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ABSTRACT. We introduce a class of group endomorphisms — those of finite
combinatorial rank — exhibiting slow orbit growth. An associated Dirichlet
series is used to obtain an exact orbit counting formula, and in the connected
case this series is shown to to be a rational function of exponential variables.
Analytic properties of the Dirichlet series are related to orbit-growth asymp-
totics: depending on the location of the abscissa of convergence and the degree
of the pole there, various orbit-growth asymptotics are found, all of which are
polynomially bounded.
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1. INTRODUCTION

A closed orbit 7 of length |7| = n for a map a: X — X is a set of the form

{z,a(z),a®(x),...,a"(z) = x}
with cardinality n (in our setting X will always be a compact metric space and « a

continuous map). Dynamical analogues of the prime number theorem concern the
asymptotic behavior of quantities like

To(N) = |{7 a closed orbit of a | |7| < N} .

When X has a metric structure with respect to which « is hyperbolic, results of
Parry and Pollicott [11], [12], [13] and others apply to give a precise understanding of
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the growth properties of 7. Without hyperbolicity less is known: Waddington [17]
considered the case of a quasihyperbolic toral automorphism, and the authors [3]
found asymptotics for connected S-integer systems with S finite (these are isometric
extensions of hyperbolic automorphisms of arithmetic origin).
Writing
Fo(n)={z € X |a"z =z}

for the number of points fixed by o', the dynamical zeta function of « is defined
by

Calz) = exp Z % Fo(n)
n=1

which has a formal expansion as an Euler product,

@) =TI (1-1) "

where the product is taken over all closed orbits of «. In the hyperbolic and
quasihyperbolic settings, the dynamical zeta function is either rational or has a
meromorphic extension beyond its radius of convergence, allowing analytic methods
to be used to obtain asymptotic estimates for m,. For S-integer systems with S
finite the dynamical zeta function typically has a natural boundary, so more direct
methods have to be used in [3]. In all these cases the asymptotic takes the form

eh(a)N
N

where W is an explicit almost-periodic function bounded away from zero and in-
finity, constant in the hyperbolic cases, and h(«) is the topological entropy of a.
The S-integer systems with S finite may be viewed as arithmetical perturbations
of (quasi)hyperbolic systems, and the orbit growth is still essentially exponential.
Our purpose here is to describe orbit growth for a class of dynamical systems
much further from hyperbolicity. We consider canonical partially ordered sets of
sequences of periodic point counts for which hyperbolic systems produce maximal
elements (see Example 2.4). Our interest lies at the other extreme, with systems
that produce elements with finite rank in the poset (see Definition 2.9). These
systems are found to possess an orbit structure which allows Dirichlet series to
be used directly. The simplest non-trivial example of a group automorphism with
finite combinatorial rank is the automorphism « dual to the map x +— 2x on the
localization Zs) of the integers at the prime 3 (the periodic point data for this

U(N),

To(N) ~

map is the same as that of the map z -+ 22 on {z € C | 23" = 1 for some k > 0}).

By [2], this system has F,(n) = |2" — 1|3, and Stangoe [15] used this to show the

asymptotic

1

Tog 3 log(N) + O(1),

for all N > 1. In some cases, this distance from the hyperbolic case can be expressed

geometrically: for systems with an adelic covering space (see [2] or [7]) the systems

studied here have infinitely many p-adic eigendirections in which they behave like

isometries, and these places cover all but finitely many of the available places.
The main results concern an algebraic system (X, «) of finite combinatorial rank,

and the number O,(n) of closed orbits of length n under . We associate the

To(N) =




DIRICHLET SERIES FOR FINITE COMBINATORIAL RANK DYNAMICS 3

Dirichlet series

nZ

> 0u(n
da(Z) — Z ( )
n=1
to (X, «) and use this to study the orbit-growth function

Ta(N) = > Oa(n).

n<N

In Theorem 3.3 we find an exact expression for the Dirichlet series and use this to
show that, in the connected case, there is a finite set of positive integers C with
the property that d,(z) is a rational function of the variables {¢% | ¢ € C} (see
Example 4.1 for a simple instance of this rationality result).

The asymptotic behaviour of m, is governed by the abscissa of convergence o
of d, and the order K of the pole at o. For the case ¢ = 0, Theorem 3.6(a) shows
that

To(N) = C (log N)* 4+ O ((log N)X~1) .

Example 7.2 illustrates this result. For o > 0 the situation is more involved. In
combinatorial rank one (in which case the pole at o is necessarily simple), Theo-
rem 3.5 shows that

7a(N) = 6(N)N7 +O(1)

where § is an explicit oscillatory function bounded away from zero and infinity. An
instance of this phenomenon may be found in Example 4.3.

For the general case of a simple pole, we show in Theorem 3.6(b) a Chebychev
result of the form

AN? < 7wo(N) < BN°®

for constants A, B > 0. Given the oscillatory function that arises in combinatorial
rank one, no stronger asymptotic can be expected.

Finally, and surprisingly, in the case ¢ > 0 and K > 2, Theorem 3.6(c) gives the
exact asymptotic

Ta(N) ~ CN? (log N)* 1,

This comes about because the higher-order pole introduces a factor which random-
izes the oscillatory behaviour seen in the case of a simple pole. This is most easily
seen in Example 7.4.

Typically, particularly in analytic number theory, the route from the singular
behaviour of a Dirichlet series to a counting function goes via a Tauberian theorem.
However, the presence of singularities of d, arbitrarily close together along the
line (z) = o hampers this approach. In simpler situations like Example 4.1 (where
the singularites on the line R(z) = o are equally spaced), Agmon’s Tauberian
theorem [1] or Perron’s Theorem [5, Th. 13] can be applied. However, even in these
simpler cases, it is easier to obtain asymptotics directly from the series expression
for d,,.

The letter C' is used to denote various constants independent of variables n, N, x
and so on; Ny denotes NU {0}.
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2. FINITE COMBINATORIAL RANK

Let X be a compact metrizable abelian group of finite topological dimension,
and let a be a continuous ergodic epimorphism of X with finite topological en-
tropy. Let D denote the class of such dynamical systems (X, a). For (X, «a) € D,
Lemma 2.1 below will show that F,(n) is finite for all n > 1.

Consider the ring ZN with the product ordering < (so (a,) < (by) if a,, < by, for
all n € Z). For a subset A C ZY, a € A is said to have finite rank in A if there is
some C > 0 such that all strictly decreasing chains of elements of A starting at a
have length at most C.

Pontryagin duality gives a one-to-one correspondence between elements of D
and certain countable modules over the domain R = Z[t] as follows. The additive
group M = X has the structure of an R-module by identifying = + tx with the
map @ and extending in an obvious way to polynomials. The module M satisfies
the following conditions:

e M is countable (since X is metrizable);

e the map x — tz is a monomorphism of M (since « is onto);

e the set of associated primes Ass(M) is finite and consists entirely of non-
zero principal ideals, none of which are generated by cyclotomic polynomials
(since X is finite-dimensional, « is ergodic and h(a) < 00);

o for each p € Ass(M),

m(p) = dimg ) M, < oo,

where K(p) denotes the field of fractions of R/p (since X is finite-dimensional
and h(a) < 00).
Conversely, if M is an R-module satisfying these four properties and aj; denotes
the epimorphism of X, = M dual to 2 > tz on M, then

(XM,OLM) € D.

Denote the class of all such R-modules M by D.
The next lemma gives a formula for the number of periodic points of an element
of D in terms of valuations of sequences of the form

0(p) = (" = Dux1,

where t denotes the image of ¢ in R/p for some prime ideal p associated to M. In
order to describe this, suppose that p C R is a principal prime ideal so that K(p)
is a global field with finite residue class fields. Let P(p), Po(p), Poo(p) denote the
places, finite places, and infinite places of K(p) respectively. In what follows, if v
denotes a normalized additive valuation corresponding to a place in Po(p), |- |, is
defined by |- |, = |8, ~*), where 8, is the residue class field. For ease of notation,
if P is any subset of the set of places of a global field K, then write

2lp = T le.
veEP
for x € K, with the convention that |z|z = 1. Finally, note that each v € Py(p)
also induces a map | - |,: K(p)N¥ — QV, and |0(p)|, is a unit in QY provided that p
is not generated by a cyclotomic polynomial.
Write F,, for the sequence (Fq (n)),>1; for sequences a = (an)n>1 and b = (by)n>1
write ab, a® for the sequences (anbn)n>1, (a),>1 respectively.
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Lemma 2.1. Let M € D. Then there exist p1,...,pr € Ass(M), and sets of
places Py, ..., P. with P; C Py(p;), 1 <i < r, such that

(2.1) Fau =[] 100015
i=1

Proof. This is shown in [9, Th. 1.1]. O

For M e 13, set,
[M] = {F,, | L is a submodule of M} c Z".

Lemma 2.1 and the next result together show how [M] relates to the simpler con-
stituent sets of sequences of the form [K(p)]. The members of a set like [K(p)] are
sequences of periodic points for S-integer systems (see [2]). As usual write 2F for
the set of subsets of P.

Lemma 2.2. Let p C R be a principal prime ideal which is not generated by a
cyclotomic polynomial, and set

P ={vePyp)||R/p|, is bounded}.
Then [K(p)] is the image of the map v: 2F — ZN, where
b(Q) = 16(p)lg"

Proof. The proof of [9, Th. 1.1] shows that [K(p)] C ¥(2F), so it remains to show
the reverse inclusion. Fix a subset @ C P. If Q = @, set L = K(p), otherwise
set L = (,cq R, where R, is the discrete valuation ring of K(p) corresponding

to v. Then L is a submodule of K(p) with F,, = ¢(Q) by construction. O
It follows that
(2.2) Mic I ®Em®,
peAss(M)

and each [K(p)] has a description as in Lemma 2.2.

Proposition 2.3. For any R-module M € D the following holds.
(a) For each p € Ass(M), the set [K(p)] contains a greatest element
s(p) = Fay,, -

Furthermore, for any a € [K(p)], a=s(p) € [K(p)].
(b) The set [M] contains a greatest element

FOLL = H S(p)m(p)7
pEAss(M)
giwen by a Noetherian submodule L C M.

Proof. (a) This follows from the description given by Lemma 2.2: The sequence
given by ¢(P) = Fq,, , is the greatest element of [K(p)] and for any subset Q@ C P,

we have ¥(Q)Y(P\ Q) = ¢ (P).
(b) Let
.

pEAss(M)
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then (a) and Lemma 2.1 show that F,,, < s. The result follows by observing that
there is a Noetherian submodule L C M with a prime filtration in which each of
the primes p € Ass(M) appears with multiplicity m(p) and no other primes appear.
It follows that F,, =s. O

Example 2.4. If a)s is a quasihyperbolic toral epimorphism then F,,, is the
greatest element of [M]. More generally, for any Noetherian module M € D, F,,,
is the greatest element of [M].

The next result gives a convenient characterization of the finite-rank sequences in
a poset of the form [K(p)]; this will be useful when considering dynamical systems
of finite combinatorial rank in the next section.

Theorem 2.5. Let p C R be a principal prime ideal which is not generated by a
cyclotomic polynomial, and let a € [K(p)]. Then a has finite rank if and only if
there is a finite set of places Q C Po(p) such that |t9(p)|c51 =a.

The proof of Theorem 2.5 requires the following lemma, taken from [8, Lem. 4.9].
Recall that K, denotes the residue class field of a place v, write £, for the multi-
plicative order of the image of ¢ in K and write

(2.3) o = [Ry 1 Fp] X v(p)
where p = char(RK,).

Lemma 2.6. Let p C R be a principal prime ideal not generated by a cyclotomic
polynomial, let v € Po(p) have the property that |t|, = 1, and let p = char(R,).
Then there are constants D > 1, E > 0 such that

1 if Lyt n,
0(p)nl;t =< Dp™ ordp(n) if £y|n, char(K(p)) = 0 and ord,(n) > E,

0p)e, o™ if €, and char(K(p)) > 0.

Proof of Theorem 2.5. Let K = K(p), 8 = 6(p) and let P, ¢ be as in Lemma 2.2.
For any @ C P, set
Q={veQllo);" #1}
Notice that if [¢, < 1 then ||, = 1, so |, = 1 for all v € P.
Suppose that a has finite combinatorial rank and that @ C P satisfies ¥(Q) = a.
Assume @ is infinite. By choosing a strictly decreasing chain

Q=Q:1>2QyD -,
it follows that
a=9(Q1) = P(Q2) = -+,

contradicting the assumption that a has finite combinatorial rank. Hence C~2 is finite
and satisfies 1(Q) = a.

Conversely, suppose there is a finite set @ C P with ¢(Q) = a. Without loss
of generality, assume that Q) = Q. If there are only finitely many distinct Q' C P
with ¢¥(Q’) < a, the required result follows. Hence, for a contradiction assume
there are infinitely many such Q’.

First suppose that char(K) = 0. Then the set of rational primes
S = {char(R,) | v € Q}
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is finite. Furthermore, using Lemma 2.6, there exist positive constants ¢, D, E such
that for each n > 1 with min,cg{ord,(n)} > E,

(2.4) an = |0n|g" < DI™,
where j(n) = max{ord,(n) | p € S}.
There are only finitely many v € Po(K) with char(8,) equal to a given prime.

So, since there are infinitely many distinet Q' C P with ¢(Q’) < a, it is possible to
choose @’ to contain a place v with char(f,) € S. For r > 0, set

n(r) = tuq" [ p*,
peS
where ¢ = char(8,). Since j(n(r)) is bounded, (2.4) shows that a,) is also
bounded. However, again applying Lemma 2.6, for a sufficiently large choice of r,
|9n(r)|(_2/1 = Ian('r)‘gl > an(r)y
contradicting ¥(Q’) < a.

Now assume that char(K) = p > 0. Then R/p = F,[t] and ¢ is transcendental
over F,. Since @ is finite, Lemma 2.6 shows that the set {a,, | ord,(n) =0,n > 1} is
bounded. There are, by assumption, infinitely many distinct Q' C P with ¢¥(Q’) <
a so it is possible to choose such a @’ to contain a place v for which [8&,| is larger
than this bound. However, |6, |, < |&,|~! and since ord,(¢,) = 0,

100,10 = 100,15 = |R| > as,

contradicting ¥ (Q’) < a again. O

1,3,7,15,31, 63,127, 255,511, 1023
\
1,3,7,3,31,63,127,51,511,1023  1,3,7,15,31,63, 127, 255,511, 93
\

1,3,7,3,31,63,127,51,511,93
1,3,7,3,31,63,127,3,7,93

1,3,7,3,1,63,1,3,7,3
1,3,1,3,1,9,1,3,1,3 1,1,7,1,1,7,1,1,7,1
1,1,1,1,1,1,1,1,1,1

FIGURE 1. Part of the Hasse diagram for [K(¢ — 2)].

Example 2.7. The poset [K(t — 2)], which contains the sequences of periodic
point counts arising from algebraic factors of the map = — 2z on the solenoid @,
is illustrated in Figure 1 (the figure shows a small part of the full poset: the first
level from the bottom has infinitely many sequences, parameterised by the rational
primes). The greatest element corresponds to the circle doubling map = — 2z
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on T = R/Z, and the central sequence represents (@), where @ is the set of
Mersenne primes. According to Theorem 2.5, 1(Q) has finite rank if and only if
there are finitely many Mersenne primes. The least element corresponds to the
map r — 2z on @7 corresponding to ¥(Q) where @ is the set of all rational primes.

Remark 2.8. The S-integer systems studied by Chothi, Everest and Ward [2] give an
alternative way to describe the periodic point sequences we study. In the connected
case, they may be described as follows. Fix an algebraic number field K with set of
places P(K) and set of infinite places P (K), an element of infinite multiplicative
order £ € K*, and a set S C P(K) \ P (K) with the property that |€], < 1 for
all w ¢ S UP4(K). The associated ring of S-integers is

Rs={zeK||z|, <1forallwé¢SUPL(K)}.

Let X be the character group of Rg, and define an endomorphism « to be the dual
of the map z — &x on Rg. By [2, Lemma 5.2] the number of points in X fixed
by a” is
Fa(n) = H 1€" = 1w-
wESUP o (K)

In the language of [2], the systems we are interested in are the co-finite ones (those
for which P(K) \ S is a finite set) and finite products of them. Using the product
formula for global fields, the periodic point formula when S is co-finite reduces to
one of the factors in (2.1).

In view of the canonical inclusion (2.2) and the results of this section, we make
the following definition.

Definition 2.9. Let M € D. Then ays has finite combinatorial rank if F,,, has
finite rank in

T xEme.

pEAss(M)

For the rest of the paper, we assume that (X, «) € D.

3. DYNAMICAL DIRICHLET SERIES

Writing O,,(n) for the number of orbits of length n under «, we have the following
arithmetic relation between periodic points and orbits,

Fa(n) = d0,(d).
d|n
By Mobius inversion,
(3.1) Ouln) = = 37 uln/d) Fuld).
d|n

Definition 3.1. The dynamical Dirichlet series associated to the map « is the
formal series

da(2) = O“(Z”).

n

n=1
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Example 3.2. The examples we wish to study are group epimorphisms of finite
combinatorial rank, but the quadratic map a : x — 1—cx? on the interval [-1,1] at
the Feigenbaum value ¢ = 1.401155 - - - (see Ruelle’s survey [14]) gives a particularly
simple example of a dynamical Dirichlet series. This map has

0u(n) 1 if n = 2F for some k > 0;
aln) =
0 if not,

so d(z) = 7——. In this example it is clear that 7, (N) = lﬁ)ggg

T5== +0(1) in accordance
with Theorem 3.6, but it is important to emphasise that in general the asymptotic
growth statements cannot be deduced from the analytic behaviour of the Dirichlet

series alone.

Using convolution of Dirichlet series (see [16, Sec. 3.7]), an alternative way of
expressing the relation (3.1) is

oo

(3.2) da(z) = c(z1+ 5 > F“:i)/n,

where as usual
oo

1/n

(z+1) = nZ:fl e

For systems of finite combinatorial rank, this observation is extremely useful: it is

possible to extract {(z+ 1) as a factor of the series on the right-hand side of (3.2),

resulting in an exact expression for orbit counting. Note that only combinatorial
(rather than analytic) properties of the zeta function are of importance here.

Recall that the set of rational primes p with
(3.3) p|Fa(n) for some n € N

is finite when F, has finite rank.

Theorem 3.3. Let (X, «) be a system of finite combinatorial rank and let Q be
the set of rational primes given by (3.3). Then d.(2) is a linear combination of
Dirichlet series of the form

oonr (bpp(e))?’

where b€ N, P C Q, A : NJ' = NI and ¢p(e) = Hpeppef'.
Furthermore, all these quantities can be determined explicitly. In particular,
denoting the local field corresponding to a place v by K,,

Ale)p = —ep + Z rvAu(ep),

veS(p)

3 pr(Ale)

where S(p) is a set of places with residue class fields of characteristic p, r, is given
by (2.3), and

Ao(ey) = ep if char(K,) =0,
vt nep®  if char(K,) > 0,

for some positive integer constant n,.

Theorem 3.3 and its proof allow us to deduce the following result for connected
systems.
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Theorem 3.4. Let (X, ) be a connected system of finite combinatorial rank. Then
there is a finite set C C N with the property that d,(z) is a rational function of the
variables {¢™% | c € C}.

In principle, Theorem 3.3 provides an exact formula for orbit counting, since it
implies that 7,(N) is a linear combination of expressions of the form

> pp(Ale)).
eeNp,
wp(e)<N/b
However, a closed asymptotic expression involving elementary functions is often
more desirable, the prime number theorem being a case in point. Our focus is on
connected systems, although Theorem 3.3 may also be applied in the disconnected
case (c¢f. Example 4.4).

Theorem 3.5. Let (X, ) be a connected system of combinatorial rank one. Then

(N) = Clog N + 0O(1) if ry =1,
Ta T S(N)NTTL40(1) otherwise,

where 6(N) is an explicit oscillatory function bounded away from zero and infinity, v
is the associated place, and r,, is given by (2.3).

Theorem 3.5 shows that an elementary asymptotic formula for 7, cannot be ex-
pected in general. Typically, an oscillatory function similar to that in Theorem 3.5
appears when the abscissa of convergence of d,, is greater than zero and is a simple
pole; we provide a Chebychev result in this case. In all other cases, an elementary
asymptotic formula is found.

Theorem 3.6. Let (X, «) be a connected system of finite combinatorial rank whose
Dirichlet series d, has abscissa of convergence o > 0. Let K denote the order of
this pole.

(a) If o =0 then there is a constant C > 0 with
To(N) = C (log N)* 4+ 0 ((log N)K~1) .

(b) If 0 > 0 and K = 1 then there are constants A, B, Ny > 0 such that for
all N > Ny,

AN? < 70(N) < BN”.
(¢) If 0 >0 and K > 2 then there is a constant C > 0 with

Ta(N) ~ CN? (log N)* 1,

Remark 3.7 (1). If (X, ) is a connected system of finite combinatorial rank and X
has topological dimension one, the proof of Theorem 3.3 shows that d,, has abscissa
of convergence o = 0. Thus, the exact asymptotic of Theorem 3.6(a) applies. In
general, there is no straightforward relationship between d, and the topological
dimension of X.

[2] Using Hlawka’s bounds [6] on equidistribution in terms of discrepancy and
Baker’s theorem, the asymptotic in Theorem 3.6(c) could potentially be improved
to give an error term.
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4. EXAMPLES

One of the characteristic features of non-trivial S-integer dynamical systems is
the extremely complex behavior of their dynamical zeta functions (see [3], [4], [18],
and [19] for example), so the rationality (in the sense of Theorem 3.4) of the Dirich-
let series for systems of finite combinatorial rank is a little surprising.

Example 4.1. The reason for the rationality of the Dirichlet series is already visible
in the simplest non-trivial example given by the map « dual to the map =z — 2z
on Zg) = Z[% | p a prime # 3]. We have

gords(m)+1 - if py ig even;

1 otherwise.

Foln) = 2"~ 115" = {

Fa(n) 1 1 1
Z el Z e Z (2n)=+1 — ¢(z+1) (1 - 22+1> ’
2tn n>1 n>1
and (on writing an even n as 2 - k - 3¢ with 31 k)

Fa(n) 3ett
% nF+l gk;m (2k36)2+1
3 1 1
= 91 > 3ex > ozl
0" k>13tk

3 1 1
= iy EFD (1_ 3Z+1)'

1 3 1 1 1
=1- 1-— 1- =14 —(——
da(z) 9z+1 ( 1—-3—= ( 3z+1)> + 9z <132>

by (3.2). Note that the abscissa of convergence is 0 = 0, and this is a simple pole.
The orbit-growth function 7, may be obtained by extracting the coefficients
from the series expression for d,

Thus,

[10g5(N/2)) log N
Ny =14+ Y 1=1+ > 1= Tou 3 +0(1).

€>0,2-3 <N e=0

Notice that in Example 4.1 the rational expression for d, has infinitely many
singularities along the line R(z) = 0, at the points 2k7i/log 3 for k € Z. A less direct
method for obtaining an asymptotic estimate for 7, (V) is provided by Agmon’s
Tauberian theorem [1] which applies in situations like this, but as the next example
shows, the general case has even worse analytic properties. This begins to illustrate
the impact of additional places.

Example 4.2. Let a be the map dual to z — 2x on Z3) N Z) C Q. Then
Fa(n) =[2" —1]3712" — 1[5,
SO
1 if n is odd;
Fa(n)=1<¢3-3% ifn=2-k-3,24k,3tk;
15-3% -5 ifn=4-k-3° -5 3tk 51k
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A similar calculation to that used in Example 4.1 shows that

1 3 1 1 1 1
da(Z) =1- 9z+1 + 9z+1 (1 - 32+1 T 9et1 + 62-1—1) 1_3-=

15 1 1 1 1 1

+4z+1 ( T 3z+1 pztl + 15z+1> (1-32)(1—-5"7)

Here, the abscissa of convergence o = 0 is a double pole. An asymptotic expression
for 7, is obtained in Section 7.1.

Notice that in Example 4.2 not only are there infinitely many singularities
with R(z) = 0, but there are singularities arbitrarily close together.

The next example illustrates the situation when a higher topological dimension
is allowed. This may also be regarded as allowing places with a higher residue
degree.

Example 4.3. Let K = Q(+/5), with ring of integers
O =Z+ V5Z+ (V5)*Z = Z[V/5]
as Z-modules. Notice that O =2 R/(t3> — 5) via the map
Vo t=t+ (13 - 5).

There are two primes lying above the prime 2 of Z, namely m = (2,1 4+ ¢ + f2)
and (2,14¢). The place v corresponding to m has residue degree 2, since O/m = Fy.

—

Let X = Oy, and let a be the map dual to z — /52. Then X has topological
dimension 3, and

1 31 n;
16 - 220rd2(n)  gtherwise.

Fo(n)=t" 1], = {

In this case, the abscissa of convergence is ¢ = 1 and this is a simple pole. Using a
similar method as before (or by using (3.1) directly), we obtain the closed formula

1 n=1
5 =3;
Ou(n) = e
4.2° n=3-2°ande>1;
0 otherwise,
w0 5 8 1
do(2) = — + —
(Z) + 3z + 67 (]_ 21z>
and
[log, (N/3)] 8
(4.1) To(N) =6+4 Z 2¢ = — o~ {log(N/3)} v _ 9.
e=1 3

for all N > 6, where {-} denotes the fractional part. Notice that (4.1) includes an
oscillatory factor §(N) appearing in Theorem 3.5. In this example,

limsupd(N) = =
N—o0 3
and 4
liminf 6(N) = 3

N—oc0
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To conclude this section, the following example shows that the situation is quite
different for disconnected systems. Here there is no rational expression for d
although the series organizes orbit data in a convenient way, giving an exact ex-
pression for m,.

Example 4.4. Let M be the discrete valuation ring IF3[t] ;1) obtained by localizing
the domain Fs[t] at the prime ideal (¢ — 1). Since the additive group of M is
torsion, X = M is zero-dimensional. Furthermore, the map « dual to z — tx has
periodic points counted by a single place v of F5(t) corresponding to M. That is,

Fa(n) = [t" = 1|51, =3Il

Therefore,
3lnl3"
_ -1
dale) = C+1)Y S
n>1
1 3% 1
= ¢(=+1) Z(ge)z+1 > Lotl
€0 k>1,3tk
1) 3%/ 3¢
= [1- Z
z+1 ez
( 341 ) 22 (37,

Hence, we have the following exact expression for my:

331 33°
7Toz(JV) = Z 3e - 3 Z 3e
e>0,3°<N e>0,3°<N/3
2 33
= 143 > o

e>0,3°<N

A further calculation shows that

lim su Nma(N) _ 2

N 3% 3
and

.. Nmy(N)

i = — =0

5. PROOF OF THEOREMS 3.3 AND 3.4

The general case requires an inclusion—exclusion argument to deal with the con-
gruence conditions arising from multiple terms in (2.1) and multiple places in each
set P;.

Since (X, «) has finite combinatorial rank, the sets P; appearing in (2.1) are all
finite. Let T be the list of all the members of the sets P;, and let &, for v € T
be the image of ¢ in the appropriate field K(p). Notice that each &, has infinite
multiplicative order, and we may assume that |,|, = 1. For any finite non-empty
sublist S C T write

(5.1) Ssm) =TT len — 115"

veES
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(notice that a given v may appear in (5.1) with multiplicity). Thus fr(n) = F(n).
Let ¢, be the multiplicative order of the image of £, in the residue field K, of v.
For S C T and a set @) of rational primes, define

S(Q) ={v € S| char(R,) = p for some p € Q} C S.
If Q = {p}, we also write S(p) for S(Q). Consider

da(2) = Cz+ 1)1 J;Tz(fl).

Let £s = lem{¢, | v € S}. Then the collection {Ng, S C T}, defined by
Ng={neN|lgln and ¢, {n for all v € T'\ S},

forms a partition of N. Hence,

(5.2) da(2) =Cz+ )71 Y > J;S(ﬁ)

SCT neNg

since fg = fr on Ng by Lemma 2.6.
Let £ = NOQ, where

Q = Q(S) = {char(&,) [ v € 5}.

For any P C @, we extend the definition of ¢p given in the statement of Theo-
rem 3.3 to accomodate vectors e = (e,) € E, by setting

pr(e) =[] »
peEP

Each integer n € Ng can be written in the form

(5.3) n = lskpo(e),
where k € N satisfies

(5.4) ptkiforalpeq@

and

(5.5) Lyt lskpg(e) for all v e T\ S.

It is more convenient to rephrase (5.5) according to the following partition of E.
Let

(5.6) eo = max{ord,(¢,) | p € Q,v e T\ S}
and let ey € E be the vector with each entry equal to eg. For P C @, set

Ep={ecE|e,>eforall pe Pe,<eyforalpe@)\P},
so the sets {Ep | P C @} partition E.

For each ¢ in the finite set o\ p(Ep), let
Ep(q) ={e € Ep | vg\pr(e) = q}.
Then, for e € Ep(q),
lspqle) = Lspp(e)q,

and if v € T\ S,

ged(ly, lspg(e)) = ged(ly, bspp(e)q) = ged(ly, £spp(eo)q)-
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Hence, provided e € Ep(q), condition (5.5) becomes
(5.7) jtk for all j € {6,/ ged(£,, £sop(en)q) | v € T\ 5.

For n of the form (5.3), by Lemma 2.6, fs(n) = fs({sypg(e)). Furthermore,
using the partition of E given above, the inner sum in (5.2) may be written

(5.8) ooy S (Uspale) " fs(lspole Z’f 1
PCQ qepg\p(Ep) e€Ep(q)

where k runs through all natural numbers satisfying (5.4) and (5.7). Using inclusion-
exclusion, the inner sum in (5.8) is of the form

(5.9) C(z+ 1)g(c™? ce0),

where C C N is a finite set of constants and g is a multivariate polynomial with
rational coefficients, the monomial terms of which have total degree one. Using (5.8)
and (5.9), by cancelling the zeta function with its reciprocal and adjusting C and ¢
to absorb ¢3!, (5.2) becomes

=D ). D dseel),
SCT PCQ qepq\p(EP)
where
(5.10) ds.pq(z) =g(c™*,c€C) Y pole) " fallspqle)).
ecEp(q)

Again using Lemma 2.6, for each p € @, there exists e;, such that for all v € S(p)
and all e € E with e, > e;,

(5.11) Fullspo(e)) = eop™erier),

where ¢, is a positive integer constant, w,(e,) = e, if the local field K, correspond-
ing to v has zero characteristic and w,(e,) = n,p for some constant 1] € N, oth-
erwise. Without loss of generality, the steps already carried out may be performed
with eg replaced by the maximum of the value given by (5.6) and max{e], | p € Q}.
For any e € Ep(q), pgo(e) = ¢p(e)q, so the summand in (5.10) is
(5.12) (pr(e)a) " fs\p) (Lsa) fs(p) (Lspp(e)).
Therefore,
ds.pe(z) =g(c™*,c€C) Y @p(e) " for)(User(e)),
ec€Ep(q)

where g and C have been adjusted to accommodate the factor

s\ (Lsq)
appearing in (5.12). Using (5.11), it follows that
(5.13) ds.pg(z) =C xg(c™*,c€C) Y er (e)) ©)
e€Ep(q) P

where C' > 0 and Q : NJ' — NI is given by

Q(e)p: Z vav(ep)-

veS(p)
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By the definition of Ep(q ) and <pp, the sum in (5.13) is
@ P (£ ep (82 +eo) —e—eg)
(514 o oerlo—e) g

ep(e cent e+ eg)?

eeNy,
ep=>eq, pEP

where ey € N} is the vector with each entry equal to eg. For each v € S(p)
with char(K,) = p, set 1, = p®n, and let A : NI’ — NZ be defined in terms of 1,
as in the statement of Theorem 3.3. Then

Qe +ey) —e=A(e) +d,
where d = (d,) € N} is given by

dy, = e Z Ty.

vES(p),
char (K, )=0
Therefore, by (5.13) and (5.14),
op( (e
(5.15) ds pq(z) =g(c™*,ce () Z “orle)
eeNl

where g has been modified to absorb the factor Cop(d)pp(eg) "1 ~*. This concludes
the proof of Theorem 3.3.

To prove Theorem 3.4, first note that since X is assumed to be connected, all
places arise from number fields. Setting

rsp = E Tu,

veS(p)
it follows from the definition of A that

dS’P’Q(’Z) = g(c—z’c S C) Z H pep(TS,p—l—z).

eeNl’ peP

Therefore, the sum contains a geometric series corresponding to each prime p € P.
Hence

(5.16) ds,pa(z) = glc ™ c € 0) [T (1 = prs—t=5)L,
peP

Since d,(z) is a finite sum of expressions of this form, this proves the theorem.

For the proof of the asymptotic results we will need a specific description of the
function g appearing in (5.15) in order to control cancellation between terms of
different signs in various counting arguments. Notice that for a finite set of positive
integers J with 1 ¢ J,

—1)Hl
>
Cr

IcJ
where ¢; = lem{i | i € I}. Moreover, the construction in the proof above gives the
following.

Lemma 5.1. Suppose g # 0. Then

(-1
g(c_Z,CEC):CxZ b, %,
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where C > 0, J is a finite set of positive integers with 1 ¢ J and by = Bey for
each I C J, for some fived constant B € N.

6. PROOF OF THEOREM 3.5

By Lemma 2.6, we have constants ¢, a1, ...,aq, D and a prime p with
1 Lyt n;
Fa(n) =< ae n = L,p°k, where ptk,1 < e < d;

Dp™¢ n=L,p°k,ptk,e>d.
By the method used in Section 5, we deduce that

d
L R ch™* 1
do(2) = 1= 6,771+ > e (Cup”) 1+1_pm_z<1pz+1>

e=1
where b = £,p?*t!, ¢ = Zp@tDo=D and m = r, — 1. It follows that — up to

an error uniformly bounded in N — we can compute 7, (NN) by considering the
dominant term

b—* 1 b—* (bp)~—*
6.1 1-— = — .
( ) 1— pm—z < pz+1> 1— pm—z p(l _ pm—z)

The first term in (6.1) contributes

[log, (N/b)]
62 DI D
elbpe<N e=0

and the second term in (6.1) contributes

1 [log, (N/b)]
- Z pme - = Z pm(efl)
p elbpet1I< N p e=1
[log,, (N/b)]
(63) _ pfmfl Z pme 7p7m71

e=0
The total contribution from (6.2) and (6.3) is therefore

[log, (N/b)]

(64) (1 _ p—m—l) Z pme + O(l)
e=0
If r, = 1, then m = 0 and (6.4) becomes,
(1 — 1) log,(N/b) +O(1) = p_1 log N + O(1)
I/ plogp ’
If r, > 1, then m > 0 and (6.4) becomes,
llog,, (N/b)]
p m(1+log, (N/b)]) _ 1
p P
C me+0(1) = C- o1
; p™+0(1) pT— +0(1)

= §(N)N™ +0(1)

for some constant C' and a function § satisfying the statement of Theorem 3.5.
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7. PROOF OF THEOREM 3.6

Since X is connected, d,, has a rational expression (in the sense of Theorem 3.4)
which is a finite sum of terms of the form (5.16). By Lemma 5.1, each such term
may be written as

(_1)”‘ —z
F(z)=CxG(2) Y b7 %,

C
cg

where

G = [[a-p)

peEP

for some finite set of primes P and n = (n,) € NJ'. Let
m =max{n,:p € P}and L=|{p € P|n,=m}.

Note that the Dirichlet series for G has abscissa of convergence m and G has a pole
of order L at z = m.

By showing that the coefficient of (z — m)~" in the Laurent series for F is
positive, it will follow that for at least one such F, m = o, L = K and that there
can be no F for which m > o, nor any F for which m = ¢ and L > K.

The coefficient of (z —m)~F in the Laurent series for G' about m is x = [|
where

L

peP Fp

_ (logp)~* ifn,=m
b (1—pw»=™)"t  ifn, <m.

Hence, the coefficient of (z — m)~% in the Laurent series for F is

Cry EU G (-1

= crb? B™ = (lem{s : ¢ € T})m+1

- pm m41 .
Bm = (lem{im+1l: i e I})
Bm &, (lem{i:45 € I})’
where J' = {j™T! :j € J}. Since the constants , B, C' and the result of the sum
are all positive, so too is the coefficient of (z —m)~% in the Laurent series for F.
Now consider the contribution to 7, arising from F. For any m € Z” and = > 0,
set
Sy(m)= Y ¢p(me),
eeNl,
pp(e)<z
where integer vectors are multiplied term-by-term. Extracting the coefficients from
the Dirichlet series for F', it follows that F' contributes

i
(7.1) C’xz( D SX /b, (1)

C
cs I

to 7o (N). This expression will be the main tool for obtaining our asymptotics.
The following result gives a Chebychev estimate for the individual terms S 11\37 Jbr (n).
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Lemma 7.1. Let m = (m,) € Z¥ and x > 0. Then there exist constants A, B
with B> A >0 and x¢ > 0 such that for all x > xg,

Az™(logz)? < ST (m) < Bz™(logz)7,
where m = max{0,m,, : p € P} and
 (lpePlmy=m}  ifm=o,
HpeP|m,=m}—1 ifm>0.
Proof. First suppose that m = 0. For any e € NI,
ep < |P|7'log,x forall p € P = pp(e) < x.
Therefore,

LIP|~" log, «]

Sym) > J[ > pme

peEP ep=0
> A(logz)’,
for some positive constant A. On the other hand, for any e € NZ’,

ppe) <z =e, < log, © for all p € P.

So,
[log,, =]
Stm) < [ Y pme
peEP ep=0

< Blloga),

for some positive constant B > A.

Now suppose m > 0. The proof is by induction on |P|. If |P| = 1 then the
result is obvious, so assume that |P| > 1. Choose ¢ € P such that m,; = m,
set P’ = P\ {q} and m’ = (m,),epr. Write

llog, (z/¢pr(e))]
(7.2) SPm)= > pp(m'e) > g,
eeNY’, eq=0
ppr(e)<z
The inner sum in (7.2) is a geometric series with sum
gm I+ logg z/epi(e)]) _ q
g —1
for some constants C1, Cy > 0. It follows from (7.2) and the m = 0 case that
SP(m) < Cia™SE (m' —m1) — o8 (m)
< Csz™(logz) — CLSY (m'),

for some constant C5 > 0. Upon noting that either

< Cramop (—me) — Co

e max{m; :p € P’} <mor
e max{m},:p€ P’} =mand {p € P' | m, =m}| —1 <,
this completes the inductive step. A similar argument also gives the lower bound.
O
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7.1. Proof of Theorem 3.6(a). In this case all expressions of the form (7.1)
contributing to m,(N) have n = 0. Example 4.2 illustrates some of the issues that
arise in this setting when more than one prime is involved.

Example 7.2. (Example 4.2 revisited) Let o be the map dual to the map = — 2x
on Z(3) N Z(5), SO

Fa(n) = 2" —1372" — 1[5
The term in d,, that determines the asymptotic growth in 7, is

15 1 B 1 B 1 n 1 1
4=t1 1241 20%+1 605+l ) (1 —37%)(1—577%)
Notice that each term of the form
b—Z
(1-32)(1-5"7)

with b > 1 contributes
[logs(N/b)]  |logs(N/b3°1)]
Svo= 2, >, 1

e1=1 eo=0

__log N log 3
=Togs Togh e1+0(1)

log N [logs (N/b)] log 3 [logg (IN/b) ]
= 1-— O(log N
log 5 62:1 log 5 622:1 e1+O(log N)

(log N)? log 3 )
N - logs (N, log N
log3log5 ~ 2logs LBa(N/))"+ Olog N)

(log N)?

1
= ——(1—= log N
log 31log 5 < 2>—|—O(og )

to T (N). Summing over all the terms therefore gives
15

1 1 1 (log N)?
Ny = Bl Ly Qe N gy
ma(N) 4< 3 5+15) Slog3logs ~ OUoeN)
(log N)?
L8 4 O(log N).
log 3log 5 +O(log N)

Returning to the general case, we will use an inductive argument to obtain an
exact asymptotic for S (0). The following lemma provides the essential inductive
step, but is more general than we need at this stage (the full statement is needed
for the proof of Theorem 3.6(c)). The result is a little technical and requires some
preparation. Suppose that m = (m,,) € Z¥ satisfies m, < 0 for all p € P. Set

(7.3) P={peP:m, <0}

Let PC W C P,d e NY, and define d = (d,) € NV by

o h={y e

Set

(7.5) 7Y (m,d, k) = (logz) ™ > pw(m'e)e?,
eeN}V,

ow(e)<z
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where m’ = (my,)pew.
Notice that

ltog, =
7V (m,d k) < (loga) ™™ [[ D p™rerelr

PEW ep=0
< C(logz)™* H (log z)%»+1

pEW\P

(7.6) = C(logx)a‘HIW\ﬁ\—k

Lemma 7.3. Suppose that W # P and W' = W \ {s} for some s € W\ P. If
m=0,d=d, k=d-1+|W\ P| then there exist a finite indering set H and set
of constants {cy, : h € H}, both independent of =, such that

(m,d, k) (Z e TV h),kh)> +0 <1O;x> ;

heH

where for each h € H, d(h) € Ngv/ and kp, € Ny satisfy

(a) d(h)=d(h), _

(b) kp=d(h) -1+ |W'\ P|.
Proof. If W' = @ the result is obvious, so assume W’ # &. By assumption mg = 0,
SO

Llog, (z/pw(e))]

(17 TV d k) =(ogx) ™t Y pwmleed Y el
eEN(‘]/V,, es=0
pwr(e)<z

where m’ = (m,)pew’ and d’ = (dp)pew’. Expanding the inner sum,

Liog, 2/ v+ (€)]
eds = C|log,z/ow ()] + O ((logz)*)
es=0

= C(log,z/pw(e)) " + 0 ((logz)™)
= C(logz—e- (logp)pewr)ds+1 + 0 ((log z)*)

(7.8) = > cn(logz)tie?™ + 0 ((logz)™),
heH

where the finite indexing set H and set of constants {¢;, : h € H} are both inde-
pendent of z, and kj, € No, d’(h) € NV satisfy

(7.9) ht+d(h)-1=ds+1.
Let kp, = k — kj, and d(h) = d’ 4+ d’(h). Substituting (7.8) into (7.7) gives

(7.10) (m,d, k) (Z e TV (m, d(h), kh)> +0 (10;5);

heH’
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the error term being obtained using (7.6), since

(logz)®~* Z @W/(m'e)ed, = O((1Ogx)g“lﬂw’\?l—s-ds—k)

eeN}V’,

pwr(e)<T
-0 ((log x)a~1+|W\F\—k—1)
= O ((logz)**1).
It remains to see that conditions (a) and (b) are satisfied. To see that (b) holds,
note that (7.9) implies
k—kp+(dh)—d)-1 = ds+1
=k dh)-14+k—-d-1-1
d(h) -1+ [W'\ P,

since by hypothesis k —d -1 = |W \ P|.
To satisfy condition (a), we show that H may simply be replaced by

{heH:dh)=dn)},
in (7.10). To see this, note that if d(h) # df(ﬁ) then df(ﬁ) -1<d(h)-1—1 and so

d(h) - 1+ W \P|—k, < d(h)-1+ W \P|—Fk,—1
< -1

3

since (b) holds. Therefore,

72 (m, 00, 1) = 0 (o1 )

log

by (7.6). O
Let L = |P|. Since
(logx)~"S7(0) = 7, (0,0, 1),
applying Lemma 7.3 and induction, we obtain
1
1 —L gP 0) = -
(logz)™™S,(0)=C1+0O (logx)

for some constant C'; which is independent of z. Notice that C'y > 0, otherwise there
would be a contradiction to the lower bound provided by Lemma 7.1. Furthermore,

Sy, (0) = Ci(log(N/br))" + O((log(N/br))* ™)
= COy(log N)* + O((log N)E=1)
It follows that the contribution to 7, (V) from (7.1) is

(= L L1
Co | D~ — | Qg )" + O((log N)* 1),

1cJ

where Cy > 0 and also ZICJ(—I)”'/CI > 0.
Since there is at least one term of the form (7.1) contributing to m,(N) for
which L = K, this completes the proof.
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7.2. Proof of Theorem 3.6(b). Recall that in this case, for each term of the
form (7.1) contributing to m(N), n = (n,) satisfies

max{n, : p € P} < o.

Moreover, since o is a simple pole, any term with max{n, : p € P} = o has at
most one of the corresponding n, equal to 0. The upper bound now follows from
Lemma 7.1.

For the lower bound we use more elementary methods. The orbits for these
systems mainly accumulate at specific lengths, and summing over orbits of those
lengths suffices. Recall that O,(n) is related to the number of periodic points
by (3.1), where F,(n) is given by the formula (5.1) with S =T'. By (5.16), there is
a prime g € @ such that

(7.11) er =0+1,
velU
where U = {v € T | v|q}.
Using the notation from Section 5, let £ = lem{¢, | v € U}. Notice that we must
have ged(g,¢) = 1 since £, divides ¢"» — 1 for v € U. Using basic properties of the
the Md6bius function,

Oa(lg®) = eée Z > (= t/d) fr(dg”)
e'=0 dj¢
= o St/ (Fr(de’) = fr(dg )
de
= e (Frlta) = fultg™)

+é S° u(e/d) (fr(dg®) = fr(dg®™)).

dje,d<e
By (7.11) and Lemma 2.6, there are constants D, E > 0 such that
fT(&]e) _ Dq(o+1)e and fT(dqe) < Eq°°

for all d < ¢ and large enough e. Now,

( (Dq(aJrl)e o Dq(aJrl)(efl)) . zEéqa’e)

Oallq®) >

£q°
_ % (1 o q—(a+1)) qae _ 2qu(zf—1)e7
so there are constants C7; > 0 and Cy, C3,Cy > 0 such that
[log, N/¢]
Ta(N) > > 0allg) | =
e=0
[log, N/¢]
> Y. Ca™ = O3V —
e=0
> (C4N°7,

for all large N.
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7.3. Proof of Theorem 3.6(c). We begin with an example that illuminates some
of the issues that arise in this case.

Example 7.4. Let M = ng) X Zf5), X =M and let @ : X — X be the map dual

to  — 2. The dynamical system (X, «) has periodic point data identical to that
of a product of Example 4.2 and another duplicate system. Consequently,

1 if n is odd;
Fa(n) =<¢9.32% ifn=2-k-3,21k,3tk;
225321 .52 ifp =4.k-3°.5° 31k 51k.

Following a similar method to that used in Example 4.2, the term of d, dominating
the growth of =, is

(7.12) 1 1 1 n 1 225
: 47+1 127+1 207 +1 60z+1 (1 _ 3172)(1 _ 5172)'

Hence we need to consider

Snp= Y. 3757

eeNZ,
3e15¢2 <N/b

Writing {-} for the fractional part,

SN/b 1
= 361 562
Nlog N Nlog N Z
eeNZ,
3e15°2 < N/b

[logs (IV/b) ] [logs (N/3°1b)]

1
— 361 552
Vg N >
61:0 62:0
llogs N/b]
- 1 " ger (B g—eng—(toms (/3 _ L
Nlog N — 4b 4
5 [logz N/b]
_ —{logs N/b—e; logs 3} -1
= TN > 5tles vlogs 3} L Q(NTY).
€1=0

Since the exponent in the inner sum is uniformly distributed in the unit interval,
by Weyl’s theorem [20],

|logs N/b]

1 L
5—{log5 N/b—e1 logs 3} - / 57Yd
log N 6122:0 log3 /o Y
_ 4
~ 5log3logh’

Therefore,
SN/;, 1
— .
Nlog N blog3logh
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From the above and (7.12), it follows that

7o (N) 225 (SN/4 Snyiz Sny20 SN/60>

NlogN ~ NlgN \ 4 12 20 60

225 1 1 1 1
log 3log 5 (42 122 202+602)
12
log3logh’

In the general case, the proof uses similar ideas, with the main steps being
equidistribution and an inclusion-exclusion argument. As in the previous section,
for each term of the form (7.1) contributing to mo(N), n = (n,) satisfies

max{n, :p € P} <o,
and if max{n, : p € P} = o then

{pe P:ny,=0} <K.
Furthermore, there is at least one term with
(7.13) max{n,:pe P}=cand {pe P:n, =0} =K.

In light of the upper bound provided by Lemma 7.1, terms of this form give the
dominant contribution to 7, (IN). Thus, to obtain the required asymptotic it suffices
to prove that

1Ml

1 (D" op
N‘T(logN)K—llzc; cr SN/b’(n)

(7.14)

convergences to a positive constant when n satisfies (7.13).
Choose a prime ¢ € P with n, = o and set P’ = P\ {q}. Write
1 P
aN = No(log N)E—1 SN/b(n)~

Then
[log, (N/bppi(e))]

1 /
N = N (log N)K—T Y. er(ne) >«

opr(€)<N/b eq=0

g€q

where n’ = (n,)peps. Treating the inner sum as a geometric progression as usual,
we see that ay is equal to

| S er et tin e @) ) LAy
(log V) 1 (@<N/b

where C1 =1/(1 — ¢~ 7) and
1

_ " n) ) — 1
B =0 (N"(logN)K‘lsN/b(n )> =0 <logN>
by Lemma 7.1.

Now let r € P’ be a prime with m,. = ¢ (such a prime exists by hypothesis) and
set W = P\ {q,r}. Then ay is, up to O(1/log N),
[log,.(N/bpw (e))]

D S B SR ST
08 ow ()<N/b er=0
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where m = (m,) € ZW is given by

np,—o ifn, <o,
m., =
P 0 if n, = o.

Llog,.(z/¢w (e))]
Z g llogq(@/ew (e)r )}

e,=0

1
© " log, (w/ow (e)

and
Tz (e) = ew (me)log(z/ow (e)).
Then, again up to O(1/log N), ay is

C
W Z jN/b(e)IN/b(e)a
ow (e)<N/b
where Cy = C1/logr. Since r and ¢ are distinct primes, the circle rotation by log,, 7
is uniquely ergodic, so there is uniform convergence for continuous functions in the
ergodic theorem (see Oxtoby [10, §5] for example). Hence, given € > 0, there is
an M such that whenever N/bpw (e) > M,

1
Inp(e) = / q Y dy +ons(e),
0
where |6y /,(e)| < €.

For N/bow (e) < M (that is, in the range N/bM < ¢w(e) < N/b) there exists
a uniform constant D for which

1
Insp(e) = /o q 7Y dy + Bnw(e)

where By /y(e)] < D.

Let
bv = > Twple),
ow (€)<N/b
cN = Z Inp(€)onys(e), and
ow (€)<N/bM
dy = Z NACEINACE
N/bM<pw (e)<N/b
Then

_ 1
=7
where C3 > 0 is independent of b.

1
an (log N)'=5(C3by + Cacy + Cody) + O < > )

log N

Lemma 7.5. We have the following estimates:

(a) (log N)'=Kby converges to a constant Cy > 0 that is independent of b;
(b) (log N)'=Klen| < Cse; and
(c) (log N)'=Edy converges to zero as N — o0o.
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Assuming Lemma 7.5 for the moment and setting Cg = C3C4, we deduce that

C
(7.15) any — b—: as N — oo.
This can be used to show that (7.14) converges to a positive constant, completing
the proof. To see this, first note that if Cg = 0 then (7.15) contradicts the lower
bound provided by Lemma 7.1, therefore Cg > 0. Furthermore, (7.14) converges to

C (_1)\I| |I|
6 Z C[b‘7 o 6 Z C[ BC[

IcJ I IcJ

1Ml

- Zlcm{z\zel}

where J' = {i°t! | i€ J}.
Finally, we turn to the postponed proof of the lemma.

Proof of Lemma 7.5. To prove (a), first note that we may write
1 by
(log(N/b) +logb)K—1
= (1+An) " (log(N/b))'*by
where Ay = O((log N)~!). Therefore, it suffices to prove that

(log(N /b))% by — Cu.

(log N)' Kby =

Write x = N/b and notice that

(log(N/b)' Kby = (loga)' ™ 3" Ti(e)

pw(e)<z

= (logz)'™™ Y pw(me)log(z/pw(e))
pw(e)sz

= (logz)'™™ > pw(me)(logz —e- (logp)pew).
pw(e)sz

Therefore, (log(N/b))!~¥bx may be written as a sum of |W|+ 1 expressions of the
form

(logz)~* Z ow (me)ed,

ow(e)<z

where d € N} satisfies
(7.16) k—d-1=K—2=|W\P,

with P defined by (7.3).
So, we must consider an expression of the form TV (m,d, k), defined by (7.5).
Let d be defined by (7.4). If d # d then d-1 < d - 1. Hence by (7.6) and (7.16),

1
W(m,d, k) = .
m,d,h) =0 (1)
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Thus, we need only consider those terms TV (m, d, k) with d = d. If P = &, then
proceeding as in Section 7.1, an induction using Lemma 7.3 shows that

1
TV (m,d, k) = C7; + 0O () ,
log x

where C7 is a constant independent of x. If P # & then again by induction using
Lemma 7.3, up to an error of O(1/logz), TW (m,d, k) may be written as a linear
combination of expressions of the form

T?(mv 0’0) = Z @F(m/e)

vp(e)<z
where m’ = (m,,) .. Moreover,
[P~ log, ] B [1og, o]
II > w»ostimon<][ > »m
peP p=0 pep P=0
S0
yel 1
P
peEP
as T — 00.

Thus, (log(N/b))!~Eby converges to a constant Cy independent of b which is
non-negative, as each term of the sequence is non-negative.
To prove (b), simply note that |cy| < bye. To prove (c), first notice

ldv| < D > Inyv(e)

N/bM<pw (e)<N/b

= D|by— Z Insp(e)

ew (e)<N/bM
Finally,
Ins(e) = Inym(e) + (log M)pw (me),
SO
(log N)'"Kldy| < D(log N)'"(by — byyar)
—D(log M)(log N)' =" S}, 5, (m)

1
_ 1-Kqp
= D(logN)" " (bn —bnym) +O (logN) ,
by Lemma 7.1. Since (log N)'=®by and (log N)~®by,/ns both converge to Cy, (c)
follows. O
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