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Abstract

Consider a measure py = &0, where the sum is over points = of a Poisson point
process of intensity A on a bounded region in d-space, and &, is a functional determined by
the Poisson points near to x, i.e. satisfying an exponential stabilization condition, along
with a moments condition (examples include statistics for proximity graphs, germ-grain
models and random sequential deposition models). A known general result says the -
measures (suitably scaled and centred) of disjoint sets in R? are asymptotically independent
normals as A — oo; here we give an O(A~/(2¢+4)) bound on the rate of convergence, and
also a new criterion for the limiting normals to be non-degenerate. We illustrate our result
with an explicit multivariate central limit theorem for the nearest-neighbour graph on
Poisson points on a finite collection of disjoint intervals.
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1 Introduction

There has been considerable recent interest in providing central limit theorems (CLTs) for
certain functionals in geometric probability defined on spatial Poisson point processes. Such
functionals include those associated with random spatial graphs such as the minimal-length
spanning tree or the nearest-neighbour graph, as well as with germ-grain models and random
sequential packing models. These functionals are random variables given by sums of contribu-
tions from points of a Poisson point process in R

A natural extension to random measures may be provided by keeping track of the location
of each contribution in R?. In this way one can obtain a random field indexed by test functions
on R? or by subsets of RY. For example, one can consider the measure induced by a Poisson
process with a point mass at each Poisson point equal to the distance to its nearest-neighbour;
then a typical multivariate statistic induced by this measure is the vector of total edge-lengths
of the nearest-neighbour graph on Poisson points over a finite collection of disjoint subsets of
R¢,

Under certain conditions, it is known [4, 13, 15] that the measures, appropriately scaled
and centred, of disjoint sets (or of test functions with disjoint supports) are asymptotically
distributed as independent normals in the large-intensity limit. The main contribution of the
present paper is to give bounds on the rate of convergence. We illustrate our result with an
application to the nearest-neighbour situation mentioned above.

The unifying concept of stabilization on Poisson points has proved a useful notion of local
dependence in the context of geometric probability. This says, roughly speaking, that the
contribution from a Poisson point is unaffected by changes to the configuration of Poisson
points beyond a certain (random) distance.

The methodology of stabilization has been fruitfully employed, in various guises, to produce
univariate CLTs and laws of large numbers for random quantities in many problems in geometric
probability; see e.g. [4,10,12-16,18-21]. The techniques used in this context include a martingale
method (see for instance [10], and [18] where the method is presented for general stabilizing
functionals in geometric probability), the method of moments [4], and Stein’s method [21], which
we employ in the present paper.

The multivariate case, in which several collections of random variables are considered, has
also received some attention [4,13-15]. Applications in geometric probability include, for
example, the joint normality of certain random spatial graph functionals defined over a finite
collection of disjoint regions in R?. There are potential applications to multivariate statistics,
including nonparametric multi-sample tests (see e.g. [22]).

In the present paper, we employ a form of Stein’s method (see [23]), which has the advan-
tage that it can provide rates of convergence in the CLT. In this context, Stein’s method is
a useful tool for establishing normal approximations and CLTs for sums of weakly dependent
random variables. In this paper, the weak dependency structure is provided by the concept of
stabilization on Poisson points.

In the univariate case, the method yields normal approximation of the sum of a single
collection of random variables that are ‘mostly independent’, i.e. exhibiting a local dependency
structure. This structure may be captured using dependency graphs. This method was first
used in the context of geometric probability by Avram and Bertsimas in [2] (using the normal
approximation error bounds of [3]) to provide CLTs for certain random combinatorial structures
that are locally determined in some sense, including the j-th nearest-neighbour graph, and the
Delaunay and Voronoi graphs.

Using the sharper normal approximation bounds of [6], more general results for univariate



normal approximation based on Stein’s method for random point measures were given by Pen-
rose and Yukich in [21]. That paper is the foundation for the present work, which is its multi-
variate analogue.

Multivariate CLTs for random measures in geometric probability have recently been proved
via the method of moments [4], via Stein’s method [15] and via the martingale method [13]. In
particular, [13] also covers lattice processes (such as percolation), and does not require ‘expo-
nential” stabilization, and so admits a larger class of measures. The advantage of the results in
the present paper is that information on rates of convergence is provided.

Beyond the context of geometric probability, multivariate central limit theory has been well
studied. Related results include multivariate central limit theorems for sums of independent
random variables given in [8]. In [9,22], multivariate normal approximation bounds are given for
sums of (locally) dependent random variables, often chosen in somewhat special ways, including
certain statistics defined on random graphs. The results in the present paper have the advantage
of being more generally applicable in geometric probability.

As a further contribution, we provide a general criterion for bounding variances below. It
is characteristic of proofs of normality using Stein’s method that one needs to prove such lower
bounds separately. Our criterion adds to those given previously in [4,18], which are not always
directly applicable in the present setting.

The rest of this paper is organized as follows. We state our main general results in Sections
2.1 and 2.2, and prove them in Sections 3 and 4. We briefly discuss in general terms the
applicability of the general results in Section 2.3, and illustrate further with a concrete example
(the k-nearest neighbour graph) in Section 5.

2 Main results

The basic setting follows that of [21]. Let d € N. As in [21], we consider marked point processes
in R? for the sake of generality. Let (M, Faq,Paq) be a probability space (the mark space). Let
¢(x,5; X) be a measurable [0, co)-valued function defined for all triples (, s; X), where x € R?,
s € M are such that (z,s) € X, where X C R? x M is finite. When (z,s) € (R¢ x M)\ X, we
abbreviate notation and write £(z, s; X) instead of £(x, s; X U {(z,s)}).

Given X C R¥x M, a > 0and y € R? set y+aX := {(y+azx,s) : (z,s) € X}, i.e. translation
and scaling act only on the ‘spatial” part of X'. For all A > 0 let

Ex(x,8;X) = E&(x, 850 + Al/d(—x + &)).

Thus &, is a ‘scaled-up’ version of &, defined on a scaled-up version of the (marked) point set X
dilated around z. We say that ¢ is translation-invariant if £(z + vy, s;y + X) = &(x, s; X) for all
y € RY all (z,s) € R x M and all finite X C R x M. When ¢ is translation-invariant, the
functional &, simplifies to &,(z, s; X) = (A2, 5; \VIX).

For q € [1,00], let || - ||, denote the ¢, norm on RY. In the sequel we will use ¢ = 2 (the
Euclidean norm) and ¢ = oo. For measurable B C RY, let |B| denote the (d-dimensional)
Lebesgue measure of B.

Let & be a probability density function on R? with compact support A C R?, where A is
non-null (i.e. |[A| > 0). We assume throughout that x is bounded with supremum denoted by
|k]|lee < 00. For all A > 0 let P, denote a Poisson point process in R x M with intensity
measure (Ax(z)dx) x Py (ds).



2.1 Multivariate normal approximation

We use the following notion of exponential stabilization, as given in [21] (taking the A, there
to be A for all \). For z € R? and r > 0, let B,(z) denote the Euclidean ball centred at z of
radius r. Let U denote a random element of M with distribution P4, independent of P,.

Definition 2.1 ¢ is exponentially stabilizing with respect to k and A if for all A > 1 and all
xr € A, there exists a random variable R := R(x, ), (a radius of stabilization for  at x) such
that

Ex(z, U; [Py (By-1/ap(x) x M)]JUX) = &\(2,U; PN (By-1/ap(z) x M)),
for all finite X C (A\ By-1/ag(z)) x M, and moreover

limsupt ' log ( sup P[R(xz,\) > t]) < 0.

t—o00 A>1,x€A

Roughly speaking, R(z, ) is a radius of stabilization if the value of &, at z is unaffected
by changes to the configuration of Poisson points outside B,-1/4p(z). Exponential stabilization
is known to hold for many ‘locally determined’ functionals defined on spatial point processes,
and in particular in several cases of interest in geometric probability; see for example [21].
Following [21], we also make the following definition.

Definition 2.2 £ has a moment of order p > 0 (with respect to k and A) if

sup E[|& (2, U; Py)F] < oo (2.1)

A>1l,x€eA

For A > 0, we define the random weighted point measure ,u§ on R? induced by &, by

/Lf\ = Z &z, 8 Pr)0s,

(z,8)EPAN(AXM)

where §, is the point measure at z € R%.

For I' C RY, let B(T') denote the set of bounded Borel-measurable functions on T'. For
f e B, let (f,us) = & fdus. Let ® denote, as usual, the standard normal distribution
function on R. We recall the following univariate normal approximation result of Penrose and
Yukich (contained in Theorem 2.1 of [21]).

Proposition 2.1 [21] Let £ be exponentially stabilizing and satisfy the moment condition (2.1)
for some p > 3. For I' a non-null Borel subset of A, let f € B(I') and put T := (f, ,u§> Then
there exists a constant C' € (0,00) depending on d, &, f, and k such that for all X > 2,

sup
teR

T — E[T]
P|l——— <t| —®(t)] < Cllog \)**N(Var[T])~3/2. 2.2
e <]~ 20| < Cliog AV 22)

For fixed m € N, let I';, i = 1, ..., m be non-null Borel subsets of A C R?. For notational
simplicity, for ¢ = 1,...,m and for f; € B(T;) set T; := (fz,,ui) = fr_f,-d,ui. These are
the quantities of interest to us in the present paper. By Proposition 2.1, under appropriate
conditions, we have that, individually, each T; satisfies a normal approximation result of the

form of (2.2). For the present paper, we will impose one extra condition to control variances
such as Var[T}].



(A1) There exist constants C; € (0, c0) such that for each i, for all A sufficiently large, Var[T;] >
CiA.

Under assumption (A1), the bound on the rate of convergence on the right of (2.2) (in the case
T = T;) becomes O(A~/2(log A)3?) (compare Corollary 2.1 of [21]), and in particular (2.2) yields
the central limit theorems

T; — E[T}]

G 25 N(0,1),

as A — oo, where N (0,1) is the standard normal distribution on R and 24> denotes conver-
gence in distribution. As discussed in Section 2.2, condition (A1) is true in many cases.

Our main result, Theorem 2.1 below, extends Proposition 2.1 to give a multivariate cen-
tral limit theorem for (7; : ¢ = 1,...,m), centred and scaled, with a bound on the rate of
convergence. We impose the additional assumptions that (A1) holds and that the sub-regions
I'; are pairwise disjoint and satisfy the natural regularity condition (A2) below. The central
difficulty in extending Proposition 2.1 to a multivariate version is that the T} are not, in general,
independent. However, with the aid of stabilization we will show that they are ‘asymptotically
independent’ in an appropriate sense.

To state (A2), we introduce some notation. Let B denote the boundary of B C R?. For
B C R? and z € R? let d,(z, B) := infyep ||z — y|l,- Also, for B, B’ C R? with BN B’ =0, let
dy(B, B') :=inf e yep || — y|q, i-e. the shortest distance (in the ¢, sense) between B and B'.
For r > 0, let 8,(B) denote the r-neighbourhood of the boundary of B C R? in the £, norm,
that is the set {z € R?: d(z,0B) < r}.

(A2) For each i, |0,(I;)] = O(r) as r | 0.

Sufficient conditions for (A2) include that each of the I'; is convex, or each is the finite union
of convex regions (e.g. polyhedral). We can now state our main result.

Theorem 2.1 Let £ be exponentially stabilizing and satisfy the moment condition (2.1) for all
p>1. Let m € N. Let I'1,I's, ..., '), be fixed disjoint non-null Borel subsets of A satisfying
(A2). Fori=1,...,m, let f; € B(Ty) and set Ty := (fi,11}). Suppose that (A1) holds. Let
e > 0. Then there exists a constant C € (0,00) depending on d, m, £, k, €, {fi} and {I';}, such
that, for all A > 1,

sup < O\TV/dre) (2.3)

t1,eeey tm€R

m T‘Z—ET‘% m
P [m{w Stz}] _Hq)(ti)

=1

In particular, from (2.3) we obtain the multivariate central limit theorem that says

<(Varm])1/2' LTERE >—>N(0Jm), (2.4)

as A — oo, where N (0, I,,) is the m-dimensional normal distribution with mean 0 and covariance
matrix given by the identity matrix I,,. It was already known [4,13,15] that under similar
conditions to those of Theorem 2.1 we have (2.4), at least when A\~'Var[T;] — o2 for some
0? € (0,00). Theorem 2.1 adds to this by providing a bound on the rate of convergence.

As an example of the application of Theorem 2.1, one can take f; = 1p, fori =1,2,...,m,
where 1p is the indicator function of I' € R% We indicate some particular applications of
Theorem 2.1 in Sections 2.3 and 5. Under additional technical conditions, one can say more
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about the asymptotic behaviour of the variance terms in (2.3); see Section 2.2 below.

Remark. The relatively slow rate of convergence in higher dimensions arises primarily due to
the possibility of strongly dependent points in the neighbourhood of the interface of adjacent
regions. If all of the I'; are separated by a strictly positive distance, then our methods can be

adapted to yield a rate of convergence of the same order as in the univariate result (Proposition
2.1), that is O(A~1/%(log \)39).

For ease of presentation, we prove Theorem 2.1 in Section 3 under the conditions that ¢ is
translation-invariant and that the mark space is degenerate (i.e. M = {1}), and so from now
on we suppress any mention of M. In particular, point sets such as X and P, will be treated
as (their corresponding) subsets of R? and we will write (z; X) rather than &(x,1; X) (and
similarly with &,). The proof can be adapted for the general marked case, as in [21].

2.2 Control of variances

Recall that Theorem 2.1 is stated under assumption (A1). In this section we discuss conditions
under which one can say something about the variances Var[T;], and in particular give criteria
for verifying (A1).

It is known [4,15] that if £ stabilizes exponentially, has a moment of order p > 2, and satisfies
certain extra conditions in the same spirit (see e.g. Theorem 2.1 of [15] for a clear statement),
then

A" WVar[T;] — oF

17

(2.5)

for some o? € [0,00), given explicitly as an integral in [4,15]. In cases where (2.5) holds, then
clearly (A1) is equivalent to the condition that ¢ > 0.

One approach to the verification of (A1) is to compute o7 by evaluating the integral formula
explicitly or at least to verify that it is strictly positive. In some cases, this is possible; see
Section 5 for an example.

However, such cases seem to be the exception rather than the rule, so it is useful to have some
other criterion for verifying (A1l). No attempt is made in [15] to establish general conditions
for 02 to be strictly positive. While [4] does contain such conditions, these are given only for
fi = 1, and since here we are interested in multivariate CLTs with at least two different f;s, it
is desirable to improve on the criteria in [4].

We now give a sufficient condition for (A1) to hold, similar in spirit to those used to bound
limiting variances away from zero in [18] and [4]. As in those papers, we use a form of ezternal
stabilization, which roughly speaking says that not only do Poisson points beyond the radius of
stabilization for x not influence x, but also x does not influence these points.

For notational convenience we here consider only the unmarked case (equivalent to M =
{1}). For simplicity, we also assume translation-invariance. Given translation-invariant &(x; X)
defined for € X and finite X C R?, set

HY(X) = &(x;X);  Hy'(X) =) fla)én(; X).

Let 0 be the origin in R? and write B, for the ball B,(0). For K > 0, a locally finite set X
in R? is said to be K-externally stable if for all finite A C RY\ Bg, 2 € Aand y € X N By, we



have the three conditions:

E0;(XNBg)UA) = £0;XNBg);
E(x (XN Bg)UAU{0}) = &(z;(X N Bx)UA);
§(y; (XN Br) UAU{O}) —&(y; (XN Br)UA) = &(y; (XN Br) U{0}) — &(y; X N Bi).

Suppose X is a point process (i.e. a random locally finite set in R?). A random variable R,
taking values in (0, oo, is said to be a radius of external stabilization for X if, whenever R is
finite, the point process X is R-externally stable. Note that by definition R = oo is a radius of
external stabilization but we are interested in the cases where a radius of external stabilization
R exists with P[R < oo] > 0. When R < oo, we say that external stabilization holds for X'

For a point process X in R? with radius of external stabilization R, there is a random variable
A(X; R) such that whenever R < oo, we have

Hé((X N Bg)UAU{0}) — H((X N Br)UA) = A(X; R)

for all finite A C R?\ Bg. As a matter of convention we put A(X; R) = 0 whenever R = cc.
We refer to A(X; R) as the add one cost associated with X and R. In principle, the external
stabilization condition R < oo is a stronger condition than the existence of this A(X; R), which
is referred to as ‘strong stabilization’ in [4]. In all the examples that we are aware of, however,
if strong stabilization holds then so does external stabilization. Also, the external stabilization
condition that we shall require is only that P[R < oo] > 0, whereas the corresponding strong
stabilization in [4] is required to hold with probability 1.

Let B(I) be the class of functions in B(I') which are almost everywhere continuous. Let X
denote a random d-vector with density x, independent of P,, and for A > 0 let H, denote a
homogeneous Poisson point process in R? with intensity A\. We now state our second result,
which provides general criteria for (A1) to hold based on external stabilization. It is proved in
Section 4.

Theorem 2.2 Suppose that £ is translation-invariant. Suppose that there is a radius of external
stabilization R for Hy with associated add one cost A(Hq; R), such that

P{R < oo} N{A(H1; R) # 0}] > 0. (2.6)

Let f € B(T), with f(z)r(x) not almost everywhere zero, and suppose for some \g > 0 and
p > 2 that

sup E HHﬁ’f (PyU (X)) — HYY (PA)ﬂ < 0. (2.7)

A>Xo

Suppose, also, either that f = 1 or that for all K > 0 and Lebesgue-almost all x € R* with
k(z) > 0 we have

/B ElJE(y: Hute) U {0}) — £y Hugy) 1y < 0. 2.8)

Then, lim inf o0 (A~ Var[(f, 13)]) > 0.

Remarks. The additional moments condition (2.7) is weaker in principle than the correspon-
ding moments conditions required for similar lower bounds on variances in [18] and [4] because
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in those references the moments condition is for a point inserted into a binomial point process
but here the moments conditions (2.7) and (2.8) are for a point inserted into a Poisson point
process. Note that the argument in [4] requires the ‘bounded moments condition’ (eqn (2.5)
of [4]) as a condition for parts (ii) and (iii) of Theorem 2.2 of [4] as well as for part (i); we thank
Joseph Yukich for confirming this in a personal communication.

As in [4,18], Theorem 2.2 requires external stabilization. Our condition (2.6) says that the
add one cost A(X; R) is not identically zero. In principle this is weaker than the corresponding
condition in [4,18] where it is assumed that A(X’; R) has a non-degenerate distribution. These
slightly weaker conditions are possible because in the current paper we are considering only
Poisson point processes, not binomial point processes as in [4, 18].

The conclusion in Theorem 2.2 provides a lower bound for the variance of \"V2(f, 1%),
as required in condition (A1l). The lower bounds for the limiting variances given in [4, 18]
(see e.g. Theorem 2.2(iii) and the subsequent Remark (iii) of [4]) are given only for the case
with f = 1. Here, in Theorem 2.2 we allow for other choices of f but restrict attention to
almost everywhere continuous f and also (except for the case f = 1) require the extra moments
condition (2.8). We note that a sufficient condition for (2.8) is that we have the two conditions

| Bl U 0Dy < o (2.9
| Bl o)y < o (2.10)

Condition (2.10) is similar to the moments condition (2.1) used earlier. Condition (2.9) is
slightly different but usually true in examples satisfying (2.1). For example, if £(z; X) is the
logarithm of the distance from x to its nearest neighbour in X (examples of this type appear
in [5]), then the integrand in (2.9) blows up as y approaches 0, but only slowly, and (2.9) holds.

2.3 Indication of applications

In applying Theorem 2.1, one needs to check that the stabilization and moments conditions
given in Definitions 2.1 and 2.2 hold. These conditions, or related versions thereof, are known
to hold for many problems of interest in geometric probability; see [4] and [21] for an indication
of problems for which exponential stabilization and moment bounds are satisfied.

One also needs to verify the variance bound (Al), as discussed in Section 2.2. For the
special case with f; constant, condition (A1) has been demonstrated for many examples, see for
example [2,4,18].

For the general case under consideration here, we can often verify (A1) via Theorem 2.2. As
mentioned before, the moments conditions in Theorem 2.2 usually hold for examples satisfying
the moments condition of Definition 2.2. Likewise, external stabilization holds for many of the
examples satisfying the exponential stabilization condition of Definition 2.1. In fact, external
stabilization is demonstrated for numerous examples in [18]; see also [4,19]. In many cases,
external stabilization can be shown by constructing a configuration, having positive probability,
of many points in an ‘annulus’ around the origin and an empty ‘moat’ in a smaller annulus,
that ensures sufficient independence; see [2] for such a construction (in a similar context but not
explicitly mentioning stabilization) for the total length of the j-th nearest-neighbour, Voronoi,
and Delaunay graphs. These examples are also considered in [18], along with other examples
such as the sphere of influence graph and Gabriel graph. External stabilization for random



sequential adsorption and related deposition processes (with Poisson input) is demonstrated
in [19].

To sum up; for many examples the conditions of both Theorem 2.1 and Theorem 2.2 hold,
with Theorem 2.2 providing the means to verify the condition (A1) for Theorem 2.1, so that
one can conclude (2.3) in these examples.

In Section 5 we give an example of our result as applied to the k-nearest neighbour graph.
In particular, we give a multivariate CLT with explicit variance scalings in the case of the
nearest-neighbour (directed) graph on disjoint subsets of the real line (Theorem 5.1 below).

3 Towards a proof of Theorem 2.1

Throughout this section, we assume that I';, 'y, ..., [, are (arbitrary) non-null Borel subsets
of the bounded region A C R?, such that I';NT; = @ for i # j, and condition (A2) holds. Also,
for each ¢ we have a function f; € B(I';).

For fixed o > 0, let sy := a\~1/¢ log A\, and let F?d denote the s, ‘boundary region’ of I'; C A,
in the sense

[P = {z el do(z,0l;) < aX?logA} = T; NI, (). (3.1)
The remainder of the set T'; we simply call the ‘interior’ and denote by I'", where
I i= {2 €T do(x,0T;) > aX " log A} =T\ 0, (I).

As previously mentioned, we assume that £ is translation-invariant, and that M = {1}.
Define

Thd .= fiduf\; and T := fiduf\,

2
Tbd Tin
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so that T; = T + T4, To prepare for the proof of Theorem 2.1 we need some auxiliary
lemmas. For the subsequent results, we will need the following covering of scaled-up Borel
regions A'/?B c R by cubes of side 1.

First we need some more notation. Let card(X) denote the cardinality of set X. For z € R,
let @, denote the unit-volume £, ball in R? with centre z (i.e., the unit d-cube at z). For a
Borel set B C A C R?, let

Z\(B)={z€Z": Q. NN/'B#0}, (3.2)
and set ny(B) := card(Z,(B)). Then the covering of \'/4B is
O\(B) :={Q.: z € Z\(B)}. (3.3)

The next result gives error bounds for approximating the volume of A\Y/T"; or of A/4TP? (as
defined at (3.1)) by the number of unit cubes in Z? in its covering (as defined at (3.2) and (3.3)).

Lemma 3.1 Let I'; be a non-null Borel subset of A C R? such that |0,(T;)| = O(r) as r | 0.
Then, as A — 00,

na(Ly) — AV = O (AD/9) (3.4)
Define T?% as at (3.1). Then, as A — oo,
nA(TPY) — |AYITP ) = O (A D/]og N) . (3.5)



Proof. There exists a constant ¢ € (0, 00) (depending only on d) such that, for any A > 0, and
any non-null Borel subset B of A,

Aipc ) Q.cABUA.(NB),

2€Z,(B)
and hence
NUB| < na(B) < [(NV9B| + [0.(\9B)| = [NVB] + A|0oy-1/a(B)]. (3.6)
In the case B = I, the regularity assumption that |0,(I;)] = O(r) as r | 0 implies that

|05-1/4(T)| = O(A™Y?). Thus (3.4) follows from (3.6).
In the case B = '’ we have that

[Oer-1/a(L7N)] < [0r-1/044, (Ti)] = O(s1),
as A — 00, again by the regularity assumption on I';. Thus (3.6) yields (3.5) in this case. [J

Once more consider a Borel subset B of A C R? and the covering Q,(B) of AB. For
all z € Z,(B), the number of points of Py N A~'/4(Q, is a Poisson random variable N, with
parameter v, = A\ fxl/d@z k(z)dz. Assuming v, > 0, choose an ordering on the points of
Py N A~Y4Q, uniformly at random from all N,! possibilities. List the points as Xot, o XoN,
where conditional on the Value of N., the random variables X, k = 1,2,..., N, are i.i.d. on

ATVAQ, with a density £.(-) == k(:)/ [, rag. K x)dz. Thus we have the representatlon

PNB= | O({Xz,k} NB).

2€2,(B) k=1

Then for f in B(B), we can express (f, u5) as follows:

f :u/\ Z 25)\ zkap)\ ( ) (Xz,k) (37)

ZGZ)\ B) k=1

For all z € Z,(B) and for all k € N, let R, denote the radius of stabilization of £ at X, x
if 1 <k <N, and let R, = 0 otherwise. Define the event E. ; := { R, < alog A\}. We define
here the function T'(B; f) as follows, the idea being that T'(B; f) is, with high probability, the
same as (f, /,Lf\), but exhibits a much more localized dependency structure. Set

Z Zé/\ 2k Pa) e, - f(Xok) - 1(Xog), (3.8)

ZGZ)\

where we use 1z to denote the indicator random variable of the event E.

Recall that I';, i = 1,2,...,m are disjoint non-null Borel regions in A C R? and f; € B(T;)
for i =1,2,...,m. Then for each i, T(FZ, fi) is defined by (3.8). In the same way as we use the
abbreviations ﬂ, TP and T, we let T; := T(Ty; f;), TPY := T(T'PY; £,), and Tj» := T(T'™; f,).
Thus T; = TP4 + 71,

For z € Z,(B) let Y,(B; f) be the contribution to T'(B; f) from the points in A=/Q., i.e

N.
Yo(Bi f) =Y G(XokiPa) - Lo, - f(Xen) - 15(Xap), (3.9)

10



so that T'(B; f) = ZzEZA(B) Yo(B; f).

Let Ay, A > 1 be a family of Borel subsets of A C R%. The next two results show that the
moments condition (2.1) implies bounds on the moments of Y,(A,; f) for f € B(A). When we
come to apply the two lemmas below, we will be taking Ay = I'; or Ay = I'Pd.,

Lemma 3.2 Let Ay, A\ > 1 be a family of Borel subsets of A C Re. If (2.1) holds for some
p > 0, then there is a constant C € (0,00) such that for all A\ > 1, all k > 1 and z € Z5(A,)

E[JEn( Xk Pr) - 14, (Xo) - Lppeny ] < C. (3.10)

Proof. It suffices to consider the case with Ay = A for all A. The proof of the lemma closely
follows that of Lemma 4.2 in [21], although our covering is somewhat different. In the notation
of the proof of Lemma 4.2 of [21], we have py = 1 and v; = v,, = )‘f,\—l/sz, k(x)dzr < ||k s,
where we have written Z\(B) = {z,...,2n,(5)}. Then, following the arglllment in [21], we
obtain (3.10). O

Lemma 3.3 Let Ay, A > 1, be a sequence of Borel subsets of A C R?, and suppose f € B(A).
If (2.1) holds for some p > 1, then for any q € (1,p) there is a constant C € (0,00) such that
for all X > 1 and all z € Z,(A))

IV=(Ax; I < C. (3.11)

Proof. The proof closely follows that of Lemma 4.3 in [21], again with p, there equal to 1 (and
Vi < ||k]ls)- Thus, with the use of Lemma 3.2 (and the boundedness of f), we obtain (3.11). O

Lemma 3.4 Suppose that £ is exponentially stabilizing and satisfies the moments condition
(2.1) for some p > 3. Then there exists a constant C € (0,00) such that for all X > 2

sup < CX(Var[T}]) =3/ (log X)*. (3.12)

teR

—r o < t] 10

Moreover, (3.12) holds with T; replaced by T everywhere.

Proof. The statement for 7} follows from equation (4.18) in [21] with py = O(log)), ¢ = 3,
and taking the Ay of [21] to be I';. In equation (4.18) of [21], T% is the equivalent of our T}, T)
is our 7}, and S is our (1} — E[T}])(Var[T}])~"/2. The statement for 7" follows in the same way,
this time taking the Ay of [21] to be '™, O

Lemma 3.5 Suppose that (2.1) holds for some p > 2. Then there exist constants Cy,Cy, Cs €
(0,00) such that, for all X > 2,

Var[TPY < Gy @D/ d(log \)dH (3.13)
Var[T;] < CyA(logN)?, —and (3.14)
Var[T"] < CsA(log \)?. (3.15)

11



Proof. First we prove (3.13). Consider the covering Q,(TP??) of A\Y/4TPd by unit d-cubes, as
defined at (3.3). For z € Z,(I'Pd) let Y,(I'?4; ;) be the contribution to de from the points in
A4, as defined at (3.9), that is

N,
Yo(TP £) = Xk Pa) - 1, - fiXek) - Tpoa(Xep). (3.16)

Now, using the representation 7> = 3" _ zy vy Yz (TP £i), we have

Var[TP1] = ZVar (T )]+ > Cov[Ya (TP £), Y (T3 £7)]. (3.17)
zFw

By the assumption that (2.1) holds for some p > 2, by taking ¢ = 2 and Ay = I'’® in Lemma
3.3 we have that Var[Y,(I'P4; f;)] < V, for some constant V < oo, for all z € Z,(I'?4). So by
the Cauchy-Schwarz inequality we have Cov[Y,(T?4; f;), Yy, (T4 fz)] < V. Also, Y, (I ;) and
Y, (TP4; ;) are independent if da(Q., Q.) > 2alog A (by the definition of E, ). Further, given
z, the number of w for which dy(Q., Q.) < 2alog A is O((log A\)¢). Hence (3.17) implies that

Var[TPY < ny(TPY(V + O((log )%)). (3.18)
Then by (3.5) we have that
nA(TPY) = AITPY + O (A D/og A) = O\~ 1og N), (3.19)

using (3.1) and (A2). So from (3.18) and (3.19) we obtain (3.13).

The proof of (3.14) follows similarly, using Ay = I'; for all A in Lemma 3.3 and (3.4) in place
of (3.5). Finally, (3.15) follows from (3.14), (3.13) and the Cauchy-Schwarz inequality, since
T =T, — T O

Lemma 3.6 Suppose that & is exponentially stabilizing and satisfies the moments condition
(2.1) for some p > 3. Then there ezists a constant C € (0,00) such that for any 6 > 0, all
A>2 and anyt € R

P % —t| < (5] f& + C(log A\)*¢\(Var[T;])) ~%/2, (3.20)
and also
?/a;[—E][;/j t‘ < 5] < 2\/?5 1 C(log A\ (Var[T3]) /2
i _ E[de]

Proof. First we prove (3.20). For the duration of this proof, write

F(t)=P

T, — B[] <t]
(Var[T3])1/2 ~

12



Then we have that for t € R and 6 > 0
T, — E[T]
(Var[T}])1/?
= Ot+)—Pt—0)+[F(t+3)—P(t+9)]—[F(t—09)—P(t—9)]

< |P(t4+0) =Pt —0)|+|F(t+0)—P(t+0)|+|F(t—0)— P(t—0)|.

= F(t+0) — F(t - 6)

—t|§(5

Then (3.20) follows from the Mean Value Theorem (applied to the first term on the right of the
above inequality) and Lemma 3.4 (applied to the other two terms). Finally, we have that for

6>0
>5].

Lemma 3.7 Suppose that the moments condition (2.1) holds for all p > 1, and condition (A2)
holds. Let k be an even positive integer. Then there ezists a constant C' € (0,00) (depending on
k) such that for all A > 2,

E[ [}
Proof. Again consider the covering Q,(T'??) of A/4TPd as defined at (3. ) For z € Zy(Thd), let
Y. be the contribution to 7P% — E[T?4] from cube Q., that is Y, := YZ( i fi) — E[YL(TP; )]
where Y, (TP4; f;) is given by (3.16). Thus, for all z € Z,(I'?), E[Y,] = and Var[V,] <V for
constant V', by Lemma 3.3.
Let k£ be an even positive integer. Then

E{l _E@bd‘k}: 3 S Y B[V, VL)

z1€Z5 (D) 20€ 2, (TPY) zLE€EZ5(I'PY)

The term E [17213722 e sz} will vanish if any of the cubes corresponding to the Yzj is farther
than 2alog A from all the other cubes (since then it will be independent of the other Y., and
has expectation zero). Thus many of the terms in the last sum are zero. We proceed to count
the possible non-zero contributions. Consider constructing the geometric graph (in the sense
of [12]) on vertices z1, 29, ..., 2z;: that is, connect by an edge any two vertices that lie within
distance 2 + 2alog A of each other. In particular, the absence of an edge between z; and 2z,
implies that the cubes @),,, ()., are at distance more than 2a:log A\. For a non-zero contribution
to the sum from a particular vertex set 21, 29, ..., 2, a necessary condition is that the geometric
graph just described has no isolated vertices. It follows that the graph must have no more than
k/2 connected components. Let i be denoted a ‘free’ index if z; is lexicographically the first
vertex of a component of the graph; each ‘free’ index determines the location of a connected
component. There are at most k/2 ‘free’ indices of (z1,...,2;). Each index that is not ‘free’
(and so lies in the same connected component as a ‘free’ index) has O((log \)¢) possible values.

Further, E [YZIYZQ e Kk] < C for some constant C', by Lemma 3.3 (given the moments
condition (2.1) for all p > 1) and Hoélder’s inequality. Thus for some other constant also

7, - E[T)
(Var[Z;])'/2

o _ [T

- (Var [TV

<20 +P

m—t‘<6]<]?
(VT2 |70

Then using (3.20) yields (3.21). O

- k
—E[J;bd]‘ } < CNMAD/Qd) (1gg N )E(+d)/2 (3.22)
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denoted C,

Z Z .. Z E [}_/;1}722 c }_/'Zk] < C(TL)\(F?d))km(lOg )\)kd/2

21€2 (Flijd) ZQEZA(FEd) 2K EZN (F?d)
< C)\k(d—l)/@d)(log )\)k/2(10g )\)kd/2’

the final inequality by (3.5), (3.1) and (A2). Hence we have (3.22). O

The next lemma says that given condition (A1), we can obtain lower bounds on the variances
of T and T;. We will need the following result from [21] (see (4.17) therein), which says that
if ¢ is exponentially stabilizing and satisfies the moments condition (2.1) for some p > 2, then

Var[T;] — Var[Tj]| < CA 2 (3.23)

Lemma 3.8 Suppose that (A1) and (A2) are satisfied, and that the moments condition (2.1)
holds for all p > 1. Then there ezist constants C' € (0,00) and Ay € [1,00) such that for all
A> X

Var[T}]
Var[ T

CA,  and (3.24)

>
> O\ (3.25)

Proof. These follow in a straightforward manner from (3.23), (A1), (3.13), (3.14) and the
Cauchy-Schwarz inequality. [J

Lemma 3.9 Suppose that £ is exponentially stabilizing and satisfies the moments condition
(2.1) for all p > 1. Suppose conditions (A1) and (A2) hold. Then for m € N and any ¢ > 0,
there exists C = C(m,e) € (0,00) such that for all A > 1 and all t; € R

S Cr)\—l/(Zd-‘rE)_'_ HIP)

i=1

(3.26)

Proof. We abbreviate our notation for the duration of the current proof by setting o; :=
(Var[T}])*/2. Then we have

P ﬁ (@ - BT < ti}] o
< [ (@ mmer <u)] - []e)

+>°P [(T}in —E[TM)ort > t, (T, — B[T])o~" < tz} . (3.27)
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For random variables X, X, X5 with X = X; + X5 it holds that for any ¢ € R and any z > 0
PX; <t,X >t] <P[|Xy| > 2| + P[| X —t| < 2],

and the same upper bound holds for P[X; > ¢, X < t]. Hence for any A > 1 and 5 > 0 we have

max (]p [(TQH_E[T;H]) “U <t (T — E[T))o; >t}

P (T~ B[T)o; > t, (T - B[]0, <)

< P||@ - BT

Then, from (3.27) and (3.28)

P 6{@ E[T})) t} —f[cb(m
<[P ﬁ{ Tin — E[T)o; <t}- —ﬁcb(u)

+2 ) P [|(IF - 1T )o;
=1

*ﬁ] . (3.29)

Since dp (AT, AM4T) s at least 2cvlog A for @ # j, Ti®, 1 < i < m is a sequence of mutually
independent random variables, so that

P [ﬂ {(:f’;n CE[TM)or ! < t}] HP [ Tin — E[Ti))o7! < tz} . (3.30)
i=1
Also, from Markov’s inequality, we have that, for k € 2N,
bd bd1y _—1 B Fbhd bd -\ k2 k3
P H(T E[Th4]) ’ >\ } <E ‘T E[T ]‘ (var[n]) A\ (3.31)
Then we obtain, from (3.31), with (3.22) and (3.24),
P H(Tibd—E[i;bd]) s - ﬂ} < OAMB=1/Cd) (1gg N O+/2, (3.32)

this then gives a bound for the penultimate sum in (3.29). To bound the final sum in (3.29),
taking 6 = A= we have from (3.21), (3.32) and (3.24) that

P [T~ Lo ] < xﬁ]
2
< 2\/j/\5 + C(log \)*N~12 4 CN\RB-1/CD) (Jog N )FI+D/ (3.33)
m

To obtain the best rates of convergence via this method, we want to maximize the lowest power of
A~! on the right-hand sides of (3.32) and (3.33). So we choose 8 such that —3 = k(8 — 1/(2d)),
that is, take

k

p= 2d(k+1) (3:34)
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For any ¢ > 0 we can choose k large enough in (3.34) to give 1/(2d) > > 1/(2d+¢/2). Then,
for A sufficiently large, A=1/(2d+¢) > \=1/(2d+2/2)(Jog \)E(1+d)/2 Now from (3.29) and (3.30), with
the bounds (3.32) and (3.33) we obtain (3.26). This completes the proof of the lemma. [J

Proof of Theorem 2.1. To complete the proof we proceed in a similar manner to [21]. Let

m N,
Ex=() (1 [)Ew

i=12€2,(I';) k=1

recalling the definition of the event E, j just below (3.7). By standard Palm theory (e.g. Theorem
1.6 in [12]) and exponential stabilization (see (4.11) in [21]), we have that P[E{] < O™ for
sufficiently large and some C' € (0,00). Then |TZ —T;| = 0 except possibly on the set Ef, which
has probability less than C\73.

Fori=1,...,m,let K; := (Var[T;))"V*(T;, —E[T}]) and Z; := (Var[T}])~"/*(T; — E[T}]). Then
for 6 > 0 we have that for any ¢; € R

{(Z; <t)A(K; <t)} C{|K; —t;| <6} U{|Z; — K| > 6},

so that
P ﬁ{Zz <t} — ﬁ@(ti) < |P [ﬁ {K; < tl}] — ﬁ@(ti)
+ijPUKi—fi’ < 9] +i]P)HZi_Ki‘ > 4] (3.35)

Then, using (3.26) for the first term on the right-hand side of the inequality in (3.35), and (3.20)
with (3.24) for the second, we obtain

.ﬂ {Z; < ti}] - H(I)(ti)

m

IIr

i=1

T;in _E [T'iin]

< ONTV/Cdre) Ti T il oy,
B (Var[T3])1/2 —

P

+C6 + Clog VA2 4+ > P12 — Ki| > 6] (3.36)

=1

We now consider the second term on the right-hand side of (3.36). For ease of notation, write

Ti» — B[}
) =p | 1o BT
(Var[T;])!/2
fori=1,...,m. For complex z1,..., %y, 1, ..., Y, with modulus at most 1 we have |[]_, z; —

T, vl <D0 i — wil (see e.g. p. 110 of [7]). Hence

HGi(ti)—Hm) §Z|Gi(ti)—<1>(ti)|. (3.37)
Writing
o _p | TN ELR
B =F | Ntz ]




we have that, fori =1,...,m

|Gi(t;) — (L) < |Hi(t;(1+ ) — P(ti(1+ 7)) + [Pt:(1 4+ 7)) — P(L:)], (3.38)
N 1/2
where 1 4 ~; = Q;%%) . Then, using Lemma 3.4 we have that the first term on the

right-hand side of (3.38) satisfies
[Hi(ti(1+ 7)) = @(t:(1+ 7))] < Cllog A)*A(Var[T]) 72 < CA~2(log )™, (3.39)

by (3.25). In order to deal with the second term on the right-hand side of (3.38), we need to
estimate ;. We note that

Var|T}] m Var[TP4]  2Cov([T™, TP]
Var[T}"] Var[T}"] Var[T}]

Then using the upper and lower variance bounds (3.13), (3.15), (3.25), and the Cauchy-Schwarz
inequality, yields

Var|[T}] _
Var[T. ] =1+ O()\ 1/(2d) (10g A)(2d+1 /2)
so that
vi = O(N"Y @D (Jog \)ZdH1/2) (3.40)

Since for all s < ¢ we have |®(s) — ®(t)| < (L —s) sup,<,<; @(u) (where ¢ is the standard normal
density function), we have

sup |D(t:(1 4 7)) — D(L)]

< Csup (!ti\)\l/@d) (log \)d+1)/2 sup 90<U)>
t; (log )\)(2d+1)/2

|’U47ti | <t; CA—1/(2d)

< ON YD (Jog \)@dHD/2, (3.41)

So, for the second term on the right-hand side in (3.36), we obtain from (3.37), (3.38), (3.39)
and (3.41)

e | LB _
su P|——m— i Ot
bt 1:11 (Var[ T2 = ] H
< C(log \)3INY2 1 oA~V (Jog \) 2d+1)/2. (3.42)

We now move on to the fifth term on the right-hand side of (3.36). We have
12— K| = (VarT])™2((T, ~ BIT)) — (T, ~ BIT))| < (Varl )™ (1T, — T + EIIT; ~ T

and from just below (4.19) in [21], we have that this is bounded by CA™3 except possibly on the
set E$ which has probability less than CA™3. Thus by (3.36) with § = CA™®, and using (3.42)
for the second term on the right-hand side of (3.36), we obtain

ﬂ{z <t}] _H<1>(t,)

erse (log N)EHV/2 4 OA=2 = O(A7V/EH9), (3-43)

< C/\—l/(?d-l—a) + C(lOg /\)SdA—l/Q
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By the triangle inequality we have

(3.44)

() )T

Now from (3.23) and (3.24), there is a constant C' € (0, 00) such that for all A > 1 and all ¢; € R

Var [T} \ /2 B Var[T}] — Var[T}] 2
‘“'(wmﬁo —u-—M\<1+ ) _

Var[T}]
then since for all s < ¢ we have |®(s) — ®(t)| < (t — s) maxs<y<t ©(u), we get
T\ M2
Dt (Var[f]) — O(t:)
Var|T}]
Then, considering the second term on the right-hand side of (3.44), arguing as at (3.37) we have
1\ 1/2
Var| Tz Var[T}]
< O3, (3.46)
by (3.45). Thus for any ¢ > 0, from (3.44) and (3.43) with (3.46),

A =1 - Tlowo

This completes the proof of Theorem 2.1. [J

(1+ 0\ )”2:q<cuu3

sup
t;

< C'sup (|t,~|)\_3 sup go(u)) < CON°. (3.45)
t;

ui|u—t;|<t;CA—3

..........

P < C)\fl/(2d+s) + C)\f?) _ O()\*l/(Zd‘i’E))‘

4 Proof of Theorem 2.2

Recall from Section 2.2 that we here assume {(z, X') is translation invariant and defined for
r € X and finite X C R? (i.e. for unmarked point sets), and that X denotes a random d-vector
with density x. Let H,x) be a point process in R whose distribution, given X, is that of a
homogeneous Poisson point process of intensity x(X) (i.e., a certain Cox point process). We
will employ an ensemble version the pivoted coupling of (P, : t > 0) and H,(x) as in [20] (see
also [16]), which will in particular enable us to approximate the nonhomogeneous Poisson point
process Py locally by a Poisson process which is homogeneous (given X).

On a suitable probability space (2, F,P), let H™ denote a homogeneous Poisson process of
unit intensity in R? x [0, co) that is independent of X. For ¢ > 0, let P/ denote the image of the
restriction of H* to the set {(z,s) € R? x [0,00) : s < tk(x)} under the mapping (z, s) — z.
For A > 0, let H), denote the image of the restriction of H* to the set {(x,s) € R? x [0, 00) :
s < Ak(X)} under the mapping (z,s) — A%z — X).
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Lemma 4.1 Let A > 0. For eacht > 0 we have that P| 2p, and for each A\ > 0 the conditional
distribution of H'\, given X, is the same as that of H,(x).
Moreover, for all K > 0 the event A\(K) defined by

AN(K) = {\Y(=X +P)) N Bx = H) N Bg} (4.1)
satisfies P[AN(K)] — 1 as A — oo.

Proof. The proof is based on that of Theorem 2.1 of [20] (see Section 3 of [20]). By the
Mapping Theorem [11], P; has the distribution of P, and the conditional distribution of #},
given X, is the same as that of H, x).

The final statement in the lemma follows as in the proof of Lemma 3.1 in [20] (our A, P4,
and ), are there called n, P(n), and #,, respectively). O

In proving Theorem 2.2, it is useful to use a radius of stabilization which is determined
entirely by the set of points within a fixed distance of the origin, having non-zero associated A
with positive probability. The next lemma enables us to do this.

Lemma 4.2 Suppose R is a radius of external stabilization for Hy satisfying (2.6). Then there
exist a constant K € (0,00), a nonnegative integer m, and a measurable subset E of (Bg)™

with strictly positive (dm)-dimensional Lebesque measure, such that if (x1,...,2,,) € E, then the
point set {xy, ..., Ty} is K-externally stable with HS({0, 2y, ..., 2,}) — HS({z1,..., 20 }) # 0.

Proof. By (2.6) and the continuity of measure, we can (and do) choose K < oo such that
PR < K,A(H;; R) # 0] > 0, and then we can (and do) choose a nonnegative integer m such
that P[R < K,A(H1; R) # 0,card(H; N Bg) = m] > 0. Let #Y be the restriction of H; to
By and let 7—[52) to be the restriction of H; to R?\ Bg. Then 7—[51) and ’ng) are independent
Poisson point processes on complementary regions of R

In general, the event {R < K} might not be determined by the restriction of H; to B.
To get around this, observe that there exists a version of the conditional probability P[R <

K,A(H1; R) # 0|H§1)] that is a (measurable) function of the configuration 7—[(11) alone; let

1/)(7-[51)) denote such a version of this conditional probability. Let wy be the volume of the
unit-radius ball in R?. Then

0 < P[R < K, A(Hq; R) # O|card(Hy N Bi) = m)|
= (K%,)™™ d dag - da,, e T }).
(K,) /B x/B v /BKW({"“ Zn})

Hence, denoting by E the set of (z1,...,2,) € (Bk)™ such that ¥({z1,...,z,}) > 0, we see
that F must have strictly positive Lebesgue measure in R,

For almost every configuration (z1, ..., x,,) € E, there is a non-zero probability that {z1, ..., z;, U
7—[52) is K-externally stable, and hence there exists a configuration X of points outside Bg such
that {x,...,2,} UX is K-externally stable with A # 0; but in this case, by the definition of
K-external stability, {z1,...,x,} itself must be K-externally stable with A # 0, and therefore
the set £ (possibly amended by a set of measure zero) has the properties claimed. [

Throughout the rest of this section, we assume that there exists a radius of external sta-
bilization R for H; satisfying (2.6). Choose K, m and E as in the preceding lemma, and fix
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these for the rest of this section. Below we shall write simply A, for A\(K). Let E’ be the
set of m-point configurations {x1,..., 2, } in Bk such that (z1,...,2,,) € E, and for any point
process X in R define

K ifXNBgekFE

+00 otherwise (4.2)

Ry (X) = {

By the properties of E in Lemma 4.2, Ri(X) is a radius of external stabilization for X and
A(X; Rg(X)) # 0 whenever Rg(X) < oo (i.e., when Rg(X) = K). Moreover, Rg(X) is
measurable with respect to the o-algebra generated by X N By, and P[Rx(H,) = K] > 0. We
shall be interested in Ry (X) for various choices of X including H,(x) and \V4(—X + Py).

Recall that B(I") denotes the class of functions in B(I") that are almost everywhere conti-
nuous. As a further step towards proving Theorem 2.2, we give the following lemma.

Lemma 4.3 Suppose that f € B(T), and that either (i) f is constant, or (ii) (2.8) holds. Then
as A — oo we have

Vi s D
(Y (PLUAXY) = HY (PO Lmcoiaixmpsey — S (X)AHaxyi B (M)
Proof. If Rg(AY4(—X +P})) = K and A, occurs, then by (4.1), R (H}) = K and

HY(PLU{XY) — HY (P — F(X)A(H, K)
= ST (fy) — FEONEY: (PN Byag (X)) ULXY) — (33 Py 0 Byrsage (X))

YEPLNB, 1 /a,. (X)

= D (F(X+ AV = f(X))(E(y; (N Bi) U{0}) — £(y; HA N Bx)), (4.3)

yE’H’)\ﬁBK

using translation-invariance in the final equality. If f is constant then the last expression in
(4.3) is zero, and for this case the result follows from the two facts (given by Lemma 4.1) that
P[A5\] = 1 as A — oo and H), has the same distribution, given X, as H,(x). So it remains to
consider the case where f € B(I') and (2.8) holds. Put ¢.(z) := SUPyep, () 11f(y) — f(2)|}. Then
by (4.3) and the fact that H/, has the same distribution, given X, as H,(x), we have

EI(HSY (P4 U{X}) — HEY(PY) — FOO MM Ric(HA) Ly cgy-10))| X
<B[( Y X+ A Yhy) = FO0O] €l (Hax) 0 Bi) U{0}) — €l Huoy 0 Bio)l )| X

yEH . (x)NBk

= /B [F(X A y) — FEOIE[(IE(y; (Hax) N Bi) U{0}) — &y Haex) N Bie) )| Xk (X)dy

< K(X) by rage(X) / E[((y: (Muix) N Bie) U {0}) — (5 Hugy N Bic) )| Xdy,

Bk

where for the equality we have used standard Palm theory (Theorem 1.6 of [12]). Since we
assume f € B(I') and (2.8) holds, almost surely with respect to X the above expression is finite
and tends to zero as A — oco. Since by (4.1) Rg(A\Y4(—=X + P})) = Rx(H}) on A, and by
Lemma 4.1 P[A,] — 1, this shows that for any ¢ > 0,

PlI(HS (P UAXY) = Y (PO) L vera-xsmgyy—iey — FX)AH Ric(H)) L ay)=r) | > €]
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tends to 0 as A — oo. Since (by Lemma 4.1) H’, has the same distribution, given X, as H,(x)
this demonstrates the result. [

Recall that X and H*, along with P}, are defined on a common probability space (2, F,P).
Let Fy be the trivial o-algebra, and for ¢ > 0 let F; be the sub-c-algebra of F generated
by {X} U {(z,s) € H" : s < tr(z)}; that is, the smallest o-algebra with respect to which
the random variable X is measurable and the number of points in H™ in F is measurable for
each Borel F' C {(z,s) : s < tr(x)}. In particular, P, in the pivoted coupling (i.e., P;) is
Ji-measurable.

A key step in the proof of Theorem 2.2 is the following lemma which could also be given
in more general terms as a formula for the variance of a function of a Markov process of pure
jump type with bounded jump rates.

Lemma 4.4 Let A > 1. Suppose that g is a measurable function defined on all finite subsets of
R? with the property that

Ellg(Pyu{X}) —g(PYI] < o0 (4.4)

for some p > 2. Then

Var[g(Py)] = E/O (Elg(PyU{X}) — g(P})IF]) dt. (4.5)

We shall prove Lemma 4.4 by discrete-time approximation, but it it seems likely that it can
also be proved by an argument based on generators (S.C. Harris, personal communication). It
may be that with such a proof, the condition p > 2 can be relaxed to p = 2.

Before proving Lemma 4.4, we give a preliminary result.

Lemma 4.5 Let A > 1. Suppose that g is a measurable function defined on all finite subsets of
R?, and that (4.4) holds for some p > 2. Then for any q € [2,p), we have that as h | 0,

Ellg(Py) — 9(Py_n)I*] = O(h). (4.6)

Proof. In this proof we write simply P; for P/. Let V) denote the point process consisting of k
independent random k-distributed points on R?. Note first that setting oy, := E[|g(Vp U{X}) —
9(Ve)[P], we have for 0 <t < X that

Hg(PtU{X} Pt ’p Z&ke tk' <€)\Z& e N —
HQ(PA U{X}) - (Px)lp] < o0, (4.7)
by (4.4), a fact that we shall use later.

For t > 0 let N; denote the number of points of P, (a Poisson variable with mean t). Setting
M = N, — N)_;, by conditioning on M and N,_; we can write, for ¢ > 2,

E[lg(Px) — g(Pr-n)| ZZElg Viti) — 9(Ve)|TPIM = FIP[Ns_s = K]. (4.8)

7=1 k=0
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It follows from Minkowski’s inequality that, for ¢ > 2,

-1

Ellg(Vers) = 9(V)l] < 5% D EllgVkrerr) — (Vo) ]- (4.9)

12

<.

Il
=)

Moreover, setting r = k + ¢,

ZE |9(Virer1) = 9(Viro) |JP[Na—p = k] < Z Hg(Vrs1) = g(Ve)IP[Nazy, = r](A — h) 0"

k=0

using the fact that N,_j, is Poisson with mean A — h. Hence

Y Ellg(Veser1) = 9(Vere) I TP[NA-p = K]
< E[lg(Paon U{X}) = g(Pan)I"N3_p](A — h) ™", (4.10)

Thus we obtain from (4.8) with (4.9) and (4.10) that

E[lg(Px) — g(Pa-n) Z Z [lg(Pa—n U{X}) = g(Pr-n)|"Ny_] (A — h)~"P[M = j]

7j—1
< quE |9(Pan U{XD) = g(Paoa)l D NSy | PIM = 5,
j=1 =0
taking h small enough such that A —h > 1. Since N,_, takes nonnegative integer values, we
have | 32970 N{_,| < j(N{_, +1). Also Py_j, and Ny_; are independent of M, so
E[lg(P) = 9(Pr-n)|*] < E[lg(Pa—n U{X}) — g(Pacn) "M (N, + 1) 1iarsny).

Suppose that (4.4) holds for some p > ¢, and set r = p/q > 1. Then Hoélder’s inequality implies
that

E[lg(Px) — g(Pr-n)|"]
< E[lg(Prn U{X}) = g(Pan) Lz V"E(NL, + 1) M) 001y 000 (4010

Since M is independent of Py_j, we have from (4.4) and (4.7) that
Ellg(Por—n U{X}) — 9(Pr-n)[PLirz1y] = O(P[M > 1]) = O(h). (4.12)
Also,
- ht i/ (r—
E[(N%th“)"/(’"—l)1{M21}] _ Z e—h._E[N)z\r_/}(lr 1)]Z~(q+1)r/(r_1)7

7!
i=1

which for A — h > 1, using standard Poisson moment bounds, is bounded above by (setting

j=i-1)
> hI(\ — h)(3+1)r/r 1)
—h j(a+1)r/(r=1)
hz +1)! J )
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Now for fixed A > 1 and r > 1, we can choose h small enough such that (A — k)71 < 1,
and hence

E[(NM, Me+ty /=D | <O(h = jltbr/r=1)
[( ) 1>y Z

Jj=0

= O(h), (4.13)

as h | 0. Then (4.11) with (4.12) and (4.13) gives the result. [

Proof of Lemma 4.4. Again we write P; for P; throughout this proof. For 0 < s < t set
D, = Elg(P:)|F] — Elg(Py)|F] = Elg(Py) — g(Prss) |7, (4.14)

where 75,\7” is obtained by resampling that part of the Poisson process which arrives between
times s and t. More formally, letting P be an independent copy of P,., we can obtain 75>\7s7t (for
0 <s<t<\) by setting

75)\,5,15 = Ps U (P)\ \ Pt) U Pz‘{/fs

Let n > 0 be an integer. Then g(Py) —E[g(Px)] = > i1 D(i—1)r/n,ir/n and by the orthogonality
of martingale differences,

Var[g(Py)] = ZE[D?ifl))\/n,i/\/n]
i=1

Use the notation N; := card(P;), and snmlarly N/ := card(P/); then N;, N/ are Poisson
distributed with mean ¢. We write Dy, = Zl o Dsti, where for ¢ = 0,1 we set

Dsi = E[(g(Py) — 9(Past)) v no=iy | Fil;
and Dy := E[(g(Pr) — 9(Prs)) L w,-n,>23 | Ft)-

Suppose A > 1 and h > 0 is small, so that A — h > 1. By the conditional Holder inequality, for
0 <t <t+h <\ we have that for p € (1, 2]

E[D?,h0] = EIE[(9(Px) = 9(Prttsn)) Linesnenit Linysoy| Feanl)?]
< E[(E[lg(Pr) — 9(Prtsn)P|1 Fesn] /PPIN, > 0]~ 1/P)?],

using the fact that N} is independent of F; ;. By the conditional Jensen inequality, for p € (1, 2],

EHQ(PA) - 9(75>\,t,t+h)‘p|«7:t+h]2/p < EHQ(P/\) - 9(75A,t,t+h)|2|«7:t+h],

and hence we obtain

E[DtZ,t+h,0] = O(hQ(p_l)/p)EHg(PA) - g<75)\,t,t+h)‘2]
= O(R*""V")E[lg(Pr) — g(Par-na)]: (4.15)

Note that
9(P2) = 9(Pra-nn) = (9(Px) = 9(Przn)) = (9(Prr-na) — 9(Pa-n))

and that g(Py) — g(Pa_n) and g(Pyxa_nnr) — 9(Pr_s) are identically distributed. Hence, by
Minkowski’s inequality, for ¢ > 1 we have

Ellg(Px) — 9(Par-na)|’] < 27E[|g(Py) — g(Pan)|’]- (4.16)
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Suppose that (4.4) holds for some p > 2. By (4.15) with the ¢ = 2 case of (4.6) and (4.16) we
obtain that as h | 0

E[th,t+h70] = o(h). (4.17)
Next, choose r > 1 with 2r < p, with p as in (4.4). By the conditional Jensen inequality

E[Dt27t+h72] S EHg(,P)\) - g(ﬁArtvt+h)’21{Nt+h7NtZ2}:|
<E[lg(Pr) — 9(Pasiin) T PNy — Ny > 20777,

by Hélder’s inequality. Then by (4.16) and (4.6) for ¢ = 2r > 2 we obtain
E[D;1,5] = o(h). (4.18)
Finally, we deal with Dy 1. We have

E[D? 1] = E[E[(9(Px) — 9(Pastrn)) Lnpsn—nNe=1} [ Fesn])?]
= E[(Dtt1n1,0 + Dt,t+h,1,1)2]7

where we set
Dt,t+h,1,o = E[(Q(P/\) - g(ﬁA,t,t-i-h))1{Nt+h—Nt:1}1{N;L’:O}|-/—';€+h]a
and Dyyipa1 = E[(g(Pa) — 9(75)\,t,t+h))1{Nt+tht:1}1{N}’L’Zl}|~Ft+h]-
We have

Dyyinio =
E[(g(P: U (Px\ Pryr) U{X}) = g(Pr U (P \ Prin))) LNy —Ne=1) Ly =0y | Firn]

= 6_hE[g('P)\_h U{X}) — g('P)\—h)l{NtJrthtzl}|]:t+h]7

since N} is Poisson with mean h and independent of F; ;. Then using the fact that Ny, N,
are J;p-measurable

Dianio =€ "L -n=nyElg(Pe U (Pa\ Pryn) U{X}) — g(Pe U (Pa\ Pesn))| Fin
= e "Lne-ni=1y E[g(P U (Pa\ Pran) U {X}) = g(P U (Pa\ Pen) )| F4

recalling that X is JF;-measurable for all ¢ > 0. Here 1yy,,,—n,—1} and E[g(Pr_, U {X}) —
g(Px—p)|F:] are independent, so squaring and taking expectations we obtain

]E[Dt%t—i—h,l,O] =
e " P[Nipn — Ny = UE[(E[g(P, U (Pa \ Prgn) U{X}) = g(Py U (PA\ Pran))|Fi])]
= h(1 +o(1))E[(E[g(Pr-n U{X}) — g(Pr-n)|F))?].  (4.19)

Also we have by Holder’s inequality that for some p with 1 < p <2

E[D?,t—i-h,l,l] < E[(EHQ(PA) - 9(75/\,t,t+h)|1{N;[>0}|]:t+h])2]
<E[(E[|g(Pr) — 9(Prvirn) | Fein) /PPIN; > 9](1)_1)/,))2]
= O(R**"VP)E[|g(Py) — g(Pasesn) '] (4.20)
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which is o(h) by (4.16) and (4.6).
Thus combining (4.17), (4.18), (4.19), and (4.20), and using Cauchy-Schwarz, we obtain

E[D{n] = hE[(E[g(Pr-n U{X}) — g(Pa-n)|F])’] + o(h),

as h | 0. In particular, for A > 1,
2
ZE (= D)A/naid/n) = ZE 9J(Pra—n—1) U{X}) = 9(Paa—n-—1)|Fi—1)a/m))] + o(1),

as n — o0o. Given (4.4), the right-hand side of the last equation converges as n — oo to the
integral in (4.5). O

Proof of Theorem 2.2. For 0 <t < X\ we write E; for conditional expectation given F; and

set
Gy o= HS (Pl U{X}) — HS (P)).

Recall that we are assuming (2.6), and that K and m, the set £ C B}, and the corresponding
set B’ of point configurations, were fixed earlier (see (4.2)). We use the notation

Ryi = Rg(A\/9(=X + P))).

Given the value of X, there is a non-zero probability that H,x) lies in £’. If this happens
then by definition (4.2) the value of A(H,.(x); Rx(Hx(x))) is non-zero. Therefore, since there is a
non-zero probability that f(X) # 0, there is also a mnon-zero probability that
F(X)A(Hu(x): R(Hi(x))) # 0. Hence, we can we can (and do) choose § > 0 such that

Pl f(X)A(Hux); R (Hiix)))| > 38] > 46. (4.21)
By Lemma 4.3, for large enough A we have
PGl > 20} n{R\\ = K}] > 30.

Given € > 0, let A, . be the event that P} N By-1/ax(X) = Pli_ox N By-1/ag(X). Then we can
find €1 > 0 such that for large A,

P[{'G}h)\’ > 25} N {R)“)\ = K} N 121)\751] > 20.

If Ry» = K and 121)\’5 occurs, then for (1 —e)A < t < A, we have both Ry; = Ry, and
Gt = G Hence for large A and (1 —ep)A <t <\,
P{|Gat| > 20} N{Rx: = K}] > 24. (4.22)

Moreover, by the Cauchy-Schwarz inequality and (2.7), and an argument similar to (4.7), we
can find 5 € (0,¢;) such that for large enough A and for (1 — e9)A <t < A\ we have

E[|Gax = Grillin, =ry] < (B[IGax — Gaa)PPAS )2 < 67,
and therefore by the Jensen and Markov inequalities,

PlIE[(Gax — Gri)ir, ,=r3y]| > 0] S PE[|GAx — Gai|Lir, =k} > 0]
< 0BG — Gaillr, —Ky] < 6. (4.23)
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Since G and Ry, are both Fj-measurable,

Ei[Ganl(r, ,=r}] = Gailir, =k} + E[(Gax — Gat)1(r, =K}

and therefore we may deduce from (4.22) and (4.23) that for large enough A and for (1 —e2)A <
t < X\ we have

PlE[Grxa1r, =x}]| = 0] > 6,

and since E¢[Gxx1(r, .=k} = 1{r, ,—x}E:[G ] almost surely, it follows that P[|E,[G ]| > 6] >
9. Then by Lemma 4.4 with (2.7) we have for € € (0,&5) that

A

Var[H{ (Py)] > /A . )E[(Et(GA,A))Q]dt > 5% O

5 Example: the k-nearest neighbour graph

The arguments indicated in Section 2.3 are spelled out for the particular case of the k-nearest
neighbour graph in Section 3.1 of [21]. Recall that for £ € N and a locally finite point set
X C RY, the k-nearest neighbour (undirected) graph on X (denoted kNG(X)) is the graph with
vertex set X obtained by including {z,y} as an edge whenever y € X is one of the k nearest
neighbours of z € X, or vice versa (or both). For some applications of the k-nearest neighbour
graph and its relatives, see e.g. [24].

Let &(z; &) be one half the sum of the lengths in kNG(X) incident to x. Thus (for example)
we have that the total length of kKNG(X) is given by

> ).

rzeX

Suppose 'y, ..., I[', are disjoint convex or polyhedral regions. We give two examples of conditions
on {f;} and s which, by known results together with Theorem 2.1, yield (2.3) for this case.

First, suppose that x is bounded away from 0 on U;I';. Then ¢ is exponentially stabilizing
and has moments of all orders. If f; is continuous on I';, then (2.5) holds with ¢ > 0 (see [21],
Section 3.1). Hence Theorem 2.1 applies in this case. The conditions on f; and £ may be relaxed
(see [15]), but then extra work (such as making use of Theorem 2.2 in the present paper) is
needed to show that o7 > 0.

Alternatively, suppose that k is equal to a positive constant k; on each I';, so that P, is a
homogeneous Poisson point process with intensity Ax; > 0 on I';. Suppose that f; = 1r,, the
indicator of I';, for each i. Then by the results of [18], we again have that (2.5) holds with
02 > 0, and so Theorem 2.1 holds. In this case, T} is the total length of kKNG (Py N T}).

We conclude this section by presenting an explicit multivariate CLT of this type, derived
from Theorem 2.1, for the case of the nearest-neighbour (directed) graph in one dimension.
The nearest-neighbour (directed) graph on a locally finite point set X" is the graph with vertex
set X obtained by including (z,y) as a (directed) edge from x € X to y € X when y is the
nearest neighbour of x (arbitrarily breaking any ties). The required moments, regularity and
stabilization conditions all follow from previous work (particularly [18]), and the fact that the
limiting variance is non-zero follows from an explicit calculation (which we give below) based
on the general results of [15,16].

For a finite set X C (0, 1) and a Borel set I' C (0, 1), let £LY(X;T") denote the total weight of
the nearest-neighbour (directed) graph on X', with a-power weighted edges, counting only edges
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originating from points of X NI['. That is, if d(z; X') := da(x; X' \ {}) denotes the (Euclidean)
distance from x to its nearest neighbour in X', take

§(z; X) = (d(x; X))“, (5.1)

for some fixed parameter o € (0,00). Then
LOXT) = ) &z X).

For m € N, let I'y,...,I',, be disjoint, finite, non-null interval subsets of R. In particular,
let m; = |I;] € (0,00) be the length of the interval I';. Take f; = 1r,. Let the underlying density
k be piecewise Borel-measurable, bounded away from 0 and from oo, on each interval I';; in
particular, for each i set x(x) = k;(x) for x € I';, where r; € B(I';) and k;(x) > 0 for all z € T';.
Consider the unmarked case (so M = {1}). Then for A > 0, P, is a Poisson point process with
intensity x;(z)\ on each I';. Using the notation of Theorem 2.1, in this set-up we have that

To=(Ir,p5) = > &Py = Y A AP,

zeP\NL; zeP\NT;

the final equality by translation-invariance. By the scaling properties (‘homogeneity’) of £ as
given by (5.1), we have

Ti= Y €OmAP) =" Y €(a;P) = ALY Py L),

SN ¥ €PN,

All relevant stabilization, regularity and moments conditions are satisfied. Let H; denote a
homogeneous Poisson point process of unit intensity on (0,1), and let U, denote a binomial
point process consisting of n independent uniform random points on (0,1). Then by Theorems
2.1 and 2.3 of [15], for & > 0

lim A™'Var[T;] = lim A2 'Var[£¥(Py; ;)]

A Aroo
=V, /F ki(2)dz + (5a /F K;i(:v)dm>2, (5.2)
where
Va = lim n** Var[£*(U,; (0,1))], (5.3)
and
0o := E[d(0; H1)] + /R E[d(0; H1 U {y})* — d(0; H1)*|dy. (5.4)

Let I'(+) denote the (Euler) Gamma function, and let o F3(+,-; -;-) denote the (Gauss) hyper-
geometric function (see e.g. [1], Chapter 15). By (5.3) and equations (20) and (22) in [17], we
have that for a > 0

Vo=@4""42-31T(1+42a) — 4B+ )1 +a)?
6-°"11(2 4 2a)

8 (1+ )

oFi(—a, 1+ 0524 a;1/3). (5.5)
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We now compute d,,. By standard properties of the Poisson process, D := d(0; H,) is distributed
as an exponential random variable with parameter 2. So we have that for a > 0

E[D%] = / 2r¢ exp(—2r)dr = 27°T(1 + a),
0
(using Euler’s Gamma integral; see e.g. 6.1.1 in [1]). By Fubini’s theorem and (5.4) we have
D
do = E {DO‘ - 2/ (D — t“)dt} =E[D* + ((2/(1 +a)) — 2)D't]
0

=2"T(1+a)—

7002+ a) = 27°T (1 + a)(1 - a), (5.6)

using the functional relation I'(z) = z7'T'(1 + x) (see e.g. 6.1.15 in [1]) for the final equality.
Of note is the fact that 6; = 0, so that in the v = 1 case the constant in the limiting (scaled)
variance is the same in the Poisson and binomial cases. For a # 1, §2 > 0 and the variance in
the Poisson case is greater than that in the binomial case, as one expects (the Poisson process
introduces additional randomness).

Also by Theorem 2.1 of [14] (see also [16]) and equation (21) in [17], we have that for a > 0

NTE[LY(Py;Ty)] — 27°T(1 + )/F./@-(;E)daz,

as A\ — 0o. Thus we have the following application of Theorem 2.1.

Theorem 5.1 Form € N, letT'y,..., T, be disjoint intervals in R with |I';| = m; € (0,00). Let
k(x) = Y7 Ki(x)1r,(x) where, for each i, k; € B(I';) and ki(x) > 0 for all x € T;. Suppose
a € (0,00).

(1) For1 <i<m,

lim A\*'E[L(Py; Ty)] = 27°T(1 + a)/ ri(z)dz.

(i1) For 1 <i<m,

2
)\hm N WVar[£L%(Py; Ty)] = Vs, / ki(x)dx + < / (x)dx) =: 07,
—00
where V,, and d,, are given by (5.5) and (5.6) respectively.

(111) Given € > 0, there ezists C' € (0,00) such that for all A > 1,

su ~ L LAPxT) —ELY(PyTo)] _ 1| 1 e—(1/2)
; ﬂ { (Var[£e(Py; T;)])Y/2 < tZ}] H O(t;)| < CA .

=1

Part (iii) of Theorem 5.1 is our multivariate CLT. In the particular case of piecewise constant
K, that is k;(z) = kr; € (0,00) for all z € T';, we have that

/ /’il(l')d.’ﬂ = /<91|FZ] = R;T;,
r;

222

and so, for example, 0 = Vk;m; + 02 KkIm2.

by (5. 5) and 02, given by (5.6).

Table 1 gives some values of the constants V,,, given
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a [1/2 112 [3 |4
V. | 2+ v2arcsin(1/v/3) — 87 ~0.094148 | L | 55 [ 110 ] 139795
02 [ = oL 19 1=
Q 32 4 4 4

Table 1: Some values of V,, and §2.

Acknowledgements

The authors began this work while at the University of Durham, where AW was supported by an
EPSRC studentship. Some of this work was carried out while AW was at the University of Bath.
MP thanks the Institute for Mathematical Sciences at the National University of Singapore for
its hospitality.

References

1]

[10]

[11]

[12]

Abramowitz, M. and Stegun, I.A. (Eds.) (1965) Handbook of Mathematical Functions,
National Bureau of Standards, Applied Mathematics Series, 55. U.S. Government Printing
Office, Washington D.C.

Avram, F. and Bertsimas, D. (1993) On central limit theorems in geometrical probability,
Ann. Appl. Probab., 3, 1033-1046.

Baldi, P. and Rinott, Y. (1989) On normal approximations of distributions in terms of
dependency graphs, Ann. Probab., 17, 1646-1650.

Baryshnikov, Yu. and Yukich, J.E. (2005) Gaussian limits for random measures in geo-
metric probability, Ann. Appl. Probab., 15, 213-253.

Baryshnikov, Yu., Penrose, M.D. and Yukich, J.E. (2007) Gaussian limits for generalized
spacings. Preprint.

Chen, L. and Shao, Qi-Man (2004) Normal approximation under local dependence, Ann.
Probab., 32, 1985-2028.

Durrett, R. (2004) Probability: Theory and Examples, 3rd edition, Duxbury/Brooks Cole.

Gotze, F. (1991) On the rate of convergence in the multivariate CLT, Ann. Probab., 19,
724-739.

Goldstein, L. and Rinott, Y. (1996) On multivariate normal approximations by Stein’s
method, J. Appl. Probab., 33, 1-17.

Kesten, H. and Lee, S. (1996) The central limit theorem for weighted minimal spanning
trees on random points, Ann. Appl. Probab., 6, 495-527.

Kingman, J.F.C. (1993) Poisson Processes, Ozford Studies in Probability, 3, Clarendon
Press, Oxford.

Penrose, M. (2003) Random Geometric Graphs, Ozford Studies in Probability, 6, Claren-
don Press, Oxford.

29



[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

[23]
[24]

Penrose, M.D. (2005) Multivariate spatial central limit theorems with applications to
percolation and spatial graphs, Ann. Probab., 33, 1945-1991.

Penrose, M.D. (2005) Convergence of random measures in geometric probability. Preprint
available from http://arxiv.org/abs/math.PR/0508464.

Penrose, M.D. (2007) Gaussian limits for random geometric measures, Electron. J. Pro-
bab., 12 (paper 35), 989-1035.

Penrose, M.D. (2007) Laws of large numbers in stochastic geometry with statistical ap-
plications, Bernoulli, in press.

Penrose, M.D. and Wade, A.R. (2007) Limit theory for the random on-line nearest-
neighbour graph, Random Structures Algorithms, in press. Preprint available from
http://arxiv.org/abs/math.PR/0603561.

Penrose, M.D. and Yukich, J.E. (2001) Central limit theorems for some graphs in compu-
tational geometry, Ann. Appl. Probab., 11, 1005-1041.

Penrose, M.D. and Yukich, J.E. (2002) Limit theory for random sequential packing and
deposition, Ann. Appl. Probab., 12, 272-301.

Penrose, M.D. and Yukich, J.E. (2003) Weak laws of large numbers in geometric proba-
bility, Ann. Appl. Probab., 13, 277-303.

Penrose, M.D. and Yukich, J.E. (2005) Normal approximation in geometric probability.
In Stein’s Method and Applications, eds. Louis H.Y. Chen, A.D. Barbour, Lecture Notes
Series, Institute for Mathematical Sciences, Vol. 5, World Scientific, Singapore.

Rinott, Y. and Rotar, V. (1996) A multivariate CLT for local dependence with n='/2logn
rate and applications to multivariate graph related statistics, J. Multivariate Anal., 56,
333-350.

Stein, C. (1972) Approximate Computation of Expectations, IMS, Hayward, CA.

Wade, A.R. (2007) Explicit laws of large numbers for random nearest-neighbour-type
graphs, Adv. Appl. Probab., 39, 326-342.

30



