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LONG TIME STABILITY OF A CLASSICAL EFFICIENT SCHEME
FOR TWO-DIMENSIONAL NAVIER-STOKES EQUATIONS*

S. GOTTLIEBT, F. TONEf, C. WANGT, X. WANG$, AND D. WIROSOETISNOY

Abstract. This paper considers the long-time stability property of a popular semi-implicit
scheme for the two-dimensional incompressible Navier—Stokes equations in a periodic box that treats
the viscous term implicitly and the nonlinear advection term explicitly. We consider both the semidis-
crete (discrete in time but continuous in space) and fully discrete schemes with either Fourier Galerkin
spectral or Fourier pseudospectral (collocation) methods. We prove that in all cases, the scheme is
long time stable provided that the timestep is sufficiently small. The long time stability in the L2
and H! norms further leads to the convergence of the global attractors and invariant measures of
the scheme to those of the Navier—Stokes equations at vanishing timestep.

Key words. two-dimensional Navier—Stokes equations, semi-implicit schemes, global attractor,
invariant measures, spectral, collocation

AMS subject classifications. 65M12, 65M70, 76D06, 37L40
DOI. 10.1137/110834901
1. Introduction. The celebrated two-dimensional (2-D) Navier-Stokes system

(NSE) for homogeneous incompressible Newtonian fluids in the vorticity—stream
function formulation takes the form

%—L;—FVLw-Vw—VAw:f,

_AQ/J = w,

(1.1)

where w denotes the vorticity, 1 is the streamfunction V+ = (9,,—9,), and f rep-
resents (given) external forcing. For simplicity we will assume periodic boundary
conditions, i.e., the domain is a 2-D torus T2, and that all functions have mean zero
over the torus.

It is well known that 2-D incompressible flows can be extremely complicated
with possible chaos and turbulent behavior [6, 11, 13, 25, 27, 35]. Although some
of the features of this turbulent or chaotic behavior may be deduced via analytic
means, it is widely believed that numerical methods are indispensable for obtaining
a better understanding of these complicated phenomena. For analytic forcing, it is
known that the solution is analytic in space (in fact, Gevrey class regular [12]), and
hence a spectral approach is the obvious choice for spatial discretization. As for time
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A CLASSICAL SCHEME FOR 2-D NAVIER-STOKES 127

discretization, one of the popular schemes [1, 3, 28] is the following semi-implicit
algorithm, which treats the viscous term implicitly and the nonlinear advection term
explicitly:

n+l _ , n
Y VYW - pAw =

(1.2) -

Here k is the timestep and w™,w™t! are the approximations of the vorticity at the
discrete times nk, (n + 1)k, respectively. The convergence of this scheme on any fixed
time interval is standard and well-known [16, 17, 18, 19, 20, 32]. There are many
off-the-shelf efficient solvers for (1.2), since it essentially reduces to a Poisson solver
at each timestep.

It is also well-known that the NSE (1.1) is long time enstrophy stable in the
sense that the enstrophy (3|lw||2) is bounded uniformly in time, and it possesses
a global attractor A and invariant measures [6, 11, 35]. In fact, it is the long time
dynamics characterized by the global attractor and invariant measure that are central
to the understanding of turbulence. Therefore a natural question is whether numerical
schemes such as (1.2) can capture the long time dynamics of the NSE (1.1) in the
sense of convergence of global attractors and invariant measures. At least, we would
require that the scheme inherit the long time stability of the NSE.

There is a long list of works on time discretization of the NSE and related dis-
sipative systems that preserve the dissipativity in various forms [5, 9, 10, 21, 22, 29,
30, 31, 36, 37]. It has also been discovered recently that if the dissipativity of a
dissipative system is preserved appropriately, then the numerical scheme would be
able to capture the long time statistical property of the underlying dissipative system
asymptotically, in the sense that the invariant measures of the scheme would converge
to those of the continuous-in-time system [39]. The main purpose of this article is to
show that the classical scheme (1.2) is long time stable in L? and H' and that the
global attractor, as well as the invariant measures of the scheme, converge to those of
the NSE at vanishing timestep.

2. Long time behavior of the semidiscrete scheme. We first recall the
well-known periodic Sobolev spaces on Q = (0, 27) x (0,27) with average zero:

(2.1) HI(Q) = {¢ € HL(R)

/ ¢ = 0 and ¢ is 27-periodic in each direction} .
Q

HZ;T is defined as the dual space of H;’;T with the duality induced by the L? inner
product. The adoption of H;’ér is well-known [6, 34] since this space is invariant under
the Navier-Stokes dynamics (1.1), provided that the initial data and the forcing term
belong to the same space. We also define || - || 7. == || - [| . () and 2= ngr with

the norm || - |2 = || - || 2.

2.1. Long time stability of the scheme. We first prove that the scheme (1.2)
is stable for all time. .
LEMMA 2.1. The scheme (1.2) forms a dynamical system on LZ.

Proof. 1t is easy to see that for w™ € L2, we have ¢y € ngr. Hence V+tom -
Vw™ € H;;“" for all @ € (0,1). Therefore, the classical scheme (1.2), which can be

viewed as a Poisson type problem w™*!/k — vAw™ ™! = f" — VEym . Vw" +w"/k €
H,.,~®, possesses a unique solution in L? (in fact in H),*) and the solution depends

continuously on the data. Therefore it defines a (discrete) semigroup on L2
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128 GOTTLIEB, TONE, WANG, WANG, AND WIROSOETISNO

Using the Wente estimate (A.1), we have V9" - Vw™ € H~!, which allows us to
take a = 0 in the above. |

Now we derive the long time stability of the scheme (1.2) both in L? and in H!.
Our proof relies on a Wente type estimate on the nonlinear term (see Appendix A,
which may be of independent interest).

We first show that the scheme (1.2) is uniformly bounded in L?, provided that
the timestep is sufficiently small. To this end, we take the scalar product of (1.2)
with 2k w™t! and, using the relation

(2.2) 2(p — ¥, )12 = l@ll3 = 10113 + o — I3,

where || - ||, denotes the L? norm, we obtain

(2.3) o™ HE = llw™ I3 + o™ — w13
+ 20k||w" G+ 2k by, W™ W) = 2k (F7, W) 12,
where
(24) b1, 0, @) = (V1) - Ve, @) 2 = —b(1h, @, w),
the last equality obtaining upon integration by parts. Using the Cauchy—Schwarz and

the Poincaré inequalities, we majorize the right-hand side of (2.3) by

2
C
(25) 2Kl 2w 2 < 2epkll M2l < vl T + LRI

Using the Wente type estimate (A.2), we bound the nonlinear term as

2k b(y", W, W) = 2k (", W W — W™
< 200k [V |l o™ = w2
2l = w13+ 260 K2V Gl I

gl = w13 + 2Bl [ lw" T

(2.6)

ININA

Relations (2.3)—(2.6) imply

oo™ 43 = o™ 3 + 3™ — ™8+ (v — 262 kil ) oo™
(2.7) 2
< Zg) 8.

Here and in what follows, C' and ¢ denote generic constants whose value may not be
the same each time they appear. Numbered constants, e.g., ¢,5, have fixed values;
¢p is the Poincaré constant, ||w|ly < ¢pl|wl| 1, and ¢, is the constant from Wente’s
inequalities (A.1)—(A.3).

We are now able to prove the following.

LEMMA 2.2. Let wy € L? and let w™ be the solution of the numerical scheme
(1.2). Also, let f € L=(Ry;L?) and set ||f]loo := | fllLee(ry;L2)- Then there exists
Mo = Mo(llwoll2; v || fllec) such that if

v

2. k<
( 8) — M02’

4c

2
w
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then
n)2 vk\ ™" 2, 2% e vk ™"
9 s (1hgg) loli e SRR (1= (1455 ) | YRz
and
VR 2 i—1y2 . %y g2 , .
(2.10) §k;|\w I <l ™3+ 2IfIm =i+ Dk Vi=1,...,m.
We note that (2.9) implies
ny2 2 2, 26 o
(211) w2 < My (lwoll2, v, [ flle) := llwollz + — Il flls forn=0,....

Proof. We will first prove (2.9) by induction on n. It is clear that (2.9) holds
for n = 0. Assuming that (2.9) holds for n = 0,...,m, we then have (2.11) for
n=0,...,m. Then (2.7) and (2.8) yield

(212) P 3 et — w3 Skl 2 < 2 E
for allm =0,...,m. Using again the Poincaré inequality, the above inequality implies
niy2 o Lo anz . oo eny2
(2.13) w13 < = 3 + ki £3
where
14
2.14 =14+ —k.
(2.14) @ + 2c2
Using recursively (2.13), we find
m 1 02 o 1 m+1—i
lo™ M1 < g l®ll5 + 2= Y = IS
e v~ a
(2.15) P N o B
14 C 14
<14+ — 22 I = (14 —=
_( +2c%) woll3 + ||f||oo[ ( +2c%) ]

and thus (2.9) holds for n = m + 1. We therefore have that (2.9) holds for all n > 0,
as does (2.11).

Now summing inequality (2.12) with n from i to m and dropping some positive
terms, we find

m 2 m
v n 7 ¢ n
§/€Z|Iw i < w3 + ;”kZI\f 13
(2.16) n=i n=i

2
. C .
<l + ZUF 1% m =i+ Dk,

which is exactly (2.10). This completes the proof of Lemma 2.2. O
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COROLLARY 1. If

. v 2012)
(2.17) 0 < k < min W’T =: ko,
then
2 2 8¢ [lwoll2
(2.18) l™llz < 25 Yk = To([lwollz [ fllo) := —F In )

where py = (\/icg/l/)HfHoo
Proof. From the bound (2.9) on |w"||3, we infer that

" vk\ "
o< (14 ) ool + 3
P

and using assumption (2.17) on k and the fact that 14+ > exp(z/2) if z € (0,1), we
obtain

v
13 < exp (b2 ) lnl} + 43
p

For nk > Ty, the last inequality implies the conclusion (2.18) of the corollary. d

Now we show that the H' norm is also bounded uniformly in time under the same
kind of constraint as for the L? estimate. To this end, we first prove in Lemma 2.3
that with H' initial data, w™ is bounded for n < N for some N. We then show in
Lemma 2.5, with the aid of a version of the discrete uniform Gronwall lemma, that
with L? initial data, w™ is bounded for all n > N.

LEMMA 2.3. Let wy € H' and let w™ be the solution of the numerical scheme
(1.2). Also, let k < ko, with ko as in Corollary 1, and let r > 8¢ /v be arbitrarily
fixed. Then form=1,...,Ng+ N, — 1,

2 2 1
(2.19) ™[ < 42w/ IMETED (Yoo 1T+ =5 (1 F113 )
CwMO

where No = |To/k] with N, = |r/k] and Ty as in Corollary 1.
Proof. The proof relies on induction on n.
Taking the scalar product of (1.2) with —2k Aw™*!, we obtain

o™ M Z = llw™ 1+ ™ = w7+ 20k]| Aw™ 3

2.20
( ) —2kb(y", W™, Aw"“) = =2k(f", Aw"“)p.

We bound the right-hand side of (2.20) using the Cauchy—Schwarz inequality,

(2.21)  =2k(f", Aw™ )2 < 2Kl Aw™ 2 < S AWTTHIE + —= (1713
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Using the Wente type estimate (A.2), we bound the nonlinear term as
2kb(y", W™, Aw™ ) = 2k b(y", W™ — W Aw™ )
+ 2k b(yp™, W™, Aw™ )
< 2e0 k|| VY [ w0 = w0 | Aw™

+ 260 k[ V9" | o™ | e | Aw™ 2

1
< §Hwn+l — w3+ 265 K2 (| V| [ Aw™ 3
+ §k||Aw 3+ TkHVL?ﬂ [N P 2
1
< §Hwn+l — w3+ 262 KR lw” 3]l Aw™ 13
(2.22) + §k||Aw 5+ TkHw [13 1l 13

Relations (2.20)—(2.22) imply

2672,U 2 n+12 n||2 LT n|2
= 220k ) o — ™+ 5 ™ =
(2.23)

§ o%h
+ (v — 2¢2 kMg k || Aw™ 3 < ~ 1£7115,

from which we find

. 1, 2%k
(224) o™ B < = 3+ e
where
2 2
(2.25) a=1-"2kN2 > 0.
124

Using recursively (2.24), we find

H“W‘<1HH2+%MF§1
w Hl > an+1 wo H1 v 50 -
2

a

(2.26)

IN

22 cn 1
— Zw g pen— LA
(1-Z200a3) " [onll + I
Since 2¢2, MZk/v < 1/2 by hypothesis (2.17) and
1—z>4"%ifze(0,1/2),

relation (2.26) gives conclusion (2.19) of Lemma 2.3. Thus, the lemma is proved.

131

d

In order to obtain a uniform bound valid for n > Ny 4+ N,., we need the following
discrete uniform Gronwall lemma, which has been proved in [36] and which we repeat

here for convenience.

LEMMA 2.4. We are given k > 0, positive integers ng,ny, and positive sequences

gn; Mn Cn such that

1
(2.27) knny1 < 5 Vn > ng,

(2.28) (1= Ennt1) €nt1 < &n + Kk Guia Yn > ny.
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132 GOTTLIEB, TONE, WANG, WANG, AND WIROSOETISNO

Assume also that

na+ni+1 na+ni+1 na+ni+1
n n ¢ 3
n=ns n=nsz n=mnz

for all ny > ng. We then have

A
(2.30) Eng1 < (ﬁ + A<> et > no + ni.
1

Proof. Let m1 and ms be such that ng < my; < mo < mj 4+ ny. Using recursively
(2.28), we derive

mi+ni+1 1 mi+ni+1 mi+ni+1 1
(2.31)  Smitni+1 < H m&nzﬂ +k Z Cn Jl_[ T Fn,
n=ms n=ms =n

Using the fact that 1 —x > e~** for all z € (0,1/2), and recalling assumptions (2.27)
and (2.29), we obtain

Ematni1 < (Emp—1 + Ac)e* .

Multiplying this inequality by k, summing ms from m to mj + ni, and using the
third assumption (2.29) gives conclusion (2.30) of the lemma. O

We are now able to derive a uniform bound for ||w" ||z valid for sufficiently large
n. More precisely, we have the following.

LEMMA 2.5. Let wy € L? and let w™ be the solution of the numerical scheme
(1.2). Also, let k < ko, with ko that in Corollary 1. Then there exist constants
My = Mi(v, | fllso) and N = N(llwoll2, v, [[flloc) such that

(2.32) lw™||gr <My ¥V n>N.

Proof. Let k be as in the hypothesis, Ty as in Corollary 1, and r as in Lemma 2.3
and set Ny := |Tp/k]. We will apply Lemma 2.4 to (2.23) with &, = [[w"%.,
Nn = 2¢2 MZ /v, ¢ = 2||f||% /v, no = No + 2, n1 = N, — 2. For ny > ng, we compute
(taking into account that by (2.18) ||w™||3 < 2p3 for n > Ny)

no+mni+1 na2+ni+1 202 4¢2
(2.33) By m=k ), TEMF<—Epir= A,
n=ns n=nsz
na+ni+1 na+ni+1 9 9
230) kY G=k D Il < SflRr = Ac
n=ns n=nsz
na+ni+1 na+ni+1
EY o b=k Y |l by (2.10)]
n=ns n=nsz
na—112 012) 2
< - | ™7z + Il (na + 2)k [by (2.18)]
2
(2:35) < 2 |2+ Y| = A
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By (2.30), we obtain

" 4 (202 1 2 16¢2,
230 1 < 5 (22 ) + 2 e (220

,
(2.37) = M, || fllec) V¥n > No+ N,.

Taking N = Ny + N,, we obtain the conclusion (2.32) of Lemma 2.5. O

We summarize the above results in the following.

THEOREM 2.6. The classical scheme (1.2) defines a discrete dynamical system
on Lzlthat is long time stable in both L? and H' norms. More precisely, for any
wo € L2, there exist constants ko = ko(||lwoll2, v, [| flleo), Mo = Mo(||woll2, ¥, || f]lo)s
My = My (v, || fllsc), and N = N([lwoll2, v, [|fllec) such that

(238) ||w"H2 < My Vn > 0Vk € (O,ko),
(239) [l <My ¥n> Nk € (0, ko).

2.2. Convergence of long time statistics. In this section, we assume that the
forcing f is time independent. It is easy to see that the scheme (1.2), when restricted
to the invariant ball B(0, pg) and with small enough timestep specified in the previous
section, possesses a global attractor Aj. Here we show that the long time statistical
properties as well as Ay of the scheme (1.2) converge to the long time statistical
properties and the attractor A of the NSE (1.1) at vanishing timestep size. This is
a straightforward application of the abstract convergence result (Proposition 2) in
Appendix B, which itself is a slight modification of the results presented in [39].

THEOREM 2.7. Let 0;f = 0. The global attractor and the long time statistical
properties of the classical scheme (1.2), defined as a dynamical system on B(0, po),
converge to those of the NSE (1.1) al vanishing timestep.

Proof. We use the abstract convergence result Proposition. 2, taking X = B(0, po),
ie., a ball in L? centered at the origin with radius po. (The size of the ball needs
to be adjusted depending on the absorbing property of the scheme.) Such a ball is
appropriate for long time behavior since it is absorbing for the 2-D NSE [6, 35].

The uniform continuity (H5) of the NSE (1.1) is a classical result [6, 34]. The
uniform dissipativity (H3) of the scheme (1.2) for small enough timestep with the
choice of the phase space X follows from Theorem 2.6. The uniform convergence on
finite time interval (H4) is proved in Lemma 2.8. O

LEMMA 2.8. Let w be the solution of the continuous system (1.1) with w(0) =
wo € A and w™ that of (1.2) with w® = wy. Assume that f is sufficiently smooth so
that

(240) My = SHEl (||6ttw|\fq71 + ||OJH%2||(%WH%2) < o0
we

and that Theorem 2.6 holds. Then for k < ko one has
(2.41) lw™ — w(nk)||3 < kC(My, My;v)

for all nk € [0,1].
Proof. We follow the approach in [26, section 17] and take 0, f = 0. For notational
convenience, we write t,, := nk and w,, := w(nk). Using the identity

(n+1)k
(2.42) /mC (t — nk) Oyw(t) dt = k atw|(n+1)k — Wpt1 + Wn,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



134 GOTTLIEB, TONE, WANG, WANG, AND WIROSOETISNO
we have
Wn4+1 — W

’ D Vi, - Vwn — vAwn1 = f + Rps1

Here —A1),, := w,, and the local truncation error is

(2.43)

(2.44) —Rpi1:= V160,11 -V, — Vi1 - Vw1 + —

(n+1)k
. / (t — k) By (1) dt

k
with
(n+1)k
(2.45) OWni1 i= Wnpi1 — Wy = / Ow(t)dt and — Ad,41 := dwpt1-
nk

We now consider the error e := w,, — w", which satisfies

en+1 en

(2.46) T_ —vAe™ = V" . V" — VY, - Vw, 4+ Roga
= -V, Ve —V1e" - V" + Ryiq
with € = 0 and —A¢" := e". Multiplying by 2k e"*!, we find
(247) [le" ™3 — llen[l3 + [le" ™ — e™[13 + 2vk]e | 7
+ 2k b(t,, e e — ™) 4 2k b(p", W™, ")
=2k (Rpy1,e™th).
Bounding the nonlinear terms as

2k (V4 - Vet em o) < [l — e 3 4 2|V e, - Vet 3

(2.48)
< Jle™™ — eI + ik lwnll3 Ve T3,
where (A.2) has been used for the second inequality, and

2k (V5" - V", e ) < 2k [ Vg™ - Ve, |w™,

< 2cuk [l [olle™ g flw” 12

(2.49)
2
< vk [le" |3 + = Ml 15 [le™ (15,
we obtain
le" 2+ & (v — Cok wall3) €™ 170
(2.50)

C%uk ny2 ny2 2
< (1 ==lellz ) llellz + ek | B ll-1 -

For the last step, we have used the readily verified facts that |w(t)||y, < My for all
t > 0 and that k < ko then implies v — 2 k ||w(t)||3 > v/2 > 0.

It remains to bound R, ;1 in H~ !, so for the second term in (2.44) we compute
for any fixed ¢ € H',

[b(Ynt1, 0w, 0)| = [(VV e Vg1, 0w) s |

(2.51)
< cw [ellg [Yntill g2 10wl 12,
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where (A.2) and the identity b(p, ¢, ) = b(q, r,p) = b(r, p, ¢) have been used. Similarly,
for the first term,

‘b(wnaatwa SO)| = |(VLSD ’ vatw’(’un)L2 |

(2.52)
< cw ol g llwnll 21106 o

The last term in (2.44) is readily bounded, and we have by Cauchy—Schwarz,

(n+1)k
(253) [Rusalfys <ck_ swp @l [ oo de
te[nk,(n+1)k] nk

(n+1)k
+ k/ 19 (1) dt.
nk

The bound then follows easily,

ck n+l n
Jonss — ™3 = e 3 < e (1 " 7M3) > kIRl

(2.54) < ck? exp <M M§> Ms((n+1)k),

where

(2.55) / w0 A+ s o) / oro(#)122 at’
and with it the lemma. O

3. Galerkin Fourier spectral approximation. The results of the last sec-
tion carry over essentially word for word to the following Galerkin Fourier spectral
approximation of (1.1):

n+1 n
—wh

(3.1) YN T YN

2 + Py (VA% - Vwh) — vAwi™ = Py f™,

where N € N, Wy, Y% € Py = {trigonometric polynomials in 2 with frequency in
either direction at most N } and Py is the orthogonal projection from LZ(Q) onto
Pn.

More precisely, we have the following.

LEMMA 3.1. Let wy be the solution of the numerical scheme (3.1) with w}; € L2
Also, let f € L™(R; L?) and set || f||o, = [fl e (w, .p2)- Then there exists Mo =

Mo(||w°lo, v, || flloo) such that if

14
3.2 k< ——=
(3.2) ~ 42 ME’
then
—-n 4 -n
n 12 vk 2 2Cp 2 vk
33 leklE< (1455 ) ool SR [1 (1+55) |vnzo
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136 GOTTLIEB, TONE, WANG, WANG, AND WIROSOETISNO

and

m 2
v n i— c . .
B9 TR ekl < I I+ 2 =it Db Vi= 1,
- LEMMA 3.2, Let w}; be the solution of the numerical scheme (3.1) with w}; €
L2, Also, let k < kg with ko as in Corollary 1. Then there exist constants M, =
Mi(v, ]| flloo) and Nar = Nar(||wO|l2, v, || flloo) such that

(35) Hw;{;pr < M; Vn>Ny.

We note that the constants are the same as those in Lemmas 2.3 and 2.5 (i.e.,
they can be taken independently of N). The proofs are essentially identical, so we
shall not repeat them here.

4. Collocation Fourier spectral approximation. Here we consider the collo-
cation Fourier spectral spatial approximation of the scheme (1.2). In order to maintain
the long time stability of the fully discretized scheme, a common technique of using
a modified form of the nonlinear term is utilized (see, for instance, [33]). Moreover,
we will use an alternative approach for the nonlinear analysis: instead of apply-
ing the Wente type estimate, we will use ||Vt| e, which is in turn bounded by
41151191372 Ve € (0,1). This alternative approach leads to a slightly more restric-
tive timestep for stability but has the advantage of being easily adapted to the fully
discrete collocation Fourier approximation.

4.1. Fourier collocation spectral differentiation. Consider a 2-D domain
Q=(0,L,)x (0, L,). For simplicity of presentation we assume that L, = L, =1 and
L, =N, -hg, L, =Ny - h, for some mesh sizes h, = h, = h > 0 and some positive
integers N, = N, = 2N + 1. All variables are evaluated at the regular numerical grid
(xi,y;) with @; = ih, y; = jh, 0 <i,j < N.

For a periodic function f over the given 2-D numerical grid, its discrete Fourier
expansion is given by

[N/2]
(4.1) fii= Y (fN )k ettt

k1,li=—[N/2]

where the collocation coefficients fCN are computed by the requirement that f; ; are
the interpolation values of a continuous function f at the numerical grid points. Note
that f~ may not be the regular Fourier coefficients of f, due to the aliasing error.
However, the two are equivalent if f € Px. In turn, its collocation interpolation
operator becomes

N

(4.2) Inf(x) = Z (FN Yoy 1y 2R+ 1Y),

ki,li=—N

As a result, the collocation Fourier spectral approximations to the first and second
order partial derivatives (in the z direction) of f are given by

N
(4.3) Dwnef)iy= D (ki) (fY)y, g e2mitrmithm),
ki,l1=—N
[N/2]
(4.4) (D?wa)z)J = Z (—471’2/6%) (ch)kl,llezﬂi(klrﬁ_llyj)-
k1l =—[N/2]
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The corresponding collocation spectral differentiations in the y direction can be de-
fined in the same way. In turn, the discrete Laplacian, gradient, and divergence can
be denoted as

Anf = (D%m‘FD?Vy) £ Vnf= < ggj; >7

(4.5) Vi - < ﬁ ) = Dnaf1+ Dy f2

at the pointwise level.

Moreover, given any periodic grid functions f and g (over the two-dimensional
numerical grid), the spectral approximations to the L? inner product and L? norm
are introduced as

2N

,5=0

Meanwhile, such a discrete L? inner product can also be viewed in Fourier space
instead of physical space, with the help of the Parseval equality,

N N _
(4.7) <f7 g) = Z (ch)khh (gév)klxll = Z (gév)klxll (ch)khlw
ki,0i=—N ki,0i=—N

in which (f¥)g, 115 (9N )y, are the Fourier interpolation coefficients of the grid func-
tions f and ¢ in the expansion as in (4.1). Furthermore, a detailed calculation shows
that the following formulas of summation by parts are also valid at the discrete level:

(4.8) <f, Vn - ( o >> =- <va, ( o >> . (£ Ang)=—(Yn],Vng).

4.1.1. A preliminary estimate in Fourier collocation spectral space. It
is well-known that the existence of an aliasing error in the nonlinear term poses a
serious challenge in the numerical analysis of Fourier collocation spectral scheme.
To overcome a key difficulty associated with the H™ bound of the nonlinear term
obtained by collocation interpolation, the following lemma is introduced. The result
is cited from a recent work [15], and the detailed proof is skipped.

LeEMMA 4.1. For any ¢ € Paon in dimension d, we have

(4.9) IZnell e < 292 ol gy -

In fact, an estimate for the k = 0 case was reported in E’s work [7, 8], with
the constant given by 3¢, while this lemma sharpens the constant to 2%/2. The case
with k& > d/2 = 1 was covered in a classical approximation estimate for spectral
expansions and interpolations in Sobolev spaces, reported by Canuto and Quarteroni
[4]. However, due to the additional regularity requirement for interpolation operator
analysis, the case of £ = 1 was not covered in any existing literature, which we require
for the H' bound of the nonlinear expansion in the global in time analysis.

4.2. The first order semi-implicit scheme. The fully discrete pseudospectral
scheme follows the semi-implicit idea of (1.2) and (3.1):

n+1 _wn 1

(4.10) wT + 5 (u"-Vyw" + Vi - (u"w™)) = vAyw" ™ + £7,
(4.11) _AN'#/)n—H —_ wn+17
(4.12) ™t = Vgt = (D", ~Ded™)
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It is observed that the numerical velocity u"™! = Vx9"*! is automatically
divergence-free,
(413) VN -u=Dysu-+ DNyU = DNI(DNy¢) — DNy(DN1¢) =0,

at any timestep. Meanwhile, we note that the nonlinear term is a spectral approxi-
mation to %u-VoJ and %V- (uw) at timestep ¢™. These two terms are equivalent in the
spatially continuous and Galerkin spectral case because of the divergence-free prop-
erty of the numerical velocity vector. However, such an equivalence is not valid for the
pseudospectral case due to the aliasing errors involved in the nonlinear terms. The
reason for this average can be observed from the following fact: a careful application

of summation by parts formula (4.8) gives
(4.14) (w,u-Vyw+ Vi - (uw)) = (w,u-Vyw) — (Vyw, uw) = 0.

In other words, the nonlinear convection term appearing in the numerical scheme
(4.10), the so-called skew symmetric form, makes the nonlinear term orthogonal to
the vorticity field in the L? space, without considering the temporal discretization.
This property is crucial in the stability analysis for the Fourier collocation spectral
scheme (4.10)—(4.12).

Remark 1. The skew symmetric nonlinear convection term is well-known for
its ability to overcome the difficulty associated with the aliasing errors appearing in
pseudospectral numerical simulations. The L? orthogonality property (4.14) has been
observed and widely used in earlier literatures; see the relevant discussions in [2].
However, there has been no theoretical work of a global in time stability analysis for
the fully discrete nonlinear scheme (4.10)—(4.12). We provide such an analysis in this
article; see Lemma 4.2.

In addition, we note that the pseudospectral numerical solution of (4.10)—(4.12)
are evaluated only at the grid points. To facilitate the nonlinear analysis in Sobolev
space, we denote U™ = (U™, V"), w™ and 9", as the continuous versions of u", w™,
and Y™, respectively, with the formula given by (4.2). Tt is clear that U™, w™, 9" € Py
and the kinematic equation —Ay" = w™, U™ = V4™ is satisfied at the continuous
level. Because of these kinematic equations, an application of elliptic regularity shows
that

(4.15) 19" [ gmez < Cllw™lgm s " | gmrava < Cle" [ gmta s

in which we used the fact that all profiles have mean zero over the domain:
(416) YT =0, U = (9,97, ~0,4") =0, @ = —Ag" =0.

Moreover, it is clear that the Poincaré inequality and elliptic regularity can be applied
because of this property.

LEMMA 4.2. Let wo € L? and let w™ be the discrete solution of the fully discrete
numerical scheme (4.10)-(4.12). Denote w™ as the continuous interpolation of w™
in space, given by (4.2). Also, let f € L®(Ry; L?) and set ||f||oo := 1Nl oo (ms2.2) -
Then there exists Mo = Mo(||wol|2, ¥, || flleo) such that if

v
4.1 < —
(4.17) k< 42 M2’
then

(4.18) lw™ || g2 < MoV n >0,
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vk\ " 2c4 vk\ "
4.19 MEL < (14 == % + =2 2 1= (1 + = Vn>0
419) ol < (10 5 ) Il SRR 1= (14 5) | vnzo

and

m 2

1% . C
4.2 — 2L < |lw' 2 21 £112 —i41 i =1,...,m.
(4.20) 2k§ lw™ Iz < llw™ Mz + I fllsc(m —i+ 1Dk Vi=1,....m

n=t

The proof of this lemma is organized as follows. First, an H® a priori assump-
tion for the continuous version of the numerical solution w™ is made. In turn, this
assumption leads to a global in time L? bound with a standard application of Sobolev
embedding and Hoélder’s inequality. However, this L? bound is not sufficient to re-
cover the a priori assumption, because the Wente type analysis is not available for the
collocation spectral approximation. Instead, a global in time H' stability can also be
derived with the help of the leading L? bound. Moreover, both the global in time L?
and H' bound constants are independent of the a priori constant C;. As a result, the
a priori assumption can be recovered so that an induction can be applied to establish
the above lemma.

4.3. Leading estimate: L>°(0,T;L?) N L?(0,T; H') estimate for w. As-
sume a priori that

(4.21) w"|| s < C, w"is the continuous version of w™,

for some § > 0 at timestep ¢". Note that C is a global constant in time. We are going

to prove that such a bound for the numerical solution is also available at timestep
L,

Taking the discrete inner product of (4.10) with 2kw™! gives

(4.22) w3 = [lw™[3 + 0™ — w3 + 20k Vv 3
= —k{u" - Vyw" + Vy - (u"w"), 0" ) + 2k (f*, "),

in which the summation by parts formula (4.8) was applied to the diffusion term. A
bound for the outer force term is straightforward:

2(F", W™y <207y - o], < 20 (175 - [|[Vvw™ ],
2012)M2

202
Va5 + =2 705 < 5 V™o + —2—,

v
. < -
(4.23) <3

in which a Poincaré inequality

(4.24) o™l < e |V ave ],

was used in the third step. For the nonlinear term, we start with the following
rewritten form:

(4.25) —k(u"-Vyw"+ Vy - (u"w"), ")
=k <u”-VNw"+l + Vi - (u”w”“) ,w"+1>

Tk <un_vN(wn+l o wn) 4 VN . (un(wnJrl o wn)) 7wn+1> )
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The first term disappears, using a similar analysis as (4.14):

(u"Vyw" ™ + V- (u"w™)  w™

4.26
( ) _ <wn+1’un.van+1> o <VNOJn+1,UnOJn+1> =0.

For the second term, the summation by parts formula (4.8) can be applied:
427) <un_vN(wn+l _ wn)’wn+1> — <wn+l _ wn7vN . (unwn+l)> ’
(428) <VN . (un(wnJrl _ wn))7wn+1> — <wn+l _ wn7un . Van+l> )

For the term Vy - (u"w" ™), we note that it cannot be expanded as u™ - Vyw" ™,

as in the Fourier Galerkin approximation, even though w™ is divergence-free at the
discrete level (4.13). In the collocation space, we have to start from

(4.29) V- (u"w™) = Dy (u"w™ ™) + Dy (v w"™ ).

To obtain an estimate of these nonlinear expansions, we recall that U" = (U, V"),
W™t and ™! are the continuous versions of u”, w1, and "1, respectively.
Since U",w"*t! € Py, we have U"w" ™! € Pyy and an application of Lemma 4.1
indicates that

[Dva (@™ |, = oIy (@wm )], < 2 2nUmw™ )],
(4.30) Dy (" w™ )], = [|0yZn (VW™ ]|, < 2|8, (V ™), -

Subsequently, a detailed expansion in the continuous space and an application of
Holder’s inequality show that

|0 (Umwm )|, = [[UFe ! + Ui |, < [[Uzwm ], + [0,

(4.31) <N para-s - @™ | o + 1T | - (s ™, -
Furthermore, a 2-D Sobolev embedding gives
(432)  NUZ N pora-s @™ 12re < CHUZ s (0™ o < Cllw™ g [V ],

in which the elliptic regularity (4.15) and the Poincaré inequality were utilized in the
last step. The second part in (4.31) can be handled in a straightforward way,

(4.33) 10" | o - iy < CHU" s - [V, < Cllw™ s - [V ],

with the the elliptic regularity (4.15) applied again in the second step. A combination
of (4.32) and (4.33) yields

(4.34) 102U W™ )], < Cllw™| s - || V"], -

Similar estimates can be derived for ||d, (V"w" ") ||2 Going back to (4.30), we arrive
at

(435) [V - (o™, < Cllellgs - [V, = Cllwllgs - [| Vv,

in which the second step is based on the fact that w”,w™! € Py, so that the
corresponding L? and H® norms are equivalent between the continuous projection
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and the discrete version. In addition, the nonlinear term in (4.28) can be controlled
in a similar way,

(4.36) Hu" . VNoJ"+1H2 < [Ju"|l - ||VNw”+1||2 =C|w" ||y - ||VNw”+1|

2

with a discrete Sobolev embedding inequality applied in the second step. Therefore,
a substitution of (4.35)—(4.36) into (4.25), (4.26), (4.27)—(4.28) results in

(4.37) —k(u" - Vyw" + V- (u"w"),w™ )
< Ckllw" s - [l = [, - | Ve,
< CCk H""nJrl - wnHz : HvanHH2

1 cc?
(4.38) < vk || Va4 =k Wt w5

Its combination with (4.23), (4.25), (4.26), and (4.22) leads to

cée 262 M?

(0.39) [ 2= 3+ (1 _ k) [ 4 e 2 < 2L

Under a constraint for the timestep

cC?

1
(4.40) k<=, ie, k<—2_,
v 2 202
we arrive at
1
(4.41) w15 — [lw™ |13 + §||w"+1 — W[5 + vEIV N5 < ak

with o = (2C2M?)/v. Furthermore, an application of the Poincaré inequality (4.24)
implies that

. 1
(1.42) o™ 13— ™3 + Bukllw™ I3 < ok with 8= 5
P

Applying an induction argument to the above estimate yields

™3 < (14 Buk) =D |w0)2 + ~—
161%
(4.43) = [l < (L Bk~ 4 % = (.

Note that C is a time dependent value; however, its time dependence decays expo-
nentially so that a global in time bound is available.
In addition, we also have the L?(0,T; H') bound for the numerical solution:

Ny,
(4.44) vk Y Vet < W'l +a (T ).
k=i+1

However, it is observed that the a priori estimate (4.43) is not sufficient to bound
the H? norm (4.21) of the vorticity field. In turn, we perform a higher order energy
estimate L>°(0,T; H') N L2(0,T; H?) for the numerical solution of the vorticity field.
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4.4. L*>(0,t1; HY)NL?(0,t1; H?) estimate for w. Taking the inner product
of (4.10) with —2kAyw™ T gives

IV S = [IVnw (3 + [V (0" = w”) |13 + 2vk]| Axe™ 13
(4.45) =k(u" - Vyw" 4+ Vy - (u"w"), Ayw™ ™) = 2k (f", Ayw™ ).
The Cauchy inequality can be applied to bound the outer force term:
n n+1 1 n+1)2 2 n| 2

2M
v

(4.46) _—VHA w”+1|| +

For the nonlinear terms, we first make the following decomposition:
(4.47)
un.van — _ Un'VN (wn—i-l o wn) o (un—i-l o un) 'Van+1 4 un+1_vNo‘)n+l7
(4.48)
VN . (unwn) :VN . (_un(wnJrl o wn) o (unJrl o un)wnJrl 4 unJrlwnJrl)'

For the first term, the a priori assumption (4.21) gives
[=u Vi (@ =@, < - [V (@ = wm)
(4.49) <CC VN (W™ =w™)]],,

in which we applied the discrete Sobolev inequality in two dimensions: [|[u"|s <
C||u”||H}1L+a < Cf|w"|| 5. This in turn leads to

k{(—u™ V(" —w™), Ayw™ )

< OCK|| T (W =], - | Anw™ ],

1 cC?
(4.50) < vk [|ane s+ Sk [V (@ - ).

The conservative nonlinear term Vy - (u™(w"*! — w™)) can be analyzed as in (4.29)—
(4.36),

IV - (@ —wm)

S|| (@ = W)y + [Py (0" @ = wM)
(451) S2(H8 U” "= w) [y +[19y (VU@ = wh),)
192 (U™ (@™ = W),

= |UF (" —w™) + UM (" — w™), |,
< HU;ZHLNO%) : HwnJrl _wnHL2/a + ||UnHL°° ) ||(wn+1 -

< Cllw s - [V =W,

(4.52) <CO||Va (™ —w)|,,
9, (V" (@t = w™)l,
(4.53) <cC ||VN(oJ"+1 —w ||2 ,
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with the help of the elliptic regularity (4.15), Poincaré’s inequality, and 2-D Sobolev
embedding. Consequently, we see that the first part of the nonlinear term (4.48) has
the same bound as (4.49),

(4.54) N (u" (Wt —w™m)], < cc VN (W™t —w™)

I, I

which in turn leads to an estimate similar to (4.50):

k <—VN . (u”(w”+1 - w”)) ,ANoJ"+1>

1 CC?
(4.55) < gk |Avem - ==k [V (@ = wm) -

For the second term in (4.47), we start with the Sobolev inequality

1/2

1/2
[V |y = [V |, < flom < Cfleo™ 7 o]

(4.56) <l aw 1 < oot law |

2

1/2
2

1/2
2 )

in which an elliptic regularity ||<.«J”"’1||H2 <cC ||Aca.7"+1||2 was utilized in the second
step and the leading L? estimate (4.43) was used in the last step. Similarly, we also
observe that the kinematic relationships

(457) Un+1 _ Un _ VJ_ (¢n+1 _ ,‘pn) ’ —A (wnJrl _ ,‘pn) _ wnJrl o wn
indicate the Sobolev estimates
[ — || < (U U]
SO = U guss O™ = 4" o < C ™ = w”|| s
<Ol =@, ot — w3
< C ot =@, |9 (@ - W)

(4.58) < C(201)" ||V (@™t - w5,

in which estimate (4.43) was used in the last step. Consequently, a combination of
(4.56) and (4.58) indicates that

(™™ = ™) Vve P, < ™ =t - [V
< OO 2007V (@ = w3 - flaw )

(4.59) <0 (201)7 |V (@™ = wm) |y - | Anw L

2

because w € Py. In turn, the following estimate is obtained:

k <_ (unJrl o un) .vanJrl’ Aan+l>

(4.60) < CCY2k |V (W™ — w3 - [Anw 32

Meanwhile, the second conservative nonlinear term in (4.48), Vy - ((u" ! —u™)w" 1),
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can be expanded and analyzed in a similar way:

IV (@ =)™ ), < [ Dwve (@ = u")" )],

Doy (@7 = oM

A

(4.61) + 9y (Vi — V")w”“)Hz)v

2

[0 (U1 = UM ||, = | = U™)pe™ 4 (U = Ui
<t - UMall p20-0) ° H""nHHLm
A e T}
< U™ = U uss - [V,
(4.62) < CO ||V (@ =), - [[Ane™ ],
(4.63) ][0, (V"1 = vMw™) |, < OCY? ||V (™! =) |, - [|ane* ],

Again, the elliptic regularity (4.15), Poincaré’s inequality, and 2-D Sobolev embedding
were repeatedly used in the analysis. As a result, its combination with (4.60) leads to

(4.64) k(- (u"" —u")-Vyw" = Vy - (0" —u")" ) Ayw™th)

< OOk |V (@ = w5 - [ Aner 3"

We can always choose 0 < § < % so that an application of Young’s inequality (ab <
‘%—l—%with%—l—%:l) gives

(465) [V (@t =) [ Ane

< [|Vw (@ —w”) TN

3/2\ 3
with ’y=i<73ccl ) .

[ —
S elonle

2v

. . . s
Furthermore, since 40 < 2, we can apply Young’s inequality to ||V (w"™! —w™) H:

and obtain

1
(@60) [V @) S o [V @ =)+ 4,
6

in which A is a generic constant and depends on §. As a result, substituting (4.65)—
(4.66) into (4.60) gives an estimate for the second nonlinear term,

k <_ (un+l _ un)_van—i-l _ VN . ((un+1 _ un)wn+l) ,Aan+1>

(4.67) <k|Va (0! —w”)Hz—i— %l/kHAw"HHz—i—Bk,

with B = CCY/?A.
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The third nonlinear term in (4.47), (4.48) can be analyzed in a similar way. We
first look at u™*! . Vyw™™. A bound for ||[u"*!|, can be obtained in the same
fashion as (4.58):

[t < CHT™ | as < C ™ [ gnes < C ™
< C ol E - o
(468) < O, awm 3 < o0l [avwm ;.
Its combination with (4.56) shows that
BTy Ay ) < el Ve - [ Aven
(4.69) < OOk | Aww™ |,
This analysis can be applied to the term V - (u" 1w *!) in the same way:

[V - (@), < [ (w1, + [Py (07 )
(470 <2 (. (U ), + [, (Ve )]).
o (U], = [0z s+ v

< HU;Z+1HL2/(1_5> . Hwnﬂ”m/& i HUn+1||Loc _ ||wg+1||2
. < U e - [, < CCF* w2

(@r2)]0, (V"o )|, < 0Cd? [ Anwm 5

I,

As a result, we arrive at the following estimate:

(473) B (u Vw4 Uy (w1 Ay ) < 002k | AywH|F

Again, since # < 2, we can apply Young’s inequality and obtain
346 v 2
(@71 w3 < L ave 240
/2 2 )
2003

in which C' is also a generic constant and depends on 6. Going back to (4.73), we
have an estimate for the third nonlinear term:

4.75) k un+1_van+l+vN_ un+1wn+1 ,AanJrl < lyk AanJrl 2+Ck
2 2

Finally, a combination of (4.45)-(4.48), (4.50), (4.55), (4.67), and (4.75) results
in
c'c?

14

(4.76)  ||[Vnw™ T3 — | Vw"|3 + <1 — <1 +

) k) 1V (@ = ") 2

2M?

v

1
+ §Vk||ANw"+1||§ < ( + C) k.

Under a constraint similar to (4.40) and a trivial constraint k& < I for the timestep,

c'c?

(4.77) >

1 . . v 1
k§§, kgz, 1.e., kﬁmln <m,z>,
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we have

n n ]‘ n n 2 1 n ~
(4.78) (Vw3 = [Vnw" |5+ 5 [V (@™ = w")[[; + gkl Ane™ 3 < ak

2

+C.

with & =
v

Furthermore, an application of elliptic regularity (denoted by another constant c;,)
(4.79) VN 2 < | Avw™ |2

implies that

(4.80) Vw2 — || Vvw™||2 4 Brk||Vyw™ 2 < ak  with &= 5

Applying an induction argument to the above estimate yields

IVaw™ 3 < (14 Brk)~ "D V|3 + B&v Le.,
174

(4.81) IV @™o < (1+ Brk) = F | Vaw?|l2 + /Bﬁ = Cy.
12

Again, (5 is a time dependent value; however, its time dependence decays exponen-
tially so that a global in time bound is available.
In addition, we also have the L2(0,T; H?) bound for the numerical solution:

Ny
B At < IVawill3+a (T - ).
k=i+1

1

(4.82) 5V

4.5. Recovery of the a priori H? assumption (4.21). With the L>(0,T’; L?)
and L>(0,T; H') estimate for the numerical vorticity solution, namely, (4.43) and
(4.81), we are able to recover the H° assumption (4.21):

1-06 é
oo™ g = o™ o < Cllem™ Ml o™ s
(4.83) < Cs |l |20 [Vt ) < csCl 0 C2l.

For simplicity, by taking 6 = %, we see that (4.21) is also valid at timestep t" 1 if we
set

(4.84) C = C51/C,Cs.

Note that C; and C5 are independent of C in the derivation. The constant C is used
only in the timestep constraint (4.40). Therefore, induction can be applied so that
the a priori H° assumption (4.21) is valid at any timestep under a global timestep
constraint

1%
4. < —.
( 85) k< 40(?0102

Again, note that both C; and C3 contain an exponential decay in time and therefore
are bounded by a given constant in time.
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In other words, under (4.85), a global in time constant constraint for the timestep,
the proposed semi-implicit scheme (4.10)—(4.12) is unconditionally stable (in terms
of spatial grid size and final time). In addition, an asymptotic decay for the L? and
H'! norm for the vorticity (equivalent to H' and H? norms for the velocity) can be
derived. Lemma 4.2 is proved.

Appendix A. A Wente type estimate. The goal here is to present a Wente
type estimate that is applicable to our doubly periodic setting. The original estimate
of the Jacobian term (essentially H ! norm) goes back to [40]. Here we need an
estimate on the L? norm of the Jacobian. The case with homogeneous Dirichlet
boundary condition can be found in [23, 24].

PROPOSITION 1. There exists an absolute constant ¢, > 1 such that

(A1) [V Vol < collWlmlldlly VY€ HL(Q), ¢ € H) (),
(A.2) IV - Vol < cow |¥llplloly Vo € H(Q), ¢ € H), (),
(A.3) IV - Voly < co [¥llmlloly Vo € HL (), ¢ € HE ().

Proof. Let Q = (0,27)? as before and Q := (—2m,4m)%. Let p € ¢°(R?) be such
that p=11in Q, p =0 in R2 — Q and p(z) € [0,1] for all z € R2. Here 1) and ¢ are
2m-periodic functions on R2. The proof of (A.2) is based on Lemma 1 in [23], which
states that, in our notation, for py» € H3(Q) and pg € HZ (), one has

(A4) IV (01) - V(09) |2y < Cre () 1l g2 3y 108l 11 ) -
Noting that
IV(p)llg = IV(pd)lla + IV(p¥)lg_q

< |IV¥lla + 1pVellg_qg + 19V ollg_q

<UIVElla +1IVEllg_g + 14llg_olIVAll <@ o)

< IV9lla + 81Ve¢la + 8,1V a_gll Vol 1w gy

(A.5)

and a similar computation for ||pt| 2, the right-hand side of (A.4) is majorized as
(A6) 9 o 199l 2y < (O + 8, 9l ey Coc (02 [l 2 |61

Since the left-hand side of (A.4) majorizes ||VJ-1/J-V¢||L2(Q), we have (A.2). For (A.3),
we use the identity V+1)-V¢ = ~—VL¢-V1# and (A.2) with ¢ and ¢ interchanged.
For (A.1), we take w € H}(Q2) and compute

”vl¢ : VQZ)HH—l(Q) = sup (VLL/) Vo, w)LQ(Q)
0l 1.y =1
(A7) < s IVl VOl e Vel s

”w”Hl(Q):l
= [IVoll 2 IVl 262
where the inequality follows from (3.8) in [40]. Arguing as above, (A.1) follows. O

Appendix B. A convergence result on long time behaviors. Here we
present a modified version of the abstract result presented in [39], so that it is appli-
cable to the current situation, where the phase space is only a subset of a Hilbert (or
reflexive Banach) space.
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PROPOSITION 2. Let {S(t)}i>0 be a continuous semigroup on a complete metric
space X which is a subset of a separable Hilbert space H with the inherited distance
(norm) ||-||. Suppose that the semigroup generates a continuous dissipative dynamical
system (in the sense of possessing a compact global attractor A) on X. Let { Sk o<k<k,
be a family of continuous maps on X which generates a family of discrete dissipative
dynamical system (with global attractor Ax) on X. We further assume that the fol-
lowing two conditions are satisfied:

H1 (uniform boundedness): There exists a ki € (0, ko] such that {Sk}o<k<k, is

uniformly bounded in the sense that

(B.1) K= |J A
0<k<ki
is bounded in X.

H2 (finite time uniform convergence): Sy uniformly converges to S on any finite
time interval (modulo any initial layer) and uniformly for initial data from
the global attractor of the scheme in the sense that there exists tg > 0 such
that for any T* > tg >0

(B.2) lim sup [ISEu — S(nk)ul| = 0.
k—0 uceA, nkefto,T*]

Then the global attractors converge in the sense of Hausdorff semidistance, i.e.,

(B.3) %in%) distr (Ag, A) = 0.

Moreover, if the following three more stringent conditions are satisfied; then the in-
variant measures of the discrete dynamical system {Sk}o<r<k, converge to invariant
measures of the continuous dynamical system S':
H3 (uniform dissipativity): There exists a k1 € (0,ko) such that {Sk}o<k<k, is
uniformly dissipative in the sense that

(B.4) K= |J A
0<k<ki

18 precompact in X .

H4 (uniform convergence on the unit time interval): Sy uniformly converges to
S on the unit time interval (modulo an initial layer) and uniformly for initial
data from the global attractor of Sk in the sense that for any ty € (0,1)

(B.5) lim sup [Siw — S(nk)ul = 0.
k—0 ueAy ,nkelto,1]

H5 (uniform continuity of the continuous system): {S(t)}i>0 is uniformly con-
tinuous on K on the unit time interval in the sense that for any T* € [0, 1]

(B.6) lim sup ||S#t)uw — S(T*)ul = 0.
t—T* weK
More precisely, let ui, € ZMy, where ZMy, denotes the set of all invariant measures

of Si.. There must exist a subsequence, still denoted {ur}, and p € ZM (an invariant
measure of S(t)), such that u, weakly converges to p, i.e.,

(B.7) i — poas k — 0.

Proof. The proof is exactly the same as those in [38, 39]. We leave the detail to
the interested reader. d
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