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Abstract

We show that a generic perturbation of the doubly-graded Khovanov-
Rozansky knot homology gives rise to a lower-bound on the slice genus
of a knot. We prove a theorem about obtainable presentations of sur-
faces embedded in 4-space, which we use to simplify significantly our
algebraic computations.

1 Introduction

1.1  sl(2) Khovanov homology

Given the data of an oriented link diagram D, one can compute the HOM-
FLY polynomial P(D) (a polynomial over Z in the variables a*' and b*!)
using the local skein relation in Figure 1 (up to an arbitrary choice for the
HOMFLY polynomial P(U) of the unknot U).

This polynomial is invariant under the oriented Reidemeister moves and
hence defines an invariant of oriented links. If we specialize for n > 2 by
defining

Py(g)=Pla=q"b=q+q "),

Figure 1: HOMFLY skein relation.



we obtain the sl(n) quantum polynomial of the link given by the diagram D.
We will be using the normalization P,(U) = (¢" — ¢ ")/(¢ — ¢~ '). The
polynomial P»(q) is known as the Jones polynomial.

In [6], Khovanov associated to a link diagram D a bigraded chain complex
CK hé’j (D) with differential

d: CKhi/ (D) — CKhS™ (D)

(¢ is called the homological grading, j is called the quantum grading). To
diagrams D and D’ differing by a single Reidemeister move, Khovanov gave
a quantum-degree 0 chain homotopy equivalence between CKhy(D) and
CKhy(D'), thus showing that the homology groups HKhs’ (D) are knot
invariants. Furthermore these homology groups provide a categorification of
the Jones polynomial P»(D), by which is meant

Py(q) = > (-1 ¢/dim(HKhy?).
0,J
A powerful facet of the H K hy theory was conjectured by Khovanov (and
later proved by Jacobsson [3]), namely that the homology theory should be
functorial for link cobordisms up to sign. More explicitly, suppose we start
with a smooth embedding of a surface ¥ with boundary

¥ [0,1] x R3,

0% = (Lo — {0} x R*) JJ(L1 — {1} x R®),

otherwise known as a link or knot cobordism ¥ : Ly — L7 between the
links Lo and Lq. Choose link diagrams Dy, D7 of the links Ly, L1. Next we
take a representation of the surface ¥ as a product of elementary cobordisms.
FElementary cobordisms consist of before-and-after link diagrams where we
have made one local change in the before diagram to get to the after di-
agram. The local changes that we are allowed to make consist of each of
the Reidemeister moves and the Morse moves which correspond to adding
a handle to the surface as shown in Figure 2.

To diagrams D and D’ differing by one elementary cobordism Khovanov
associated a chain map CKhy(D) — CKhy(D’), inducing a map on homol-
ogy. For the Reidemeister moves, these maps are just the chain homotopy
equivalences referred to earlier. For the 0-handle and 2-handle moves these
maps are graded of quantum-degree 41 and for the 1-handle move it is
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Figure 2: Morse moves for link cobordism. The 0-handle move adds a cap to
the surface, creating a new unknotted component disjoint from the rest of
the link diagram; the 2-handle move adds a cup removing such a component;
the 1-handle move adds a saddle between two arcs of the link diagram.

graded of degree —1. By composing the maps corresponding to these ele-
mentary cobordisms we get a map graded of quantum-degree x(X%)

HEKhy(X) : HKhY (Lg) — HERS X&) (L)),

This map (up to multiplication by —1) is an invariant of X, as the notation
suggests. In other words, whichever decomposition of ¥ into elementary
cobordisms is chosen, the induced map H Kh(X) stays the same up to sign.

1.2 Perturbed si(2) theory

In [9], Lee gives a description of a perturbation HKh' of the Khovanov ho-
mology H K ho. This homology theory is no longer graded in the quantum
direction, but filtered: ... C FITTHKK C FIHKK® C .... The homol-
ogy HKHW (L) has a particularly simple form: when we take the base ring
to be C it consists of 2! copies of C where [ is the number of components
of the link L. Lee gives explicit chain representatives of these generators
defined from any diagram presentation of L. As a formal consequence of the
properties of filtered chain complexes, there is a spectral sequence with Ey



page HKhé’j converging to Ey, page HKh' .= FIHKK'/FIHYHKR" the
associated graded vector space of HKh' with respect to the filtration F.

Analysis of the behaviour of HKh' under link cobordism was carried out
by Rasmussen [12]. In this remarkable paper, Rasmussen showed that the
quantum grading of Lee’s generators gives rise to a lower bound for the slice
genus of a knot. Let us digress to define the slice genus.

Given a knot K — R3, a classical knot invariant is the genus g > 0 of
the knot. That is, the minimal genus of the surfaces-with-boundary > for
which there exists an embedding ¥ < R? with 0% = K.

If we believe that manifolds with boundary should rightfully live within
other manifolds with boundary, we are motivated to make the following
definition.

Definition 1.1. Consider compact, orientable surfaces ¥ smoothly embed-
ded in (—o0,0] x R3 with K = 0% — {0} x R3. The minimal genus of such
surfaces we call the slice genus ¢g*(K) of the knot K.

By removing a neighbourhood of a point, such a surface provides a knot
cobordism between K and the unknot U. Rasmussen showed that the map
associated to any presentation (as a composition of elementary cobordisms)
of a connected knot cobordism > between two (1-component) knots Ky and
K preserves the generators of Lee’s homology HKh'. This map is filtered
of quantum-degree x(X)

FIHKW (Ky) — FXEHKR (K)).

The Lee homology of the unknot is computable as HKA%! = C and
HKR% 1 = C with no homology in any other bigrading. Hence as an
immediate corollary, 2¢g*(K) is bounded below by one less than the highest
degree in which HK W (K) is non-zero.

In general, to compute HKh' directly is difficult, but it can be carried
out for positive knots (those knots that admit a diagram with only positive
crossings). In this case we get a tight bound on the slice genus since we can
explicitly construct a Seifert surface X of the same genus as our lower bound,
and then just push this surface into (—oo, 0] x R3 to get a slice surface. In
particular we can apply this to torus knots K, ;, to get a combinatorial proof
of Milnor’s conjecture (see Corollary 1.3 for an exact statement) on the value
of g*(Kpq)-



1.3 sl(n) Khovanov-Rozansky homology

In [7], Khovanov and Rozansky describe bigraded homology theories H K h,,
for n > 3 which categorify the sl(n) polynomials P,. Again, given a knot di-
agram D, Khovanov and Rozansky associate to it a chain complex C' K h,,(D)
(in a much more complicated way than for the case n = 2) with differentials

dy, : CKhlI (D) — CKhiY (D).

And also as before, if D and D’ differ by a Reidemeister move, they give a
chain homotopy equivalence (graded of quantum-degree 0) between C K h,, (D)
and CKh,(D’), thus showing that HKh;’ (D) is an invariant of the knot
and not just the diagram D. This homology theory is also projectively
functorial for knot cobordisms.

Gornik [2] has carried out for HKh,, a direct analogue of Lee’s work on
H K hy, describing a perturbation with filtered homology H Kh/,, which can
be interpreted as the F., page of a spectral sequence with Fo page H Kh,,.

Given an [-component link diagram D, Gornik gives an explicit description
of the n! generators of HKh! (D).

1.4 Statement of results

Our intention in this paper is to do for Gornik’s work [2] something of what
Rasmussen [12] did for that of Lee’s [9]. We start by generalizing Gornik’s
HKH), to a theory that we denote HKh,,, where w € C[z] is a monic
polynomial of degree n + 1 such that d,w = dw/dz is a product of distinct
linear factors. In this set up,

HK}L;L == HKh:E"+1+(TL+1),B".’E
for f € C — {0}. The homology H K h,, is filtered in the quantum direction

. CHHKK, CFTHKL, C....

Our procedure essentially starts by following that of [12]. For dia-
grams D, D’ differing by a Reidemeister move we wish to construct a map
FIHKh!, (D) — F'HKhi,(D') which preserves our analogues of the gener-
ators in [2]. If D, D’ differ by a 0- or 2-handle attachment we wish to give
maps F/HKh! (D) — FI~"HLHKh! (D') and if D, D’ differ by a 1-handle
we wish to give maps F/HKh! (D) — F/T""1HKh!,. We aim to do this
so that we can compute that any representation of a connected knot cobor-
dism ¥ : D — D’ as a product of elementary knot cobordisms preserves the
generators of HK h,,(D).



Due to the complexity of the Reidemeister III move, we do not quite
fulfill all of our wishes. However a topological argument (Theorem 1.6), by
which we only have to consider certain products of elementary cobordisms,
is enough for us to get the desired analogue of the slice genus bound in [12].

We write HK hyf (D) = F/HKA!,/FI~1HKh, for the associated graded
vector space to the quantum filtration.

Our main theorem is

Theorem 1.2. Let D be a knot diagram of a knot K. If HKh?L}j(D) #£0
and HKRY' (D) = 0 for all j' > j then

(n=1)(2¢"(K) = 1) = —j.

As a corollary we obtain another proof of Milnor’s conjecture on the slice
genus of torus knots.

Corollary 1.3. The slice genus (see Definition 1.1) g*(Kp4) of a (p,q)-
torus knot agrees with the genus g(Kpq) of the knot and is given by the
formula:

9" (Kpq) = (p—1)(g—1)/2.

The topological result which allows us to avoid the algebraic complexity
of Reidemeister move III, is best stated as a “normal form” theorem for
closed surfaces. In [5] , Kawauchi, Shibuya, and Suzuki propose the fol-
lowing definition of a mormal form for presentations of closed surfaces in
4-space. They then show analytically that any surface has such a normal
form presentation.

Definition 1.4. Normal form for a closed surface in 4-space.

Given a smooth embedding of the genus g surface i : £, — R, then a
normal form for i is a height function h : R* — R which restricts to a Morse
function f = hoi on the surface Xy with the following properties:

1. The index O critical points of f are contained in f~1(3).
2. The index 2 critical points of f are contained in f~1(—3).

3. The index 1 critical points of f are contained in f~*({2,1,—1,—2}).
In terms of handles, f~1({2,—1}) contains only fusion 1-handles (han-
dles connecting two link components), f~1({1,—2}) contains only fis-
sion 1-handles (handles splitting one link component into two).



4. f71(1.5) and f~1(—1.5) are connected and f~1(0) has g + 1 compo-
nents.

Theorem 1.5. (See [5]) For every smooth embedding of a surface ¥, — R,
there exists a height function with the properties given in Definition 1.4.

In terms of elementary cobordisms, an index i critical point corresponds
to the addition of an i-handle, so Theorem 1.5 contains information about
achievable orderings of handle additions. It also gives an achievable order-
ing on fusion 1-handles (handles joining two components into one) versus
fission 1-handles (handles splitting one component into two). Theorem 1.6,
on the other hand, contains information about achievable orderings of Rei-
demeister moves in a presentation of an embedded surface as a sequence
of elementary cobordisms. We use Theorem 1.5 to achieve the 1-handle
orderings of Theorem 1.6.

Theorem 1.6. Suppose X, : Lo — L1 is a connected genus g knot cobordism
between the two links Lo and Ly. Suppose further that D; is a diagram of L;
for i =0,1. Puncturing ¥4 k times gives a cobordism E_g : Lo — L1 where
Ly is the link composed of the disjoint union of L1 with the k-component
unlink.

For some k there exists a presentation ofE_g as a sequence of elementary
cobordisms in which the elementary cobordisms come in the following order:

1. The presentation begins with the diagram Dy.
2. Then all the 0-handles of the presentation.

3. Then a sequence of Reidemeister I and II moves, each of which in-
creases the number of crossings.

4. Then a sequence of fusion 1-handles, ending in a 1-component knot
diagram.

5. Then g fission 1-handles.
6. Then g fusion 1-handles.

7. Then a sequence of Reidemeister I and II moves and fission 1-handles
ending in a diagram D1 of Ly, which is the disjoint union (as an
immersed 1-manifold in R?) of Dy, 0-crossing diagrams of the unknot,
and diagrams as in Figure 36.



In the final stages of the preparation of this paper a preprint by Wu
[13] appeared on the arXiv, which contains, among other results, a proof of
Theorem 1.2. The approaches of the two papers are distinguished in part
by our paper’s use of the topological result Theorem 1.6.

1.5 Overview of this paper

Section 2 contains definitions and theorems whose statements echo those
to be found in [2] and [7] but adapted to our choice of potential. One
purpose of the section is to show that the results of [2] hold for more general
choices of potential than those considered in that paper. As a consequence
of the results in this section it will follow that for D a diagram of an I-
component link, HKh, (D) consists of n! copies of C. We give explicit
chain representatives of these n! generators of the homology. When [ = 1,
HKh,, (D) is supported in homological degree 0.

Although conventional practice dictates that one should deal with invari-
ance under Reidemeister moves before other considerations, issues of logical
dependence encourage us to postpone this until Section 4.

Section 3 deals with Morse moves for knot cobordisms as in Figure 2.
To link diagrams D, D’ differing by a Morse move we associate an isomor-
phism HKh, (D) — HKh,(D'), induced by a chain map CKh,(D) —
CKhy(D'), that is filtered of quantum degree 1 — n in the case of the 0-
handle and 2-handle Morse moves and of degree n — 1 in the case of the
1-handle Morse move. We see that the maps we define have good properties
in terms of preserving the generators defined in Section 2.

Section 4 is also computational. The purpose of this section is to show
that for link diagrams D and D’ differing by a Reidemeister move I or II
there is a map HKh, (D) — HKh,(D’), filtered of quantum-degree 0 and
induced by a chain map CKh, (D) — CKhy(D"), that preserves the gen-
erators of HKh,, (D). If we could show this also for Reidemeister move III,
a consequence would be that the graded groups associated to the quantum
filtration HKhy (D) = FIHKR, /F/~*HKR, would be invariants of the
link represented by the diagram D.

Section 5 contains the proof of Theorem 1.6. Section 6 shows how Theo-
rem 1.6 and the computations of Sections 3 and 4 give us Theorem 1.2 and
hence another proof of Milnor’s conjecture Corollary 1.3.
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Figure 3: This diagram explains how to form resolutions and how to asso-
ciate each one with a vertex of the cube [0, 1]”. Note that all but one of the
resolutions will have one or more thick edges.
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2 Construction of perturbed s/(n) Khovanov-Rozansky
homology

In this section we construct and find chain representatives for a basis of
HKhy(D).

2.1 The Khovanov cube

Here we outline the construction of H K h,,. This is similar to the construc-
tion of the original Khovanov-Rozansky homology H K h,,. Indeed, replacing
any occurence of the word “filtered” by the word “graded” in this Subsection
will give an outline of the construction of HKh,,.

To define H K h,, of an oriented link diagram D with m crossings we start
by forming the 2™ possible resolutions of D and decorating each vertex of
the cube [0, 1]™ with one of these resolutions. We form the resolutions as
shown in Figure 3.
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Figure 4: These are the signs associated to each crossing of a diagram D.
The total signed number of crossings is called the writhe W (D).

Choosing an (arbitrary) ordering of the crossings allows us to associate
each resolution I' of D with one of the corners of the cube. For a corner v call
the associated resolution I',,. In Subsection 2.4 we shall see how to associate
to I, a filtered vector space H(I',). We shall often refer to the filtration as
the quantum filtration.

If two corners of the cube v, v/ are connected by an edge e then we see
that their associated resolutions I', and I", differ only in the resolution of
a single crossing of D. Suppose that v is at the 0-coordinate of the edge
and v’ is at the 1-coordinate of the edge. In the following subsections we
shall define a map @, : H(I',) — H(T'y/) of quantum filtered degree 1. If ey,
e, e3, e4 are edges bounding a face of the cube then ®., ®., = ®.,®,, if the
edges are ordered so the composition makes sense.

For a vertex v write the sum of its coordinates as s(v) (this will be an
integer between 0 and m). We write W for the writhe of the knot diagram D:
the signed number of crossings of D as in Figure 4. We define the chain
groups of a chain complex by

CF = >, HE){m-1)W -k},

s(v)=k-+(1/2)(n+W)

where by {—} we mean a shift in the quantum filtration.
The differentials of the chain complex are defined by

dp =Y +®.: CF — CFH

where the sum is taken over all edges for which it makes sense. The +
signs are chosen so that each face of the cube has exactly 1 or 3 of its edges
decorated with a minus sign; the commutivity of the maps associated to
the edges of any face will then ensure that dxi1d; = 0. The shift in the
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quantum filtrations of the H(T',)’s ensures that the differentials are filtered
of degree 0.

Taking homology we obtain a vector space graded in the homological
direction and filtered in the quantum direction. This is our perturbed ho-
mology theory F/HKh! (D).

2.2 Introduction to matrix factorizations

The definition of the si(n) Khovanov homology, standard or perturbed,
makes use of the notion of a matriz factorization. Here we first define un-
graded matrix factorizations, in the next Subsection we see how to associate
filtered matrix factorizations to trivalent graphs.

A polynomial p(z) € Clzy,...,z,] = R may not admit a non-trivial
factorization into polynomials. However if M? = M! is a free module over R
then we may be able to find R-module maps fy, f1

MO8t 20

such that fof1 = fifo = p(z). Thus we would have factored p(x) into a
product of R-module maps: this is called a matriz factorization of p(x).

If M and M are both matrix factorizations of p(z) € Clz1,...,an] = R
then a map of matriz factorizations G : M — M is a pair of R-module maps

GO:MO—M\ZO, Gy : M' — M?
satisfying foGo = G4 fp and flGl = G f1. Note that this echoes the defini-

tion of a map of chain complexes. Similarly, considering a matrix factoriza-
tion as being something akin to a 2-periodic chain complex, we can define
the notion of a tensor product:

Suppose M and M are matrix factorizations of p(z),q(x) € R respec-
tively. Then we define the matrix factorization M ® M of p(z) + q(z) by
(MQM)? = (M@ M) @ (M@ M"Y), (MoM)' = (M@ M®) @ (M@ M)
with maps

fo g1\ . o_, 1
<ﬁ0ﬁ>4M®M) (M ® )",

< fl 9 ) (M@ M) — (M e M)°.
go Jfo

Since matrix factorizations have the look of 2-periodic complexes (but
with d? now being a polynomial, not necessarily zero), we can define the
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Figure 5: An example of a trivalent graph. The circles show where two edges
do not intersect or give rise to an overcrossing or undercrossing.

obvious notions of homotopic maps of matrix factorizations and homotopy
equivalent matrix factorizations. We will be working in the category of
matrix factorizations and homotopy classes of maps.

2.3 Trivalent graphs

Khovanov and Rozansky [7] describe a way of associating a matrix factor-
ization to any finite trivalent graph with thick edges and labelled boundary
components. An example of what we mean by a trivalent graph with thick
edges is given in Figure 5, here we have indicated the boundary as a dot-
ted circle which shall hereafter be omitted from our diagrams of trivalent
graphs.

Note that the thin edges are oriented and at a thick edge the orientations
of the incident thin edges look like Figure 6. Each trivalent vertex has one
thick edge and two thin edges incident to it. Only thin edges are allowed to
end on the boundary of the graph. We allow closed thin loops.

Also note that we have included what appear to be crossings (which are
circled) of thin edges. But a trivalent graph need not come with an embed-
ding into R? or even R3, and we are thinking of these thin edges as neither
intersecting nor as giving rise to an “overcrossing” or an “undercrossing”.

Remark 2.1. These trivalent graphs should be thought of as the sl(n) ana-
logues of Kauffman’s smoothings of a knot diagram giving rise to the state
sum model of the Jones polynomial [4]. Given a knot diagram D of a knot
K, the sl(n) quantum polynomial P,(K) can be expressed as a signed sum

12
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Figure 6: The neighbourhood of a thick edge.

of polynomials P, (T") where T' ranges over all resolutions of D, normalized
by the writhe of D. Murakami, Ohtsuki, and Yamada [10] studied these
polynomials P, (T') and gave a complete set of relations for computing them.

To associate a matrix factorization to such a trivalent graph will first
involve choosing a potential: a polynomial w(z) € Clx] of degree n + 1.
Khovanov’s and Rozansky’s original theory took w = 2"+ and Gornik used
the perturbation w = 2"t 4 (n+1)3"x for 3 € C — 0. In the course of this
paper we use a general polynomial w of degree n+ 1, satisfying the condition
that 0,w = dw/dz factors as a product of distinct linear factors.

Every variable z; that appears in the polynomial rings used to define
matrix factorizations is taken to have quantum degree 2 (we often use the
word quantum so as to distinguish from homological). We will be using
filtered matrix factorizations, which means each module M is filtered ... C
FiM C Fitlp C ... The filtration on M (which will always be a free
module over R) shall be induced by the grading on R with possibly an overall
shift. To denote a shift of quantum degree d in the filtration grading of a
module M we use the notation M{d}. The two differentials in the matrix
factorization should have filtered degree n + 1 (note multiplication by w(z)
is filtered of degree 2(n + 1)). Maps of matrix factorizations, unless stated
otherwise, are of filtered degree 0, homotopies are of filtered degree —(n+1).

We define two fundamental factorizations: that of an oriented thin line
segment (Figure 7) and that of a neighbourhood of a thick edge (Fig-
ure 8). Then we can obtain the factorization C(I") coming from any trivalent
graph I' by tensoring together these fundamental factorizations, identifying
boundary variables where we have joined the fundamental factorizations.

Definition 2.2. The fundamental factorization in Figure 7 is the factoriza-
tion of w(x1) — w(xs) over R = Clxy, x2| given by

13
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Figure 7: An oriented line segment with labelled boundary points.
il T2
T3 T4

Figure 8: A thick edge with labelled boundary points.

MO T2 gl ITE2 0

where M = R and M' = R{1 —n} are rank 1 modules over R and 7y,., =
(w(x1) — w(x2))/(x1 — x2). Remember the pair of curly brackets denotes a
grading shift so that each of our differentials is of filtered degree n + 1.

We now define the factorization in Figure 8 over the ring R = C[z1, x2, 3, 24].
This is a factorization of the polynomial w(z1) + w(x2) — w(zs) — w(xy).
Consider the unique polynomial p in two variables such that p(z +

y,zy) = w(z) + w(y).
Then
w(xy) + w(zre) — w(zs) — w(zy)
= p(x1 + z2, x122) — p(T3 + T4, T324)
= p(x1 + z2, v122) — (a3 + X4, T122) + p(T3 + T4, T122) — p(T3 + T4, T324)

= (1 + 22 — 23 — T4)u; + (X122 — T3T4)U2

for some polynomials uy, us.

14



Definition 2.3. The second fundamental factorization is the tensor product
over R of the two factorizations

R{—1} X% R{—n} T F"2257% pe 1y,

R - R{3 —n} """ R

Note that the differentials of the resulting factorization have filtered de-
gree n + 1.

Hence the factorization C(I") (a tensor product of fundamental factor-
izations), associated to a general trivalent graph I', also has differentials of
filtered degree n+1. Let R(I') = Q[X.|e € edge endpoints], then the graph T’
defines a matrix factorization C'(I') over R(T")

0 1
MOd—>Mld—>MO

where M? and M are free modules over R(I') and

d*d° = d°d' = Yoo wX) - Y wXe). (1)

edge endpoints e edge endpoints e
pointing out of I pointing into I'

2.4 The generators of HKh, (D)

We have required of our potential w that d,w is a product of distinct linear
factors. This condition is the main ingredient in many of the results in [2],
the proofs of which carry across very easily to our potential. We shall content
ourselves, most often, with stating these results as they apply in our case
without proof, but in a few cases we shall give a proof where things are
more difficult for our potential than for that of Gornik’s or where we feel it
is important for the rest of the paper to understand the proof.

Assume now that I' is a closed trivalent graph so that C'(I") (the matrix
factorization associated to I') is actually a 2-periodic complex (see Equa-
tion 1), call the homology of this 2-complex H(I"). Since C(T") is filtered,
H(T) is also filtered ... C F'H(T') C F**'H(T) C .... Let R(T') be the
polynomial ring over C generated by variables X, as e runs over the thin
edges of I' (note: not just the thin edges with boundary as in the previous
section). Certainly the homology H(T') is a module over R(I"), but in fact it
is also a module over the ring R(T") obtained from R(T") by quotienting out
any polynomial in the X,.’s appearing in the definition of the fundamental
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factorizations making up C(I"), (since these polynomials define 0-homotopic
endomorphisms of C(I)).

Proposition 2.4. (See [2] Proposition 2.4) The algebra R(T) is generated
by elements X, (by abuse of notation X, means the image of Xe € R(T") in
R(T")) where e runs over the thin edges of T', and each X. satisfies

O,w(Xe) = 0.
O
Definition 2.5. Writing X, for the roots of O,w, a state ¢ of I' is an
assignment
¢:el)— X%,
of elements of ¥, to the thin edges e(I") of T'.

Proposition 2.6. (See [2] Proposition 2.5) Given a state ¢, define Q4 €
R(T) by

1 1 Ow(Xe)
Q=111 II :
ece(Il) \aeL,\é(e) ole) —a | n+1Xe —gle)
where O, w(Xe)/(Xe — ¢(e)) is the result of substituting X. for x in the
polynomial dyw(x)/(x — P(e)).

Then we have

07 ¢1 7é ¢2
> Q=1
®

Proof. 1t suffices to check that the relations hold in the ring

Q¢1Q¢)2 — { Q¢17 ¢1 = ¢2

Q) ClXe)/ew(Xe)

ece(I")
since R(T) is a quotient of this ring. O
Given an embedding of I" into R? we can define the notion of admissability
of states. In the construction of the Khovanov-Rozansky homology of a knot,

we start with a diagram of the knot and all I'’s appearing in the construction
will come with an embedding into R? induced by the knot diagram.
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Type I Type I1

/( /(

)\1 )\2 >\2 )\1

Figure 9: Type I and II admissable states. Each thin edge is decorated with
an element of >, subject to satisfying the conditions shown at each thick
edge.

Definition 2.7. A state ¢ is called admissable if the assignment ¢ : X, —
e(T") looks like either of the possibilities in Figure 9 in a neighbourhood of
each thick edge. We call the set of all states S'(T') and the set of admissable
states S(I).

In the following theorem we refer to the polynomial P,(I") of a trivalent
graph I'. For the purposes of this paper, Remark 2.1 is sufficient information
for the reader. For further information we refer readers to [7, 10].

Theorem 2.8. (See [2] Theorem 3) For non-admissable states ¢ we have

Qs = 0.

For admissable states ¢ we have

0 # CQg = R(I')Qy and so dimcR(I)Q, = 1.
We have a decomposition as a C-algebra

R(T) = ®pesrCQy
and

dimg R(T) = Po(T)]go1.
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Proposition 2.9. Let k € Z. Let th(F) be the quantum degree k piece of
the classical sl(n) Khovanov-Rozansky homology of the graph T'. Then there
is an isomorphism of vector spaces

& : Kh*(T) — F*H(D)/FF1H(D).

Corollary 2.10. Since the graded dimension of Kh(T') is just P,(I') (the
sl(n) polynomial of T'), the filtered dimension of H(T') is P, (T'). The number
of admissable states is P,(T')(1) so that the dimension of H(I') as a complex
vector space agrees with the number of admissable states. [

Here since the translation of Gornik’s proof is not completely straight-
forward, we give some details.

Proof. (of Proposition 2.9) Khovanov and Rozansky have shown that the
classical 2-periodic complex CKh(I") has cohomology only in one of the
two homological gradings. Suppose without loss of generality that it lies in
grading 1.
CKh(T') looks like
CKROT) 2 KRNI 25 CKRO(T)

where dy and dy are graded of degree n + 1. The perturbed 2-periodic
complex C(I") looks like

co(r) 2 clr) 5 ()
where dj, and d} are filtered of degree n+ 1. In fact we can decompose d} as
di=d?+dl +d*+ ...

where dg is graded of degree n + 1 — 2j and d? = d; for i = 1,2. To define
the ® mentioned in the Proposition we give first a lift of ®

¢ : (kerdy)* — FFH(D)/FF1H(T)
gb:ou—>oz—|—oz1—|—oz2—|—...

where (ker d;)* is the k' graded piece of kerdy, and o has degree k — 2i.
We define each o inductively. We wish to define each o' so that
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k
> di(e?) =0Vj. (2)
=0

Writing o = o gives us the root case. Suppose that we know (2) for
k < K; we wish to define a1 so that we have (2) for k < K + 1.
If we can show that the following holds:

K
dy (Z di“(a“%) =0 (3)

1=0

then we will be done since we know that ker d} = imd{ so we can find an

a1 satisfying
K . .
d(l](—()éK+1) _ Zdll—l—l(aK_Z)'
=0
Now,
K . .
(Y
1=0
:ngdll-‘rl(a]{ N Z d]-l-ldl J K—’l)
i=0 i =
:_sz%-‘rldzl—](a[( 2 o Zd —I—lzd (K—j)—l)zo‘
J=0 i=j j=0 i=

It is easy to check that the map ¢ so defined gives a well-defined isomor-
phism . O

Proposition 2.11.

EB QpH (T

peS((T

dim(c Q¢H(F) =

Proof. For dimensional reasons, it is enough to show that for any ¢ € S(T)
we can find a non-zero element of QuH(I'). Such a non-zero element is
described explicitly below.
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A1 e

\/ AT

| —
O

Figure 10: The rule for forming a new graph I"” when starting with a type I
decoration ¢ of I'.

Al A

A2 A

Figure 11: The rule for forming a new graph I'” when starting with a type II
decoration ¢ of T.
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Ty x2

\
I

Figure 12: The graph I'y, to which is associated the fundamental matrix
factorization C'(I'1), as defined in Subsection 2.4.

Given ¢ € S(I") form a new graph I, with each component decorated
with an element A € ¥ by following the local rule in Figures 10 and 11 at
all thick edges. We remind the reader that a trivalent graph describing a
matrix need not come with an embedding into R2. The circled crossings
in I should not be thought of as undercrossings or overcrossings but just
as the two strands not intersecting.

The state ¢ gives a corresponding state ¢’ of I'. Now since I is a
union of circles, H(I") = R(I") naturally so we can pick unambiguously a
Qg € H(T).

We apply xo and 7y repeatedly to H(I'') until we arrive in H(T'). (xo
is defined in the remainder of this section and 7y is defined in Appendix
7.2). We recycle old notation that we will not use again and define @
to be the image of @)y under these map. Gornik shows that this element
is non-zero. In fact, applying the obvious combination of x; and 7; maps
repeatedly to H(I") takes Q4 back to a non-zero multiple of Qy € H(I"),
and hence Qg # 0. O

To define HK h,,(D) for a link diagram D we have to give two maps of
matrix factorizations

Xo : C(Fo) — C(Fl) X1 C(Fl) — C(Fo)

From these maps we build up the differentials in the chain complex of
matrix factorization CKh, (D). Given a knot diagram D, the Khovanov
cube with closed trivalent graphs (giving matrix factorizations of 0 i.e. 2-
periodic complexes) at the vertices and maps of matrix factorizations on
each edge is given by taking the tensor product of
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z1 x2

z3 T4

Figure 13: The graph 'y, to which is associated the fundamental matrix
factorization C'(I'y), as defined in Subsection 2.4.

0— C(To){1 —n} X C(T){-n} -0
for every positive crossing (the left of Figure 4) and

0— C(T){n} 3 CTo){n—-1} -0

for every negative crossing (the right of Figure 4). This definition clearly
agrees with that of Subsection 1.5.

We give an explicit description (R is the ring C[z1,x9,x3,24]). The
factorization C'(I'y) is

R P, R{1 —n} P R
R{2 —2n} R{1 —n} R{2 —2n}
Py — ( T3 @2 — T4 > P - < T1 - @3 T2 — 24 )
o4 I3 — X1 124 —T13
and C(I'y) is the factorization

(roam )2 (apm )2 (apoom )

QO o < Ui T1X9 — X34 ) Ql o < X1+ T2 — T3 — T4 X1T9 — T3T4 )

Uy T4+ T3 —2T1 — T2 U9 —U1

where u; and us are the polynomials given in Definition 2.3.
The map xo : C(I'g) — C(T'1) is defined by the pair of maps:
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n= (277 0) we (),

where a = (u; + z3ug — ma4) /(1 — x3).
The map x1 : C(I'1) — C(T'g) is defined by the pair of maps:

(10 (1 m
VO_<—a acg—a:2> V1_<1 a:3>'

Note that xox1 and x1xo are both homotopic to multiplication by xo—x3
(we can just take the zero homotopies in both cases).

Proposition 2.12. (See [2]) The homology groups HKh, (D) of an I-
component link diagram D for our potential w, have total dimension

dime ®; ;HKRSI (D) = n'.

There is a canonical basis of generators, one generator for each assign-
ment

¥ : components(D) — %,,.

Each such v defines in an obvious way a type II admissable state of a
resolution I'y,. The generator corresponding to v lives in the chain group
summand H(I'y), and comes from the state 1 as described in the proof of
Proposition 2.11. [l

It is these generators that will play the same roles in this paper as Lee’s
generators [9] played in Rasmussen’s slice genus result [12].

3 Morse moves

A link cobordism can be written as a finite sequence of link diagrams, where
successive diagrams differ either by a Reidemeister move or a Morse move.
The Morse moves correspond to adding 0-, 1-, and 2-handles.

In this section we will assign to each Morse move a filtered chain map
between the complexes of the diagrams that it connects. Then we shall
compute what each Morse move does to the canonical generators of the
homology of a link diagram.
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3.1 0-handle move
A (0-handle move is the creation of a simple loop as in Figure 2.
The 2-periodic complex associated to a circle is
A(l)=(0— A—0)

where A = (C[z]/0,w(z)){1 —n} (the curly brackets indicate a shift in the
quantum filtration).
The unit map ¢ : C — A has filtered degree 1 — n.

Definition 3.1. To the 0-handle move above we associate the map of com-
plezes

1®1i: CKhy(D) — CKhy(DUSY.

The canonical generators of the cohomology of A(1) are the chain ele-
ments

1 1 Opw(x)
=i aelz_[\ﬁﬁ—oz x—p"

and they satisfy

1= qu.

BET

So our map 1 ® i takes a canonical generator g € CKhy, (D) to the sum
of canonical generators gex, 9 © qp-
3.2 2-handle move

A 2-handle move is the removal of a simple closed loop as in Figure 2.
The trace map € : A — C is defined by

; 1, i=n-1
A )
E(x)_{ 0, i<n-—1
Definition 3.2. To the 2-handle move above we associate the map of com-
plezes

1®¢:CKhy(DUSY — CKhy,(D)
and this has filtered degree 1 — n.
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I xI9 T1 T9

1-handle \/

_—

SN

X4 €T3 T4 z3
Fo Fl

Figure 14: 1-handle addition. The boundary points have been labelled with
variables which generate the ring R.

Since the coefficient of 2"~ ! in qgp is just Haezn\ﬁ ﬁ%a our map takes a
canonical generator g ® gg € CKhy,(D U SY) to

1
5.

aGEn\ﬁ

3.3 1-handle move

The 1-handle move is the addition of a saddle as in Figure 14.
Here C(I'y) is the factorization

(R{2Ij2n} >132< ﬁﬁiﬁ >1i< R{zjjzn}>

P0:<7r14 —(mg—x2)> P1:<a:1—x4 x3—12>'

23 XT1 — T4 —723 14
And C(I'1)(1) is the factorization

(Faon )@ rpton )@ (Rn)

Qoz<x1—$2 $3—x4> Q1:<7T12 —($3—$4)>.

—734 12 T34 1 — T2

Ignoring the grading shift, the filtered C[x1, z2, x3, £4)-module of filtered
matrix factorization maps C'(I'g) — C(I'1)(1) is isomorphic to the quotient
Clz1, 22, 23, 24] /(71 = 12 = 23 = 24, Opw(21) = 0).
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Definition 3.3. 7o the 1-handle move of Figure 1/ we associate the map
of complexes F': CKhy(Ty) — CKhy(I'1)(1) given by the pair of matrices:

€123 —1 —1 1 >
F — F = s
‘ < —e134 —1 > ! < €123 €134

Tk — Tjk
Xr; — LZ']' ’

The map F is filtered of degree n — 1.

where

€ijk =

Suppose we have two link diagrams D; and Ds (of links L; Lg) such
that Dy is obtained from D; by the addition of a 1-handle. We will compute
the map induced by F'

HKhy(Dy) — HEhy(Ds)

in terms of the generators of HKhy(D1) and HKh,(D2) that were con-
structed in Subsection 2.4.

Recall that for each choice of assignment ¢ : {componentsof L1} — %,
we got a corresponding resolution I'y, of D and a state ¢ : e(I'y) — X, giving
us an element Q4 € H(I'y) € CKhy(D;) which is a chain representative of
one of the basis elements of HKh,,(Dy).

To construct @y we followed the recipe which converts the resolution I'y
into a disjoint union of circles I'/, and pushes forward an element (again de-
termined by ¢) of H(L",) to H(I'y) via repeated use of 7jp. Since F' commutes
with 7g, it is enough for us to determine the map induced by F' acting on
the homology of disjoint circles.

There are thus two possibilities: either the 1-handle move joins two
components of the link as in Figure 15 or it splits a single component into
two as in Figure 16.

3.3.1 First case

Performing the endpoint indentifications in Figure 15, we have
N R , [ R{1—n} p R
C(l) = < R{2 —2n} > ]j)) < R{1—n} 1:—)1> R{2 —2n}

= < gﬁg; 8 ) b= < —8962)(@) axwo(xn >
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1-handle
- =
/
o I

Figure 15: 1-handle addition, the first case where two components are joined
into one.

where R = C[x1, z2] thought of as an infinite dimensional C-module. And

C(I)(1) = < gﬁ:ﬁ >%< R{2]E2n} >Q/1>< gﬁiﬁ >

Q6:<($1—$2) —($1—$2)> Q/1:<7T12 (961—332))‘

—T12 T2 T2 (z1 — 22)

The induced map F” is given by
e -1 -1 1
F(;:(_fl _1> FI/:<6/ fl>7

6/ - T2 — 8xw(x2) ’ _ 8xw(a:1) — 12

where

Tl — T2 Tl — X2

We observe that H(I')) = ker(P})/im(P;). The canonical generators
indexed by pairs of roots a, 3 € X, have representatives in the Oth chain

group of C(T):
< qéoq% ) © ( Rz o) )

Also, H(I|(1)) = ker(Qp)/im(Q}), and the canonical generators in-
dexed by roots a € ¥,, have representatives in the Oth chain group of C(I';):

(&)e(m)
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1-handle

F” /7
0 F1

Figure 16: 1-handle addition, second case where one component is split into
two.

where

@, = ! H ! Outo(i) fori=1,2.

BeTm\a a—0 | z,—«

Now H (I} (1)) is isomorphic to Clzy, z2]/(z1 = x2, 0yw(x1) = 0), and in
this module

1.2 0, a#p

So it is easy to see what ¥’ does to the generators of H(I)):

¢ -1 0 —qclyq%
/ 1.2 = 1,2
_f -1 Qaqﬁ _QQQQ
1
_ —qq 0
- < ~as > . < 0 >
depending as v = [ or o # [3.

3.3.2 Second case

Under the identifications in Figure 16, we have
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C(rg) = ( R{Qlfgn} )&( Sﬁiﬁ ) A( R{sz%} )

PO//:<7T13 —(333—1131)) P1//2<!E1—333 $3—331>

™13 1 — T3 —713 13

where R = Clxy, z3).
o =i )% ap"a )2 (500

= (e ot ) %= (3000 1)

The induced map F” is given by
e -1 -1 1
FHZ(_f// _1> F1”:<e// f//>

o Opw(x1) —m3 ™3 — Oyw(xs)

where

Ty — X3 T — X3

We observe that H(I'j) = ker(P]")/im(Pj). The canonical generators
indexed by roots a € X, have representatives in the Oth chain group of

c(Tg)
() e(ham)

Also H(T/(1)) = ker(QY)/im(Qf), and the canonical generators indexed
by roots a, € ¥,, have representatives in the Oth chain group of C'(I'{)(1)

< qéoq% ) - ( Rz o) )

. 1 1 Opw(x;) .
— fori=1,3.
Qo n—l—l( H aﬁ) T — ori=13
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Now H (I'}/(1)) is isomorphic to Clz1, z3]/(0zw(z1), Oyw(x3)) and in this
module

() () - () (552

since

Oz w(x1) — Oyw(xs) B Oz w(x3)

Tr1 — I3 r3 —

has a factor of (z1 — «).
And so it is easy to see what F” does to the generators:

-1 1 @\ 0
¢ ")\ ) (€ +
= Ogw(x1)—0zw(x3) 1
#qa

= | 1 =9 <qéOQ§>'

ﬁezn\a

and this a non-zero multiple of the canonical generator

< QéOQ§ ) © ( R{le%} )

4 Reidemeister moves I and 11

in H(T(1)).

In this section we prove invariance of H K h,,(D) under changing the (closed)
link diagram D by an oriented Reidemeister I or II move.

The diagrams on either side of an oriented Reidemeister move each give
a chain complex of matrix factorizations. We wish to define two chain maps
(one in each direction) between these two chain complexes. Each chain map
shall be quantum-graded of degree 0. These chain maps will then induce de-
gree 0 chain maps on the chain complexes associated to closed link diagrams
differing locally by the oriented Reidemester move. We have a description of
chain representatives for the generators of the homology H K h,, of each link
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diagram and we show that the maps preserve the generators up to multipli-
cation by a non-zero number. Since the chain maps were of degree 0 this
tells us that the graded vector space associated to the quantum filtration
of H K h,, is invariant under changing the input diagram by the Reidemeister
move.

Every matrix in this section describes a map between free modules over
polynomial rings. Each of these modules, as per the definition of C'Kh,,
is possibly subject to a shift in quantum filtration. In what follows, we
suppress mention of these shifts. For those readers wishing to check the
validity of the following computations, this omission should not encumber
them with any great difficulties, while explicitly describing the shifts would
thicken somewhat our exposition. In this section we write 9;w for d,w(x;).

4.1 Reidemeister move 1

There are two variants of Reidemeister move I, which can be seen in Fig-
ures 17 and 20. We shall first tackle the invariance of HKh,, under Rei-
demeister move 1.1 by explicit algebraic computation. The invariance of
HKh,, under Reidemeister move 1.2 proceeds by a topological argument:
we decompose the move as a sequence of other elementary cobordisms for
which we have already made algebraic computations.

4.1.1 Reidemeister move 1.1

The first case of the Reidemeister I move is shown in Figure 17. Either side
of the move corresponds to a chain complex of matrix factorizations. Our
first task is to define chain maps of degree 0 between the left chain complex
and the right complex. Then we wish to see that these chain maps induce
maps on the homologies of two closed link diagrams, differing locally by
Reidemeister move 1.1, which preserve the generators of the homology.

The set-up is shown in Figure 18. The chain complex C' from the left of
Figure 17 is above, and the chain complex C’ from the right is below. To
give the two chain maps C — C’ and ¢/ — C we need to define the maps
of matrix factorizations f: M — N and g : N — M. First we shall write
down the three factorizations M, N, and P.

Let R = Clxg,x3] and S = Clz1,x2,x3] considered as a module over R.
The factorizations M, N, and P are

M : R{1—n}"=" R™ R{1-n}
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Figure 17: Reidemeister move 1.1.

V(S (s e ) ( Sk )
40 — < _223 33281—w333 > Al < 579:21: —(3320— z3) )
(A ) (S ) ()

5O _ ( xy — w3 x1(T2 — 3) ) Bl _ ( up =z — 23) >

—U2 U1 U2 T2 — I3

w\Tr2) — W3
T3 = M, 811(1 = w/(:nl),
To — I3
p(x1 + 29, x172) — p(21 + T3, 2122)
To — I3 ’

uy =

p(x1 + x3, T122) — p(T1 + X3, T173)
ZL"1(332 - !L"3) '

ug =

As usual, p denotes the unique two-variable polynomial such that p(z +
Yy, zy) = w(z) + w(y).

The eagle-eyed reader may spot that there has been a shift in the usual
Z/2-grading of the matrix factorizations N and P. This is due to the in-
troduction of an extra component in the oriented resolutions of the diagram
defining these factorizations. We shall not mention this kind of shift in the
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T2 T2
1 x f
C = o _ X0 0
/ g
T2
C' = 0 — = - =0
x3

M

Figure 18: Reidemeister move 1.1 chain maps. The upper row is the chain
complex C of matrix factorizations corresponding to the left-hand side of
Figure 17, the lower row is the chain complex C’ of matrix factorizations
corresponding to the right-hand side of Figure 17. M, N, and P are the ma-
trix factorizations corresponding to the thick-edged trivalent graphs shown.
To define chain maps between C and C’, it is enough to give the maps of
matrix factorizations f and g and then to check that there is enough com-
mutativity to give chain maps. The label x; shows where two arc endpoints
have been joined, and the endpoint labels identified.
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remainder of this paper where it occurs, but content ourselves most often
with giving the factorizations explicitly on which we are focussed.
The map o is given by the pair of matrices

I —xI2 1 — X9 0
-1 1 ’ —a 1)

Finally, we are in a position to define the first of our chain maps, whose
only non-zero component is f : M — N.
The map of matrix factorizations f : M — N comes as the pair of

matrices
« 0
0 )’ -

where a = (p(x1 + x2, x122) — p(x1 + 2, 2123)) /(21 (T2 — X3)).

Lemma 4.1. The map f: M — N gives a degree-0 map of chain complexes
F:C —C.

Proof. 1t is straightforward to check that f is a map of matrix factorizations,
and it is clearly filtered of degree 0. However, it is less straightforward to
check that f defines a map of chain complexes F'; to do so we need to see
that xof is homotopic to the zero map of chain complexes. The map xqf is
given by the pair of matrices:

(Z)- (%)

We define a homotopy H® : My — P,  H': M, — Py:

uU2—Q
To—T3 0

(a glance at the definitions of o and wuy assures us that the second entry
of H" is a polynomial).

To see that H is a homotopy between yof : M — P and 0: M — P we
need to compute that

—

<x1a>:H1(7T23)+BlHO < 0 ):Ho(xg—azg)—i—BOHl

which is left as an exercise. O
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Z2

o

Y
N}

Z2

Figure 19: This diagram shows the maps f and ¢ induced by f and g
respectively. To check that the chain maps we have defined preserve chain
representatives of the generators of the homology H Kh,, of two closed link
diagrams differing by a Reidemeister I.1 move, we need to compute where f
and g take certain generators of the homologies H of the upper two circles
and the lower circle.

We have now exhibited a degree 0 chain map F : ¢/ — C. To complete
the proof of one direction of the Reidemeister 1.1 move, it remains to check
that I preserves the generators of the homology of a closed link diagram.

Proposition 4.2. Write D, D’ for closed link diagrams which are the same
except as they differ locally as the left and right parts of Figure 17 respec-
tively. There is an obvious correspondence between decorations of compo-
nents of D and of D' with elements of ¥,,. Then a standard basis element
of HK hy(D') coming from a given decoration of the components of D', gets
taken by F to (a non-zero multiple of ) the basis element of H K h,,(D) which
1s obtained by the corresponding decoration of D.

Proof. Because of the way that the generators are defined (as the image of
various elements of the homology of some disjoint circles under 7y maps), it
is enough to check that the generators are preserved by the map f that f
induces when zs is identified with z3 as in Figure 19.

We write p = p(s,t) where s = x1 + x2 and t = z1x9. Looking above at
the definition of the polynomial o that appears in the entries of the matrix
f, we see that result of substituting xo for z3 in « is
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gy = EP(S t) = 8t(w1+w2)

o 8:171 83:2
= o —O1w + ot
= (332 — (L’l) lalw — ((L’g — a:l)_lc‘)gw
61w — ag’w

——Jyw

r1 — T2
Taking homology of the graphs in Figure 19, f becomes multiplication
by 32
‘]F = (352 (C[xg]/(ag’w) — (C[xl, xg]/(alw, 82’[1)).

A general basis element, as constructed in Section 2, of the homology of
the lower circle in Figure 19 is written (up to non-zero multiple) as daw/ (2 —
1) where 1) is a root of dw. Under f this gets mapped to

o 8220 _ <81w—82w> < 82w )
-y ) Ty =
- -(329) 55%)
T =Y ) \z2— 9
since
81w — (9211) _ 81w

T — I T — Y

has a factor of (z9 — 1) and 9w = 0 in the image of f. O

Next we need to define the map of matrix factorizations g : N — M to
give us a degree-0 chain map G : C — C".

As a C[xg, z3]-module, C[x1, z2, x3] is isomorphic to the following direct
sum

n—2
Clx1, o, 23] = @ Clxe, 3 @@x (01w — ¢)Clxg, x3),
=0 i>0

where we have written c¢ for the constant term in the polynomial dw. Let
be the Clzg, x3]-module map
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B : Clay, x, 23] — Clwa, 23]

Lag,ad, .., 2) 72— 0,27 (01w — ¢) — (22 — x3)" Vi > 0.

And let 1;_2 3 be the map

11—>2,3 : (C[$17$27$3] - (C[ﬂj‘g,:l?g]

xh s (w9 — 23)" Vi > 0.

We define the map of matrix factorizations g by the pair of matrices

(B 0),(lies —8).

Lemma 4.3. The map g : N — M gives a degree-0 map of chain complexes
G:C—C(C.

Proof. We can see that so long as ¢ is a map of matrix factorizations of
degree-0, it will define a chain map G : C — C’ since the only commut-
ing square that we need to worry about will be automatically 0 in both
directions. It is straightforward to check that ¢ is a map of matrix factor-
izations. U

Next, as we did for f in the proof of Proposition 4.2, we need to compute
what the induced map g does on the homologies of the closed-up graphs in
Figure 19.

Proposition 4.4. We use the same D and D’ as in Proposition 4.2. Then
a standard basis element of HKhy,(D) coming from a given decoration of
the components of D gets taken by G to (a non-zero multiple of) the basis
element of HKhy(D') which is obtained by the corresponding decoration
of D'.

Proof. Looking at the definition of § we see that ¢ will take

( - >< - >€C[$17$21/(81w,62w)

T =) \z2 =%
to
x?_w € Cloa)/(0w).
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Reidemeister
move 1.2

. . \ 0O—handle or

Reidemeister 2_handle
move I1.2

W\ j C/\

Reidemeister
1—handle move [.1

COW

Figure 20: Here we show how to decompose either direction of a Reidemeister
move 1.2 as a sequence of other elementary cobordisms.

4.1.2 Reidemeister move 1.2

Figure 20 decomposes the Reidemeister 1.2 move into other elementary
cobordisms. From other parts of this paper it follows that this gives degree-
0 chain maps (by composition of chain maps corresponding to the elemen-
tary cobordisms used) between C'Kh,,(D) and CKh,,(D") where D and D’
are closed link diagrams differing locally by the Reidemeister 1.2 move. It
also follows that these chain maps will preserve generators of HKh, (D)
and H K h,,(D) up to non-zero multiples.

4.2 Reidemeister move 11

Since our link comes with an orientation, there are two cases to compute,
the first is in Figure 21. Either side of Figure 21 corresponds to a chain
complex of matrix factorizations. We shall define chain maps in both di-
rections between them and check that these induce chain maps between the
homologies HK H,, of two closed link diagrams differing locally by the move
which preserve the generators of H K h,,.
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Figure 21: Reidemeister move II.1.

4.2.1 Reidemeister move I1.1

We start with a note about ordering of bases. The trivalent graphs in
Figure 12 and Figure 13 are associated to factorizations defined explicitly
in Section 2. We write either of these factorizations as

<M00>_><M10>_><M00>
My Mo My

where each M;; is a free module of rank 1 over the ring C[z1, 2, x3, z4]. The
basis that we use for the tensor product of two of these factorizations, as
appears in the lower half of Figure 22 for example, is

Moooo Mooo1 Moooo
Moo11 Moo1o Moo11
Mo101 Mo100 Mo101
Moo | _ | Moo | _ | Moo
Mioo1 Mi110 Mioo1
Mio10 Mi101 Mio10
Mi100 Mio11 Mi100
Mi111 Mo111 Mi111

where M;ji; = M;; ® My, and M;; is a summand of the higher matrix
factorization, My; a summand of the lower.

Each M;jp,; is Clx1, x2, 3, x4, T5,26] considered as a module over the
ring C[z1, z2, x3, 24]. In what follows we have many 8 x 8 matrices. Each ma-
trix entry should be understood as a C[x1, 22, 23, z4]-module map M —
M. We will often abuse notation, for example x5 appearing as a matrix
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entry will mean the “multiply by x5” map, even though x5 technically lies
in the module and not the ring. Also, we suppress the notation C(T") to
stand for the matrix factorization associated to the trivalent graph I', and
instead just denote this factorization as I'.

The complex of matrix factorizations C' coming from the left-hand side
of Reidemeister move 1I.1 is in the lower half of Figure 22, and the complex
coming from the right-hand side is above it. In this diagram, as in the others
in this section, where a point would normally be labelled with a variable x;
we have suppressed the x and just labelled with ¢. The single-headed arrows
between the trivalent graphs are components of the chain differentials.

In Figure 22 there are also some double-headed arrows, each double-
headed arrow is two maps of matrix factorizations (one in either direction).
These maps define two chain maps C — C’ and C' — C. It is our first
task in this section to define these maps of matrix factorizations so that we
indeed do have two chain maps.

We also aim to define these maps so that the induced chain maps be-
tween two complexes coming from closed link diagrams differing by a single
Reidemeister I1.1 move preserve the generators of the homology H Khy,.

Two of the double-headed arrows are automatically the zero map in both
directions. The double-headed arrow labelled id is homotopy equivalences
of matrix factorizations as described in Lemma 7.1 in the Appendix. For
the remaining double-headed arrow, we shall write down two explicit maps
of matrix factorizations A: N — I'g and B : I'g — N.

First we consider the chain map C' — C’. In Figure 23 we have isolated
the relevant part of Figure 22 and factored the map A : N — I’y into the
composition of two maps A = x7 o ¥. We have a chain map upwards if we
can define the map ¢ : N — I'y so that Figure 23 is anti-commutative.

Using the basis conventions discussed earlier we define 9 to be

10000000
¢°__H°<00000010>

@)

00010000
wl__Ho<001ooooo>

where II is the map which on each module summand C[z1, 22, 23, 24, 5, Z¢]
looks like
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1 2
C = 0 0
3 4
1 2
ﬁ A:N—>F0
B:Tg— N
5
12
12 3 4
5 6 .
C = o _ 5 6
1 2 3 4
3 4
5 6
3 4
N

Figure 22: Reidemeister II.1 chain maps. The uppermost row is the chain
complex C’ of matrix factorizations coming from the right-hand side of Fig-
ure 21. The rest of the diagram is the chain complex C' of matrix fac-
torizations coming from the left-hand side of Figure 21. All of the chain
differentials go from left to right, and components of the differentials are
denoted by single-headed arrows. Each double-headed arrow represents two
maps of matrix factorizations, one in each direction. Some of these maps
are necessarily the 0 map since they end or originate at the 0 factorization.
The double-headed arrow labelled id is the identity map in the homotopy
category of matrix factorizations, and we define below the two maps com-
prising the final double-headed arrow, A: N — I'g and B : I'g — N. This
gives us chain maps C — C’ and C' — C.
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Jid X1
Y

ST

N

Figure 23: Factoring A : N — I'y. Here we isolate the only two components
of the upwards chain map C' — C’ which are possibly non-zero. One of
these we are defining to be the identity (labelled id), and the other we
decompose into two maps of matrix factorizations A = xy10v¢ : N — I'yg. We
define ¢ : N — I'y in the body of the text. We have included an extra I'y
factorization and a homotopy equivalence between this and the leftmost
non-zero factorization of the complex C.
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Figure 24: For the purposes of notation, we here show four thick-edged
trivalent graphs which differ only in the labels allocated to the endpoints.
We write the matrix factorization that each is associated to as the pair of
matrices f, g with subscripts as shown.

Clzy,z2, 23,24, x5, 26] — Clx1, 22, 23, T4, 5, 26|/ (T5 + T6 — X3 — T4, T5Te — T3T4)
= Clz1, 22, 23, 24|]1 ® Cla1, 22, 23, T4]25

—  Clz1, 22,23, 74]
(the last map is projection onto the second module summand).

Lemma 4.5. Using this definition of ¢ : N — I'1, we have defined a chain
map C — C'.

Proof. The map 1) is easily checked to be a map of matrix factorizations.
We want to see that we have defined a chain map by seeing that Figure 23
anti-commutes.

We compute the map in Figure 23 which runs from the leftmost I'y
factorization to the I'y factorization which is the target of ¢ (this is a com-
position of three maps of matrix factorizations). We will denote this map
by the pair of matrices

bOl b02 bll b12
< b03 b04 > 7( b13 b14 > :
We write f : M? — M' and g : M' — M° with suitable subscripts to

stand for the matrix factorizations in Figure 24.
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(91 — g5)/(x1 — x5),

(fr = f5)/(x1 —x5), 915

f15

(92 — g6)/ (72 — w6)

(fa— f6)/ (w2 — x6), go6

f26
Then we have

XT5 — X2

T5 — T2

-1 0 0
0

|

b02
bO4 > ¢0 ©

bOl
b03

(

100 00O0O0O
01 000O0O0O
00 0100O0O00O0
001 000O0O0O

000O0O0OO0OTO01

f15

idRQ
f6
—g15 © fo6

|

000O0O0OO0OT1@P0

00 0O01O0O00©O0

000O0O0OT1TT OO0
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X0

/N

5 6 5 6

Figure 25: For the purposes of notation, we show the endpoint variables of
the xo map mentioned in the text.

vs—x2 0 0 0 00 0 0
0 a@s—x2 0 0 00 0 0
0 0 1 =100 0 0
plL pl2 0 0 —w @3 00 0 0
<b13 b14>:1/’10 0 —a; 0 0 10 0 0
—ay 0 0 0 01 0 0
0 0 0 0 00 x5 -
0 0 0 0 00 —1 1
00000001
00000010
00001000 915
10000000 — f15 0 gag
00100000 926
00010000 idpe
01000000
00000100

where a; is the usual polynomial appearing in the xo map in Figure 25,
and idp2 stands for the identity map on R & R. In our previous notation
(with now x5 + x¢ and x5z replacing xs + x4 and x3xy respectively in the
definitions of u; and uy) we have

Ul + Tyug — Tog o + Zoug — 15

ayp = e
Tr1 — T5 T2 — Tg

Multiplying out the matrices:
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idRZ

01 02 _ o ®—72 0000000 fa6
03 04 —a; 0 001000 —915f26

f15
= -—IIo << x5__al$2 8 > — < (1) 8 >915f26>.

Let us write

V9 X1+ T2 — T3 — X4 Vg X1+ To— T3z — T4

[ vi2 T3T4 — T1T2 [ vie T3T4 — T1T2
fo= fo=

SO

V12 —V16 _
f — r2—T¢ xl
26 V22 —V26 1 .
To—x6

Now the first row of g15 is

1 z
915=< 6)

so that we see immediately pol = -1, p02 = 0, pod = 1.
It remains to compute b%3:

b3 = 11

[((u1 + woup — m15) — (vie2 — vi6) — (w6 (v22 — v26))]
Tro — Tg

1
= -II <$ - (u1 + @aus — mi5 — V12 + Vig — TaV22 + TU26) + V22
2 — Xg

1
= —]II < (7T15 + vig + x61)26) + Ugg)
T2 — T

(the last equality follows from the action of II).
Now w99 certainly gets killed by II and

—T15 + V16 + TeV26
T2 — Te

is a polynomial with no term involving x5 in the numerator and hence also
gets killed by II. Thus we have shown that % = 0.
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Now we work on b'!, b2, b3 pl4:

g15
pll - pl2 gl 000 —z9 000 — f15926
pi3  pla -1 000 1 000 926

idpge

0 — 0
= —Ho<< f‘r’l O>915+< 1332 O>926>

We compute the first rows of gi5 and gog:

gi5 = 926 = .
Hence

bll b12 Irs — T2 T5Tg — T1T2 -1 0
13 514 ) = —1lo = .
b b —-14+1 —Te + T1 0 -1
Now it is clear that Figure 23 anti-commutes, and hence we have defined
a chain map C' — C'. O

Proposition 4.6. The chain map C — C' that we have defined preserves the
generators of the homology. Specifically, suppose we are given two (closed)
link diagrams D and D' which differ locally as the right and left sides re-
spectively of Figure 22. Then a basis element of HKh,, (D) coming from a
decoration of the the components of D with elements of ¥,,, gets taken by the
map HKH, (D) — HKh,(D') induced by C — C' to a non-zero multiple of
the basis element of HKhy(D') coming from the corresponding decoration
of D'.

Proof. The first step to define a basis element involves decorating the link
components with roots of dw. We then resolve the diagram by adding a
thick edge at each crossing where the roots disagree and adding the oriented
resolution at each crossing where the roots agree.

If the decoration of the two strands of the Reidemeister II move is by
the same root then we have nothing to show since the relevant component
of the chain map is homotopic to the identity.

Suppose now that we have a decoration ¢ in which the two strands
are decorated with different roots. We use the result Lemma 7.2 and refer
to Figure 26. Suppose that the strand of D on the left of Figure 21 is

47



Figure 26: We use this diagram in our discussion of the preservation of
generators of H K h,, under the Reidemeister II.1 move.

decorated by the root a; € ¥, and the strand on the right is decorated by
the root an € ¥,,.

Let Q¢ n € H(An) be the standard chain representative of the basis
element of HKh(D) corresponding to the decoration ¢. We write A for the
resolution of D, determined by ¢, that looks locally like N in Figure 26. To
prove the proposition we need to show that A(Qg n) = Q¢.1, up to non-zero
multiple where Q4r, € H(Ar,) represents the basis element of HKh(D’)
corresponding to the decoration ¢. We write Ar, for the resolution of D,
determined by ¢, that looks locally like I'g in Figure 26.

Recall that to produce Q4 ny we start with a resolution of D which has the
homology of a set of disjoint circles and then push forward a basis element
(specified by ¢) of the homology of that resolution by 1y maps. Lemma 7.2
of Appendix 7.2 tells us that, at the site of the Reidemeister II.1 move,
pushing forward by two 79 maps gives us the same result, up to sign, as
pushing forward by two xg maps.

In other words, we can create Qg v by pushing forward the corresponding
basis element Qg p € H(Ap) of the homology of the diagram looking locally
like resolution P in Figure 26 by the two xo maps indicated. Since we have
shown that this is an anti-commutative diagram, the image of Qg n up to
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0

I

X0 > id

Q {/lﬂ%x

Figure 27: Factoring the downwards chain map. As we did for the upwards
chain map, we isolate the only two possible components of the upwards chain
map C’ — C which are possibly non-zero. One of these we are defining to
be the identity (labelled id), and the other we decompose into two maps of
matrix factorizations B = 1)’ o xg. We define ¢/ : I'j — N in the body of
the text.

sign in H(Agr,) under the chain map C' — C’ is the same up to sign as
idx1x0(Qg,p). Earlier, we saw that x;xo is the same up to homotopy as the
map induced by multiplication by x¢ — x3. So

X1X0(Qg,P) = (x6 — 23)Q¢,p = (a1 — @2)Qyp.p € H(Ap)

and so the anti-commutativity of Figure 26 implies that our generator is
preserved up to non-zero multiple. O

Now we shall consider the chain map C’ — C. In Figure 27 we have
isolated the relevant part of the diagram and factored the map B : I'g — N
into the compositon of two maps B = 9’ o xg. The arrows marked id are the
identity in the homotopy category of matrix factorizations. We shall have a
chain map if we can give the map 1)’ so that the diagram anti-commutes.

Let F and G be the 2 x 2 matrices of the factorization in Figure 8. The
entries of F and G are polynomials in x1+x2, x3+4, T122, x324, and we shall
write F516 and G546 for the matrices obtained from F' and G by replacing
r3 + x4 with x5 + ¢ and F 76 and G5+6 for the matrices obtained from F
and G by replacing x3 + x4 and r3T4 With x5 + z¢ and x5x¢ respectively.
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Writing P(x + vy, zy) = w(z) + w(y) we define

i, 2) = Zi - 5(@,, 2)

Using the basis-ordering conventions given at the start of this section we
define 1/ to be

where

X1

X3

Xy

Y

Ys

(x5 + 6, T3 + T4, 2324) — Ui (25 + T6, T3 + T4, T5Te)

1 00000GO0O0
0000O0GO0T10
0000O0T100 id g

;o 00010000 X,

O~ 1oo0o001000 X5
00100000 X5+ X,
01000000
0000O0GO0GO01
00001000
00100000
01000000 id g

;o 10000000 Y,

Y= Tl 0001000 0 Yy
00000100 Y34 Y,
0000O0O0T1O0
0000O0O0O01

F —Fs6 X, — Fsp6 — F9

T3+ Ty — x5 — Tg T3Ty — T5T6
w1 (s + x6, T3 + x4, x324) — w1 (x5 + T6, T3 + T4, T5Tp)

Z.dRQ,
T3Tx4 — T5T¢
Gsi6 — G2 F—Fs5.6
T3T4 — 5T T3 + Tg4 — Ty — l’67
G — Gsy6 Yy — Gs6 — Glg

) )
T3+ Ty — X5 — Te T3T4 — T5T6

idps,
T3T4 — T5T¢6

Fsio — FYs G —Gsig

T3T4 — T5Le T3 + Ty — Ty — Tg
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Lemma 4.7. Using this definition of ¢’ : Ty — N, we have defined a chain
map C' — C.

Proof. Tt is a simple matter to check 1)’ is a well-defined map of matrix
factorizations. We now check that we have a chain map by seeing that
Figure 27 anti-commutes.

If we let IT be the map which on each module summand looks like

II : Clxi,x2, 23,24, 25, 26) — Clay, 22,23, 24, T5, 6] /(x5 — 23,26 — T4)

= C[Z’l,fﬂQ,‘Tg,I’;ﬂ,

then the components of the map in Figure 27 from the leftmost I'y to the
rightmost I'; are

1 0 0 0 0 0 0 ©
—az a3 0 0 0 O O O
0 0 231 0 0 0O O
o o <1 000 0O0TO O O) 0 0 z¢ 1 0 0 O O
00 0O0O0OO0OT1PQO 0 0 0 0 z3 1 0 O
0 0 0 0 ¢ 1 0 O
o 0 o0 o0 0 0 1 0
0 0 0 0 0 0 —ax as
-1 0 0 O 0 0 0 O
o 0o o o0 o 0 -1 0
o 0 o o0 o0 -1 0 0 idp2
. o 0 o -1 0 0 0 O X1
o 0 o o0 -1 0 0 0 Xa
o 0 -1 0 O 0 0 0 X3+ Xy
o -1 0 0 O 0 0 O
o 0o o o0 o o0 0 -1

and
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zz 1.0 0 0 0 0 0
¢ 1 0 0 0 0 0 0
00 1 0 00 0 0
Ho<00010000> 00 0 1 00 0 0
00100000 00 0 0 1 a5 0 0
00 0 0 1 a3 0 0
00 0 —ag 0 0 ag O
00 a2 0 0 0 0 ag
0 0 0 0 -1 0 0 0
0 0 -1 0 0 0 0 0
0 -1 0 0 0 0 0 0 idpge
|-t 0o 0o 0 0 0 0 o0 Yi
0 0 0 -1 0 0 0 0 Yy
0 0 0 0 0 -1 0 0 Y3 + Yy
0o 0 0 0 0 0 -1 0
0o 0 0 0 0 0 0 -1
(-1 0
- (0 5)

Hence we see, just as before, that we have indeed defined a chain map.
O

Proposition 4.8. The chain map C' — C that we have defined preserves the
generators of the homology. Specifically, using the notation of Lemma 4.6, a
basis element of HK h,,(D") gets taken by the map H K hy,(D'") — HK h,,(D)
induced by C' — C' to a non-zero multiple of the corresponding basis element
of HKhy (D).

Proof. As in Proposition 4.6, the only case that is not immediate is that
when the roots of Jw decorating the two strands of the Reidemeister move
are distinct. Let us suppose that we are given such a decoration ¢ where the
strand on the left of Figure 21 is decorated by the root o and the strand
on the right is decorated by the root as.

We use the same A notation as in Proposition 4.6. Let Q4 1, € H(Ar,)
be the standard chain representative of the basis element of HKh(D’) cor-
responding to the resolution ¢. To prove the proposition we need to show
that B(Qer,) = Q¢ N € H(Ay) where Qg n is the chain representative of
the basis element of HKh(D') corresponding to the decoration ¢.
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Figure 28: We use this diagram in our discussion of the preservation of
generators of H K h,, under the Reidemeister II.1 move.

The proof of Proposition 2.11 tells us that applying two 1; maps to H(Ay)
locally at N is an injective map, and gives us a recipe to construct a non-
zero multiple of the image of Qg4 n. Taken together with Lemma 7.2, we
see that x1x1 : H(Ay) — H(Ap) is injective and takes Q4 n to a non-zero
multiple of Q4 p. Now,

x1x01d(Qpry) = Xx1X0(Qg,p) = (x2 — 25)Qy p
= (0 —1)Qppr = Qoppr

up to non-zero multiple. Hence the anti-commutativity of Figure 4.6 implies
that our generator is preserved up to non-zero multiple. O

4.2.2 Reidemeister move I1.2

Proposition 4.9. If D and D' are two closed link diagrams differing locally
by the Reidemeister II.2 move (as shown in Figure 29), then there exist de-
gree 0 chain maps CKhy(D) — CKhy(D') and CKhy(D') — CKhy(D)
which preserve, up to non-zero multiple, chain representatives of the canon-
ical bases of HK hy(D) and HK h,,(D').

Proof. Figure 29 decomposes the Reidemeister I1.2 move into other elemen-
tary cobordisms. It follows that this gives degree 0 chain maps (by com-
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Reidemeister
11.2 move
N
1-handle 1-handle 0-handle 2-handle
Reidemeister
II.1 move
e

Figure 29: Decomposition of the Reidemeister 11.2 move as a product of
three other elementary cobordisms. This enables us to avoid making similar
algebraic calculations for the Reidemeister 11.2 move as we did for the II.1
move.

position of chain maps corresponding to the elementary cobordisms used)
between C K hy,(D) and CKh,,(D') where D and D’ are closed link diagrams
differing locally by the Reidemeister I1.2 move. These chain maps preserve
generators of HK hy, (D) and HKhy,(D') up to non-zero multiples. O

5 Presentations of surfaces in 4-space

In this section we give a proof of Theorem 1.6, but before doing so we discuss
a way to visualize how a general link cobordism can be described by a finite
sequence of elementary cobordisms.

5.1 General remarks

Consider a link cobordism ¥ : Ly — L between the two links Ly and Lq.
i:% < R3x[0,1]
0¥ = LoU Ly, L; — R3 x {i} for i=0,1.
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We give one of the coordinates of R? a label: R? = Rj, x R%. By a small
perturbation of the embedding i, we can ensure both that the composition
of i with the projection collapsing Ry, f : ¥ — R? x [0,1] is generic, and
that the further composition with the projection to the interval ¥ — [0, 1]
is a Morse function on % and also a Morse function when restricted to each
singular stratum of f : 3 — R2 x [0, 1].

The dimension= 0 stratum consists of triple points and cusps of f, and
the dimension= 1 stratum also includes the double points of f. The singular
set of f is a singular compact 1-manifold with a finite number of boundary
points which occur either on the boundary of R? x [0,1] or at cusps, and
with a finite number of singularities which are locally homeomorphic to the
subset xy(x — y) = 0 of the (x,y) plane, and occur at triple points.

If we think of [0,1] as being a time coordinate ¢, then we have a finite
number of times ¢ (say 0 <1 <ty < ... <ty < 1) at which

FE)NR? x {t} ¢ R? x {t}

fails to be a link diagram (note that we can determine which branch of a
double point is the overcrossing and which the undercrossing, by looking at
their relative projections to the ‘height’ coordinate R ). These are the times
at which there is either a point of the dimension= 0 stratum of f, a critical
point of the Morse function on the dimension= 1 stratum of f, or a critical
point of the Morse function on ¥ (remember that both Morse functions are
just the projections to [0,1]). If t; < s <t < tj;1 then we have

(f(B)NR? x {s} CR? x {s}) = (f(Z)NR? x {t} c R? x {t})

diffeomorphically as link diagrams, by the stratified Morse theory version of
the usual Morse flow argument.

At each t; there is a singular link diagram f(X) NR? x {t;} C R? x {¢,},
corresponding to altering the diagram at time ¢; — € to the diagram at ¢; +¢
for small € > 0 by an elementary cobordism as follows:

e If the Morse function on ¥ has a local maximum, this corresponds to
adding a 0-handle.

e If the Morse function on X has a local minimum, this corresponds to
adding a 2-handle.

e If the Morse function on ¥ has a saddle point, this corresponds to
adding a 1-handle.
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e [f the Morse function on the dimension= 1 stratum of f has a local
maximum or minimum, this corresponds to a Reidemeister IT move.

e If there is a cusp, this corresponds to a Reidemeister I move.

e [f there is a triple point of f, this corresponds to a Reidemeister III
move.

5.2 Delaying Reidemeister 111

The main point of Theorem 1.6 is to delay the Reidemeister III moves in
a movie presentation of a knot cobordism to the end of the presentation
when they can take place within a ‘simple’ knot diagram. The Khovanov-
Rozansky homology of this simple knot diagram is very amenable to com-
putation, and this enables us to derive the slice genus lower bound without
needing to make complicated calculations involving the Reidemeister III
move taking place within a completely general knot diagram.

In the formalism of the previous section, delaying Reidemeister 111 moves
means moving triple points of f : ¥ — R? x [0, 1] down with respect to the
time coordinate t € [0, 1] (we are thinking of 0 as being ‘above’ 1).

The obvious way to try and do this is to pull down the triple point within
a small cylindrical neighbourhood D? x [0,1] of the point. Generically this
small cylindrical neighbourhood will intersect f(X) in the three discs which
intersect in the triple point, and in a finite number of disjoint discs. When
the triple point is pulled down, we are forced to introduce pairs of canceling
1- and 2-handles in each disc below the triple point to avoid introducing
more triple points. We explain this in more detail later, but for the general
idea refer to Figures 30, 31.

There is, however, a problem with this simple approach. In order to
apply Theorem 1.6 in our proof of Theorem 1.2, the requirement that the
sequence of elementary cobordisms includes an intermediary 1-component
knot diagram is essential. Hence we find it necessary to keep some control
over the 1-handles as well, and this gives rise to the approach of the next
section.

5.3 Proof of topological results

We now are in a position to prove Theorem 1.6.

Proof. Assume that i : ¥, — R3 x [0,1] is a connected knot cobordism
between links Ly and L; as in the hypotheses of Theorem 1.6. We use the
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VANN S

three RII moves isotopy
three 1 — handles
\/\/ A \

S\

Figure 30: Here we show the effect of pulling a triple point of the immersion
f 3,/ — R?x[0,1 down in the ¢ direction. In terms of elementary
cobordisms, the RIII move is replaced by three RII moves and three 1-
handles. This introduces an extra three boundary components to 3,’, one
in each sheet in which the triple point of f’ is included.
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. 1 — handle
1sotopy
— 2 —

Figure 31: When we pull down a triple point of the immersion f’: X,/ —
R? x [0,1], we also introduce 1-handles in sheets of the immersion f’ that
pass beneath the triple point. In this way we avoid introducing more triple
points. Here we show this in terms of a movie picture.

notation R3 x [0,1] = Ry, x R? x [0,1]; as we discussed in Subsection 5.1,
and we make the assumption that the projection to the time interval [0, 1]
is a stratified Morse function.

Suppose a 0- or a 2-handle of i occurs at a point (h,p,q,t) € Rj, x R? x
[0,1]. Generically {(h,p,q)} x [0,1] will not intersect i(3,), so by isotoping
O-handles ‘up’ and 2-handles ‘down’ (we think of 0 as lying above 1) in the
time ¢ direction and then rescaling [0, 1], we may assume that the 0-handles
of i occur when t = 1/6 and the 2-handles when ¢ = 5/6. Furthermore
we may assume by Theorem 1.5 [5], that the 1-handles of i occur at time
t = 1/2 and that they come with an ordering which satisfies the conditions
on fusion and fission in the statement of Theorem 1.6.

We shall write X, for i7'(R, x R? x [0,t]), by #* we shall mean the
restriction it = i|2§ — Ry, x R? x [0,1], and by f* we shall mean the Rj-
collapsing projection f*: X! — R? x [0,1].

Suppose that i has h; saddle points. We let I; be the part of the as-
cending manifold corresponding to the j** saddle point which is contained
in Ry, x R? x [1/3,2/3]. This is illustrated in Figure 33.

We shall write I; and I; for the projections of I; to Ry, x R? and to R?
respectively. By rescaling ¢ if necessary, we may assume that

(I; x [1/3,2/3]) Ni(Eg) = I;

for all j.
Let hg be the number of 0-handles of . Since only 0-handles occur when
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Dy

ho 0 -handles

O

Dy Q ho—component unlink

O

Figure 32: Here we show the movie presentation corresponding to the pro-
jection f1/3 . E;/g — R? x [0,1/3]. The projection f/? has only index= 0
critical points, and no critical points of positive codimensional strata.

0 <t < 1/3, i"? is an embedding of Lo x [0,1/3] (with fibre Ly C R3
at each value of t), along with hg trivially embedded discs D?. Hence, by
possibly composing with a time-dependent diffeomorphism of R3, we can
assume that the Ry,-collapsing projection f/3 has no dimension= 0 stratum
and no singular points of the dimension= 1 stratum, with fibre Dy over t = 0
and fibre Dy LI ]_[ho U over t = 1/3, where U is the 0-crossing diagram of the
unknot. We illustrate the corresponding movie presentation in Figure 32.

Let N E be a small tubular neighbourhood E x D? of I_j, chosen small
enough that (NI; x [1/3,2/3]) Ni(Z,) consists of a neighbourhood of I; in
i(3g). We form the space

(R x R?x [0,1/3]) U [ [TNT; x (1/3,2/3] | .

and call the smoothing of this space X.

Note that there are no critical points of the Morse function on X, which
are mapped by i to (R, x R? x [0,2/3]) \ X and that points of (i(Z,) N
0X) \ (R x R? x {0}) are in one-to-one correspondence with points of
i(X4) N (Ry, x R? x {2/3}) since there is a unique flow-line in

i(Zg) N ((Rn x R? x [1/3,2/3]) \ X)

connecting them. Indeed, by a standard Morse flow argument, i(3,) N X C
X is diffeomorphic as a pair to i2/3(252]/3) C Ry, x R? x [0,2/3].
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_1/3

C1)2

L 2/3

4t saddle point

Figure 33: The j* saddle point of the embedding i occurs at a time ¢ = 1/2.
Here we draw the part I; of the corresponding ascending manifold contained
in Ry, x R? x [1/3,2/3]. For the horizontal discs, one should imagine 3-
dimensional space R;, x R2.
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Furthermore, since (N1; x [1/3,2/3])Ni(X,) consists of a neighbourhood
of I; in i(X,), the pair i(X,) N X C X is determined up to ambient isotopy
by the I; C (R, x R?) and a framing of the I; which lifts to the surface
framing of the I;.

Now the E (the projections of the I; to R?) are generically immersed arcs
in R? with endpoints on the diagram DOI_IHh0 U, and elsewhere transverse to
this diagram. For any framing of the I_j, there exists a cobordism (realising
this framing) (23/3 \ Z;/g) — (Ry, x R? x [1/3,2/3]) whose projection to R?
is supported on Dg L ]_[ho U and on a small neighbourhood of the E This is
illustrated in Figure 34, where it is observed that the corresponding movie
presentation of this cobordism consists of only Reidemeister I and IT moves
which introduce crossings and of 1-handle Morse moves. We have shown
that we can create the cobordism i%/3 up to ambient isotopy by composing
a cobordism of this type with the cobordism /3.

In other words we have found a new decomposition of the ambient space
as Ry, x R? x [0,2/3] (we use the same notation for the new decomposition
as for the old) such that the projection f%/% : 23/3 — R? x [0,2/3] has no
triple points and no minima of the dimension= 1 stratum. As before, all
the 1-handles occur at time ¢ = 1/2 and it is possible to perturb f in a
neighbourhood of t = 1/2 such that the conditions on the orders of fusion
and fission 1-handles in Theorem 1.6 hold.

Suppose now that there are ho 2-handles of . Then by construction

i(Zg) N (R, x R? x {2/3}) C R®

is the link which consists of the disjoint union of Ky with the ho-component
unlink. Furthermore,

F(Zg) N (R? x {2/3}) € (R® x {2/3})

is a diagram of this link. Since the link diagram D; U ]_[h2 U as illustrated
in Figure 35 is also a diagram of this link, there exists a sequence of Reide-
meister moves taking one to the other. In other words we can extend the
immersion f2/3 23/3 — R? x [0,2/3] to an immersion f’: ¥ — R? x [0, 1]
where 3, is 3, punctured hs times, the projection of X, to [0, 1] contains
no critical points with values in [2/3,1], and

F1(Z) N (R? x {1}) C (R* x {1})
is the link diagram Dy L[] U.
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Figure 34: On the left of this figure is Dy U ]_[ho U, (for example’s sake we
have taken ho = 2 and Dy to be a diagram of a figure-8 knot), along with the

I; (again for example’s sake we have drawn two of these). Such a diagram
along with a choice of (surface) framing for each I; determines the cobordism
i2/3. On the right are the start and end diagrams of a corresponding movie
presentation which is supported on Dy U Hho U and on a neighbourhood of
the I_J It is clear how to compose Reidemeister I and II moves and two
1-handle moves to achieve such a presentation. The twisting of the ribbons
(achieved with Reidemeister I moves) should be chosen to give the required
surface framing of each I;.

Dy O ho—component unlink

9

Figure 35: This is what we mean by the diagram D; LI Hh2 U.
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Figure 36: This is a diagram of a 3-component unlink. One of these occurs
on R? x {1} for each triple point of f’ that we remove by pulling it down to
the boundary of R? x [0, 1].

The lift of f’ to a link cobordism 4’ : X," — (Ry x R? x [0,1]) is the
cobordism 7 punctured hg times. It is a cobordism between Ly and Li U
]_[h2 W where W stands for the unknot.

Finally it remains to pull down the triple points of f’ which occur in
R? x [2/3,1]. If the triple point occurs at (p,q,t) this means altering the
surface in a small tubular neighbourhood of {(p, ¢)} x [2/3,1]. We puncture
each of the three sheets where the triple point occurs, and pull down the
punctures in the small tubular neighbourhood until they reach the boundary
R2 x {1}. Doing this introduces a 1-handle in each sheet, as well as a critical
point (hence a Reidemeister 1T move) at three points of the dimension= 1
stratum of f’. We illustrate this in Figure 30.

Suppose f’ has T triple points. Generically, below each triple point of
[’ there will be a number of sheets of f'(X,') - call the total number of
such sheets S. We pull down each triple point and also puncture and pull
down the sheets below it to form a new immersion F : X,” — R? x [0, 1].
We puncture and pull down the sheets below each triple point to avoid
introducing any new intersections when we pull down the triple points - see
Figure 31. Here, X," is ¥, punctured k = hy+3T+ S times and the diagram

F(3,") 0 (R? x {1}) € (R* x {1})

is a diagram which consists of the disjoint union of Dy with 7" copies of the
diagram in Figure 36 and S copies of the 0O-crossing knot diagram U. We
illustrate and explain further in Figures 31, 37. We note that in taking the
disjoint union we allow the diagram components to nest, so long as they
remain disjoint from each other as subsets of R2. The Khovanov-Rozansky
complex does not see the nesting of diagram components.
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Figure 37: We introduce a 1-handle in every sheet of f': X,/ — R? x [0,1]
passing beneath a triple point. This means puncturing X,” a number of
times (three times for each triple point that we pull down, and once for
each sheet of f’ directly below a triple point). Here we show how these
punctures appear when pulled down to R? x {1}, giving a link diagram. It
is a 6-crossing diagram of a 3-component unlink, nested inside a number of
0-crossing knot diagrams, one for each sheet below the triple point.

The movie presentation corresponding to the immersion F' satisfies the
requirements of Theorem 1.6 and so we are done. ]

6 Derivation of slice genus bound

In this section we deduce Theorem 1.2 on the lower bound for the slice genus
of a knot coming from H K h,,, and Milnor’s conjecture on the value of the
slice genus of a torus knot Corollary 1.3.

6.1 Heuristics

Given a knot K that bounds a connected surface in the 4-ball, we can
puncture the surface once to get a connected knot cobordism X, : K — W
between K and the unknot W.

Suppose there is a presentation of 3, as a sequence of elementary cobor-
disms, not including the Reidemeister 111 move, between a diagram D of K
and the 0-crossing diagram U of the unknot. By work of previous sections,
this gives us an induced map on the perturbed homologies

FIHKR (D) — FI-=UxE) g R0 (U).
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Since we know that this map is an isomorphism as a plain (unfiltered)
vector space homomorphism and we know the homology of U, we can deduce
a slice genus lower bound for K from the associated graded vector space to
the filtered vector space F/HKR) (D).

However, it is not always possible to find such a composition of elemen-
tary cobordisms that avoids the Reidemeister III move. But, as we have
shown in Section 5, it is possible to puncture ¥, a number of times to get a
cobordism X," between K and an unlink, such that there is a presentation
of ¥,/ that includes no Reidemeister III moves, that starts with D, and that
ends in a ‘simple’ diagram Z of the unlink (see Figure 37 for the worst case
scenario).

Under the action of this presentation on homology, we shall see that it
is possible to compute directly the filtration grading in HKh?(Z) of the
image of a generator of HKhQ (D) under the induced map

FIHKR (D) — FI==XC gAY (7).

This is because we have been careful not to allow Z to be a very complicated
diagram of the unlink.

In this way we recover the same slice genus bound on K as we would
expect to achieve using a much more laborious algebraic computation of the
invariance of H K h,, under the Reidemeister III move.

6.2 Computation

Let ¥ : K — U be a connected knot cobordism of genus g between the 1-
component knot K and the unknot U, and suppose we are given a diagram D
of K. We know that by puncturing 3. a number of times to get the cobordism
¥ : K — E (where F is the e-component unlink), we can find a presentation
S’ of Y satisfying the conditions of Theorem 1.6. The presentation S’ ends
with the diagram Z of E where each component of Z (as a subset of R?)
comes as a 0-crossing unknot or as a diagram of a 3-component unlink as
appears in the left of Figure 38.

The presentation S’ has been constructed so that it contains no Reide-
meister III moves. By the work of previous sections, associated to S’ is a
map

HEKhy(S") : FFHKR, (D) — F == XCY g Kb, (2).
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Proposition 6.1. If ag € CKhy(D) is the chain representative of the
generator (o] € HK hy, (D) associated to decorating K with the root & of Ow
then

HEhy(S')([0g]) = [ae) € HEhy(Z)

where we write [a¢] also for the element of HK h,,(Z) associated to decorat-
ing each component of Z with &.

Proof. This follows from the results proved in Sections 3 and 4, where
we considers what happens to chain representatives of basis elements of
HKh,(D) upon performing a Reidemeister I or II move or a handle ad-
dition to D. It is important here also to remember Theorem 1.6, which
ensures that there is an intermediate diagram D’ of a connected knot in
the presentation S’. This will mean that (o] € HKh, (D) gets mapped
to [ae] € HK hy(Z), since every 0-handle of S’ gets joined to D by 1-handles
before other 1-handles split any 0-handles into more pieces. O

Recall that there is a filtration

L CFTIHKR CFHKKW C ...

and an associated graded vector space

HKRh = FPHKL /F ' HKR'.

Necessarily [ag] € HKh(Z), we would like now to know in which degree
of the quantum grading of H K h,,(Z) the element [o] lies.

Lemma 6.2.
[ag] € HERY0=D (7).

Proof. First note that if Z = U it is automatic that [ag] € HKRO"1(U).
Write B for the unlink that appears in the left of in Figure 38. Since the
homology of a diagram composed of disjoint pieces is the tensor product
of the homologies of the pieces, we are done if we can show that [a¢] €
HEKhY 3 (B).

Figure 38 shows B and the oriented resolution B® of B. The chain repre-
sentative o of [ag] lies in H (B?) which is a summand of the Oth homological
degree chain group CKhd (B).

The canonical chain representative ag € H(B?) is, up to non-zero scalar
multiplication, the module element
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K 9

B BO

Figure 38: The diagram B of the 3-component unlink possibly occurs a
number of times as a component of Z. The diagram B¢ is the oriented
resolution of B.

&-w
inai—§

1=1,4,

€ (Clxy, x2, 23]/ (01w, Oow, 3w)){3 — 3n}

which is of top filtration grading 3n — 3. A priori, of course, it does not
follow that [a¢] € HK ho 3 (B), since we have not yet seen that ag is not
homologous to an element of C'Kh,,(B) which is of a lower filtered degree.
We shall show this now.

The diagram B is a diagram of the unlink, so for dimensional reasons the
spectral sequence converging from Ey = HKh;’(B) to Es = HKhy (B)
collapses immediately (Es = E).

The reduction & € F33H(B°)/F>4H(B°) is a cycle in the page
E, =CK hi{j . If we can show that &g is not a boundary with respect to
the E; differential (which is just the standard Khovanov-Rozansky si(n)
differential) then, since Fy = E, &¢ will represent a non-zero class on the
E page. The grading of this class (which is necessarily j = 3n — 3) will be
the grading in which [ag] lies in HKhY (B).

So, in order to show that [ag] € HEKR%Y3(B), we need to see that G
represents a non-zero class in HKh,(B). Khovanov and Rozansky [7] have
provided quantum-degree 0 chain homotopy equivalences between the chain
complexes CKh,, corresponding to tangle diagrams differing by a single
Reidemeister move. We shall change B by certain of these Reidemeister
moves to arrive at the O-crossing 3-component unlink. We shall see that
the chain maps of Khovanov-Rozansky’s chain homotopy equivalences will
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Reidemeister

B IIT move
@ )«
—~ "
& \
Reidemeister
II.1 move
Reidemeister

Reidemeister II1.1 move

i II.1 move

Figure 39: Uncrossing the unlink. We show the sequence of moves we use
in the proof of Lemma 6.2 when converting the 3-component unlink B into
the 3-component 0-crossing diagram of the unlink.

act on &g, mapping it to a cycle of the chain complex corresponding to
the O-crossing 3-component unlink. This cycle represents a non-zero class
in the homology, so a¢ represents a non-zero class. This will complete our
argument that [o¢] € HKhg™" >,

In Figure 39 we have shown the sequence of Reidemeister moves that
we use to convert B to the 0-crossing 3-component unlink. Note that all
the Reidemeister II moves are I1.1 moves, that the Reidemeister I1I move in-
volves three positive crossings, and that the number of circles in the oriented
resolution never changes.

The cycle &g in CKhy, lies in the Oth chain group summand H(B°). Up
to non-zero scalar multiplication:

ae = 2y el el € (Clwy, o, w3) /2ol a}) {3 — 3n} = H(BC).
Unpacking the proofs a little in [7], we see that (for the Reidemeister
I1.1 move which reduces the number of crossings and for the Reidemeister

IIT move with all positive crossings) the maps induced from the chain group
summands corresponding to the oriented resolutions are just the identity
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map of matrix factorizations. (The fact that, in Figure 22, the double-
headed arrow labeled id represents the identity map, is a reflection of this
fact).

This means that the element &¢ always gets mapped to the top-degree
element in the chain group summand that is the homology of the oriented
resolution. In the final diagram of the O-crossing 3-component unlink, the
homology of the oriented resolution is the only chain group summand. So
the image of & represents a non-zero element in homology and, since the
chain maps are all chain homotopy equivalences, &¢ also represents a non-
zero element in homology. O

We now have enough to deduce our result on the slice genus Theorem 1.2.

Proof of Theorem 1.2. Consider the map

HEKhy (") : FItn=DE)=e+D) g gp0 (D) — FTHKLY (Z).

By Proposition 6.1 and Lemma 6.2, we know that HKh,(S5")([ae]) is a
non-zero element of ]—"e("_l)HKh?u — fe("_l)_lHth]U. Hence HKR) (D) —
Fr=DE+D-1HKRY (D) is non-empty. So there exists some j > (n —
D(x(Z) +1) = (1 —n)(29(X) — 1) for which HKhY’ (D) # 0. Theorem 1.2
follows. O

We deduce Milnor’s conjecture on the slice genus of torus knots as Corol-
lary 1.3 to Theorem 1.2. We start by discussing positive knots.

Suppose that a knot K has a diagram D in which all the crossings are
positive (i.e. they look like the crossing on the left of Figure 4). Suppose
that D has k crossings and [ circles in its oriented resolution. We compute
the top grading of HK h,, (D).

Since all the crossings are positive, the homology of the oriented resolu-
tion is the leftmost chain group in the Khovanov cube (also the chain group
of homological degree 0). Hence the homology H Kh,,(D) will just be the
kernel of the differential coming from this chain group. In particular the
filtration grading of chain representatives of the homology will be the same
taken in the chain group CKhY, as taken in the homology H K h? since there
is no boundary group by which to quotient.

Each basis element [o¢] of HKh, (D) lies in HER D (D). In
particular, HKh?,;(l_n)(k_l)(D) # 0. Now, (1 —n)(k — 1) is the highest
filtration degree of the Oth chain group, so Theorem 1.2 says that
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(n=1)(2¢"(K) =1) = (n = 1)(k = ).

There exists an explicit description of a Seifert surface for K which con-
sists of [ disks (filling the circles of the oriented resolution of D), connected
by k bands (where the crossings of D are). The Euler characteristic of this
surface with boundary is [ — k, so the surface is of genus (k—1+1)/2. Push-
ing this Seifert surface slightly into the 4-ball yields a slice surface for K of
the same genus. Since we have seen that

20" (K)>k—-1+1
it follows that 2¢*(K) =k — [ + 1.

Proof of Corollary 1.3. Performing this computation in the case of the stan-
dard diagram of a torus knot yields Milnor’s conjecture on the slice genus
of torus knots. O

7 Appendix

Here we give two basic results used (sometimes implicitly) throughout this
paper.

7.1 Removal of Marks

Below, we omit mention of the various quantum grading shifts that occur,
although readers friendly with matrix factorizations can easily assure them-
selves that the filtration grading of each map is as expected.

To first explain Figure 40: the matrix factorization N (resp. N') is
obtained from @ (resp. Q') by tensoring with the matrix factorization P.
Also, the matrix factorization M (resp. M’') is the same as @ (resp. Q')
with the formal replacement of the variable y by .

Lemma 7.1. Removal of marks

We prove that the matriz factorizations M (resp. M') and N (resp. N')
(in which we intend the circles to contain the same arbitrary trivalent graph
with thick edges) in Figure 40 are equal in the homotopy category of matrix
factorizations.

Furthermore, suppose M', N', Q' are factorizations, maybe different
from M, N, Q but with the same boundary labels. If we then have a map of
matriz factorizations o : M — M’ (and, replacing x by y, ayy : Q — Q'),
inducing a map of matriz factorizations A: N — N', then
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Ty M Ty N Ty Q

Figure 40: Removal of marks

ar =LoAoK

where L : N — M and K : M — N are the homotopy equivalences con-
structed.

Proof. We exhibit filtered degree-0 maps M — N, N — M which we show
are homotopy equivalences.

The matrix factorizations M and N are both defined over the same
ground ring R = C[z1, x2, ..., 2, x]. We write M as

MO L5 a2 a0,

The matrix factorization @) is the same but with any occurence of x relabelled
as y. We shall consequently write @ as

QO &) Ql ﬂ) QO
where the subscripts are to remind us that the difference between the fac-

torizations M and @ is just the interchanging of x with y.
Then if P is the factorization
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po Ty pl Y po

where P? and P! are free rank-1 modules over C[z,y], we have that N° =
Q@ PN a(Q'® P, N' = (Q'® P°) @ (Q°® P') and N can be written

(fy —(iﬂ—y)) ( 9y 513—1/)
Tay 9y Moy Jy
— —
in which we are implicitly thinking of IV as a factorization over the polyno-
mial ring Clz1, 22, ..., 2, 2, y| with degenerate potential.
Now we give the homotopy equivalence between M and N. We define

maps of matrix factorizations K : M — N and L : N — M by the following
Clx1, z2, ..., T, z]-module maps:

1 1
KO = ety Kl = 9z—9gy
T—y T—y

Lo=(Ppoy 0) Li=(Ppy 0)

NO Nt NO

where by P, we mean the map which looks like the ring map

Clz1, z2, ooy, x,y] — Clz, 22, oy, 2,y /(2 — y) = Clzy, 29, ...y Ty, 7]

on each module summand C[z, z9, ..., ,, 2, y].
Note that Lo K : M — M is already the identity map.
We define an homotopy Hp : N° — N' H; : N' — NV as follows:

0= 1—Py s 1= Pyz—1 .
Lus el g

It is now an exercise to see that

idNO—K00L0:H10< fy _(aj_y)>+< gy x_y>OH0
Ty 9y —Txy fy
and
Z'le_KvloL1:< Ty _(x_y)>oH1+HOO< Iy w_y>.
)

Ty g —Txy f y
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Figure 41: Definition of the n maps. By this diagram we mean the reader
to understand that the maps ng and n; are defined as conjugation of the
maps Yo and xi respectively. This is not a commutative diagram.

The second part of the theorem amounts to the observation that if oy, o
and a1 are the components of oy, : Q — @’ then the induced map A: N —
N’ has components

[ ayo O [ ay1 0
A0_< 0 ay,l) A1_< 0 O‘y,0>

and then it is immediate that

Q0 0 1
o= 01 (50 2) (i)

Q1 0 1
ax,lz(Py—)x O)< % O‘y,0><gz:gy>.

7.2 The n map

and

The 1y and n; maps from Section 2 are defined as in Figure 41.

The equalities in Figure 41 are equalities as bare matrix factorizations.
It is useful for us to know how this n map would be different if it were
defined as conjugation of the y map by swapping x; and zo instead of x3
and x4. In particular, at the end of our proofs of Propositions 4.6 and 4.8,
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Figure 42: A commutative diagram.

—_—

»Jk\
/
\

—_

%\/l\’)

we implicitly use the fact that the n map would merely change up to sign.
We state this as Lemma 7.2, the proof of which is just to write down the
relevant matrices and multiply them out:

Lemma 7.2. Figure 42 is commutative. O
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