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Abstract

Vertices arrive sequentially in space and are joined to existing vertices at
random according to a preferential rule combining degree and spatial proximity.
We investigate phase transitions in the resulting graph as the relative strengths
of these two components of the attachment rule are varied.

Previous work of one of the authors showed that when the geometric component
is weak, the limiting degree sequence mimics the standard Barab&dsi—Albert
preferential attachment model. We show that at the other extreme, in the
case of a sufficiently strong geometric component, the limiting degree sequence
mimics a purely geometric model, the on-line nearest-neighbour graph, for
which we prove some extensions of known results. We also show the presence of
an intermediate regime, with behaviour distinct from both the on-line nearest-
neighbour graph and the Barabdsi-Albert model; in this regime, we obtain a

stretched exponential upper bound on the degree sequence.
Keywords: Random spatial network; preferential attachment; on-line nearest-
neighbour graph; degree sequence
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1. Introduction

Stochastic models in which a network evolves via the sequential addition of new

nodes, each connected by an edge to an existing node in the graph according to some
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probabilistic rule, have been the subject of an explosion of interest over the past decade
or so, motivated by real-world graphs such as those associated with social networks or
the internet. The subject of this paper is a model whose connectivity rule combines
degree-based preferential attachment with a spatial component; we describe our model
in detail below. This model, previously studied in [11], is a variant of the geometric
preferential attachment model of Flaxman et al. [7,8], which itself can be viewed as a
generalization of an earlier model of Manna and Sen [12]. A continuous time model

with a similar flavour has recently been studied by Jacob and Morters [9].

In a sense to be explained in this paper, the behaviour of the model studied here in-
terpolates between pure preferential attachment (essentially the well-known Barabdsi—
Albert model) and a purely geometric model (the on-line nearest-neighbour graph). It
was shown in [11] that for a sufficiently weak geometric component of the attachment
rule, the limiting degree distribution coincides with that of the Barabédsi—Albert model,

which famously has a ‘scale-free’ or ‘power-law’ degree distribution [2,10].

The focus of the present paper is the complementary setting, in which the geometric
component has a significant impact. We show that in the extreme case of a dominant
geometric effect, the model behaves similarly to the on-line nearest-neighbour graph,
which by contrast has a degree distribution with exponential tails (cf [1]). We also
study an intermediate regime in which the model behaves differently from both of the
extreme cases, and in which the degree distribution satisfies a stretched exponential

tail bound. Thus we demonstrate the existence of non-trivial phase transitions.

In the next section we describe our models precisely and state our main results.

2. Random spatial graph models and main results

2.1. Notation

Write N := {1,2,...}, Z; := {0,1,2,...}, and R} := [0,00). The vertices of our
graphs are associated with sites in S C RY, assumed to be compact, convex, and of
positive d-dimensional Lebesgue measure. The locations of the sites are Xy, X1, ...,

independent random variables with density f supported on S. For n € N, set &), :=
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{Xo,...,X,}. We assume throughout that f is bounded away from 0 and co:

0 < Ao :=inf f(x) <sup f(z) =1 A\ < 0. (2.1)
zes zeS
We write || - || for the Euclidean norm on R?, and p(z,y) = ||z — y|| for the Euclidean

distance between x and y in R%. Denote by B(xz;7) the open Euclidean d-ball centred at
r € R? with radius r > 0. Throughout we understand log = to stand for max{0,logz}.
Let # A denote the number of elements of a finite set A.

2.2. On-line nearest-neighbour graph

The on-line nearest-neighbour graph (ONG) is constructed on points arriving se-
quentially in R? by connecting each point after the first to its nearest predecessor. The
ONG is a natural and basic model of evolving spatial networks. It is a special case (or
limiting case) of several models that have appeared in the literature, including a version
of the ‘FKP’ network model [1,5] and geometric preferential attachment models such
as [7,11,12] (specifically, it is the ‘e = —o0’ case of the model of Manna and Sen [12]);
one contribution of the present paper is to explore this latter connection. The name
‘on-line nearest-neighbour graph’ was apparently introduced by Penrose [16].

In the ONG on (Xo,...,X,), the nth edge (n € N) is between X,, and its (a.s.
unique) nearest neighbour among X,,_1. In other words, writing

m(n):= argmin p(X,,X;), (2.2)
i€{0,...,n—1}
the ONG on (X, ..., X,) consists of the edges (7,71 (%)) for 1 <i < n; it is natural to
view these as directed edges when constructing the graph, but we largely treat them
as undirected. We call X, () the on-line nearest neighbour of X,.

Let deg,, (i) denote the degree of vertex i in the ONG on (X, ..., X,). Let NONG (k)

denote the number of vertices with degree at least k in the ONG on (X, ..., X,):

n

NPNG (k) = 1{deg,, (i) > k}.

i=0
We study the asymptotic degree sequence, i.e., the asymptotic proportion of vertices
with degree at least k (for each k); for convenience we work with n=! NONG (k).

Part of the statement of our main result on the ONG, Theorem 2.1 below, is that

lim,, o nTIE[NONG (k)] ezists for each k; this was stated, apparently without proof,
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in [1, §2], but can be justified for the ONG using stabilization arguments of Penrose [16],
as we explain in Section 6 below. Stabilization also gives an explicit description of the
limit in terms of a version of the ONG defined on an infinite Poisson point process, as
we describe next; in particular, the limit depends only on d and not on S or f.

Let H be a unit-rate homogeneous Poisson point process on R? x [0, 1]; the [0, 1]-
valued marks play the role of time in the finite ONG. For u € [0,1], let H, := H N
(R? x [0, u]), those Poisson points with marks in [0, u]. For x,y € R? let B,(y) be the
open ball with centre y whose boundary includes z. Given x € R? and u € [0, 1], let

EmuwH) =1+ > {H,N(B:(y) x [0,1]) = {(y,v)}}.

(y,v)eH, v>u
By stabilization for the ONG (see [16]), &(z,u; H) < oo a.s. for any z € R? and any
u € (0,1). We call £(x, u; H) the degree of (z,w) in the infinite Poisson on-line nearest-
neighbour graph, defined locally by joining each point to the nearest Poisson point with
mark equal to or less than the mark of the given point; note that (z,u) itself need not

be in H. Let U denote a uniform [0, 1] random variable, independent of H.

Theorem 2.1. Let d € N. Then for any k € N,

lim n 'NONG(k) = lim n 'E[NONC (k)] = P[0, U; H) > k] =: px, (2.3)

n— oo n—oo

the first limit equality holding a.s. and in L'. Here p, € [0,1] are nonincreasing
with pr = 1, limg_ oo pr = 0, and ZkeN pr = 2. Moreover, there exist finite positive

constants A, A',C,C" such that, for all k € N,
Ale=CF < p < AeCF, (2.4)
and, more precisely,

%log (1 + (224 — 1)_1) < liminf (—k_l logpk) < lim sup (—k_l logpk) <1l (2.5)

k—o0 k—s00

Finally, there exists a constant D < oo for which, a.s., for all n sufficiently large,

) < . .
(nax deg,, (i) < Dlogn (2.6)

This result extends a result of Berger et al. [1]. Specifically, [1, Theorem 3] showed

Ae9F < liminf nIE[NONC (k)] < limsup n 'E[NONG (k)] < Ade=C*

n—oo n—oo

)
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degree 1 2 3 4 5 6 7 8 9 10

d=1 0.4728  0.2675 0.1394  0.0670 0.0304 0.0132 0.0056  0.0024  0.0001 0.0000

d=2 0.4777  0.2636  0.1369 0.0668 0.0308 0.0137  0.0060 0.0026  0.0001  0.0000

d =100 | 0.4999 0.2501 0.1250 0.0625 0.0312 0.0156 0.0078 0.0039 0.0002 0.0001

TABLE 1: Estimated P[¢(0,U;H) = k] (4dp) for 1 < k < 10, for d € {1,2,100}. For each d,
the estimates are based on 500 simulations with n = 105 for f uniform on the d-dimensional
torus, to avoid finite-sample boundary effects.

in the special case where d = 2 and f is the indicator of the unit square S = (0,1)2.
Our proof of Theorem 2.1, which we give in Section 6 below, is based in part on the
proof of the analogous result in [1], with additional arguments required to obtain the
existence of the limit and the almost-sure convergence in (2.3). Some extra work is
also needed to obtain the quantitative bounds in (2.5): the d = 2 case of the lower

16

bound, %log 1z, is contained in the argument of [1]; the other bounds are new.

Remark 2.1. In view of (2.5), it is natural to conjecture that, for each d € N,

lim (—k~'logpy) = p(d) exists in (0, 1];

k—oc0

the upper bound of 1 comes from (2.5). In [18, §7.6.5] it was conjectured that one
might have pu(d) = p = 1. The simpler, non-spatial, uniform attachment model in
which vertex n is connected uniformly at random to a vertex from {0,1,...,n — 1}
leads to an analogous result with u = log 2, as follows from [2, §4]. We think it unlikely
that u(d) € {1,log 2} for any d € N; we conjecture, however, that limg_, o u(d) = log 2.
Simulations suggest that (1) ~ 0.79, 1(2) ~ 0.77, and ©(100) ~ 0.69: cf Table 1.

2.3. Geometric preferential attachment graph

The geometric preferential attachment (GPA) model that we study is as follows;
often our notation coincides with [11]. We define a (random) sequence of finite graphs
G, = (Vo,E,), n € N. The vertex set of G, is V;, = {0,1,...,n}. For v € V,,, we
denote by deg, (v) the degree of v in the GPA graph G,, (viewed as an undirected
graph); this notation is the same as for degrees in the ONG, but the graph under
consideration will be clear in context.

The construction uses an attractiveness function F : (0,00) — (0,00). Recall that

Xo, X1, ... are random sites in S. For simplicity, we start with Gy = (V3, F1) consisting



6 JONATHAN JORDAN AND ANDREW R. WADE

of vertices with labels 0 and 1 joined by a single edge, so V4 = {0,1} and F; = {(1,0)}.
Vertices 0 and 1 are associated with sites Xy and X; in S, respectively.

We proceed via iterated addition of vertices to construct Gp41 = (Vi11, Ent1) from
Gn = (Vu,En), n € N. Given G, n € N, and the spatial locations X,, of its vertices,
we add a vertex with label n+1 at site X,,11 € S, and we add a new edge (n+1,v,41)

where v, 41 is chosen randomly from V,, with distribution specified by

deg, (v)F(p(X,, Xn
Plopss = v | G, Hpsa] = 280 ;) ((p)g - ) ey, 2.7)

where for n € Nand x € S, Dy (x) :=3_ oy, deg, (v)F(p(Xy, 7)).

We call G, so constructed a GPA graph with attractiveness function F. In [11], it
was assumed that [¢ F(p(z,y))f(y)dy < oo, so F cannot blow up too rapidly at 0. In

this paper, our primary interest is in F' for which this condition is not satisfied.

2.4. Strong geometric regime

For v > 1, define F,, for r > 0 by F,(r) := exp{(log(1/r))"}. Note that F.(r)
blows up at 0 faster than r~° for any power s. Recall that the convention logzx =
max{0,logz} is in force, so Fy(r) =1 for r > 1. Also, F,(r) is strictly decreasing for
r € (0,1), with F,(r) — co as r | 0.

Our main result in this setting (i) gives an almost-sure degree bound analogous to
(2.6) above for the ONG, and (ii) shows that the limiting degree sequence for the GPA
graph is the same as for the ONG, for a strong enough geometric component to the
interaction (under the condition v > 3/2). Let N$PA (k) denote the number of vertices
with degree at least k in the GPA graph G,,.

Theorem 2.2. Suppose that F' = F, for some v > 1.
(i) For any v € (0,1) with v > 2 — 7, a.s., for all n sufficiently large,
max deg,, (¢) < exp{(logn)”}. (2.8)
0<i<n

(i1) Suppose that v > 3/2. Then lim, oo Plv, =m1(n)] =1 and

n
m ”EZ 1{v; # m (i)} = 0. (2.9)
Moreover, for any k € N,
lim n 'NSPA(E) = lim n 'E[NSPA(K)] = p, (2.10)

n—oo n—oo
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the first limit equality holding in L', where py, is as in Theorem 2.1.

We give the proof of Theorem 2.2 in Section 4.

Conjecture 2.1. We suspect the conclusion of Theorem 2.2(ii) to hold for any v > 1.

2.5. Intermediate regime: power-law attractiveness

Take F(r) = r~° for s € (0,00). The next result contrasts with (2.9) in the strong
geometric attraction regime, and shows that in this case, in expectation, there is a

non-negligible proportion of vertices not connecting to their nearest neighbour.

Theorem 2.3. Suppose that F(r) = r—° for s € (0,00). Then limsup,,_, . Plv, =
m(n)] <1 and

liminfn_llEzn: 1{v; # m (i)} > 0. (2.11)

nee i=1
It was proved in Theorem 2.1 of [11] that in the case s € (0,d), under certain
conditions on S and f, the degree distribution of the GPA graph converges to a power-
law distribution, as in the Barabasi-Albert model: lim,, o, n 'E[NSFA (k)] = r where
ri ~ 2k~2 as k — oo. In contrast, the next result gives a stretched exponential upper

bound for the tail of the degree distribution when s > d.

Theorem 2.4. Suppose that F(r) =r—° for s > d. For any~ € (0, ﬁ), there exists

a constant C' < oo such that, for all k,

limsupn *NSPA(k) < Ce™, a.s., and limsupn 'E[NSTA(k)] < Ce .

n—o0 n—oo

This result confirms the presence of a phase transition in the character of the degree
distribution at s = d, as intimated in [11, §5] and in line with d € {1,2} simulation
results of [12] (who actually conjectured that the phase transition point was s =d—1)
and [6] (who did suggest s = d for the transition). The stretched exponential for s > d
is also consistent with the observations of [6,12]. We remark that as s — oo, Theorem
2.4 gives an upper bound of order almost e~ VE,

The rest of the paper is organized as follows. In Section 3 we collect some prepar-
atory lemmas. Section 4 deals with the strong geometric regime, culminating in the
proof of Theorem 2.2. Section 5 deals with the case of power-law attractiveness, and

presents the proofs of Theorems 2.3 and 2.4. Finally, Section 6 deals with the ONG

and gives the proof of Theorem 2.1.
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3. Preliminaries to the proofs

First we state a basic property of the set S, under our standing assumptions. Let wq

be the volume of the unit-radius Euclidean d-ball, and set diam(S) := sup, , g p(z,9)-

Lemma 3.1. There exists 0 > 0 such that, for all r € [0,diam(5)],
inf |B(z;7) N S| > dgwar?.
€S

Proof. Since S is convex, compact, and of positive measure, there exist xg € S and
ro > 0 such that B(xo;rg) is contained in the interior of S. It suffices to suppose that
either (i) p(x,x9) > 2rg, or (ii) p(x,x9) < 7r9/2. To see this, suppose that rg/2 <
plx,x0) < 2rg. Then we may carry out the argument for case (i) after having replaced
ro by 70/4, introducing only a constant multiplicative factor into the argument.

So now suppose that (i) holds. For r < rq, let C(z,r) denote the cone with apex z,
axis passing through zg, and half-angle 6(x,r) = sin~'(r/p(x,20)). Since p(zx,zq) <
diam(S), 6(z,r) > 0(r) := sin~'(r/diam(S)). By construction and convexity of S,
C(z,r)N S contains the cone segment {y € C(z,7) : p(x,y) < p(x, xo) cosb(z,r)}. So,
it p(z,z9) > 2r¢, then B(x;r) NS contains the cone segment {y € C(z,r) : p(z,y) <
r A7}, which has volume bounded below by cq6(r)4~1r, provided r < 7o, where cg > 0
is an absolute constant. Hence |B(z;7) N S| is bounded below by a constant times 7¢,
for all < rg. The same conclusion follows if € (rg, diam(S)), using the lower bound
caf(ro)?1rg > ¢ (ro/diam(S))4r? for ¢;; > 0 not depending on 7.

Finally, in case (ii), we have that B(x;r) NS contains the ball B(x;r A (r¢/2)), and

a similar argument to that for part (i) completes the proof.

We next give some basic results on nearest-neighbour distances. For n € N, let

Zp = p(Xp; X1) = min p(Xp, Xi) = p(Xn, Xy, (n)),

0<i<n—1
the distance from X, to its on-line nearest neighbour. Write % := z1{z > 0}.
Lemma 3.2. Let 65 > 0 be the constant in Lemma 3.1. Then for r > 0,

P[Z, > 7] < (1 — dsAowar?)"1{r < diam(S)}; (3.1)

P[Z, > 7] > (1 = Mwar®) )" 1{r < diam(S)}. (3.2)
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Proof. Conditional on X,,, we have, for any r» > 0, a.s.,

P[Z, > 1| Xn] = P[S N B(Xp;7) N Xy = 0| X,

= (1 — /SQB(X";T) f(x)dx) . (3.3)

Note that P[Z,, > diam(S)] = 0, so it suffices to suppose that » < diam(S). Then,
Ssward < |S N B(Xp;7)| < war?, as., (3.4)
for all r < diam(S), by Lemma 3.1. It follows from (3.3) and (2.1) that P[Z, > r |

X,] < (1= Xo|SNB(X,;r))", which, with the first inequality in (3.4), gives (3.1).
Similarly, (3.2) follows from (3.3) and (2.1) with the second inequality in (3.4).

Next we state a simple but useful result on degrees, which is basically Markov’s
inequality. Write N,, (k) for N9PA (k) or NONG (k). Either graph is a tree, so using the
degree sum formula and interchanging the order of summation we obtain

2n = deg, (i) =Y Y 1{deg,(i) >k} =Y N, (k).
i=0 i=0 k>1 k>1

So for any ko € N, 2n > Z],zozl Ny (k) > koNy(ko), since N, () is nonincreasing. Thus
N, (k) < 2n/k, a.s., for any k and n. (3.5)

Finally, we introduce some notation for dealing with conditional probabilities. Let
Fn = 0(Xy,v2,0s,...,0,-1), the o-algebra generated by the sites up to and including

X, and by the edge choices made on previous steps. Then F, contains all the

information about G,,_; as well as Xo, ..., X,,, and (2.7) can be expressed as
deg,, 1 (v)F(p(Xv, Xy))
Plu, = Fnl = L > 0,..., —1}. 3.6
[on=v | 7 b ve{0n-1) (36
Also set F, := (X, v2,03,...,05_1,0n), which adds to F,, information about G,,.

4. Proofs for strong geometric regime

In this section we prove our results from Section 2.4. First we outline the central
idea of the proof of Theorem 2.2, to show that X, joins to its on-line nearest neighbour
X, (n) With probability 1 —o(1) (cf Lemma 4.3). By (3.6), this probability satisfies

Plun = m(n) | 7] = B ),
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For F' = F,, the fact that F, is decreasing and the degree sum formula give

Dp1(Xn) = i degy, 1 () F (p(Xi; Xn)) < 208 (Wy) 4 deg, 1 (11(n)) 5 (Zn),
=0

where W, is the distance from X,, to its second nearest neighbour among X,,_1, so

20 (W)

Plon =m () [ Ful 21 = =577

With probability 1 — o(1), W,, > Z, + 0,, where 6, = o(n™*/%), so to show P[v, =

m(n)] =1 —o(1) it suffices to show that, as n — oo,

nFy(Z, + 6,)

Fy(Zn)

Taylor’s formula shows that this holds provided v > 2. Further progress requires

— 0, in probability.

control of both the vertex degrees and the number of ‘plausible alternatives’ for v,,.
Theorem 2.2(i) gives sufficient control of degrees to achieve the v > 3/2 case of
Theorem 2.2(ii). To achieve v > 1 (cf Conjecture 2.1) seems to need tighter control,
and a technique that enables one to replace almost-sure upper bounds growing with n
by ‘typical’ statistics, as might be available given some suitable stabilization property,
such as that enjoyed by ONG. This seems to be a challenging problem.
For v € (0,1) and n > 2 set B(n,v) := n~ /% exp{(logn)”}, and let

E(n> v) = {p(Xvn7 Xn) > 5(717 V)}7
the event that the edge from vertex n connects to any vertex outside B(X,; 8(n,v)).

Lemma 4.1. Suppose that F' = F, for some v > 1 and that v € (0,1) with v > 2 —~.

Then for any p < 0o, as n — o0,
P[E(n,v)] = O(exp{—yd"~7(1 + o(1))(logn)***~'}) = O(n7).
Proof. Note that for any v € (0, 1),
F,(B(n,v)) = exp {d~7(logn)” — vd"~7(1 + o(1))(logn)"*~'}. (4.1)
We obtain from (3.1) and (2.1) that

P[Z, > B(n,v)] = O(exp{—dsAowq exp{d(logn)”}}) = O(exp{—(log n)K}), (4.2)
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for any K < co. Fix v € (0,1) and choose v/ € (0,v). Then
PlE(n,v)] < P[Zy > B(n, )] + PIE(n,v) | Zn < B(n, )] (4.3)
Suppose that Z,, < B(n,v’). Then, since F,(r) is nonincreasing in r > 0,

deg,, 1 (11 (n)) Fy (p(Xyy (n)> Xn)) = Fy(Zn) = Fy(B(n, 1)),

so that D,,_1(X,,) > F,(B(n,v)), given Z, < (n,v’). On the other hand, any vertex
Jj < n with X; ¢ B(X,;8(n,v)) has deg,,_,(j)Fy(p(X;, Xn)) < nFy(B(n,v)), using
the crude bound deg,,_;(j) < n. Hence, by (2.7) and (4.1),

n—1

PE(n,v) | Z, < B(n,V)] = Z]P’[{vn =j}NE(n,v)| Z, < B(n,v)]

n?Fy (B(n,v))
£ (B(n,v"))

=0 (exp {210gn —d" (1 +o(1)) ((log n)?7 =1 — (log n)'y‘“’/_l) })

=0 (exp {—yd"""(1 4 o(1))(log )" 1}), (4.4)

provided that y4+v—1 > 1, i.e.,, v > 2 —~, which we can ensure by choosing v € (0, 1)
close enough to 1 since v > 1. The result now follows from (4.2), (4.3) and (4.4).

The next result is a bound on degrees that amounts to Theorem 2.2(i), and which

will also be an ingredient in our proof of Theorem 2.2(ii).

Lemma 4.2. Suppose that F' = F, for some v > 1. Then for any v € (0,1) with
v>2—7, a.s., for all but finitely many n € N, (2.8) holds.

Proof. Let v > 1 and v > 2 — 4. By Lemma 4.1, P[E(j,v)] = O(;~2). Hence, by
the Borel-Cantelli lemma, for only finitely many j € N does the vertex j connect to a
vertex ¢ < j with p(X;, X;) > B(j,v). It follows that there exists some finite random
variable D, =1+ 372, 1(E(j,v)) such that, for all n € N and all i € {0,1,...,n},

degn(l) < Dy + Z fi,j7
j=i+1

where we set & ; = 1{p(X;,X;) < B(j,v)} for i # j and &;; := 0. Hence

n

y < e .
Oléliagxn degn(l) S DV + Oréliagxn Zlgz,j (4 5)
j=
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For fixed 4, conditional on Xj;, the n — 1 terms & ; with j # ¢ in the sum on the
right-hand side of (4.5) are independent and {0, 1}-valued, and a suitable version of
Talagrand’s inequality (see e.g. [14, p. 81]) will show that their sum is concentrated

around its mean (in fact, we only need an upper bound here). Specifically, for n € N,

EZ&%J ZPX EB(vaﬁ ]7 Zﬁ .]7 I (46)
j=1

uniformly for ¢ € {1,...,n}, where the implicit constants depend on S, A\g and Ay (we

use Lemma 3.1 here). We claim that
> B, v)" = exp{d(logn)”(1+o(1))}. (4.7)
j=1

To verify (4.7), we combine the upper and lower bounds

Z:ﬁ(j7 < Z = exp{d(logn)”} < (1 + logn) exp{d(logn)”}, and

S8z Y+ expld(log(n/2))} 2 3 exp{d(og(n/2))"}.
j=1 j=In/2]

From (4.6) and (4.7), we have EY ", & ; = exp{d(logn)”(1 + o(1))}. Talagrand’s

inequality implies that for all n,

max P Z&J > exp{2d(logn)”}| < O(exp{—e?loe™)" 1)

0<i<n c
j=1

which is O(n™3), say, so that Boole’s inequality yields

P | max qu > exp{2d(logn)’}| = O(n"?).

0<i<n

Now another application of the Borel-Cantelli lemma together with (4.5) completes

the proof of the lemma, noting that v > 2 — v was arbitrary.
The main step remaining in the proof of Theorem 2.2 is the following.
Lemma 4.3. Suppose that F' = F, for v > 3/2. Then Plv, # ni(n)] = 0 as n — oo.

Proof. Take a sequence 6,, > 0 with 6,, = o(nfl/d), and, given X,, and Z,,, define
the shells A,, := B(Xy; Zy +0n) \ B(Xn; Zn). Let ay, := #(A, N X1\ {X,),(n)}), the

number of predecessors to X,,, other than its on-line nearest neighbour, inside A,,.
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Conditional on X,, and Z,, the points of X,_1 \ {X

m(n)} are independent and

identically distributed on S\ B(X,; Z,) with conditional distribution given for meas-
urable I' C S\ B(X,; Z,) by P[- € I'] = [} gn(x)dx, where

) /(@)
(") = 5%y € S\ B(X: Z0) | X 2]’

Note that, a.s.,

1
P[Xo € S\ B(Xn: Z0) | X, Zo] = 1 —/ F@)de > 1 \wazl > X,
SNB(Xp:Zn) 2

provided Z,, < (2)\1wd)_1/ ¢, Moreover, S N A,, has volume bounded above by
Wi Zp + 0,)% — waZ8 < Cyh, (0971 + 7371,

for some Cy < oo depending only on d. Hence, conditional on X, and Z,,, each of the

n — 1 points Xo, ..., X1, excluding X, (), lands in A,, with probability at most

fSﬂAn f(z)dx
P[XO S \ B(Xn§ Zn) | XmZn]

<2 Cabn (0371 + 2371 + 1{Zn > (20awa) /%),
It follows that
Elan | Za) < 20 Candn(057" + Z571) +n1{Zn > (2hawa) /).

Taking expectations and using (3.1) we have nP[Z,, > (2\1wq) /%] = o(1), while, for

any « > 0, by another application of (3.1), for some C < oo,
E[Zy] = / P[Z, > rY/*dr < / exp{—Cnr?/*}dr,
0 0

which gives E[Z2] = O(n~%/%). Hence E[a,] = O(0%n)+0(0,,n*/%)+0(1), which is o(1)
provided 6,, = o(n~/?), so that, by Markov’s inequality, P[a,, > 0] < E[a,] = o(1).

Now we condition on the whole of F,,. Again take 8(n,v) = n~'/%exp{(logn)"}.
Let E!, denote the event that X, is joined to a point outside B(X,,; Z,, + 0,,):

El = {p(Xy,, Xn) > Zn+ 0}
Also, for a constant b > 1 (which later we will choose to be large), set

E!:={Z, <b 'n"Y4u{Z, > bn V.
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Finally, define the event (for another constant C' to be chosen later)
By = {# (X010 B(Xn; B(n,v))) = Cexp{d(logn)”}}.

The ball B(X,;3(n,v)) has volume bounded above by wsn~=texp{d(logn)’}. The
events {X; € B(X,;8(n,v))}, 0 < j < n—1 are independent each with probability
at most Ajwgn~!exp{d(logn)’}, so # (X,_1 N B(X,;B(n,v))) is stochastically dom-
inated by a binomial (n, \jwgn~! exp{d(logn)”}) random variable. Standard binomial
tail bounds show that, for an appropriate C < oo, P[E!'] = o(1).

Since {a, = 0} N (E})° implies that X,, is joined to its on-line nearest neighbour,

Plo, # m(n) | Fu] < PIE, | Fall({an = 0} N (E])° N (E})°)

+1{a, > 0} + L(E") + 1(E). (4.8)

For any € > 0, Lemma 3.2 shows that we can choose b and ng sufficiently large so
that P[E)] < € for all n > ng. We have already seen that Pla, > 0] = o(1) and
P[E]"] = o(1). We also claim that

PE), | Full({an =0} N (E N (EY)) = 0o(1), as. (4.9)

The bounded convergence theorem implies that the expectation of this last quantity is
also o(1), so taking expectations in (4.8) we see that for any € > 0, we may choose b
such that limsup,,_, . P[v, # n1(n)] < e. This gives the statement in the lemma.

It remains to prove the claim (4.9). First we note that
Dy 1(Xp) > degn—l(Ul(n))Fw(P(Xm(N)’Xn)) > F'V(Zn)-

On the other hand, on {a, = 0}, any alternative X; to X, (,) among X,_; is at
distance at least Z,, + 0,, from X,,, so that for j # n;(n),

deg,, 1 (1) F5 (p(Xj, X)) < exp{(logn)”} Iy (Zn + b)), as.,

for all n large enough, by Lemma 4.2, provided v € (0,1) with v > 2 —~.

On (E!")° N {ay, = 0}, the contribution of points inside B(X,; 5(n,v)), other than
X1 (n)s t0 Dyp—1(X5,) is bounded above by Cexp{2d(logn)”}F,(Z, + 0,), since there
are at most O(exp{d(logn)”}) of these points, their degrees are at most O(exp{(logn)”}),

a.s., by Lemma 4.2, and they are all at distance at least Z,, + 6,, from X,. Moreover,
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similarly to as in the proof of Lemma 4.1, the contribution to D,,_1(X,) from any
points outside B(X,; B(n,v)) is at most n?F, (8(n,v)).
So from (3.6) we have, on {a, = 0} N (E!)°, for all n large enough,

C exp{2d(logn)"} F.(Z,, + 6,,) + n*F,(B(n,v))
Fy(Zn) '

PE;, | Fn] <

Here, similarly to (4.4),

n’F,(B(n,v))

(Zy O(exp{—c(logn) " ~1}),

for some ¢ > 0, as long as v > 2 — . Also we have that, on (E/)°,

W = exp {(log(l/Zn))7 ((1 + log(lljc:g(gz/zn))y - 1) }

= exp {—c’(logn)'y_lnl/den(l + 0<1))} ,

for some ¢ > 0, if 6, = o(n~'/%). In particular, for v — 1 > v, we can choose
0, = n'/?(logn)'~7*v+¢ for some ¢ > 0 and 1 —y + v +¢ < 0. The constraints

v—1>vand v > 2 — v entail v > 3/2. With this choice of 6,,, we thus verify (4.9).
Now we can complete the proof of Theorem 2.2.

Proof of Theorem 2.2. Part (i) is Lemma 4.2. It remains to prove part (ii). Let
R, = > ", 1{v; # m(i)}. Then, by Lemma 4.3, ER,, = o(n), which gives (2.9).
Moreover, the obvious coupling is such that, given X, and G,, one can transform
the GPA graph G,, into the ONG on the same vertex sequence by the reassignment
of the endpoint with smaller index of R,, edges, so affecting the degrees of at most
2R,, vertices. Hence, with this coupling, for any k € N, n=* [NFFA (k) — NONC (k)| <
2n~1R,,, which tends to 0 in L*. Now the L' limit statement in (2.3) yields (2.10).

5. Proofs for power-law attractiveness

5.1. Rejecting on-line nearest-neighbours

‘We introduce some notation on Voronoi cells that will also be used in Section 6. Let

V(i) denote the (bounded) Voronoi cell of X; with respect to &, in S, i.e.,
V(i) ={z e S:p(z,X;) <min{p(z, X;): 0<j<n,j#i}}. (5.1)

We need an elementary result showing that Voronoi cells are unlikely to be very small.
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Lemma 5.1. For any z > 0, with §s > 0 the constant in Lemma 3.1,
PV, (i)] < 2] < 2%\ 65 nz. (5.2)

Proof. We follow the idea from [1, p. 311]. If no X; with 0 < j < n, j # ¢ lies
in B(X;;7), then SN B(X;;7/2) € V,(i) and hence |V,,(i)| > dswa(r/2)¢ by Lemma
3.1. That is, P[|V,(i)| > dswa(r/2)4] > P[X, N B(X;;7) = {X;}]. Complementation
then shows that |V, (¢)| < z (¢ > 0) implies that at least one of n points X falls in

B(X:;22Y%/(wg6s)*%). Now (5.2) follows from an application of Boole’s inequality:
P[[Va(i)] < 2] < nP[X; € B(X;;22Y4/(wads)V4)] < 2265 Minz.
Take F(r) = r=*® for s € (0,00). To prove Theorem 2.3, we consider the event
{vn, #m(n)} that X, is joined to a point other than its nearest neighbour.

Proof of Theorem 2.3. Extending the notation of (2.2), for £ € N we let ny(n) be the
index of the /th nearest neighbour of X,, among &, 1. Again set Z,, = p(X,,, Xy, (n))
and W,, = p(Xy, Xy, (n)). Then by (3.6),

Plo, # m(n) | Fal > Plv, = n2(n) | Fal > F(W,) )
Plo, =mn) | Fu] ~ Plop =m(n) | Fo] — deg,_1(m(n))F(Zy)
Re-arranging and using the fact that F'(r) = r~%, we obtain
Plo, # m(n) | Fu] > ! > Zn/Wa) (5.3)

~ 14deg, 1 (m(n)(Wn/Zn)* — 2deg, _1(m(n))
Then (2.11) will follow from (5.3) together with the following two claims: first, there

exist constants ko € N and 6y € (0,1) such that

lim inf P[deg, (1 (n + 1)) < ko] > 260, (5.4)

n—oo

and second, that for any 6 > 0 there exist constants ¢, C' € (0, 00) such that,
P[Z, > en Y9 >1—(0/3), and P[W, <Cn~ Y9 >1—(0/3), (5.5)

for all n sufficiently large. Indeed, it follows from (5.5) that P[Z,/W, > ¢/C] >
1 —(26y/3) for suitable choice of ¢ and C, so that, by (5.3) and (5.4), Plv, # n1(n) |
Fn] > ﬁ(c/ C)* with probability at least 6y /3 for all n sufficiently large. Then, taking

expectations, we obtain (2.11). Thus it remains to prove the claims (5.4) and (5.5).
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The idea behind (5.4) is that a large proportion of vertices have degrees bounded
above by some kg, and the union of the corresponding Voronoi cells will have volume
bounded uniformly below in expectation, so that X, 1 will have such a vertex as its
nearest neighbour with strictly positive probability. We formalize this idea.

With I, (k) := {i € {0,...,n} : deg, (i) < k}, we have #1,,(k) = n+1—NSPA(k+1).
Taking ko = 9, we obtain from (3.5) that #I,(ko) > 4n/5 for all n. Each vertex
i € I, (ko) is associated with a Voronoi cell V,,(4).

Let A, (r) =#{i € {0,...,n}: |[V,(i)| > r/n}. Then

E[An(r)] =Y PIVa(i)| = r/n] = (n+ DP(Va(i)] = r/n],

i=0
by exchangeability. Here, by (5.2), P[[V,,(i)| > r/n] > 1 — 29\;55'r. Hence we can
(and do) choose r = rq sufficiently small so that E[A,(rg)] > 9n/10, say. Then, by
Markov’s inequality and the fact that A, (ro) <1+ n,

1+ (n/10)

P[A, (o) <n/2) <Pln+1— Ay(ro) >n/2] < < 1/4, for all n > 40.

So P[A,(rg) > n/2] > 3/4 for all n > 40. On {A,(r9) > n/2}, since #I,, (ko) > 4n/5,

at least 3n/10 vertices in I, (ko) have Voronoi cells of volume at least ro/n, so

U

1€1n (ko)

P

> 37“0/101 > 3/4, (5.6)

|

for all n sufficiently large. Hence

> \E

U v

P[degnoh(nﬂ))<k01>P[Xn+1e U Vald)

i€l (ko)

which with (5.6) gives (5.4), for 20y = 9r¢A¢/40 > 0.

Finally, (5.5) can be verified by a similar argument to Lemma 3.2.

5.2. Stretched exponential degree estimates

Throughout this section we take F(r) =r~*° for s > d. By (3.6), for 0 <i<n —1,

deg, 1 (1)p(Xi, Xpn) ™

Plo, =i | Fol = = ' —
Zj:o deg,, 1 (j)p(X;, Xn)

Define, for any = € S,

n—1

Gor (@) 1= n 1S (X, 2) " (5.7)

Jj=0
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Then we can write
deg,, 1 (i)p(Xi, Xn)~*

Plv, =i | Fn] < 5.8
[vn =i | Ful T 1 (X0) (5.8)
The next result gives an estimate for the probability that ¢,—1(X,,) is small.
Lemma 5.2. There exist constants Cy < oo and ug > 0 such that, for allt > 0,
lim sup P[¢,,—1(X,) < #] < Coexp{—upt™ ¥~} (5.9)

n—oo

Proof. First, for fixed x € S, we have the tail estimate, for » > 0,
Plp(X;,2)™° > r] = P[X; € B(x;r~ V)] > Mgdswar™ Y,

using (2.1) and the lower bound in (3.4). Hence (,—_1(x) stochastically dominates
Cn1 = n—5/4 22;01 &;, where &; € Ry are i.i.d. with P[¢; > 7] = M\gdswar™%*. Here
(n—1 converges in distribution as n — oo to a random variable ¢ with a positive stable

law of index d/s € (0,1). Hence, for all € S and any ¢ > 0,

limsup P[¢,—1(z) < t] < nhﬁn;o Pl¢n—1 <t]=P[¢ <.

n—roo

Given that ¢ is a random variable with a positive stable law with index « € (0, 1), for
p > 0 the random variable (7 satisfies E[exp(u¢~?)] < oo for u > 0 in a neighbourhood
of zero, provided p < 12~ see e.g. the proof of Lemma 1 in [3]. Hence there exist
up > 0 and Cj < oo such that, for p = S%d > 0, Elexp(uo(™?)] < Cp. Thus P[¢ <t] =

Plexp(ug(™P) > exp(ugt—?)], and the result now follows from Markov’s inequality.

The next result is a conditional version of (5.9), given X,,_1. The proof uses a
concentration argument based on independently ‘resampling’ sites. Let X{, X7,...
be an independent copy of the sequence Xg,Xp,.... For 0 < i < n, let X! =
(Xo,y.. o, Xic1, X, Xit1,..., X,), the sites X, but with X; replaced by X/.

Lemma 5.3. There exist constants C; < oo and uy > 0 such that, for anyt > 0, a.s.,

limsup P[Cr—1(X,) <t | Xo1] < Cexp{—u t~ =D},

n— oo

Proof. We approximate the indicator function 1, by x} : Ry — [0, 1] defined by
1 ifz <t
Xp (@) =q1—(z—t)n® ift<az<t+n"

0 ifx2t+n_5,
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where § > 0 is a constant to be specified later. Then

]P)[Cnfl(Xn) <t | anl] = E[l[o,t](éhnfl(Xn)) | anl]

< E[X?(Cnfl(Xn)) | Xn*ﬂv
and X} has the one-sided Lipschitz property x7(r) — x7(s) < n’(s —r)*. Now
Bl (Cn1(Xn)) [ Xna] = /Sf(w)x?(cnfl(w))dx = ¢(Xn-1)

for some measurable ¢ : S™ — [0,1]. To obtain a concentration result for ¢p(X,,—1), we

estimate ¢(X_;) — ¢(X,—_1). We introduce the notation
no1 (@) = Guor (@) + 0 (p(X,2)7° = p(Xiy2) ™) (5.10)
the change in the quantity given by (5.7) on resampling X;. Then, for r,, > 0,

HX ) — (Xy) < / f(a)da + /S 1) 08 (1 (@) = X2 (Cnor (2))) d

B(X;;rn) \B(Xi;rn)
<t [ 0 @) (Gale) - G (@) da
S\B(Xi;rn)

using the one-sided Lipschitz property of x}. Now, by (5.10),
(Gu1(@) = G (@) " < = p(ar, Xi) ™ < /e,

provided = ¢ B(X;;7,). So we obtain ¢(X! ;) — ¢(X,_1) < Mwgre + ndn=s/dr s,

Since s > d, we may choose d > 0 such that (s/d) —§ > 1. Take r, = n~" where

(s/d)—6
s+d

V= > (0. Then we have that, for some constant C' < oo,

_ d(s/d)=9)
s+d

P(X_1) = (Xo1) < Cn < Cn~a,

A version of Talagrand’s inequality [13, Theorem 4.5] yields, for some ¢; > 0,
Pllp(Xn—1) — mp—1]| > 7] < 4dexp {—cln%ﬁ} , for all » > 0, (5.11)

where m,,_1 is a median of ¢(X,,—1). In turn, (5.11) implies, by Lemma 4.6 of [13], that
[Mp—1—Ed(Xn—1)| < czn_s%d for some 3 < 00. Here E¢p(X—1) = E[X7((r-1(Xn))] >
P[¢n—1(Xy) < t], which for a fixed t > 0 is bounded below uniformly in n, as can be
proved using an analogous argument to the proof of Lemma 5.2, this time using the

upper bound in (3.4). It follows that, for some c3 > 0,

Pl¢(X_1) > 2EH(X_1)] < dexp {—c:),n%} . (5.12)
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The right-hand side of (5.12) is summable in n, so the Borel-Cantelli lemma shows

PlCn-1(Xn) <t | Xpo1] < ¢(Xyo1) < 2EP(X,—1), as.,

for all but finitely many n. Here, for ¢t > 0,
E¢(Xn—1) < PlCn-1(Xn) <t +n"°] S P[¢ro1(Xy) < 21]

for all n large enough. Now the statement follows from (5.9).

Choosing t = k~7~49/4 with v € (0,1) in Lemma 5.3, we obtain the key estimate

lim sup P[¢, -1 (X)) < k7D X, ] < Crexp{—u1k™}, as. (5.13)
n—oo
In what follows, Cs, Cs, ... represent constants not depending on n or k. We have,

]P[Un = ia gn—l(Xn) >t | -/.:.n—l] S P[P(Xan) S anl/d | -/T:.n—l]
+ Plon, =14, p(Xi, Xn) > Bn™ Y Co1(Xn) >t | Fril, (5.14)

for any B > 0 and any ¢ > 0. The first term on the right-hand side of (5.14) is at most
CoBIn~! and the second term, by (5.8), is bounded above by

d
ef" /1(1 /f p(Xi,2)~*1{p(X;,z) > Bn~ Y dz.
nS

For s > d, the latter integral is bounded above by

C3/ p—spd—ldp — C4Bd_sﬂ(s/d)_1.
Bn—1/d

Hence we obtain from (5.14) that

Plon, =i, Co1(Xn) >t | Fruq] <nt (CQBd + %Bd—s degnl(i)> : (5.15)

For ease of notation, let qk ) be the proportion of vertices of G, with degree at
least k, so that q(") := (n+1)"'NSPA(K). Then the proportion of vertices of G,, with

degree k is equal to q( " q,(:gl, so that (5.15) yields

P[degn_1(%) = k; Cn—l(Xn) >t I ﬁn—l] - Z ]P[Un - i, Cn—l(Xn) >t | ]}n—l]

ideg,, ; (i)=k

C
< (a0 - ") (@Bd Bt k>
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We take t = k=7=D/d for v € (0,1), and choose B = kO/D+1/5)(1=7) to get

Pldeg,, 1(va) = K, Gur (Xa) > K| Fy] < O3 (g™ — gy )R+ @/907),

Now incorporating the case where (,,—1(X,,) is small, using (5.13), gives, a.s.,
Pldeg,,_; (va) = k | Fu1] < Coe ¥ + Cs (q,i"*” - q,i’;”) k°, (5.16)

for all n sufficiently large, where we have set 8 = v+ (d/s)(1 — ). For any k, between
times n — 1 and n, the number of vertices of degree at least k either stays the same, or

increases by exactly one if and only if deg,, _;(v,) = k — 1, so that deg,,(v,) = k. Thus

n od n—1 1 n—1 nd n—1
]E[ql(ﬁ)l | Fr1] — Q;(Hl )= ntl (nq](<;+1 ) + Pldeg, 1 (vn) =k | ]:n—l}) - qli-q—l )v

and we may express (5.16) as

n ad n—1 1 —u n—1 n—1 n—1
B, | Foctl — 077 < L (Cu¥” 4 G (40 = 2) 17 - 077
1 y n— ne
= — (Coe™ " + g D Csk? — g1V (1 + Cok7)) (5.17)

If we suppose that q,(cn) < 73, for some 75, and all n sufficiently large (which we can,

of course, always do for 7, = 1) then (5.17) gives, for n large enough,

n 7 n— 1 —u n—
Elg™, | Fuot] — a7 " < - (06e o CskP — "7 (1 + Csk5)> . (5.18)

The final step in the proof of Theorem 2.4 is an analysis of (5.18) that will enable us
iteratively to improve the bound 7y; this uses the following stochastic approximation

result, which is related to Lemma 2.6 of [15] and of some independent interest.
Lemma 5.4. Let (Gn;n € Z4) be a filtration. Let g be a bounded function on Ry. For

n €Ly, let Yy, rn, &y be G, -measurable random variables, with Y,, € Ry, and

Yn+1 - Yn S Yn (g(Yn) + fn—i-l + rn) ) (519)

for constants v, > 0. Suppose also that
(i) El&ps1 | Gn) =0 and E[¢2 ., | Gn] < C for some constant C' < oo;

(i) >, v =00, >, Y2 < o0, and Y., Vn|rn| < 00 a.s.;

(iii) g(y) < =0 fory > yo for constants § >0 and yo € Ry.
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Then limsup,, , ., Y, < yo, a.s.

Proof. Summing (5.19) we obtain Y,, — Yy < M,, + 4, for any n € Z,, where

n—1 n—1
My = wéer, and A = 9 (9(Ye) + 1)
k=0 k=0

the G,-martingale M,, and G,,_1-measurable A,, constitute the Doob decomposition of

the process whose increments are the right-hand side of (5.19). By (i),
E[Mg = My | Go] = E[(Mp41 — Mn)? | Ga] < Oy, as.,

which is summable, by (ii), so the increasing process associated with M, is a.s. bounded.
Hence M, — M, a.s., for some finite limit M. Also, writing R, = E:;é YETk, We
have R, — Roo a.s. for some finite limit R, by (ii). In particular, for any ¢ > 0,
there exists an a.s. finite N such that,

sup sup |Myym — My| <e/4, and sup sup |Rnim — Rn| < /4.

n>N m>0 n>N m>0
Consider some n > N for which Y,, > yo. Let x, be the first time after n for which
Y. < yo. Then, by summing (5.19) again, for m > 0,

(n+m)Akp—1
}/(n—&-m)/\n" - Yn < M(n-i—m)/\nn - Mn + R(n-‘rm)/\nn - Rn + Z 7kg(Yk)
k=n
(n+m)Aky,—1

-6 Z Yk -

k=n

<

N ™

In particular, on {k, = oo}, letting m — oo the left-hand side of the last display
remains bounded below by —Y,, while the right-hand side tends to —oo, by (ii); hence
Kn < 00 a.s., and the process returns to the interval [0, yo] without exceeding Y;, + «.
Moreover, Y, 11 —Y, < §4+7,9(Yn) <&, for all n > N large enough, since g is bounded
and 7, — 0. Hence Y,, < y¢ infinitely often, and, for all but finitely many such n, any
exit from [0, yo] cannot exceed yo + €; but starting from [yo, yo + €] the process returns
to [0, yo] before reaching yo + 2¢. Hence limsup,, , . Y, < yo+2¢, a.s. Since € > 0 was

arbitrary, the result follows.

Proof of Theorem 2.4. Setting G, = F,, Y, = q](;jr)l, Tn = #_2, T =0,

9(y) = Coe™ 4 Csk? —y(1+Csk?), and &ra = (n+2) (q31" — ElgfSV | 7))
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we apply Lemma 5.4 to (5.18). Note that, since NGPA(k) is F,-measurable,

€nt1 = N3 (b +1) —EINFR (k+1) |

= NGPR(k+1) = NSPA(k + 1) = E[NGER (b + 1) — NFPA (R + 1) | Fl,

which is uniformly bounded, since 0 < NGFP (k) — NFPA(k) < 1, a.s. Hence the

conditions of Lemma 5.4 are satisfied for any

C6eiu1k7 + TkCE,kﬁ
1+ Cskf ’

Yo >

and we deduce that

w — Coe™"¥ +7,Cok”

lim sup ¢q,.
nA)OOPQkJ,-l — 1 4 05]6'8

(5.20)

In particular, if q,in) < 7 for all but finitely many n, a.s., then (5.20) implies that
q,(:gl < 741 for all but finitely many n, a.s., where
206671“]6“{ + TkC5I€ﬁ
oy =
kol 1+ Cskf

(5.21)
Defining o, > 0 via 7, = 2Cs0,e~ %", we obtain from (5.21) , after some algebra,

Q41
Ok4+1 — O = (1 — Q41+ HCW) (1—o0k) — (1 = apy1),

where ajy 1 :=exp{us (k+1)" —k")} =1 +yur k" + O(k7™2), as k — oo.

Then, assuming that 8 < 1 — =, it is straightforward to check that,

Q41

1
~ k .
1+ C5k5 051{)57 as k= oo

1—apyr +

Hence we may apply Lemma 1 of [10] to see that limy_, o o = 1, provided § < 1 — 7,

ie, v < ;;_‘fi. For any such ~, we thus obtain limsup,,_, . q,(cn) < 7 < 3Cge k"

a.s., for all k sufficiently large, giving the almost sure statement in the theorem. Then

the reverse Fatou lemma yields the statement on expectations.

6. Proofs for the on-line nearest-neighbour graph

In this section we prove Theorem 2.1. Our argument extends the 2-dimensional

argument of [1, §3.1], who considered the uniform distribution on the square.
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Recall the definition of the Voronoi cell V, (i) from (5.1). Then
Vnia (i) = Va(i) N {z € 5 p(z, Xi) < p(x, Xni1)} S Vali). (6.1)

A key fact is provided by the following lemma, which will be used to show that the
volume of a Voronoi cell associated with a vertex in the ONG shrinks, on average, by

a positive fraction whenever a new vertex lands in the cell.

Lemma 6.1. Let R C S be convex, and let X be a random point in S distributed
according to the probability density f satisfying (2.1). For xzg € R, let R' = {x € R :
plx,x0) < p(z,X)}. Then there exists & > 0 not depending on R or xo such that

E[|R|| X € R] < (1-0)E[R]].

Proof. Without loss of generality, take xo = 0 € R. Partition R according to the
Cartesian orthants as Ry, ..., Rea. For each j, any two points x,y € R; have the same
signs in corresponding coordinates, so ||z —y|| < ||+y]|, and hence (z+y)/2 is closer to
z (and to y) than to 0. Thus, given X € R;, any point z of R} := {(X +y)/2:y € R;}
has ||z —X|| < |lz—0]|, and, by convexity, R} C R;. Hence, given X € R;, R C R\ R/.
By construction, R}' is a translate of R; scaled by a factor of 1/2, so

2d
E[|R|| X € Rl < |R|- > 27|R;|P[X € R, | X € R]

j=1

2d
< Rl =27 (o/A)IRITH YR
j=1
: e . 24 2 —d2? 2 _ o—d|p|2
using (2.1). Now, by Jensen’s inequality, >, |R;[* > 279(305_, |R;[)° = 27| R[%,
and the claimed result follows with § = 2729)\y/\;.

Next we give bounds on expectations for NONG ().

Lemma 6.2. Let d € N. Suppose that (2.1) holds. Then there exist finite positive
constants A, A’,C,C" such that, for all k € N,

A'e=C"F <liminf n 'E[NONC (k)] < limsup n "E[NONC (k)] < Ae=CF, (6.2)

n—00 n— 00

Moreover, more precisely,

— liminf (kfl log (liminfnilE[N,?NG(k)])) <1, (6.3)
k—o0

n— oo
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and, in the case where f is the uniform density on S,

—limsup (kl log <limsupn1E[N,?NG(k)]>) > %1og (1+@2* -1 . (64

k—o0 n— oo

Proof. First we prove the upper bound in (6.2), using an argument based in part
on [1, §3.1]. Fix i € Zy. Let to = i and for j € N define recursively ¢; = min{t >
tj—1: Xy € Ve_1(4)}, so that t1,1o,... are the times at which edges to X; are created.
Following [1, p. 311], let W; = V. (4).

Observe that if ¢ has degree greater than k in the ONG on (Xo,...,X,), n > i,
then necessarily ¢, < n, and so also |V, (7)| < [V, (4)] = [Wk|, by (6.1). Hence,

Pldeg,, (i) > k] < P[[Wg| > 2] + P[|V,(i)| < 2], for any z > 0. (6.5)

We bound each of the probabilities on the right-hand side of (6.5) in turn, and then
optimize the choice of z.

By definition, X;, is distributed according to the density f, conditioned to fall in
the convex set Vi, _1(i) € V;,_,(i) € S. Hence Lemma 6.1 shows that E[[W;|] <
(1 —0)E[|W,_1]], where § € (0,1) depends only on d and X\g/A1, and

. . 1 .
E[W,1] < (1= VEIVG)] = — (01— 9’
since the vector (|V;(0)],...,|V:(7)]) is exchangeable and its components sum to 1, so

E[|V:()I] = H—% Markov’s inequality implies that, for any z > 0,

P[] > 7] (1-a). (6.6)

< Z_—
T zi+1

The final term in (6.5) is bounded above by (5.2). Combining (6.5) with (6.6)
and (5.2), we obtain, for any z > 0, P[deg, (i) > k] < %P%l(l — 0)F 4+ Onz, where
C < oo depends only on d, S, and A;. The optimal bound is obtained on taking

z=(1-06)%2/\/Cn(i+1), and we conclude

P[deg,, (1) > k] < 2(1 — 5)’“2,/2_0—"1. (6.7)

The upper bound in (6.2) follows from (6.7), since

E[NNC (k)] = iﬂb{degn(i) > k] < C'n(1 - 6)*2,
=0
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for some C’ < oo not depending on k or n. The statement (6.4) also follows, since
when \g = A\, we have from the proof of Lemma 6.1 that we may take § = 272¢.

To prove the lower bound in (6.2) as well as (6.3), we use a similar idea to that briefly
outlined for the analogous argument in [1, p. 311], but filling in the details takes some
work, and we must be more careful with our estimates to obtain the quantitative bound
(6.3). First note that, for j > ¢, the (unconditional) probability that X is joined to X;
is Pimi(j) =i] =P[X; € Vj—1(2)] = 1/j. Write dy, (i) := E[deg,,(¢)]. Then, for i € N,

—1+Z [m () = 1] Zzn:} /nldyzlog(n/i).
j=it1 =i J i Y
Let 6 > 1. For k € Zy, let H? ; := NN [1,e"%n]. Then for any i € HY ., d, (i) >
log(n/i) > 0k. It follows that
EINONC (k)] > > Pldeg,(i) > k] > > Pldeg, (i) > 0 dn(i)]. (6.8)
zEng i€HY

Let w € (1,00), to be specified later. Then w > 1 > 1/6, and
wd,, (i)P[deg,, (i) > 6~ d,(i)] > E[deg, (i)1{deg,, (i) > 67 d,(i)}]
— Eldeg,, (i)1{deg,, (i) > wdx(i)}]

> (1—07") d,(i) — E[deg, (i)1{deg,, (i) > wd,(i)}],
(6.9)

using the fact that E[X1{X > x}] > E[X] — z for any > 0 and any nonnegative
random variable X. By the Cauchy—Schwarz inequality, the final term in (6.9) satisfies

E[deg,, (i)1{deg,, (i) > wdy(i)}] < (Eldeg, ())2P[deg, (i) > wd,(i)])"/*.  (6.10)
We claim that, given 6 > 1, there exists w = w(#) € (1, 00) such that

sup (E[deg, (i)*]|P[deg, (i) > wdn(i)})l/2 <e % forall n,keN. (6.11)
i€H? |
Given (6.11), which we verify at the end of this proof, we obtain from (6.9), (6.10),
and (6.11) that, for any n € N and any k € N,

fIP >0 'd,(i)] > (1—071) —e % s
v g, Pl @ 20m @2 (-0~ e 76

eka

>(1-67") - T (6.12)
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using the fact that d, (i) > 0k for i € HZ,/« To prove the lower bound in (6.2), it is
enough to fix § = 2. Then (6.12) becomes, for any n € N and any k € N,

1
w inf Pldeg, (i) > 5dn(i)] > 5 (1-¢7%) > g

say, where w = w(2) is constant. Hence from (6.8) we obtain, for all n,k € N,
3.3
ONG — 2k
E[Nn (k)]zwlz gZ@(QQ'ﬂ—l),

i€H?
which gives liminf,, oo n 'E[NONC (k)] > e 2k,
To prove (6.3), we adapt the preceding argument. For any 6 > 1, there exists kg € N
such that, for all k& > ko, the final expression on the right-hand side of (6.12) exceeds

1_7971 > 0, say. Then, similarly to before, we obtain, for all k£ > kg and n € N,

ENONG (k)] > w™ > (1 _29_1) >w! (1_29_1> (e7%n—1).

776
zGH")k

First letting n — oo and then & — oo, it follows that
lim sup (-k*l log (lim infn*llE[NgNG(k)])) <.
k—o0 n—00
Since 0 > 1 was arbitrary, (6.3) follows.
It remains to establish the claim (6.11). To this end, an application of (6.7) shows

that, for constants C7,Cs < co and ¢ > 0, for alln € Nand 1 <1 < n,

Eldeg,, (i)?] = 3 Pldeg, (i) > V] < C11/ =~ 3 ek < 0y 2.
g kzzo g 1\/7];0 2\/7

Another application of (6.7) shows that, for some constant C3 < oo, for any w > 0,

; (1/2)—cw
Pldeg,, (i) > wd,(i)] < Csﬁecw log(n/i) _ (1, (ﬁ) .

¢ i
Hence we obtain, for all 1 <i <n,

i (cw—1)/2
(Eldeg, (7 Pldes, () > win ) * < (1)

where Cy < oo is constant. Taking w > 3/¢, we have, for any i € szk,
.\ (cw—1)/2
Cy * < Oy e (cw=3)0k/2
n — )
since i/n < e % fori € sz In particular, for all k € N, we can choose w (depending

on ¢, Cy and ) such that Cue~(cw=3)0k/2 < (o= (cw=3)0/2 < 1 This verifies (6.11).
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Next we have a concentration result for NONG (k).

Lemma 6.3. Let d € N. Suppose that (2.1) holds. Then
limsupn~ ! sup |[NONC (k) — E[NONC(E)]| = 0, a.s. (6.13)
n—oo keN

Proof. We use the resampling idea described before Lemma 5.3 and a modification
of the Azuma-Hoeffding inequality. Set D,,; = E[NONG(k) | G;] — E[NONC(k) | Gi_1]
where G; = 0(Xo, X1,...,X;). In words, —D,,; is equal to the expected (conditional
on G;) change in NONG(k) on independently resampling X;, and D, ;, 1 <i <nisa
martingale difference sequence with Y 1 | D,, ; = NONC (k) — E[NONC (k).

We bound |D,, ;| in terms of deg,, (i) and deg’, (i), the degree of vertex i in the ONG
on X, and X! respectively. On replacement of X; by X/, the degree of vertex i may
change, leading to a change of £1 in NN (k) compared to NN (k). The degrees of
at most deg, (i) — 1 other vertices increase (namely those vertices that gain incoming
edges that were previously connected to X;), while the degrees of at most deg; (i) —1
vertices decrease (namely those vertices that lose incoming edges re-assigned to X7/).

Hence |D,, ;| < deg,, (i) + deg’,(i). Now, for any r > 0,
P[|D,,.i| > 7] < P[deg,, (i) > r/2] + P[deg’ (i) > r/2] = 2P[deg,, (i) > /2],

since deg’, (i) and deg,, (i) are identically distributed. Hence, by (6.7), P[|Dy.| >

Dlogn] = O(n~?), uniformly in i, choosing D € (0,00) sufficiently large; note that
this bound is also uniform in k. By a modification of the Azuma-Hoeffding inequality

due to Chalker et al. [4, Lemma 1], it follows that

4n r?
ONG(7.\ _ ONG < R PP -
PN, (k) — E[N,Z(R)]| > ] < (1 T > not QGXP{ 32D2n(logn)? } ’

for any r > 0. Taking r = n%/4, say, shows that P[|[NONG (k) — E[NONG (k)]| > n?/4] =
O(n=?), uniformly in k € {1,...,n}, while for & > n, NONG(k) = 0 a.s. Hence
>N PINING(R) — ENONC(R)]| > 0P < C Y n? < o0
n=1keN n=1

The Borel-Cantelli lemma now yields (6.13).

Proof of Theorem 2.1. Penrose [16, §3.4] showed that functionals such as counts of

vertices of a given degree in the ONG satisfy stabilization (a form of local dependence).
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This guarantees a law of large numbers of the form n=! NONG (k) — P[£(0,U; H) > k] in
probability: concretely, one may apply results of [19] or [17]. The bounded convergence
theorem gives n 'E[NONG (k)] — P[¢(0,U;H) > k], and Lemma 6.3 then shows
that convergence in probability can be replaced by almost sure convergence. The L'
convergence follows from the bounded convergence theorem again. Thus (2.3) holds.

Then, applying Lemma 6.2 with (2.3), (2.4) follows from (6.2). Given (2.3), the
upper bound in (2.5) follows from (6.3). Similarly, the lower bound in (2.5) follows
from (6.4), noting that the limit pj is independent of the choice of f.

It is easy to see that pj is nonincreasing with p; = 1. Since ), NONG(k) = 2n,
twice the number of edges in the ONG, dividing both sides of this last equality by n
and letting n — oo we must have EkeN pr = 2; hence also limy_, o, pr = 0. For the
final statement of the theorem, we have from (6.7) that for any k& > 0,

. < . < 3/2 ,—ck
P[Oréliagxn deg,, (1) > k} <(n+1) Orél%xnﬂp[degn(z) > k] < Cn/2e™ ",

for some absolute constants ¢,C € (0,00). Taking k = Dlogn, we can choose D €

(0, 00) for which this last bound is O(n~2); the Borel-Cantelli lemma then gives (2.6).
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