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Skyrmion stars and the multilayered rational map ansatz
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We investigate the large baryon number sector of the Einstein-Skyrme model as a possible model for

baryon stars and construct low energy configurations that resemble neutron stars. Previous studies have
shown that gravitating Skyrmions produced by using rational maps can achieve spherically symmetric,
multibaryon-bound states at large baryon numbers, but these configurations were hollow shells. In this
paper, we improve on the previous work by constructing configurations corresponding to solid spheres

with a radius-dependent baryon density.
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L. INTRODUCTION

The Skyrme model is a nonlinear theory of pions origi-
nally proposed by T. H.R. Skyrme in 1961 [1,2], that has
topological soliton solutions, known as Skyrmions, which
are identified as baryons. The Skyrmions possess a con-
served topological charge which is interpreted as the
baryon number. The model was set aside after the discov-
ery of QCD in the late 1960s but was later [3] shown to be
an approximate, low energy, effective field theory for QCD
which becomes more exact as the number of quark colors
becomes large, and has been successful in modeling the
structures of various nuclei.

The Einstein-Skyrme model couples the Skyrme model
to gravity and has been previously studied in [4—6]. The
coupling of the Skyrme model to gravity is particularly
interesting when considering astrophysical objects, with
black hole formation having been studied in [7,8].

This paper continues the work of [9] which studied large
baryon number Skyrmions in the Einstein-Skyrme model
and configurations of such Skyrmions in an attempt to
investigate if stable solitonic stars could exist within the
model. The first study into this topic [4] predicted that such
stars would be unstable, however, this work used the
hedgehog ansatz which is unstable for baryon number
greater than one even before the Skyrme model is coupled
to gravity.

The discovery [10,11] that stable shell-like solutions to
the Skyrme model can be produced using the rational map
ansatz led to the work in [9]. It was found, after an
approximation to allow the solution to be found numeri-
cally, that for a baryon number comparable to that of a
neutron star (of order 10°7) a shell-like stable solution
could be found. Further to this, by stacking a number of
these shell-like solutions together to form a hollow sphere,
a model of a neutron star could be found with an acceptable
radius. However, this model still has unrealistic features,
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such as a hollow center and an artificially constructed
density profile, which this paper improves upon.

In this paper, we first outline the Einstein-Skyrme
model, including the first results found by Bizon and
Chmaj [4] using the hedgehog ansatz. The previous work
by Piette and Probert [9] is then reviewed, introducing the
rational map ansatz and studying the results, before con-
sidering an improved ansatz to this model, the multilayer
ansatz. This is introduced and the results of implementing
it are studied. In contrast to the previous work which had
produced hollow solutions, we construct configurations
that are solid spheres with a radius-dependent baryon
density.

II. THE EINSTEIN-SKYRME MODEL

The Einstein-Skyrme model is described by the action

5= /M J——g<LSk - %)d“x, 0

which combines the action of the standard Skyrme model
for the matter field and the Einstein-Hilbert action for
the gravitational field, all defined on the manifold M.
The Lagrangian density for the Skyrme model, Lg, is
defined as

F2
£Sk =1—gTr(VﬂUV”U_1)

1 _ _
+WTr[(vM uu-L(V,U)U P
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where U is an SU(2) matrix and F,, e and m,, are the pion
decay constant, the Skyrme coupling, and the pion mass
term, respectively. The Skyrme field is a map from R? to
§3, the group manifold of SU(2), but finite energy consid-
erations imply that the field at spatial infinity should map to
the same point, meaning the Skyrme field is a map between
two three-spheres. Such maps fall into homotopy classes
indexed by an integer, known as the topological charge,
which is interpreted as the baryon number.

+ (Tr(U) = 1), 2)
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The choice of metric is determined by the fact that large
baryon stars are being studied. While most of the Skyrmion
configurations studied do not possess exact spherical sym-
metry, as the baryon number increases to that of a realistic
neutron star, the spherical symmetry of the solutions be-
comes more enhanced, to the effect that the discrepancy
between the symmetries will not be significant. Also, at
high baryon numbers, it can be shown that the gravitational
backreaction is small compared to the Skyrme interaction.
The spherically symmetric metric used is that associated
with the line element

ds? = —A2(r)<1 - ZmT(r))dﬂ + (1 - 2m(r)>ldr2

p
+ r*(d#? + sin*0d $?). 3)

Here, A(r) and m(r) are radial profile functions which must
be determined when solving the model.
From the metric (3), the Ricci scalar can be calculated as

-2
R= ﬁ(_AH 2 —2Ar + 2A"rm + A'm + 3A'rm/
r

+ Arm’ + 2Am'). “4)

We must also add a boundary term,

-1
Sgu = G /m(oo)dt, )

to the gravitational term in the action to include the neces-
sary contribution from the boundary of the manifold. This
ensures that when the action is varied with respect to the
metric, and this variation is set to zero, Einstein’s equations
are implied [12]. The gravitational action can then be
simplified to

S = [ A(r)<_né/(r)>dr + @ (6)

It is convenient to combine the parameters of the model
into one dimensionless coupling constant, «. This can be
done by scaling to dimensionless variables, x = eF.r/2,
u=eF,_m/2, and u,=2m,/(eF,), resulting in a =
7GF2 /2. For the realistic values of F,, = 186 Mev and
the gravitational constant, G, & = 7.3 X 10740,

In the first study of gravitating Skyrmions by Bizon and
Chmaj [4] (with the pion mass, u,, set to zero), the hedge-
hog ansatz for the Skyrme field was taken

U = expliG.?F(r)], (7)

with boundary conditions, F(x=0)= B and F(x=00) =0,
where B is the Baryon number associated with the Skyrmion
configuration.

They found two branches of global solitonic solutions at
each baryon number which annihilate at a critical value of
the coupling parameter, «;, which decreases with in-
creasing baryon number. However, using this ansatz the
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solutions for baryon number greater than one are found to
be unstable, as they are in the nongravitating case.

III. THE RATIONAL MAP ANSATZ

Introduced by Houghton et al. [11,13], the rational map
ansatz produces approximate solutions to the Skyrme
model. These solutions are not in general radially symmet-
ric but the ansatz decomposes the field into a radial profile
function and a rational map.

The ansatz is defined using polar coordinates in R* and
setting the stereographic coordinates z = tan(6/2)e’®. The
Skyrme field is then defined as [11]

U = exp(icg - AgF(x, 1)), (8)
where

S
"RTTTIRP

is a unit vector and R a rational function of z.
The boundary conditions are set to

Fx=0) =, F(x = 00) = 0. (10)

2R(R), 23(R), 1 = |RP), (9

Using this ansatz, the degree of the rational map is equal to
the baryon number.

Substituting this rational map ansatz (8) into the action
for the model and scaling to dimensionless variables as
earlier, we obtain the following reduced Hamiltonian

H= eFiG[[OOOI:—A(x),u’(x) + AX)a

% [S(x)F(x)’2x2 +2Bsi? F()(1 + S()F()?)

Isin*F
+ %(x) + udat(2 - cosg)]]dx + M(OO)]’ D
where
S =1 2;;(x)’ (12)

and J depends on the chosen rational map. For low baryon
number configurations, the rational map that minimises J
must be chosen, as has been done in [11,14], but for large
baryon numbers the approximation J =~ 1.28B? can be
used [14].

From this Hamiltonian, the field equations for F(x), A(x)
and u(x) can be obtained. The previous study [9] of stable
solitonic stars attempted to solve these field equations
(with the pion mass, u,, set to zero) to produce solutions
that would model realistic neutron stars.

The profile functions of the solutions found provided
motivation for the next approximation. The radial profile
function F(x) stays approximately at its boundary value, 7,
for a finite radial distance before decreasing monotonically
over some small region and finally attaining its second
boundary value, 0. A similar behavior is seen for both the
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mass field, w(x), and the metric field, A(x) [9]. As the
baryon number is increased, the shell-like structure be-
comes more pronounced, with the distance before the fields
change (shell radius) increasing significantly, while the
distance over which the fields change (shell width) settles
to a constant size.

In [9], it was considered if these shell-like gravitating
Skyrmions could be stacked as more than one layer. This
was achieved by modifying the boundary conditions to

Flx=0)= (13)
F(x = 00) =0, (14)

where N is the number of shells, an idea first used for the
pure Skyrme model in [13]. The baryon number is now N
times the degree of the rational map and this configuration
results in energetically favorable solutions when compared
to single-layer solutions of the same baryon number. The
limitation on this method, however, is that the resulting
stacked shells all have the same baryon number and also
the same width. Realistically, it is expected that the baryon
number should vary significantly over the shells, as well as
their width.

To study the high baryon numbers of interest when
modeling an object such as a neutron star (of order 10%7),
a further approximation was introduced in [9] due to the
field equations becoming increasingly difficult to handle
numerically. This ramp profile approximation replaces the
profile functions by those which are piecewise linear, an
idea first used in [15,16]. It was shown that this approxi-
mation is in good agreement with the rational map ansatz
solutions, and by using it, solutions with a very high
number of baryons existing as N thin shells of small
thickness stacked together can be produced numerically.
The solutions at these high baryon numbers are still found
to be stable and, at the critical number of layers before
there ceases to be any solutions, the radius of the star is
approximately 20.91 km, comparable to a neutron star with
a typical radius of 10 km.

IV. THE MULTILAYER ANSATZ

While keeping the stacked shell structure of the rational
map ansatz model, we wish to improve it by allowing the
number of baryons in each shell, b;, and the widths of the
shell, W;, to vary. The radial charge density is given by B; =
b;/W; = —F(x)'b;/m, where F(x) is again the radial pro-
file function. This is due to the approximation, —F(x)" =
a/W;, which arises from the fact that the radial profile
function varies between n7r and (n — 1)r for an integer n
over one layer of width W;. We replace the topological
charge (baryon number) of each shell b; by a shell charge
field, b(x), resulting in the total baryon number

(R, FQ)
B = f()b(x) - dx,

5)

PHYSICAL REVIEW D 84, 085017 (2011)

where R is the total radius of the star which can
be varied. The approximation, also wused in [9],
J G(x)sin? F(x)dx = [ G(x,)sin” F(x)dx for any function
G(x) that varies very little over the width of the shell and
the fact that

Xo+W;/2 W. (=
f ! sin” F(x)dx = — f sin”ydy, (16)
xo—W;/2 T Jo
allows the Hamiltonian (11) to be reduced to
2

H= eFﬂG[,/;)R[_A(x)M/(x) + A(x)a

X [S(x)F(x)’2x2 + b(x)(1 + S(x)F(x)?)

+ 1.28b(x)2% + 2M§,x2]]dx + M(oo)]. (17)

Here, the large baryon number approximation I =

1.28b(r)* [14] has been used and S(x) =1 — ZMT(X) The
boundary conditions are

Fx=0) = (18)

F(x=R)=0, (19)

where N is the number of shells and the radius R =
N | W;. The average width of the shells, W, is defined
as W =R/N.
After defining ¢(x) = b(x)/x? for convenience and re-

scaling using F(x) = f(x)N, x = Ny, and u(x) = Nv(x),
the Hamiltonian can be rewritten as
2N3  (w V'(y)
H= —A +A 2
F.G [ ) e May
2v(y)
<[ (1- yyywﬂu+q@»+aw
2N
+1. 28q(y)2 + 2,u7,:|:|dy L) o)
eF .G
and the total baryon number as
B=—N3/ ()f(y) @1

The Hamiltonian (20) is then minimized over f(y), v(y),
A(®y), g(y), W, and N for a given baryon number. This has
been done by using simulated annealing over 250 points
with 108 iterations to find the minimum form of the f(y)
and ¢(y) fields while using the Euler-Lagrange equations to
calculate the »(y) and A(y) fields using a fourth-order
Runge-Kutta method, obtaining the respective profile func-
tions for a given W and N. The minimum energy solution
over varying W and N can then be found. Table I presents
the results of this minimization for various baryon num-
bers, all for a zero pion mass.

We find solutions up to a baryon number of B =
2.84 X 10°°, For B=12.85 X 10°° and above, no minimum
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TABLE I. Table of properties of the minimum energy solutions of the Hamiltonian (20).

B N W(fm) Energy/B(; FiG) R(m) Sinin
1.0 X 1010 1.250 X 10° 1.40 7.764 87 X 107 1.75439 X 10712 1 X 100
1.0 X 1020 2.700 X 10° 1.40 7.76481 X 103 3.78947 X 1079 1 X 10°
1.0 X 1030 5.850 X 10° 1.40 7.76479 X 1073 8.21053 X 1076 1 X 106
1.0 X 10% 1.250 x 1013 1.40 7.764 89 X 1073 1.75439 X 1072 1 X 10°
1.0 X 10% 2.700 X 10'® 1.40 7.76474 X 1073 37.8947 0.999 982
1.0 X 10% 1.250 X 1018 1.40 7.67390 X 103 1754.39 0.960 143
1.0 X 10°° 2.825 X 10!8 1.23 7.32413 X 107% 3469.30 0.814 808
1.5 X 10% 3.350 X 10'8 1.14 7.17409 X 107 3820.18 0.752 900
2.0 X 10% 3.825 X 1018 1.05 7.03135 X 1073 4026.32 0.693 622
2.5 X 10% 4.225 X 1018 0.96 6.888 10 X 107% 4076.75 0.629 472
2.6 X 10%° 4375 X 10'8 0.92 6.85854 X 107% 4029.61 0.611 816
2.7 X 10° 4.450 x 1018 0.90 6.82815 X 107% 4001.10 0.595 811
2.8 X 10% 4.600 X 10'8 0.86 6.79659 X 1073 3934.21 0.575 686
2.82 X 10%° 4.650 X 1018 0.83 6.79004 X 1073 3875.00 0.566 545
2.84 X 10%° 4700 X 10'8 0.81 6.78331 X 107% 3813.60 0.556 880

energy solutions for the Hamiltonian, over varying the
average width and the number of layers, could be found.
This is compared with a baryon number of order 107 for a
realistic neutron star. Table I shows that, while the mini-
mum of the function S(x) =1 — 2“7()‘) for the minimum
energy solution decreases as the baryon number increases,
it remains nonzero, meaning that the star has still not
collapsed to form a black hole.

Because of the limited accuracy of the numerical meth-
ods involved and the fact that solutions with a small S,;,
may not be easily found, an increase in the number of
significant figures for the maximum baryon number for
which there are solutions could not be reached. Figure 1
shows how the value of S,;, changes with varying baryon
number and it can be seen that S ;, begins to drop rapidly
as the maximum baryon number is reached. It is expected
that it will continue to decrease at an increasing pace and
any significant increase to the maximum baryon number
found will result in a solution that collapses into a black
hole. Extrapolating the plot suggests that black hole

1
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FIG. 1. Plot of the value of S,,;, for various baryon numbers.

collapse occurs at a baryon number of approximately
B <3 X 10%.

The data shown in Fig. 1, though quite smooth, are
affected by various types of numerical errors. First of all,
the energy fluctuations during the simulated annealing that
have not fully settled within the number of iterations used
and around the minimum energy values induce an error
that we found to be less than 0.1%. There is also an error
due to the sampling nature of the parameter values from
which the minimum energy solution has been determined.
From interpolating the curve around the minimum energy
value, we again find that this error is less than 0.1%. There
are also systematic errors due to the discretization of the
problem on a lattice that are harder to estimate but we do
not expect them to affect the critical value of the baryon
number significantly.

Table I shows that as the baryon number is increased the
solutions become more and more energetically favorable.
This indicates that the solutions are stable and our model
can therefore not be ruled out as a model of neutron stars.

At the smaller baryon numbers, the radius grows as
B'/3 indicating that the average density of the stars re-
mains constant. The widths of the shells in this region
are also seen to remain at a value of 1.40 fm (3.20 in the
dimensionless units). Kopeliovich [15,16], calculated the
minimum energy value for the width of a shell of a sub-
stantial number of baryons in flat space to be W = 7 in the
dimensionless units, and as the gravitational interactions
are not significant at these smaller baryon numbers, we find
there is little deviation from this value here. As the maxi-
mum baryon number is approached, the average density of
the Skyrmions increases, reaching up to 25 times the
density found at the smaller baryon numbers. This indi-
cates that the gravitational interaction becomes more im-
portant as the higher baryon numbers are reached.

The increase in density at the higher baryon number
recreates the feature found previously in [9] that as the
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baryon number approaches its maximum at which a solu-
tion can be found, the radius of the star starts to decrease as
more baryons are added due to the increasing dominance of
the gravitational interactions. This in an interesting prop-
erty as for realistic neutron stars, the radius must decrease
for an increase in mass in order to achieve sufficient
degenerate neutron pressure to balance the increased gravi-
tational force.

It is important to note that the baryon density increase
for the larger baryon numbers is not just accounted for by
the decrease in the widths of the shells found to occur in
this region. We find the Skyrmions are compressed in all
three directions.

We also note that when compared with realistic neutron
stars with a radii of order 10 km, our solutions have radii of
appropriate values.

This model only finds solutions up to a baryon number
of B = 2.84 X 10°°, and when compared with a realistic
neutron star with a baryon number approximately 2 X 10°7,
our solutions have 7 times too few baryons. This could be
due to the fact that we overestimate the energies of the
solutions. For example, the rational map ansatz itself over-
estimates the energies of the pure Skyrme model by 3% to
4% [11], and using a multiple-shell ansatz has been shown
to produce solutions with larger energies than can be found
when the solutions are numerically relaxed [13]. This over-
estimation will cause the solutions to collapse into black
holes at a baryon number less than would be realistic.

We now consider the structures of the solutions that
have been found, in particular, Fig. 2 shows the radial
profile functions for the f(y), »(y) and A(y) fields for the
maximum baryon number, B = 2.84 X 10, for which a
solution could be found. We, however, find the same
qualitative behavior appearing for all the minimum energy
solutions. We recall that the width of the shells is given
by W;~ —m/f, and it is observed that, as should be

3.5 T T T T T T T
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Radius(km)

FIG. 2. Plot of the radial profile functions for the dimension-
less f(y), v(y), and A(y) fields for B = 2.84 X 10°°.
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expected, the widths increase as the radius increases, due
to less compression for the outer shells from the gravita-
tional interactions.

As the Skyrmions are compressed in the radial direction,
they are also compressed laterally, again, with more com-
pression towards the center of the star than towards the
edge. Figure 3 shows, by comparing the width of the shells
in the radial direction with their size (length) laterally, that
this lateral compression becomes more pronounced, when
compared with the radial compression, as the center of the
star is reached, becoming the dominant reason for the
decrease in baryon volume. While the compression would
be expected to occur in all directions equally, the structure
of the Skyrmions when using the multilayer ansatz may be
causing them to shrink more laterally than radially in the
high density center of the star.

Because of this radial and lateral compression of the
Skyrmions, there is a change in baryon density over
the radius of the star. Figure 4 shows that, as expected,
the baryon density is high in the center of the star, decreas-
ing as the radius increases.

The observed substantial change in both baryon number
per shell, which, for example, ranges from 1.4 X 10° to
1.1 X 10% for a total baryon number of B = 2.84 X 10%°,
and the widths over the shells, ranging from 0.67—1.00 fm
for the same baryon number, justify our improvement to
the previous model that allows this to occur.

Solutions found when the pion mass is nonzero can also
be considered. In particular, we set p, = 0.2. The maxi-
mum baryon number for which solutions are found de-
creases to B = 2.72 X 10°, where again the minimum of
the function S(x) = 1 — Z“T(") is still nonzero at 0.551 541.
For a given baryon number, the inclusion of the pion mass
decreases the average width and the minimum of S(x) while
increasing the energy per baryon. The qualitative features of
the radial profile functions for the f(y), »(y), and A(y) fields
are found to be comparable to the zero pion mass case.

Width/Length

Radius(km)

FIG. 3. Plot of the ratio of the width to the length (square root of
the cross-sectional area) of the Skyrmions for B = 2.84 X 10°°.
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FIG. 4. Plot of the baryon density for B = 2.84 X 10°.

We note that for baryon numbers between B = 5 X 10°
and B = 2.5 X 10°7 another minimum energy solution to
the Hamiltonian (20) can be found. This solution takes the
form of a hollow shell-like structure with a center devoid of
baryons, the majority of the baryons located in a dense layer
between a narrow range of radii and then another gas-like
layer almost completely devoid of baryons. It is expected
that these solutions are an artifact of our model and for
various reasons, including the unrealistic large hollow cen-
ter, do not produce suitable models of neutron stars.

V. CONCLUSIONS

Previous work on using the Einstein-Skyrme model to
describe stable solitonic stars made use of the rational map
ansatz and by doing this, hollow shell-like objects were
produced. By stacking these shells together, a more realistic
model of a neutron star was produced with an appropriate
radius. However, the stacking of the shells was only done
naively as the baryon number for all the shells, as well as their
width, was kept constant. While for a large baryon number
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with few shells this is a reasonable approximation, when
many shells are used (such as when modeling an object as
large as a neutron star) we would expect a large variation in
baryon number across the shells as well as a decrease in the
width of the shells towards the center of the star.

In this paper, we have allowed the baryon number to
vary across the shells, and also the width of those shells to
vary to produce a more realistic description of a neutron
star. Stable solutions can be found with radii that compare
well with realistic neutron stars which are approximately
10 km in radius, however, solutions could only be found up
to B = 2.84 X 10°° (with a radius of 3813.60 m) while the
expectation is that neutron stars should have a slightly
larger baryon number of approximately 2 X 107, This is
likely due to an overestimation of the energy of the solu-
tions produced by the model.

It is interesting to see that as the maximum baryon
number for which there is a solution is approached, the
radius decreases as more baryons are added, reflecting how
real neutron stars behave.

Including a nonzero pion mass into the Skyrme
Lagrangian decreases the maximum baryon number at
which solutions can be found and for any given baryon
number the average width, and therefore radius of the star,
is decreased. The qualitative features of these solutions,
however, are found to be similar to the zero pion mass case.

The solutions found justify allowing the widths and
baryon numbers of the shells to vary and show the expected
change in baryon density over the radius of the star, with a
high density center decreasing rapidly at first and then at a
slower rate as the radius increases. This is a more realistic
model of a neutron star as the density should increase as the
center of the star is reached.
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