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Despite the prominence of Onsager’s point-vortex model as a statistical description of 2D classical
turbulence, a first-principles development of the model for a realistic superfluid has remained an open
problem. Here we develop a mapping of a system of quantum vortices described by the homogeneous 2D
Gross-Pitaevskii equation (GPE) to the point-vortex model, enabling Monte Carlo sampling of the vortex
microcanonical ensemble. We use this approach to survey the full range of vortex states in a 2D superfluid,
from the vortex-dipole gas at positive temperature to negative-temperature states exhibiting both
macroscopic vortex clustering and kinetic energy condensation, which we term an Onsager-Kraichnan
condensate (OKC). Damped GPE simulations reveal that such OKC states can emerge dynamically, via
aggregation of small-scale clusters into giant OKC clusters, as the end states of decaying 2D quantum
turbulence in a compressible, finite-temperature superfluid. These statistical equilibrium states should be
accessible in atomic Bose-Einstein condensate experiments.
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The importance of the point-vortex model as a statistical
description of two-dimensional (2D) classical hydrody-
namic turbulence was identified by Onsager [1], who
predicted that the bounded phase space of a system of
vortices implies the existence of negative-temperature
states exhibiting clustering of like-circulation vortices
[2]. This model provides great insight into 2D classical
turbulence (CT) [3], and much subsequent work has
focused on the point-vortex model as an approximate
statistical description of decaying 2DCT [4–8]. While
classical fluids cannot directly realize the point-vortex
model, atomic Bose-Einstein condensates (BECs)—which
present an emerging theoretical [9–23] and experimental
[24–26] paradigm system for the study of quantum vortices
and 2D quantum turbulence (2DQT)—offer the possibility
of physically realizing Onsager’s negative-temperature
equilibrium states. A concrete realization of the point-
vortex model in an atomic superfluid will broaden our
understanding of the universality of 2D turbulence by
enabling new studies of spectral condensation of energy
at large scales [27–30], statistical mechanics of negative-
temperature states [31–33], the dynamics of macroscopic
vortex clustering [34], and the inverse energy cascade
[35–38], previously confined to 2DCT.
In this Letter we develop an analytic statistical descrip-

tion of the microstates of 2D quantum vortices within the
homogeneous Gross-Pitaevskii theory, and show that mac-
roscopically clustered vortex states emerge from small-
scale initial clustering as end products of decaying 2DQT.
As in CT, the homogeneous system offers the clearest
insight into the underlying physics, and is increasingly
relevant experimentally [39]. Consequently, our results
describe physics relevant to a wide range of possible vortex

experiments in atomic BECs. By systematically sampling
the microcanonical ensemble for the vortex degrees of
freedom, we give a detailed, unifying view of the properties
of vortex matter in a homogeneous 2D superfluid. We
characterize the emergence of macroscopic clusters of
quantum vortices at negative temperatures, linked with
spectral condensation of energy at the system scale. In the
context of 2DQT we call this the Onsager-Kraichnan
condensate (OKC), as it represents a physically realizable
state that unifies Onsager’s negative-temperature point-
vortex clusters with the spectral condensation of kinetic
energy predicted in 2DCT by Kraichnan [27].
Atomic BECs support quantum vortices subject to thermal

and acoustic dissipative processes that may be detrimental to
the observation of an OKC.We assess the accessibility of the
excited states comprising an OKC via dynamical simulations
according to the damped Gross-Pitaevskii equation (dGPE).
We find that our statistical approach describes the end states
of decaying 2DQT that emerge dynamically from low-
entropy initial states. Even for relatively small positive
point-vortex energies, the OKC emerges as a result of
statistically driven transfer of energy to large length scales.
To map the Gross-Pitaevskii theory to the point-vortex

model, we introduce an ansatz wave function for N vortices
in a homogeneous periodic square BEC of side L, with
positions rj and circulations hκj=m defined by charges
κj ¼ �1 (

P
N
j¼1 κj ¼ 0),

ψðr; frjg; fκjgÞ ¼ eiθðr;frjg;fκjgÞ
YN
p¼1

χðjr − rpjÞ; (1)

where χðrÞ is the radial profile of an isolated quantum
vortex core, obtained numerically [19]. Unlike the velocity

PRL 112, 145301 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

11 APRIL 2014

0031-9007=14=112(14)=145301(6) 145301-1 © 2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.112.145301
http://dx.doi.org/10.1103/PhysRevLett.112.145301
http://dx.doi.org/10.1103/PhysRevLett.112.145301
http://dx.doi.org/10.1103/PhysRevLett.112.145301


field for point vortices in a doubly-periodic domain [31,32],
the associated quantum phase θ does not, to our knowledge,
appear in the literature. We present an expression for θ as a
rapidly convergent sum, obtained from a poorly convergent
sum over periodic replica vortices, in the Supplemental
Material [40]. The phase θ yields a periodic superfluid
velocity v ¼ ðℏ=mÞ∇θ very close to the point-vortex
velocity, but consistently modified by the boundary con-
ditions such that θðxþ ηxL; yþ ηyLÞ ¼ θðx; yÞ þ ζ2π, for
all ηx; ηy; ζ ∈ Z, remains a well-defined quantum phase.
To ensure that χðrÞ is accurate, we enforce a minimum-
separation constraint jrp − rqj ≥ 2πξ, where ξ ¼ ℏ=

ffiffiffiffiffiffiffi
μm

p
is the healing length (for BEC chemical potential μ and
atomic mass m), and 1 ≤ p ≠ q ≤ N.
Up to an additive constant, the total kinetic energy in

the point-vortex model is NΩ0ξ
2εðfrjg; fκjgÞ. Here, the

dimensionless point-vortex energy (per vortex) is given
by [32]

εðfrjg; fκjgÞ ¼
1

N

XN−1

p¼1

XN
q¼pþ1

κpκqf

�
rp − rq

L

�
; (2)

where fðrÞ≡fðx;yÞ¼2π½jyjðjyj−1Þþ1=6�−logfQ∞
s¼−∞

½1−2cosð2πxÞexpð−2πjyþsjÞþexpð−4πjyþsjÞ�g, and
Ω0 ¼ πℏ2n0=mξ2 is the unit of enstrophy for 2D homo-
geneous superfluid density n0 [19]. Accounting for
compressible effects with the core ansatz χΛðrÞ ¼
½n0r2=ðr2 þ ξ2Λ−2Þ�1=2, the incompressible kinetic energy
(IKE) spectrum of Eq. (1) at scales below the system size L
is well approximated by [19,40]

EiðkÞ ¼Ω0ξ
3FΛðkξÞ

�
N þ 2

XN−1

p¼1

XN
q¼pþ1

κpκqJ0ðkjrp − rqjÞ
�
;

(3)

where FΛðkξÞ ¼ Λ−1gðkξΛ−1Þ, gðzÞ¼ðz=4Þ½I1ðz=2Þ×
K0ðz=2Þ−I0ðz=2ÞK1ðz=2Þ�, Λ¼ξ2n−1=20 dχð0Þ=dr≈ 0.825
and Jα (Iα,Kα) are (modified)Bessel functions. Equation (3)
leads to a universal ultraviolet (UV, k ≫ ξ−1) k−3 power law,
EiðkÞ ¼ CðkξÞ−3, where C ¼ Λ2NΩ0ξ

3 [17,19]. In the
infrared (IR, k≲ ξ−1) the average spectrum of N-vortex
configurations with randomly distributed vortices is equal
to the sum of N independent single-vortex spectra, giving
the k−1 power law EiðkÞ ¼ CðkξÞ−1=Λ2 [17,19,21].
The wave function ψ [Eq. (1)] is set entirely by the

vortex configuration, allowing us to adopt a statistical
treatment where, for each configuration (frjg,fκjg), ψ
defines a microstate of the 2D BEC [54]. Aside from
the minimum-separation constraint, the phase θ in Eq. (1)
establishes a one-to-one correspondence between the
N-vortex states of a 2D BEC and the microstates of the
classical point-vortex model. The set of all microstates ψ
at fixed point-vortex energy ε [Eq. (2)] defines a micro-
canonical ensemble; the measure of this set is the

structure function WðεÞ (which defines the system entropy
SðεÞ ¼ kB ln½WðεÞ�). The normalized structure function,
wðεÞ≡WðεÞ½R dεWðεÞ�−1, is obtained numerically as a
histogram of ε for random vortex configurations. We
sample the microcanonical ensemble at energy ε numeri-
cally, using a random walk to generate many N-vortex
configurations having energies within a given tolerance
[58]. Related microcanonical sampling techniques have
previously been applied to the classical point-vortex model
[31–34]. Averages of observables over this ensemble are
dominated by the most likely (highest-entropy) configura-
tions. For large N (ensuring ergodicity [31,32]) ensemble
averages define a statistical equilibrium corresponding
to time-averaged properties of the end states of decaying
quantum vortex turbulence at energy ε.
To demonstrate that quantum vortices in a 2D BEC

can provide a physical realization of negative-temperature
states exhibiting macroscopic vortex clustering, we sample
the GPE microstates of the 2D BEC, compute the IKE
spectrum, and decompose the vortex configurations into
dipoles and clusters using the recursive cluster algorithm
(RCA) developed in Ref. [23]. For each cluster the RCA
yields the cluster charge κc and average radius rc (average
distance of constituent vortices from the cluster center of
mass). We define the clustered fraction fc ¼

P
sjκc;sj=N,

where κc;s is the charge of the sth cluster. We also define
Nκc as the total number of vortices participating in all
clusters of charge �jκcj. Finally, we introduce the corre-
lation functions cB ¼ P

N
p¼1

P
B
q¼1 κpκ

ðqÞ
p =BN, where κðqÞp

is the charge of the qth nearest-neighbor to vortex p.
These are directly related to the functions CB introduced in
Ref. [20]; a value of cB > 0 (< 0) indicates (anti-)corre-
lation between vortex charges, up to the nearest neighbors
of Bth order.
Figure 1(a) shows wðεÞ for N ¼ 384 vortices in a doubly

periodic box of side L ¼ 512ξ. The boundary between
positive- and negative-temperature states, ε∞, lies at the
maximum of WðεÞ, where the temperature T ¼
Wð∂W=∂εÞ−1=kB → ∞. We find ε∞ ≈ −0.255 and the
mean energy hεi ¼ 0 known from the point-vortex model
[32] despite the minimum-separation constraint. Figure 1
also shows the averages of the clustering measures
[Figs. 1(a),1(b)], the IKE spectrum [Fig. 1(c)], and the
distribution of Nκc [Fig. 1(d)] as a function of ε. At ε ¼ 0,
cB (fc) is equal to 0 (1=2), indicating an uncorrelated
vortex distribution. The distribution of Nκc is strongly
skewed towards small clusters, with jκcjmax < 20 and
rmax
c < 50ξ ≪ L, and the IKE spectrum follows the k−1
law in the IR region. At energies ε < 0 (where T > 0 for
ε ≤ ε∞), cB (fc) drops below 0 (1=2), indicating prolifer-
ation of vortex dipoles and reduced number, charge, and
radius of vortex clusters. As ε → −3 one obtains a vortex-
dipole gas with approximately the minimal spacing 2πξ
[see Fig. 2(a)]. The IKE spectrum lies below the k−1 law at
large scales. At energies ε > 0 (where T < 0) Fig. 1 shows
macroscopic vortex clustering and spectral condensation
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of IKE. While low-order measures of clustering (cB, fc)
increase slowly with ε, the distribution of vortices bifur-
cates, revealing the appearance of two (opposite-sign)
macroscopic clusters. Spectrally, the energy associated
with these clusters manifests itself as an OKC lying above
the k−1 power law at large scales. The charge and radius of
clusters (jκcjmax and rmax

c ) grows more rapidly with ε than
hjκcji and hrci up to ε ∼ 50, highlighting the utility of the
RCA for the characterization of point-vortex states. Above
this energy, clusters increase in charge less rapidly, and
absorb further energy by shrinking in radius. For ε≳ 200
two clusters contain all the vortices, illustrating the
phenomenon of supercondensation [28]; in this regime
the k−1 spectrum vanishes.
In contrast to the UV-divergent point-vortex model, the

universal k−3 UVasymptotic of the IKE spectrum [Eq. (3)]
implies a physical transition energy for the emergence
of the OKC, given by E0 ≡ Ei

totðε ¼ 0Þ, where
Ei
totðεÞ≡

R
dkEiðkÞ. An analytic estimate of E0 follows

from the second term in Eq. (3) averaging to zero at ε ¼ 0

(cB ¼ 0 for allB); correctly accounting for the discrete nature
of the spectrum [40] yields E0 ≈ 4.735NΩ0ξ

2, in good
agreement with the numerical value E0 ≈ 4.821NΩ0ξ

2

obtained from ψ , which does not rely on the core ansatz
used to obtain Eq. (3). We find that the total IKE is very well
predicted by Ei

totðεÞ ¼ E0 þ εNΩ0ξ
2. Thus, the appearance

of the OKC is due to the saturation of excited states: IKE
exceedingE0 accumulates near the system scale, forming the
spectral feature lying above the k−1 spectrum. Note that
the OKC is a (quasi-)equilibrium phenomenon distinct from
the classical scenario of condensation in forced turbulence,
where thek−5=3 spectrumof the inverse energy cascade (IEC)
gives way to k−3 at low k associated with the dynamical
condensate [29,30,59].
To demonstrate that Fig. 1 provides a quantitative

description of decaying QT in a 2D BEC, and that
statistically-driven transfers of energy to large length scales
can occur in a compressible quantum fluid, we consider the
dynamics of nonequilibrium states in the dGPE [60–62].
For a 2D BEC (subject to tight harmonic confinement in the
z direction with oscillator length lz) this can be written as

iℏ
∂ψðr; tÞ

∂t ¼ ð1− iγÞ
�
−ℏ2∇2⊥

2m
þ g2jψðr; tÞj2 − μ

�
ψðr; tÞ;

(4)

where g2 ¼
ffiffiffiffiffiffi
8π

p
ℏ2as=mlz, m is the atomic mass, and as is

the s-wave scattering length. The dimensionless damping
rate γ describes collisions between condensate atoms
and noncondensate atoms, an important physical process
in real 2D superfluids that leads to effective viscosity [19]
and suppression of sound energy at high k. We use the

(a)

(c)

(d)

(b)

FIG. 1 (color online). Properties of neutralN-vortex states in statistical equilibrium, corresponding to the end states of decaying 2DQT.
(a) Clustering measures fc and cB and structure function wðεÞ; vertical gray lines indicate the expected energy (hεi) and the boundary
between positive- and negative-temperature states (ε∞). (b) Average and maximum cluster charges (jκcj) and radii (rc) obtained using the
RCA (see text). (c) IKE spectrum in the point-vortex-like approximation [Eq. (3)] (solid black line, gray shaded area), and obtained from
the GPE wave functions [13,19] (magenta circles). Straight lines show analytical k−3 and k−1 power laws (see text). Inset: typical vortex
configurations (field of view L × L): dots indicate vortices, which have been sorted into dipoles, free vortices and clusters by the RCA
(see legend). Lines show the minimal spanning tree of clusters and identify dipoles. (d) Distribution of Nκc . Shaded areas behind curves
in (a),(b),(c) indicate the width of the equilibrium distribution (�1 standard deviations). Ensemble sizes are given in [58].
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experimentally realistic value γ ¼ 10−4 [25] in our simu-
lations. We use a random walk to obtain a neutral
configuration of N0 ¼ 24 vortices in a periodic box of
length L0 ¼ 128ξ at energy ε0. A 42 tiling of this configu-
ration, with each vortex subject to Gaussian position noise
(variance ξ), provides a nonequilibrium, low-entropy state
of N ¼ 384 vortices in a box with L ¼ 512ξ and energy ε
(found by adjusting ε0). This state is then evolved to
time 104ℏ=μ in the dGPE, over which time we find that
the compressible energy does not increase [and εðtÞ
does not decay] significantly, supporting our statistical
description [63].
Figure 2 shows the time evolution of the vortex con-

figuration for three different initial energies [Fig. 2(a)]
with IKE spectra [Fig. 2(b)] and clustering measures
[Figs. 2(c)–2(e)] determined by short-time averaging of
individual runs of the dGPE. While the approach to
complete equilibrium is slow, Fig. 2(e) shows that the
charge of the largest cluster equilibrates more rapidly
(by t ∼ 2000ℏ=μ). For εð0Þ ¼ −3, the dynamics consists
largely of dipole-dipole collisions and vortex-antivortex

annihilation (increasing the energy per vortex ε, [32]),
and exhibits a time-invariant IKE spectrum; these positive-
temperature point-vortex states have no analog in 2DCT
[32]. For εð0Þ ¼ 0, the approach to equilibrium involves
significant dipole-cluster interactions that redistribute the
cluster charges, decreasing fc and cB while increasing
jκcjmax. This redistribution transfers energy to large scales,
producing an approximate k−1 power law in the IR [note
that the time-averaged spectrum is expected to fluctuate
relative to the 104-configuration average in Fig. 1(c)]. For
εð0Þ ¼ 6 the dynamics is reminiscent of 2DCT. Energy
transfer to large scales builds an OKC, with the vortices
grouping into two macroscopic clusters [64]. Although a
steady k−5=3 spectrum is absent (and would require con-
tinuous forcing and damping to establish a steady inertial
range [23]) some intermittent k−5=3 behavior is evident
[40]. The equilibrium distribution of vortices outside of the
OKC closely resembles the uncorrelated (ε ¼ 0) state [2]
and has a low level of clustering. As the initial condi-
tion contains many small clusters, this counterintuitively
causes low-order measures of clustering [fc and c2 in

(a)

(b)

(c) (d) (e)

FIG. 2 (color online). Dynamical dGPE evolution of nonequilibrium neutral N-vortex states towards statistical equilibrium (see also
animations in [40]). (a) RCA decomposition after equilibration (t ¼ 9500ℏ=μ), with initial conditions inset. Streamlines show the
incompressible velocity field. Field of view is L × L. (b) IKE spectrum, compared to the statistical equilibrium distribution from
Fig. 1(c) (gray solid line, thickness indicates �1 standard deviations). Other symbols in (a),(b) as in Fig. 1(c). (c) Clustered fraction fc.
(d) Correlation function c2. (e) Absolute charge jκcj of the largest vortex cluster. Spectra and measures are shown as a moving average
from t to tþ 500ℏ=μ, and EiðkÞ is normalized byNðtÞ; decay of NðtÞ for εð0Þ > −3 is negligible (≲5%). Horizontal shading in (c)—(e)
shows the statistical equilibrium distributions from Figs. 1(a) and 1(b) (shaded areas indicate �1 standard deviations). Note that we
compare the εð0Þ ¼ −3 evolution to the statistical equilibrium at ε ¼ −2.5, since dipole annihilation [for ε ¼ −3, Nð104Þ ¼ 178] leads
to εð104Þ ≈ −2.5.
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Figs. 2(c)–2(d), and all cB for B≲ 10] to decay during
OKC formation. Thus, high-order clustering information
provided by the RCA is vital in identifying OKC: the rapid
increase of jκcjmax for εð0Þ ¼ 6 in Fig. 2(e) contrasts with
the cases εð0Þ ¼ 0, −3, indicating the emergence of the
OKC. The demonstration of a statistically driven transfer
of kinetic energy to large scales underpins the existence
of an IEC in far-from-equilibrium 2DQT in scenarios with
appreciable vortex clustering [19,23], and is complemen-
tary to the direct energy cascade identified in scenarios
dominated by vortex-dipole recombination [13,65].
We have developed a first-principles realization of

Onsager’s point-vortex model in a 2D superfluid, and
observe the upscale energy transfer of 2DCT in decaying
2DQT described by the damped Gross-Pitaevskii equation.
Configurational analysis of the vortex states and associated
energy spectra demonstrate the emergence of an Onsager–
Kraichnan condensate of quantum vortices occurring at
negative temperatures in equilibrium, and as the end states
of decaying 2DQT. The microcanonical sampling approach
opens a new direction in the study of 2DQT, enabling
systematic studies of far-from-equilibrium dynamics,
energy transport, inertial ranges, and other emergent
phenomena in 2DQT, and points the way to experimental
realization of Onsager-Kraichnan condensation.
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