THE ABRAMOV-ROKHLIN ENTROPY ADDITION
FORMULA FOR AMENABLE GROUP ACTIONS

THOMAS WARD AND QING ZHANG

ABSTRACT. In this note we show that the entropy of a skew product action of a
countable amenable group satisfies the classical formula of Abramov and Rokhlin.

1. INTRODUCTION

Let G be a countable amenable group. We wish to express the entropy of a
skew product action of G on a Borel space (defined below) as the sum of a base
entropy and a conditional fibre entropy. For G singly—generated, this result was
obtained by Abramov and Rokhlin in 1962. Their proof uses two attributes of the
acting group: averaging sets (to give convergence in the limit defining conditional
fibre entropy) and tiling sets. When the group is singly generated one can choose a
sequence of averaging sets that also tile. We describe briefly here what occurs if G
is an amenable group. Averaging sets are guaranteed to exist, and the analogous
convergence of conditional entropy is obtained by the method that Keiffer used to
prove the Shannon-MacMillan theorem for amenable groups in [3]. One cannot
(presumably — see [2] and [4] for a description of what is known in this direction)
assume the existence of averaging sets that also tile, but the machinery of quasi—
tilings developed by Ornstein and Weiss in [4] provides an adequate replacement.
The proof below is therefore identical in principle to that of [1], but the arguments
to support each step are a little more involved. One specific point should be
clarified: we use the deep generalization of Krieger’s theorem, due to Rosenthal,
which guarantees the existence of a finite generator for a finite entropy free ergodic
action of an amenable group. This is not necessary but allows a considerable
simplification in the argument. We then show how this implies the general case.
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2. QUASI-TILINGS FOR AMENABLE GROUPS

We now describe the replacement for tiling sets that are needed. The following
terminology and results are due to Ornstein and Weiss, [4].
Subsets A1, As, ..., A of G are e—disjoint if there are subsets By, Bo, ..., By such
that
(1) B; C A; fori=1,2,...,k,
(2) % >1—¢, and
(3) B;NBj =0 for i # j.
A collection {A1, Ag, ..., Ai} of subsets of G av—covers the set A if
AN Ui, 4l
|Al B
A collection {Aq, A, ..., Ax} of subsets of G is a d—even cover of the set A if
(1) A, c Afori=1,2,... k,
(2) there is a number M with Zle X4, (x) < M for almost every z, and
i [Ail = (1= 0)M.
Let K C G and § > 0. A subset A C G is (K, d)—invariant if
Hge G:KgnA#Dand Kgn (G\A) # 0} <5
|Al '

Define the K—-boundary of A to be
B(AK)={geG: KgnA#(and Kgn (G\A) # 0}.

Lemma 2.1. If A is (K, §)—invariant, then for any ¢ € G, the translate Ac is
(K, 0)—invariant.

Proof. It is clear from the definition that B(A, K)c = B(Ac, K), so |B(A, K)| =
|B(Ac, K)]. O

The property of (K,d)-invariance is almost preserved under almost disjoint
unions in the following sense:

Lemma 2.2. If the sets A;, i = 1,...,k are (K, §)—invariant and e—-disjoint, then
their union Ule A; is (K, (14-€)0))—invariant. In particular, if the A; are disjoint,
then Uf;:l A; is (K, 6)—invariant.

Proof. It is clear that B(Uf:1 A, K) C Ule B(A;, K), so
k k k
B4 K)I <Y IBALK) <6 A <61+l Al
' i=1 i=1 i=1
0

The group G is amenable and therefore admits a Fglner sequence, which has
the following asymptotic invariance property.
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Lemma 2.3. Let {F,} be a Folner sequence in G. Then, for any finite subset
A C G, and any § > 0, there is an integer N > 0 such that the set F, is (A,0)—
wmwvariant for all n > N.

Proposition 2.4. [4, §1.2] If S C G is a finite set with e € S, and A C G is an
(SS~1, 8)—invariant set, then the right translates of S that lie in A form a §—even
cover of A.

Proposition 2.5. [4, §1.2] If {A) : XA € A} forms a d—even cover of A, then there
is some € > 0 for which there is an e—disjoint sub—collection of {Ax : X € A} which
€(1 — §)—covers A.

For completeness we prove the following theorem (this is proved in [4]).

Theorem 2.6. Let e C F; C Fy C --- be a Folner sequence in G. Then, for
any € € (0, i) and any integer N > 0, there exist integers ni,na,...,ng with
N < ny <ng < -+ < ng such that for any Fyy (M sufficiently large), one can
find finite subsets C'q,...,Cyr of G with the following properties

(1) F,,C; C Fy fori=1,2,...k,

(2) F,,CiNFE,,C; =0 fori+# j,

(3) {Fn,c:ce C;}is an e~disjoint family, and

(4) {F,,C; :i=1,2,...,k} forms a (1 — €)—cover of Fi;.

Proof. Fix § > ¢ > 0and N > 0. Choose k > 0 and § such that (1 — £)*¥ < e and
6k5 < 5. By Lemma 2.3, we can choose ni,na,...,ni with N <n; <np <--- <
ng such that F,, , is (F,, F, ', 6)-invariant and |F,,|/|Fy,,,| < 6. Now for any
(Fn, Fyb, 6)-invariant F,, with |F,, /|F,| < é, the right translates of F,, that lie
in F,, form a d—even cover of F,,. By Proposition 2.5, there exists a finite set C},
such that

(1) {F,,c:ce Cy} is edisjoint,

(2) F,,Cy is an €(1 — 0)—cover of F,,,, and

(3) (e = )| Fm| < [Fny Okl < (€4 0)[Fnl.
To see (3), notice that |F,, Ck||Fm|™' > €(1 — ) > € — 6. On the other hand,

| Frai Ci\Fr— ol | Frn| ™1 2 [ Fo Gl | Fra ™1 = 6,

and |F,, Cu\Fy_ic||Fm| ™t < €(1 =0), s0 |Fp, Cxl|Frn| ™ <e(1=06)+6 <e+4.
Let Dy = F,,\F,,, C). we claim that Dy is (F,, ,F,, ! ,6§)-invariant. Indeed,

Nk—1" Np—1"

using Lemma 2.1 and 2.2, we have:

IB(D1, Fuy Fyt )| < [B(Funs Fuy Fy' )| + |B(FuyCis Fuy_ F- )|

Nk—1" Ng_1 k=17 Nk—1
< |B(Fpn, Fpy Py )+ |CllB(Fy, Foy

Nkg—1 nk_1)|
1
< O(|Fw| + 1Ckl 1 Fn ) < (1 Fm| + 17— 1CkFn, )

30
< 30|Fm| < ——|D1| < 64|D|
l—e—9
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since 1 — e — & > 1. It follows that Dy is (F,,_,F, " ,66)-invariant.

Ng—1"nNg—1"

Now consider the size of D;. It is clear that
(L —€e+0)[Fnl = [Di] = (1 —€—0)[Fnl.

Since 1 — € > 6, |D1| > |Fp,| > $|Fn,_,|, 50 [Fa,_,[|D1|7' < 4. Then there is a
finite set Cj_1 such that

(1) {Fy, ,c:ce Ci_1} is e-disjoint.

(2) F,,_,Ck—1is an €¢(1 — 66)—cover of D;.

(3) (€ =60)[D1] < [Foy_, Cra| < (€ +60)| Dyl

Then let D2 = Dl\Fnk_le_l with
1D < (1 —€+46)(1— e+ 60)|Fp| < (1 —5)2|Fnl
Inductively, we get Dy, with |Dy| < (1 —€/2)¥|F,,| and this implies the theorem.[]

.From now on, we say that sets Ay, ..., Ay e—quasi—tile a set A if there are finite
sets C1,...,C such that

(1) A;,C; c Afori=1,2,...,k,

(2) A;,C;iNA;C; =0 for i # j,

(3) {Aic:ce C;} forms a e-disjoint family, and

(4) {A;C;:i=1,2,...,k} forms a (1 — €)—cover of A.

The sets C', ...,y are called the tiling centres.

3. CONDITIONAL ENTROPY AND ENTROPY

In order to define the entropy of an action of a countable amenable group, an
analogue of the total order on the integers adapted to the action is needed; this
is furnished by the following Lemma due to Kieffer. The proof is contained in the
proof of Lemma 2 in [3]. Notice that the entropy is being implicitly defined as
an integral of the information function, and is therefore well-defined without the
assumption of ergodicity.

Lemma 3.1. [3] There is a probability space (S,8,)), a G-action {Uy : g € G}
on S and a total order < of S such that

(1) For each s € S, if g1 # g2 € G, then Uy, (s) # U,,, and
(2) for each g € G, {s € S:Uy(s) < s} e8.

We sketch the proof here for completeness (see [3], page 1033). If G is finite
let S = G with uniform measure, and for < take any total order on S. Let G
act on S by group multiplication. If G is countably infinite, consider the product

o—algebra on {0,1}“, and the Bernoulli (3, 3)-measure. Then G acts on {0,1}“
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by left translation, and we may choose a G—invariant subset S C {0,1}% with (1).
Restrict the G action to S and order S lexicographically to obtain (2).

For any s € S, one can define a total order <4 of G as follows: g; <5 go if and
only if Uy, (s) < Ug,(s). For any s € S and g € G, let Vi (s) ={¢' € G: ¢’ <5 g}.

Let (Q2,B,u1,{Sy | ¢ € G}) be a measure preserving system, so (2, B, u) is
a probability space, and S : g — S, is an action of G by measure-preserving
transformations of (€2, B, ).

For any finite measurable partition P of Q and any subset A C G, let P(A)
denote the smallest o-algebra containing S 1P for all ¢ € A. In particular,
P({g}) = S;'P for any g € G. For any finite partition P and w € Q, let P(w)
denote the unique atom of P containing w. Now for any sub-o-algebra A of B,
and any finite partition P, the conditional information function I(P|A) and the
conditional entropy H(P|A) can be respectively defined by

I(PMA) (@) = — log(u) ({P}w)|4).
and
HPIA) = [ 1(PIA) )
Notice that H(P|A) < H(P) < log|P)|.

Theorem 3.2. Let {F,} be a Folner sequence in G with e € Fy C Fy C
and F, /‘ G. Then, for any finite partition P and sub—o—algebra A, the sequence

an = T |I(P(Fn)|fl) converges in L*(). The limit does not depend on the choice
of Folner sequence.

Proof. From the basic properties of information functions (see [5]), we have

I(P(E)A)w) = Y I(P{g}IP(E, NVy(s)) vV A) ()

geF,

= Y I(PIP(Fag™ N Vy(s)g™") V A)(Syw).

geFy,

Now fix the partition P. For any E C G, define
fe(w,s) =I(P|P(ENV.(s))VA)(w).
One can check that fp is a measurable function on 2 x S. Then

I(P(Fy)A)(w) = Y I(P|P(Frg ' NVe(Uys))VA)(Sqw) = > fr,g-1 (Sqw, Uys),

gely, geG

where U is the G—action given by Lemma 3.1. It is clear that for any sequence
Ei CEyC -, E, /G the limit lim, o, fg, = fg exists in L1(Q x S). For any
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e > 0, there is a finite set B such that if £ D B, ||fg — fc||1 < €. Since B is a
finite set, when n is sufficiently large we have

[Fo N (Nyep b Fa)l
|

> (1—e).

It is clear that for any g € F,, N (ﬂbeB b_an), we have F,g~! D B. Therefore,
when n is sufficiently large we have

1 1
I PEIA) = follz@xs) < mpr D g1 (Sy < Us) = fol
" "l ger,
1
< 7 > Mrg (8 < Up) = fal

gEFnﬂ(ﬂbegblen)

IEN\Fo 0 (Nyep b E)

log | P|
|
< €(1+log|P)).
This implies that
. 1

Jim. HWI(P(Fn)\A) — fallLrxs)y = 0.
Therefore )
and the theorem follows. O

Corollary 3.3. For any Folner sequence {F,} satisfying Fy C Fo C ---, F,, /' G,
the limit .
geFn

exists and is independent of the choice of {F,}.

We will use h(S, P|A) to denote the limit lim,, ﬁH(\/gan SyP|A) and
define the conditional entropy of S with respect to A by h(S|A) = supp h(S, P|A).
The entropy of the G—-action S is defined to be the conditional entropy of S with
respect to the trivial sub—o—algebra N = {0, Q}: h(S) = h(S|N). Similarly, we
define h(S, P) to be h(S, P|N).

If A is a finite o—algebra, let P(A) be the finite partition that generates A.

Lemma 3.4. If{A,} is a sequence of finite o—algebras with A,, /B, then h(S) =
lim,, 00 h(S, P(Ay)).



THE ABRAMOV-ROKHLIN ENTROPY ADDITION FORMULA 7
Proof. For finite partitions P and @,

H \/ s,p|<H|\ SPVv\ SQ

<H| \/ SQ|+H|\ 5P\ SQ

<H|\ SQ|+> H|SP '\ SQ

ger, geF, geF,

<H|V 8,Q|+|FH(PQ),
geFn
so h(S,P) < h(S,Q)+ H(P|Q).

An easy consequence of the Increasing Martingale theorem shows that if P
is a finite partition, then H(P|A,) N\, H(P|B) = 0 (see [6], page 38). Hence
h(S,P) < h(S,P(A,) + H(P|P(A,)) and H(P|P(A,)) — 0 as n — oo. It fol-
lows that h(S,P) < lim,_ . h(S, P(A,)) for any finite partition P, so h(S) <
lim,, 00 h(S, P(A,)); the reverse inequality is clear. O

4. ENTROPY ADDITION FORMULA

Let (X,B,pn,{T,; : g € G}) be a measure preserving system and let (Y,C,v)
be a probability space. Let M PT(Y') denote the group of all invertible measure
preserving transformations of ¥ and let a : X x G — MPT(Y) be a cocycle
with the property that for any fixed g € G, a(x, g)(y) is a measurable Y—valued
function of x and y with respect to the product c—algebra B® C. Let 2 = X x Y.
Define a measure preserving G-action {S; : g € G} on 2 by:

Sqg(z,y) = (Tyz, a(x, g)y).

The action S is then a skew—product extension of T' by a. For aset B € B (C € ©),
we also use B (resp. C) to denote the set B x Y (resp. X x C) in B ® €. This
notational device amounts to a canonical embedding, B < B®C (resp. € — BxC)

In order to prove the entropy addition formula without the assumption of free-
ness (see Theorem 4.4 below) we will need an independent proof of the formula
for the entropy of a direct product. This may be obtained for group actions ex-
actly as for single transformations (see [6], page 61); we include a short proof for
completeness.

If the cocycle a(zx, g) is independent of x € X then a(z,g) = V, for some G-
action V on (Y,C,v), and the skew product S above is then the direct product
Sg =Ty x V.
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Lemma 4.1. The entropy of a direct product is the sum of the entropies:

h(T x V) = h(T) + h(V).

Proof. Let {B,} and {C,} be sequences of finite o-algebras with B,, /B (that
is, B,, C By41 for all n, and J,, B, generates B) and €, €. Then, by indepen-
dence,

h(S,P(B, x C,)) = h(T, P(B,)) + h(V, P(C,)).

Applying Lemma 3.4 gives the result. 0

Theorem 4.2. [7| If T is an ergodic free G—-action with h(T) < oo, then there is
a finite partition & such that B =\ 5 To€.

Such a partition  will be called a generator of (X, B, u,{T, : g € G}). In fact
Rosenthal proves a much stronger result, exhibiting a finite uniform generator of
optimal (least) cardinality.

Proposition 4.3. Let S and T be the measure preserving G-actions defined above,
and assume that the base action T is ergodic and free. Then h(S) = h(T)+h(S|B).

Proof. We first show that h(S) > h(T') + h(S|B). It is enough to show that
the supremum of h(T, P) over all partitions P of X x Y which are of the form
P = ¢ xn, where £ and 7 are finite partitions of X and of Y respectively, is greater
than or equal to A(T) + h(S|B). Let {F,} be a Fglner sequence in G such that
e€ Fy CF, C--- and F,, /' G. For a partition P = £ x n,

H(P(Fn)) = H(E(Fn) vV n(Fn)) = H(E(Fn)) + H(n(Fn)|E(Fn))

and so
H(P(F,)) > H(§(F)) + H(n(Fn)|B).

By Corollary 3.3, we have

h(S,P) = lim !

n—o00 |Fn|

H(P(F,))
: 1 . 1

> Jim e HEE) + i e () [B)

= h(T,€) + h(S,1|B)

Now we show that h(S) < h(T) + h(S|B). We need only consider the case
h(T) < co. By Theorem 4.2, there is a finite generator ¢ for (X, B, 4, {T, : g € G}).
Let P be any finite partition of 2 = X x Y. For any ¢ > 0,there is an /N such that
when n > N,

1
|WH(P(Fn)) —h(S, P)| <e
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1
\WH(E(Fn)) — (T, 8)| <,

and )

|WH(P(Fn)|B) — h(S, P|B)| <e.
By Theorem 1.6, for ¢ > 0 and an integer N > 0, there exist ni,...,n; with
N < n; < --- < ng for which the sets F,,,,..., F,, e-quasi-tile any F,, with m

sufficiently large.

Since £ is a generator, the Increasing Martingale theorem (see [6], page 38)
shows that for any finite partition @, H(Q|{(Fx)) \ H(Q|B) as k — oo. It
follows that there is a finite set B such that for any set A D B,

H(P(F,,)((A)) < H(P(Fy,,)|B) + ¢

fori=1,...,k.
Now for m sufficiently large, F,, is (B, €)-invariant and can be e—quasi-tiled by
Now

Therefore )
h(S, P) < W(T) + Wlﬂ (Fm)|E(Fm)) + 2e.

Let C4,...,Cy be tiling centres for F,,. Then

k k
[l 2 [ FuiCil 2 (1= €)|Fy| and | Fo,Cil = (1 =€)

=1 =1 i=1

n; |-

Now we have
H(P(Fm)\f(Fm)) < —H(P(U Fp. Ci)|€(Fm)) + elog | P|

k
< —————H(P(| | F..C)E(F)) + elog |P|
Ui, Fu Gl L:J

k

o Zk(_l _|C€)‘_|F ’ ;H(P(FnZCZ)K(Fm)) +€10g’P‘,

(S5 |Cil| P,

Let ti = ‘CZHFnl
and so

yfori=1,2,...,k. Then1>t¢;>0,> t; =1,

k
5 1|0||Fn | L H (P COIEE Z|0||Fn (P(Fu,Co)lE(Fo))
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Since e € F,,,, C; C Fp, and C; NC; =0 for i # j. Let A= {g € F,,, : Bg C F,, }.
Since F), is (B, €)-invariant, |A|/|F),| > (1 — €). Therefore, for any 1 <i <k,

A HPFLCOIEF) < (3 o

n; Z ‘ i
T CGC 7

P(F,,c

£(Fm)))

< C{A( > %H(P(Fm E(Fnc™))

ceC;NA | i

DI

ceF,, \A

1
< H(P(F, )|&(Fne ™))
il 2=, w1 )
F,0\A]
+ ————log|P
il B 1

(Fa)lE(Fine™)))

ni

|l M\A’
B + —10 P

L H(P(F,, ) + LAl

H(P(Fy,)

log |P| + €.

s

This implies that

L H(P(F)IE(F)) < — (Zm%ﬂ(P(Fm)B)

|[Fm

+ Zt ||C'n|7i>7 ‘ log |P|) + €(1 + log | P|)

1 1
< >t H(P(F,.)|B
L |Fa\A
log |P 1+ log|P
g TR el Pl el +log |P)

Since n; > N, we have

1 1 1 1

_ <
T H(P(EIEF) € TS PIB) + el =gz + 7 + D1os Pl + 1)
If 0 < e < 3 and |P| > 2, then
1 1
A H(PURIEE)) < 1o (S, PIB) + Selog Pl

Therefore
h(S,P) < h(T) + h(S, P|B) + 10elog|P]|.

Since € was arbitary, we have h(S, P) < h(T)+ h(S, P|B). The theorem follows.[]
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Theorem 4.4. Let S and T be the measure preserving G-actions defined above.
Then h(S) = h(T) + h(S|B).

Proof. There are two reductions to be carried out. First, let T = fol T ds
be the ergodic decomposition for T' (this is constructed for any countable group
action in [8, §4]). We then have h(T fo h(T(®))ds (this follows easily from the
definition of entropy for G-actions given in Section 3 above). Writing S (z, y) =
(Tg(s) (), a(x,g)(y)), we obtain

h(S) = /Ol(h(T(S)) + h(S®)|B))ds = h(T) + h(S|B)

by Proposition 4.3.

We may therefore assume that T is an ergodic action. Define an action U
of G as follows. Let Z = {0,1}¢ with the Bernoulli (3, 3)
on the o-algebra of Borel sets D obtained from the discrete topology on {0,1}.

—measure 7 defined

The group G acts via the shift, Uy(z), = 24, where z = (245)gec € Z. An easy
calculation shows that h(U) = log2; moreover U acts freely. To see this, notice
that {z | Uyz = z} has zero measure if either {¢"} or G/{g"} is infinite, and one
of these must occur unless G is finite — in which case all the entropies are zero.
Let G act on X x Z x Y via S (z,2,y) = (Ty x Uy)(z,2),a(z,g)(y)). Then it
is clear that h(SY|B) = h(S|B) since « is independent of the Z coordinate. Also,
the base action T' x U is free, so we may apply Proposition 4.3 and Lemma 3.4
to obtain h(S) + h(U) = h(SY) = h(T x U) + h(SY|B) = h(T) + h(U) + h(S|B),
which gives the result since h(U) is finite. O
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