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Abstract

We give a generalisation of Deligne-Lusztig varieties for general and
special linear groups over finite quotients of the ring of integers in a non-
archimedean local field. Previously, a generalisation was given by Lusztig
by attaching certain varieties to unramified maximal tori inside Borel sub-
groups. In this paper we associate a family of so-called extended Deligne-
Lusztig varieties to all tamely ramified maximal tori of the group.

Moreover, we analyse the structure of various generalised Deligne-
Lusztig varieties, and show that the “unramified” varieties, including a
certain natural generalisation, do not produce all the irreducible repre-
sentations in general. On the other hand, we prove results which together
with some computations of Lusztig show that for SLq(F,[[w]]/(w?)), with
odd ¢, the extended Deligne-Lusztig varieties do indeed afford all the ir-
reducible representations.
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1 Introduction

Let F' be a non-archimedean local field with finite residue field F;. Let Op
be the ring of integers in F, and let p be its maximal ideal. If r > 1 is a
natural number, we write Op, for the finite quotient ring Op/p". Let G be
a reductive group scheme over Op. The representation theory of groups of
the form G(Op,), in particular for G = GL,,, has recently attracted attention
from several different directions. On the one hand, there are the “algebraic”
approaches to the construction of representations. These include the method of
Clifford theory and conjugacy orbits, which can deal explicitly with the class



of regular representations (cf. [13] and [33]). Another approach, due to Onn
[25], is based on a generalisation of parabolic induction for general automor-
phism groups of finite Op-modules. This approach and the associated notion
of cuspidality for GL,,(OF,) are developed in [1]. Moreover, by the work of
Henniart 3] and Paskunas [26], it is known that every supercuspidal represen-
tation of GL, (F) has a unique type on GL,(Op). Hence the representation
theory of the finite groups GL, (Op,) encodes important information about the
infinite-dimensional representation theory of the p-adic group GL,, (F).

On the other hand, there is the cohomological approach to constructing
representations. The case r = 1 corresponds to connected reductive groups over
finite fields and was treated in the celebrated work of Deligne and Lusztig [6].
In [30], Springer asks whether the geometric methods employed for » = 1 can be
used to deal also with groups of the form G(Op,), for r > 2. The first step in
this direction was taken by Lusztig [19], where a cohomological construction of
certain representations of groups of the form G(Op,) was suggested (without
proof). More recently, the proof was given in [20] for the case where F is of
positive characteristic, and this was generalised to groups over arbitrary finite
local rings in [34]. This construction attaches varieties and corresponding virtual
representations Ry (6) of G(Op,) to certain maximal tori in G. However, this
construction has two limitations. Firstly, in contrast to the case r = 1, it is not
true for r > 2 that every irreducible representation of G(Op,) is a component
of some Ry (). Secondly, the maximal tori in G correspond to unramified tori
in the group G x F, that is, maximal tori which are split after an unramified
extension. However, there also exist ramified maximal tori in G x F', and
these are known to play a role in the representation theory of GL,(OF,) and
SL,,(OF,) analogous to that of the unramified maximal tori. In particular, since
the work of Howe [14] it has been known that tamely ramified supercuspidal
representations of GL,,(F) come in families attached to maximal tori. Given
the correspondence between supercuspidal representations of GL,,(F') and their
types on GL,(OF), it is not surprising that ramified maximal tori should play
a role in the representation theory of GL,(OF,).

It is thus natural to ask whether it is possible to generalise the “unramified”
construction of [20] and [34] to account also for the ramified maximal tori.
The main purpose of this paper is to introduce a family of so-called extended
Deligne-Lusztig varieties, corresponding to all the tamely ramified maximal tori.
Another part of the paper motivates our approach by showing the inadequacy
of varieties defined only with respect to unramified extensions of F. Finally, we
show in a non-trivial special case that our construction leads to the expected
result, namely, that varieties attached to a ramified maximal torus realise in
their cohomology a family of representations which is known (by the algebraic
construction) to be associated to this maximal torus.

The following is a more detailed outline of the paper. For a scheme X over
Fq, and a prime [ different from p, we will consider the [-adic étale cohomology
groups with compact support H}(X,Q;). In what follows, I will be fixed and
we will denote H:(X,Q;) simply by H:(X). We denote the alternating sum of
cohomologies Y, ,(—1)*H:(X) by H?(X). Let F"* be the maximal unrami-



fied extension of F' (inside a fixed algebraic closure of F'), and let Opu be its
ring of integers. The construction of [20] and [34] considers the finite group
G(Op,) as the fixed-point subgroup of G(Opu ;) under a Frobenius endomor-
phism ¢ : G, — G, typically induced by the (arithmetic) Frobenius element
in Gal(F"*/F'). The Greenberg functor allows one to view G(Opu ) as a con-
nected affine algebraic group G, over the algebraic closure F,, and G(OF,) is
naturally isomorphic to a subgroup G, of G,. For instance, if ¢ comes from
the Frobenius in Gal(F""/F), then G¥ = Gp,. Similarly, for every subgroup
scheme H of G, we have a connected algebraic subgroup H, = H(Opu ) of
G,. For r > v’ > 1 we have a natural map p,,» : H, — H,s, and we denote its
kernel by H]jl.

Suppose that T is a maximal torus in G x Opur contained in a Borel subgroup
B with unipotent radical U such that T, and U, are ¢-stable. Let L : G, — G,
be the Lang map, given by g — g~ '¢(g). For any element w in the Weyl group
N¢, (Th)/T1, and any lift @ € Ng, (T;) of w, we can then define the varieties

X, (w) = L Y (wB,)/B, "B,
X, (0) = L~Y(&U,) /U, N oU,b ",

where X,.(1) is a finite cover of X,.(w). These varieties were first considered by
Lusztig [19], and coincide with classical Deligne-Lusztig varieties for r = 1. For
r = 1 the Bruhat decomposition in Gy implies that the varieties X;(w), and
hence the corresponding covers )?1(15), are attached to double Bq-Bj cosets.

It was shown by Deligne and Lusztig [6] that every irreducible representation
of GY is a component of the cohomology of some variety X 1(w). In contrast,
using the varieties )}r(uﬁ) for r > 2, this is no longer true in general. On the
other hand, for > 2 there exist double B,-B, cosets which are not indexed by
elements of the Weyl group. In order to construct the missing representations
it therefore seems natural to define the following varieties (first considered by
Lusztig)

L YzB,)/B, NxzB,xz™*, L '(2U,)/U.NzU.2z~", forany z € G,.

One may then hope that since these varieties account for all double B,.-B,. cosets
in G, they may also afford further representations of G¢, not obtainable by the
varieties )N(T(ﬁ)). However, it turns out that this is not the case, and we prove
in Section 3 that there are non-trivial cases where these varieties do not af-
ford any new representations beyond those given by the varieties X,.(w). In
Subsection 3.1 we give an explicit algebraic description of the irreducible repre-
sentations of SLy(Op,), using Clifford theory and orbits. This construction is
well-known for odd ¢, but the case when ¢ is a power of 2 requires a modification
and does not seem to have previously appeared in this form.

Assume for the moment that G = SLg, and let U and U~ be the upper
and lower uni-triangular subgroups, respectively. If G is a finite group acting
on two varieties X and Y, we write X ~ Y if H}(X) & H}(Y) as virtual
G-representations. In Subsection 3.2, we show



Theorem 3.5. Let y € (U™)4. Then L~ (yUs) ~ X5(1), and hence
* (T — ~ GY
H (LY (yUs)) = Ind;; 1
as G5-representations.

Together with Proposition 3.4 and Proposition 3.6 this result implies that any
irreducible representation of SLo(Op,2) which appears in the cohomology of a va-
riety of the form L= (xBy)/BaNaBax~t, L= (2Us)/UsNalUsz ™1, or L~ (2Us)
already appears in the cohomology of a variety 5(:2 (), where w is one of the two
elements of Ng, (T1)/T1. Combining this with results of Lusztig on the cohomol-
ogy of Xo(), for w # 1 and F of positive characteristic (cf. [20], 3), we deduce
as a corollary that there exist certain nilpotent representations of SLa(Op2),
for F' of positive characteristic, which do not appear in the cohomology of any
of the above varieties.

Having shown that the idea of attaching generalised Deligne-Lusztig varieties
to double B,-B, cosets does not lead to a satisfactory construction, we turn to
another point of view. In this paper we will primarily be concerned with the
cases G = GL,, or G = SL,,, and where ¢ is the standard Frobenius. Assume
now that we are in one of these cases.

Rather than using the varieties X,.(w), the unramified representations Ry (6)
of [20] and [34] can also be constructed by using another type of variety. A va-
riety of this kind is attached to a Borel subgroup containing certain maximal
torus. Let now T be any maximal torus of G X Opuw such that T;. is ¢-stable.
Let B be a Borel subgroup containing T, and let U be the unipotent radical
of B. One can then attach a Deligne-Lusztig variety to the inclusion 7, C B,.
In the case r = 1, the group 717 is a maximal torus of G, but in general T,
is not a maximal torus, but a Cartan subgroup of G,.. A p-stable Cartan sub-
group 7, is the connected centraliser of a regular semisimple element in GY¥.
This shows the relation between regular semisimple elements in G¥ and the
unramified Deligne-Lusztig construction. The work of Hill [13] for GL,,, and
the results for SLy (see Subsection 3.1) clearly show that the regular elements
in G(Op,) and their centralisers play an important role in the representation
theory of G(Op,). Among the elements in G(Opur ), there are those with dis-
tinct eigenvalues in some extension of the ring Opur .. We call such elements,
and the corresponding elements in G,., separable. For r = 1 they are precisely
the regular semisimple elements, but in general there are non-regular unipotent
separable elements. The Cartan subgroups 7, are thus the reductions mod p” of
the Opur-points of unramified maximal tori in G x F'* defined over Opur, and
correspond to regular semisimple elements. In addition, there exist subgroups
of G(Opur ) which come from ramified tori, and these are the centralisers of
regular separable elements which are not semisimple.

The idea in Section 4 is that one should attach generalised Deligne-Lusztig
varieties not only to unramified maximal tori, but to the centraliser of any
regular separable element in G¥. To achieve this, we consider an arbitrary
regular separable element @ € G¥, and its centraliser Cg, (z), called a quasi-
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Cartan subgroup. To generalise the unramified case, we would also need an



inclusion of C¢, (2) into a group of the form B,.. However, one feature of general
regular separable elements is that they may not be triangulable in G,., that is,
x may not be conjugate in G, to any element in B,.. This means that unlike the
Cartan subgroups 7., general quasi-Cartans may not lie inside any conjugate
of B,. We are thus lead to extend the base field F' to a ramified extension.
More precisely, in Section 4 we show that given any element z € G, for some
r’ > 1, there exists a finite extension L/F", an integer r > r’, a connected
affine algebraic group G, = G(Op,,), and a A € G, such that Gp,» C G,
and such that A='z\ € By, ,. This implies that if  is regular separable, then

Ca, () CABp A"t

Given a p-stable quasi-Cartan Cg, (z), and a group ABy, »A™! containing it, and
assuming that L/F"™ is tamely ramified, we construct a variety X7, .(\), where
¥ contains two endomorphisms of Gz, (including one Frobenius). The variety
X E,T()\) is a subvariety of G /By, which is a generalisation of the flag variety
of Borel subgroups, and is provided with an action of the finite groups of fixed
points G%,r' When L/F" is tamely ramified, we show that G%’T =Gpy.

It is also important to define finite covers of XE,T()\)7 generalising X, (1).
However, in general there does not seem to be any straightforward way to define
such a cover of the whole of X7,.()), but only of a certain subvariety of X7 ().

The covers we construct are denoted )?E’T()\), and do indeed reduce to the covers

)?,(121) in the unramified case. In particular, X ET()\) also carries an action of

G7 ., and a commuting action of a finite group S(X)/S(A)°.

the action of G¥ x T*¢ on X,.(). We call the varieties XET(/\) and )N(ET()\)
extended Deligne-Lusztig varieties.

In Section 5 we study the extended Deligne-Lusztig varieties for G = GLo
and G = SLo, with F' of odd characteristic and r = 3. In this case, only one
(tamely) ramified quadratic extension L/F"" occurs, and we have G%’g =Gpp =
G(Op2). There are four conjugacy classes of rational quasi-Cartan subgroups of
G32. The two classes of Cartan subgroups give rise to the “unramified” varieties
X2(1) and Xo(w), respectively. The third class gives rise to an extended Deligne-

Lusztig variety X§3()\), and we show the following

This generalises

Theorem 5.1. Let Z be the centre of G. Then there exists a G%’3—equivariant
isomorphism

X7s(N/(Z15)7 = GL5/(2},5)" (UL 5)”

Here Ziﬁ is the kernel of the natural reduction map Zr, 3 — Zp, 1, and similarly
for Ui,s' Combining this result with results of Lusztig [20], we can show in
particular that every irreducible representation of SLq(F,[[ww]]/(?)), with odd
q appears in the cohomology of some extended Deligne-Lusztig variety.

In the final section, we state some open problems and indicate several direc-
tions in which our results could be taken further.
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2 Notation and general facts

For any discrete valuation field F' we denote by Op its ring of integers, by pp
the maximal ideal of O, and by k = kp the residue field (which we always
assume to be perfect). If » > 1 is a natural number, we let O, denote the
quotient ring Op/p%. Throughout the paper w = wp will denote a fixed prime
element of Op.

Let X be a scheme of finite type over Op,. Greenberg [10, 11| has defined
a functor Fo,, from the category of schemes of finite type over Op,, to the
category of schemes over k, such that there exists a canonical isomorphism

X(Orpsr) = (For, X)(k),

and such that Fo,., = Fj is the identity functor. Moreover, Greenberg has
shown that the functor Fp,., preserves schemes of finite type, separated schemes,
affine schemes, smooth schemes, open and closed subschemes, and group schemes,
over the corresponding bases, respectively. If X is smooth over Op, and X x k
is reduced and irreducible, then Fp, X is reduced and irreducible ([11], 2,
Corollary 2).

Let G be an affine smooth group scheme over Op. By definition it is then
also of finite type over Op. For any natural number r» > 1 we define

GF,T = fOF,r(G XOp 0F77’>(k)'

By the results of Greenberg, G, is then the k-points of a smooth affine group
scheme over k. It can thus be identified with the k-points of an affine algebraic
group defined over k. Since G is smooth over O, it follows that for any natural
numbers 7 > ' > 1, the reduction map Op, — Op, induces a surjective
homomorphism p;,» : Gp, — Gp,s. The kernel of p,, is denoted by G;:,r'
The multiplicative representatives map k> — (’);T induces a section i, : Gp1 —
GrF,r. In the case where F' is of positive characteristic, there is an inclusion of
k-algebras k — Op,, and i, is an injective homomorphism. When F' is of
characteristic zero 4, is not in general a homomorphism. However, if G is a
split torus, then i, is always a homomorphism, irrespective of the characteristic
of F.

Following [28], XIX 2.7, we call a group scheme G over a base scheme S
reductive if G is affine and smooth over S, and if its geometric fibres are con-
nected and reductive as algebraic groups. If G is a reductive group scheme
over S, we will speak of maximal tori and Borel subgroups of G, which are also
group schemes over S. For any Borel subgroup of G there is also a well-defined
unipotent radical. For these notions, see [28], XXII 1.3, XIV 4.5, and XXVT 1.6,
respectively. For more on reductive group schemes, see [34] and its references.



From now on and throughout the paper, let F' denote a local field with finite
residue field F, of characteristic p. We will use the same symbol pr to denote
the maximal ideal in Op, as well as the maximal ideal in any of the quotients
Or,. Let G be a reductive group scheme over Op. By definition, G is affine
and smooth over Op. We fix an algebraic closure of F' in which all algebraic
extensions are taken. Denote by F'"' the maximal unramified extension of F'
with residue field F,, an algebraic closure of F,. Suppose that L is a finite
extension of F**. Then L also has residue field F,. We define

GL,T = (G XOp OL)L,T = FOL,T(G XOp OL,T)(Fq).

Thus Gy, is an affine algebraic group over F,. Since G has connected fibres
(by definition), Gy, is connected. For F'" we will drop the subscript and write
G, for Gpuw ,, and G’ for the kernel G;“/“",r'

If G is a finite group, we denote by Irr(G) the set of irreducible Q;-represen-
tations of G. Since the values of the characters in Irr(G) all lie in some finite
extension of Q, there is a character preserving bijection between Irr(G) and
the set of irreducible complex representations of G. For any finite group G we
denote its trivial representation by 1.

If x is a real number, we will write [z] for the largest integer < z.

Many results about [-adic cohomology used in classical Deligne-Lusztig the-
ory are applicable also in the generalised situations we will consider, and through-
out we will assume familiarity with the results stated in [7], 10. In what follows,
all varieties will be separated reduced schemes of finite type over Fq, and we
identify every variety with its set of F,-points. Suppose that G is a finite group
acting on a variety X. Then each g € G induces an element of Autg (, HX)),
for each ¢ > 0, and this is a representation of G. The quantity

Z(9,X) =Y (=1)"Tr(g | H(X)) = Tr(g | H} (X))
i>0

is called the Lefschetz number of X at g. A wvirtual representation of G is an
element in the Grothendieck group of the semigroup generated by Irr(G) under
the direct sum operation. The function . (—, X) : G — Q, is the character of
the virtual representation H(X) given by the action of G on X. Let G be a
finite group that acts on the varieties X and Y, respectively. Recall that we
write X ~ Y if H¥(X) = H}(Y) as virtual G-representations. We then have
X ~ Y ifand only if Z(—, X) = Z(—,Y), and the relation ~ is an equivalence
relation.

Lemma 2.1. Suppose that f : X — Y is a (set-theoretic) bijection between two
varieties such that fo = ¢f, for some Frobenius endomorphisms ¢ : X — X
and ¢ : Y — Y. Let g,g' be automorphisms of finite order of X,Y such that
fag=4g'f. Then X(g9,X)=%L(¢,Y).



Proof. As in the proof of 7], 10.12 (ii), we have that for sufficiently large m,

o = 3 T W = e,
yeyg/w’HL
which implies that £ (g, X) = Z(¢',Y). O

Let G be an affine algebraic group, and let X C G be a locally closed subset.
Suppose that H is a closed subgroup of G, acting by multiplication on G, such
that X is stable under the action of H. Then the quotient X/H is a locally closed
subset of G/H. For a proof of this fact, see for example [31], Lemma 1.5. This
shows that the quotient X/H has a natural structure of algebraic variety, which
ensures that certain sets we will define in the following are indeed varieties.

The following observations will be very useful in our analysis of the coho-
mology of varieties. Let G be a finite group that acts on the variety X, and let
H C G be a subgroup such that there exists a G-equivariant morphism

p: X — G/H,

that is, p satisfies p(gz) = gp(z), for all g € G, x € X. It then follows that p
is a surjection, and for any a € G, the stabiliser in G of the fibre p~!(aH) is
HN%H. Let f be the fibre over the trivial coset H € G/H. Then every fibre
of p is isomorphic to f via translation by an element of G. Hence every x € X
has the form « = gy, for ¢ € G and y € f which are uniquely determined up
to the action of H given by h(g,y) = (gh~!, hy). We thus have a G-equivariant
isomorphism

X = (Gx f)/H, x+— (g,y)H.
Here G acts on (G x f)/H via ¢'(g,y)H = (¢'g,y)H. It follows that

H;((G x f)/H) = Q[G] ©g, 1y H (f) = Indf; HZ(f),

as virtual G-representations.

3 The unramified approach

Let G be a reductive group scheme over Op, and let r > 1 be an integer. A
certain generalisation of the construction of Deligne and Lusztig to the case r >
1 was obtained by Lusztig [20] for F' of characteristic p, and in [34] for general
F and also for groups over general finite local rings. The generalised Deligne-
Lusztig varieties in these constructions are attached to certain maximal tori in
G X Opur, and are close analogues of the classical Deligne-Lusztig varieties. Any
maximal torus in G X Opur is an unramified torus in G X@,.. F'" in the sense
that it splits over an unramified extension of F'. The construction given by these
varieties can thus be seen as an “unramified” generalisation of the construction
of Deligne and Lusztig. We give an outline of this construction.

Let ¢ : G, — G, be a surjective endomorphism of algebraic groups such that
GY is finite. We call such a map ¢ a Frobenius endomorphism. Let L : G — G,



denote the map g — g~ '¢(g). Assume for simplicity that G x Opur contains a
maximal torus T and a Borel subgroup B containing T, such that 7, and B,
are p-stable. Let U be the unipotent radical of B. By the results in [32], we
know that B, is a self-normalising subgroup of G,. Note that the assumption
that B, be @-stable is not necessary for the construction of the representations
in [20] and [34], but it simplifies the models of the varieties we consider here.

Let B, be the set of subgroups conjugate to B,.. Since B, is self-normalising
we have a bijection B, & G,./B,, giving B, a variety structure. As in the r =1
case, we have a bijection

G \(B, x B,) = B,\G,/B,.

However, for r > 1, the double B,-B, cosets are no longer in one-to-one
correspondence with elements of the group Ng, (T).)/T, and the structure of
B, \G, /B, is too complex to admit any straightforward description. Let 2 € G,
be an arbitrary element. In analogy with the r = 1 case we can define a variety

X, (z) :={B € B, [ (B,p(B)) € O(z)}
~{g€G, |9 ¢l9) € BxB,}/B,,
={geG, | 97190(9) €xzB,}/(B, N xBrxil)v

where O(x) denotes the orbit in G-\ (B, x B;) corresponding to the double coset
B,xB,. In the same way as for » = 1, the finite group G¥ acts on X,.(z) by left
multiplication. For each @ € N¢_(T}) we also have a variety

X, () :={g € Gy | g ¢(g) € WU, }/U, N 0U "
= L Y (wU,) /U, N U~ .
The variety X, () has a left action of G¥, and a commuting right action of
the group

TP .= {t € T, | we(t)w™* = t}.
It is then not hard to verify, by the same method as for r = 1, that the va-

rieties X,.(1) are finite G¥-covers of X,.(#). This depends on the fact that
normalises the group T,. The varieties X,.(i) (or rather, certain models iso-
morphic to them) were used in [20] and [34] to construct certain generalised
Deligne-Lusztig representations. However, we will show in Subsection 3.2 that
the representations thus constructed leave out a non-trivial subset of Irr(G¥),
for r > 2. To remedy this situation one would like to define further varieties
that would produce the missing representations. Given the above construction
and the fact that the elements @ € Ng (T;.) do not account for all of the double
cosets in B, \G, /B, it is a priori natural to define the following varieties (first
considered by Lusztig)

L Y2U,)={g€G,| g plg) € 2U,}, forany x € G,.



Note that L~!(2U,) has an action of U, N 2U,x~! by right multiplication,
and the quotient L=1(zU,)/U, N zU,z~' is a variety (see Section 2). For
z = € Ng,(T,) we have L= (&U,)/U, N wU~* = X, (), and as we ob-
served above, the variety )?T(w) is a finite cover of X,.(1). However, we point
out that when z ¢ Ng, (7)), it is not in general the case that L=!(zU,), or
even its quotient L~ (zU,.)/U, NzU,z ™}, is a finite cover of X,.(x). One might
then hope that in general any irreducible representation of G¥ is realised by
some variety X,.(z) or L™1(2U,), for some z € G,. This however, turns out
to be not the case in general. In the present section we will show that there
exist irreducible representations of SLy(Op,2), with F of positive characteristic,
which are not realised in the cohomology of any variety of the form Xa(x) or
L1 (2Uy). Our proof proceeds as follows. First we give an algebraic descrip-
tion of the irreducible representations of SLy(Op ), with particular emphasis on
the so-called nilpotent representations. We then analyse varieties of the form
L=1(2U3) and Xo(z) and compare this to the algebraic description of repre-
sentations given earlier. Using computations of Lusztig, giving the irreducible
components of the cohomology of X5 (w), where BowBs # B, we can show
that there exist representations in Irr(SLa(OF 2)) which are not afforded by the
varieties L~ (2Uy) or Xo(x).

The following results will be applied in Subsection 3.2 to the case where
G = SLQ, r=2.

Lemma 3.1. The inclusion L= (zU,) — L=Y(U,zU,) induces an isomorphism
L~ YzU,)/U, N 2U,z~ ' = L™YU,2U,)/U,,

commuting with the action of G¥ on both varieties.

Proof. Let f be the composition of the maps
L™ (2U,) = L™ (UyaU,) — L™ (UyaU,) /U,

where the latter is the natural projection. Clearly f is surjective, because
if gU, € L=Y(U,2U,)/U,, with L(g) € uzu' for u,u’ € U,, then L(gu) =
utuzu'p(u) € 2U,, so gu € L™ (2U,.), and f(gu) = gU,.
On the other hand, the fibre of f at gU, is equal to
{gv e L7 (zU,) |v €U} = {gv | v L(9)p(v) € 2U,, v € U,}
={gv| v ur € 2U,,v € U,} = {gv | v 'u € U. NaU, 2z}
={gv|v=umod U, NaU,z"'}.

Factoring L~!(2U,) by U,NzU,x~! therefore gives an isomorphism which com-
mutes with the action of G¥. O

Lemma 3.2. Let x € G, be an arbitrary element, and let \ be an element such
that L(\) = z. Then there is an isomorphism

L7 (aU,) = L™ e\ Urp(N)7h),  gr— gA ™,

commuting with the action of G¥.
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Proof. Let g € L™(2U,.). Then
L(gA™Y) = AL(g)p(N) ! € AaUp(N) ! = (W) Tpp(N) .

It is clear that this map is a morphism of varieties, and it has an obvious
inverse. O

Lemma 3.3. Suppose that n € Ng, (T)), and let © € BynB,.. Then

LY (2U,) /U, NzUpz™ ~ L7 (nU,) /U, N nUn"" .

Proof. We can write x as utnt’'u’, for some u,u’ € U, and t,t' € T,. Since U,
is isomorphic to an affine space, [7], 10.12 (ii) together with Lemma 3.1 imply
that

LY (2U,) /U, NxUpz™ ~ L™ (Uyutnt'v'U,)

= L YU tnt'U,) ~ L™ (tnt'U,) /U, N tnt' U, (tnt’) "

= L7 (t"nU,)/U. N nUn"*,
for some ¢ € T,. Since t — nyp(t)n~! is a Frobenius map on T, The Lang-
Steinberg theorem says that there exists a A € T, such that A™'np(A\)n=t =¢".
The map

LY (t"nU,) /U, N nUmn™" — L™ (nU,) /U, N nU,n"*
g(U. nnUn" 1) — g\ YU, nnUn"Y),

is then an isomorphism of varieties which preserves the action of G¥. The lemma
is proved. U

3.1 The representations of SLy(Op,)

Using results from Clifford theory and classification of conjugacy orbits in cer-
tain algebras over the rings O, it is possible to completely describe the rep-
resentations of the groups SLa(Op,), and GL2(Op,). In most cases, these
algebras are the Lie algebras of the corresponding group, with SLy, p = 2 being
a notable exception, as we will see below. For SLy, with p # 2 this method
was employed by Kutzko in his thesis (unpublished, see the announcement [17])
and by Shalika (whose results remained unpublished until recently, cf. [29]).
Around the same time the representations of SLq(Z/p"Z), including the case
where p = 2, were also constructed by Nobs and Wolfart [23, 24|, by decom-
posing Weil representations. For GLy with O = Z,, and p odd, the analogous
result was given by Nagornyj [22], and a general construction for all GLy(Op )
can be found in [33]. Recently, the SLa case with p # 2 was also reproduced
in [16]. We will focus here on SLg, using the method of orbits and Clifford
theory, and without any restriction on p. The case where p = 2 requires special
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treatment, and does not seem to have previously appeared in the literature in
this form. Proofs of the results we use can be found in [29] and [33], and we will
therefore omit details that can be found in these references.

Assume until the end of Subsection 3.2 that G = SLg, viewed as group
scheme over Op. Let T be the diagonal split maximal torus in G, B be the
upper-triangular Borel subgroup of G, and U be the unipotent radical of B. Let
U~ be the unipotent radical of the Borel subgroup opposite to B. As usual, we
identify G, with the matrix group SLy(Op,.). Let g = sly be the Lie algebra
of SLg, viewed as a scheme over Op. Thus gr, = g(Op,) is identified with the
algebra of 2 x 2 matrices over O, whose trace is zero. Assume first that p # 2,
and fix a natural number r > 1. For any natural number ¢ such that » > i > 1
let p,; : Gr, — GF,; be the canonical surjective homomorphism. For clarity,
we will use the notation K; for the kernel G}’T = Ker p, ;. Assume from now
on that ¢ > r/2. Then K; =1 +p7};\gp77~_i and the map z — 1+ w'z induces an
isomorphism gg,_; = K;. The group G, acts on gr,_; by conjugation, via
its quotient G'r—;. This action is transformed by the above isomorphism into
the action of G, on the normal subgroup Kj;.

Fix an additive character ¢ : Op — Q}° with conductor p%, and define for
any 3 € gr,—; a character 15 : K; — QF by

Yp(x) = P(Tr(B(z —1))).
Then [ +— 1z gives an isomorphism
gF,r—i = Hom(Ku@IXL

and for g € G, we have pr_s(g)Bp,—i(g) ™" > (3)7.

Set | = [“H], I/ = [5]; thus [+ = r. Let m be an irreducible repre-
sentation of Gr,. By Clifford’s theorem, restricting = to K; determines an
orbit of characters on Kj, and hence (by the above isomorphism) an orbit in
gr, . If the orbit is in prgp,/, then 7 is trivial on K,_;, and so factors though
Grr—1. We are only concerned with primitive representations, that is, those
which do not factor through Gp,_;. It is therefore enough to consider orbits
in gpy \ prgp. For any natural number 7’ such that » > ' > 1 we call
an element 8 € g, reqular if the centraliser Cg, (p1(8)) in G1 = G(F,)
is abelian. We then have Cq ,(8) = O[] N G, in the connected algebraic
group G,.. The orbits in gpp \ prgr can be easily classified thanks to the
fact that they are all regular. More precisely, the orbits in gp; \ prgr, are of
three basic types, according to their reductions mod pp: There are the orbits
with split characteristic polynomial and distinct eigenvalues mod pp, the ones
which have irreducible characteristic polynomial mod pg, and those which are
nilpotent mod pg. The primitive representations of these three types are called
split, cuspidal, and nilpotent, respectively.

The construction of the representations of G, with a given orbit Q € g\
prgr, proceeds as follows. Pick a representative 3 € (2, and consider the
corresponding character 13 on K;. The stabiliser in G, of ¢g is given by

Stabg,., (Vg) = Cay., (B) Ky,

12



where 3 € gF, is an element such that pr’l(B) = (. Assume first that r is
even so that [ = I’. Since CGF(B) is abelian, the character ¥z can be ex-
tended to a character on Stabg,,  (1g), and all the irreducible representations
of Stabg,. . (1) containing 13 are obtained in this way. Inducing a representa-
tion of Stabg,., (1g) containing ¥3 to G, gives an irreducible representation,
and it is clear that we get all the irreducible representations of G, with orbit
Q in this way.

Now assume that r is odd. In this case there are several equivalent variations
of the construction, but they all involve (at least for some orbits) a step where a
representation of a group is shown to have a unique representation lying above
it in a larger group. The other steps consist of various lifts and induction from
Stabg,., (¢3), as in the case for r even. For full details, see [29] for SLs, and
[33] for the closely related case of GLa, respectively.

Now consider the case where p = 2. In this case the association 3 — g
does no longer give an isomorphism between gr,_; and the character group of
K;. To remedy this, we first consider the analogous situation for GLy where the
role of gp,—; is played by the matrix algebra Ms(Op,_;), and the analogous
map 3 — 13 is indeed an isomorphism (for any p). The it? congruence kernel in
GL2(Op,) has the form 1+ p% Ma(Op,—;), and so it contains K; as a subgroup
of index |Op,—;|. For every 5 € My(Op,—;) we have a character ¢g|k, obtained
by restricting the character ¥5 on 1 + p% M2(Opr—;) to K;. Then 8 — gk,
is obviously a surjective homomorphism Ma(Op,—;) — Hom(K;, Q). It is
easily seen that the kernel of this homomorphism is the subgroup Z,_; of scalar
matrices in My (Op,—;). We therefore have an isomorphism

M (Opy—i)/Zy—; — Hom(K;,Q), B+ Zr—i — ¥g|k,-
Since Z,_; is centralised by G ,, we see that for any g € Gp,, we have
pr—i(9)Bpr—i(9) " = (Wslx.)?-

As before, let | = [%1], I'=[5]. If B € pr Ma(Opy)/Zy, then 1g|k, is trivial
on K,_1, and so an irreducible representation of G'r, whose restriction to K
contains this 93|k, must factor through Gr,_1, and hence is not primitive. To
construct the primitive representations, the first task is now to classify the orbits
under the action of Gp, on Ma(Op/)/Zi \ pr Ma(Op )/ Zy. The following is
a list a representatives of these orbits:

a 0
1. <0 0>, a e O;‘,l"

2. <g i), where A, s € Opy, and 2% — sz — A is irreducible mod pr,

0 1
3. <A 8),WhereA,s€pp.

The construction of representations then proceeds as in the case p # 2.
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Remark. Clearly the method used in the case p = 2 could also be applied
when p # 2. We have however chosen to give the two separate cases in order
to illustrate their contrasts. Note that when p # 2 the embedding gr; —
M3(Op,+) induces a Gp -equivariant isomorphism

grr — Mao(Opy)/Zy,

so in general the algebra Ma(Op/)/Zy is the right object, rather than the Lie
algebra gp,;/, in which to consider orbits.

In the following we will be especially interested in the nilpotent represen-
tations of Gpo = SLo(Op2), that is, the irreducible primitive representations
whose orbits mod pp are nilpotent, or contain a nilpotent element mod Z; when
p = 2, respectively. We call the corresponding orbits nilpotent (although in the
p = 2 case, they are strictly speaking only nilpotent mod centre). The construc-
tion of representations given above shows that the nilpotent representations are
induced from 1-dimensional representations on Stabg, ,(¥s|k,), where 5 is a
representative of a nilpotent orbit. When p # 2 there are exactly two nilpotent
orbits in g1 \ prgr.1, given by the representatives

0 1 0 ¢
0 0/’ 0 0)’
respectively (here ¢ € F) is a non-square element). When p = 2 there is
just one nilpotent-mod-Z; orbit in Ms(Op1)/Z1 \ prM2(OFp1)/Z1, given by
01

the representative (). If we let 8 be any of these representatives, then the
stabiliser Stabg,., (¥s|x,) is given by

S := Stabg,.,(Vs|k,) = {£1}Ur2 K1,

where {£1} denotes a subgroup of scalar matrices (which is equal to the centre
of Gpo for p # 2, and is trivial for p = 2), and Ups is isomorphic to the
subgroup of G(OF,2) of upper unitriangular matrices. The index of S in Gp s is
equal to (¢ —1)/2 when p # 2, and equal to ¢*> —1 when p = 2. It is not hard to
show that the commutator subgroup of S'is [S, S] = B, = BraNK;. Thus all
nilpotent representations of G2 are components of the induced representation

GF2
Ind .}
B,

to a distinct nilpotent representation. When p # 2 we thus have 4¢ nilpotent
representations, all of which have dimension (¢? — 1)/2. When p = 2 we have ¢
nilpotent representations, all of which have dimension ¢ — 1.

We will have occasion to consider the question of which nilpotent represen-
tations occur as components of Indgi 22 1. By the above we know that any nilpo-

1. Each ¢35 has |S/K1| extensions to S, and each such extension induces

tent representation of G is of the form IndgF 2 p, for some p such that p|K;
contains g, with 8 one of the above nilpotent representatives. By Mackey’s
intertwining number formula, we have

G G
(Indg™ p, IndU;i’Q2 1) = Z (PlsneUp.q> 1),
2€S\GF,2/UF,2
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and since S contains K7 we can identify S\Gp2/Upz2 with Up1\Gp1/Ur 1.
To calculate the value of the right-hand side it is thus enough to let z run
through elements in T and elements in WTx 2, respectively (0 € Ng,.,(Tr2)
denotes a lift of the non-trivial element of the Weyl group of SLa(k)). Since Tr o
normalises UF 2, it is moreover enough to consider only z = 1 and z = w. For
x =1 we get a term (p|y,,, 1), and for 2 = 1 we get a term <'0|(U’)1F,2’ 1). The
latter is always zero, since p|(U7)}T’2 = wﬂ|(U*);,2 # 1 for our choice of 5. Hence

we conclude that IndgF’2 p is contained in Indglf’j 1 if and only (p|v,,,1) = 1.
In particular, since there exist representations of S which are lifts of 13 and

which are non-trivial on Up s, we see that there exist nilpotent representations

which are not components of Indglf 22 1.

3.2 Inadequacy of the unramified varieties

We keep the assumption G = SL, until the end of this subsection. We will
show that there exist nilpotent representations of G g2 which cannot be re-
alised as components of the cohomology of varieties of the form L~1(xUs),
L= (2Uy)/Us N 2Usz™ 1, or Xa(z), for z € Go. More precisely, we show that
the only nilpotent representations which can be realised in this way are the ir-
reducible components of Ind&f 22 1. As we saw above, these do not account for
all the nilpotent representations of G'r a.

Let ¢ : G3 — G4 be the standard Frobenius endomorphism induced by the
map which sends every matrix entry to its ¢*® power. Then G F2 = GY, and
we will use either of these ways of writing the group, depending on the context.
Moreover, each of the subgroups Ta, Bs, Uz, and (U™ )3 is ¢-stable. We need
a description of the double cosets Ba\G2/Ba. One checks directly that a set of
representatives is given by

{oo= (" o) o= (o 1)}

Note that e € (U~)3 and that for any a € (U~)} — {1}, we have Uy NalUza™t =
U3, which is an affine space. In this case, 7], 10.12 (ii) implies that L= (aUs) ~
L1 (alU,)/U}. Note also that Uy N wUsw ™t = {1}.

Proposition 3.4. Let x € Gy be an arbitrary element. Then there exists an
element y € {1,w} U (U™)3 such that L= (zUs) ~ L™ (yUs).

Proof. The elements 1 and w normalise 75 so, by Lemma 3.3, for any element x €
By we have L= (2Uy) ~ L™1(Us), and for any x € BowBy we have L™ (zUs) ~
L_l(’LUUQ).

In contrast, no element in ByeBs normalises T5. Assume that x = utet’v/,
where u,u’ € Uy and t,t' € To. Then L~ (utet’n/Us) ~ LY (Ustet'Us) ~
L=(tet'Us), and by Lemma 3.2 we have L™1(tet'Us) ~ L™ (p(X\)Uap(N\)71),
where A € G is such that L()\) = tet’. Since tet’ € (U~)3Ts and the group
(U7)} is p-stable, we can take A € (U~)3Ty, by the Lang-Steinberg theorem.
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Writing A = vs, with some v € (U~)} and s € Ty, we get

L7 (oW Uap(N) ) =

L™ (p(vs)Uzp(vs) 1) = L™ (p(v)Uap(v) 1) ~ LT (L(v)U2).
Since the group (U™)} is (p-stable, we have L( ) = v tp(v) € (U7)i. Hence,
for every x € BoeBs, we have L~ (ng) (yUQ) for somey € (U7)i. O

Theorem 3.5. Let y € (U™)s. Then L~ (yUs) ~ Xo(1), and hence
H: (L (yUs)) = Tnd¥2 1
2

as G¥ -representations.

Proof. We use the observations from the end of Section 2. Consider the com-
position of the maps

p: LY yUs) /U 222 X, (Uy) — G JUY = G35 JUS (G)?,

where the first map is the restriction of ps; : G2 — G, and the second
map is given by g — gUf. Then p is clearly G5-equivariant. The fibre
[ = p Y (UF(G3)¥) over the trivial coset in G% /US (G3)? is given by

f={um € UG | (um) ™ o(um) € yUs}/Us;.

Pick a A € (U7)} such that A='¢(\) = y. Then the translation z — zA~!
induces a UJ (G})¥-equivariant isomorphism

f == A" ={um € UsG5 | (um) ™ o(um) € o(\)Usp(A)~'}/Us.

We now observe that the group ¢(A\)Uap(A)~! is contained in UpTy. Thus,

every element in fA~! is p-fixed up to right multiplication by some element in
UsTy}. Hence there is a map

P AT (UaGy/UnTy)? 2 US(Gy)? /US (T3)?, @ aUS(GY)?,

which is clearly Uy (G3)?-equivariant. Define f’ to be the fibre of p’ over the
trivial coset. Then

f1=A{um € UsTy | (um) ™ p(um) € p(\)Uap(A) '}/ Uy,

which has a left action of U (T3 )%, and a right action of (73)%.
We now show that the Uf (T4 )¥-representation afforded by f’ is isomorphic

to IndU (T2)? 1. Define the variety

V={geUT; | g plg) € Uz} = Us(Ty)%.
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This has a left action of Uf (T3 )% and a right action of Uf. We have V/Uy &

® 1
US(Ts)¢/US, so V affords the representation Indgzw(T2 )" 1, that is

()

HA (V) =Tnd 2 ™71

)

as UJ (Ty)¥-representations. Now, for every u € Uy there exists a ¢, € T3 such
that ut, € f’, and this ¢, is unique up to multiplication by (73)?. Hence,
by choosing such a t,,, for each um € f/, we can write each element in f’
uniquely in the form ut,a, where u € U}, t, € Ty, and a € (Ty)?. Moreover,
we may always choose the same t,, for all elements vsus™!, where v € UJ and
s € (T3)%. Similarly, we may always choose t, so that ¢ (t,) = teum(y), for all
natural numbers m > 1. We can then define a bijective function

n:f —V, ut,a — ua.
For vs € US (T4)% we have
n(vsut,a) = n(v(sus tysa)) = v(sus ')sa = vsua,

so n is UJ (Ty )¥-equivariant. Let m be a natural number such that ™ ()\) = \.
Then ™ is a Frobenius endomorphism on f’. Furthermore, ©™ is clearly a
Frobenius endomorphism which stabilises V. The bijection n satisfies

(@™ (utua)) = (@™ (W)™ (tu)a) = 1" (Witymwa) = @™ (u)a = @™ (ua),

so n commutes with the Frobenius endomorphisms ¢™ on f’ and V', respectively.
By Lemma 2.1 f’ and V afford the same UJ (T4 )¥-representation, and so

H (L™ (yUs))

= IndG¢

g U (G3)*
Us(Gy)»?

Ug(T3)?

U (T,

Ind Ind e

¥ Gkﬁ
"1 =mdgi1

The representations realised by the variety 5{12(1), that is, the irreducible
7

components of Indgi 1, are just the irreducible components of the representa-
2

tions obtained by lifting characters of Ty to B¥, and inducing to G5. As we
saw in the end of Section 3.1, not all of the nilpotent representations are of this
form.

When F is a local field of characteristic p, Lusztig [20] has identified the
representations realised by the variety X, (w). In particular, none of them is
of dimension (¢ — 1)/2 when p # 2, or of dimension ¢ — 1 when p = 2, so in
this case the variety )@(w) does not realise any of the nilpotent representations
of G5 = Gpa. Thus the results of this section imply that there are nilpotent
representations of SLa(F,[[zw]]/(?)) which are not realised in the cohomology
of any of the varieties L~!(2U,), or equivalently, the varieties L= (zUs)/Us N
2Usx™1, for z € Gs.
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Remark. Tt seems likely that Lusztig’s result on the representations afforded by
X2(w) hold in any characteristic, in particular, that Xs(w) does not afford any
nilpotent representation of G g2, for any non-archimedean local field F'. More
precisely, every irreducible representation of G o afforded by X, (w) should be
either non-primitive or cuspidal. Since the results in this section hold uniformly
in any characteristic, this would imply the inadequacy of the varieties L= (zU>)
also for the group SLo(Z/p"Z).

As we remarked in the beginning of the section, the variety L™!(eUs)/Us
is not a finite cover of Xa(e), so the representations afforded by the latter are

not necessarily all afforded by the former (as is the case for the covers X,.(w) of
X, (W), for @ € Ng, (T,)). It is thus a priori conceivable that Xs(e) may yield
further representations not obtainable by L~!(eUs;). The following result shows
that this is not the case.

Proposition 3.6. We have

* G¥
H(Xa(e)) = (I

GV’
1)~ Ind5 1,
as virtual G -representations.

Proof. Consider the composition of the maps

Xa(e) “ L7H(B)/B1 = Gf/BY = G /B (Gy)*.

This gives a G§-equivariant map Xa(e) — G5 /B (G3)?. The fibre of the trivial
coset under this map is

f={9 € B:G} | g '¢(g) € BaeBo}/Bs.

Thus we have o
H; (Xa(e)) = nd3E e, HE(f).

Now an element in B (G3)%? must lie in exactly one of the double cosets By and
BseBs. Hence

fU{g € B:Gy | g "plg) € Ba}/Ba = ByG3/Bs.

Since BoG3/By = G1/B3 is an affine space, the G&-representation afforded by
it is the trivial representation. Moreover, the variety

{9 € B2G} | g7 ¢(g) € Bo2}/Bo

B |

is isomorphic to Bf (G3)¥ /By, and so affords the representation Ind ;2
2

Putting these results together, we get
o ByGl | g7 By}/By) = H(f) + nd?2(%)7 1 =1
c(fU{g € BaGy [ g7 ¢(9) € Ba}/B2) = Hi(f) + Ind g :

whence the result. U
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GY
B3 (Gy)®
primitive, since they have (G})¥ in their respective kernels. Moreover, the

The irreducible components of the representation Ind 1 are all non-

©
irreducible components of Indgf, 1 form a subset of the irreducible components
2

of Indg?i 1. Thus, the variety X2 (e) does not afford any nilpotent representations
2
of G§ = G2 which are not already afforded by L~ (elUs).

4 Extended Deligne-Lusztig varieties

As before, Let F' be an arbitrary local field with finite residue field F,. Let

Lo be a finite totally ramified Galois extension of F', and set L = Lj". Then

L is a finite extension of F" (cf. [9], IT 4), and thus L is a Henselian discrete

valuation field with the same residue field as F'", namely F,. We have the

relation ppOp, = p§, where e = [Lg : F] is the ramification index of Ly/F.
Restriction of automorphisms gives a map

a: Gal(L/F) — Gal(F“/F) — Gal(F,/F,) D Z,

where the subgroup Z is generated by the Frobenius map x — x9. The corre-
sponding Frobenius element in Gal(F""/F) is denoted by ¢p. Let I' = T'(L/F)
be the group a~1(Z) C Gal(L/F). This is a relative variant of the Weil group
and sits in the following commutative diagram.

1—— Gal(L/F") ——T(L/F) —— (pp) —— 1

| m

1 —— Gal(L/F™) —— Gal(L/F) — Gal(FY/F) — 1

\ -

Gal(L/Lo)

We see that ¢, € Gal(L/Ly) defines an element in I' which is not in
Gal(L/F"r). Hence T is generated by Gal(L/F"") together with the element
©vL,- The group Gal(Lo/F) is naturally isomorphic to Gal(L/F""), and we
shall identify elements in the former with their corresponding images in the
latter.

From now on, let G be either GL,, or SL,,, viewed as group schemes over O .
Let T be the standard split maximal torus in G. Let B be the upper-triangular
Borel subgroup scheme of G, and let U be the unipotent radical of B.

Let » > 1 be a natural number. Every automorphism o € Gal(L/F)
stabilises Of and p7, respectively (cf. [9], II Lemma 4.1). Therefore, each
o € Gal(L/F) defines a morphism of Op-algebras o : Op, — Of ,, and hence
a homomorphism of groups ¢ : G(Op,) — G(Or,). Moreover, Of , has
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the structure of algebraic ring (isomorphic to affine r-space over F,), and each
o € I such that o € a=1(Zx) gives rise to an algebraic endomorphism of Oy, ..
Hence each o € Gal(L/F"") and each non-negative power of ¢r, induces (via
the canonical isomorphism G(Op ) = G ) an endomorphism of the algebraic
group Gp,,. For o € Gal(L/F"™), the resulting endomorphism of G, , is also
denoted by o. Furthermore, the Frobenius map ¢, € Gal(L/Ly) induces a
Frobenius endomorphism of the algebraic group Gy, ,, which we denote by ¢.
It is clear that 17 ,, B ,, and U, are stable under ¢ and under each of the
endomorphisms induced by o € Gal(L/F"").

In Section 3 the finite group G g, was identified with the fixed points of G
under a Frobenius map. However, this is not the only way to realise G, as
a group of fixed points of a connected algebraic group. The following lemma
and its corollary make this more precise for tamely ramified extensions. The
following is an additive Hilbert 90 for powers of the maximal ideal py, .

Lemma 4.1. Suppose that Lo/ F is tamely ramified. Then Gal(Lo/F) is cyclic.
Let o be a generator of Gal(Lo/F), m > 1 be a natural number, and y € p7’,
be an element such that Trr, p(y) = 0. Then there exists an element x € pf.
such that x — o(z) = y.

Proof. Since Lg/F is totally and tamely ramified, the Galois group Gal(Lg/F')
is cyclic of order e (cf. [9], IT 4.4). Tamely ramified extensions are characterised
by the fact that Tr maps units to units. In particular e = Trz,,p(1) is a unit
in Or,, and Trz,/p(1/e) = 1. Let

e—1 n—1
x = Z (U”(l/e) . Z ai(y)> .
n=1 =0
Then z € p}*, and it is easily verified that x — o(z) = y. O

Corollary 4.2. Suppose that Lo/ F is tamely ramified, and let r > 1 be a natural
number. Then O , = Op,, where /= [F=4] + 1.

Proof. Since Lo/ F is totally and tamely ramified, it is cyclic, and we choose a
generator o of Gal(Ly/F'). Following our convention, we also use o to denote
the corresponding generator of Gal(L/F""). Now I' is generated by ¢, and o
and since Offro = Oi,,r, it is enough to show that OF , = Op,. It is well-
known that (p} )7 = p7, N OF = ph, where ' = [*=1] + 1. The functor of
o-invariants is left exact, so we have an injection Op,» = O7_/(p7,)7 — OF .
Lemma 4.1 shows that Hl(LO/F,pfO) = 0, and so this injection is surjective,
and this yields the result. O

Recall that a Bézout domain is an integral domain in which every finitely
generated ideal is principal.
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Lemma 4.3. Let R be a Bézout domain, and let x € GL,(R) be an arbitrary
element, where n > 2. Suppose that the characteristic polynomial of x splits

into linear factors over R. Then there exists an element A € SL,,(R), such that
Atz € B(R).

Proof. Let a1 € R be an eigenvalue of x with corresponding eigenvector v =

v1
( ) € R", so that 2v = a1v. If g € GL,(R), then gv is obviously an

Un,

eigenvector of g~ 'zg. We claim that we can choose g such that gv has an entry

equal to 1. Without loss of generality, we may assume that there exists two
integers 1 < m,m’ < n, such that ged(vp,, vy ) = 1. Then, since R is a Bézout
domain, there exist elements «, 3 € R such that

QU + B = 1.

Let g = (gi;) be the matrix such that gmm = @, gmm' = 5, Gmim = —Um/,
Imm/ = Um, gi; = 1 for all i ¢ {m,m’}, and all other entries equal to 0. We
have g € SL,(R), and the m*™ entry of gv equals 1, which proves the claim.
This implies that there exists a matrix Ay € SL, (R) matrix whose first column
is the vector gv. We then have

% k P k

0
A; lg_ ! xg)\l = . )
. T
0
where z1 € GL,,_1(R). We can now repeat the process by choosing an eigenvalue
of #1. Working inductively, we obtain an element A € SL,,(R) such that A™1z\ €
B(R). O

The above lemma shows in particular that for any x € G(Opur), there
exists a finite field extension L/F", and an element A € G(Op) such that
A~ lzA € B(OL). Reducing modulo p} we see that for any € Gp,s with 7/
such that G, C G, there exists a A € G, , such that ATz e Br r.

Recall that an element 2 € G, is called regular if its centraliser Cg, ()
has minimal dimension (cf. [13] or [7], 14). Note that this is a more general
definition than that given in [2], 12.2 (which coincides with the notion of regular
semisimple).

Definition 4.4. An element in G(Opur ) is called separable if it has distinct
eigenvalues. Similarly, an element in G, is called separable if its corresponding
element in G(Opur ) (via the canonical isomorphism G, =2 G(Opur ) is sep-
arable. If z € G, is a regular separable element, we call its centraliser Cg, ()
a quasi-Cartan subgroup (of G,.). Similarly, we call the finite group Cg,. . (z) a
quasi-Cartan subgroup (of Gr,).
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Note that if » = 1, then an element is regular semisimple if and only if it
is separable. In general, regular semisimple elements in G, are separable, but
there also exist unipotent regular separable elements.

From now on, let z € G, be a regular separable element. Since x is regular
we then have

Ca, (x) = Opu . [2] NG,

Let L/F™ be a finite field extension and 7/ > r a natural number such that
G, is a subgroup of G, and such that there exists an element A € G, , such
that A™'z\ € By, (which is possible thanks to Lemma 4.3). From now on, let
r’ = [2=L]4+1. Let Xy be a set of generators of the finite group Gal(L/F""), and
put ¥ := {p} UXy. Notice that if Ly/F is tamely ramified, then Lemma 4.1
and Corollary 4.2 show that we can take ¥ to be a one-element set, and that
G%,r = GE,T = GT"

A subgroup of G, conjugate to By, , will be called a strict Borel subgroup.
Strict Borel subgroups are solvable, but are not in general Borel subgroups of
the algebraic group Gp, .. Since x is regular, we see that the group Cg () lies
in the strict Borel )\BL’T)\_l.

Lemma 4.5. Assume that G is either GL,, or SL,,. Then strict Borel subgroups
in G are self-normalising, that is, if g € G, and gBLyTg_1 C Br,, then
g € BLﬂn.

Proof. It is sufficient to prove the assertion for the group By, . In [18], Lemma
1.2, it is shown that B(R) is self-normalising in GL,,(R), when R is a finite local
PIR. The same proof goes through for rings of the form Oy, ,, so the assertion
holds for G = GL,,. Since for any ring R we have GL,(R) = Z(R)SL,(R),
where Z(R) is the subgroup of scalar matrices, the corresponding assertion for
G = SL,, follows. It remains to use the isomorphisms G(Op,) = G, and
B(Op,) = By . O

Lemma 4.6. Let G be a connected algebraic group, and ¢ : G — G a Frobenius
endomorphism, that is, ¢ is surjective and G¥ is finite. Then the corresponding
Lang map L : G — G, g g~ 'o(g) is an open and closed morphism.

Proof. By the Lang-Steinberg theorem L is surjective, so it is in particular a
dominant map of irreducible varieties. Let W C G be a closed irreducible
subset. Since the fibres of L are all of the form G¥z, for x € G, the map
L: L7Y(W) — W is an orbit map. By [2], IT 6.4, G¥ then acts transitively on
the set of irreducible components of L=(W), and hence they all have the same
dimension, equal to the dimension of G¥\L~1(W) = W. By [15], Theorem 4.5,
the map L is thus open.

Now let X C G be a closed subset. The set G¥X is then a closed subset
which is a union of fibres. Hence

L(G—G*X) = L(G) — L(G*X) = G — L(X),

and since G — X is open, and L is open, L(X) is closed in G. O
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Let By, denote the set of strict Borel subgroups of Gy, ,.. Since By, is self-
normalising in G, ., strict Borels are in one-to-one correspondence with points
of the variety Xy, := Gp,/Br,. Consider the product [],c (1305 Xz, With
G, acting diagonally. For (B,)secf1jus € ng{l}uz X r, we thus have the
corresponding G, -orbit G, .(Bs)se{1ius-

Definition 4.7. We define the variety

XLZ,T(/\) = {B € BL,T | GL,T(U(B))UE{I}UZ = GL,T(U(ABL#)‘?I))ae{l}uz}
={BeBr, | Mo(B))seq1jus = (U()\BL,T‘)\_l))UG{l}UE for some h € Gy, - }.

Identifying By, , with X, , we can rewrite the variety as

XL+
={g€Gr,|o(\) " ho(g) € Br, for all o € {1}UX and some h € Gy, ,.}/Br.,
={g€Gr,|g 'o(g) €bAta(N)By, for all o € ¥ and some b € By, }/Br .,

and by making the substitution g — gb~', we can normalise the defining rela-
tions so that

X7, (N ={9€Grr g 'olg) €X'o(N)BL, Vo € S}/Br,(N),

where
Br,(N) =[] A 'o(NBrro(A) '\
oce{l}ux

From now on we will use this last model for XET (M\). The finite group G%T =
G, acts on X7, (X) by left multiplication.
We would now like to define finite covers of the varieties X7’ .(X) in a way

that naturally generalises the finite covers )Z’T(ﬁ)), defined in the unramified case
where L = F", and W € N¢g,_(T,). In general, however, there does not seem to
be any straightforward way to define an analogous cover of the whole of X E’r(/\),
but only of a certain GEm—stable subvariety. For ease of notation, write ¢ for
A1p(N). Let

A= {e " bep(d)™ | b€ Br,.(\)}.

Clearly, A is the image of By, ,(\) under the morphism G, — Gy, given by
the map g — e 1gep(g)~!. Thus A is conjugate to the image of the map g —
gep(g)~te™!, which in turn is equal to the image of the map g — g~ tep(g)e™!.
This last map is the Lang map corresponding to the Frobenius endomorphism
g+ ep(g)e™!, so by Lemma 4.6, it sends By, -()\) to a closed set. Hence A is a
closed subset of Gp, .

Define the following subvariety of XET(/\), given by

XP, (0 A) = ({9 € G | 97"0(9) € 2AUL I 0 XT, (V) /Bre (V).
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Note that By, .(\) acts on {g € G, | g7 p(g) € eAUL .} by right multiplica—
tion, and that GE’T acts on XLZ’T,()\,A) by left multiplication. Since GY L and
Br»(A) act on X7 .(X) and X7 (A, A), the complement X7 (A )\XL,T()‘ A) is
also stable under these actions. We can now normalise the defining relations in

X7 (X, A) by using the action of By, .()), so that

XE, (0 A) = ({9 € Gro | 97'0lg) € UL, N XE, (V) /SO,

where
S(\) :={b€ Br,(\) | e b tep(b) € Up,.}.

Using the fact that By, (A) C Br , normalises U ,, it is easy to see that S()\)
is a subgroup of By, .(A). Moreover, S()\) contains Uy, , NeUy 7' N By ()
and acts on {g € G, | g7 ¢(g) € eUp,} by right multiplication. Let S(/\)O
denote the connected component of S(\). We define the finite cover

X2, (0 = ({9 € Grr | 970(0) € U N XE, () /SN — XE, (1, A),

We see that the finite group S(\)/S()\)Y acts on )?ET()\) Together with the
respective G -actions this clearly makes X%r()\) — X7, (\A) a GE . X
S(N\)/S(N)-equivariant cover.

Remark. We call the varieties X ET(/\) and the covers X X7 +(\) extended Deligne-
Lusztig varieties, for the followmg reasons. Firstly, the Varieties typically cor-
respond to a (non—tr1v1al) extension of the maximal unramified extension. Sec-
ondly, the various groups involved are iterated extensions of groups over the
corresponding residue fields. Thirdly, there are at least three other construc-
tions which could be referred to as generalisations of (certain) Deligne-Lusztig
varieties, neither of which is in the direction given here. One of these is the
varieties of Deligne associated to elements in certain braid monoids (cf. [5]); an-
other is the affine Deligne-Lusztig varieties of Kottwitz and Rapoport (cf. [27]),
and the third is the varieties of Digne and Michel [8], defined with respect to
not necessarily connected, reductive groups.

We close this section by showing that extended Deligne-Lusztig varieties are
a natural generalisation of classical Deligne-Lusztig varieties as well as of the
varieties which appear in [20] and [34] (in the case of general and special linear
groups over finite local PIRs with their standard Frobenius maps ¢).

Let T/ be a maximal torus in G x Opur such that the group 7 is ¢-stable.
Then T = Cg, (), for some regular semisimple element x € G¥, and by [34], 2
we have T = AT, A~ for some A € G,.. Hence ) is an element such that A= z\ €
T, C By, and the condition that 7! be ¢-stable implies that A\~ (\) € Ng, (T}.).
Let @ := A"1p(N). Take Ly = F (i.e., L = F'), ' = r, so that ' = (), and
Y = {¢}. The resulting extended Deligne-Lusztig variety attached to this data
is

X ) ={g€ G, g (9) € @B, }/(B, NdBiY),
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and since ® normalises T} it follows that B,.(\) = T,.(U, N @U,w~1), and the

Lang-Steinberg theorem implies that A D T;.. Hence Xl{pfr},r()\, A) = X}f}’r(/\).
Furthermore, we have

S(\) = {tu € T.(U, N U~ ") | 0wt dp(tu) € U}
= {tu € T,(U, N0U,~ ") |t~ dgp(t) € U}
= {t € T, | Wt wp(t) = 1} (U, NwU~ 1),

and so S(\)? = U, NwU,w~! and S(A)/S(\)° = {t € T, | wt~lip(t) = 1}.
The corresponding cover is

XK ) =1{9€G, | g lg) € dU}/(U, NdU oY),

and hence X%} (\) = X, (i) and X}f}T(A) = X,() are the varieties we
considered in Section 3. We thus see that the classical Deligne-Lusztig varieties
as well as the generalisations in [20] and [34] (in the case of general or special
linear groups over finite local PIRs with their standard Frobenius maps ¢)
appear as special cases of the construction of extended Deligne-Lusztig varieties
given in this section.

5 Extended Deligne-Lusztig varieties for GL, and
SLo

Throughout this section G will denote either of the groups GLsy or SLs, over
Op. The subgroups T, B, and U of G are the same as in Section 4. As in the
preceding section we treat the two types of groups simultaneously in a uniform
way. Assume that F' is a local function field (i.e., char F = p). Assume also
that F' has residue characteristic different from 2. In this section we will study
extended Deligne-Lusztig varieties for groups of the form G .

Let ¢ denote an arbitrary fixed non-square unit in O 2. In GF the four
distinct conjugacy classes of quasi-Cartans are given by the following represen-

tatives:
0 1 a b
conlt ){(3 Y}
0 1 a b
o2 )-{( D)o
0 1 a b
Oora (e ) ={(cmn o)

The first two of these quasi-Cartans are unramified in the sense that each of
them is the O o-points of some maximal torus of the group scheme G. They
are also unramified in the sense that they can be brought into triangular form
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0 1
' Dacn,

over Opur o, that is, there exists a A € G such that A_chF,z (
(for T o this is a trivial fact). For the maximal torus Tr o, we can take A = 1,

and this gives rise to the variety X5(1). Each A that triangulises Cq,, , (2 é)

gives rise to the variety Xo(A) = Xo(w), where w is the non-trivial Weyl group
element in Gy. Now the cover X5()) of X5(\) depends on A, that is, on the
choice of strict Borel subgroup containing the Cartan subgroup in question.
However, it is known that the possible finite covers of X5(1) and X5() of the
type we are considering all give rise to equivalent representations Rt ¢ in their
cohomology (cf. [34], Corollary 3.4).

We will refer to the last two of the above quasi-Cartans as ramified. We
now attach extended Deligne-Lusztig varieties and corresponding representa-
tions also to the ramified quasi-Cartans. Let Ly = F(y/w) be one of the two
ramified quadratic extensions of F (recall that p # 2, so we have only tame
ramification). Then L = L' is independent of the choice of ramified quadratic
extension of F. The group I' is generated by the Frobenius ¢, together with
an involution o € Gal(L/F"), so we take ¥ = {p,0}. Let r = 3, so that
(’)273 = OF 3 = Op. We then have GE3 = Gr2. Define the following elements

of G(O3):
() (s )

Then we clearly have

0 1
(w O

This defines the associated extended Deligne-Lusztig varieties

w 0

A 1Ce, (0 1) ANCB(OLs), p'Ca, ( ) 11 C B(OLy).

Xis(N)={9€Grs|g "¢(9) € BLs, g 'o(g) € A\ 'o(N)Br,s}/Brs()N),
X7Pa(u)={9€Grslgte(9) € we(n)Brs, g o(g) € n 'o(u)Brs}/Brs(n),

(note that p(\) = A, and that ¢(u) = o(p) = p=1).
The corresponding covers are given by

XPs(N) ={9€Grslg 0(g) €Urs, g o(g) € X" 'o(\)BLs}/S(\),
Xra(w) ={9€Grslg vlg) €t o(uUrs, g 'olg) € p  o(u)Brs}/S(n)°,
where

S(A)={be Br,(\) | b~ o(b) € Ur,},

S(p) ={b€ Br,r(\) | o) ub™ = o(u)e(b) € Ur,}.

Theorem 5.1. Let Z be the centre of G. Then there exists a G%B-equivariant
isomorphism B
XLsW/(Z13)7 = GL5/(Z1,5)" (UL s)™
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Proof. We begin by determining S(A) explicitly. For simplicity we shall write
e for A™'a()), in what follows. First consider By, .(A\) = B, N eQLJe_l. We
write elements in Of, 3 in the form ag + a1v/@ + asw, where a; € F,. We then
have

o(ap + a1vVw@ + asw) = ad + alvw + adw,
U(ao + al\/5+ agw) = ag — al\/E+ ag .

Note in particular that ¢ and o commute. As usual, we identify subgroups of
G(Op,3) with their corresponding subgroups in G 3. Then

di—a; _
BL,T()\): {(a(ﬁ-alﬁ—kagw 3 +b1\/’5+b2w) |ai7bi€Fq}ﬂGL,r,

0 a0+d1\/5+d2w
and so
_[(wtravmtam B rbhVEtbw) oo oa_
= {< 0 ap + diy/w + dow | @i = ai, di = di (NG,

Hence, the connected component of S(A) is
S ()‘)O = UI%,B?

and S(\)/S(N)° = Z7 1(T}, 3)7 = Z{ (T} 5)*-

Let Y:i={g€Grs| g ¢(9) €ULs, g 'o(g) € eBr 3}, so that )?ES()\) =
Y/Uiyg. For g € Y we have g~ '¢(g) = u, and g~ 1o (g) = eb, for some u € Uy, 3,
b € Brs. The commutativity of ¢ and o yields o(gu) = ¢(geb), and since
¢(e) = e this implies

ebo(u) = uep(b).

Hence we obtain e lue € Br3, so that w € Up 3 N 6BL’3€_1 = U£’3. We thus
have Y = {g € Gr3 | g '¢(g) € UL 5, g~ 'o(g) € eBr 3}. If we set

V':={g€G] |9 o(g) € eBrs}/(Z13)7(UL5)",
we then have a natural Gig—equivariant isomorphism
XEoN/(ZL0)° = Y/(Z10)7ULy =Y
L,3 L3 L,3 L,3 .

Now the translation map g — gA~! is an equivariant isomorphism Y’ = Y/ A~ 1,
and we have

YAl ={ge G} ;197 a(g) € o(NBrso(\) '}/ (Z15)?AUL5) A"
If g € Y'A7!, then g7 'o(g) € 0(A) By 30(X\) ™!, and we then also have g~ (g) €
ABp 3A71, since o has order 2. Therefore g~ o (g) € o(A)Br 30(A)"*NABL 3 A1,

which is equivalent to

M tg7to(g)) € eBrse ' N Br s = Bra()\).
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We thus have g~ 1o (g) € ABL 3(A\)A~!. Now, the image of the map L, : G 3 —
G13 given by g — g~ 'o(g) clearly lies in G} 5. Thus

g 'o(g) € ABLs(MAIN GlL,s

_ 1+a1\/a+a2w bl\/a+b2w o _ 1 .
_)\{< 0 14+ a1yw+ dow lai b € Fq p AT NG,

and since A normalises the above set of matrices, we get

1 1+a1\/5+a2w bl\/E—Fbgw T )
g O‘(g)E{( 0 1+ a1y/@ + dow |azvbz€Fq mG’L,S

= (Zi,?))(p(Tg,?})w(Uis)w-

Now we can obviously replace the relation g~'o(g) € (Z£73)9"(TE’3)W(UEV3)“’ by
g log) € (Zbg)“’(Tfﬁ)“"(Uiﬁ)‘P N Ly(G7 3), without loss of generality. We
thus have

YA
= {9 € Gf,a | 9_10(9) € (Zi,:a)go(Tg,3)¢(U£,3)WQLU(Gi,s)}/(Zi,a)w/\(Ui,a)w/\_l~
One shows by direct computation that
La((Zi,z‘)w)\(Ui,?,)w)\_l) 2 (Zi,3)w(Tg73)w(Ui,3)¢ N L (GT 3).
This implies that there is a natural equivariant isomorphism
YAt :>G%73/((Z£,3)“’)\(Ui,3)“’)ﬁ1)2 = G%73/(Z£73)2(U£73)2 = GF,Q/ZII?‘,QU}IT',Q'

Since )N(E?,(/\)/(Zb?))@ =~ Y’A\~1, the theorem is proved. O

The above theorem, together with [7], 10.10 (i) shows that the variety
Xg,?) (M) affords the representation

Gr,2

Ind
Z52Uk

1

as a subrepresentation of its cohomology. In particular, for G = SLy, we have

Z};,Q = {1} (using p # 2). Moreover, it is easy to show that for G = GL9, each
Gr,2 1
Bra

(cf. [12], Lemma 2.12; note that we have defined nilpotent representations to be
primitive). Thus X7 5()) affords in particular all the nilpotent representations of
GFp.2, both for G = SLy and G = GLy. Together with the results of Lusztig [20],
Section 3, this proves that every irreducible representation of SLa(F,[[w]]/(x?)),
with p odd, appears in the cohomology of some extended Deligne-Lusztig variety

attached to a (possibly ramified) quasi-Cartan subgroup.

nilpotent representation of GLy(Op2) is an irreducible constituent of Ind
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6 Further directions

In the proof of Theorem 5.1, the hypothesis that F' be a function field was only
used to calculate the explicit form of the various groups involved, and the image
of L,. It is therefore likely that the argument can be extended to any non-
archimedean local field F' with p # 2, using similar methods. Furthermore, the
question of whether the action of the finite group S())/S(\)° on XE:,)()\) can

G L . .
be used to decompose Ind ZIF . 1 into irreducible components, remains open.
2

Ul
However, the techniques usI(;d il;izthe proof of Theorem 5.1 should prove useful
for answering this. Provided Lusztig’s computations in [20], Section 3 could be
carried out for GLo, it would follow from the results of this paper that every
irreducible representation of GLq(F,[[w]]/(w?)), with p odd, is realised by an

extended Deligne-Lusztig variety.

A natural problem is to generalise the construction of extended Deligne-
Lusztig varieties to reductive group schemes G over Op other than GL, or
SL,. The ingredients required for such a generalisation are as follows. First,
one needs a generalisation of Lemma 4.5 to any G. This has recently been given
in [32]. Moreover, one would need the result that any quasi-Cartan is contained
in a strict Borel subgroup of some G, ,-, which requires a version of Lemma 4.3
for a Borel subgroup of G.

It is also a natural question to ask whether our construction can be extended
to the wildly ramified case. When L/F is tamely ramified, we have shown that
G%, = Gp,, but in the wildly ramified case this may no longer hold. The
difficulties in the wildly ramified case are perhaps a reflection of the fact that
the representation theory of the p-adic group G(F) is radically different in the
wildly ramified case. In particular, one cannot expect in this case that all the
interesting representations are parametrised in a straightforward way by data
attached to maximal tori. Our present construction can thus be seen as dealing
efficiently only with the cases where L/F is tamely ramified. It should however
be noted that the only obstacle to defining extended Deligne-Lusztig varieties
in the wildly ramified case it due to the problem of descending from Gy, , to
G r by taking fixed-points. This is therefore mainly a problem about Galois
theoretic properties of finite ring extensions. To go further in the wildly ramified
case, it seems that one has to consider either elements in AutoFm, (Or ) other
than those coming from elements in Gal(L/F), or a larger field extension F/L,
such that E/F is tamely ramified.

A fundamental result of Deligne and Lusztig (cf. [6], Corollary 7.7) is that
every irreducible representation of G appears in the l-adic cohomology of some
variety X 1(w). An important question is whether something similar holds for
the groups GY, = G%_’T, with respect to the extended Deligne-Lusztig varieties

)z%,r()\). Some aspects of the representation theory of the groups GL,(OF)
are analogous to the representation theory of the p-adic group GL,(F). In
particular, the construction of tamely ramified supercuspidal representations
via certain characters of maximal tori, due to Howe [14], provides some of the
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motivation for attaching extended Deligne-Lusztig varieties to quasi-Cartans.
Given this analogy, and the results obtained for nilpotent representations in
Section 5, we state the following open problem:

Suppose that n is prime to p. Is it true that any irreducible rep-
resentation of GL,,(Op,s) which is a type for a supercuspidal rep-
resentation of GL, (F), appears in the l-adic cohomology of some
extended Deligne-Lusztig variety X LE’T()\)?

Here r’ = [“=1]+1, with e = e(L/F"™), as before. For the definition of types, see
[3] and [4]. In particular, any depth zero supercuspidal type on GL,,(OF) factors
through GL,(k), corresponds to an unramified maximal torus, and is realised
in the cohomology of some variety X, (), by the result of Deligne and Lusztig
mentioned above. Moreover, the results in Section 5 show that every nilpotent
representation of GL2(Op2), for F' a function field, is realised by some X 57()\)
Thus, the answer to the question is affirmative at least as far as nilpotent types

on GL2(Op2) are concerned.

It is interesting to ask about the possible connections between the construc-
tions in this paper, and the theory of character sheaves. In [21], Lusztig dis-
cusses, among other things, the possibility of defining character sheaves on G,
where F' is a function field, and G is a reductive group scheme over kp. The
conjecture in [21], 8 predicts that there is a theory of character sheaves on G,
for generic principal series representations (i.e., those that correspond to regu-
lar characters of a split unramified Cartan). However, Lusztig remarks that one
cannot expect to have a complete theory of character sheaves on G,., citing the
irreducible representations of dimension ¢?> — 1 of G Fa2 (for G = GLo, F a func-
tion field) as a reason for this. Note that these representations are nilpotent. By
the results in Section 3.2 for the closely related case where G = SLs, one may
indeed expect that the nilpotent representations cannot all be accounted for by
character sheaves on G,.. One of the principal aims of this paper has been to
demonstrate that the correct algebraic groups for constructing nilpotent repre-
sentations of Gf, = G%)T for G = GLy or G = SLs in the tamely ramified case,
are not the “unramified” groups G,-, but groups of the form Gy, ,, where L is a
finite non-trivial extension of F'**. One may therefore ask whether there exists
a theory of character sheaves on the groups G, ,, pertaining to (some of) the
representations which do not correspond to character sheaves on groups of the
form G, .
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