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Regularized theta liftings and
periods of modular functions

By Jan H. Bruinier at Darmstadt, Jens Funke at Durham and Ozlem Imamoglu at Ziirich

Abstract. In this paper, we use regularized theta liftings to construct weak Maass forms
of weight 1/2 as lifts of weak Maass forms of weight 0. As a special case we give a new proof
of some of recent results of Duke, Toth and the third author on cycle integrals of the modular
j -invariant and extend these to any congruence subgroup. Moreover, our methods allow us to
settle the open question of a geometric interpretation for periods of j along infinite geodesics in
the upper half plane. In particular, we give the ‘central value’ of the (non-existent) ‘L-function’
for j. The key to the proofs is the construction of a kind of simultaneous Green function for
both the CM points and the geodesic cycles, which is of independent interest.
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1. Introduction

In this paper we use the theta correspondence to study the traces and periods of modular
functions. To place our work in context, we begin by reviewing recent results of Zagier [30,31],
of Duke, Toth and the third author [9], and of [7].
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Generating series of traces of singular moduli. For a non-zero integer d, let @4
be the set of integral binary quadratic forms Q(x,y) = ax? 4+ bxy + cy? of discriminant
d = b% — 4ac, where we take Q to be positive definite for d < 0. We write Q = [a, b, c].
The natural action of T'(1) = PSL,(Z) divides @ into finitely many classes. For d < 0 and

0 € @4, the root
—b+Vd
g = ———
2a
defines a CM point in the upper half plane H. The values of the classical j-invariant at the CM
points have been of classical interest. For f € M(; = C[J], the space of weakly holomorphic
functions of weight 0 for I'(1), we define for d < 0, the modular trace of f by

1
(1.1) trg (f) = =/ (o).
Qer%\ad IT(Mol

Here I'(1)p denotes the finite stabilizer of Q. The theory of such traces has enjoyed re-
newed interest thanks to the work of Borcherds [4] and Zagier [31], where connections be-
tween modular traces, automorphic infinite products and weakly holomorphic modular forms
of half-integral weight are established. In particular, a beautiful theorem of Zagier [31] shows
for j; := j — 744 that the generating series

(12) g1(2) = —¢ " +2+ Y trg(j1)g™? = —q 7' +2-248¢>+492¢* 411947 +- -
d<0

is a weakly holomorphic modular form of weight 3/2 for the Hecke subgroup I'g(4). Here
g =e* T witht =u+iveH.

On the other hand, an older result of Zagier [30] on the Hurwitz—Kronecker class numbers
H(|d|) = trg (1) states that

1 s 2
Z B3j2(4mn?v)g™"

1
13 go@ =g+ Y (™ +

d<o0

is a harmonic weak Maass form of weight 3/2 for g (4). Here

Br(s) = /looe—”z—k dt.

Using the methods of [13], in [7] the first and the second author unified and generalized
(1.2) and (1.3) to traces of arbitrary weakly holomorphic modular functions f of weight zero
on modular curves '\ H for any congruence subgroup I". The results in [7] are obtained by
considering a theta lift

(1.4) Lya(t. f) = /F /O OLez k) )

of f against a theta series associated to an even lattice L of signature (1,2) and the Kudla—
Millson Schwartz function gg s of weight 3/2, see [20]. Here du(z) = d); 47 The integral
converges, since the decay of the theta kernel turns out to be faster than the exponential growth
of f.For f = j; and f = 1 and the appropriate choice of the lattice L one obtains the gen-
erating series (1.2) and (1.3) above, while in addition giving a geometric interpretation to the

Fourier coefficients of non-positive index.
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Cycle integrals of modular functions. In a different direction, turning to the natural
question of the case of positive discriminants, Duke, Toth and the third author [9] recently
studied the cycle integrals of modular functions as analogs of singular moduli. Their work
gives an extension and generalization of the results of Borcherds and Zagier. For d > 0, the
two roots of O € @4 lie in P1(R), and we let co be the properly oriented geodesic in H
connecting these roots. For non-square d > 0, the stabilizer I'(1) ¢ is infinitely cyclic, and we
set Cg = I'(1)p\cp. Then Cg defines a closed geodesic on the modular curve. For f € Mé
and in analogy with (1.1) let

1 dz
(1.5) trg(f) =+ f(@) :
2 QEF%\@d co” 0@ED

One of the main results of [9] realizes the generating series of traces of both the CM values and
the cycle integrals for any f € M(!) as a form of weight 1/2. More precisely, for f = j; the
generating series

(16) h() =Y wa(j1) g +25/0p] (~4mv)g — 8/

d>0

+2Vv ) g (jn)By(xld|v)g?

d<0

is a harmonic weak Maass form of weight 1/2 for I'g(4). Here

1
Bija(s) = fo e V2 dr

is the ‘complementary’ function to 81 /,(s). The analog of (1.3) for f = 1 is that

Ju
(1.7) ho() i= Y (D g + 5= +2V Y g (DB (4ld [v)g
d>0 d<o0
1
+ Z oz(4nzv)q”2 i logv
n#0

is a weak Maass form of weight 1/2 for I'g(4). Here
o0
a(s) = ﬁ/ log(1 4 t)e ™'~ 1/2 4z.
4 0

Duke, Toth, and the third author prove their results by first constructing an explicit ba-
sis for the space of harmonic weak Maass forms of weight 1/2 constructed out of Poincaré
series. The construction of such a basis is quite delicate, due in part to the residual spectrum.
Then (1.6) is proved by explicitly computing the cycle integrals of weight 0 non-holomorphic
Poincaré series in terms of exponential sums and then relating these to Kloosterman sums.
The construction of &g (z) is similar using a Kronecker limit type formula for the weight 1/2
Eisenstein series.

The functions obtained in [30] and [31] and the ones in [9] are related via the differential
operator

0
EI/Z = 2iv1/2_—’
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which maps forms of weight 1/2 to the dual weight 3/2. We have

(1.8) €1/2(h1) = —2g1 and  &;/52(ho) = —2go0.

In this way, the results of Duke, Toth, and the third author contain (for SL,(Z)) the previous
work on modular traces.

We note that in contrast to (1.2) and (1.3), in the formulas (1.6) and (1.7), the sums over
CM points now occur in the Fourier coefficients for negative d, while cycle integrals occur
in the Fourier coefficients for positive d. The & operator annihilates the holomorphic cycle
integral terms and shifts the CM traces to the coefficients with positive index.

The coefficients of square index. For square discriminants d, no definition for the
modular trace try in (1.5) is given in [9], and hence the geometric meaning of the corresponding
coefficients try (/1) and trz (1) in (1.6) and (1.7) is left open. Rather, for d a square, these terms
represent in [9] only the unknown d -th Fourier coefficient of the residual Poincaré series which
define the generating series. Analytically, the Fourier coefficients of square index d are exactly
where the weight 1/2 Poincaré series have poles, and residual terms have to be subtracted to
obtain /1 and hg (see [9, Lemma 3, (2.26) and (2.27)]). This makes them rather intractable to
compute. Geometrically, the issue is that the stabilizer I'(1) ¢ is trivial for square d and hence
the cycle Cg corresponds to an infinite geodesic in the modular curve. Therefore the integral
of a modular function over Cp does not converge. This represents the principle obstacle to a
geometric definition of the trace analogous to (1.5). In fact, the authors of [9] raise the questions
whether their results can be approached using theta lifts as in [7] and whether one can give more
insight to the mysterious nature of the square coefficients.

In this paper, we indeed use the theta machinery to study the traces and periods of mod-
ular functions. In particular, we succeed in computing the coefficients of square index in (1.6)
and (1.7) and to give a geometric interpretation for those terms. In fact, we consider the modu-
lar traces and periods for any (harmonic) weak Maass form on any modular curve I'\ H defined
by a congruence subgroup I'.

The central L-value of the j-invariant. We first explain how to define the modular
trace for I'(1) for square index d. In view of (1.5) it suffices to regularize the period

dz
/CQ ASTERY

whenever Cg is an infinite geodesic. We will do this here only when Q = [0, Vd 0] such
that Q(z,1) = +/dz and Cop is (the image of) the imaginary axis. In fact, for d =1, we
have C; = Cg. Hence the problem reduces to defining the ‘central value’ of the (non-existent)
L-function for f. Note that if there were a cusp form

f(2) =) ame*r:

n>0

of weight 0, then the cycle integral of f over Cp would converge and equal the value of its
L-function at s = 0 given by

dz © o .dy *©_dt
(1.9) /CQ f)=— =2/1 f(zy)7 =2 a(n) o4

t
n#£0 2mn
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In analogy to this, for f € Mé, we define

(1.10) / f(z)— =2 a(n)&d@2rn).
n#0
where &d(w) is related to the exponential integrals defined in [1, Sections 5.1.1 and 5.1.2] by
o _,dt E if 0,
(1.11) €4(w) :=/ By it
w t —Ei(—w) ifw <0O.

Here in the second case the integral is defined as the Cauchy principal value.
A more geometric characterization for the regularized period is given by the following
result.

Theorem 1.1. Let f € Mé be a modular function. Then for Cg the imaginary axis as
above and, for any T > 0,

reg d iT d iT+1
/ 0% =2 / % - / FOWE) + (1 —2) dz.
Co z i z

iT

Here Y (z) = L (Z)) is the Euler Digamma function.

This formula is strikingly similar to the one in [14, Lemma 4.3 and Theorem 4.4], where
the critical L-values of a modular form (not necessarily cuspidal) are interpreted as coho-
mological periods of holomorphic 1-forms with values in a local system over certain closed
‘spectacle’ cycles. We will discuss the cohomological interpretation of the cycle integrals of
this paper elsewhere.

For T = 1 and using that j; has real Fourier coefficients we obtain the following beauti-
ful formula for the regularized integral of j; along the imaginary axis. We have

reg i+1
(112) / jl(z)dz—zz—me(/ jl(z)w(z)dz).

Co
In fact, this formula was first suggested to us by D. Zagier, who obtained (1.12) based on
heuristic arguments and verified numerically that defining try (/1) using (1.12) gives the correct
value for try (/1) in (1.6).

The main result. Before we describe the theta lift we employ, we first state our main
result in a special case. Let p be a prime (or p = 1). We consider the set &4 , of quadratic
forms [a, b, c] € @4 such thata = 0 (mod p). The group I'J'(p), the extension of the Hecke
group Ty (p) C F(l) with the Fricke involution W, = (9 7 ) acts on @, with finitely many
orbits. Let f € M| 0I5 (p)) be a weakly holomorphic modular function of weight 0 for I'§ (p).
We define the modular trace of f of index d # 0 by

> ———f(ag) ifd <0,
QeTE(P\ Q. p | "( ol
(1.13) trg(f) =

] .
. / ifd > 0.
27 rE (p)Q\cQ Q( 1)

Qerg (P)\G‘ld
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Theorem 1.2. Let f(z) = Y, _oo a(n)e(nz) € My(Tg(p)) with a(0) = 0. Then

H(w. f) =Y tg(f) g +230 37 Y almn) (~4mm?v)g™ —2/viro(f)
d>0 m>0n<0

+23/0 Y tra(f)By (ld o)

d<0
is a harmonic weak Maass form of weight 1/2 for T'g(4p). Here

reg
() =5 [ FEduE) =4 atmoin

27 Jrg (o v

is the suitably regularized average value of f on T'§(p)\H, defined in (3.12).

For p = 1 and f = j; we recover h(t), now with explicit geometric formulas for the
square coefficients in the generating series. For f = 1 we have a similar theorem which gen-
eralizes hg. The statements for any congruence subgroup are formulated in terms of quadratic
spaces of signature (2,1).

The regularized theta lift. To prove our results we study the theta integral
(1.14) lae )= [ FE)-Ou( 2 g0 )

Here the kernel function @y (z, z, ¢o) is the Siegel theta series associated to the standard Gauss-
ian ¢ of weight 1/2 for a rational quadratic space of signature (2, 1). It is related to the kernel
of (1.4) via

1
(115) 51/2(®L(T72’ (/)0)) = _;®L(T727¢KM),

and we obtain formally the same relation for the theta lifts 7/, and /3,5, which matches (up
to a constant) the relations given in (1.8). When f is a Maass cusp form, the integral (1.14)
converges, and this lift has been previously studied by Maass [23], Duke [8], and Katok and
Sarnak [17] among others. However, the theta kernel ®y (z, z, ¢o) in contrast to the one used
for I3/, in [7] is now moderately increasing. Hence when the input function f" is not a cusp
form, the integral does not converge (even for f = 1) and has to be regularized.

We analyze in detail two different approaches to regularize (1.14) for any weak Maass
form f(z) of weight O for I with eigenvalue A under the Laplace operator A,. The case A = 0
is the most interesting, which we now describe. First, following an idea of Borcherds [4] and
Harvey—Moore [15], we regularize the integral by integrating over a truncated fundamental
domain ¥7 for I'\H and taking a limit. More precisely, for a complex variable s we consider

(116) tim [ £(2)-Our.2.00) 5™ du(o).
T—o0 J g

where F is a suitable truncated fundamental domain for I". For the real part of s sufficiently

large, the limit converges and the resulting holomorphic function of s defined in a right half-

plane admits a meromorphic continuation to the whole s-plane. Then we regularize (1.14) by

taking the constant term in the Laurent expansion of (1.16) at s = 0.
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The second approach uses differential operators in the spirit of the regularized Siegel—
Weil formula of Kudla and Rallis [22]. Using Eisenstein and Poincaré series of weight O one
can construct a ‘spectral deformation’ of f, that is, a family of functions fy(z) such that
Az fs =s(1—s)f and f1 = f, and then we consider

1

(1.17) T

/ £2) - AsOL(v. 2. 90) di(2).
'\H

The point is that A, Oy (7, z, @g) is of very rapid decay (like the kernel for (1.4)) and hence the
integral converges. Furthermore, by the adjointness of the Laplace operator we see that (1.17)
formally equals (1.14). Then we can regularize (1.14) to be the constant term in the Laurent
expansion of (1.17) at s = 1. The relation between the two regularizations can be described
as follows.

Theorem 1.3. Let [ be a harmonic weak Maass form of weight O for a congruence
subgroup T. If the constant terms of the Fourier expansion of f at all cusps of T vanish,
then the two regularizations of (1.14) coincide. Otherwise, they differ by an explicit linear
combination of holomorphic unary Jacobi theta series of weight 1/2.

By lifting Poincaré series of weight 0, we are also able to realize the Poincaré series of
weight 1/2 which occur in [9] as theta lifts, explicitly relating our approach to the one of Duke,
Toth, and the third author.

The Green function 7 and the Fourier expansion of the theta lift. The key to com-
puting the Fourier coefficients of the lift 1 /5 (7, f) is the construction of a Green function 7 for
the Schwartz function ¢g. We view the set of all rational quadratic forms Q = [a, b, ¢] together
with the discriminant form d = b? — 4ac as a quadratic space @ of signature (2, 1) whose as-
sociated symmetric space is equivalent to H. In this way, ¢¢ can be regarded as a function
on @ x H. We explicitly construct a singular function n(Q, z) for all Q of non-zero discrimi-
nant such that

1
AZTI(Q’ Z) = _E§00(Qv Z)

outside the singularities of 7. We call n a Green function for ¢g. If d < 0, then n(Q) has
a logarithmic singularity at the point zg, while for d > 0, the function 7(Q) is differentiable,
but not C'!, and the discontinuity of 37 exactly occurs at the geodesic cycle cQ.

Theorem 1.4. Let Q be a integral binary quadratic form with discriminant d # 0, not
a square, with stabilizer I'g in I'. Then for f a weak Maass form of weight 0 with eigenvalue A,

the integral fFQ \H f(2)po(0, z)du(z) converges, and
1
[ @@ ndue =4 [ fen@.ndue)
Co\H T Jro\H

(|Fljf(ZQ))2,3§(4n|d|)e—2nd ifd <0,

+
dz —2md .
(/CQ f(Z)Q(z,l))e ifd > 0.
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This essentially computes the Fourier coefficients of non-square index for Iy /,(z, f)
(at least when A = 0). For the other Fourier coefficients we also utilize 7. The square coeffi-
cients however require some rather intricate considerations since in that case I'g is trivial and
fFQ \H f(2)@o(Q, z) du(z) does not converge.

The existence of such a Green function is rather surprising, and we believe is of indepen-
dent interest. Moreover, 1 refines Kudla’s Green function & for g s (see [18]) which played
a crucial role in studying (1.4) in [7]. However, £ only has singularities along the CM points
and hence cannot detect the periods over the geodesic cycles. Note that £ plays an important
role in the Kudla program (see e.g. [19]) which is concerned with the realization of generating
series in arithmetic geometry as automorphic forms, in particular as the derivative of Eisenstein
series. It is therefore an interesting question how the results of this paper and 7 in particular fit
into this framework.

Other input. One can also study other input functions f for the lift /,,5(z, f). One
natural extension is to consider a meromorphic function f of weight 0 with at most simple
poles in H. For example, for d > 0 a non-square, taking the d-th coefficient (in 7) of the
lift of f (z) = j (w)/(j(z) — j(w)) (with w € H), one obtains a non-holomorphic form of
weight 2 (in w). Using the techniques of this paper one can prove that this form is a ‘comple-
tion” of the holomorphic generating series

Faw) ==Y trg(jm)e>™ ™",

m=>0

which in [9, Theorem 5] is shown to be a holomorphic modular integral of weight 2 with
a rational period function. Here {j,,} denotes the unique basis of Mé whose members are of
the form

]m(z) — e—Zm'mz + O(eZm'Z).

The higher weight situation has been considered recently in [2, 3].

Another interesting case is when f = log || F'|| is the logarithm of the Petersson metric
of a meromorphic modular form F. For example, for F(z) = A(z), the discriminant func-
tion, one can show (similarly as in [7, Theorem 1.2]) that /;/,(z, f) is equal to the constant
term in the Laurent expansion at s = 1 of the derivative of an Eisenstein series of weight 1/2.
In general, one can view the lift of such input as the adjoint of the (additive) Borcherds lift,
which uses the same kernel function ®y (z, z, ¢g). We will consider these lifts in a different

paper.

The theta lift has been studied recently also by Matthes [24] using the second regular-
ization via differential operators. More precisely, he considers the analogous lift for general
hyperbolic n-space. In our case, he considers (mainly) input functions with non-zero eigen-
value under the Laplace operator and employs a different method to compute the coefficients
of non-square index leaving the square coefficients open.

Acknowledgement. We thank D. Zagier for his interest and encouragement and for
sharing his formula (1.12) for the ‘central L-value’ of j; with us. The first two authors thank
the Forschungsinstitut fiir Mathematik at ETH Ziirich for the generous support for this research
throughout multiple visits in the last years.
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2. Vector-valued modular forms for SL,

Let N be a positive integer. Let (V, Q) be the 3-dimensional quadratic space over Q
given by the trace zero 2 x 2 matrices

2.1 V= {X = (xl 2 ) € Matz(@)},
X3 —X1

with the quadratic form Q(X) = —N det(X). The corresponding bilinear form is
(X,Y)=Nu(XY),

and its signature is (2,1). We let G = Spin(}'), viewed as an algebraic group over Q, and
write G for its image in SO(V'). The group SL5(Q) acts on V' by conjugation

g.X =gXg!

for X € V and g € SL,(Q), which gives rise to isomorphisms G ~ SL;, and G ~ PSL,. Let
L C V(Q) be an even lattice of full rank and write L’ for the dual lattice of L. Let I be
a congruence subgroup of Spin(L) which takes L to itself and acts trivially on the discriminant
group L'/ L.

Example 2.1. A particularly attractive lattice in V' is

b N
L={( ¢/ ):a,b,ceZ}.
a —b
The dual lattice is equal to

b 1
L’:{( C/N):a,ceZ,be—Z}.
a b 2N

We have L'/L =~ Z /2N Z, the level of L is 4N and we can take I' = T'o(N).

We now recall some facts on vector-valued modular forms and weak Maass forms for the
Weil representations. See e.g. [4,5] for more details.

We let Mp,(R) be the two-fold metaplectic cover of SL,(R) realized as the group of
pairs (g, ¢(g, 7)), where g = (‘c’ Z) € SLy(R) and ¢ (g, 7) is a holomorphic square root of the
automorphy factor j(g,t) = ¢t + d, seee.g. [4,5]. Let ' C Mp,(R) be the inverse image of
SL;(Z) under the covering map. We denote the standard basis of the group algebra C[L’/L]
by {e, : h € L’/L}. Recall that there is a Weil representation pz, of I’ on the group algebra
C[L'/ L], see [4, Section 4] or [5, Chapter 1.1] for explicit formulas.

Let ' C T be a subgroup of finite index. For k € %Z, we let Ag 1 (I'") be the space of
C*° automorphic forms of weight k with respect to pz, for I'”. That is, Ag  (I'”') consists of
those C *°-functions f : H — C[L’/L] that satisfy

fO't) = ¢ @pr (v, ¢) f(7)

for (y’,¢) € I'”. Note that the components f; of f define scalar-valued C* modular forms
of weight k for the subgroup I'” N T'/(Ng ), where Nz denotes the level of the lattice L and
I''(Np1) is the principal congruence subgroup of level Ny .
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Following [6, Section 3], we call a function f € Ag 1. (') a weak Maass form of weight k
for I'”” with representation py, if it is an eigenfunction of the hyperbolic Laplacian

2.2) Ay = — 82+82 viko L i L),
‘ k=g ) Pkl g i )

and if it has at most linear exponential growth at the cusps of I'”. The latter condition means
that there is a C > 0 such that for any cusp s € P1(Q) of I'” and (8, ¢) € I'’ with §oo = s the
function f;(7r) = ¢(r)_2kpzl(8,¢)f(8r) satisfies fy(t) = 0(e€?) as v — oo (uniformly
inu, where t = u + iv).

The function f is called a harmonic weak Maass form if it is a weak Maass form with
eigenvalue 0 under Ag. We write Hy 1 (I'") for the space of harmonic weak Maass forms of
weight k for I'” with representation py .

Recall that there is a differential operator &, = 2i vk 3_ takmg Hy 1.(T'") to the space of
weakly holomorphlc modular forms of ‘dual’ weight 2 — k for I'”” with the dual representation
of pr.. We let H L(F”) be the subspace of those f € Hy (I'”) for which & (f) is a cusp
form. Moreover, we let M, kL (I'”) be the kernel of &, that is, the space of weakly holomorphic
modular forms for I'”. Summarlzlng we have the chain of inclusions

M (I") C H (T") € Hy ,(T) C Ag,.(T7).

In the case where I’ = T’ we will drop the T'” from the notation and, for instance, simply
write M IL ;.- 1f the representation py, is trivial (that is, L is unimodular), we drop the L from
the notation.

Example 2.2. We consider the lattice

L = {(b C/N) :a,b,ceZ}
a —b

of level 4N from Example 2.1. Then given g = ZheL’/L gnep in Ay 1, the sum

(2.3) g = > gn4N1)

hel’/L

gives a scalar-valued form of weight k for ['g(4N) satisfying the plus condition, i.e., the n-th
Fourier coefﬁcien‘[ vanishes unless #n is a square modulo 4N. In fact, if N = p is a prime, and
k €27 + 2 , this gives an isomorphism between M ;, and the space M, '( p) of scalar-valued
weakly holomorphic forms for I'g(4p) in the Kohnen plus space (see e.g. [4, Example 2.3]
and [10, Section 5]).

For an isotropic line £ in V, we define the space W = W, = {1 /£ which is naturally
a unary positive definite quadratic space with the quadratic form Q(X) = Q(X). Then

Ke= (L N/ (Lne

defines an even lattice in W. Using [5, Proposition 2.2], it is easy to see that the dual lattice is
given by
K, = (L' nehH/ L' no.
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We have the exact sequence
(2.4) 0— (L'ne+Lnehy/Lnet - L' net/Lnet - K, /K — 0.
The vector-valued theta function

Ok, (1) = Y e(QM)D)essk,

A€K,

associated to K defines a holomorphic modular form in Mj,, g,, whose components we
denote by QKz, ;(v) for h € K;/Ky. Recall from [5, Lemma 5.6] (or more generally [27, The-
orem 4.1]) that there is a map from vector-valued modular forms for pg, to vector-valued
modular forms for pz . Using it, we see that

(2.5) Ok, (1) = Y O, i(Dey

hel’/L
hlt

defines a vector-valued holomorphic modular form in M/, ;. Here h denotes the image
of h under the map in (2.4). We let by(m, h) be the (m, h)-th Fourier coefficient of O, (7).
Note that for m > 0 we have by(m,h) = 0 unless m/N is a square and there exists a vec-
tor X € L + h perpendicular to £ of length Q(X) = m. In that case we have by(m,h) = 1 if
h #% —h mod L and 2 otherwise.

3. Cycles and traces

In this section, we introduce the modular curve associated to a given lattice of signa-
ture (2, 1) and define cycles and traces in our setting. In particular, we explain in detail how to
regularize the periods of weakly holomorphic functions over infinite geodesics.

3.1. Modular curves associated to the orthogonal group SO(2,1). Asin Section 2,
we let (V, Q) be space of rational traceless 2 x 2 matrices together with the quadratic form
O(X) = —N det(X), see (2.1). We realize the associated hermitian symmetric space as the
Grassmannian of negative lines in V(R):

D ={zCV(R):dimz =1and Q|; < 0}.

We identify D with the complex upper half plane H as follows, see [18, Section 11]. Let
zg € D be the line spanned by (% §). Its stabilizer in G(R) is equal to K = SO(2). For
z =x +1iy € H, we choose g; € G(R) such that g,i = z and put

1 0 1 1 —Xx zz
X(z) = —g;. = — e V(R).
()= g (_1 O) o (_1 x) (R)
We obtain the isomorphism H — D, z — g,zo = RX(z). We also define the quantity
1
R(X.z) = (X. X) + 5 (X, X(2))%,

which is nonnegative, and vanishes exactly when X € RX(z).
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For L C V(Q) an even lattice let I" be a congruence subgroup of Spin(L) which takes L
to itself and acts trivially on the discriminant group L'/L. We set M = '\ D.

Since V' is isotropic, the modular curve M is a non-compact Riemann surface. The
group I' acts on the set Iso(V') of isotropic lines in V. The cusps of M correspond to the
I"-equivalence classes of Iso(}'), with oo corresponding to the isotropic line £¢ spanned by
uo = ($ §)- For £ € Iso(V'), we pick oy € SLy(Z) such that oglo = £ and set uy = o, 'uo.
We let 'y be the stabilizer of £ in I". Then

— 1 k
O'eredg = {(0 (IXK) 1k e Z}

for some oy € Z~g, the width of the cusp £. There is also a 8y € Q¢ such that Bpuy is
a primitive element of £ N L. Finally, we write

oy

Ep = —.

Be
Note that &, does not depend on the choice of oy (even if we picked o, in SL,(Q), see
[13, Definition 3.2]).

We compactify M to a compact Riemann surface M in the usual way by adding a point
for each cusp £ € T'\ Iso(V). For every cusp £ we choose sufficiently small neighborhoods Us.
We write gg = e(0, 1z /ay) with z € Uy for the local variable (and for the chart) around £ € M.
For T > 0, we let

1
U = C — s,
/T {we |w|<27rT}

and note that for 7' sufficiently large, the inverse images qe_l (Uy,T) are disjoint in M. We
truncate M by setting

3.1) Mr=M\ [] ' Wyr).
[£]€lso(V)

3.2. Heegner points. Heegner points in M are given as follows, see e.g. [13,17,18].
For X € V of negative length Q(X) = m < 0, we put

Dy =RX ={zeD:R(X,z) =0} e D.

We also write zy = Dy for the corresponding point in the upper half plane. Via [18, (11.9)]
we see

|m|

(3.2) R(X.z) = 2|m|sinh*(d(z. zx)) = 2Im(zx)2y?

|z — zx |z = Zx |
Here d(-,-) denotes the hyperbolic distance with respect to the standard hyperbolic distance.

We note that in the upper half plane we have

_=b i/l
" 2a 2lal

zX

for X = ( b Ei) with Q(X) = Nd < 0. We set Dy = @ if Q(X) > 0. The stabilizer Gy

—2a

of X in G(R) is isomorphic to SO(2) and for X € L/, the group I'y = Gx N T is finite. We
denote the image of Dy in M, counted with multiplicity ﬁ by Z(X).
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For m € Q* and h e L'/L, the group I" acts on L, , ={X € L+ h: Q(X) =m}
with finitely many orbits. For m < 0, we define the Heegner divisor of index (m,h) on M
by
Zm.hy= > Z(X).

XeT\ Lz
For any function f on M, we then define the trace following [31] and [7] by

tan( = Y —— fCx).

Xel\Ly, 1 ITx|

For the lattice in Example 2.1 with N = 1, this gives exactly twice the trace of modular func-
tions defined in the introduction, since our trace counts positive and negative definite binary
quadratic forms of discriminant .

3.3. Geodesics. A vector X € V(Q) of positive length m defines a geodesic cy in D
via
cx ={zeD:z1l X}={zeD:(X(z),X) =0}

see e.g. [17,21,28]. In this situation, we have
(3.3) (X, X(2))| = 24/m sinh(d (2, cx),
where d(z, cx) denotes the hyperbolic distance of z to the geodesic cy. Hence
R(X,z) = 2mcosh?(d(z, cx)).

Explicitly, for X = (_ga Ez ), we have

cx ={zeD:a|z]*>+bRe(z) + ¢ = 0}.

We orient the geodesics as follows. For X = =+ ((1) _01 ), the geodesic cy = £(0,i00) is the
imaginary axis with the indicated orientation. The orientation preserving action of SL;(R)
then induces an orientation for all cy.

We define the line measure dzy for cy by

dz

dzy = =+
X == Tmz

for X = £/m/N (} 9 ) and then by
dzg—1x =d(g2)x

for g € SL,(R). So for X = «/LN (_ga Ei), we have
dz
doy = —— 22
X =2 +bz+c
Note ¥ ax
dzy = —ZiM.
R(X,z)
Indeed, this holds for X = \/m/N (§ ), since then
| J/mZd 2m|z|?
(X, 0X(z)) = W# and R(X.z) = m'f iy
Yy Yy

Then the G-equivariance properties of X(z) and R(X, z) imply the claim for general X .
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The stabilizer Ty is either trivial (if the orthogonal complement X+ C V is isotropic
over Q) or infinite cyclic (if X1 is non-split over Q). We set ¢(X) = 'y \cx, and by slight
abuse of notation we use the same symbol for the image of c¢(X) in M. If T'x is infinite, then
c(X) is a closed geodesic in M, while ¢(X) is an infinite geodesic if Ty is trivial. The last
case happens exactly when Q(X) € N(Q*)?. We define the trace for positive index m and
h € L'/ L of a continuous function f on M by

1
mn(f)=5= D f(2)dzx.
2T e\ L T
Since
(3.4 f(z)dzy = / f(gz)dzg—1x,
c(X) c(g71X)

for g € G, this is independent of the choice of X € I'\L,, ;. Note that a priori the integral
only converges if the geodesics are closed, i.e., m ¢ N(Q*)?2. Otherwise the geodesics ¢(X)
are infinite and || c(X) f(z) dzx may have to be regularized. We will describe this in the next
subsection.

3.4. Infinite geodesics. Assume that X with Q(X) = m > 0 gives rise to an infinite
geodesic in M, thatis, Ty = 1. So ¢(X) = cx. In this section we will show how to regularize
the periods of harmonic weak Maass forms over the infinite geodesics. We also define the
complementary trace which gives the contribution of the Fourier coefficients of negative index
of the holomorphic part of f.

3.4.1. Regularized periods and the central L-value of the j-invariant. We now
describe how for f € H(;r (') we can regularize the period |, ey f(z) dzx. For any isotropic
line £, note that f;(z) := f(oyz) can be written as

f L= f g+ + f K_’
where the Fourier expansions of f; and f,~ are of the form

fF@= > afmemz) and f(2)= > aj(neni),

1 1
ne@Z ne@Z@

with aZ'(n) = 0forn < 0.

Now X is split over Q, a rational hyperbolic plane spanned by two rational isotropic
lines £x and {x. In fact, the geodesic ¢y connects the corresponding two cusps (which are
not necessarily I'-inequivalent). We can distinguish these isotropic lines by requiring that £y
represents the endpoint of the oriented geodesic. Note fx = £_x. We have

_ 1 =2r
UZXIX = m/N (0 _1)
for some r € Q. Hence the geodesic cy is explicitly given in D ~ H by

3.9 cx = 0yy1z € D :Re(z) =r}.
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We call r = ry = Re(cy) the real part of the geodesic cx. It depends on the choice of oy, .
Pick a number ¢ = ¢4 > 0. We then have (still formally)

Jm / ey = /R G d

VA
Z—7r
0 . d 00 ' d
=/ Feliy +ra)® +/ Foxliy + 0%
c+ y c— y

Here fix(z) = f(o¢,,z), r— is the real part of c_x and c— = Im(o[_lx (r+icy)). If we
write 7 = a/b with coprime a,b € Z and b > 0, then c_ = (c+b?)~ L.
The extension of the definition (1.10) to the general situation is the following.

Definition 3.1. Let f € H(;r (I') and let cx be an infinite geodesic connecting two ra-
tional cusps in M. Then with the notation as above we set

reg )
(3.6) J/m / F@)dzx = —aj () loges + 3 af (e "+ €1 2mncy)
x n#0

- aZ_X (0) logc— + Z aZ_X (n)e*™ "= gJ(2mnc-)
n#0
— . y . y
+/ Ix (l)’+r+)—+/ fox Gy +ro)—.
C+ y c— y
Here &4 is defined by (1.11). Note that the integrals for fy and f~ converge.

Remark 3.2. This definition is independent of the choice of oy, and of ¢4. While
a different oy, changes the real part of cx, it also changes the Fourier coefficients of f in
the same way so that the quantities aZ{ (n)e™ "+ and aZF_X (n)e?™"~ are in fact invariant.
A different choice of ¢4, say cg_, changes the first line on the right hand side of (3.6) by

—az; (0)(log ¢!, —logcy) + Z aZ{ (n)e?™inr+ (EJ(2mncl ) — €d(2mncy))
n#0
and the second by
—af (0)(logeZ —loge-) + > aZ_X(n)eZ”i”r* (&dQ2mnc’) — &d(2mnc_)).
n#0

But both of these expressions are equal to fccf fXJr iy + r+)dy—y, but with opposite signs.

We now give a different characterization of the regularized integral. We will need

I (w)
V) = 1o
the digamma function, see [1], for which we have
21 1
3.7 = — _ ]
S v w) V+Zn+1 n+w
n=0
We set
c, T

¢y ={z€cxy:c=<Im(ogz)<T}.
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Theorem 3.3. Let f € H(;" (') and assume cx is a vertical geodesic. Then for any
T+, T_ > 0 and the notation as above,

it [ perie = v [, 1

1 ig—Jr—i—l
—E/ir_f flexz +ry)(Y(2) + ¢ (1 —z2) + 2logax) dz

wvm [, @ dzx

1

g +1
- 5/ T_ fla—xz+r- )W) + v —z)+2loga_x)dz

o __ . dy < dy
+/ fx Gy +re)— +/ Sy iy +r-)—.
ct y c— y

In particular for Ty = c4 and T— = c_and [ € M(!)(F),

reg 1 i%-ﬁ-l
Jm / fGzx =~ / 2 flexz +r)WE) + (1 - 2) + 2logax) d

1

ia__X+1
_5/ o Sla—xz+r-)(¥(z2) + ¥(1 —z) +2loga_x)dz.

Proof. Since the general case is similar, for simplicity, we assume that cx is the imag-
inary axis and also f € M(!)(F). We first show that the above formulas are independent of the
choice of 7. For that we also assume for the moment oy = 1, again for simplicity. Pick
another 77 > 0. By Cauchy’s theorem we have

iT+1 iT+1 iTh+1
38) - f FEV(E) dz = — / FEW () dz - / FEW () dz
iT iTi+1 iTy
iT
[ v

For the first integral on the right hand side we see using ¥ (z + 1) = ¥ (z) + % that

iT+1 iT iT dz
(3.9) [ reweds =~ [ rewed- [ 1o
iTi+1 iT) iT) z
We also have
ir dz
(3.10) / o S oy = / O
Then by (3.10), (3.8), and (3.9) we conclude, recalling that oy = 1, that
iT+1 dz iT1+1 dz
Jovr 1@z = [ sower = [ r@aa- [ e
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The same holds for ¥ (z) replaced by /(1 — z). This shows the independence of the choice
of T. Now assume 7" = c4+ = c¢. With o = ay arbitrary, we first have

ic/a+1
~ag, (0) / CER TR

_ POL DY T+ S
- agX(O)[log( r(E) ) log( r(—i) )]
= —2ay, (0) log(g).
o
Now consider fo(z) = f(z) — ayg, (0). Then from (3.7) we see
ic/a+1
G.11) / L ) £y =)
ic/a+oo ic/a—oo
= —/ fo(az)% +[ fo(az)%-
ic/a z ic/a z

Plugging in the Fourier expansion of fy, we obtain

ic/a+oo dz ic/a—oo dz
[ RS [ e
i

c/a ic/a
ic+oo o d ic+oo o d
S [ et [ )
n#0 ic z ic z
According to [1, equations (5.1.30) and (5.1.31)], we have
/ic+oo ezninzﬁ _ E{Q2mnc) ifn >0,
ic z —EiQn|n|c) —ix ifn <O.

So, finally,

ic+1
—%/ SEW () + ¥ (1 —z) + 2loga) dz = —ag, (0)log(c) + Y _ ag, ()€ (2mnc).
ic n#0

Carrying out the same analysis for the other cusp £_x completes the proof of the theorem. o

Remark 3.4. We consider j(z) € M(!)(SLz(Z)). Then applying Theorem 3.3 gives

oo,reg d i+1
/ jin® = —[ AEOWE) + v (1 - 2)d-.
0 y i

This is exactly Zagier’s regularization for the ‘central L-value of j; . He arrived to this formula
by the following heuristic considerations. We need to give a meaning to the expression

i dz
2/ J1(2)—.
0 Z

We deform the path of integration to the semicircle to the left (respectively right) of the imag-
inary axis starting at O and ending at i. Under the transformation z — —% this path becomes
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the horizontal half line in the upper half plane beginning at co (respectively —oo) ending at 7.

Hence we obtain ) )
i+o00 ) dz 1—00 ) dz
/ J1(z2)— +/ J1(z2)—.
i z i z

But now these integrals converge, and by (3.11) we obtain

i+1 i+1
-/ jl(z)(w(z)w(l—z))dz=—2Re([ jl(Z)w(Z)dZ)-

Here we used that the Fourier coefficients of j; are real. In fact, one can show that this is equal
to —2Re f/fz j1(2)¥ (z) dz, where p = e271/6,

Remark 3.5. We work out the trace try, o(1) for the constant function 1 when % 1s an
integral square. Then

trm,O(l) = -

. 2\/Zﬁse . gcd(kﬂe,j\/%).

Z lo
T \/ K teM\Iso(V) k=1 2,/ %

Here ¢ = % is defined in Section 3.1. Indeed, we can sort the infinite geodesics Cy, by the
cusps £ to which they go. By [13, Lemma 3.7], there exist 2,/m/N gy many X in I'\ L, o such
that the corresponding geodesics cy all end in £. They have real part

kBy [m
5 k=1,,2 —8(.
2./m N

The claim then easily follows from taking c+ = 1 in Definition 3.1.

3.4.2. Complementary trace. Assume that X with Q(X) > 0 gives rise to an infinite
geodesic, thatis, Iy = 1. Let f € HO+ (I') be a weak Maass form with holomorphic Fourier
coefficients a[ (n). Then we define its complementary trace for m € N(Q*)?> and h € L'/L

by

trfn,h(f) — Z Z az;( (n)eZniRe(c(X))n + Zaz-_x (n)eZJTiRe(C(—X))n‘
XeT\L;, » n<0 n<0

Note that in [7] this quantity is denoted by tr,, 5 (/). We have (see [7, Proposition 4.7])

g,y (f) =2v/m/N ) se[se(m,m D af (e
Lel\ Iso(V) neﬂl\/%Z
e

n<0

+8¢(m.—h) aj(n)ezmr—”:|.
2 m
HGE NZ
n<o0
Here 8y(m, h) = 1 if the (m, h)-th Fourier coefficient by (m, h) of @Ke () is nonzero, that is,
if there exists a vector X € L,, j such that cx ends at the cusp £. In that case r+ is the real part
of any such X. In particular, tr¢ , (f) = 0 for m > 0.
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3.5. Average values of harmonic weak Maass forms. We define the regularized ‘av-
erage value’ of a (suitable) function f on M by

reg
(3.12) | r@rdne = pim [ seance)
M T—oo /My
asin [7, (4.6)]. By [7, Remark 4.9] we have for weakly holomorphic f that
reg
(313 [ @ =8 3w ¥ a-Mm)

Lel\ Iso(V) NeZso

Here 01(0) = —ﬁ. The formula also holds for f € H(;r (I'). Indeed, we let

3 > :
&(z) = T 24 Z o1(n)e?™in?

n=0

be the (non-holomorphic) Eisenstein series &;(z) of weight 2 for SL,(Z). Then
- 3
3d(82(2)dz) = — du(z).
Hence by Stokes’s theorem we obtain
reg T _
| 1@ =% im [ reeed s [ @reeed:.
M 3 T—»oo IMp M

The first term gives (3.13), while the second vanishes as the Petersson scalar product of the
cusp form &y ( f) against an Eisenstein series.
We define as in [7] the trace of index (0, /) by

1 reg
(/) = Shoge [, SR

Here d, ¢ is Kronecker delta. For f = 1, we also write

vol(M) = —% /M du(z).

4. The main result

We are now ready to state the main result of this paper. It will be proved using the regu-
larized theta lift in Sections 7 and 8.

Theorem 4.1. Leth € L'/L. Let f € HO+ (I') be a weak Maass form and assume that
the constant coefficients az' (0) vanish at all cusps L. Then the generating series

Hy(z, f) == =2/ vtro 5 (f)

+ r;)trm,hm“f‘:(% Vl’;"”'”e(mr) # Xt etn)

Ju
+2Ztr§\,m2h(f)(/ et Nm?w? dw)e(Nmzr)
’ 0

m>0
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defines the h-component of a weak Maass form of weight 1/2 for the representation py,. If f
has non-zero constant coefficients, then one has to add

1
— ¥ aoe [5 (tog(@pFmv) + v + ¥ (ke/Bo) + w1 — ke/Bo)
LeT\ Iso(V)

+ ) by(Nm?, h)37(2«/7rva)e(Nm2r)i|

m>0

to the generating series. Here by(m,h) denotes the (m, h)-th coefficient of éKz (1) defined
in (2.5). For the quantities ¢ and By, see Section 3.1, and ky is defined by

LN (L +h)=7ZBpuy + keuy and 0 <ky < fy.

Furthermore, we (formally) set Y (0) = —y, which is justified since —y is the constant term of
the Laurent expansion of W at 0. Finally, we have set

t 1 |
F(t) :=logt — ﬁ(/ ew2 erfc(w) dw) + 3 log(2) + Zy,
0
where

erfc(w) = 2 /ooe_tz dt
v

is the complementary error function. Finally,
af (0)eg

Ok -
ANmg "

AcHp(w. f)=— )

LeT\ Iso(V)

(7).

As a special case we consider the constant function f = 1.
Theorem 4.2. Leth € L'/L. Then

Hy(t,1) = =2/vvol(M) + n;deg Z(m, h)erfc(% .|7;||m|v)€(mf)

+ Z ( Z length(c(X)))e(mr)+ 2:terz,h(l)qu2
X

m>0 el\Ly.n m>0
m¢N(Q>)? "

1
- DO e Y by(Nm? h)(F 2V muNm))e(Nm?T)
VN= LeT\Iso(V) m>0

=3 Jlﬁﬂ Y e [log(@BEmv) +y + vlke/Be) + (1 —ke/Bo)]
LeT\ Iso(V)

defines the h-component of a weak Maass form for py, of weight 1/2.

Remark 4.3. The special functions ¥ above and « in (1.7) differ by a constant, since
both map to B3/, under the differential operator

X
ot

This constant is absorbed by the undefined term trp,,2(1) in (1.7).

51/2 = 2iU1
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Remark 4.4. Applying £/, to Hy(z, f) we recover the generating series for the traces
of modular functions over CM points obtained in [7] (and [13] for f = 1) which in turn gen-
eralized the results of Zagier [30,31].

Example 4.5. We recover the theorems in the introduction by considering the lattice
of Example 2.1 for N = p using Example 2.2. Alternatively, one can consider for N = 1 the

lattice
2
L = b ¢ ca,b,c el
—2ap —b

and employ the same arguments as in [7, Section 6].

Example 4.6. We consider for N = 1 the lattice L of Example 2.1. Let
hel'|L=17/27
be the non-trivial element. Then for m € Z~y we have
tr_p,r (1) = 2H(4m) and tr_, 4 1 (1) +tr_p 4 L5 (1) = 2H(m),

where H (m) is the Kronecker—-Hurwitz class number, see e.g. [13, Section 3]. We let r3(m)
be the representation number of m as the sum of three squares. Then the famous class number
relation states r3(m) = 12(H (4m) — 2H (m)). Hence if we define

H(z) := 6(2HL (47, 1) + 2Hy 14 (47, 1) — Hp (7, 1)),

we obtain
£1/2H(z) = 6°(2).

5. Theta series and the regularized theta lift

In this section we define regularized theta lifts of automorphic functions with singularities
on M against the theta function Oy (z, z, ¢9).

5.1. Some Schwartz functions. We consider the standard Gaussian ¢ on V(R),
Po(X.2) = XX,
where (X, X) is the majorant associated to z € D which is given by
(5.1 (X.X)z = (X. X) + (X, X(2))*.

Hence (X, X),; = —(X, X) + 2R(X, z). Recall that the Schwartz function ¢ has weight 1/2
under the Weil representation acting on the space of Schwartz functions on V(R), see e.g. [28].
Accordingly, for t = u 4 iv € [, we define

po(X,1,2) = \/5900(«/5)(, Z)em'(X,X)u — ﬁem‘(X,X)T‘Z’

where
X, X))z =uX, X)) +iv(X,X); = (X, X)T + 2ivR(X, 2).
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To distinguish between the Laplacians acting on functions in the two variables z € D and

T € H, we often write
S 2
Az =0z =y (a— * W)

for the hyperbolic Laplacian of weight O on D, and write

Ay = A1/2,t

for the hyperbolic Laplacian on H of weight 1/2 as in (2.2). We have

1
—Ayj2:=LsppRyn + 5= R_3/5L1/3,

where
.0 ~1
Ry =2i— + kv ",
T
d
Ly = —2iv:—
k FE

are the weight k raising and lowering operators acting on functions on H. The following lemma
is well known, see e.g. [28], [17, p. 205, equation (2.10)].

Lemma 5.1. We have

1
Arpo(X,t1,2) = ZAcho(X, T,2).
We define another Schwartz function by
1
(5.2) ¢1(X,7.2) := ——L1¢o(X, 7, 2).
T
Hence ¢ has weight —3/2. The next lemma is then immediate.
Lemma 5.2. We have
AZ()DO(va T, Z) = 47TR—3/2(p1(X’ T, Z)'
Remark 5.3. The Schwartz function (pY = ¢ associated to the space V of signa-
ture (2, 1) is very closely related to the Kudla—Millson Schwartz form ‘»0%1;1 for the space V',
which is the vector space V' together with the quadratic form —Q (X)) of signature (1, 2) (see
also [7, Section 7]). The form (p}g& has weight 3/2 and
oxu(X.7.2) = v o1 (X 1. 2) du(z).

Here du(z) = d’; ;’y is the invariant volume form on D. Moreover, we see that

- 1
vk (X.7.2) = ——E1000(X, 7, 2) du (),

where o
& f =v"2Li f = Rk f.
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5.2. Theta series and theta lifts. We let ¢ be the Schwartz function ¢g or ¢ on V(R)
of weight k (equal to 1/2 or —3/2). Then for h € L’/ L, we define a theta series by

Oh(t.z.9) = Y ¢(X.7.2).
Xeh+L

In the variable z it is I'-invariant and therefore descends to a function on M. We also define
a vector-valued theta series by

OL(t.2,9) = Y Oh(t.z.0)en.
hel’/L

As a function of 7 € H, we have that ©,(7,z,¢) € Ag 1, seee.g. [4].
We let f(z) be a I'-invariant function on D. We define the theta lift of f by

(53) 1600 = [ F©0L 200 du)
= Z ( f(2)0(t, 2, o) du(z))eh,
heL/L M
where du(z) = d);fy is the invariant volume form on D. We also write
(54) e )= [ G0z )

for the individual components. If f is of sufficiently rapid decay at the cusps, the theta integral
converges and defines a (in general non-holomorphic) modular form on the upper half plane of
weight 1/2 of type pr. In fact, for f a Maass cusp form, the lift was considered by Katok—
Sarnak [17]. In the present paper, we are particularly interested in the case when f is not of
rapid decay at the cusps. Then the theta integral typically does not converge and needs to be
regularized. We will carry this out in the remainder of this section. In Sections 7 and 8 will show
that I(z, f) for f € H0+ (") will give the generating series for the traces given in Section 4.

5.3. The growth of the theta kernel. The growth of the theta functions ®f (z, z, )
near the cusps of M is given as follows.

Proposition 5.4. As y — oo,
(i) OL(r. 002, ¢0) = ¥ 72O, (1) + O™ 7).
In particular, if £+ 0 (L + h) = @, then 6, (t, 09z, o) = O(e_Cyz).
(i) O (v, 00z.91) = 0.
(ifi) OL(r,002, Azgg) = O(e7CY7).
In particular, 0y (t, z, ¢1) and 0y, (t, z, Az @) are ‘square exponentially’ decreasing at all cusps

of M.

Proof. This follows from a very special case of [4, Theorem 5.2]. For ¢q also see [5,
Theorem 2.4], and for ¢; in view of Remark 5.3 see the proof of [13, Proposition 4.1] and
[7, Proposition 4.1]. For convenience we sketch the proof.
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(1) Since
Or(t,00z,9) = @Ue—lL(r, zZ,9),

itis enough to consider the cusp co = £o. A primitive norm 0 vector of o~ 'L in g is given by

We may now apply [4, Theorem 5.2] for the lattice o, 1, the Schwartz function gg, and the
primitive norm O vector By to obtain the assertion.

(i1) Since ¢ = —%Ll /290 and since S} K, (t) is holomorphic, we obtain (ii) by applying
the lowering operator L, to (i).

(iii) This follows from (ii) by applying the raising operator R_3/, to ©r(7,z,¢1). D

5.4. Regularization using truncated fundamental domains. Following an idea of
Borcherds [4] and Harvey—Moore [15], we regularize the theta integral by integrating over
a truncated fundamental domain and then taking a limit.

If h(s) is a meromorphic function in a neighborhood of sg € C, we shall denote by
CTs=s,[(s)] the constant term in the Laurent expansion of & at s = s¢. Let

F={zeH:|x|]<1/2and|z| > 1}

be the standard fundamental domain for the action of I'(1) = SL,(Z) on the upper half plane.
For a positive integer a we put

a—1 1 j

Fe .= F.
L_J(o 1)
Jj=0

As before, let I' C I'(1) be a congruence subgroup. Recall that for £ € Iso(}') we choose
oy € I'(1) such that 0y¢¢ = £, and oy denotes the width of the cusp £, see Section 3.1.

Lemma 5.5. We have the disjoint left coset decomposition

ry= J U fag((l) i)

Lel\Iso(V) jeZ/|ayZ

Consequently, a fundamental domain or the action of I" on D is given by

(5.5) FO = |J oFe.
Lel\ Iso(V)

Moreover, if f is of rapid decay, the theta integral (5.3) is given by
5.6) = ¥ [ oo due)
e\ 1s0(v) /¥

Now assume that f is a function on M which is not necessarily decaying at the cusps.
For T > 0, we truncate ¢ and put 7 :={z € % :y <T}.
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Definition 5.6. We define the regularized theta lift of f by
Ireg(‘[’ f) = CT.S':O[Ireg(T’ S, f)]y

where

61 s = Y gim [ fener o0y due)

Lel\ Iso(V)

Here s is an additional complex variable. If f is rapidly decaying at the cusps, then it is
easily seen that the regularized theta lift agrees with the classical lift (5.6). However, as we will
now see, the regularized lift makes sense for a much wider class of functions f.

Proposition 5.7. Let f be a weak Maass form of weight zero for T with eigenvalue
A = s'(1 —s'). Denote the constant term of the Fourier expansion of f at the cusp { by
AgyS' + Byy'™ with constants Ay, By € C. Then I™8(z, s, f) converges locally uniformly
in s for Re(s) > max(Re(s’), | —Re(s")) and defines an element of Ay, 1. It has a meromor-
phic continuation to the whole s-plane, which is holomorphic in s up to first order poles at
s =s"ands = 1 —s'. The function

1

. Ay B,
I™%(z,s, f) — — Ok (r)( + )
ﬁeeF\Xk;)(V) ¢ s—s s+ —1

has a holomorphic continuation to all s € C. Moreover, the regularized theta lift 1™%(z, f)
defines an element of Ay, ..

Proof. It suffices to show that for any £ € I"\ Iso(V'), the integral
(5.8) I*(v.s, f) = lim / f(0¢2)OL (. 04z 90)y ™" dpu(2)
T—o00 f;‘l

converges for Re(s) > max(Re(s’), I — Re(s’)) and has a meromorphic continuation in s with
the appropriate poles and residues. In view of Proposition 5.4, we split up the integral as fol-
lows:

s ) = fim [ . f(aez>(®L(r,oez,¢o>—y 6,1 )3~ dic)

1
VN B¢

+ Jim f F(002)—— Ok, ()™ du(2).

«/_ﬂ

Because of Proposition 5.4, the function in the integral of the first summand is of square ex-
ponential decay as y — oo. Therefore the first summand converges for all s € C and defines
a holomorphic function of s.

For the second summand we split up the integral as

6
Jim. /f o) 2KLD 1ms g2 =

1—s
N L ok, [ Flog)y"™ du()

«/—e

- dy
+ —\/N,Be Ok, (1) /y:l . f(opz)dx JiTs

The first summand on the right hand side is an integral over a compact domain. It converges
for all s and defines a holomorphic function in s. For the second summand on the right hand
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side we use the Fourier expansion of f at the cusp ¢,

f@ =Y atn. y)e(”x)

nez

We find that it is given by

(5.9

°° 4y
\/_ﬂe(aKe(T)/: a((ovy)yl_l,_s

If we write
ag(0,y) = Agy® + Bey' ™,
we see that the integral exists for Re(s) > max(Re(s’), 1 — Re(s’)), and it is equal to

Ox () 2+
T .
VN /36 Ke -5 s+ -1
Using ¢, = ay¢/B¢ and putting together the contributions of the different cusps ¢, we obtain
the assertion. ]

In the next proposition we give a formula for /™%(z, f) as a limit, not involving the
additional parameter s.

Proposition 5.8. Let f be a weak Maass form of weight zero for T with eigenvalue
A = s'(1 —s'). Denote the constant term of the Fourier expansion of f at the cusp { by
AgyS" + Byy'™ with constants Ay, By € C. If s’ # 0, 1, then I™8(z, f) is equal to
. TS 1= 8@@1( (7)
> Tlgnoo[ o, S (OL2)OL(T. 002, 9o)dpu(2) — (Ae7 + By s,) ﬁ ]
CeT\ Tso(V) Fr

4

formula holds when T—- = s, is replaced by log(T)
Proof. For a cusp £, we let Iéeg(r, f) = CTS=0[I£eg(r, s, f)]. Then we have

e fy= ) 1@ f)

Lel\ Iso(V)

and it suffices to show that / geg(t, f) is given by

T ()
im [ | f(02)0L(x, 012, o) dM(Z)—( (— + By l_s/)gf %(f)]
The proof of Proposition 5.7 shows that I (. f) is equal to
1 -
hm / f(ogz) (@L(‘L’ 04z, 90) — \/N,B ®Ke(f)) du(z)

J_ N / F(0e2)y du(2)

+W®KZ(I)CTS:O|:/)’ (Aey* + Bey'™) 1+s:|

=1
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Now the simple observation

T oy
/ﬁé F(oe)y du() = /ﬁ reyane+ [ [ ey due)

together with the identity

CTs=O|:/y_1(A€y +B€y1 S) 1+s]

r ody TS T ady T
[T )
T—00 1 y s’ 1 y 1—s

4

TS Tl s/
— Jim [ / ~ " for)y due) - (Ae— + B )}

T—o0 11—
gives the result when s’ # 0. The s’ = 0 case follows similary using the identity
© d Tdq
CTy—o [ / l—ﬁ} — lim [ / & log(T)]. o
y=1D) $ T—oolJ1 Y

5.4.1. The Laplacian. We now consider the action of the hyperbolic Laplacian on the
regularized theta lift.

Theorem 5.9. Let f be a weak Maass form for T with eigenvalue A = s'(1 —s’). De-
note the constant term of the Fourier expansion of f at the cusp £ by Ay ys/ + By yl_s/ with
constants Ay, By € C. Then

A™¢(z, f) ifs’ #0,1,
A
_ Z LE0 ~ @Kz (T) ifS/ — 0’
AN T8 (z, ) = Lel\ Iso(V) VN

B
- Y ek, iy =1
LeT'\ Iso(V) J_

To prove this theorem we need two propositions. We start by noting that in the view of
Proposition 5.4, for f € Ao(I") which has at most linear exponential growth at the cusps of I",
the integral

f F()OL (T, 2. Asgo) du(2)
M

converges.

Proposition 5.10. Let f € Ao(I") and assume that f has at most linear exponential
growth at the cusps of T'. Denote the constant term of the Fourier expansion of f at the cusp {
by ag(0,y). Then

/M fOL(. 2. Arpo)du() = Y. 12“00[ /W(Azf)(om@L(r,ozz,goo)du(z)

Lel\ Iso(V) T

S
JN 1 Yoy ag(0,y) |

In particular, the limit on the right hand side exists.
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Proof. According to (5.5), we have
G100 [ 6Lz A i)

= X jim [ feR0LE o A du().
—00 foé

LeT\ Iso(V)

We use Stokes’ theorem to rewrite the integral. For smooth functions f and g on D we have

(5.11) —2i(00f)g = (Af)g du(z)
= f(Ag)du(z) —2id((0f)g + f(3g)).

Consequently,
/ﬁ , JO2)OLE. 002 Be) (2
- L o (Az f)(0¢z)®OL (T, 002, @o) dju(z)
+2i /a o [(3/(0e2)OL(x. 002, 00) + [(0:2) (301 (x. 017, 90)) |

Using Proposition 5.4 and inserting the Fourier expansions of f at the cusps, we find for
T — oo that

(5.12) [ F(002)OL(x. 00, Asgo) du(2)
Lel\ Iso(V)
- ¥ f (A2 £)(002)OL (. 007, 9o) dp(2)
LeT'\ Iso(V)

. ®K (T) ae+iT ( P 0
—2i £ —=a¢(0.y) )y +ag(0,y)| -y ) dx
ZeF%(V) PevN Jz=ovir \0Z ”

of?)

The second term on the right hand side is equal to

(1]
Z —gy )uON|

Inserting this into (5.12) and then into (5.10), we obtain the assertion. O
Proposition 5.11. Let f be a weak Maass form of weight zero for I' with eigenvalue

A = s'(1 —s'). Denote the constant term of the Fourier expansion of f at the cusp { by
as(0,y) = Agys/ + Bgyl_s/ with constants Ay, By € C. If s’ # 0, 1, then

1™z, A, f) = /M F(2)0L (2.2, Asgo) du(2).
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If s’ =0, then

_ greg = VN
o= = [ fOoLe s s+ 3

If s’ = 1, then

B
_ greg = VN
0 I (T, Azf) /M f(z)@L(T, Z, Az‘pO) dl/L(Z) + KGI‘%(V) \/ﬁ

Proof. 'We use Proposition 5.10 for
| 1@0L@z s duce)
together with the fact that
[(1 - y%)ag(O, y)} =(1- s’)AgTS/ + S/Bng_s/.
y=T

Comparing this with the formula for /™&(z, A, f') of Proposition 5.8, we obtain the assertion
of the proposition. |

Proof of Theorem 5.9. According to Proposition 5.8 and Lemma 5.1 we have

AT =4 Y Jim / F(002)ArOL (1. 047, 90) diu(2)
T—oo Jg%t
LeT\Iso(V) T

~ [ f@0L 2 b,
M

Now the assertion of the theorem follows from Proposition 5.11. ]

5.5. Regularization using differential operators. Proposition 5.11 also leads to a dif-
ferent way of defining the regularized integral for weak Maass forms with non-zero eigenvalue.
This regularization uses differential operators, in fact, the Laplace operator A, on M. Itis in
the spirit of the regularized Siegel-Weil formula of Kudla—Rallis via regularized theta lifts [22].
For a related treatment, see Matthes [24].

Proposition 5.12. Let f be a weak Maass form for T with eigenvalue A # 0. Then

1
e f) = [ 6Lz ),
M

The integral on the right hand side converges absolutely.

Proof.  According to Proposition 5.11, we have

I8, f) = S 1™ AL )

= %/M f(2)OL(t,z, Az¢o).

By Proposition 5.4, the integral converges. This proves the proposition. |
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The next lemma is a direct consequence of Proposition 5.12 and

AZ¢O(X7 T,Z) = 47TR—3/2(p1(X’ T, Z)'

Lemma 5.13. [If f is a weak Maass form for T with eigenvalue A # 0, then

4

I™(z, f) = 1 R—3/2(/M f(Z)®L(T»Z,<P1)dM(Z))-

5.5.1. Eigenvalue zero. We now explain how the regularization by means of differen-
tial operators described in Proposition 5.12 can be extended to the case when the eigenvalue
is 0. The idea is to use a ‘spectral deformation’ of f into a family of eigenfunctions.

Proposition 5.14. Let f € Ho(I') be a harmonic weak Maass form. There exists an
open neighborhood U C C of 1 and a holomorphic family of functions ( fs)sey on D such
that fs(z) is a weak Maass form of weight O for T with eigenvalue s(1 — s), and f1 = f.

Proof. This result can be proved using Poincaré and Eisenstein series for I'. See for
example [12, Section 3], [16, p. 660], or [5, Proposition 1.12]. O

Let f € Ho(T') and ( f5)sey be as in Proposition 5.14. Denote the constant term of the
Fourier expansion of f; at the cusp £ by a;(0, y,s) = A;(s)y* + By(s)y' ™ with holomorphic
functions Ay(s), By (s). In view of Proposition 5.12, we have for s € U \ {1} that

I8 (c, fy) = ﬁ /M F(2)OL (. 2. Asgo) du(z).

The right hand side defines a meromorphic function for all s € U. In view of Proposition 5.11,
it has a first order pole at s = 1 with residue

By(D)ey ~
(5.13) Y =0k, ().
Lel\ Iso(V) W ‘

We can define a regularized theta integral by putting

1
G I )= Cla| o [ ALz A du(a) |
s(1=s5) Jm
We now compare this with the regularized theta integral of Definition 5.6.

Proposition 5.15. Let f € Ho(I") and ( fs)secu be as in Proposition 5.14. Denote the
constant term of the Fourier expansion of fs at the cusp £ by

ag(0.y.s) = Ag(s)y* + Be(s)y'™
with holomorphic functions Ay(s), By(s). Then we have

By(1)eg Bx. (1)

TR ) = I8, )+ Y
LeT'\ Iso(V) W
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Proof. 'We put the Laurent expansion

fs(2) = f@) + @) =1+ 0(s = 1)?)

of fyats = I into the definition of J™¢(z, f'). Here f](z) means the value of f;/(z) = % fs(2)

at s = 1. Noticing that
1
CTs= =1,
' 1L(1 —sJ

we obtain that
(5.15) I ) = [ DOz Ao i)
- [ fi@0Lwz e duco),
According to Proposition 5.11, we get for the first term on the right hand side

By(D)ey Ok ().

f(2)OL(t. 2. Azgo) du(z) = —
b o

We compute the second term on the right hand side of (5.15) by means of Proposi-
tion 5.10. We have

0
[(1 - y—)ag(O, y,s):| = (1 —5)Ag(5)T* 4 sBy(s)T15.
ay y=T
Consequently, for the derivative with respect to s at s = 1 we find

0
|:(1 — y@)a;(o, v, 1):| . = —A¢()T + By(1) + By(1) — By(1)log(T).
y=

If we call this quantity C¢(T"), we obtain

fM FIOL(r. 2. Argo) du(z)

&y (:DK@ (t)

= 3 i [ e eneu e dn) -

T
Lel\Iso(V)

Cg(T)].

Since A fy = s(1 —s) f5, we have

Afl/ == _f.
By means of Proposition 5.8, we get
/ _ reg / SZ@Ke (v)
[@OL(T. 2. Azpo) dp(z) = —I"5(r. f)— > (Be() + Be(l))T-
M el \ Iso(V)
Inserting this into (5.15), we obtain the assertion. O

In particular, we see that the regularized theta integral J"™#(z, /') depends on the choice
of the spectral deformation f;. However, the dependency is mild, since only the derivatives of
the constant terms in the Fourier expansions at s = 1 enter.
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6. The lift of Poincaré series and the regularized lift of j,,

6.1. Scalar-valued Poincaré series of weight 0. We construct scalar-valued Poincaré
series of weight O for the group I' C G(Q). We will show in Section 6.3 that the theta lifts of
these series are given by linear combinations of vector-valued Poincaré series constructed in
Section 6.2. For simplicity we assume here that I' = I'g(/NV), since this is the only case which
we will need later for the comparison of our results with [9]. We let

o — 1 1
7 \\o 1
be the subgroup of translations.

Let 7,(z) be the usual modified Bessel function as in [1, Chapter 9.6]. For s € C,
y € Ropandn € Q, we let

1 1
2rln|zy21 25 |n ifn # 0,
©.1) By (.s) = 1 2EInEY2 Ly Crinly) ifn £
y° ifn = 0.
For m € Z we define
1
(6.2) Gm(z,5) = 5 Z [ (v, 5)e(mx)]|oy-

Y€loo\I

The series converges for Re(s) > 1 and defines a weak Maass form of weight O for I'g(N). It
has the eigenvalue s(1 — s) under Ag. The function Gy is the usual Eisenstein series while G,
for m # 0 was studied by Neunhoffer [25] and Niebur [26], among others. If m # 0, it fol-
lows from its Fourier expansion, Weil’s bound and the properties of the /-Bessel function that
G (z, ) has a holomorphic continuation to Re(s) > %. It m <0, then G, (z,1) € H(;r ().

6.2. Vector-valued Poincaré series of half-integral weight. We recall the definition
of vector-valued Poincaré series for the Weil representation in a setup which is convenient
for the present paper. These series are vector-valued analogues of the Poincaré series of
weight 1/2 considered in [9, Section 2].

Let M, ;(z) and W, ,(z) be the usual Whittler functions (see [1, p. 190]). For s € C,
veRsgandn € Q, we let

rQs) Yax|n|lv) " V4m 4|n|v) ifn # 0,
63 Mg - [TOITETARTEMy )i
V574 ifn=0.
Forh € L'/L,and m € Z + Q(h) we define
1
(6.4) Pup(r.s) =5 D [Mn(.s)e(mu)enllijz,Ly.
y el L\

Here we have set ') := (T') C I with T = (((1) %) , 1). The series converges for Re(s) > 1
and defines a weak Maass form of weight 1/2 for T'/ with representation pz.. It has the eigen-
value (s — %)(% — ) under Ay/,. When Q(h) € Z and m = 0, the function Py p(z,s) is
a vector-valued Eisenstein series of weight 1/2.

For L as in Example 2.1 we may apply the map (2.3) to Py, p(z,s) for m = % and
d € 7 to obtain the scalar-valued Poincaré series P;' (z, s) considered in [9].
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6.3. The lift of Poincaré series. We now assume that L is the lattice defined in Ex-
ample 2.1. We identify the finite quadratic module L’/L with Z /2N Z equipped with the
quadratic form r +— r2/4N. Moreover, we assume that I' = I'o(N). In this section we will
explicitly calculate the regularized lift of the Poincaré series G_,(z, s) defined in Section 6.1
form > 0.

For the cusp £¢9 = 0o, we can realize the space W =V N K(J)-/Zo as Q (1 _1 ) Hence
K := Ky =7Z(!_;). Moreover we have L'/L ~ K'/K. For a, p € W(R) we define the
C[K'/K]-valued theta series

Ox(r.a,) = Y e(Q + Bt — (A + B/2,@))errk,

AEK’

and we write 0k (7, o, B) for the individual components. Notice that the theta function O (1)
defined earlier is equal to Ok (z, 0, 0). The following proposition is a special case of [4, Theo-
rem 5.2].

Proposition 6.1. We have the identity
Or(t,z,¢90) = Wy@K(r,O,O)

+ _\/2ﬁy Z Z |:CXP (_ nszyz ) ®K (T? nx, O):|

Theorem 6.2. Assume that Re(s) > 1. If m is a positive integer, then

I"™%(t,G_py(2,8)) = \/JTNF(%) Z P2 ., (‘[j’% + l)

ANn2’n 4
nlm

V.
1/2,K

Form = 0, then
N33

I™%(z, Go(z,5)) =

i*(S)Po,o(T, % + %)

Here
) =02 (3 )

and Py, j(t,s) denotes the C[L'/ L]-valued weight 1/2 Poincaré series defined in Section 6.2.

Proof.  According to Proposition 5.12 we have

1
s(1—5)
The theta function on the right hand side is square exponentially decreasing at all cusps. Hence,

by the usual unfolding argument, we find that

1 / 9 (3. 5)e(—mx)OL (¢. 2. Azg0) du(2).
—5) JTo\H

I™8(0. G (z.5)) = /M G (z.5)OL (.7, Asgpo) dpa(z).

I™8(t,Gm(z.9)) =

s(1

By Proposition 6.1, we may replace Oy (z, z, Ag,z¢o) by Ao,z(:)L (t,z,¢0), where

(:)L(r,z,(po) = @ Z Z [exp(—%zyz)@K(r,nx,O)}

n=1yel\I"

Y.
1/2,K
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The function ® (t, z, ¢o) and its partial derivatives have square exponential decay as y — oo.
Therefore, for Re(s) large, we may move the Laplace operator to d_,, (v, s)e(—mx) to obtain

1 ~
(65) Ireg(r’ G—m(zv S)) = S(l _ S) r \H (AZJ—m(y7 S)e(—mX))®L(T, Z’ §00) d/“L(Z)

_ / Jem (v, 5)e(—mx)OL (¢, 2, 9o) dyu(z)
Too\H

o0
_ g Z Z I(z,s,m,n)|1/2,kV

n=1yel{\I"
where

I(t,s,m,n) = /oo /1 J_m(y,s)e(—mx) exp(—

y=0

N 2,2
u)@K(r,nx,O)y du(z).
v

Using the fact that K’ = Z ( 1/2N ) and the identification K'/K =~ 7Z /2N Z, we have

—~1/2N

b2
Ok (t,nx,0) = Z e(mf — nbx)eb.

beZ

Inserting this in the formula for /(z, s, m, n), and by integrating over x, we see that /(z, s, m, n)
vanishes when n  m. If n | m, then only the summand for » = —m/n occurs, and so

o© aNn?y?\dy m?
(6.6) I(t,s,m,n) = /(; d_m(y,s) eXp(_T)7€(4Nn2 r)e_m/n.
We first compute the latter integral for m > 0. In this case we have

dm(y.s) = 27Tm%y%1s_%(2nmy).

Inserting this and substituting t = y? in the integral, we obtain
o° aNn?y?\dy
[ e
0 v y
[oe] N 2,2 d
= ZJT/ Vmyls_1,(2mmy) exp(—u)—y
0 v y

o0 Nn?t
= n«/m/ Is_1/2(2nm\/2) exp(—l)t_y4 dt.
0 v

The latter integral is a Laplace transform which is computed in [11, equation (20) on p. 197].
Inserting the evaluation, we obtain

o0 aNn2y2\d
| J_m<y,s>exp(——y)—y
0

v y
_ JaT(s/2) ( Nn? 1/4M am?v o Tm?v
O T(s+ 1/2) \wm2v 1/a.s/221/4\ "N 2 P\ onn2

s s 1 am?v
= Tl =M , =+ = .
var(5)sae, (o5 3) (37

Consequently, we have in the case n | m that

S s 1 m?
I(T,S,m,l’l) = \/;F(E)M4x}212 (U, 5 + Z)e(mu)e_m/n.
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Substituting this in (6.5), we see that

I™8(t,G_py(z,5)) = VaNT (%)

Sr e ()
w2 mlT =+ =)
nlm ANnR2’ n 2 4

Since Py, j(t,5) = Pp —p(z, ), this concludes the proof of the theorem for m > 0.

We now compute integral in (6.6) for m = 0. In this case we have do(y,s) = y*. Insert-
ing this into (6.6), we find

dy

oo N 2.2
y 0 v

o0 JTNI’IZ 2
/ Jo(y,s) exp(——y)
0 v

_ T(s/2) v\
2 TNn? '
Hence, we obtain
e (v \"
I ’ ’ b = 2
(t,s,m,n) 5 (nan) )
Substituting into (6.5), we see that

1
Vi
I*2(z, Go(z.5)) = ~—

5 s
J ns/zF(E)E(s) Z vs/2€0|1/2,KV

1 S
NZ 2

z*(s>Po,o(

S " 1
ns+7)
This concludes the proof of the theorem for m = 0.

6.4. The case of level 1.

As an application, we consider the special case N = 1 where
I' = SL»(Z). We compute the lift of the space M(!) (I') = C[j]. A basis for this space is given
by the functions j,, for m € Z>o whose Fourier expansion starts as

Jm(2) = 47" 4+ 0(q).
For instance, jo = 1 and j; = j — 744.

We begin by computing the lift of the constant function in terms of Eisenstein series.
choose

As a spectral deformation of the constant function jo = 1 in the sense of Proposition 5.14 we

*(2
j()(Z,S) = %GO(Z,S).

given by Aeo(5)y® 4+ Boo(s)y!™* with

It is well known that Go(z, s) has a first order pole at s = 1, which cancels out against the pole
of {*(2s — 1). We have jo(z, 1) = 1, and the constant term of jo(z, s) at the cusp £y = oo is

_ e o 2
As(s) = 25 Ty = 3= D+ 0 = D).
£*(2)

= ED 1 (5 oy E2

o 25) = )(s —1) 4 0((s — D?).

35
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According to Theorem 6.2, for Re(s) > 1, the lift of jo(z,s) is equal to

re . _ né’*(s) s 1
6.7) I jo(5) = e = pO’O(T, Tt Z)‘

By (5.13), the right hand side has a meromorphic continuation to C with a first order pole at

s = 1 withresidue Boo (1)@ (1) = Ok (7). In particular, we see that Po,o(z, 5 + %) has a first
order pole at s = 1 with residue %@ x (7). We obtain the following corollary to Theorem 6.2.

Corollary 6.3. We have
wl*(s) s 1
J(1,1) = CTy=1| =———P =t =]
(1) =CT, 1|:12§*(2s—1) O’O(T 2" 4)}
I"8(z, 1) = J™¥(z, 1) — B (1)Ok (7).

We now compute the lift of j,, for m > 0 in terms of Poincaré series. It follows from
the Fourier expansion, Weil’s bound and the properties of the /-Bessel function that G_,,(z, s)
has a holomorphic continuation to Re(s) > %. The constant term of the Fourier expansion of
G_u(z,s) is equal to
drm S op5_1(m) l—s
2s—)i*@2s) 0
where o251 (m) = Zd|m d?71 see e.g. [12,26]. We define

4nm1_302s_1(m)

(6.8) jm(Z,S) = G—m(Z,S)_ (2S—1)§*(2S_1)

Go(z,s).

This function has an analytic continuation to Re(s) > 3/4. The constant term in its Fourier
expansion is given by Aeo(s)y* + Boo(s)y!™ with

drmI=Sop5_1(m)

Ao = = T s — 1)
Boo(s) = 0.

Moreover, we have
(6.9) Jm(z. 1) = jm(2).

Hence, we may use the functions j,,(z, s) as spectral deformations of the j,,(z2).
According to Theorem 6.2, for Re(s) > 1, the lift of j, (z, s) is equal to

I™8(T, jm (- 5)) = ﬁr(%) |Z P, m(r, % + %) + AOO(S)C*(s) po,o(r,% +

4n2°n 2

1
3

By (5.13), the right hand side has a holomorphic continuation to a neighborhood of s = 1. Its

value at s = 1 is equal to the regularized integral J ™2 (z, j,;). Since Boo(s) = 0, we obtain the
following corollary to Proposition 5.15.

Corollary 6.4. Assume m > 0. Then

Ireg(‘f, Jm) = Jreg(f, Jm)
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7. A Green function for ¢

In this section, we introduce a Green function 7 for the Schwartz function ¢g. Its proper-
ties will be the key for the proof of the results in Section 4.

7.1. The singular function 5. We first recall the definition of Kudla’s Green function &
for 1 (see [18, Section 11] and for our setting Remark 5.3). It is defined for non-zero vectors
X € V(R) and given by

(7.1) £(X,7,z) = v32E12nvR(X, z))e(Q(X)f)
— 03/2(/00 —2nmvR(X,z)t )e(Q(X)T)
1

Ei(w) = /ooe_tﬂ

w t

Here

with w € C\R < is the exponential integral as in [1]. Since

(1.2) Er(w) = —y — log(w) + /O (1-e

(the last function on the right hand is entire and is denoted by Ein(w)) we directly see that
¢ has a logarithmic singularity for z = Dx when R(X, z) = 0 and is smooth for Q(X) > 0.
Outside the singularity one has, see [18],

(7.3) dd°¢(X,t,z) = p1(X,t,2)du(z),
which can be also obtained via Lemma 5.2. Here d¢ = L.(a — ) so that
1
Cc
- 3= ——A
dd 7 30 = yp zdu(z).

For the relationship between £ and ¢; as currents, see (7.6).
We now define for X # 0 our Green function 1 by

o0
n(X,t,z) = n( / E1(2nR(X, 2)1)e* XXt Z )e(Q(X)f)
v Vi
We often drop the dependence on t in the notation. We easily calculate
X, X'(z
(74) 020(X.2) = = sen(X, X(2) T enfe( V| (X X))@ =,

where X'(z) = %X(z) and
2 o0
erfc(t) = 1 —erf(r) = —/ -
NEWY
is the complimentary error function. Note that

1
X'(z) = —X(z) + 2

(o)

For Q(X) # 0, we now analyze the singularities of 7 in more detail.

= NI



38 Bruinier, Funke and Imamoglu, Regularized theta liftings and periods of modular functions

Lemma 7.1. (1) Let X € V(R) such that Q(X) = m < 0. Then n has a logarithmic
singularity at z = zx. More precisely,

R(X.2) = (X 2) + nerfc(2,/7r|m|v)
Z) ! ) |

Y Ce(mr)log|z — zx|?

Jiml

is a smooth function in a neighborhood of zx. Furthermore, n(X) and its derivatives
on(X), an(X) are square exponential decreasing (in the coordinates x,y of z) at the
boundary of D.

(i) Let X € V(R) such that Q(X) = m > 0. Then n(X,z) is differentiable, but not C!.
The 1-form dn(X, z) is discontinuous at the cycle cxy = {z € D : (X, X(z)) = 0}, and
outside the cycle cx we have

s sgn(X, X(2)) erfc(\/ﬁ|(X, X(z))|)e(mr) dzy.

In(X.z) = —

Furthermore, assume that Ty is infinitely cyclic. Then n(X) and its derivatives dn(X),
on(X) are square exponential decreasing (in the coordinates x,y) at the boundary of
the ‘tube’ I'x\D.

Proof. For (i), we have m < 0. Via (7.2) we therefore immediately see that

n(X,z) + wlog R(X, z) (/00 e_4”|m|t%)e(mr)

is smooth. By (3.2) the singularity of n(X, z) at z = zx is hence given by

o dt fc(24/
-7 (/ 6_4”|m|t—)e(mr) log|z — zx|* = —nwe(mr) log |z — zx|?.
v Vi Vim]

Since E1(w) < e™" /w, we have

o0 e—zr(X,X(z))2
In(X)| SJT(/ TR t_3/2dt)€(mf).
v )

Now the growth behavior follows from
2 N 2 2
(X. X)) = 5 (x3fel? = 201 Re(2) — x2)

for X = (% 2, ). Note that since Q(X) < 0, we must have x3 # 0.
By the G-equivariance properties of 17, X(z), and dzy, it suffices to show (ii) for

()

Then we have (X, X(z2)) = F2x/m/y, R(X,z) = 2m|z|?/y?, (X, 0X(2)) = i /mZ/y?dz,
and dzy = +dz//mz. Hence by (7.4) we obtain

Tl

2m

x|

(7.5) an(X) = —sgn(x) erfc(2 nva) (mr)%,
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which is the asserted equality for this X . For this X, we have Ty = (( 6 r91 )) with some r > 1.

Hence cy is the imaginary axis and a fundamental domain for 'y \ D is given by the annulus
{z € D :1<|z| <r}. Then (7.5) implies the very rapid decay in 'y \ D. i

We now state the analog to (7.3).

Proposition 7.2. Outside the singularities,
dd’n(X,t,z) = po(X, 7,2) dpu(2).
Proof. Using (7.3) we compute

dd‘n(X,t,z) = n(/ dd°E12rR(X, Z)t)ezn(X X))t ii/t;)eni(X,X)t

_ n(/‘” =320, (X, u + iz,z)e"”'(X’X)(””L”)d_\/t-)em.(X’X)t e
; t

m . . .
— _(/ I_Z(L%QO()(X,M + it’z))e—nl(X,X)(u-Hl) dl)enl(X,X)‘E d,u(z)
v

0 —7(X,X(2))?t 7i(X,X)t

__ / [ Viem XX gy ) I NE g2
v

= @o(X,7,2)du(z).

Here we used po(X,u + it,z) = \/fe_”(X’X(Z))Z’e”i(X’X)(”"'it). ]
The next lemma gives the relationship to Kudla’s Green function.

Lemma 7.3. Outside the singularity Dy,

L%r)(X, 1,z) = —né(X,1,2).

Proof. 'We compute

Lin(X.v.2) = —2m'uza%(/v E1Q2nR(X, 2)1)e?m XXt \/_)e(Q(X)r)
= mﬂ(%/v E1(2nR(X, z)t)e*™ XX \/_)e(Q(X)r)
= —ﬂE(X, T, Z)?
as claimed. O

To summarize, we have the following diagram:

_%LI/Z
n(X,7,2) §(X.7.2)

Idd“ Idd“
1,

1/2
¢0(X7 T, Z)dll(z) ’n—> §01(X, T, Z) d/L(Z)
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7.2. Current equations. We now consider 7 as a current. The current equations we
obtain for 7 can be viewed as a refinement of Kudla’s current equation for &, see [18, Proposi-
tion 11.1], namely, for X # 0,

(7.6) dd°[E(X. 7. 2)] + v¥2e(m)dpy = [p1(X.1.2) du(2)],

as currents acting on functions with compact support on D. Here Dy = @ if Q(X) > 0. We
recover (7.6) by applying the lowering operator L, to the current equations for 7 below.
We first note that by Proposition 7.2 for a C2-function f on D we have

(7.7 2if(2)go(X, 2)dp(z) = d(f(2)dn(X,2)) = d (3 f(2)n(X, 2))
+ 30/ (2)n(X, 2),

away from the singularities of 7.

7.2.1. The elliptic case. Throughout this subsection we assume that X € V is a vector
of length Q(X) = m < 0. Then the stabilizer ['y of X is finite.

Proposition 7.4. The function n(X, t, z) satisfies the following current equation:

¢ erfc(2/m|m|v)
dd’In(X,0)] + m———
(X, Dl + 7 N

as currents on C2-functions on D with at most linear exponential growth, that is, for such f,
2nmt
\/|— erfc(2y/ m|m|v) f(zx)

- /D (AFEIN(X. 1.2) dp(2).

e(mt)dpy = [po(X, 1) du(z)]

/D F@po(X.1.2) du(z) =

Proof.  For functions with compact support this can be easily seen using (7.7), Stokes’
theorem, and the logarithmic singularity of 1. In fact, it is very special case of the Poincaré—
Lelong Lemma, see e.g. [29, pp. 41-42]. For functions with at most linear exponential growth
the same argument goes through since 1n(X) and its derivatives are square exponentially de-
creasing. m]

Corollary 7.5. Let f € Hy (). Then
[ 16 ¥ wryduc)
yelx\T
converges, and
[ 16 ¥ eoxonrndue) -

JeTr\T ITx|
2nmt

/ F)g0(X.7.2) dp(2)
e

RN

Proof. This is immediate from Proposition 7.4 and the linear exponential growth of
weak Maass forms. m

7|m
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7.2.2. The non-split hyperbolic case. Throughout this subsection we will assume that
X € V isavector of positive length Q(X) = m > 0. In addition, we assume that the stabilizer
Ty is infinite cyclic.

Proposition 7.6. For X as above, the function n(X, t, z) satisfies the following current
equation:

1
dd“[n(X,7)] + Ee(mT)SC(X),de = [po(X, 1) du(z)]

as currents on C2-functions on T'x\D with at most linear exponential growth. That is, for
such f,

[ r@mnzdue = semo [ feda
Ix\D c(X)

1

T in (AfE)In(X, 7. z) dpu(z).
T JTx\D

Proof. We can assume that X = /m/N (1 _,) so that
cx = {z eD: (X, X(z) =2 = o}
y
is the imaginary axis, [y = (((r) r91 )), and 'y \cx inside the annulus

I'x\D={zeD:1<|z|<r}
is given by {z =iy : 1 <y <r}. We define an e-neighborhood for cy in 'y \ D by

Us(ex) = {z eTx\D : |(X, X(2))| = |§—| < 8}.

We have

[ F@)oo(X.1.2) du(z) = lim FE)00(X.1.2) du(z).
Cy\D e>0 /Ty \D—U,(cx)

Using (7.7) we see that for fixed ¢ the integral on the right hand side is equal to

1 1 - 1 -
- f(@)on(X,z) + — 0f(z)n(X,2) + — 00 f(z)n(X,z).
270 JaU,(cx) 270 JaU,(cx) 270 JTx\D—Ue(cx)

(Note dU,(cxy) = —0(I'y\D — Ug(cx)).) Here we also used the very rapid decay of ¢q, n, and
dn at the boundary of the tube I'y \ D. As ¢ — 0 the last term becomes

| @as ez dut).
I'x\D
The second term vanishes since 7 is continuous. For the first term, we define
CX,+¢ = {z eI'y\D :—(X, X(2)) = T :l:s}.
y
Then by (7.5) we obtain
/ f(z)on(X,z) = |: f(z)dzx —i—/ f(2) dZX:| erfc(\/yrmvs)e(mt).
dUg(cx) CX.e CX,—¢

Taking the limit completes the proof. |
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This holds in particular if f is a weak Maass form of weight 0. As an immediate conse-
quence of Proposition 7.6, we obtain the following result.

Corollary 7.7. Let f € Hy (). Then

[ 16 ¥ wrrdue)

y€lx\T
converges, and

/Mf(z) > (pO(X’TvVZ)dM(z)zfr

S(@)po(X,T,2)du(z)
yelx \T x\D

= %e(m'[) /C(X) f(z)dzx.

Remark 7.8 (The split hyperbolic case). Assume that X € V' is a vector of positive
length Q(X) = m > 0 such that the stabilizer I'y is trivial. Hence I'y \D = D. Then Propo-
sition 7.6 carries over to the present situation if one assumes that f is a function of compact
support on D. However, for a function f not of sufficient decay,

[ 16X wntx. ey du)
M yell

does not converge. In fact, exactly these terms require the theta lift to be regularized.

8. The Fourier expansion of the regularized theta lift

In this section, we give the proofs for the results stated in Section 4. We set
(8.1) Omn(z.2) = ) ¢o(X.7.2).
X€Lm.n

which defines a I'-invariant function on D. We then have

reg
(8.2) W)=Y [ 1@ dut),
meQ M

which is the Fourier expansion of I (z, f). (Since picking out the m-th Fourier coefficient
is achieved by integrating over a circle, we can interchange the regularized integral with the
‘Fourier integral’.) More precisely, let f € H(;r (I') be a harmonic weak Maass form for I"
with constant terms aZ (0) at the cusp £. Then by Proposition 5.8 the m-th Fourier coefficient
of the regularized lift is given by

reg
83 [ @ e = gim | [ @2 i)

_ log(T)
JN

Here M7 is the truncated surface Mt defined in (3.1) and by(m, h) is the (m, h)-Fourier
coefficient of the unary theta series Ok, (7) as before. For m # 0, the set '\ L,, ; is finite.

> af (0)egbe(m, h)]

Lel'\ Iso(V)
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Therefore, for these m, we see

reg
(8.4) /M S @ (r.2) dpa(2)
= Thm [ Z / f(Z) Z QDO(X’ T, )/Z) d/'L(Z)
T®xer\L,,, M7 yerg\r

log(T) Z at ]
- (0)egbyg(m, h) |.
W LeT\ Iso(V) ‘

For non-zero m in the elliptic and the split hyperbolic situation we have seen in Sec-
tion 7.2 that
[ X remayde
M ery\r
actually converges, corresponding to the fact that by (m, h) = 0. Then the current equations in
Section 7.2, Corollaries 7.5 and 7.7, give the Fourier coefficients for Theorem 4.1 for those m.
In the next section we will consider the split hyperbolic periods, as well as the 0-th coefficient.

8.1. The split hyperbolic Fourier coefficients. We now consider the case m/N is a
square, when the associated cycles are infinite geodesics. Throughout X € V denotes a vector
of length Q(X) = m withm/N is a square and f € H(;L (I') is a harmonic weak Maass form.

In view of the characterization of the regularized integral in (8.4), we need to consider

the behavior of fMT Zyef f(@)po(X,t,yz)du(z) as T — oo.
Proposition 8.1. The asymptotic behavior of

Y f@eo(X, T, yz) dp(z)

M -
T yel

as T — oo is given by

l/regf(z)dz e(mr)—; lo 2«/7Tvm+llo 2-1—l
2\, X 2m | 8 2 8ET Y

2 Jmom
_ ﬁ/o oW’ erfc(w) dw) (az;( 0) + az__x (0))

Vv R , ,
+ 27 (/(; e47rmw dw) (Z ae—; (n)eanRe(c(X))n + az_,x (n)€27n Re(c(—X))n)

n<0

+(af (0) +a; (()))log(T):|e(mt).

Before we prove the proposition, we first show how this implies the formula for this
Fourier coefficient given in Theorem 4.1. In view of (8.4) we only need to show

Lemma 8.2. We have

1 1
85 = Y. (O +af O)=—= > af(Oeby(m,h).
Zﬂ Xel'\L;;, ¢ ‘ W LeT\ Iso(V) ¢
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Proof. We can sort the infinite geodesics by the cusps £ to which they go. We define
d¢(m, h) to be 1 if there exists a X € L,, , such that cx ends at the cusp £, that is, if X is
perpendicular to £. By [13, Lemma 3.7], there are either no or 2y/m/Negy many X in '\ L,, j,
such that the corresponding cx end in £. Hence the left hand side of (8.5) is equal to

1 1
N > e(Se(m.h) + 8(m.—h))a] (0) = N > egby(m.hyaf (0).
Lel'\ Iso(V) LeT\Iso(V)
This proves the lemma. O

The remainder of the section will be devoted to the proof of Proposition 8.1. We begin
with a few lemmas.

Lemma 8.3. Ler f € H(;r (I). Then
[, r® Y o,y ) = 320 [ 16 o
ye

1
+ %/{)MT f(Z) Zran(Xs T, VZ)
VAS

1 _

— 0 X, 1, .

507 Jopg, 7 > n(X.wy32)
yel

Here c§ =cxy N Mrt.

Proof. Proceed as in the proof of Proposition 7.6. Since in a truncated fundamental do-
main for I', the only singularities of Zy e In(X, 7, yz) are along c}; , everything goes through
as before except that one obtains in addition the boundary terms above. m|

Lemma 84. For f € H(;" ('), the differential d f(z) is rapidly decreasing and hence

1 - B
— lim /a . 0f(z) Y n(X.7.yz) =0.

27wl T—o0 -
yel

The main task is to consider

1

— in(X,, .

i Lo 6 ok p2)
y€e

By arguments exactly analogous to [7, Lemma 5.2] (where the integral of f against (X)) is
considered), we see that the asymptotic behavior of (8.6) as T — oo is the same as that of

8.7 . & Y anxny2)

271 JoMy ¢, ST,
X

(8.6)

1
+ o= [ ) nX.t.y2).
Tl aMT.Z_X =
velo_y
Here Mt ¢, .0MT_, are the boundary components of Mt at the cusps £y, Iy = {_x re-
spectively. All other terms are rapidly decaying.
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The key is the asymptotic behavior of on(X, 7, yz), which is given in the next

yefl}(
lemma.

Lemma8.5. Letr € Q be the real part of the geodesic ¢ (X) and write o = oy, for the
width of the cusp Lx. For a nonzero integer n define the function g(n, y) by

g(n,y) = /Oo e4nvm/w2 (e_C(w)2 _ 2”— vum erfc(C(w)))d—w,
1 w w

where

Clw) = (2\/1711)1}_171_’_ Tnyw )

2Jmoma

Then for r < Re(oy, z) <r +«a,

o Z on(X,t,yoy,z)e(—mr)

VEFKX
2 /mrvm [
|:Z g(n, y)e( n(z r)) ﬁ/ e’ erfc(w) dw—l—log(@)
0

z—r z—r 1 1
+ = lﬁ( )+EW(1—T) +logo¢+§log(2)+—)/:| dz.

4

Proof. By applying oy, we can assume that

m (1l =2r
X =,/—
N\0 -1

sothatcy = {z € D : Re(z) = r} is a vertical geodesic. Hence £y represents the cusp oo and
Lo ={(3 %) -k € Z} witha = ag,. Then (see also (7.5))

1 - 1 o 4?2, 2
—n(X,z) = _JSr L (/ oMY dw)e(mr) dz.
2mi y z—r\J1

Replacing z by z + r, we can assume r = 0. We set fors € C

w(z,s) = —ﬁfl Ooe_‘mvm;%wzws dw,
z
so that
L_E)n(X, z) = w(z,0)e(mr)dz.
2mi
We also define
Q(z,s) = Z w(z +an,s),
nez
so that

Z on(X,t,yz) = Q(z,0)e(mr) dz.

y€eley
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Note that Q(z, s) is a holomorphic function in s. For Re(s) > —1, we write

_ (xtam? o
(8.8) Qz,s) = —/o— Z“”’”/ Arom == S dw

z4+an

_ xtam? o
(8.9) + Jo— Zx+an/ dmom =57 w w® dw.

z+an

For the term on the right hand side of (8.8), we compute

52 — _ e + 1 sgn(x + an)
8.10 _0=S=2=8/2 ()~ 5D /2 —s—1 SF(S ) '
( ) (rm) Yy ZZ(§+H)|§+H|S

Since 0 < x < «, we see

sgn(x +an) > 1 ad 1
D T ST DY e T DY () T e

nez

Now (using (3.7))

o0 o0

fim ! D N D Rt}

s—0t = (w + n)|w’ + n|* (w' + n)stl —w+n  w+n

Since the constant term of the Laurent expansion of the Hurwitz zeta-function H(w’,s) at
s = 1is =y (w’), we conclude

S 1
2_: (w +n)|w +n|s = s Y(w) + O(s).

Via (8.10) we therefore easily see

_ Gtam?
8.11) — - Zx+°‘”/ momEEFEwE S dw

z4+an

1 1 1
~ama s 3v(2) <3 (1-2)
’(5) 2 /mvma
— W +10g(—y ))-I—O(s).
Note I(1/2) = —/7(210g(2) + y).

To compute (8.9), we first substitute w — -- in the integral and obtain

_ (x4an)?
(8.12) N Zx+°‘”/ Amvm 2T 2 g,

z4+an

Now we apply Poisson summation. Using [7, Lemma 5.1], we see that (8.12) equals

1 nz
2@(}[ Eg(n’y?s)e(_?)
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with
00 _(2«/7rvm+ Tnyw )2
gy.s) = [ etmomi? (e w3 /roma
1

2\ /vm 2/mvm Tnyw _sdw
— ————erfc + W —
w w 2/mvma

w
For n # 0, the function g(n, z, s) is holomorphic at s = 0, while for n = 0 we have

o 00 2
g(0,z,5) = / w_s_ldw—Zn«/W/ etmom/w? erfc(—ywm)w_s_2 dw
1 1 w

1 2/mvm 5
=— — ﬁ/ eV erfc(w) dw + O(s).
S 0
Combining this with (8.11) completes the proof of Lemma 8.5.

Lemma 8.5 now immediately gives the next result.
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Lemma 8.6. Letr € Q be the real part of the geodesic c¢(X) and write @ = ay,.. Let

flogz) = Z ae‘; (n)eZninZ/a + ZaZ_X (n)eZninE/a

nez n<0
be the Fourier expansion of f at the cusp Lyx. Then

L @ S X yz)

27i Jom
7.0 =
)/GFZX

1
= —m Z gmn,T)e (r;_r) (az; (n) +ay, (n)e4nny)
n#0

1 iT+a
_ iTra /z:iT [w(g) + w(l — 2) + 2logai|f(agx(z +r))dz
1 (1 1 2 /mom 2ymom
——2ﬁ(§log(2)+zy+log(—7, )—«/;/0 e

We consider the first term on the right hand side in Lemma 8.6.

Lemma 8.7. We have

1 . — nn
T Th_r)noo;g(n, T)e(}:x—r) (az; (n) +ag, (n)e* y)

Jo
=2 [T et aw) (St me( )
0

n<0

: erfc(w) dw)aZ{ (0).

Proof. The statement follows from erfc(¢) = O(e_tz) as t — oo and erfc(r) = 2 as

t — —00.

O
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Summarizing, in view of (8.7), using Lemmas 8.6, 8.7, and Theorem 3.3 we finally obtain
the asymptotic behavior of (8.6).

Lemma 8.8. The asymptotic behavior of

! 1
2 m /c; f(z)dzx + 3] /3MT f(Z)gan(X, T, yz)e(—m7)

as T — oo is given by

% cx Jie) dex = \1/%(10 e 210g2+41|.)/
2. /Ttvm 2
_ \/;/ e erfc(w) a’w) (aZ{ 0) + aZ‘_X (O))
0
ﬁ J—
+2JT([) e4nmw2 dw) (Z az;((n)e(nRe(aﬂ) _i_aZ—X(n)e(M))‘
n<0

Combining Lemma 8.8 with Lemma 8.4 and using Lemma 8.3 completes the proof of
Proposition 8.1!

8.2. The parabolic Fourier coefficient. Let f € H, (T'). For m = 0, note

/ £ n(r.2) du(z) = / £ du) + / S FEeoX. 1 yz) due),
Xely
X;ﬁO

where

/ @ du) = lim / £ du(z)
M T—o00 My

as in [7] and

(8.13) f &S golX, T yz)du(e)

XEL()h
X#0
D M| VCID M SRS E P
LeT\Iso(V) yel'/Ty XelNLg p
X#0
J’_
a; (0)eghby(0,h
ag (0)eghy( )logT]
VN

by (8.3). Note that b;(0, 1) = 1 if and only if 4 = 0. Otherwise by (0, i) = 0.
For Q(X) = 0, the function n(X, z) and its derivatives have no singularities in D so that
the equation
dd‘n(X,z) = ¢o(X,z)

holds everywhere. The following lemma is therefore immediate.
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Lemma 8.9. Ler f € H(;" (I). Fix a cusp L. Then for T sufficiently large we have

/ 0 Y Y eXnyndu)

yel'/Ty XelNLg p
x#0

1
=%[ - f@ Y. > mX.t.yz)

yel'/Ty XelNLg p
X0

+/3 df(z) Z Z (X,r,)/z)]

yel'/Ty XelNLy
X#0

As before, the second term on the right hand side in Lemma 8.9 vanishes in the limit. In
view of (8.13) the following proposition gives the constant coefficient in Theorem 4.1.

Proposition 8.10. Write £ N (L + h) = ZByuy + kyuy for some 0 < ky < By. Then
the asymptotic behavior as T — o0 of

— [3MTf(z> YY)

yel'/Ty XelNLg p
X #£0

is given by

ke k
—a}(0) f[log(4ﬁenv)+y+w(ﬁ) w(l—ﬂ—i)—zlogT].

Here we (formally) set ¥ (0) = —y, which is justified since —y is the constant term of the
Laurent expansion of ¥ at 0.

Proof. 'We have

o0
/
Z mnX,t,z) = Z on(nug + hy), z).
XelNLo.p n=—oo
X#0
Here Y indicates that we omit 7 = 0 in the sum in the case of the trivial coset. We can assume
that £ corresponds to the cusp oo so that uy = (g g) with 8 = By and hy = (8 ’5) for some
0 <k =ky < B. We easily see

! \/5 o 2 2 dt
—on(nXy + hy,z) = —— —n(np+k)?vNt/y? 4L\ 4
T T (f1 ‘ N

Hence

Z Z on(X,t,yz)

yel'/T¢ XelNLy p
X#0

is rapidly decaying at all cusps except oo, and for that cusp in the limit all terms in the sum
over '/ 'y vanish except y = 1.
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We set
NCR- dt
(8.14) Qi) = - % / @B+ oNt /2 s AL
2yn=—oo 1 \/;
(o,]
(8.15) = _ﬁ Z, /oo e—n(nﬂ+k)2th/y2tsﬁ
2y e Jo Vi

o
LY )N / L —nm kP oNy?s AL
2y 0 NG

n=—oo

For the first term in (8.15), we have

8.16) — — (”ﬁzvN)_sr(erl)(H(st 5)+H(zs+1 1_5))
28N y? 2 B ’ p

1 -1 nB?vN
— —Zﬂ«/ﬁ[ . —i—log(—y2 ) +2log2 +y
+ ¢(%) + lﬁ(l — %)] + O(s).

Here H(s,w) = Y poo(n + w)~* denotes the Hurwitz zeta function, where for w = 0 we set
H(s,w) = ¢(s). Then H(s,w) has a simple pole at s = 1 with constant term —y (w) in the
Laurent expansion. With our convention for ¥ (0) above, (8.16) also holds for k = 0.

For the second term in (8.15), we substitute # — % and apply the theta transformation
formula to obtain

(8.17) Z o2mink/B ,—wy>n?t/B>vN ;—s dt Jv oot_s_3/2 s

1 /00
- A SR
26VN N = R

11
= 4 2(y) + 0(s),
BN s g(y) + O(s)

for a function g with limy ., g(y) = 0. Combining (8.16) and (8.17) gives an expression
for Q(0)dz = ﬁar)(nX ¢ + hg, z) which we can easily integrate over M7 to obtain the
lemma. H
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