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Abstract

The inhomogeneous Groshev type theory for dual Diophantine approximation on
manifolds is developed. In particular, the notion of nice manifolds is introduced
and the divergence part of the theory is established for all such manifolds. Our
results naturally incorporate and generalize the homogeneous measure and dimen-
sion theorems for non-degenerate manifolds established to date. The generality of
the inhomogeneous aspect considered within enables us to make a new contribution
even to the classical theory in R™. Furthermore, the multivariable aspect considered
within has natural applications beyond the standard inhomogeneous theory such as
to Diophantine problems related to approximation by algebraic integers.
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1 Introduction

1.1 Motivation and main results

Throughout R* = (0, +0c0), | - | denotes the supremum norm, || - || is the distance to the
nearest integer and a - b := a1b; + --- + a,b, is the standard inner product of vectors
a= (ay,...,a,) and b = (by,...,b,) in R". Furthermore, ¥ : R" — R" will denote a
function such that

Ulay,...,an) = W(by,...,b,) if |a;] < |bs| foralli=1,... n, (1)
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and will be referred to as a multivariable approrimating function. In the special case
when ¥(a) = ¢(]a]) for a monotonic function ¢ : R™ — R* we simply refer to ¢ as an
approzimating function.

Given a multivariable approximating function ¥ and a function 6 : R” — R, define the

set
la-y+0(y)l < ¥(a)
for infinitely many a € Z™\ {0} |~

(2)

For obvious reasons points y in W?(W) are referred to as (¥, )-approzimable and when
U (a) = ¢(|al) we naturally write W (¢)) for WO (). In the case the function 6 is constant,
the set WY () corresponds to the familiar inhomogeneous setting within the general theory
of dual Diophantine approximation. In turn, with # = 0 the corresponding set reduces to
the homogeneous setting and is denoted by W, (¥). Note that within the homogeneous
setting, points in R™ are approximated by (n—1)—dimensional rational planes and Groshev’s
fundamental theorem [23, §2.3] in the theory of metric Diophantine approximation provides
a beautiful and simple criterion for the ‘size’ of W), (¢)) expressed in terms of n-dimensional
Lebesgue measure | . |,. Essentially, for any approximating function

Zero if D07 t"M(t) < oo,
FoL if Y2 " (t) = .

WO (D) = {y eR":

’Wn(l/}” =

n

Here ‘full’ simply means that the complement of the set under consideration is of measure
zero. Many years later, and building upon the work of Jarnik, this criterion was gener-
alized to incorporate Hausdorff measures [33]. For background, precise statements and
generalizations to the inhomogeneous and multivariable aspects the reader is refereed to
9, 11, 14, 18] and references within.

Let M be a manifold in R™. In short, our primary goal is to develop a metric theory
for the sets M N W?(¥) akin to Groshev’s theorem. The fact that the points y € R™ of
interest are restricted to M and therefore are of dependent variables, introduces major
difficulties in attempting to describe the measure theoretic structure of MNW?(¥) — even
with § = 0 and ¥ = ¢. Trivially, if the dimension of the manifold is strictly less than n
then |M|, = 0. Thus, in attempting to develop a Lebesgue theory for M N W?(¥) it is
natural to use the induced Lebesgue measure | . |, on M. Trivially, the measure of the
complement of M with respect to | . | is zero and so by definition | M| := FuLL.

In 1998, Kleinbock & Margulis [39] established the fundamental Baker-Sprindzuk con-
jecture concerning homogeneous Diophantine approximation on manifolds. As a conse-
quence, for non-degenerate manifolds |M N W, (V.)|p = 0 where ¥ (a) := |a| "¢ and
e > 0. Essentially, non-degenerate manifolds are smooth sub-manifolds of R™ which
are sufficiently curved so as to deviate from any hyperplane. Formally, a manifold M
of dimension m embedded in R" is said to be non-degenerate if it arises from a non-
degenerate map f : U — R" where U is an open subset of R™ and M := f(U). The map
f:U—>R":uw f(u) = (fi(u),..., fu(u)) is said to be l-non-degenerate at u € U if f
is [ times continuously differentiable on some sufficiently small ball centred at u and the



partial derivatives of f at u of orders up to [ span R™. The map f is [-non-degenerate
if it is [-non-degenerate at almost every (in terms of m-dimensional Lebesgue measure)
point in U; in turn the manifold M = f(U) is also said to be l-non-degenerate. Finally,
we say that f is non-degenerate if it is [-non-degenerate for some [; in turn the manifold
M = f(U) is also said to be non-degenerate. Any real connected analytic manifold which
is not contained in any hyperplane of R™ is non-degenerate.

Without a doubt, the proof of the Baker-Sprindzuk conjecture has acted as the catalyst
for the subsequent development of the homogeneous theory of Diophantine approximation
on manifolds. In particular, the significantly stronger Groshev type theorem for MNW,, ()
has been established — see [4, 24] for the zero measure criterion and [10] for the full measure
criterion. Staying strictly within the homogeneous setting, for recent developments regard-
ing the ‘deeper’ Hausdorff measure theory and the simultaneous approximation theory we
referee the reader to [2, 6, 11, 12, 15, 19, 32, 45] and references within.

Until the recent proof of the inhomogeneous Baker-Sprindzuk conjecture [16, 17|, the
theory of inhomogeneous Diophantine approximation on manifolds had remained essen-
tially non-existent and ad-hoc — see [22, 25, 46, 47]. As a consequence of the measure
results in [17] we now know that for any non-degenerate manifold M and # = constant,

IMAOW (U |p=0 ¥V e>0. (3)

Clearly, this statement is far from the desirable Groshev type theorem even for MNWY (v)).
As mentioned above, such a statement exists within the homogeneous setting. This paper
constitutes part of an ongoing programme to develop a coherent inhomogeneous theory
of Diophantine approximation on manifolds in line with the homogeneous theory. In the
case of simultaneous approximation on planar curves, the programme has successfully been
carried out in [13]. Here we deal with the dual approximation aspect of the programme.

Our first result provides a zero Lebesgue measure criterion for M N W?(¥). It rep-
resents the complete inhomogeneous version of the main result of [24] and it implies (3)
without imposing the condition that the ‘inhomogeneous’ function ¢ : R" — R is constant.
Throughout, 0|, will denote the restriction of the inhomogeneous function 6 to M and as
usual, O™ will denote the set of n-times continuously differentiable functions.

Theorem 1 Let M be an l-non-degenerate manifold in R™ (n > 2) and 0 : R — R be a
function such that 0|, € CU. Let U be a multivariable approzimating function. Then

Wi N M|, =0 if > U(a) < o (4)

aczZn\ {0}

For the divergence counterpart, we are able to prove the more general statement in
terms of s-dimensional Hausdorff measure H®. However, there is a downside in that we
impose a ‘convexity’ condition on ¥ which we refer to as property P. For an n-tuple



v = (vy,...,v,) of positive numbers satisfying v; + - - - + v, = n, define the v-quasinorm
| - |v on R™ by setting
1/’[)1'

[Ylv = max [y

A multivariable approximating function W is said to satisfy property P if ¥(a) = ¢(|aly)
for some approximating function 1 and v as above. Trivially, with v = (1,...,1) we have
that |aly = |a| and we see that any approximating function v satisfies property P.

Theorem 2 Let M be a non-degenerate manifold in R™ (n > 2) of dimension m and let
s>m—1. Let 0 : R” — R be a function such that 0|y € C® and U be a multivariable
approximating function satisfying property P. Then

wow@nm -ty Y el (M) e

acZ"\{0} |a’

The above theorem will be derived from a general statement which significantly broad-
ens the scope of potential applications and is of independent interest. Given a manifold
M C R", an n-tuple v = (vq,...,v,) of positive numbers satisfying v; + -+ + v, = n,
0>0and Q > 1, let

0, (Q, ) = {y e M:3aeZ"\ {0} such that |la-y| < Q" and |a|, < Q}.

As a consequence of Dirichlet’s theorem, ®,(Q, ) = M if § > 1. We say that the manifold
M is v-nice at yy € M if there is a neighborhood €2 C M of yy and constants 0 < §,w < 1
such that for any ball B C (2 we have that

lim sup [®,(Q,8) N Blu < w|Bly.

Q—o0

The manifold is said to be v-nice if it is v-nice at almost every point in M. Furthermore,
the manifold is said to be nice if it is v-nice for all choices of v.

Theorem 3 Let M be a v-nice C® manifold in R™ of dimension m and let s > m—1. Let
0 :R™ — R be a function such that 0|, € C® and ¥(a) = v(|aly) for some approzimating
function 1. Then

H W) N M) =HI (M)  if > al (E) BN,

aczZn\{0} la

A consequence of Lemma 4 in §3.1 is that non-degenerate manifolds are nice. Thus

Theorem 3 == Theorem 2.



1.2 Remarks and Corollaries

Remark 1. For s < m, the non-degeneracy of M in Theorem 2 can be relaxed to
the condition that there exists at least one non-degeneracy point on M. Also, note that
H*(M) = oo when s < m.

Remark 2. Tt follows from the definition of Hausdorff measure that H*(W? () N M) <
H* (M) = 0 for any s > m irrespective of W. Thus the meat of Theorem 2 is when s < m.

Remark 3. To the best of our knowledge, Theorem 2 with M = R"™ and 6 # constant is
new. In other words, the theorem makes a new contribution even to the classical theory of
Diophantine approximation of independent variables.

Remark 4. We suspect that Property P imposed in the statement of Theorem 2 can be
safely removed. This constitutes a challenging problem even in the homogeneous case.

Remark 5. Consider the problem of Diophantine approximation on the Veronese curves
M = {(z,2?,...,2") : * € R}, where n > 2. Take 0(z,...,2") = 2", Then the
inequality in (2) becomes

‘;,;"*1 +apx” + o Fajx+ ao’ < ‘Ij(a)'

Clearly the function 6 as defined above is C(®). In the case when ¥(a) = 1(|a|) the
corresponding divergence results have been proved by Bugeaud [30] and the corresponding
convergence results by Bernik & Shamukova [26, 44]. Theorems 1 and 2 naturally extend
their results to the case of multivariable approximating functions W.

We now discuss various corollaries of our main theorems which are of independent
interest. The following statement is a direct consequence of Theorem 2 and the fact that
any approximating function v satisfies property P.

Corollary 1 Let M be a non-degenerate manifold in R™ of dimension m and s > m — 1.
Let 6 : R™ — R be a function such that 0|y € C® and 1 be an approzimating function.
Then

H W () N M) = H(M)  if ot (@) %:oo

In the case of curves this corollary was first established in [1]. In the case s = m, the
Hausdorff measure H® is comparable to the induced m-dimensional Lebesgue measure
| . |m on M and Corollary 1 represents the complete inhomogeneous version of the main
result of [10]. Furthermore, Theorem 1 together with Corollary 1 provides a simple criterion
for the ‘size’ of WY (1)) N M expressed in terms of the induced measure; i.e. the desired
inhomogeneous Groshev type theorem for manifolds. More precisely and more generally,
under the hypotheses of Theorem 1 we have that for any ¥ satisfying property P

Wiy nM|,, =
Ml if ZaEZ”\{O} ¥(a) = oo.



In the case s < m, Corollary 1 naturally generalizes the homogeneous result of [11, Theorem
18]. Tt is worth stressing that even with 6§ = 0, Theorem 2 can be regarded as develop-
ing the homogenous theory of Diophantine approximation on manifolds by incorporating
multivariable approximating functions.

Given an approximating function 1, the lower order 7, of 1/1 is defined by

—1 t
Ty = liminf —los ()
t—o0 logt

and indicates the growth of the function 1/1) ‘near’ infinity. With this definition at hand,
it is relatively easy to verify that the divergent sum condition of Corollary 1 is satisfied
whenever s < m—1+(n+1)/(7y +1). It follows from the definition of Hausdorff measure
and dimension that dim(W?(y) N M) > s if H*OWS(¢) N M) > 0 and H*(M) > 0 if
s < dim M. Thus, Corollary 1 readily yields the following inhomogeneous version of the
dimension result of [32].

Corollary 2 Let M be a non-degenerate manifold in R™ of dimension m and 6 : R* — R
be a function such that 0|y € CP. Let ¢ be an approzimating function such that n <
Ty < 00. Then

1
dim W/ ()N M > m—14+200 (5)
Ty + 1
In the case that § = constant and () := t~7 with 7 > n, this dimension statement

corresponds to the main result of [27]. However, Corollary 1 implies the stronger measure
statement that H¥(WY(¢) "N M) = oo at s = m — 1+ (n + 1)/(7 + 1) which in all
likelihood is the critical exponent. In a wider context, it would not be unreasonable to
expect that the above lower bound for dim WY(¢)) N M is in fact sharp. Even within
the homogenous setting, establishing equality in (5) represents a key open problem. To
date the homogeneous problem has been settled by Bernik [20] for Veronese curves and
by R.C.Baker [3] for non-degenerate planar curves. For non-degenerate curves in R™ the
current results are limited to situation that 7, < n + ﬁ — see [8]. Most recently, the
inhomogeneous version of Baker’s result has been established in [1]. In other words, if M
is a non-degenerate planar curve then in (5) we have equality.

1.3 Possible developments

Affine subspaces. The homogeneous Groshev type theorems are established for lines passing
through the origin in [7] and for hyperplanes in [37]. It is likely that the techniques
developed in this paper can be used to extend these results to the inhomogeneous setting.
Note that affine subspaces are degenerate everywhere and so Theorems 1 & 2 are not
applicable. It is worth mentioning that the general case, in which the dimension of planes
is arbitrary, is unresolved even in the homogeneous setting — see [38] for further details.
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Manifolds in affine subspaces. By definition, any manifold contained in a proper affine sub-
space of R™ is degenerate. Nevertheless the ‘extremal’ theory of homogeneous Diophantine
approximation for such manifolds has been developed in [38]. A natural problem is to
develop the analogous inhomogeneous theory and more generally obtain a Groshev type
theory. For the same reason as above, Theorems 1 & 2 are not applicable in this setting.

The p-adic setting. The homogeneous Groshev type theorems have recently been estab-
lished in [41, 42] for the ‘S-arithmetic’ setting. This builds upon the ‘extremality’ results
of Kleinbock and Tomanov [40] and includes the more familiar p-adic case. In all like-
lihood the techniques developed in this paper can be used to extend the homogeneous
S-arithmetic results to the inhomogeneous setting. For inhomogeneous p-adic results re-
stricted to Veronese curves see [22, 29, 46].

The non-monotonic setting. By definition, any approximating function v is monotonic.
Thus, monotonicity is implicitly assumed within the context of the classical Groshev theo-
rem as stated in §1.1. Recently in [18], this classical result has been freed from all unneces-
sary monotonicity constraints. Naturally, it would be highly desirable to obtain analogous
statements for Diophantine approximation on manifolds. This in full generality is a difficult
problem. Even in the case ¥(a) = ¢ (]a|), to remove the implicit monotonicity assumption
from Theorems 1 & 2 is believed to be currently out of reach. For homogeneous convergent
Groshev type results without monotonicity but restricted to non-degenerate curves in R"
see [5, 28]. In the first instance it would be interesting to extend these homogeneous results
for curves to the inhomogeneous setting.

1.4 Global assumptions and useful conventions

In the course of proving our results we will conveniently and without loss of generality
assume that the manifold M under consideration is immersed in R" via a smooth map
f = (fi,...,fa) : U — R" defined on a ball U C R™. Thus, M = {f(x) : x € U}.

Furthermore, in view of the Implicit Function Theorem we can assume that
fix) =z for i=1,...,m.

In other words, f is a Monge parameterisation of M. Note that this implies that f is locally
bi-Lipschitz.

Let Ag(¥, 0) denote the projection of WY (W) N M onto U; that is
Ae(0,0) = {x e U : f(x) e Wi(T)}.
Thus, a point x € Ag(¥,0) if and only if the point f(x) € M is (¥, f¢(x))-approximable

with f¢(x) := 0(f(x)). For convenience and clarity we will drop the subscript from 6.
In the case when W(a) = v(]a|) for some approximating function ¢ we write Ag (1), 0) for



A (¥, 0). A consequence of the fact that f is locally bi-Lipschitz is that Theorems 1-3 can
be equally stated in terms of Ag(V,6). Indeed the proof of the theorems will make use of
this alternative formulation.

In the case of Theorem 1 the functions f and 6 are CW. Thus we can assume without
loss of generality that there is a constant Cy > 0 depending only on U, f and # such that

£(0) < (@) < Cp.
max ilelgl ()l<Co  and  max ilég!@ (x)] < Co (6)

In the case of Theorems 2 & 3 the functions f and 6 are C'® and therefore without loss of
generality we can assume (6) with [ = 2.

Notation. The Vinogradov symbols < and >> will be used to indicate an inequality with
an unspecified positive multiplicative constant. If a < b and a > b we write a < b, and
say that the quantities a and b are comparable. We denote by B = B(x, ) the ball centred
at x € R™ with radius r. For any real number A > 0, we let AB denote the ball B scaled
by a factor \; i.e. AB(x,r) := B(x, \r).

2 The convergence theory

The goal is to prove Theorem 1. Thus, throughout ¥ is a multivariable approximating
function satisfying the convergent sum condition

Z U(a) < c0. (7)

acZ"\{0}

In view of the discussion of §1.4 the goal is equivalent to establishing |Ag(V,0)|,, = 0.
Note that the set Ag(¥,0) can be written as

Af(\:[jae) = limsupAf(a,\I/,Q) = ﬂ U Af(aa\llue)v (8)
la|—c0 h=1 |a|>h

where

A(a, 0,0) == {x e U:[a f(x)+0(x)] < ¥(a)}.

For each a € Z™ \ {0} it is convenient to decompose the set Ag(a, ¥, ) into the following
two subsets

A(a,0,0) = {x € Aa,0,0) : [V(f-a+0)(x)| >Clal'?} (9)

and
A}(a,0,0) = {x € Aa,V,0) : |V(f-a+0)(x)| <Ci|a?}. (10)



Here V as usual denotes the gradient operator and
C1 =/ (n+ 1)mC (11)
where Cj is as in (6). Obviously
A (W, 0) = A (V,0) U AZ(D,0),

where

AL(W,0) = limsup Aj(a, ¥, 0) ﬂ UAZa\IJQ (1=1,2).

la|—o0 h=1 |a|>h

The desired statement that | Ag(¥, )|, = 0 will follow by establishing the separate cases:
Case A |AHY,0)|,, =

Case B |A}(7,0)|,, = 0.

2.1 Establishing Case A

The aim is to show that | A} (P, 0)|,, = 0. This will follow as a consequence of Theorem 1.3
from [24] which is now explicitly stated using slightly different notation.

Theorem 4 (Bernik, Kleinbock & Margulis) Let B C R™ be a ball of radius r > 0
and let g = (g1,G2, - ., gny1) € CP(2B). Fiz § > 0 and suppose that

0’g(x)

L:= lglgiicm)r(xé%}é D20 < 00. (12)
Then for every q € Z" such that
o > (13)
4= 4(n+1)Lr?
the set of x € B satisfying the system of inequalities
lg(x)-all < 4
(14)

Ve(x)-q > ((n+D)mL|q|)"

has measure at most K 0|B|,,, where K is a constant depending only on m.



With the above theorem at our disposal, consider any non-empty open ball B such that
2B CU. Letg = (f1,f2,---, fn,0) and q = (ay, ... an, 1) wherea = (ay,...,a,) € Z"\{0}.
Then, in view of (6), we have that (12) is automatically satisfied. Furthermore, (13) holds
for all except finitely many a € Z"\{0}. In view of (6) and (11), the lower bound inequality
of (14) is implied by the inequality associated with (9). Therefore, A}(a,¥,0) N B is
contained in the set defined by (14) with ¢ := ¥(a). It now follows via Theorem 4, that

|AN(a, T, 0) N B, < U(a)

where the implied constant is independent of a. This together with (7) and the Borel-
Cantelli lemma readily implies that |A}(¥,0) N B|,, = 0. Now simply observe that the
open balls B such that 2B C U cover the whole of U. The upshot is that | A} (Y, 6)],, = 0
as required.

2.2 Preliminaries for establishing Case B

Establishing Case B relies upon the recent transference technique introduced in [17] and
the properties of (C, a)-good functions introduced by Kleinbock & Margulis in [39].

2.2.1 Good functions

The following formal definition can be found in [39].

Definition 1 Let C' and « be positive numbers and f : V' — R be a function defined on
an open subset V' of R™. Then f is called (C,«a)-good on V if for any open ball B C V'
and any € > 0 one has that

{veB /@) < e suwplf@)}

r€B

< Ce®|Blp. (15)

m

We now recall various useful properties of (C, a)-good functions.

Lemma 1 (|24, Lemma 3.1])

(a) If f is (C,«)-good on V' then so is vy f for any v € R.
(b) If f and g are (C,«)-good on V then so is max{|f]|,|g|}-

(c) If f is (C,a)-good on V then f is (C',a')-good on V' for every C' > C o’ < a and
V' CV.

(d) If f is (C,«)-good on V and c¢; < '\ﬁi,f))\' < ¢y forallx € V, then g is (C(ca/c1)*, a)-
good on V.

10



The next lemma is the key tool for establishing that a given function is (C, «)-good. The
following notation is needed to state the lemma. An m-tuple § = (f,..., () of non-
negative integers will be referred to as a multiindex and we let |3| := ;1 + - - + B Given
a multiindex [, let

o8l

k
:W and 8;“:— 4
T xmm

Lemma 2 ([24, Lemma 3.3]) Let U be an open subset of R™ and let g € C*®(U) be
such that for some constants Ay, Ay > 0

0s9(x)| < A1V 3 with |B] <k, (16)

and

0Fg(x)| > Ay Vi=1,...,m (17)

for allx € U. Also let V' be a subset of U such that whenever a ball B lies in V any cube
circumscribed around B is contained in U. Then g is (C, %)—good on V for some explicit
positive constant C' depending on Ay, As, m and k only.

The following proposition® is a generalization of Proposition 3.4 from [24].

Proposition 1 Let U be an open subset of R™, xo € U and let F C CO(U) be a compact
family of functions f : U — R for some l > 2 . Assume also that

inf B > 0. 18
inf max |95(xo)l (18)

Then there ezists a neighborhood V- C U of xo and positive constants C' and § satisfying
the following property. For any © € CO(U) such that

sup max |030(x)| < 9 19
xeg 18It | v ()| ( )

and any f € F we have that

(a) f+© is (C,2)-good on V,

(b) [V(f+0)] s (C, ﬁ_l))—good onV.

'In Proposition 1 we assume that F is compact. This assumption is not made in Proposition 3.4 of
[24] although it is used in its proof. Note that the compactness of F does not follow from the assumption
that {Vf : f € F} is compact. In fact, the family F defined in Corollary 3.5 of [24], which is the main
application of [24, Proposition 3.4], is not compact. The proof of the corollary as given in [24] is therefore
incomplete. Nevertheless, the corollary as stated is correct. These issues are carried over unaddressed into
Theorem 4.5 of [41]. In this paper the issues are addressed by our Proposition 1 and Corollary 3.

11



Proof. The proof is a modification of the ideas used to establish Proposition 3.4 in [24].
First of all note that in view of (18), there exists a constant C; > 0 such that for any
f € F one can find a multiindex § with 0 < |3| = k < [, where k = k(f), such that

193 (x0)] = C. (20)

Since the number of different (’s is finite, without loss of generality we can assume that 3
appearing in (20) is the same for all f € F. By an appropriate rotation of the coordinate
system one can ensure that

10F f(x0)| = Cs (21)

for all i = 1,...,m and some positive Cy independent of f. Here  denotes differentiation
with respect to the rotated coordinate system. Also, by (19) there exists a constant ¢ =
c(l) > 1 such that

sup max |0 < . 22
sup max [3,0/(x) )

Now take § := Cy/(2¢). Then, by (21) and (22), for any f € F we have that
05(f +O0)(x0)| =0 foralli=1,....m

Then, by the continuity of derivatives of f + © and the compactness of F, we can choose
a neighborhood V' C U of xq and positive constants A;, As independent of f such that
(16) and (17) with @ replaced by d hold for all x € V' and all ¢ = f + ©. Finally,
let V' be a smaller neighborhood of x¢ such that whenever a ball B lies in V', the cube
B circumscribed around B is contained in V’. Then, on applying Lemma 2 establishes
part (a) of Proposition 1.

Regarding part (b), first assume that k£ appearing in (21) is at least 2. Since F is
compact and differentiation is a continuous map from CW(U) to CU=1(U), we have that
foreveryi=1,...,m

Fi = {('if . f€F} s compact in c=V. (23)

In view of the definition of F condition (18) holds when [ is replaced by { — 1 and F
is replaced by F;. Therefore, the arguments used to prove part (a) apply to F; and
we conclude that for every f € F; the function 0;(f + ©) is (C’ (11 1))—good on some

neighborhood V; of xo. It follows via Lemma 1, that |V(f + ©)] is (é, m(l 1 )-good with

C = max;C;, V = N;V; and f € F. Naturally, V denotes the gradient operator with
respect to the rotated coordinate system. Now simply notice that the quantity

V(/f +O)(x)|
V(7 + O))

for all x € V is bounded between two positive constants. Hence, by making use of part
(d) of Lemma 1 we obtain the statement of part (b) of Proposition 1.

12



It remains to consider the case when k appearing in (21) is equal to 1. Let A;, Ay and V
be defined as in the proof of part (a) above. Then,

Ay <|V(f+0)x)| <A, forallxeV. (24)

In view of part (d) of Lemma 1 and the definition of (C,a)-good functions, to complete
the proof it suffices to verify that

{xe B : [V(f(x) +6(x))| <e suwp |V(f(y) +O))}

yeB

1
A\ =T
) < (A—;) e™1|Bl, (25)

for any positive € and any B C V. Firstly, note that if ¢ > Ay/A; then the r.h.s. of (25)
is at least |BJ,, and so (25) is obviously true. Thus, suppose that ¢ < Ay/A;, Then in
view of (24), the set on the Lh.s. of (25) is empty and again (25) is trivially satisfied. This
thereby completes the proof of the proposition. O

Corollary 3 Let U be an open subset of R™, xq € U and let £ = (f1,...,fn) : U — R"
be l-nondegenerate at xo for somel > 2. Let 0 € C(l)(U). Then there exists a neighborhood
V C U of x¢ and positive constants C and Hy such that for any a € R™ satisfying |a| > Hy

(a) ap+a-f+0is (C,=2)-good on V for every ag € R, and
b) |[V(a-f+6)|is (C,—1—=)-good on V.
m(l—1)

Proof. To start with choose the neighborhood V' C U of x so that f and € are bounded
on V. Then there exists a positive constant K such that

sup [f(x)| < K/(n +1) and sup |0(x)| < K/(n+1). (26)

xeV xeV

Let f be the function given by f(x) := ag + a- f(x) 4+ 6(x). Assume for the moment that
lag| = 2K |a|. Then, on using (26) we find that

sup F(x)| < 3 inf | ()] (27)
x€B xe

for any ball B C V. Therefore, if ¢ < 1/3 then the set on the Lh.s. of (15) is empty and
(15) is trivially satisfied with any positive C' and «. On the other hand, if € > 1/3, then
(15) is obviously true for any C' > 3 and any positive a < 1. The upshot is that part (a)
of the corollary holds for any C' > 3 and 0 < o < 1 whenever |ag| > 2K |a|. Thus, without
loss of generality we will assume that |ao| < 2K|al.

Let F be the collection of functions of the form c - f(x) 4 ¢g, where ¢ € R" such that
lc| =1 and |¢y| < 2K. Using the compactness of the set

{ceR":|c| =1} x {co €R: |co| < 2K},

13



one readily verifies that F is compact in C(U). This together with the fact that f
is non-degenerate at x ensures that F satisfies (18). Next note that by shrinking the
neighborhood V' of x; if necessary, we have that

sup max |0g0(x)| < M
Sup 1 10561
for some positive constant M. Now let C' and § be the contants associated with Proposi-

tion 1 and let
HO = M/(S

Consider an arbitrary vector a € R" with |a| > Hy and any real number ay such that
lag| < 2K |a|. Then, O given by ©(x) := (x)/|a| satisfies (19) and

fix— f(x):=|a] (a + f(x) - a)

belongs to the compact family F. In view of Proposition 1, the function f + © given by
f(x)+0O(x) = |a| *(ap + f(x) - a+ 0(x)) satisfies the desired conclusions of the corollary.
The assertions for the function without the |a|~! multiplier are a simple consequence of
part (a) of Lemma 1. O

Proposition 2 Let U, xg and F be as in Proposition 1 and suppose that (18) is valid.
Then for any neighborhood V- C U of xq, we have that

inf su x)| > 0.
inf sup )

Proof. In view of (18) it follows that || f||v := supyey |f(x)| > 0 for every f € F and
any neighborhood V' C U of xy. The map f + || ||y is continuous with respect to the C*)
norm. By the compactness of F, we have that infcx || f||v = || fo||v for some fy € F. The
claim of the proposition now follows on combining these facts. O

Corollary 4 Let U, xq, f and 6 be as in Corollary 3. Then for every sufficiently small
netghborhood V- C U of xg, there exists Hy > 1 such that

inf sup |ap +a- f(x) + 0(x)| > 0.
(a,a0)€ER™! xeV
|a|>Ho

Proof. Consider any neighborhood V' C U of x for which the inequalities given by (26)
are satisfied for some K > 0. Let f denote the function given by f(x) := ap+a-f(x)+60(x).
Notice that if |ag| > 2K |a|, then in view of (26) it follows that

sup |f(x)] > KHy>K >0

xeV

for any (a,ag) € R™™! with |a| > Hy > 1 and |ag| > 2K|a|. Thus for the rest of the proof
we may assume that |ag| < 2Kal.

14



As in the proof of Corollary 3, let F be the collection of functions of the form c - f(x) + ¢,
where ¢ € R™ such that |c| = 1 and |cy| < 2K. Then F is a compact subset of C)(U) and
since f is non-degenerate at xq, we have that F satisfies (18). Thus, Proposition 2 implies
that M :=infsecr supyey |f(x)| > 0. Therefore, for any (a,a¢) € R*™ with |a] > Hy > 1
and |ag| < 2K|al we have that

sup |ag +a-f(x)| > M H,. (28)
xeV
Now take Hy > max{1, K/M}. Then, by (26) and (28) it follows that
sup |ag+a-f(x)+0(x)| > MH,/2
xeV

and this completes the proof of the corollary. O

2.2.2 Inhomogeneous Transference Principle

In this section we describe a simplified version of the Inhomogeneous Transference Principle
introduced in [17, Section 5]. The simplified version takes into consideration the specific
applications that we have in mind. Throughout, V' denotes a finite open ball in R™ and u
is m-dimensional Lebesgue measure restricted to V. Clearly the support of u is the closure
V of V. For consistency with the notation used in [17], will be write S for V.

Let T and A be two countable ‘indexing’ sets and let H and I be two maps from
T x A x R* into the set of open subsets of R™ such that

H : (t,a,e) — He(a,e) and I (t,a,e) = Li(a, ). (29)

Let ® denote a set of functions ¢ : T — RT. For ¢ € ®, consider the lim sup sets

A1(¢) := limsup U Li(a, 0(t)) and An(¢) := limsup U Hi(a, o(t)). (30)

teT acA teT wed

The following two key properties enables us to transfer zero y-measure statements for the
‘homogenous’ limsup sets Ap(¢) to the ‘inhomogenous’ lim sup sets Ar(¢).

Intersection Property: The triple (H, I, ®) is said to satisfy the intersection property if
for any ¢ € ® there exists ¢* € ® such that for all but finitely many t € T and all distinct
a, o € A

L(a, ¢(8)) N1e(c, 6(t)) € [ Hela”,67(t)). (31)

a’e A

Contracting Property: We say that p is contracting with respect to (I, ®) if for any
¢ € ® there exists ¢ € ® and a sequence of positive numbers {k }ter such that

Z ki < oo (32)

teT
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and for all but finitely many t € T and all o € A there exists a collection C}, of balls B
centred in S satisfying the following three conditions:

SNI(a c U B (33)
BeCt,a
Sn |J Bcl(a,¢"(t) (34)
BeCt,a
and
n(5B Ng(er, (t))) < ke n(5B). (35)

The following transference theorem is an immediate consequence of [17, Theorem 5.

Theorem 5 Suppose that (H,1, ®) satisfies the intersection property and p is contracting
with respect to (1, ®). Then

Voed uAu(9) =0 = Voed u(A(g)) =0. (36)

2.3 Establishing Case B

Recall that out aim is to show that [AZ(¥,0)|,, = 0, where ¥ satisfies (1) and (7). Using
(1) and (7) one readily verifies that

T(a) < ¥y(a H la;| ! (37)
aﬁéO
for all but finitely many a € Z". Therefore,

and so it suffices to show that |A%(¥y,0)|,, = 0. With reference to the inhomogeneous
transference framework of §2.2.2, let T := (Zs)" and A := Z"\{0} x Z. Define the
auxiliary function r : T — R by setting

=/2(n+1)mC, - 2t/2 (39)

where Cj is as in (6). Then, given ¢ > 0, t € T and a = (a,ay) € A, let

lag+a-f(x)+0(x)] < e¥y(2Y)
Li(a,e) :=¢xeU: |V(ia-f(x)+0(x)) < er(t) (40)
2t < max{1,|a;]} < 28t (1 <i<n)
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and

lag +a-f(x)] < 2e¥y(2%)
Hi(a,e) :=¢xeU: [|V(a-f(x))] < 2er(t) (41)
la;] < 242 (1<i<n)
where 2% := (2)... 2). This defines the maps H and I — see (29). Furthermore, given
b € R, let ¢5: T — RT be given by
¢s(t) =201 (42)
and let
CID::{(;S(; : 0<(5<l}.

4

For any 0 € [0,1/4), it follows that
AF (W, 0) C Ar(¢5)

where Aj(¢s) is the ‘inhomogenous’ lim sup set as defined by (30). Therefore, in view of
(38), to establish Case B it suffices to show that

|A1(¢s)lm =0 for some § € [0,1). (43)

With this in mind, let xy be any point in U at which f is [-non-degenerate and let V' be a
sufficiently small open ball centred at xq such that Corollary 3 and the following statement
are valid on V.

Theorem 6 ([24, Theorem 1.4]) Let xg € U and f : U — R™ be l-nondegenerate at
Xo. Then there exists a neighborhood V. C U, of xq satisfying the following property. For
any ball B C 'V there exist E > 0 such that for any choice of real numbers w, K, Ty,...,T,
satisfying the inequalities

KT, --T,
O<w<l, T,...T,>1 K>0 and 2217y
max; 15
the set
[f(x)-al| <w

S(w,K,Ty,...,T,) =< x € B :3qe€Z"\{0} such that |Vf(x) -q| < K
gl <T; (1<i<n)

1
has m-dimensional Lebesgue measure at most E e=@=1|B|,,, where

WKTy - T, \ 7
= _— : 44
€ = max (w, ( — ) ) (44)

17



Furthermore, let © be m-dimensional Lebesgue measure restricted to V. Since f is [-non-
degenerate almost everywhere, the desired statement (43) follows on showing that

11(A1(¢s)) =0 for some é € [0, 1) (45)

For this, we make us of the Inhomogeneous Transference Principle. Indeed, suppose for the
moment that (H, I, ®) satisfies the intersection property and p is contracting with respect
to (I, ®). Then, in view of Theorem 5, to establish (45) it suffices to show that

p(Au(ds) =0 Voel0,]). (46)

Armed with Theorem 6, it is relatively painless to establish (46). Fix any ¢ € [0,1/4) and
notice that in view of (41) it follows that

U He(e. 65(t) = S(w, K. T, ..., Ty,)
acA
with
w=2¢s5(t)VUo(2"), K =2¢s5t)r(t) and T, =24 (1<i<n).
Using the explicit values of Wy (2%), r(t) and ¢;(t) given by (37), (39) and (42) respectively,
we find that the quantity e defined by (44) satisfies

(1/2—26)

e 2wt It

Therefore, Theorem 6 implies that

U He(o0s(t) | <27 (47)

acA

m

(1/2—24)

D ED) is a positive constant. The upshot is that

where v :=

Z | Uaea He(a, 95(t)) [, < Z 27718 < 00,

teT tezn

which together with the Borel-Cantelli lemma implies the desired zero measure statement
n(Au(¢s)) = 0.

It remains to verify the intersection and contracting properties.

18



2.3.1 Verifying the intersection property
Let t € T with |t| > 2 and suppose that
X &€ It<aa ¢6(t)) N It(alv ¢5(t))

for some distinct o« = (a, ag) and o/ = (a’,af)) in A. Then, by (40) and (41) we have that

{ lag +a-f(x) +0(x)] < ¢s(t) ¥o(2Y)
lap+a’ - f(x) +0(x)] < ¢s(t) Up(2°)
{ [V(a-f(x) +0(x))| < &s(t) r(t)
V(@' £(x) +0(x))| < os(t) r(t)
and
la;| < 24T (1<i<n)
lal] < 24T (1<i<n),
where (aq,...,a,) = a and (a},...,a,) = a’. Subtracting the first inequality from the

second within each of the above three systems gives

lag +a” - £(x)] < 2¢5(t) Wo(2°)
)

V(@"-£(x))] < 205(t) r(t (48)
la?| < 2tt2 (1<i<n),
where a” = (af,...,a)) := a’ —a and q := aj — ap. Regarding the first of the above

inequalities, by (37) and the definition of ®, we have that ¢;(t) ¥y(2¢) < 277/t Suppose
for the moment that a” = 0. Since a, o’ € A are distinct, we must have that aj # ay and
S0

a4 £(3)| = Ja| > 1.

However, for any t with |t| > 2, this contradicts the first inequality of (48). Hence a” # 0
and it follows that o” € A. The upshot is that x € H¢(a”, ¢5(t)) and therefore (31) is
satisfied with ¢* = ¢s. This verifies the intersection property.

2.3.2 Verifying the contracting property

To start with recall that V' is a sufficiently small open ball such that Corollary 3 is valid
on V. Thus, there exist positive numbers Hy and C' such that for any t € T and o =
(a,a0) € A satisfying |a|] = Ho both ag+a-f+6 and |V(a-f + 6| are (C, ;)-good on 5V.
In turn, by Lemma 1, for any t € T and o = (a, ay) € A satisfying |a] > Hy we have that

Fiq is (C, -5)-good on 5V, (49)
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where F¢, : U — R is the function given by
Fia(x) i= max { 5 (2)7(8)|ag +a - £(x) + 0(x)], [V(a-£(x) +0(x))] }.
Notice that the first two inequalities of (40) are equivalent to the single inequality
Fi.(x) <er(t).
Therefore, by definition
L(a,e) ={xeU : Feo(x) <er(t)} (50)

if

2 < max{1, |a;|} < 24! (1<i<n). (51)
Obviously, if (51) is not fulfilled then I¢(a,e) = 0 irrespective of e.

Next, given ¢5 € P let
¢; = %(54&)-

Clearly, ¢; also lies in ®. It is easily seen that ¢s5(t) < ¢ (t) for all t € T and therefore
Ie(a, d5(t)) C Le(av, @5 (t)). (52)

We now construct the collection Cy . of balls centred in V' that satisfy the conditions
(33)-(35) for an appropriate sequence ki. If Ii(ar, ¢5(t)) = 0, the collection Cy, = 0
obviously suffices. Thus, we can assume that (51) is satisfied and so It(«, €) is defined by
(50). By (37) and the definition of @, it follows that

Te(c, 6f (8)) C {x € U : Jag +a - £(x) + A(x)| < 271lt}.

As already pointed out above, ag+a-f+ 0 is (C, %)—good on 5V for all sufficiently large
|al. Therefore, by the definition of (C, a)-good (Definition 1) and Corollary 4 we have that

Te(o, 7 () N V] < [{x €V :]ag+a-f(x) +0(x)] <271},
< 27 V],
whenever |t| is sufficiently large. Hence,

Li(a, 95 (t)) ¢ V' for all sufficiently large [t]. (53)

By (52) and the fact that Ii(«, ¢f (t)) is open, for every x € SN Ii(a, ¢5(t)) there is a ball
B’(x) centred at x such that

B'(x) C L(a, ¢4 (t))- (54)
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On combining (53), (54) and the fact that V' is bounded, we find that there exists a scaling
factor 7 > 1 such that the ball B = B(x) := 7B’(x) satisfies

SN B(x) C Ii(«, (bj{(t)) ¢ SN5B(x) (55)
and
5B(x) C 5V. (56)

We now let
Cro ={B(x) : xeSNL(a,¢s5(t))}.

Then, by construction and the Lh.s. of (55), conditions (33) and (34) are automatically
satisfied. Regarding condition (35), consider any ball B € Ci,. By (50) and the r.h.s. of
(55), we have that

sup Feo(x) = sup Foa(x) = of (t) r(t). (57)
x€5B x€5BNS
On the other hand,
sup Fio(x) < ¢5(t) (t). (58)

x€5BNIg(ev,¢5(t))

Then, in view of the definitions of ¢s, ¢7 and r(t), we obtain via (57) and (58) that

sup Fio(x) < 9-3(1-9)lt| sup Fy o(x). (59)
x€5BNL (e, ¢5(t)) x€e5B

Now notice that since (51) holds, we have that |a| > Hy for all t € T with |t| sufficiently
large. Thus, whenever |t| is sufficiently large, (49) is valid which together with (56) and
(59) implies that

55 01 0(t))| < |[{x €58 [Fua(x)] <2730 sup, o Fua (%)}

m

< C27I|5B|,, (60)

where 0* := %(i —9) # > 0. On using the fact that B is centred in V' C S, we have that
15B|m < ¢mp(bB) for some constant ¢, depending on m only. Hence (60) implies that for

all but finitely many t € T
(5B NI (a, 5(t))) < 15BN IL(av, ds(t))|m < enC27 M u(5B).

This verifies (35) with
ki := cmCQ_‘S*‘t' i

Furthermore, it is easily seen that the convergence condition (32) is fulfilled. The upshot
is that all the conditions of the contracting property are satisfied for the collection Ct , as
defined above.
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3 The divergence theory

The goal is to prove Theorems 2 & 3. Thus, throughout s > m —1 and ¥ is a multivariable
approximating function satisfying property P and the divergent sum condition

a Zzn\:{o} 8 (%)mm - (61)

Without loss of generality, we will assume that the vector v = (vy,...,v,) appearing in
the definition of property P satisfies

v = |v| = max [v;]. (62)

3.1 Theorem 3 = Theorem 2

We will need the following technical lemma.

Lemma 3 Let p be a finite doubling Borel reqular measure on a metric space (X,d) such
that X can be covered by a countable collection of arbitrarily small balls. Let f : X — R
be a uniformly continuous bounded function and let v be a measure on X given by

v(4) = / f(z)dp(z) (63)

for every measurable set A C X. Let {Sg}qgen be a sequence of measurable subsets of X
and 0 < w < 1 be a constant. Suppose that for every sufficiently small closed ball B C X

limsup pu(SgNB) < wp(B). (64)

Q—oo
Then for every measurable set W C X

limsup v(SoNW) < wy(W). (65)

Q—o0

Proof. Let W be any measurable set in X. For every ¢ > 0 and d > 0 there is a finite
collection C. 5 of disjoint closed balls with radii < 4 such that

W(WAW.;) < e, (66)

where AAB = (A\ B)U(B\ A) and W, := Upce, , B- The latter is a consequence of [36,
Theorem 2.2.2] and the discussion of [11, p.28]. Since f is bounded, there is a constant
C > 0 such that v(A) < Cu(A) for every measurable set A. Therefore, (66) implies that

V(WAW. 4) < Ce. (67)
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For every B € C.5 let sp := sup,cp f(x). Since f is bounded, sp < co. Next, since f
is uniformly continuous, for every ¢ > 0 there is a 6 > 0 such that for every B € C. 5

0<sg— f(xr)<e forallzeB. (68)

Since C. s is finite, property (64) implies that there is a sufficiently large @y such that for
all @ > Qo and any B € C. s we have that

W(Sq N B) < (w+e)u(B). (69)
Then for Q) > Qg we have

v(SeNW) < e+ Y pec,,v(SeNB)

= e+ Xpec., Jsgnp f(@)du(z)
< €+ D pec., 5B fstB dp(x)
= 6—0—2360&6 sp i(Sq N B)

< e+ (w+e) ZBGCM spi(B)

< et (W+e) Ypece, Jp(f (@) +e)du(z)
= e+ (w+e) fwg,a(f(x) +¢&)dp(x)

— e+ (w+e) (V(Wé,z-:) + 5M(W6,E>)

(66)&(67)
< et (w+e)(v(W) + Ce+e(u(W) +¢)).

The latter expression tends to wr (W) as € — 0. Since v(Sg NW) is independent of €, we

obtain (65) and complete the proof.

Let f : U — R™ be a map defined on an open set U C R™. Given an n-tuple v =
(v1,...,v,) of positive numbers satisfying vy + -+ + v, =n, 6 > 0 and Q > 1, let

ot (Q,8) = {x € U:3ac 2"\ {0} such that [la- f(x)] < 6Q~™ and |al, < Q}.

Definition 2 We will say that f is v-nice at xy € U if there is a neighborhood Uy C U
of x¢ and constants 0 < §,w < 1 such that for any sufficiently small ball B C U, we have
that
limsup |®f(Q,8) N B, < w|B|m -
Q—o0
The map f is said to be v-nice if it is v-nice at almost every point in U. Furthermore, f
is said to be nice if it is v-nice for all choices of v.
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Let A C U be any Lebesgue measurable set. Define the measure
v(A) = / | det G (x)|"/%dx,
£=1(5)

where G(x) = (gi,j(x))1<ij<m with g; ; = 0f/0x; - Of /0x;. G(x) is called the first funda-
mental form. It is well known that the induced measure of a set .S on M is given by v(A)
with A = £f71(S). Clearly

|A|m:/A|detG(X)|_1/2dV(x).

Since f is Monge, |det G(x)| bounded away from both zero and infinity on a sufficiently
small neighborhood of any point. Then, by Lemma 3, we obtain the following

Proposition 3 Let f: U — R" be a C? parameterisation of a C* manifold M C R". Let
xg € U and yog = f(xq). Then f is v-nice at xq if and only if M is v-nice at yy.

In view of this proposition the following lemma easily implies that non-degenerate
manifolds are nice and so Theorem 3 = Theorem 2.

Lemma 4 Let f be non-degenerate at xq € U. Then there is a ball By C U centred at xg
and a constant C' > 0 such that for any ball B C By we have |®f(Q,5) N B|,, < C6|B|m
for all sufficiently large Q.

This lemma is a consequence of Theorems 1.3 and 1.4 appearing in [24] also stated
as Theorems 4 and 6 in §2. In the case v = (1,...,1) the proof of Lemma 4 is given in
[10, Theorem 2.1]. For arbitrary v the arguments remain quite the same with the obvious
change that the supremum norm is replaced by v-quasinorm. Since the details are easily
recovered from [10, Theorem 2.1], they are left to the reader.

3.2 Ubiquitous systems in R

The proof of Theorem 3 will make use of the ubiquity framework developed in [11]. The
framework introduced below is a much simplified version of that in [11] and takes into
consideration the specific application that we have in mind.

Throughout, balls in R™ are assumed to be defined in terms of the supremum norm
|-|. Let U be a ball in R™ and R = (R, )acs be a family of subsets R, C R™ indexed by a
countable set J. The sets R, are referred to as resonant sets. Throughout, p : RT — R*
will denote a function such that p(r) — 0 as r — co. Given a set A C U, let

A(A,r)={xeU : dist(x,A) <r}
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where dist(x, A) := inf{|x —a| :a € A}. Next,let § : J — R" : a~— f, be a positive
function on J. Thus the function § attaches a ‘weight’ (3, to the set R,. We will assume
that for every ¢t € N the set J; = {a € J : 5, < 2'} is finite.

The intersection conditions: There exists a constant v with 0 <
for any sufficiently large ¢ and for any a € J;, ¢ € R, and 0 < X < p(2!
conditions are satisfied:

v < m such that
(2") the following

[Ble 392N ARV, 2 e 1B A (257 (70)
|B N B(c,3p(2") N A(Ra, 3N)| < 2| B(e, A)|m (@) (71)

where B is an arbitrary ball centred on a resonant set with radius r(B) < 3p(2"). The
constants ¢; and ¢y are positive and absolute. The constant v is referred to as the common
dimension of R.

Definition 3 Suppose that there exists a ubiquitous function p and an absolute constant
k > 0 such that for any ball B C U

liminf | | ] A(Ra,p(2))N B

t—o00

> k|Blm. (72)

acJ; m

Furthermore, suppose the intersection conditions (70) and 71 are satisfied. Then the system
(R, 3) is called locally ubiquitous in U relative to p.

Let (R, 3) be a ubiquitous system in U relative to p and ¢ be an approximating function.
Let A(¢) be the set of points x € U such that the inequality

dist(x, Ra) < ¢(5a) (73)
holds for infinitely many o € J.
Lemma 5 (Ubiquity Lemma) Let ¢ be an approzimating function and (R, 3) be a lo-

cally ubiquitous system in U relative to p. Suppose that there is a A € R, 0 < A < 1 such
that p(271) < Ap(2Y) for allt € N. Then for any s > v

2tsv

HAG) =HW)  if Z e = (74)

Remark. When s > m, we have that H*(A(¢)) = H*(U) = 0 and the lemma is trivial.
In the case s = m it is a consequence of [11, Corollary 2| and in the case s < m it is a
consequence of [11, Corollary 4 |.
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3.3 The appropriate ubiquitous system for Theorem 3

Recall from §1 that f = (f1,...,f,) : U — R"™ is a non-degenerate map satisfying (6),
where U is a ball in R™. Also recall that 6 : U — R is a C® function. Let F,, denote the
set of all functions F': U — R given by

F(x)=ap+ a1 f1(x) + asfo(x) + ... + a, fr(x),

where aq, ..., a, are integer coefficients not all zero. Given F' € F,, let
Rp:={xcU: F(x)+0(x)=0} and  Hy(F):= max |ag| MV (75)

The key to establishing Theorem 3 is the following ubiquity statement. With reference to
the abstract setup of §3.2, the indexing set J = F,, and so F' plays the role of a € J.

Proposition 4 Let xo € U be such that £ is non-degenerate at xq,. Then there is a
neighborhood Uy of Xg, constants kg > 0 and k1 > 1 and a collection R := (RF)

sets Rp C Rp N Uy such that the system (R, 3), where

rer, O

B Fp— R F Bpi=roH,(F),

is locally ubiquitous in Uy relative to p(r) := kyr~ """ with common dimension vy := m— 1.

The sets Rp are essentially the appropriate resonant sets. However, to ensure that
the intersection conditions associated with ubiquity are satisfied, in particular, the lower
bound condition (70), we cannot in general work with the sets Rp directly. In the following
two examples Ry does not meet the intersection conditions.

Ezample 1. m = 2, n =3, vy = 1, U = {(z1,22) € R* : 2 + 123 < 1}, f(zy,22) =

V1—2a?—23 a=(-1,0,0,1) so that F = f — 1. In this case Rr = {(0,0)}. Then the
L.h.s. of (70) is comparable to A?, while the r.h.s. of (70) is comparable to A\p(2?).

Example 2. m = 2, n =3, v = 1, U = (a,1)?, where a < 1 is a Liouville number,
f(xy,29) = 22 +23. Suppose that 0 < a—p/q < ¢~ for infinitely many p/q € Q. Consider
a=(q,q,0,—p). It is a simple matter to verify that Rp will be the line segment of positive
length v/2(p/q — &) < v/2¢~". For large v this will be too short to meet (70).

The upshot is that the sets Ry need to be modified in an appropriate manner to yield the
resonant sets Rp — namely via the ‘trimming’ procedure of §3.4.
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3.3.1 Proof of Theorem 3 modulo Proposition 4

Fix x¢ € U such that f is non-degenerate at xq and let Uy be as in Proposition 4. Since f
is non-degenerate (i.e. f is non-degenerate at almost every point in U), it suffices to prove
that

H (Ae (W, 0) N Uo) = H*(Uo) - (76)

With reference to §3.2, let U = U, and
¢(r) = (2nCo) (kg 'r) ™" Y(kq 7).

Here the approximating function ¢ and the vector v = (vy,...,v,) are associated with the
fact that ¥ is a multivariable approximation function satisfiing property P. Our first goal
is to show that

A(g) C Ag(W,0). (77)

Let x = (x1,...,%,) € A(p). By definition, A(¢) is a subset of Uy and inequality (73) is
satisfied for infinitely many F' = ag+a1 fi+---+a, f, € F,, — recall that we have identified
a with F and J with F,,. Now fix such a function F'. Then, by the definition of # and the
properties of Rp within Proposition 4, there exists a point z = (z1, ..., z,,) € U such that
F(z)+6(z) =0 and

x — ] < proHy(F)). (78)

Thus, by the Mean Value Theorem it follows that there exists some x € Uy such that

FG)+06) = | E 2 (F +0)(R) (i — 2)
< e X [ (S + )]
(6)
< 2nCh [x — 2| maxigicn ;]
(78)
< 2nCh ¢(koH(F)) maxigjcn |a;]
(62)-+(75)

< 220G P(roH(F)) Hy(F)™
< Y(HW(F) = ¥(a).

The upshot is that there are infinitely many F' € F,, satisfying the above inequalities. This
verifies (77) and together with Lemma 5 implies (76) as long as the sum in (74) diverges.
We now verify this divergent condition. Recall that v :=m — 1 and so

s—m—+1 _ o (2—U1tw</€612t))s—m+l

— 0(2)
; p(2t) A ; 9—(ntv1)t : (79)
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On using the fact that v, +- - -+ v, = n, it follows that for any t € N the number of a € Z"
such that x¢2! < |al, < ko2 is comparable to 2™. Also, by (62) we have that |a| =< 2
whenever 02! < |aly < ko2tT!. Therefore,

w 12t s—m+1
rhs, of ( Z Y ( ) | (0)
= ko2t<|aly <ro2tt!

Next, since v is decreasing, it follows that ¥(k;'2%) > v¥(|aly) = ¥(a) whenever k2! <
la|y < Kko2!TL. Therefore,

rhus. of (80) >>i Yl (q/'gT))s_mH = 3 |a (\I’lSTT))S_mH .

t=1 ko2t<|aly <ro2t+! acZ\{0}

This completes the proof of Theorem 3 modulo Proposition 4.

3.4 The resonant sets

The sets }N%F given by (75) are essentially the appropriate resonant sets. However, to
ensure that the intersection properties associated with ubiquity are satisfied, these sets are
required to be modified. In what follows the projection map 7 : R™ — R™! will be given
by

(21, o,y ) = (T2, o, T - (81)

Proposition 5 Let p and 3 be the same as in Proposition 4. Let Uy C U be any open
subset. For F € F, let

V = n(Rr N Up), V= U B and Rp=r"'(W)N Ry, (82)
3p(Br)-balls BCV

where 3p(Br)-balls are simply open balls in R™' of radius 3p(Br). Let p € (0,1) and

suppose that
|%(F—I—9)(X)| > p|V(F + 0)(x)| for all x € Uj. (83)

Then, Rp satisfies the intersection conditions (70) and (71) with

1

0 = 273yl and co = 3m2" (pvy,) ",

m

where vy, 1s the volume of an m-dimensional ball of radius 1.

Proof. Let t € N, F € F, and fr < 2'. In view of (83) the gradient of F' + 6 never

vanishes on Uy and therefore the set Rp NUy = {x € Uy : F(x) + 6(x) = 0} is a regular
C® (m — 1)-dimensional submanifold of Us. This is a well known fact in differential
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geometry — see, for example, [43, Theorem 1.13]. Furthermore, (83) together with the
Implicit Function Theorem imply that this set can be defined as the graph G (V) of a C'®
function f : V — R, where

Ge(S) ={(f(xay ... Tm), oy . T) : (T2,...,Ty) €S}

for S C V. Then, by the definition of Rp, we have that Rp = G;(V). If Rp happens
to be empty, the intersection conditions are trivially satisfied. Otherwise, Rp # ) and we
proceed as follows.

Given A > 0 and a set A C R™, let
Aj(AN) ={fe; +x: 0] <\, xe€ A},
where e; = (1,0,...,0) € R™. By (83), we have that

IVf(zo,..., 7)) <p ! for all (z2,...,2,) € V. (84)
We claim that
Ai(Rp,n) C A(Rp,n) C Ay(Rp N Up,pmp™")  for any n < 3p(BF).  (85)

Indeed, the Lh.s. of (85) is a straightforward consequence of the definitions of A(-) and
Ay(-). To prove the r.h.s. of (85) take any z € A(Rp,n). Then there exists x € Rp such
that dist(z,x) < 1. By the definition of R and V', we have that mx € 1B for some 3p(fF)-

ball B C V. Then, B(mx,3p(8r)) C B C V. Since dist(rz, 7x) < dist(z,x) < 1 < 3p(6r),
we have that 7z € V. Then, using the Triangle Inequality and the Mean Value Theorem
gives that

|21 = f(rz)| = |21 — 21 + f(mx) = f(72)] <+ [f(7x) = f(7z)| <mp~'n
and shows the r.h.s. of (85).

Upper bound condition. Take any ¢ € Rp, any positive A < p(2') and any ball B with
radius 7(B) < 3p(2"). Since p is decreasing, we also have that p(2') < p(8r). Then, by
(85),

BN B(c,3p(2') N A(Rp,3)) C BN B(c,3p(21) N A (Rp N Uy, 3Amp™?)

(86)
C A(GHW), 3 mp™),

where W = 7(B N B(c, 3p(2")) N Rp N Up). Clearly, diam W < 2r(B). Therefore, using
(86) and Fubini’s theorem gives

| BN B(c,3p(2") N A(Rp, 3/\)|m < }W‘m_l 6Amp~t < (2r(B))™ - 6Amp!

— o |Ble V) (T(f))ml
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and this verifies (71).

Lower bound condition. Let ¢ € Rr and 0 < A < p(2'). Again since p is decreasing, we
have that p(2') < p(Br). Then, by (85),

B(c,1p(2) NA(Rp, \) D Blc, 1p(2)) N AL(Rp, A) D A(GH(W'),N),  (87)

where W’ = m(B(c,2p(2"))) N V. Since ¢ € Rp, we have that mc € V and therefore

there exists a 3p(fr)-ball B C V such that 7c € 1B. Then, since 3p(f6p) > p(2') and
mc € 3B C V, the set w(B(c, 3p(2"))) N 3B contains a ball of radius $p(2") and therefore

m(B(c. 5p(2))) N 3 Blin—1 = (30(27)" vy = (3p(2)" 7"
Consequently, |W'|,,—1 > ($p(21))™ .
Finally using (87) and Fubini’s theorem gives

|B(c.3p(2")) NA(Rp,N)| - = |W| 22 = (ip(2h))m-t-2x

m—1 )

and this verifies (70).

3.5 Proof of Proposition 4

Let xg € U be such that f is v-nice at xy and let Uy be the neighborhood of x that arises
from Definition 2. Without loss of generality we will assume that Uy is a ball satisfying

diam Uy < (2nm(n + 1)(20)”)71 : (88)

We shall show that there are constants kg > 0 and k; > 1 and a value of parameter
p € (0,1) appearing in Proposition 5 such that the collection (Rr)rez, given by

same as in (82) if F' satisfies (83)
Rp =
0 otherwise

satisfies the statement of Proposition 4. By Proposition 5, the intersection conditions (70)
and (71) are satisfied. Therefore we only need to prove the covering property (72). Let
B C Uy be an arbitrary ball and ¢ be a sufficiently large integer. Let QQ = 2°.

By Definition 2, for some fixed 6, w € (0, 1)

limsup [®5(Q,8) N 1B, < w|iB|,.

R—oo
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Therefore, for sufficiently large () we have that
1B\ @5(Q. 8)|m > 11 = w)[LBly = 277 (1 = w)| Bl (39)

Let x € 1B\ ®£(Q, ) and consider the system of inequalities

{’anfn(x>+---+a1f1(><)+ao\ < @™ (90)

Gl < Q¢ (1<i<n).

The set of (ag,...,a,) € R"™ satisfying (90) is a convex body, say D, in R"" symmetric
about the origin. Let 7,..., 7,41 be the successive minima of this body. By definition,
7 <7 < ... < Tpyt. Since x € O (Q, §), we have that 7 > J. By Minkowski’s theorem on
successive minima [31], 71 - - - 7,41 Vol(D) < 2", In view of the fact that vy +---+v, =n
we find that Vol(D) = 2""!. Therefore, 71 - - - 7,11 < 1, whence

Togl < (T1- Ty Tp) L < 07" =: Cy
where
Co=0""=(20)". (91)
By the definition of 7,11, there are linearly independent vectors a; = (ajo, ..., a;,) € Z"™

(0 < j < n) such that the functions Fj(x) = aj,fn(X) + ... + a;1f1(x) + a; satisty

{|Fj(x)| < GQ™

- 92
laj;l < CQ (1<i<n). (92)

Our next step is to construct a linear combination of F; which will produce the set Rp
such that x lies in a small neighborhood of Rr. With this in mind, consider the following
system of linear equations

MoFo(x) + ... + 0. Fu(x) +0(x) = 0,
Mg Fo(%) + -+ Mg Fu(%) + 55-0(x) Q" + 30 la Fix)], (93)
7]00/07]'4-...—'—7]”0%7]' = 0 (2<]<n)

It is readily verified that the determinant of this system equals det(al(-j ))ogi,jgn- The latter
is non-zero since ay, . .., a, are linearly independent. Therefore, system (93) has a unique
solution 7o, . .., n,. Define integers t; = |n;|, thus

Let
F(x) :=toFo(x) + ... + t, Fo(x) = apfu(X) + ... + a1 f1(X) + ao,

where a; = toap; + ... + than,.
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The height of F: Using (94), (92) and (93), we obtain
o] < (n+ 1)GQ™ (2< ) <n) (95)

and
|F(x) +0(x)] < (n+1)CQ™". (96)

Using the second equation of (93), we find that

2 (F +0) (x)( > Q. (97)

In particular, this means that F' is not identically zero and so F' € F,,.

Using (6), (92) and the assumption that v; = |v| we find that |8%1Fi(x)| < nCy@™ for
all i = 0,...,n. Subsequently, together with (93) and (94) this implies that

A (P +0) )| < (2nCo+ Q™ (%9

Further, since f is of the Monge form, a; = %F(x) — a%e(x) D aj%fj (x). Then,
using (6), (95) and (98) we obtain that

|CL1| < (37’ZC() + Q)Qvl . (99)
This together with (95) and (97) gives
Ry Q < Bo = koHy(F) < Q (100)

for some explicitly computable constant kg, k; > 0 depending only on v, n, Cy and Cy.

Verifying condition (83): Using Taylor’s formula for any y € Uy we get

2 (F+0)x)| = 3 |5 (F 0@ —=)|. (101)

=1

2 (F+0)y)| >

Using (6), (95) and (99) we find that the second term of the r.h.s. of (101) is bounded
above by mnCy(n + 1)Cs diam Uy Q" In view of (88) and (91) the latter is < 3Q**. On
the other hand, by (97), the first term in the r.h.s. of (101) is > @**. Thus, (101) implies
that

2Z(F 40| > 4em.
On the other hand using (6), (95) and (99) we get

a%Z_(F + 9)(y)‘ < (n+1)Comax{3nCy+2, (n+ 1)Co} Q™

for any i = 1,...,m and y € Uy. This together with the above lower bound implies (83).

Verifying that x € A(Rp, p(2')). This relies on the following easy consequence of the
Mean Value Theorem.
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Lemma 6 Let f : I — R be a C' function on an interval I such that |f'(z)] > d > 0
for all v € I. Let xy € I and suppose that B(zy,|f(x1)|d™') C I. Then, there is an
xg € B(xy, |f(z1)|d™") such that f(zg) = 0.

Let x = (21,...,%,). Consider the interval
I={zxeR:(z,29,...,2,) € B}

and the function f : I — R given by f(z) = (F'+0)(z, z2,...,2y). In view of inequalities
(96) and (97) and the fact that x € %B , Lemma 6 is applicable and gives that thereis o € I
such that f(zg) = 0 and |z; — 2] < (n 4+ 1)CoQ """, Then x' := (x¢,z2,...,2,) € B
satisfies F'(x’) + 6(x') = 0 and

x —x'| < (n+1)CQ™ " . (102)

As before 7 is defined by (81) and V is defined by (82). Using (6) and the Mean Value
Theorem we verify that |(F + 0)(y)| < Q™" when |y — x| < Q~""*. Then, applying the
same argument as above for finding x’ we verify that for sufficiently large () the ball of
radius 3p(fp) centred at 7x’ is contained in V. The details are straightforward and left to
the reader. This ensures that x’ € Rp and via (102) implies that x € A(Rp, p(Q)).

The finale. Since x € A(Rp, p(Q)) and x is an arbitrary point in 1B\ ®£(Q, ), we have
3B\ ®UQ.6) © | AR, p(2) N B,
acJ;

Combining this with (89) gives (72) for our choice of R, 5 and p and thus completes the
proof of the Proposition 4.
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