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ABSTRACT. Denote by L, the perimeter length of the convex hull of an n-step
planar random walk whose increments have finite second moment and non-
zero mean. Snyder and Steele showed that n—1L,, converges almost surely to
a deterministic limit, and proved an upper bound on the variance Var[L,] =
O(n). We show that n~!Var[L,] converges and give a simple expression for
the limit, which is non-zero for walks outside a certain degenerate class. This
answers a question of Snyder and Steele. Furthermore, we prove a central limit
theorem for L, in the non-degenerate case.

1. INTRODUCTION AND MAIN RESULTS

On each of n unsteady steps, a drunken gardener drops a seed. Once the flow-
ers have bloomed, what is the minimum length of fencing required to enclose the
garden?

Let Zy,Zs, ... be a sequence of independent, identically distributed (i.i.d.) ran-
dom vectors on R2.  Write 0 for the origin in R?. Define the random walk
(Sn;n € Zy) by So:=0and forn > 1, S, := > | Z;. Let H,, := hull(So, ..., S,),
the convex hull of positions of the walk up to and including the nth step, and let
L,, := |0H,| denote the length of the perimeter of H,,. Assume that the increments
of the random walk have finite mean: E||Z;|| < cc.
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FIGURE 1. Example with mean drift E[Z;] of magnitude p = 1/4
and n = 102 steps.
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Convex hulls of random points have received much attention over the last several
decades: see [3] for an extensive survey, including more than 150 bibliographic
references, and sources of motivation more serious than our drunken gardener, such
as modelling the ‘home-range’ of animal populations. An important tool in the
study of random convex hulls is provided by a result of Cauchy in classical convex
geometry. Spitzer and Widom [5], using Cauchy’s formula, and later Baxter [1],
using a combinatorial argument, showed that

"1
E[L,) =2 2E||5i||-
=1

Note that E[L,] thus scales like n in the case where the one-step mean drift vector
E[Z1] # 0 but like n'/? in the case where E[Z;] = 0 (provided E[||Z,]|?] < o0).
The Spitzer—Widdom—Baxter result, in common with much of the literature, is
concerned with first-order properties of L,,: see [3] for a summary of results in this
direction for various random convex hulls, with a specific focus on (driftless) planar
Brownian motion.

Much less is known about higher-order properties of L,,. Assuming that E[||Z|?] <
00, Snyder and Steele [4] obtained an upper bound for Var[L,] using Cauchy’s for-
mula together with a version of the Efron—Stein inequality. Snyder and Steele’s
result (Theorem 2.3 of [4]) can be expressed as

(1.1) n~'Var[L,] < % (El|Z1)1”] = |E[Z:])?), (neN:={1,2,...}).

As far as we are aware, there are no lower bounds for Var[L,] in the literature.
According to the discussion in [4, §5], Snyder and Steele had “no compelling reason
to expect that O(n) is the correct order of magnitude” in their upper bound for
Var[L,], and they speculated that perhaps Var[L,] = o(n) (maybe with a distinc-
tion between the cases of zero and non-zero drift). Our first main result settles
this question under minimal conditions, confirming that (1.1) is indeed of the cor-
rect order, apart from in certain degenerate cases, while demonstrating that the
constant on the right-hand side of (1.1) is not, in general, sharp.

Theorem 1.1. Suppose that E[||Z1]]?] < oo and |E[Z1]|| # 0. Then

12) Tim V(L] = AR[((Z T]P]?[[ZZ;]]”)Q. EZ)"] _ 2 ¢ [0, 00).

Remarks 1.1. (i) The assumptions E[|| Z1 ] < oo and ||E[Z1]|| # 0 ensure 02 < oo.
(ii) To compare the limit result (1.2) with Snyder and Steele’s upper bound (1.1),
observe that

) 21 4
24 (I‘Wl Eﬁé}[};}”z [EZ] ) CARBPAIRE

(iii) The limit o is zero if and only if (Z; — E[Z1]) - E[Z1] = 0 with probability
1, ie., if Z; — E[Z;] is always orthogonal to E[Z;]. In such a degenerate case,
(1.2) says that Var[L,] = o(n). This is the case, for example, if Z; takes values
(1,1) and (1,—1) each with probability 1/2. Note that the Snyder—Steele bound
(1.1) applied in this example says only that Var[L,] < (72/2)n, which is not the
correct order. Here, the two-dimensional trajectory can be viewed as a space-time
trajectory of a one-dimensional simple symmetric random walk. We conjecture
that in fact Var[L,] = O(logn). Steele [6] obtains variance results for the number
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of faces of the convex hull of one-dimensional simple random walk, and comments
that such results for L,, seem “far out of reach” [6, p. 242].

In the case where E[||Z1]|?] < oo and ||E[Z1]]| = p > 0, Snyder and Steele
deduce from their bound (1.1) a strong law of large numbers for L,, namely
limy, 0o ' L,, = 2u, a.s. (see [4, p. 1168]). Given this and the variance asymp-
totics of Theorem 1.1, it is natural to ask whether there is an accompanying central
limit theorem. Our next result gives a positive answer in the non-degenerate case,
again with essentially minimal assumptions.

Theorem 1.2. Suppose that E[||Z1]?] < oo and |E[Z1]|| # 0. Suppose that o* as
defined in (1.2) satisfies 02 > 0. Then for any z € R,

L, —E[L L, —E[L

(1.3) lim P["[n] < m] = lim ]P’{n["} < x] = ®(z),
n—oo Var[L,,] o?n

where @ is the standard normal distribution function.

Our Theorems 1.1 and 1.2 will be deduced as consequences of the following result,
which shows, perhaps surprisingly, that L,, — E[L,] can be well-approximated by a
sum of i.i.d. random variables.

Theorem 1.3. Suppose that E[||Z1||?] < co and ||E[Z1]|| # 0. Then, as n — oo,

— 2(Z; —E[Z1]) - E[Z1]

L, —E[L,] - ; IE[Z1]]]

n~1/? — 0, in L

The subsequent sections of the paper present the proofs of these theorems. The
main ingredients, which we present in turn, include a martingale difference repre-
sentation, Cauchy’s formula from convex geometry, and an analysis of the geometry
of the convex hull via extrema (the strong law of large numbers with the non-zero
drift provides much of the regularity that we need).

To finish this section we discuss some simulations. We considered a specific
form of random walk with increments Z; — E[Z;] = (cos ©;,sin ©;), where ©; was
uniformly distributed on [0, 27), corresponding to a uniform distribution on a unit
circle centred at E[Z;] = (u,0), say. We took one example with p = 0, and two
examples with p # 0 of different magnitudes. In these latter cases, the results
above take the form: lim, o, n~'Var[L,] = 4E[cos? ©;1] = 2 (Theorem 1.1) and
(2n)~2(L,, — E[L,]) converges in distribution to a standard normal distribution
(Theorem 1.2). The corresponding pictures in Figures 2 and 3 show an agreement
between the simulations and theory.

The results of this paper do not cover the case where |E[Z1]|| = 0. The simula-
tions in this case suggest that, for the example we considered, lim,, .., n~1Var[L,]
exists (see the leftmost plot in Figure 2), but Figure 3 does not appear to be con-
sistent with a normal distribution as a limiting distribution. The method of the
present paper provides a promising approach to the zero-drift case, but a new idea
will be needed to gain control over the geometry in that case.

2. MARTINGALE DIFFERENCE REPRESENTATION

The first step in the proofs is a martingale difference argument, based on re-
sampling members of the sequence Zi,...,Z,, to get an expression for Var[L,]
amenable to analysis. Let Fy denote the trivial o-algebra, and for n € N set
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FIGURE 2. Plots of y = Var[L,,] estimates against 2 = n for about
25 values of n in the range 102 to 2.5 x 10° for 3 examples with p =
(left to right) 0, 0.2, 0.36. Each point is estimated from the sample
variance of 102 repeated simulations. Also plotted are straight lines
y = 0.536z (leftmost plot) and y = 22 (other two plots).
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FIGURE 3. Simulated histogram estimates for the distribution of

L"%E[[f"]] with n = 5x 103 in the three examples described in Figure

2. Each histogram is compiled from 103 samples.

Fn = 0(Z1,...,2Zy,), the o-algebra generated by the first n steps of the random

walk. Then S, is F,,-measurable, and for n € N we can write L, = Ay (Z1,...,Zy)
for A,, : R?™ — [0,00) a measurable function.

Let Z1,Z),... be an independent copy of the sequence Z;,Zs,.... Fix n € N.
Fori € {1,...,n}, we ‘resample’ the ith increment, replacing Z; with Z!, as follows.
Set
(2.1) S = {SJ’ A

S, —Z;+2z itj>i

then (S’](-i);O < j < n) is the random walk (S;;0 < j < n) but with the ith
step independently resampled. We let Lgf) denote the perimeter length of the
corresponding convex hull for this modified walk, namely hull(S(()l), cee Sff)), ie.,

LY = A(Zy, .. Zi1, 2 Zigrs ooy Zon).
For i € {1,...,n}, define
(2.2) D, ;i =E[L, — LY | F;

in words, —D,, ; is the expected change in the perimeter length of the convex hull,
given F;, on replacing Z; by Z!. The point of this construction is the following
result.



CONVEX HULLS OF PLANAR RANDOM WALKS WITH DRIFT 5

Lemma 2.1. Let n € N. Then (i) L, — E[L,] = >, D,,;; and (ii) Var[L,]
>oisy E[D} ], whenever the latter sum is finite.

Proof. The idea is well known. Since LY is independent of Z;, E[Lgf) | Fi
]E[Lgf) | Fic1] = E[L, | Fi—1], so that (2.2) may be written as
(2.3) D,;=E[L, | Fi] — E[L,, | Fi-1].

Then (2.3) yields the representation .., D, ; = E[L, | F,] — E[L,, | Fo], giving
(i). Here (Dp4;1 < i < n) is a martingale difference sequence, and orthogonality
(see e.g. [2, p. 218]) readily yields (ii). O

Remark 2.1. Lemma 2.1 with the conditional Jensen’s inequality gives the bound
Var[L,] < Y E[(LY) — Ly)?,
i=1

which is a factor of 2 larger than the upper bound obtained from the Efron—Stein
inequality: see equation (2.3) in [4].

3. CAUCHY FORMULA

Let eg = (cosf,sinf) be the unit vector in direction 8 € (—m,7]. For 6 € [0, 7],
define

M, (0) := Orgja;cn(Sj -ep), and m,(0) := Orgnji;ln(Sj - ep).

Note that since Sy = 0, we have M,,(#) > 0 and m, () < 0, a.s. In the present
setting (see [4], formula (2.1)), Cauchy’s formula for convex sets yields

L, = / (M (6) — m(6)) 0 = / R, (6)d0,

where R, (0) := M, (0) — m,(0) > 0 is the parametrized range function. Similarly,
when the ¢th increment is resampled as described in Section 2,

L) = [ () - m$0)) a0 = [ B @),
0 0
where R&f)(e) = Mf(f)(ﬁ) - m£§>(9), defining

M(8) := max (S} - eg), and m{)(6) := min (S]” - ep).
Ssn

Thus to study D,,; = E[L,, — Lg) | F;] we will consider
(3.1) Ly — L :/ (Rn(a) - Rﬁ?(@)) 9 :/ A (9)dd,
0 0

where Ag)(ﬁ) =R, (0) — RS)(G). For 6 € [0, 7], let
In(0):

n(0) := argmin(S; - ep), and J,(0) := arg max(S; - eg),
0<j<n 0<j<n

so m,(0) = Sy, (9) - € and M, (0) = S () - €. Similarly, recalling (2.1), define
JD(9) := arg min(SJ(-i) -eg), and J\V(0) := arg maX(S’j(-i) -eg).
0<j<n 0<j<n

(Apply the following conventions in the event of ties: argmin takes the maximum
argument among tied values, and arg max the minimum.)
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We will use the following simple bound repeatedly in the arguments that follow.
In fact, with a little more work one can reduce the bound on the right-hand side of
(3.2) by a factor of 2 (cf [4], Lemma 2.1), but the form given here is good enough
for us.

Lemma 3.1. Almost surely, for any 6 € [0, 7] and any i € {1,2,...,n},

(3.2) |AD(0)] < 2012 + 2] Z]].
Proof. The triangle inequality implies that
AP O)] < [MP(8) = Mu(9)] + [mD (6) — ma(8)].
For some J,,(0) € {0,1,...,n}, we have M,(0) = Sj ) - € and, by definition,
M,(f)( 0) > S(z)(g) eg. If J,(0) < i, then, by (2.1), Jf) = SJ (o) and so M(Z)(H)

M, (0). Otherwise, if J,,(6) > i, then, by (2.1), S}’ o) = = Sj.0) — Zi + Z; and so

M (0) = S5 ) €0 — Zi - €o + Z{ - €
> My, (0) = 1Zi]| — 1 Zi]|.

Hence we conclude that, a.s., Mff)(ﬁ) > M,(0) — |Zi|| — 11Z||- The analogous
argument in the other direction shows that |M7(f)(9) — M,(0)] < |1 Z:]] + | Z]]l-

Moreover, a similar argument shows that the same bound holds for |m$f ) (0)—m,(6)],
and (3.2) follows.

4. CONTROL OF EXTREMA

For the remainder of the paper, without loss of generality, we suppose that
E[Zi] = per/p with p € (0,00). Observe that (S -ep;0 < j < n) is a one-
dimensional random walk: indeed, S; - ey = Y 7_; Zk - €. The mean drift of this
one-dimensional random walk is

(4.1) E[Z; - eg) =E[Z1] - €9 = psin 6.

Note that the drift psiné is positive if § € (0,7). This crucial fact gives us
control over the behaviour of the extrema such as M,,(0) and m,,(#) that contribute
o (3.1), and this will allow us to estimate the conditional expectation of the final
term in (3.1) (see Lemma 5.1 below).

For v € (0,1/2) and 6 € (0,7/2) (two constants that will be chosen to be suitably
small later in our arguments), we denote by E, ;(d,7) the event that the following
occur:

o forall § € [0, — 4], J,(0) <~n and J,(0) > (1 —v)n;

e forall 6 € [6, 7 — 4], JS)(G) < ~yn and j,(f)(ﬁ) > (1 —7)n.
We write Ej ;(0,7) for the complement of E, ;(d,7). The idea is that E, ;(d,7)
will occur with high probability, and on this event we have good control over
AS)(Q). The next result formalizes these assertions. For v € (0,1/2), define
Loy o= {1,001 [y, (1 — 7)n).
Lemma 4.1. For any v € (0,1/2) and any 6 € (0,7/2), the following hold.

(i) If i € I, 4, then, a.s., for any 6 € [§,m — §],

(4.2) AD(O)L(Eni(6,7) = (Zi — Z]) - eg1(En.i(6,7)).
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(ii) IfE||Z1|| < oo and ||E[Z4]|| # 0, then mini<;j<, P[E, ;(d,7)] — 1 asn — .

Proof. First we prove part (i). Suppose that i € I, , so yn < i < (1—7)n. Suppose
that 0 € [0, 7 —d]. Then on E, ;(8,7), we have J,,(0) < i < J,,() and Jﬁf)(e) <i<
J (#). Then from (2.1) it follows that in fact J, () = JS)(H) and J,,(0) = j,(f)(Q).
Hence m, (0) = mf.)(0) and My (0) = S ) - eq = Mo (0) +(Z] — Z) - eq, by (2.1).
Equation (4.2) follows. '

Next we prove part (ii). Suppose that p = [|[E[Z1]|| > 0. Since E||Z1|| < oo, the
strong law of large numbers implies that |[n=1S,, — E[Z1]| — 0, a.s., as n — co. In
other words, for any 1 > 0, there exists N := N(e1) such that P[N < oo] =1 and
|n=1S,, — E[Z1]|| < &1 for all n > N. In particular, for n > N, by (4.1),

(4.3) |nflSn -eg — usin9| = |nflSn -eg — E[Z] oe9| < HnilSn — ]E[Zl]H < eq,
for all 6 € [0, 2m).

Take e; < psind. If n > N, then, by (4.3),

Sp-ep > (usinf —eq)n > (usind — e1)n,

provided 6 € [§,m — d]. By choice of €1, the last term in the previous display is
strictly positive. Hence, for n > N, for any 6 € [§,7 — J], S, - eg > 0. But,
So-eg=0. So J,(0) < N for all 6§ € [0, — J], and
P [006[5,71'75] {L]n(e) < ’Y”}] > ]P)[N < 7”] - 17
as n — 00, since N < 0o a.s.
Now,

(4.4) max Sj-eg < max{ max S; - eg, max  S; -eg} .
0<j<(1=)n 0<j<N N<i<(T-y)n
For the final term on the right-hand side of (4.4), (4.3) implies that

NSJ_I;%X?”“ S;-ep < ogjrgn(%)fw)n(u sinf +¢e1)j < (psin€ +e1)(1 — y)n.

On the other hand, if n > N, then (4.3) implies that S, -eg > (usinf —eq)n. Here
psing —e; > (usinf 4+ e1)(1 —7) if &1 < %”;9. Now we choose g1 < %m‘;.
Then, for any 0 € [§, 7 — d], we have that, for n > N,

S, ey > max S; - eq.
N<G<(1—v)n

Hence, by (4.4),

P [Noeis,n—o1{Jn(0) > (1 —y)n}] > P {ﬂee[a,w_a] {Sn ‘eg > max S ~e(9H

0<i<(1—7)n
>P {N <n, Noes,r—d] {Sn -eg > nging S; -eg}] .

Also, forn > N, S, -eg > (1 — 3)unsind, so we obtain

7 , _7 -
P [Moeps s {Jn(0) > (1 —7)n}] > P [N <n, max [1S)]| < (1~ 3) pmsin 6] ,

using the fact that maxg<;<n S;j - €9 < maxo<j<n ||5;]| for all 6.
Now, as n — oo, P[N > n] — 0, and

, 7 i
P LgljzixN 1S5 > (1 2) pun sin 5] — 0,
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since N < 0o a.s. So we conclude that
P [006[6,71'75]{Jn(9) <n, jn(e) > (1 - ’Y)n}] -1,

as n — oo, and the same result holds for J{ () and jff)(ﬁ), uniformly in i €
{1,...,n}, since resampling Z; does not change the distribution of the trajectory.
O

5. APPROXIMATION LEMMA
The following result is a key component to our proof. Recall that D,, ; = E[L,, —
LY | 7).
Lemma 5.1. Suppose that E||Z1]| < oo, v € (0,1/2), and § € (0,7/2). For any

i€ Is,
2(Z; —E|z1]) -E[Z c
D, - A2 PN A < o5z + ool 201 + 3w 2L 610 | 7
65.1) + 3eE|Z{I1(ES(6.7)) | 7, o

Proof. Taking (conditional) expectations in (3.1), we obtain

(5.2) Dy, = / " EIAD @) 1(Eni(6,7)) | Fild0+ / E[AD (0)1(ES ;(5,7)) | F]d8

For the second term on the right-hand side of (5.2), we have

/0 " E[AD (0)1(ES(5.7)) | fi]de] < / "EAD O)L(ES 1(6.7)) | Fld6

Applying the bound (3.2), we obtain

/07r (AT (0)[1(E;, ;(5,) | Fi)d6 < 2xE[(|| Zil| + |1 ZiI)1(E7, ;(6,7)) | Fi]
(5-4) = 2| Z:|IP[E, ;(6,7) | il + 27 E[|| Z{|1(E7, ;(3,7)) | Fil,

since Z; is F;-measurable with EHZZH < 00.
We decompose the first integral on the right-hand side of (5.2) as I1 + Iy + I3,
where

(5.3)

5
I := / E[AD (0)1(E, ;(8,7)) | Fi]do
0
T—0 )
= [ EADOLE.G) | Fdo
)
b= [ EADO)1(E(6.0)] 7l
T—0
First we deal with I; and I5. We have
§
1] S/ E[|AD(0)] | Fildo < 20E[| Zi|| + || Z]]| | Fil, a.s
0
by another application of (3.2). Here E[||Z;|| | ;] = || Z;]|, since Z; is F;-measurable,

and, since Z! is independent of F;, E[|Z!| | Fi] = E||Z{|| = E|Z1]|. A similar
argument applies to I3, so that

(5.5) [T + I3| < 46|/ Z;|| + 40E|| Z4 |, a.s.
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We now consider I. From (4.2), since i € I,, ,, we have
-6

b= [ B2~ Z)enl(Bnisn) | F)d0
B

T4 T—4
- /5 E[(Z; — Z!) - eq | Fild6 - /5 E[(Z: — 7)) - epl(ES4(6,7)) | Fido.

Here, by the triangle inequality,

T—0
/5 E[(Z: — Z0) - eg1(ES,,(6,7)) | F]d0

< /ﬂ E[(1Z:ll + | ZiID1(E7, 5(3,7) | Fildo
0

(5.6) = || Zi|[P[Ey, ;(8,7) | Fi] + 7B Z|[1(EF, ;(5,7)) | Fil,
similarly to (5.4). Finally, similarly to (5.5),
T—0 T
| Bz~ Z) e | Flao - | EI(Zi-Z)) e | Fiao
s 0
(5.7) < 2R Zi|l + |1 Z1 | Fi] = 28 (11 Zi| + E[ Z4])) -

We combine (5.2) with (5.3) and the bounds in (5.4)—(5.7) to give
]D - [TEiz -7 e fi]de\ < 661|Zi]| + 6E| 20| + 37| Z: | PIES.0(6,) | 7]
0

(5-8) +37E[| Z1(E7 1(6,7)) | i, as.

To complete the proof of the lemma, we compute the integral on the left-hand
side of (5.8). First note that E[(Z; — Z!) - eg | F;] = (Z; — E[Z]]) - ep, since Z; is
Fi-measurable and Z/ is independent of F;, so that

0 0

To evaluate the last integral, it is convenient to introduce the notation Z; —E[Z;] =
Rieo, where R; = || Z; — E[Z;]|| > 0 and ©; € [0,27). Then

/ (Zz — ]E[Z,]) -e9d9 = / Rie@i . egde = Rl/ COS(9 — @1)d9
0 0 0
= 2Ri sin @i = 2Rie@i . eﬂ/g.

Now (5.1) follows from (5.8), and the proof is complete. O

6. COMPLETING THE PROOFS OF THE THEOREMS
For ease of notation, we write Y; := 2||E[Z1]||~1(Z; — E[Z1]) - E[Z1], and define
Wn,i = Dn,i - Y;

The upper bound for |, ;| in Lemma 5.1 together with Lemma 4.1(ii) will enable
us to prove the following result, which will be the basis of our proof of Theorem
1.3.
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Lemma 6.1. Suppose that E[||Z1]|?] < co and ||E[Z1]|| # 0. Then

: -1 27 _
nh_)rrolon ;E[Wnl] =0.
Proof. Fix e > 0. We take v € (0,1/2) and ¢ € (0,7/2), to be specified later. We
divide the sum of interest into two parts, namely ¢ € I,, , and ¢ ¢ I,, ,. Now from

(3.1) with (3.2) we have |LS) — L,| < 2x(|Z|| + | Z]]), a.s., so that
|Dni| < 20E[|Zi|| + 11Zi|| | Fi] = 27 ([ Z:|| + E[| Z4]]).-
It then follows from the triangle inequality that
[Wail < |Dnil +211Z; — E[Z]|| < (27 + 2)(|Z:]| + E[| Zi])).-

So provided E[||Z1[]?] < oo, we have E[W?,;] < Cy for all n and all i, for some
constant Cy < 0o, depending only on the distribution of Z;. Hence

1 1
— > EWZ] < —2ynCy = 290y,
n ' n
i@l
using the fact that there are at most 2yn terms in the sum. From now on, choose

~v > 0 small enough so that 27Cj < e.
Now consider ¢ € I, . For such ¢, (5.1) shows that, for some constant C; < oo,

(Whil < CL(L+ 1 Zi]))6 + CLl| Zi||PEY, ;(5,7) | Fi
(6.1) + GiE[| Z{][1 (B :(0,7)) | Fil, as.
Here, for any B € (0,00), a.s.,
EIZ;1(E7 ;(6.7) | 2] < E(|Z{{(|1Zi|| > Bi} | Fi] + BiPlET, ;(6,7) | Fil

=E[1Z]11{l1Zi|| > B:}] + BiP[E}, ;(3,7) | Fil,

since Z! is independent of F;. Here, since E||Z!|| = E||Z;1|| < oo, the dominated
convergence theorem implies that E[|| Z]||1{||Z}|| > B1}] — 0 as By — co. So we
can choose By = B;(0) large enough so that

E(|Z1(E;:(6,7) | Fil <0+ BiPE; ;(6,7) | Fil, aus.
Combining this with (6.1) we see that there is a constant Cy < oo for which
(Wil < Co(1+11Zi) (6 + BiP[ES, ;(6,7) | Fi]), as.

Hence

Wii < C3(L+1Z:]))* (% + 2B10PEY, 1(3,7) | Fi] + BIPLES ,(6,7) | 7))
< G5+ 1Zi)? (0 + BIPLE;, ,(0,7) | Fil)
for some constant C3 < oo, using the facts that 6 < /2 < 2 and P[E], ;(6,7) |
Fi] < 1. Taking expectations we get
E[W; ] < C30E[(1 + || Z:))*] + C3BIE [(1 + || Zi|)*P[EF, ;(8,7) | Fil] -

Provided E[||Z1]]?] < oo, there is a constant Cy < oo such that the first term on the
right-hand side of the last display is bounded by Cy4d. Now fix § > 0 small enough
so that C4d < g; this choice also fixes B;. Then

(6.2) E[W;:,] < e+ CIBTE [(1+[1Z:]))P(E;, ;(6,7) | 7] -
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For the final term in (6.2), observe that, for any By € (0,00), a.s.,
(1 +11Z:|)*P[E;, ;(6,7) | Fil < (1+ Ba)*PlE;, ;(6,7) | Fil
(6.3) + 1+ 1Zi1)*1{1Zi| > Ba}-
Here E[(1+ || Z:]))?1{|| Z:|| > B2}] — 0 as By — o0, provided E[|| Z1||?] < oo, by the
dominated convergence theorem. Hence, since § and B; are fixed, we can choose

By = Bs(e) € (0,00) such that C2 B?E[(1+ || Z;]|)?1{|| Z:|| > B2}] < &. Then taking
expectations in (6.3) we obtain from (6.2) that

E[W3 ] < 2e + C§BY(1 + B2)*P(Ey, ;(5,7)]-

Now choose ng such that C3Bf(1 4 By)*P[ES, ;(6,7)] < € for all n > ng, which
we may do by Lemma 4.1(ii). So for the given ¢ > 0 and v € (0,1/2), we can choose
ng such that for all i € I, ,, and all n > ng, E[W? ;] < 3¢. Hence

1
— 3 EW2,] <3,
- ,

i€l ~

for all n > ng.
Combining the estimates for i € I,, , and i ¢ I,, -, we see that

1 n
- > EW?,] < 29Co + 3¢ < 4,
=1

for all n > ng. Since € > 0 was arbitrary, the result follows. O
Now we can complete the proofs of our main theorems.

Proof of Theorem 1.3. First note that
EW,,; | Fi—1] = E[Dy; | Fici] — E[Y; | Fica] = 0= E[Y],

since D, ; is a martingale difference sequence and Y; is independent of F;_;. Here,
by definition, E[Y;] = 0, and so W, ; is also a martingale difference sequence.
Therefore, by orthogonality, n™'E[(3 7 W, ;)] =n~' Y | E[W?2,] - 0asn —
00, by Lemma 6.1. In other words, n='/23"" | W,, ; — 0in L?, which, with Lemma
2.1(i), implies the statement in the theorem. O

Proof of Theorem 1.1. Write

2(Z; — E[Z1]) - E[Z4]

(6.4) &, = IE[ZA]]l

\/ﬁ ) f —
Then Theorem 1.3 shows that |£, — (,| — 0 in L? as n — oo. Also, with o2 as
given by (1.2), E[¢?] = 02. Then a computation shows that

n”'Var(L,] = B[] = E[(&n — Cn)?] + EIG2] + 2E[(€n — Ca)Cnl-
Here, by the L? convergence, E[({, — (,)?] — 0 and, by the Cauchy—Schwarz

inequality, [E[(€, — Ca)Cal| < (Bl — C)ZE[CZ])? — 0 as well. So E[€2] — o
as n — 0o. O

L, —E[L, 1 &«

A and (n:—g Y;, where Y; =
n
i=1
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In the proof of Theorem 1.2 we will use two facts about convergence in distribu-
tion that we now recall (see e.g. [2, p. 73]). First, if sequences of random variables
&, and ¢, are such that (,, — ( in distribution for some random variable ¢ and
|€n — | — 0 in probability, then &, — ¢ in distribution (this is Slutsky’s theorem).
Second, if {, — ( in distribution and «,, — « in probability, then «a,(, — a in
distribution.

Proof of Theorem 1.2. Suppose o2 as given by (1.2) satisfies 02 > 0. Again use the
notation for &, and (, as given by (6.4). Then, by Theorem 1.3, |, — (.| — 0 in
L?, and hence in probability.

In the sum (,, the Y; are i.i.d. random variables with mean 0 and variance
E[Y?] = 0?. Hence the classical central limit theorem (see e.g. [2, p. 93]) shows
that ¢, converges in distribution to a normal random variable with mean 0 and
variance 2. Slutsky’s theorem then implies that &, has the same distributional
limit. Hence, for any = € R,

. n )
< g
S P {\/p <z = lim P

where @ is the standard normal distribution function. Moreover,

[Ln —E[L,)

o?n

<a| =00,

L, - E[Ln] <z|l=P |:€n04n < 3;‘:| 7
Var[L,,] Vo2
where o, = ﬁ — 1 by Theorem 1.1. Thus we verify the limit statements in
(1.3). O
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