yRr—Nx,y)l. Welet p: T(W®C) — W, be the quotient map. Since T'(W ®
C) is graded, we have a filtration F'* on Wj, and we easily that [F*W,, F¥W,] C
F*+K=2)),  Hence F?W, is a Lie algebra. Furthermore, we have a split extension of
Lie algebras

O—>F1W,\ —>F2W)\ —>5P<W®C> — 0.

Here the second map is p(z @ y) — Az oy) € Sym?*(W @ C) ~ sp(W ® C), while the
splitting map j : Sym?*(W @ C) — EF?W), is given by

1
o (P@)p(y) + p(y)p(z)) .
(Note the sign error in [KM4], p. 151).

We let J be the left ideal in W, generated by W’. The projection p induces
an isomorphism of the symmetric algebra Sym®*(W") with W,/J. We denote by
pa the action of Wy on W, /J =~ Sym®(W") given by left multiplication. We now
identify Sym®(W") with the polynomial functions P(CY) = C|z,. .., zx] on W’ via
zj(wy) = (W}, wy) = 2id;;, and observe that then the action of W C Wy on P(CV) is
given by

jlzoy) =

L0
pa(w)) = z; and  py(w)) = QZAa—Zj.

This gives the action of W), and we obtain an action wy = p, o j of sp(W ® C) on

P(CY). This is the Fock model of the Weil representation with central character \.

We now let V' be a real quadratic space of signature (p,q) (for the moment, we
change notation and denote the standard basis elements by v, and v,), and let W
be a real symplectic space over R of dimension 2n (with standard symplectic basis e;
and f;, j =1,...,n). We consider the symplectic space W = V' @ W of dimension
2n(p + q), and note that J = 6 ® J defines a positive definite complex structure on
W. Here 6 is the Cartan involution with respect to the above basis of V', while J is
the positive define complex structure with respect to the above symplectic basis of
W. Then the +i-eigenspace W’ of J is spanned by the v, ® w and v, ® w}, while the
—i eigenspace W” is spanned by the v, ® w} and v, ® w?.

We naturally have o(V) x sp(W) C sp(V ® W), and one easily checks that the
inclusions j, : o(V) ~ A*(V) — sp(V @ W) =~ Sym?(V @ W) and j, : sp(W) —
sp(V @ W) ~ Sym?(V @ W) are given by
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g1 (v Awg) = 5 Z(vl ® wj) o (v2 @ w}) — Z(vl ® wj) o (vy ® w))
=1 =1
p p+q
Ja (wy o wy) = Z(UQ ®wi) o (Vg @ we) — Z (v, @ wy) o (v, ® wa)
a=1 p=p+1

with vy, vy € V and wy, wy € W, see [KM4], Lemma 7.3.

We write F = P(C"?+9) for the Fock model F of the (infinitesimal) Weil repre-
sentation of sp(V @ W). We denote the variables in P(C"?*9) by z,; corresponding
to v, ® wj and z,; corresponding to v, ® w}. For n =1 we drop the subscript j(= 1).
We have

0
pA(Va ® wy) = 2iA e pr(va ® W) = Zaj,
" - a /
pAv @ ) = 2iAs—, PV @ w;) = 25

]

We easily obtain the following formulas for the action of o(V) x sp(W) in F: (the
formulas differ from the ones given in [KM4] by a sign due to the sign error mentioned
above).

Lemma A.1. For the symplectic group, we note that in the decomposition sp(W &
C)=taoptep, ¥ ~gl,C is spanned by the elements of the form w o wy, pt s
spanned by wj owy and p~ is spanned by wi o wy (1 < j,k <n). Then

» 5 P+ 9
ol 0 wf) =20 |37 zary lew —| il =)o
e
w(wj owy) = X 2 ZajZak 4N u;ﬂ RN .
P 52 | e
w(w;- owy) = —4)\221 m -3 ZLI 20§ 2k
a= n=p

Note that for n = 1, we have sp(W ® C) ~ sly(C), and (for A = 27i) the action of
L:=1(2)=Fuwjow and R:=1(} 1) = tuw{ ow correspond to the classical
Maass lowering and raising operators on the upper half plane.

Lemma A.2. For the orthogonal group o(V) = € & p, we write X,s = v, A vs €
N (V) ~ o(V). So ¢t is spanned by Xo5 and X,,, while p is spanned by the Xo,,.
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Then

u 0 0
w(Xag) = — Zzaj% — 2855
¥ aj

Jj=1

_ 0 0
W(Xw) =) Zuig, - T iy
v 12

Jj=1

w(Xay) = 20N E E Zj 2 -
i=1

= 82@]‘8%]' 21\

We now give the intertwiner of the Schrodinger model with the Fock model for
A = 2mi. The K'-finite vectors of the Schrodinger model form the polynomial Fock
space S(V™) C S(V™) which consists of those Schwartz functions on V" of the form
p(X)po(x), where p(x) is a polynomial function on V™ and ¢o(x) is the standard
Gaussian on V™. On the other hand, we define an action of the quantum algebra W,
on S(V"™) by

. 0
w(vg ® €;) = 2MiTy;, w(ve ® fj) = T
aj

. 0
w(v, ® €5) = =27z, w(v ® fi) = T
wi

which has central character A = 27i. As before, we obtain an action of sp(V®@W), and
this is the infinitesimal action of the Schroedinger model of the Weil representation in-
troduced in the previous section. For A = 27, we then have a unique W y-intertwining
operator ¢ : S(V") — P(CMP+)) satisfying t(¢p) = 1 (W’ annihilates 1 € P(CrP+9)
and ¢ € S(V")).

Lemma A.3. The intertwining operator between the Schrodinger and the Fock model
satisfies

1 a9\, .1 1 9\ _, . 0
L (xaj — %6%3«) L= —z%zaj, L (:L“aj + %a%j) L= QZazaj,
10\ , .1 10\ _, 9
L (IEMJ' — %%) L = Z%ZM]', L (Iﬂj + %8:[/”) L = —QZazuj.
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