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In this work we prove congruences between special values of L-functions of elliptic curves with CM
that seem to play a central role in the analytic side of the non-commutative Iwasawa theory. These
congruences are the analogue for elliptic curves with CM of those proved by Kato, Ritter and Weiss
for the Tate motive. The proof is based on the fact that the critical values of elliptic curves with CM,
or what amounts to the same, the critical values of Grossencharacters, can be expressed as values of
Hilbert-Eisenstein series at CM points. We believe that our strategy can be generalized to provide con-
gruences for a large class of L-values.

1. Introduction

In [8,15] a vast generalization of the Main Conjecture of the classical (abelian) Iwasawa
theory to a non-abelian setting is proposed. As in the classical theory, the non-abelian
Main Conjecture predicts a deep relation between an analytic object (a non-abelian p-adic
L-function) and an algebraic object (a Selmer group or complex over a non-abelian p-
adic Lie extension). However, the evidences for this non-abelian Main Conjecture are still
very modest. One of the central difficulties of the theory seems to be the construction
of non-abelian p-adic L-functions. Actually, the only known results in this direction are
mainly restricted to the Tate motive over particular p-adic Lie extensions as, for example, in
[16,22,23,27]. We should also mention here that for elliptic curves there are some evidences
for the existence of such non-abelian p-adic L-functions offered in [4,10] and also some
computational evidences offered in [11,14]. Finally, there is some recent progress, achieved
in [5], for elliptic curves with complex multiplication defined over QQ with repsect the p-adic
Lie extension obtained by adjoing to QQ the p-power torsion points of the elliptic curve.
The main aim of the present work is to address the issue of the existence of the non-
abelian p-adic L-function for an elliptic curve with complex multiplication (but see also
the remark later in the introduction) with respect specific p-adic Lie extension as for ex-
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ample, the so-called false Tate type extension or the Heisenberg type extensions. Actually,
we prove congruences, under some assumptions, that are the analogue for elliptic curves
with CM of those proved by Ritter and Weiss in [27] for the Tate motive. We remark that
such type of congruences is the main input from the analytic theory in order to prove the
existence of the non-abelian p-adic L-function as done, for example, in [23] or in [22] for
the Tate motive. We start by making our setting concrete.

Let E be an elliptic curve defined over Q with CM by the ring of integers SRy of a
quadratic imaginary field Ky. We fix an isomorphism Ry = End(E) and we write Y
for the implicit C'M type of E. Let us write 1, for the Grossencharacter attached to E.
That is, ¥k, is a Hecke character of K of (ideal) type (1, 0) with respect to the CM type
Yo and satisfies L(F, s) = L(¢k,, s). We fix an odd prime p where the elliptic curve has
good ordinary reduction. We fix an embedding Q — Q,, and, using the selected CM type,
we fix an embedding K, — Q. The ordinary assumption implies that p splits in K, say
to p and p where we write p for the prime ideal that corresponds to the p-adic embedding
Ky — Q— @p. We write N for the conductor of E' and f for the conductor of 1, .

We consider a finite totally real extension F' (resp. F/ D F) of Q which we assume
unramified at the primes of Q that ramify in K and at p. We write t (resp. ) for its ring of
integers and we fix an integral ideal n of v that is relative prime to p and to Ng. Let K (resp
K') be the CM-field F K (resp. F' Ky = F'K) and let R (resp. R’) be its ring of integers.
Let F(p™n) be the ray class field of conductor p>°n and let F’ be ramified only at primes
above p, hence F' C F' C F(p*>n). Furthermore, assume F”'/F to be cyclic of order p
and that the primes of I that ramify in F/[" are split in K. That is if we write 65/ for
the relative different of F’/F" then 0p./p = PP in K'. We write I for the Galois group
Gal(F'/F) = Gal(K'/K). Note that in both F and F” all primes above p split in K and
K’ respectively. Finally we write 7 for the nontrivial element (complex conjugation) of
Gal(K/F) 2 Gal(K'/F") and we set g := [F': Q).

We now consider the base changed elliptic curves E/F over F and E/F’ over F'. We
note that the above setting gives the following equalities between the L functions,

L(E/Fvs):L(vas)v L(E/F/78):L("/)K’a3) (1.1)

where Y 1= Yk, o Ng/k, and Y = Yx o Ngr/g = Vi, © Ngi/k,, that is the
base-changed characters of 1, to K and K.

We write G for the Galois group Gal(F (p*°n)/F) and G := Gal(F'(p™n)/F’)
for the analogue for F’. Note that the above setting (the ramification of F’ over F) intro-
duces a transfer map ver : Gg — G ps. Moreover we have an action of I' = Gal(F'/F) on
G by conjugation. We consider the measures p/p of G and g g of G that inter-
polate the critical value at s = 1 of the elliptic curve E/F and E/F’ respectively twisted
by finite order characters of conductor dividing p>°n. The precise interpolation property is
a delicate issue in our setting that we will discuss in the next section. However we can state
now the main theorem of our work. We write j for the smallest ideal of t which contains
nfRN F and such that its prime factors are inert or ramified in K. If we write JJ := j®R then
we denote by Clk (J) the ray class group of the ray class field K (J). We define Cl(J) as
the quotient of Clk (J) by the natural image of (t/j)*. Similarly, we make the analogous



February 11,2011 10:58 WSPC/INSTRUCTION FILE CongruencesCMrevIV

Congruences of L-values of CM-elliptic curves 3

definitions for K.
Theorem 1.1. We make the assumptions

(1) The natural map Cly (3) — Cly.,(J)' is an isomorphism,

(2) The natural map Clp(1) — Clp:(1) is an injection,

(3) The relative different O/ of F' over I is trivial in Cl;,, the strict ideal class group
of F'. That is, there is a totally positive § € F' such that 0, ) = (§).

Then,

/ € over d,uE/FE/ € dug/pr mod pZy, (1.2)
Gp G

for all € locally constant Z,-valued functions on G g+ such that €' = € for all v € I, where
€7(g) := e(7g7~ 1) for all g € G and for some lift ¥ € Gal(F'(p>°n)/F)) of 7. More
generally, if we relax the assumption (1) and assume only that v : Cly(3) — Cly, (3)' is
injective, then equation (1) reads

/ € over d,uE/FE/ € dug/pr+ A(e) mod pZy, (1.3)
GFr

GF/
where A(e) is an “error term” that depends on the cokernel of the map 1.

Remarks:

(1) It can be shown, see for example [27], that the above congruences imply the following
congruences between measures. If we write [, for the element in the Iwasawa al-
gebra Z,[[G r]] that corresponds to the measure 11, and similarly f,p for that in
Zyp|[G's]], then we obtain the congruences

ver(fE/F) = fE/F’ mod 1—17 (14)

where 7T is the trace ideal in Z,[[Gx]]" generated by elements E,’;Ol a' for a €
Zp|[G']]. Note that f5 /5 is in Z,[[G'p]]" as it comes from base change from F. It is
exactly this implication that motivates our work. The aim is to use this kind of congru-
ences to establish the existence of non-commutative p-adic L-functions for our elliptic
curve with respect to specific p-adic Lie groups, as for example Heisenberg type Lie
groups, very much in the same spirit as done by Kato for the Tate motive Z, (1) in [23]
and by Kakde for false Tate curve extensions also for the Tate motive in [22].

(2) Our assumption that the elliptic curve is defined over Q is made mainly for simplicity
reasons. Our considerations could be applied in a more general setting. One can con-
sider as starting “object” a Hilbert-modular form over F' with CM by K. The delicate
issue however is the understanding of the various motivic periods that are associated to
it. However the “philosophy” of our proof applies also in this setting.

(3) We believe that the term A(e) always vanishes but we cannot prove it yet.
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(4) The assumption that € is Zj,-valued can be relaxed and consider any integrally-valued
locally constant function. Then simply one obtains the congruences

/ €over d,UE/FE/ € dug/pr mod pZyle], (1.5)

Gr Gp/
where Z, €] is the ring of integers of the smallest extension of Q,, that contains the
values of e.

(5) The assumption that F’/F is ramified only at p could be modified and in general
consider F” such that F C F’' C F(p*n) and all the primes of F' that ramify in F’ are
splitin K.

On the strategy of the proof: Let us finish the introduction by briefly explaining the
main idea of the proof. As we will shortly explain we are going to construct the measures
pr/r and pg,pe by using the so-called Katz measure for Hecke characters of CM fields.
The reason for this should be intuitively clear from the above equation of L functions.
These measures are constructed by using the fact (going back to Damerell’s theorem) that
the special values of the L-functions of Grossencharacters of a CM field K can be expressed
as values of Hilbert-Eisenstein series on particular CM points. The modular meaning of
these CM points is that they correspond to Hilbert-Blumenthal abelian varieties (HBAV)
with CM by K of the same type as the character under consideration. In our relative setting
we have that the Grossencharacter ¢ is the base change of ¢k . In particular, as we will
explain in the next section, if we write (K, Y) for the CM type of ¢k, then the CM type
of Y is (K', %) where ' is the lift of X to K'. But now the key observation is that
the HBAV with CM of type (K’,¥’) are isogenous to [K’ : K]-copies of HBAV with CM
(K, Y). In particular this says that the CM points that we need to evaluate our Eisenstein
series over F’ are in some sense coming from F' through the natural diagonal embedding
A : Hp < Hpg of the Hilbert upper half planes. Note here the importance of ¥’ being
lifted from X. Hence we can pull-back the Hilbert-Eisenstein series that is used over F’
to obtain a Hilbert-Eisenstein series over F', so that its values on the CM points of Hg
under consideration are the same with those of the one over F’ evaluated on the image
of these CM points with respect to A. It is mainly this idea that we will use to prove the
above congruences. We note here that a similar strategy was used by Kato [23] and Ritter
and Weiss [27] for the cyclotomic character but in their works the L values appeared as the
constant term of Hilbert-Eisenstein series (or as “values” at the cusp at infinity). We believe
that this strategy is more general. We have applied similar considerations in [3] for other
L-values that can be understood either as values at CM points or at infinity of Eisenstein
series of the unitary group. Actually, what we are doing here could be rephrased in the
unitary group setting, but we defer this discussion for our forthcoming work [3].

2. The Measures Attached to the Elliptic Curves E/F and E/F’

The statement of our main theorem involves measures on G i (resp G ) with the property
that integrating these measures against finite characters of G (resp G /) we obtain critical
values of E/F (resp E/F")) twisted with these characters up to some modification. Now
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we proceed in explaining the construction of these measures and their interpolation proper-
ties. We point right away that there are various construction of these measures; the modular
symbol construction, which we will not discuss at all, the construction of Katz, Hida and
Tilouine, which we will use in the present work and, finally, in our specific setting, the con-
struction of Colmez and Schneps which we also discuss shortly below. In order to explain
the definition of the above-mentioned measures we need to introduce some more notation.

Archimedean and p-adic periods: Since the elliptic curve E is defined of Q, we have
that the class number of K|, is one. In particular, we can fix a well-defined complex period
for E as follows. We write A for the lattice of E, that is E(C) = C/A. Then we define
Qe (E) € C*, uniquely up to elements in R, as A = Qo (E)oo(Ro), where ¢ : K —
C is the selected embedding. Moreover we define a p-adic period Q,(E) € J, where J
denotes the ring of integers of the p-adic completion of the maximal abelian unramified
extension of Q. If we write ® for the extension of Frobenious that operates on it, then it is
well-known that this period is uniquely determined, up to elements in Z X, by the property

Q,(E)*
0 (E)

—uez, @.1)

where u is the p-adic unit determined by the equation (note that, as p is good ordinary for
E, we have a,(E) :==p+1—{E,(F,) € Z))

1—a,(E)X +pX? = (1 —uX)(1 —wX). (2.2)

CM-types: We fix some CM-types for the CM fields Ky, K, K'. We have already fixed
an embedding of Ky — C, say o¢ and defined the CM type of K by ¢ = {og}. We
normalized things so that the character 1, is of infinite type 1 3. Now we fix a CM type
Y of K by taking the lift of 3 to K. That is, we pick embeddings that restrict to o in K.
We also define X’ to be the lift of X in K. We note two things for these CM-types. First
the characters 1 i and 1, are of type 1 and 1%’. Second the types just picked are also
p-ordinary in the terminology of Katz, that simply amounts to picking the primes of K and
K’ that are above p. We denote these sets of primes as ¥, and X, respectively. Of course
we set also ¥, = {p}. Finally, we note that all abelian varieties of dimension [F' : Q] with
CM by K (resp dimension [F’ : Q] and CM by K') and type X (resp. X) are isogenous to
the product of [F' : Q] (resp. [F” : Q]) copies of the elliptic curve F (see [26, Theorem 4.4.
page 19]).

The oco-types of the Grossencharacters: For the Grossencharacter 1k, we have that
ViV, = Nk, /@ and that ¢k (§) = ¥k, (q). In particular,

L( [7(3)’0) = L(’(Z}KON;(}Q7O) = L(/IZKO7 1) = L(’L/JKW 1) (23)

Moreover, if we consider twists by finite cyclotomic characters, that is characters of the
form x = x’ o Nk, g for " a finite Dirichlet character of Q, we have that L(¢k,x,1) =
L(z/);(cl)x, 0). The same considerations apply of course for 1k and 1. So from now on
we are going to consider characters of infinite type —kXg, —kX and —kYX’ for the various
CM-types and k£ > 1 and the critical values that we study are at s = 0. The above equation
explains why these are the values that we are interested in.
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We now recall the interpolation properties of a slight modification of a p-adic mea-
sure ug( HT for Hecke characters constructed by Katz [25] and later extended by Hida and
Tilouine in [17]. Let € be some integral ideal of K relative prime to p. Then, for a Hecke
character x of Gx := Gal(K(€p>)/K) of infinite type —kX, we have

Jo, X@ukaT(g) —1)MT (k)7
g = O ) Loeal(®,x,0)

[Ta—x@) [Ta—x@) IT @ —x®) —x@)L0,x).

q|5J3 ql§ peY,

where the ideals §,J are some factors of € and will be defined in the next section and Y
is a Hecke character defined by the equality x(q)X(q) = Nk g(q) . Also, in the next
section, we will explain in details the construction of the above measure, but for the time
being we just want to indicate three points:

(1) The measure depends on a choice of totally imaginary element 6 € K, with Im(69) >
0 for o € ¥ and such that its valuation at p € ¥, is equal with the valuation of the
absolute different of K.

(2) The periods (archimedean and p-adic) that appear above depend only on the CM type
> and not at all on the finite part of the Hecke character x.

(3) The factor Local(x, %, §) is similar to some epsilon factor of , but not equal. We will
explain more on that shortly.

We have fixed above a Grossencharacter v g (note that £k = 1 for this character). We set,
with notation as in the introduction, € := nf®R and we consider the measure of G'x defined
for every finite character x of G i by

/ X(@uEHT (g) = / @)$5 (@)l (9). 2.4)
Gk Gk

where 1/A)K is the p-adic avatar of ¥k constructed by Weil, see for example [21, The-
orem 1.1 page 12]. We will show later that in this case we can set QE = Q,(E)Y
and QZ = Q(E)9. Then, we define the measure yz ,r discussed above by (recall that
Gp := Gal(F(np>)/F))

e X9 (9)

/GF X9 e/ r(g) = 0, (E)s : (2.5)

where Y is the base change of x from F'to K. Then, from our remarks on the critical value
L(E/F,1), we see that this measure interpolates twists of this critical value of E/F. The
same considerations apply also for the datum (K’ F' g/, Gp/, G /). We now observe
that our main theorem above amounts to prove the following congruences, under of course
the same assumptions as in the theorem above,

KHT KHT
fGK eover dup "y _ fGK’ € dug s

0EY QB

mod pZ, (2.6)
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for all € locally constant Zj,-valued functions on G'i+ with €7 = ¢, which belong to the
cyclotomic part of it, i.e. when it is written as a sum of finite order characters it is of the
forme =) ¢, x with x™ = x.

However, these congruences do not hold when the extension F’/F is ramified. In or-
der to overcome this difficulty we will need to modify (twist) the measure of Katz-Hida-
Tilouine over K’. The key question is whether the factor Local(x, X, §) is the “right” one.
We believe that this is not so when the extension F’/F' is ramified (in the appendix we offer
evidences for this) and actually with our modification we aim to overcome this problem. In
short, we will define for the datum (K’, F’, g+, Gpr, G k) the measure jip /5 as

KHT,tw KHT,tw
[ vy - L OIS S 0O
X\9)LE/F\9) = = )
Gro / 2, (E)rs 2, ()
2.7
where the measure M?HT % called in this work the twisted Katz-Hida-Tilouine measure,
will be defined in section 4. Then we will show that

KHT KHT, tw
Jaeover dufls  Jo € dpy s

0, (E)? T (B
for all € locally constant Z,-valued functions on G g with € = € which belong to the
cyclotomic part of it.

The measure of Colmez and Schneps: We close this section by making a few more
observations. In the setting that we consider we can apply the construction of [9]. Indeed,
in this work Colmez and Schneps construct a measure of G := Gal(K(€p>)/K) such
that, for every Grossencharacter x of K of infinite type x((a)) = Nk x,(a)) ¥ fora =1
modulo the conductor of Y,

/G @)1 (g) = (~1MT(w) T ep 00 ) [[A—x@) [T 1=xB)A-XE) L0, x

peS, qle pel,

mod pZ, (2.8)

Although Colmez and Schneps do not work the algebraicity of the measure we see here that
their measure is normalized differently from that of Katz-Hida-Tilouine with respect to the
local factors. Here one gets the epsilon factors of Deligne as local factors. It is exactly this
construction that we explore in a common work with Filippo Nuccio [6] where we try to
obtain a different proof of the congruences hoping also to relax some of the assumptions
of the current work.

3. The (twisted-)Eisenstein Measure of Katz-Hida-Tilouine

We start by recalling some Eisenstein series appearing in the work of Katz [25] and Hida
and Tilouine [17]. For reasons that will become clear later we need to introduce a slight
modification of these series. We follow the notations of Hida and Tilouine and introduce
the setting described in their paper. We consider a totally real field F' with ring of integers
v and write 6 for the different of F'/Q. We also fix an odd prime p. For an ideal a of F' we
write a* = a~'6~!. We fix a fractional ideal ¢ and take two fractional ideals a and b such
thatab~! = c. Let ¢ : {v, x (¢v/§')} x {r, x (v/f")} — C be a locally constant function
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such that ¢(e "'z, ey) = N(e)kp(x,y), for all € € v*, k some positive integer and § and
' integral ideals relative prime to p. We put f := § N §".

On the ideals a,b and ¢ we put the following restrictions. For the ideal a we always
assume that (a, pf) = 1, i.e. it is taken relative prime to pf. The ideal ¢ will always be taken
of the form c¢; ¢co, where ¢; and ¢o are fractional ideals that satisfy,

(1) (c1,pf) =1,
2) ¢ = Hpj Ip p®*i, with ap; 2 0. Here the p;’s denote the prime ideals of I’ above p.

This in turn implies that b is of the form byby with (by,pf) = 1 and by = ¢, *. We
now define the spaces 71 := {r, x (v/f)} and Tz := {(¢7! ®, t,) x (t/f)}. Note that our
assumptions imply that t, C ¢! ®, t, and hence

T - T1 X TQ,
where T' := {t, x v/f} x {r, x v/f}. Using the canonical projection

T — {ep x (¢/f)} x {rp x (¢/§")},
we may consider ¢ as a locally constant function on 7. We extend ¢ by zero to a function
of Ty x Ty. Actually, in our applications, we will be given functions on 7 := {r)’ x
(¢/5)*} x {r; x (¢/f)* }, which we will extend trivially by zero to functions on 77 x T5.
We define the partial Fourier transform of the first variable of ¢ and write

P¢: {F,/0," xf/07'} x Ty — C (3.1)
as
Po(x,y) = p_a[F:Q}N(frl Z d(a,y)er(ax), erp(ax) = exp(2milrp/(2ax)),
aeX,
(3.2)

for ¢ factoring through X, x T with X, = v,/ar, x (v/f) and o € N. We now attach
an Eisenstein series to ¢. This is realized over the complex number as a rule on triples
(L, A,2), where £ a lattice in CIFQ with real multiplication, A-polarized with A an iso-
morphism AZ £ = §~1c=! and 2 a p>§2 level structure.

The partial Tate module: From the p>§? structure after restriction we obtain a pro-
jection 7’

7 (L@ety) X LIFL — (¢ @ tp) X (v/fr) = To. (3.3)
The second component of this projection, that is £/f£ — t/ft is obtained as in [17, page

206]. For the first, we follow Katz [25, page 246] we note that we have a short exact
sequence of free v,-modules

0—60"' @ty = LR, =7 — 0. (3.4)

From the given polarization we obtain an isomorphism
2
NL@ery) 207! @ty (3.5)

tp
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We conclude that
7=l @, tp, (3.6)

which explains the first part of the projection 7’. Following Hida and Tilouine (loc. cit.)
we then define the partial Tate module PV (L) as a submodule of £ ®, F; that contains
L ® tp,5 such that

PV(L)/L @ty 2 Im(F, /07 x /071 — p=L/L x§71L/L).  (3.T)
Then, as explained in [17], one obtains the projections
7' PV(L) » Ty and, 7:PV(L)— F,/0;" x§ /67" (3.8)

We set L(fp) = §1p~>°L N PV(L) and, for a w € L(fp) we define Po(w) =
P¢(m(w), n'(w)). For an integer k > 1 we define the c-polarized HMF Ej (¢, ¢) by

(=D (k + 5)? Po(w)
TVDT el NN 0 60

We now have the proposition:

Ep(p,¢)(L,A0) =
weL(fp)/r*

Proposition 3.1. There exists a c-HMF Ej.(¢, ¢) of level p>°§? and weight k such that, if
k > 2o0r ¢(a,0) = 0 forall a, then its q-expansion at the cusp (a, b) (with our assumptions
on a and b) is given by

Ek(¢7 C)(Tatea,b(Q)7 >\can7 Wean s Z'can) = N(a){2_gL(1 - k7 (bv U.)
+ > > ¢(a,b)sgn(N(a))N(a)*1q*} (3.10)
0kK&€ab (a,b)e(axb)/ct*,ab=¢
where L(s; ¢, a) = er(a_o)/rx é(x,0)sgn(N(z))*|N ()|~
Proof. The proposition is in principle the one stated in [25, page 247, theorem (3.2.3)]
and [17, page 208]. Indeed, the fact that the defined series is a Hilbert modular form of
parallel weight %k follows as in Katz. First, as Katz remarks, we can restrict ourselves to

work over C. Then (see also [25, page 236, equation (2.3.36)] for a moduli interpretation
of the following equation),

Ek(¢a C)(ail‘a?aa < >7a71 X l) = N(a)k|N(a)2S|Ek(¢v C)(,C, < >aZ)a (3.11)

since for w' = a lw € a7'L with w € L we have Po(w’) = P¢(w). Indeed the
projections 7z and 7}, of PV (L) and 7,1 and 7/, , of PV (a~' L) are related by

ﬂ-[,(a X y) = ﬂ-aflﬁ(y% /S a’ilﬁ
and

melaxy) =mip(y), y€a 'L
These last equalities follow by observing that the exact sequence

0—=0"'®ct, > LBty 5S¢ ®ct,—0
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induces the exact sequence

><‘
ﬂa(_a) ) 1

0—01 @1, ¢TI @ ) et — 0,

from which the partial Tate module PV (a~1L) is constructed.

Since both sides of the equation 3.11 have analytic continuation, evaluating at s = 0,
we see that the defined series have parallel weight k. The holomorphicity at s = 0 follows
as in Katz by studying the g-expansion. Now the proof of the g-expansion written above is
exactly as in Katz or in Hida and Tilouine (loc. cit.). However we have to comment on an
assumption that is made on both of these works with respect the ideals a, b and ¢. Namely,
there it is assumed that (a,pf) = 1 (as in our case) but also that (c¢,pf) = 1. However
this second assumption in both of these works is made not in order to establish the above
proposition but to prove the functional equation of the Eisenstein series (see [25, page 253]
and [17, page 225] where the assumption is crucially used). Indeed, one can follow the
proof in [25, pages 248-252] or [17, pages 207-208] to see that the assumption on ¢ (and
hence also on b, given the restrictions on a and the equation ab~! = ¢) does not play any
role at all. Indeed, for the proof of these propositions, one uses crucially that (a, pf) = 1.
That is, the cusp (a, b) must be unramified for the given numerical structure (see [12, page
259] for the definition of unramified cusps), since only in the first variable is taken the
Fourier transform (in the second variable there is nothing happening). Of course, if one
wants to prove the functional equation for the Eisenstein series, he has to interchange the
roles of a and b. In particular, in the case that (¢, pf) # 1, the unramified cusp (a, b) will
be associated to the ramified cusp (b, a). Concluding, we have that our modification still
do give us the g-expansion stated above but not the functional equation stated in [25, page
254 theorem (3.3.13)] or [17, page 227 equation (5.2)]. O

Actually, in all of our applications we will have that the function ¢ will be supported in
{ey x (v/F)*} x {0 x (¢/f)*} (i.e. it will be zero outside this domain). Hence, because
of the support assumption of the second variable, the sum that appear in [17, page 206] or

[25, page 249])

Po(a,b)
Z N(a+ bz)¥|N(a+ bz)?s|’

(a,b)e{(pmaf)*xb}/cx
with (p"af)* = p~"a~t§710~L, will be simplified to

Pg¢(a,b)
N(a+ b2)%|N(a + bz)2s|’

(a,b)e{(pmaf)* xb1}/c>

where we recall b = byby with by and by as defined above. In particular (by,pf) = 1
so one can redo the proof of Katz or Hida and Tilouine from this point on. Note that the
g-expansion then will be of the form

Ek(¢7 C) (Tateu7b(q); )\can» Wean s Z-ccm) -
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N(@{ > > (a,b)sgn(N(a))N(a)*~"¢*}.

0<k€€aby (a,b)e(axby)/t*,ab=¢

Remark: The following remarks are in order:

(1) In the case that the locally constant function ¢ is supported on {t,* x (t/f)*} x {r,’ x
(t/f)*} then the Eisenstein series has constant term equal to zero at the cusp (a, b).

(2) Note that the p-integrality of the g-expansion follows from the values of the function ¢
and from the fact that (a,p) = 1.

The Eisenstein Measure of Katz-Hida-Tilouine: Hida and Tilouine extended the
work of Katz to obtain measures of the Galois group Gal(K (€p>)/K) for K a CM field
and € an integral ideal of K. We briefly describe the construction and the interpolation
properties of these measures. We start with the decomposition € = §§.J such that

F+Te=R, §+F°=R, Fc+5. =R, F.OF° (3.12)

and J consists of ideals that are inert or ramify in K/F. We set { := FJN F and f’ :=
FINE, §:=§Nf" =§,5 =F.NFandj:=JNF. As in Hida and Tilouine, we consider
the homomorphism obtained from class field theory

i {(e) x (e/F) x e x (v/8)%) [t} — Cli (€p™). (3.13)

We write Cl(J) for the quotient of Clx (J) by the natural image of (t/j)*. If {l;},
are representatives of C’l,}((j), which we pick relative prime to p&€®, then we have that
Clr(€p>) = 11, Im(i)[44;]~" where [;] the image of 8f; in Clx (€p>). We use the
surjection (t/f)* — (t/s)* to obtain a projection

T 1= (e ¢ (/1) e (/) )07} = {(e x (/) x5 x (e/8)) /X ). (3.14)

Given a continuous function ¢ of Clg(€p>) = Gal(K(€p™)/K) =: G we define a
function ¢; on I'm(i) by ¢;(x) = (;S(x[Ll;l]) and through the above projection we view
q~5j as function on T". Moreover we write N for the function

N {ey x (o/f)*F x{ry x (/1) } = Z; (3.15)

givenby N(z,a,y,b) = Haezp 7. Then we define functions ¢; on {t 5 x (v/f)* } x {t; x
(t/f)*} by ¢j(x,a,y,b) := N(x)~'¢;(z, a1, y,b). We view ¢; and N as functions
on 71 x T5 by extending them trivially by zero as we described at the beginning of the
section.

In order to define the measure of Katz, Hida and Tilouine we need to pick polarization
of HBAV with complex multiplication by R and CM type . We pick an element § € K
such that

(1) 6= —6and Im(6°) > Oforallo € %,

(2) The polarization < w,v >:= *=3z* on R induces the isomorphism R A, R =
6~ ¢! for c relative prime to p.
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After the above choice of §, we can attach (see [17] page 211 for details) to the fractional
ideals {{; of K a datum (X (84;), A(8;), 2(Ll;)) consisting of a HBAV X (4l;) with CM of

type (K, ), a polarization cilj_lilj_c and a level structure +(&l;) of type p>f2. We define

the measure ,ug(HT as (see [25, pages 260-261])

/G¢(9)M§(HT(9) = Z/qujdEj = ZEl(%vCj)(X(ﬂj)aA(ﬂj)»l(ﬂj))’ (3.16)

where ¢; = c(iljil;)*l. We note here that, when ¢ is a character of infinite type —kX,
then we have that

E1(¢j,¢5) (X (84), M), 2(85)) = & ([85]7) Br(Dpimiter ¢5) (X (1), A(8hy), 2(8h;), w ™ (445)),
(3.17)

where ¢ finite 18 as in [25] page 277 and the above equation is explained in (5.5.7) of (loc.

cit.). Using this equation we remark that for a character ¢ of infinite type —k3 we have

[T (@) = 3B (0.6 (X(04). MWL), (84) =
Z¢ ([571]) B (N(@)* b pimae(z ™ a7y, 0), ¢5) (X(8), AM8y), i(8) =

Z(b ([ﬂjl}) Ey (¢finite(x_1va_17y7 b), cj) (X(uj)7 )\(uj)7i(uj)7wcan(uj)) .

For our later applications (in section 7) it is important for us to consider the integrals
fG (9)x(g)EHT (g) where ¢ is a locally constant function on G and X a character of
infinite type —kY. We may write x(z,a,y,b) = N(2) %X finite (7, a, y, b) and hence

q,;;(j (t) = ggj (t)X(t)X(ujl) = ¢j (l’, a,y, b)N(x)ikainite(xv a,y, b)X(u;l)

We write

(6X);(x, a,y,b) := N(z) " ox; (a2~ a1, y,b)

= éj (-T_lv a_lv Y, b)N(m)k_lx‘finite(x_la a—l’ Y, b)X(uj_l)

Then we have,

[ o (6) = 30 Er (000,16 (X(84). AW (41)

= ZX(ﬂJI)El ((bj(x_lva_lvy’b)N(x)k_leinite(x_lﬁa_1’y7b)> Cj) (X(uj)v)‘(uj)7i(uj))

= ZX(LIJ‘_l)Ek <¢j(x_17a_17y7b)Xfinite(x_17a_17y7b)a cj) (X(ﬂ]), /\(uj)7i(uj)7wcan(uj)) .
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In particular, setting (¢x);, finite = &j(z ™1, a™ 5, b7 ) X pinite (z ™1, a7y, D)X (85 1),
/G¢(9)X(g)u§(HT(9) =Y Bk (0, rimite €5) (X (8), A(8)), 6(8; ), w™™ (45)) -
J

We now state the interpolation properties of the measure. For a reminder of the defini-
tion of the archimedean and p-adic periods appearing below the reader can check [25, page
269] or the definition right after the statement of proposition 3.5 in this paper.

Theorem 3.2 (Interpolation Properties). For a character x of G := Gal(K(€p>)/K)
of infinite type —kY: we have

DIETTW) ey
IGXQQ/?EQ—(ZR s )Local(E,Xa(s)(\/)DfFQég)x

[T —=x@) [Ta—x@) IT @ = x®)( =X)L, x). (3.18)

q|33 ql¥ pe,

Proof. This is in principle the measure constructed by Katz and Hida-Tilouine in [17,25].
The main difference of the above formula with the one in Theorem 4.1 of [17] is that we do
also the partial Fourier transform for the primes that divide §J (this is why in our definition
we used ¢ and not ¢° as Hida and Tilouine do (page 209). Note that the computations in
their work are local, so what we do amounts simply moving some of the epsilon factors
away from p to the other part of the functional equation (compare with theorem 4.2 in Hida
and Tilouine). |

The reason for doing this slight modification is related with the values of the measures
pg/rF and pg, pothat we will define later. If we want these measures to take Z,, values then
we have to make sure that we put the right epsilon factors (viewed as periods) also away
from p. We now explain the local factor Local(x, %, ¢) that shows up in the interpolation
formula above. So we let x be a Grossencharacter of a CM field K of infinite type (after
fixing incl(o0) : Q — C)

Yoo i KX - Q= C (3.19)
given by
B 1 (o@)\"”
Xoo(a) = U];[E L <O_(a)> . (3.20)

We write ¢ : Ay, /K* — C* for the corresponding adelic character and we decompose
ittoc = [],cx o I1, co- The infinite type of the character can be read from the parts at
infinite ¢, : C* — C*. These are given by

Z’C+d(0)

i@) =co(2) = Zzd(o) = retdlrzdon, (3.21)

¢y (re



February 11,2011 10:58 WSPC/INSTRUCTION FILE CongruencesCMrevIV

14 Thanasis Bouganis

Let as pick g, a prime ideal of K which we also take relative prime to 2. Then we define

Fo (55)
Local(x,6)q := ———2022 322
oca (X7 )CI Cq (a) 9 ( )
where a € K is such that ord,(a) = ordq(cond(x)). Here
. 1 .
Fyi(z) = N mordscond() Z cq(y)exp(—2mi Trq(ux)), (3.23)
Nlapres we(/a)"

where Trq(y) := Trk, /g, (y) mod Z, and g := q N Q. Then in the formula we have

Local(x, %, 9) H Local(x,0)q H Local(x;,0)y. (3.24)
q|3d PEZP

The discrepancy of the e-factors: Our next goal is to understand the relation of the
local factor Local(X, x,d) appearing in the interpolation properties of the Hida-Katz-
Tilouine measure and the standard epsilon factors of Tate-Deligne. We start by normalizing
properly the epsilon factors. We follow Tate’s article [29] for the definition and properties
of the epsilon factors of Deligne. We denote Deligne’s factor with e, (x, 1, dx) as is de-
fined in Tate’s article [29] where as () we pick the additive character of K, given by
exp(—2miTr,(-)) (as above in the Gauss sum appearing in Katz’s work) and da we pick
the Haar measure that gives measure 1 to the units of R;,. From the formula (3.6.11) in Tate
(there is a typo there!) we have that

ep(x 0, dx) = c;l(a)N(HK(p)) Z cp(y)exp(—2mi Trp(g)), (3.25)
u€(R/p)*

where « is an element with ord, (a) = n(x) + n(v), with n(x) (resp. n(¢)) the exponent
of the conductor of x (resp. 1) and O (p) is the different of K, /Q, and hence we have
also the equality N (0 (p)) = N(p)™*) from the very definition of ¢ and the different. In
particular we conclude that

ep(Xx 1 0, dx) = N(p)rdeeond e L (§)N (0 (p)) Local(x, 5, 6)p. (3.26)
We conclude
Lemma 3.3. The relation between Katz and Deligne’s epsilon factors is given by

ep(x 1 0, dz) = N(p)rdeeond e L (§)N (0 (p)) Local (x, 3, 6), (3.27)

Now we take in the lemma above x equal to le_(l for x a finite character of K. Then,
for 7, a prime element of p, we have that

€p (X_1¢K7¢7d73) = ep( 7¢) dx)wK( nx) +n(w)) (328)

In particular that implies

Local(xt", %,8)p = N(p) " Meyp (5)N (O ()~ ep (X, ¥, d) =

= N(p) "Wy ()N (Oxc(p) ™ ep(x ™1, 0, da)ipye (my ) =
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TPK(W:JL(X)) wK(ﬂ.g(Tb))
N(p)") N(p)n)

= cp(0)ep(x 1, ¥, da) (3.29)
where ¢, () is the value of the adelic counterpart of x5! at §, with § € K C K, as
introduced above (used to define polarization of the HBAV’s). But as ¢k is unramified at
p we have that ¢, (0) = wK(Wp_"W))xp (). So we conclude that

-1 -1 z/’K(Wp) ) 1
Local (@i, 2, 6)p = xp (B)en(x ﬂum»(N@)) vop 630

Remarks on the values of the measure of Katz-Hida-Tilouine and the periods: In
order to determine where the measures pg,r and pp,pe defined in section 2 above take
their values, we need first to explain where the measures uf,f f Tand ﬂf/f 5 ?;, of Hida-Katz-
Tilouine take their values. The key point is to understand how the interpolation formulas of
these measures are related to the period conjectures of Deligne that were proved by Blasius
[1] in our setting. As mentioned above in Theorem 3.2, the interpolation properties of the
Katz-Hida-Tilouine measure for a character y of G := Gal(K (mp>)/K) of infinite type

k> are
Je x(9)us (9) (=M (k)
Q—SE = (mx . tX)LOC(Zl(E,X, 5)WX

[T —=x@) [Ta—x@) [T @ —x®) - x@)L0,x) (3.31)
qlF3 ql¥ pes,
and we have fixed a Grossencharacter ¢ associated to E/F, unramified above p and
considered the measure of GG defined for every locally constant function x of G by

/x@Wﬂ?@%=/x@Wﬁ@M?ﬁwx (3.32)
G G

where 7]; x 1s the p-adic avatar of 1 constructed by Weil. Then we consider the question

g N KHT
Ja X(g)wgigz)“ ) belong, which is equivalent to

in which field the algebraic elements

addressing the question where the values

L(0, x¢ ")

VIDF|QX
exactly belong. As we will see later we can replace Local(3, le}l, 0) with Local (%, x, 9)
as the two differ by an element in K *. Now we note that the element 2., defined by Katz
depends only on the infinite type of ;. However we will assume that 2, is selected in
such a way that \/[Dp[Q% is equal to Deligne’s period ¢t (35"'). We note that this is not
always possible in Katz’s construction as one is restricted to pick abelian varieties with
CM by K that arise from fractional ideals of K. However in our setting, as everything will
be “coming” from an elliptic curve E/Q, we are allowed this assumption and actually we
will prove later that we are allowed to take Q' = Q(E)¢ and Q% = Q(E)9, where we

L0,%xY) .
recall ¢ = [F' : Q]. So we may assume that ————=%—-— € K. As we have mentioned
g=1[F:Q y )

Local(Z, xib", 0) (3.33)
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above, Blasius has proved in [1] Deligne’s conjecture for Hecke characters of CM fields,
in particular we know that

L0, xv")

ct(xvg')
where ¢t (k) is Delinge’s period for the Hecke character Xz/);{l. In general one has that
ct(xvE) # et (x)et (¥"). Indeed it is shown in [28] (page 107 formula 3.3.1) that

v

Py
Here ¢(%, x) € (K (x)®Q)* is a period associated to the finite character x and depending
on the CM-type of the Grossencharacter ¢ . Actually it can be determined, up to elements
in K ()%, from the following reciprocity law. If we write F' := K for the maximal totally

real subfield of K then one can associate to the CM type X the so-called half-transfer map
of Tate (see [28] page 106)

€ K(x), (3.34)

=c(X,x) mod K(x)*. (3.35)

Vers : Gal(Q/F) — Gal(Q/K). (3.36)
Then one has that
1@71)e(8,x) = (xo Vers)(T)e(Z,x), 7€ Gal(Q/F). (3.37)

So for our considerations we need to consider the question if Local(y, >, 0) is equal to
¢(3, x) up to elements in K (x)*. This is in general not the case (for a similar discus-
sion see also [5, page 399]). Indeed, as it is explained by Blasius in [2, page 66], if
we denote by E the reflex field of (K, X), this is a CM field itself, then the extension
Es, := E(c(%, x), X), where we adjoin to E the values ¢(3, x) for finite order characters
x over K, is the field extension of E' generated by values of arithmetic Hilbert modular
functions on CM points of HIF*@ of type (K, ), i.e. correspond to Hilbert-Blumenthal
abelian varietes of dimension [F' : Q] with CM of type (K, X). This extension of F is
not included in £Q%. However we will see later that the elements Local(xx, Y, §) are
almost equal to Gauss sums. In particular that implies that they can generate over £ only
extentions that are included in EQ® (see also the comment in [28] page 109). Hence
in general the two “periods” of y are not equal up to elements in K (x)*. That implies,
that in general the measures W 3 and W pig %5, are not elements of the
Iwasawa algebras Z,[[G || and Z,[[G k]| respectively. However if x is cyclotomic i.e.
x(rg771) = x(g) for all g € G then we have the following

Lemma 3.4. For x cyclotomic we have

S X(@nh % (9) € Z,x] (3.38)
0 (E)? e '
Proof. From the interpolation properties of the measure ,ug f T we have
Je. x(9)uls 25 (9) o (=1)kT (k)9
02— (R o) Local (8, xthit, )~ — L(0, Xt
QEp O TRl 0) e s O i)
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[Ta=xd @) [T —xvx' @) TT 0= xv' )1 - X' 7). (339

qlJ q|F peES,

As the measure is integral valued [25, theorem (5.3.0)] we have only to show that

(OX'(/JK)
VDFQeo (E)P®

From the discussion above we have that Local(Z,x¢x',d) is equal to
[Loes, en(x'¥r) [1qj55 €a(x "9k ) up to elements in K (). But then, if we write fy,,
for the conductor of 1 i, we have that qu . €a (i) = £1 as this is the sign of the func-
tional equation of E/F'. In particular, up to elements in K () (as ¢k is unramified above
p and (cond(x), cond(x)) = 1) we have that [T, s, ep(x ™ '¢r) [Tqj55 €a(Xx '90K) =
[Les, ep(x ") Iy 155 €a(x ™). We write now fy,, for the Hilbert modular form over F°
that is induced by automorphic induction from ¥ i (i.e. the one that corresponds to the mod-
ular elliptic curve E/F) and ¥ for the finite character over F whom Y is the base change
of from F to K. Then, up to elements in K (), Hpezp es(X ) Iggzealx™) = e(x™1)

—= e Local (B, xg 6)- € Qp(x) (3.40)

where e(y~!) the global epsilon factor of ¥~'. Moreover we have that L(Xwgl, 0) =
L(fpr, X1, 1) (here is crucial that y is cyclotomic). But it is known, as for example is
proved in [20, page 435 Theorem I], that

NPT (E)pze(rﬂ € @), (3.41)
oo
which allows us to conclude the proof of the lemma. O

Actually, using the full force of the results in [20], we have that

L<fwK7>~<_1’1) o1 7 _ L(fwK’y(_gvl) c—0o
(WG(X >) = W@(x ) (3.42)

for all ¢ € Gal(Q/Q), which can be easily seen to imply that

Jor X@uEEE @)\ Ja, (X(9) i (9)
Qp(E)9 - Qp(E)9

(3.43)

forall o € Gal(Q,/Q,).

The Twisted Katz-Hida-Tilouine Measure: Now we modify the KHT-measure in the
case where the relative different is principal. The interpolation properties of the twisted
measure are going to be different with respect with the “epsilon” factors. We explain now
this modification. We follow the construction that we presented above. We still consider the
relative situation F’/F and the corresponding K’/K extension and we remind the reader
that we consider extensions that are unramified outside p. Under our assumption we have
that (§) = 05 /p where £ is a totally positive element in F'. Moreover our assumptions on
F'/F imply that 0, splits in K’ to P*B.
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Over K’ we define the K HT-measure by picking instead of 6’ the element § € K —
K. Note that, since the CM type (K’,Y’) is a lift of (K, X), this is a valid choice. The
polarization that the element § induces to the lattice R’ is

2
N\ =05 (3.44)

v/

if the same element, seen as an element in K, induces the polarization

2

AR =0 (3.45)

T

Indeed, under our assumptions about the ramification of F” and F' and K and the fact that
F'/F and K/F are disjoint, we have that &’ = ¢/ ®z Ry and similarly R = t ®z Ro,
from which we obtain R’ = R ®, t’ and the above claim follows. With respect to this
polarization we have, for fractional ideals of K’ of the form 4 ® £~ = U ® .} e the

polarization

2
AN @) =0 U807, = Ot U0 (3.46)

!

The twisted triples: Our twisted measure is going to be defined again by evaluating
Eisenstein series on the very CM abelian varieties as the measure of Katz-Hida-Tilouine
but we will twist them by ¢! and use the above mentioned polarization. In particular the
triples that we consider are

(1) The abelian varieties are X(L[g) =X ® 0_,1/F) X(Uy)/ X (45)[0p 7).
(2) The polarization )\§ (U ® (05 / ) = At @ (05) / ) i.e. the one defined above

and

(3) The p>f2-arithmetic structure is explained below after stating proposition 3.5.

We then define the twisted measure as follows

: .
with €=

/ (g KHTtw )::;/T@dfjj =

D B0, ) (X(U5), X5 (8 @ 07 ), 1 (U @ 0 ) (3.47)

¢(4;815) " 05 /. For a character ¢ of infinite type —kY we have

¢( Yl HTtw( ):ZE1(¢j7C§)( (LIE) AS (4L, ®9F'/F) S (8l ®9F’/F)) =

>0 (15

By (N@)" ¢ pinire (07" a7, 9,0), 6§ ) (X)X © 070,088 @ 07 1)) =
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Zd) Ek (¢fznzte( 1,@ 7yab)7 )( (uf) )‘5(1’[ ®0F//F) (u ®9F’/F) cm(ug))’

where for the last equation we note that since the character is of infinite type —kY' we
do not need the theory of p-adic differential operators used in one of the equations of
[25, page 277, (5.5.7)] (the theory of p-adic differential operators is developed under the
assumption that the polarization ideal c; is relative prime to p). Similarly to the classical
(untwisted) Katz-Hida-Tilouine measure we have for a locally constant function ¢ on G’
and a character x of infinite type —kY’

ONOT ZEk(mfm, ) (X A58 © 05} 1) 1 (8 @ 05 ) w0 (45) )

We next study the interpolation properties of the twisted measure. Let us write cond(x), =
Hpjezg, Py’ ﬁ?j for the p-part of the conductor of x. We define e; := ord, & for all p; €
E;. We have already described a decomposition € = §FF.J.

Proposition 3.5 (Interpolation Properties of the “twisted” Katz-Hida-Tilouine mea-
sure). For a character x of G’ := Gal(K'(€p>)/K') of infinite type —k%' we have

KHT,tw
Q;;E'

= (R v ) Local (X', x,5,€) [] x(p;) ™ x

a;=0
[Ta—=x@n | [Ta-x@na-x@)]| | II @-x@E)-xp)))

(=D)*'T(k)"
VD QY

Here the factor Local(¥', x, 6,€) = [, Local(¥, x, 6, §)4 is a modification of the
local factor of the measure of Katz-Hida-Tilouine and it will be defined in the proof of the
proposition. However the modification will be only at the primes above p, that is for q|¢
we have Local(X',x,06,&)q = Local(¥', x,d")q. We now explain shortly how the peri-
ods Q’;OE' and Q];E/ appearing in the proposition are defined. These periods will be studied
more closely in section 6. We first define Qo € (v ® C)* (resp. 2, € (v ® D,)*) by
w(ﬂ?) = QuoWirans (ilg) (resp. w(ﬂg) = QpWean (ﬂ?)). That this is well-defined, indepen-
dently of 7, will become clear in section 6. Then we define Q’;El as the image with respect
to the character (—)**" : (' ® C)* — C* of Qs € (v ® C)* . Similarly we define Q5>
as the image with respect to the character (—)*> : (¢Y®D,)* — DJ)ofQy, € (YY®@D,)*.

x L(0, ). (3.48)

The p°°f§2-arithmetic structure:Before we proceed to the proof of the above propo-
sition we must explain the arithmetic structure of the twisted HBAV used in the above
proposition. Note that since (f, 0+ /) = 1 holds, the f2-structure can be defined exactly as
in [17, page 211]. We now explain the p> part. As in Katz we use the ordinary type X, to
obtain an isomorphism
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Wz, = [[ % x [ B =v, xx),. (3.49)
pe Zp pe by P
And similarly, for any fractional ideal { of R’ relative prime to p, we can identify U ® Z,, =
R ® Zp in K’ ® Zj,. In particular we have an isomorphism for such ideals

Uz Z, = [ % x [ 5 =v, xx). (3.50)
peEX) péip
Then, as Katz explains (see [25, page 265 and lemma 5.7.52]), the p>° structure of X ({I)
is defined by picking the isomorphism

v 205 ® L, (3.51)

p
which is given by & — dox, where dy is the image of (26") ™" in K, and using it to define
the injection

05} ® Ly — U Rz Ly 2, X ), (3.52)
by means of the isomorphism in the first component. Now the p* structure of the twisted
varieties 4 ® €1 is defined using the isomorphisms
1

1
Weth ez, = [] gm’ < | gm’ Ng Et; (3.53)
peX, peS,
and picking the isomorphism
Lo =65 /F®‘C' ~ 0. Q Ly, (3.54)

e

given by x — 28, ' where dy is the image of § in [pes Ky =11, Fy- Now we proceed
p

to the proof of the proposition on the interpolation properties of the twisted Katz-Hida-

Tilouine measure.

Proof (of Proposition 3.5). We will follow closely the proof of Katz in [25]. Actually we
will mainly indicate the differences of our setting from his setting. We are going to prove
the proposition in the case of € = 1, which is enough in order to demonstrate the “new”
features of the twisted measure. One could generalize the calculations below (in the same
way that Hida and Tilouine [17] generalized the calculations of Katz [25]) to the more
general case of non trivial €. We only note here that since we are assuming that (¢,¢) = 1
(i.e. F'/F ramifies only above p) the local factors at primes that divide ¢ that appear in
the interpolation properties of the twisted measure are the same with those that appear in
the interpolation properties of the untwisted measure, that is we make no modifications
“outside p”. Hence, after setting F'(, a,y,b) := X finite(x ™, a1, y,b), we have

Jor x( ”?g{ﬂw() €y 2Erq(EY (€ . can(((E
o Zx VER(F, ¢§) (X (85), AS(815), 1 (45), wen (t5) )
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= >l ) D ER(F, ) (X (U9, AS(5), 1 (85), w(st) )

J

= i SN B ) (X, A (), 5 (45), o ()

o0

where the second and the third equalities follow from the fact that E} has parallel weight
k. But now

Bi(F, ) (X (8), A5 (8, #(US), w7 (U5) ) = Bi(F, ) (865, < -, >, 8€))

By the definition of the Eisenstein series E;, we conclude

Jerx@us ™ (9) ()T (k +5)0 3 Xy~ > O
(33 - 330 ; J LN 5 ls=0
i = ety DI ey Lo 7@ NG (@]

Now we split the proof in two cases. We first consider the case where the character
is ramified in all primes p € E;) and then we generalize. We start by writing the conductor
of the character x as cond(x) =[], p?"ﬁ?’i. At this point we would like to warn the reader
that we use the notation p; instead of 3; of Katz. This is going to be the only significant
discrepancy from Katz’s notation in this paragraph. We now define an o € K’ by

IT (T #5) = (@),

a; 21 a; Z 1
where B prime to p and e; := ord,,,{. We also decompose (£) = PP as ideals in K’ with
q3 = Hj pjj .

Special Case: y ramified at all p in E;,: We follow Katz [25] as in page 279. In this
case we have P[], pi" = (a)B since a; > 1 for all i. From the definition of the p>°-
structure we have that the function PF is supported in

(JTpi )P ~" = (a™H)B'4L;. (3.55)
In particular the computations of Katz for the twisted values now read,
h ~
_ PF(a)
U;) = , = 3.56
2 1) 2 Lot NE@r
=1 a€tl; (6= 1)L]NPV, (85 (671) ~ 77 Q

h o —1
S )t Y PFa”a) - (3.57)

I NE\NE (—1)]5
j=1 aeB-14; 1, o(ata) |NQ (a~'a)]|

h _
I e (3.58)

j=1 aeB 14, [I, o(a~ta)*INg" (e~ a)®
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h
) T ole 1 X finite(a)
<P5F< ING (@l [T o );x@‘ﬂ 2 Lo NSl

aeB—1
(3.59)
There is a special case where it is easy to see the difference of the new factors with
those of Katz. Let us assume that for the decomposition 0/ = PP there exists ¢ € K’
so that B = (). We define o/ € K'™ as in Katz by [[, p* = (o/)®B’ for B’ prime to p
and we compare

Local(¥', x,0,€)p : PSF Ha (3.60)

against the local factor of Katz

Ps F
R ) Ha (3.61)
We consider
PSF(OFI) I, k 1
L = —— xx(®B ) x [[o (= (3.62)
P‘;f(g;g« ) H o(a)k Py F(a/™7) - (o/)

Note that from our assumptions & = ¢ hence we have a = /(. This implies

PsF(a™t) HpGE’ Fys(a™) Fyla™ H \ -1y (3.63)
P(S’F(a/il) HPEZ’ Fp 6’( "~ 1) ﬁ / 1 PGE/ p
B =% and [[, o (%)" =L, o(O)*.

The general case: Now we consider the case where some of the a;’s in cond(x) =
[Lpi pZ may be zero. We start by stating the following (see [25] page 282 or [17] page
209),

1
/ U (@y)dy = In, () = 3= Ty, (@) (3.64)

where 1)/ is the additive character of K given by
x
Yy (x) == expoTr, <§> . (3.65)
In particular, if we denote by 15 the additive character
Ys(x) :=expoTr, (%) (3.66)

we have

/ slan)dy = o, (06) = 5= Ty oo, 1), (3.67)
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where we recall £ = % up to elements in D‘i; *. Now we follow the computations of Katz
as in ([25] page 281-282) and use the same notation. In our setting, after the observation
above, we have that the function PF" is supported in

IT e (IT i) (I #7 ")t = @B (J] ;). (3.68)

a; >1 a;j>1 a;=0 a;=0

Now for a € %*1(Ha -0 pj_1 “)4l; we have,

Pf:'(of a) = PsF(a )y finite(Q H char(p 1+€’ (a), (3.69)
a;=0
where
1 — <, iford,. (a) > —ej;
1+e; _ Nyp;> pj - 2
char(p] )(@) { —ﬁ, if ordy;(a) = —e; — 1. (3.70)

Following Katz (note a typo in Katz’s definition! compare 5.5.31 with 5.5.35), we extend
the above function to the set I of fractional ideals I of K’ of the form

I = Hp—1 N9, (3.71)
a;=0

where £ is an integral ideal prime to those p; with a; 7 0 and to all py, by

(3.72)

1 — &, if Ip%/ is integral;
1+e; _ Np ’ 7
char(p] ) = { if not.

_ ij ,
Following Katz’s computations we have that the values that we are interested in are

h -1 PF(a"'a)
;X(ﬂj) Z [1, o(a—ta)*|NE (a~1a)[* = (3.73)

a€B ([, _o(p, N

PsF(a — e
(5 Mot ) X( I > + *’J char (p; ") (1}).
o Io€l(p)

a;j=0n>-1- ej
We now set

P F
Local(¥', x,0,&) := Local(%, X, 6,8) : ot HO’ (3.75)

As in Katz, we compute now the inner sum

X2(Pj)" =, 1+ej\,n -1 xa(p;) 7% ( 1 ) —  x2(p;)"
——"—char )(pY) = +(1- SN
2 Ny M ) = NG N e T NG ) 2 N
(3.76)
X2 1 X2(pj —1=e X2 pj
_ (3.77)
Z N(p]) N(pj —1— ej)s Z ns

n=-—e; n=-—ej;
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- nij ;2(3)2 N (1pj) n_ilej m (3.78)

- (- 5o ¥ _i N 619
(i)l by oy

B <1 - xQ(JZJ‘(;DJj\;(Sij sz(iij)) (1 x2(p))N(p;) %)~ (3.81)
= (1= N(p;)*x2(p;)) ;ﬁf’&’))__ (1= xa(p)N(p,)~*) " G52

So we conclude,

h o —1
> oxey)™! > Prlaa) - (383

I e, o ola™ ) ING (@ a)l?
a€B (I, —o(p; )L

’ 1= N(p;)"Xa(ps)  xa(p;)~* )
= Local(¥', x, 6, L(s, ~ |
el ) X s Xl)ago<<1_xQ<pj>N<pj>—s>sz(p»—w
whose value at s = 0 is equal to
/ 1 — Xa2(py) e)
Local(X, x.0,€) x L(0, - xalby) yer ) 3.84
ocal (7, ..6) I Xl)aH0<(1_X2(pj))xe(Pg) 689

But L(s,x1) = L(s,x) [, (1 = x(ps)N(p:)~*) (1 — x(ps) N (p:) ~*), which allow us to
conclude that the values are equal to

Local(2',x,8,€) x L0,x) | [T (0 =x@)@—x@:)) | T x(os) =

p;E, a;=0 U

4. The Relative Setting: Congruences between Eisenstein Series.

Now we consider the following relative setting. We consider as in the introduction the to-
tally real field extension F” of F of degree p and write I' = Gal(F’/F). In particular we
recall that 6/ /5 is the relative different and that '/ F' is ramified only at primes above p.
We have fixed ideals a, b, ¢ and f of F' and consider also the corresponding ideals in F”, that
is their natural image under F' < F”’. We write 7] x T4 for the corresponding spaces in
the F” setting that we have introduced for the F setting. We note that " operates naturally
on this space. Moreover, the embedding F' — F” induces a natural diagonal embedding
HIF:Q —, HIF"Q with the property that the pull back of a Hilbert modular form of F” is a
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Hilbert modular form of F'. We need to make this last remark more explicit.

The Tate-Abelian Scheme and the modular interpretation of the diagonal embed-
ding: We follow the book of Hida [19] as in chapter 4 (and especially section 4.1.5) and
the notation there. For fractional ideals a and b of the totally real field F' and a ring R we
define the ring R[[(ab),]] with (ab) := ab N F to be the ring of formal series

R[[(ab)4]] :=f{ao Y acq®| ac € R}. 4.1)
£€(ab)+
We pick the multiplicative set ¢(®®)+ := {¢¢|¢ € (ab),} and define R{ab} as the lo-
calization of R[[(ab).]] to this multiplicative set. Then, as explained in Hida, the Tate
semi-abelian scheme Tate, p(q) is defined over the ring R{ab} (with R depending on the
extra level structure that we impose) by the algebraization of the rigid analytic variety

(G @ a™05Y)/q". 4.2)

Let X be a HBAV over a ring R with real multiplication by r. We may define a HBAV
X' over R with real multiplication by t’ by considering the functor from schemes .S over
R to v/ modules defined by

S X'(8) = X(5) @ 0/ - (4.3)

We define the map
A s M(¢,Loo(p™§%)) — M(cOp:/p, Coo(p™ ')

(X, A w, 1) = (X @ 9;/1/F’ A @ 0;/1/F’w O ‘9;/1/sz ©r 0;/1/F)’

where we are using the notation M (¢, Too(p™§?)) (resp. M(c@;,l/F, Lo (p*°§?))) for the
moduli stack of ¢ (resp. ¢0p ) polarized HBAV of F' (resp. of I') with a p> §2-arithmetic
structure (resp. p>°f2¢’-arithmetic structure). Before we proceed further, we would like to
see this map from the complex point of view. For fractional ideals a and b of F’ (resp. a’ and
b’ of F’) with ab—! = ¢ (resp. b= = O /p) and (a, pf) = 1 (resp. (o', pft’) = 1)
we set Hq p) 1= HFQ (resp. Hqr pry = HF":Ql). The embedding F' — F’ induces a
natural diagonal embedding

A H(a,b) — H(a/,b’)

by A((24)sex) = (267)orexr With 2, := 2z, for aI’F = ¢. For any natural number n we
introduce the following congruence subgroups which are relevant to the moduli problem
that we consider (see [12, pages 259 and 262])

b -1 716—1
Coo(p"?; a,b) := {(Z d) c (panZbeF ¢ bt F ) lad —bc=1,a —1 € p"fr,d—1¢€ p”th} .

Similarly we define for F’,

ne2. 1 vt ab v/ alilblileg/l ne2 ./ ne2./
Too(p"f*;a',b") := cd) € PP O y lad —bc=1,a—1 € pft',d—1 € p"§r' 5.
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We now take above a’ := at’ and b’ := 69;,1/ - In particular we have ¢’ = a’b’ —
ab™'0p /g = cBps /p. Then we note that the embedding SLy(F) < SLy(F") induced by
F — F’ gives an embedding

oo (p" %5 a,b) <= Too(p"§*; 0, ') = Too (p" 5 at’, b0/ )

since in this case we have

ab v/ R ne2 s n:2
FOO(pf Cl'C haF//F) {(cd>e<p"f2abept’ v )|ad—bC—1,a—1€pft,d—1€pft )
because 0 = 00 p. In particular, this implies that the map A induces by pull-back a
map
resa s Mi(cfpm, Too (0" 125 0, 0075 1), X) — Myk(c, Too(p"§%; @, ), xover), f i foA,
i.e. from the space of cOp/,p- polarlzed complex Hilbert modular forms over F’ of the
congruences group oo (p"f?; at’ b@F, / ) of parallel weight & and Nebentype x to the
space of c-polarized complex Hilbert modular forms over F' of the congruences group
Too(p™§?; a, b) of parallel weight pk and Nebentype x o ver. As this holds for any n, we
obtain a map
resa : My(cOps ), Doo(p™f%; av’, b9FI/F) X) = Mpi(c,Too(p™F?; 4, b), x 0 ver),

where

My (cOpr /7, Loo(p™§*; ar’ beF'/F) U My (cO5 /7, Loo(p"*; ar’, b9F,/F) X)

n>0
and similarly
My (¢, Too (p°°F%; @, b), x 0 ver) U My (¢, Too(p™§%; a, b), x o ver).

n>0

The map A that we described above, that is X — X' := X ®, 0;,1/ o agrees with
the diagonal embedding when X is a complex HBAV. Indeed, in this case, X corresponds
to the lattice of the form L (7) := 2mi(0z"a~! + br) for some 7 € Hyyp) (see [25,
page 215]). Then the lattice £, , . (') that corresponds to the HBAV X" is given by

2mi(0ptat + bG;}/FT’) with 7/ = A(7) € H(at,’w;}w). Further, the polarization A on
Lq,6(T) corresponds to an alternating t-pairing (see [25, page 214])

>/\Eab 171

and hence A\ ®, 0;,1 /p o an alternating t/-pairing

2 2
<, >';/\cm,,w;}/F(A@)):/\(ca}h( T)® 05 ) =05 ¢ 057 0 = 0t 05

t/

Further, w gives an isomorphism [25, page 214]
w: Lie(X™) ~20.'eC=F®C
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and hence

w @ Op) p : Lie(X™) = 0, ©C=F' ©C.

Finally, the effect on the arithmetic structure follows from the fact that the p* induces an
exact sequence of free t;, modules,

0—=0p' @ty = LAty = ¢ ®ct, =0
and hence, after tensoring with 9;,1 /o We get
0— 05 @ t, = L' @, — c*19;,1/F @ 1), — 0,
where £ = Lq (1) and L' = L, -2 (/). Similarly follows the f?-structure.
VRN F
Next we study the effect of the diagonal map on the g-expansion of Hilbert mod-

ular forms at particular cusps. If we assume that the Hilbert modular form f €
My (cOp: ) p, Too(p"§%; at/ bHF,l/F)) has at the cusp (at’, bG;,l/F) the Fourier expansion

= > a€ Het

&20,¢'€ab, ),

with ¢ = exp(27mi ) o5y 2,,0(£")), then the form resa(f) has at the cusp (a,b) the
Fourier expansion

resa(f)(z)= > Y, al€.n]d

£20,6€ab \&',Trpr, p(€)=¢

with ¢ = exp(2mi )] 5, 250(&)). Note that, as pointed also above, Trp//p(¢') € ab
for ¢’ € abﬂ;}/ - Algebraically these considerations can be expressed with the help of
the Tate HBAV. We consider the effect of our map on the Tate HBAV T'ate, (q). That is
we consider the HBAV with real multiplication by ' defined by T'ateq 5(q) ®: 0 F,l P =
(G ® 07 /¢%) @¢ 9F,/F We consider the map 75/ R{abt‘)F,/F} — R{ab} given

byq — thF’/F(O‘).

Lemma 4.1.

<Tat6ar’ hGFl/ (a), Alnam canallcan) XR{abe 1 }R{ab}

F

= (Tateu,b( ) 0;//}77 Acan ®r 0;//1:*7 Wean O OF/I/Fv Lean Ot 9;//17)

Proof. Even though the lemma holds in general, we are going to use it while working
over number fields. Hence, after fixing embeddings in the complex numbers, we may just
prove it over C. Over the complex numbers this follows easily by observing that T'ate, b( )
corresponds to that lattice 27i(bz+a~105") for 2 € Ha,6) and hence T'ateq  (q) @ 9F,/F
to the lattice

2mi(bz +a"'05") @ 05 p = 2mi(b0) 2 + a7 0}, “4.4)
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with 2/ € H(at/ 0=} ) the image of z under the map A introduced above. Moreover
VRl R
in this case the map trp//p : R{abe_,l/F} — R{ab} given by ¢* — ¢"r'/7(@) cor-
responds to setting the indeterminate ¢ := exp(Trp:(2')) = exp(d_,c5y 2,) (Where
o € ¥ the embeddings o : F' — Cand 2’ = (z;) € H, -1 ) equal to the in-
(A 20 o
determinate ¢ = exp(Trp/(A(z))). In particular that implies that the complex points of
Tateat,)w;/l/F (q) X R{abor} ) R{ab} correspond to the lattice 27m'(b€;,1/Fz/ +alog)h)
for 2/ = A(z).
Now we prove the statement about the polarization. We have that
Acan Tatea,b(q>t = Tatea,b(q) Qe €
and hence
)\can ®t 9;/1/1:' . Tatea,b(q)t ®t 9;/1/}7 = Tatea,b ®t 9;/1/1;' ®t c.

But we know that we can identify Tateq »(q)" = Tatep o(q) (see for example [19, page
117]). We obtain

Aean Or 9;,1/F : Tatep,q(q) @« 9;,1/F = Tateq p O 9;,1/F R €.
Similarly we have that
)‘::an : Tateat’,bag,l/F (q>t = Ta’teat/,bﬂl:,l/F (q) ®t' CGF,/F

o e .
and after identifying Tatear,,bg;lw (¢)t = Tatebe;}/Fyat, (¢) we obtain

)‘Lan : TatebG;,l/F,at’ (q) = Tateat/,bQI;,l/F (q) Y CGF’/Fa

or equivalently

1 ~

Aean * Tat@b&;}/F,ut/ (q) @v Opiip = Tateur/,b@;}/p(q) R v'e.

Applying base change to the last isomorphism and denoting A,,,, X {abo=! } R{ab} with
~ F'/F

Acan WE Obtain

3 . -1 ~ /
Acan : Tateb@;,l/F,at’ (q)XR{ab@;,l/F}R{ab}@t/eF’/F = Tatea:',ho;}/F(Q)XR{aw;}/F}R{ab}@)t't ¢
But we have seen that

Tate e wo-1 () S R{ab} = Tateq (q) @« 0;,1/F

F//F

and similarly we have that
Tateb@;}/p,arf (q) X R{abo) .} R{ab} = Tatey q(q) @ v'.

That is,

Acan : Tatep q(q) ®¢ 9;,1/1, =~ Tateqp(q) @ 0;,1/1, ®w e

Now we claim that 5\can = Acan Qe 9;,1 /P We show this in the case of interest, namely

when the characteristic is zero (we are going to apply everything over number fields) and
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hence we can consider the complex analytic case. In this case it is easy to see what the

canonical polarizations X.,,, and A, are.

Indeed over C the HBAV Tatey, (¢)(C) corresponds to the lattice
F/

F,at/
EE’G;’I/F’”' () = 27ri(9;,1b*19F,/F + at'7’) with ¢ = exp(Trp (7')) and
(Tateargbe;}/p (q) ®v ¢0ps /p)(C) to the lattice Eﬂt’,b();}/F (') @vr B . But it s easily
seen that
-1
Ebﬂ;}/F,ar’ (T/) ®t/ GF’/F - Lat’,bG;}/F (7_/) ®t’ t/c.

!
can

In particular after all these identifications we have that the map A
the trivial map

can be described by

! -1 ! -1
z mod Eb&;}/F,a:' (7") R O0p ) — 2 mod Eb&;}/F,at/ (7") @ 6 s

where z € CIF"Q, Similarly, it can be seen that the map A.q;, ®¢ 9;,1/  can be described
by

z mod Lprac(T) @ 9;}/F 2 mod Lpe,qc(T) e 9;}/F.

But, as we have already seen, taking base change in this setting is nothing else than setting

!

7' := A(7). That is, the map Xean i8 nothing else than

-1 —1
z mod ﬁbe;}/p,at/(A(T)) ®e O p — 2z mod ﬁbe;}/F,at/(A(T)) e Op -

(A(T)) = Ler,ar(7) @ t" and hence Xean = Aean @ Ok

Now we notice that ‘Cba;} FE

!
Pk

or using the previous notation ., X R{abo}! ) R{ab} = Acan ®: 9;,1/1;.

For the statement about the differentials one has simply to observe that (see also [25,
page 210])
. ~ T —1p—1
Lze(Tatem,,be;l (q) X R{avo;}, ) R{ab}) = Lie(G,, ® a” 05, ) X R{avo;}, ) R{ab}

'/ F
= 0p'a”! ® R{abb, .} X ravoz! L) R{ab} = 0}a"' ® R{ab}.
On the other hand we have
Lie(Tateq (q)) @v 9;,1/F = R{ab} ® a 10, @ 9;}/F = R{ab} ® a 105/
That is,
Lie(Tateur,M;}

(q) X R{av0;} ) R{ab}) = Lie(Tateq 5(q)) @v 9;,1/F,

which concludes the statement for the canonical differentials. Finally, the statement about
the numerical structures follows in the same way as we indicated above. O

/F

We can use the above lemma to study the effect of the diagonal embedding to the the
g-expansion, that is to the values of Hilbert modular forms on the Tate abelian scheme. For
a cfp: p-HMF ¢ of I we have that

¢ (Tateu,b (Q) B 0;/1/177 Acan ®r 0;/1/177 Wean O 9;/1/}77 Lean Ot 0;/1/}:)
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= trF’/F <¢ (Ta'teut’,bGF,l/F (Q)7 Acans Wean ican) ) . 4.5)

Note that this over the complex numbers follows directly from the description of the map
A as the diagonal embedding A : H, <— Hc@p//p~

The next question that we need to clarify is what is happening under this diagonal map
for an HBAV with real multiplication by v that has CM by R, the ring of integers of a
totally imaginary quadratic extension K of F. It is well known that, up to isomorphism,
these are given by the fractional ideals of K. Let us write 4l for one of these and X (41) for
the corresponding HBAV with CM by fR. We see that the above map gives us the HBAV
X () @, 9;,1 s With real multiplication by t/. We set K’ = K F’ and write R’ for its ring
of integers. Then we have,
Lemma 4.2. Assume that R' = R @, v'. Then the HBAV X ({) ®, 0;,1/ 7 has CM by R’
and it corresponds to the fractional ideal 119;/1 /-

Proof. We write K = F(d) and then K/ = F’(d). In particular, since X (4l) has CM by
K, we conclude that X (4) ®, 0;,1/F has CM by K, as we have d € End(X(U)) —

End(X () @, 9;,1/F). Moreover, we have

X (WD) p = X (WO @by, p = X (URN)@u05], = X(UR') /(X (UR)[0p/r))-

But we have that X (UR') /(X (UR')[0p,r]) = X(LMI;}/F%’), which concludes the
proof as a fractional ideal of K’ has CM by R'. O

We remark that the condition of the lemma, SR’ = fRt’ holds in our setting. Indeed we
know that R = Reras [K : Q] = [Ky : Q|[F : Q] and F/Q and K,/Q have disjoint
ramification. Similarly we have R’ = fRyt’. But then we have R’ = Ror’ = Rore! = Re'.

In order to proceed further we need to consider the action of F'rob, on modular forms.
We refer to [25, page 224 (1.11.21)] for its definition. Here we simply recall its effect on
the g-expansion. It is

Froby(f)(a) = f(d"),
which is explained in [25, page 224, (1.11.22)]. We then have the following proposition.

Proposition 4.3. (Congruences) Let ¢ be a fractional ideal of F relative prime to fp and
assume that the prime factors of O, p appear in the prime factors dividing pf. Then we
have the congruences of Eisenstein series

resa(Ex(¢', g p)) = Froby(Epr(¢,¢)) mod p (4.6)

where ¢ := ¢ over and ¢' is a locally constant Z,-valued function on {t’; x (¢ /f)*} x
{v'; x (t'/§)*}, extended trivially by zero to {t', x (v'/f)} x {c_lel;,l/F ®u vy x (/)},
which satisfy ¢'7 = ¢’ forall v € T.
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Proof. We consider the cusp (t/, [19;,1/ ) for b a fractional ideal of F' equal to ¢~ L. From
Proposition 3.1 we know that the g-expansion of the Eisenstein series £ (¢', cOp/p) at
the cusp (v/, b9;,1/F) is given by

Ey (¢/7 CHF’/F)(Tatet/,bQ;}/F (Q)7 Acans Wean ican) = Z a(flv ¢/7 k))qg,v
0<E'€bb ),
@.7
with
a(€, ¢ k) = > ¢'(a,b)sgn(N(a))N(a)* 1.  (4.8)

(a,b)e (v’ x b@;}/F)/r/ X ab=¢’

As the function ¢’ is supported on /)7 X (t/f)* with respect to the second variable (i.e. the
b’s above), then our assumptions on the ramification of F’/F (i.e. that the prime factors
of O/, appear in the prime factors dividing pf) imply that the above g-expansion with
respect to the selected cusp is given by

Ek'(ﬁb/a c9F’/F) (Tatet/’w;} . (Q)a Acans Wean ican) = Z a(fly ¢/7 k))q5,7 4.9
! 0k’ ebr!
with
a(, ¢ k) = Z qS’(a,b)sgn(N(a))N(a)k_l. (4.10)
(a,b)€(x' x b)) /t/ % ,ab=¢’

From Lemma 4.1 and the discussion after that it follows that the g-expansion of the
restricted Eisenstein series resa (Ex(¢', ¢/ r)) at the cusp (r, b) is given by

TesSA (Ek (¢I7 cGF’/F))(Ijafte‘t,h (Q), )\cana Wean s ican) - Z a(§7 ¢/> k)qga (41 1)
0k€eb
where
a(g, ¢ k) = > a(¢, ¢, k). (4.12)
§'ebr! Trpr p(&)=¢

The g-expansion of the Eisenstein series F,x (¢, ¢) at the cusp (t, b) is given by

Epk(¢7 C) (Tatet,b(Q)v Acans Wean ican) = Z a(fa gf),pk))qg, (4.13)
0Kgeb
with
a(é, ¢,pk) = Z o(a, b)sgn(N(a))N(a)pk—l (4.14)

(a,b)e(txb)/t*,ab=£

and hence that of F'rob,(E,x(¢,c)) is given by

FrOb;D(Epk(¢7 C)(Tatet,b(q)a)\canawcan7ican) - Z a(f,ﬁﬁ,pk))qu- (415)
0keb
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We note here that, by the support assumptions on ¢’ and hence also on ¢, only the terms
a(&, ¢, pk) with (£, p) = 1 in the sum above are non-zero. In order to establish the congru-
ences of the Eisenstein series it is enough, thanks to the g-expansion principle, to establish
the congruences between the g-expansions at the selected cusp (t, b).

We start by observing that the Eisenstein series F'rob,(Epx(¢, ¢)) has non-zero terms
only at terms divisible by p, as we assume that the ideal b is prime to p. We consider the
&' -term of resa Ex(¢/, c0p//p). It is equal to

a(é.¢' k) = > > ¢/(a,0)sgn(N (a))N(a)" ",
g'ebe  Trpr g (§)=¢ (a,b)€(r/ xbr!) [t/ > ,ab=¢’
(4.16)

We observe that the group I' = Gal(F'/F') acts on the triples (¢', a, b) of the summation
above by (&',a,b)” := (¢'7,a7,b7), as b is an ideal of F hence is preserved by I', where
the action on a and b is modulo the units in ¢’ to understand. We write + for a generator of
I". We consider two cases, the case where (', a,b) is fixed by v and the case where it is
not.

Let S¢ be the set of triples (¢, a,b) € bt/ x (v x bt/) /v with Trp p(¢') = € and
ab=¢'. AsT acts on Se¢, we may write

a6, ¢' k)= Y ¢'(a,b)sgn(N(a))N(a)*~!

(&',a,b)€Se

-3 Y ¢l b)sgn(N(@)N(@)

J (6/7a7b)€(£;5aﬂ’b]‘)r

where we write S¢ = [];(£},a;,b;)', for a set {(£}, a,b)} of representatives of the I'-
action on Se. Since I is cyclic of order p, for every j we have that all the triples (¢',a,b) €
(€, a;j,b;)T are conjugated and no one of them is fixed, or (¢}, a;,b;)I" = {(£',a,b)} and

(¢, a,b) is fixed. We set

S; = > ¢'(a,b)sgn(N(a))N(a) L.
(5',a,b)€(£;,aj,bj)r

We first consider the case where (£', a,b) € (£}, a;,b;)I is not fixed by I'. In this case

we notice that, as ¢’ is fixed under T", we have that ¢’ (a7, b") = ¢'(a,b). Hence we have

Sy =3 '(a) 0] )sgn(N(a] )N (@) )" = p ¢/(a;.b;)s9n(N(a,)N(a,)* " =0 mod p.
4.17)

If (¢, a,b) is fixed by ~ then that implies that (i) ¢’ € F and (ii) the ideals generated by

a and b in ¢/ are coming from ideals in t since they are relative prime to 6z /F> 1.€. to the

primes where the extension is ramified. The last fact follows from the support assumption

on ¢'. Moreover, as we assume that Clp — Clp/, we have that actually the elements

themselves are (up to units) equal to elements from F'. In this case we first notice that

§=Trp p(&) = p¢ and, as {’ € br’ with b prime to p, we have that £ is also divisible
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by p in the sense that is of the form p&’ for & € b. Further, we have the congruences
modulo p

S; = ¢/(a;,b;)sgn(Np:(a;))Nr/(a;)* " = ¢(az, b;)sgn(Np(a;)P)Np(a;)PED

= (;S(aj,bj)sgn(NF(aj))NF(aj)pk_l mod p. (4.18)

We already remarked that, whenever there exists (¢/, a, b) which is fixed, then £ = p&’ with
§ € Fnbt’ = b, (this latter equality as we assume that (bt’, 05/, p) = 1). Conversely,
whenever £ = p&’ with £ € b, such a fixed triple exists (for example (¢, 1,&’)). Hence, if
we do not have { = p&’ for some &’ € b, all triples are not fixed, S; = 0 mod p for every
Jj by the congruences in equation 4.17 and then a(£, ¢, k) = 0 mod p. On the other hand
the &-Fourier coefficient in equation 4.15 is zero. Suppose now that £ = p&’ with £’ € b.
By the congruences in equations 4.17 and 4.18 we have

a€ @ k)= 3 Si= Y éla,b)sgn(Np(@)Np(@)™ ™ (@4.19)
J fized (&',a,b) fized

Now we note that, in order to conclude the proposition, it is enough to show that, for all
& € F of the form £ = p&’ with £ relative prime to p, we have

St ={(a,b) € (xx b)/t* rab=¢"}, (4.20)

since then the right hand side of equation 4.19 is a(&’, ¢, pk), which is indeed the ¢-Fourier
coefficient in 4.15. For the proof of equation 4.20 we first observe that the inclusion

St 2{(a,b) € (xxb)/t* :ab=¢} 4.21)

follows directly. For the other direction we have to observe the following. As we have
already remarked, from our assumption that Clp — Clg, it follows that for an element
(&,a,b) € Sg there exists (a/,b') € t x b and ug,u, € ¢ such that a = u,a’ and

= upb’. In particular, we have that ¢’ = ab = u,upa’b’. Note that, since £ € F and
a't € F, it follows that u,u, € F N’ = t*. But then we have that

(& a,b) = (& uqa’,upb’) = (f’,ub_lubuaa',ubb’) ~ (& uqupa’ V'), 4.22)

since the equivalence relation (&', z,y) ~ (¢,2',y’) is givenby 2 = e~ 12’ and y = ey’
for e € v/, But then we are done since

(uqupa’,b') € {(a,b) € (tx b)/t* :ab=¢"}

as uqupa'd’ = ab = &', ugup € v and (a/, V') € t x b. O

5. Using the Theory of Complex Multiplication

Before we prove our main theorem we need to make some preparation. In this section we
explain how we can use the theory of complex multiplication to understand how Frobenious
operates on values of Eisenstein series at CM points. We recall that we consider the CM
types (Ko, Xo) and its lift (K, 3). Moreover by our setting we have that the reflex field for
both of these CM types is simply (Ko, Xo). We first note that, since we assume that p is
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unramified in F, then the triples (X (L), A(41), ¢(41))) are defined over the ring of integers
of W = W(Fp) (see [18] page 69). We write ® for the extension of the Frobenious in
Gal(Qp"/Qp) to W. In this section we prove the following proposition, which is just a
reformulation of what is done in [24] (page 539) in the case of quadratic imaginary fields.

Proposition 5.1. (Reciprocity law on CM points) For every fractional ideal 34 of the CM
field K and ¢ a Z,, valued locally constant function, we have the reciprocity law

Froby(Epr (6, ¢)(X (1), \(#0),i(84)) = (Epr(, ) (X (1), ML), i(W))*. (5.1

Proof. Let us write R for the ring of integers of W. As we are assuming that ¢ is Z,
valued and we know from above that the triple (X (1), A(Ll),(Ll)) is defined over R, then
we have by [25, page 247 (3.2.3)] that the value of the Eisenstein series is in R. From the
compatibility of p-adic modular forms with ring extensions and the fact that the Eisenstein
series is defined over Z,,, we have that

(Epr (0, ) (X (1), (80, i(0)))® = Byi(, ) (X (), A8L), () @r0 R),  (5.2)

where the tensor product is with respect to the map ® : R — R, i.e. the base change of the
triple (X (L0), A(41), 4(1)) with respect to the Frobenious map. But then, from the theory of
complex multiplication see [26] (Lemma 3.1 in page 61 and Theorem 3.4 in page 66), the
fact that the reflex field of (K, X)) is (Ko, ¥¢) and that p is ordinary we have that

(X (40, A(20),i(4) ®r.e R = (X' (L), N(4), 1 (81)), (5.3)

where (X'(1), N (L), 4’ (41)) is the quotient obtained by X/H 4y, with Heqyp, 1= i(@;l ®
p) as explained in Katz [25, page 222]. Moreover, as in Katz, we have that the Tate HBAV
(Tatey () Means fean) is obtained from (Tateq (q), Acansican) by the map g — ¢P,
from which we conclude the proposition. O

6. Complex and p-adic Periods.

In this section we study the various periods (archimedean and p-adic) that appear in the
interpolation properties of the K HT-measure. We also consider the relative situation and
we focus especially in the case of interest with (Ko, 3g) < (K, %) < (K',¥/).

The periods of Katz: We start by recalling the periods defined by Katz and then show-
ing that in the case of the twisted measure the periods used remain unchanged. We follow
Katz (see [25] page 268 and for a more detailed explanation see [13]) and fix a nowhere
vanishing differential over A := {a € Q : incl(p)(a) € D,} (here incl(p) is the embed-
ding of Q in D,, induced from our fixed embedding Q= (@p),

w: Lie(X(R) =0, @ A. (6.1)

Then for any fractional ideal { of K that is relative prime to the place induced by incl(p)
we have an identification Lie(X (({1)) = Lie(X (97)) and hence one may use the very same
w to fix a nowhere differential of X () by
)

w(dl) : Lie(X (()) = Lie(X(R)) = 0, @ A. (6.2)
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We use incl(oco) : A — C to define the standard complex nowhere vanishing differential
Wirans (X (4)) associated to the torus C* /3 (4). Then as in Katz ([25, Lemma 5.1.45]) we
have an element QX% = (... Q(0),...)) € (C*)* such that, for all fractional ideals
of K relative prime to p, we have

w(ﬂ) = antzwtrtzns (L() (63)

Of course the same considerations hold for Ky and K’. Especially for K’ we want to
compute also the periods for the twisted HBAV X (4 ® £). From the isomorphism ¢ :
X(4) & X (4 ® £71) we have that we can pick the invariant differentials w(4 ® £~1) and
Wirans (U@ E71) as € - w(ll) and € - wirans (U) respectively. That is,

W@ ETY)  Lie(X(U® &) — Lie(X(U) = Lie(X(R) 20 @ A (6.4)
and

Wirans(U@ 1) Lie(X (U@ EH)™™) — Lie(X (4)*") = Lie(X (R)*") 2 65 © C,

(6.5)
where the first map is the isomorphism induced by 2 and is given by multiplication by &.
In particular, we have that the selected periods are equal to Qfé?tz. Similarly Katz ([25]
Lemma 5.1.47) defines p-adic periods in (D)’)* relating the invariant differential w({f) to
the invariant differential w.,, (1) obtained from the p>°-structure. As above we obtain that
the p-adic periods for the twisted HBAV are the same.

Picking the periods compatible:(See also [13] page 195 on the properties of the peri-
ods defined by Katz). Now we consider the more specific setting where (K, ¥.) and (K', %)
are lifted from the type (Ko, Xo). Moreover, as we assume that K is the CM field of an
elliptic curve defined over Q, we have that Ry has class number one, i.e. it is a PI1.D. That
means that the ring of integers PR and 2R’ are free over Ry. In particular we have

X5 (M) = Xz (R ®n, Ro) = X5, (Ro) ©x, R
and similarly
X5 (R) = Xz (R @n, Ro) = X5, (Ro) @n, R
These imply that we have
Lie(X5(R)) = @f_, Lie(Xx,(Ro)) (6.6)
and similarly
Lie(Xs (W) = &_, Lie( Xz, (Ro)). ©6.7)
In particular that implies that
QFatz — (L. Q(E),...), and QKM = (... QE),...). (6.8)

~

Similarly for the p-adic periods we observe that X () = FE X ... x E and hence
X(R)[p>®] = E[p™] x ... x E[p>], where E is the elliptic curve defined over Q that
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corresponds to the ideal Ry with respect to the CM type (Kj, Xo). These considerations
imply that

QS = (., Qp(E),...), and QF 7 = (..., Q(E),...). (6.9)

In particular recalling the notation used in Theorem 3.2 and Proposition 3.5 we have
that Q5F = Qu(E)M, QF° = Q,(E)",0E = Qu(E)* = Qu(E)"" and
QF = Q,(E)"P. Finally, we note that the definition of the periods of Katz is in gen-
eral independent of the Grossencharacter, since they depend only on its infinite type.
This is why it is important to pick the differentials w(R) and w(9R’) properly. And actu-
ally in our setting we have a very natural choice by considering the elliptic curve E/Q
to whom the Grossencharacter 1o is attached (recall that ¢ = ¥k, o Ng,k, and

Y =YK, o Nii/K,)-

7. Congruences of Measures

We start this section by recalling various notations in force during this work. We recall that
in section 3 we have fixed an integral ideal € of K and a decomposition € = F§.J such
that

F+Fc =R, F+F =R, F+3c=R, FOF°

and J consists of ideals that are inert or ramify in K/F. We set f := FJ N F and §’ :=
FINF,f:=fN{" =f,s=F.NFandj:=JNF.

Then we have considered various fractional ideals of K’. In particular, we have set
F =RE, 5. = RFe, I =R JIsothat ¢ := R = FF.J with

F4+5 =0, §F+5 =R, F+F =R, FOF

Similarly we define ideal of K’ as (') := §J N F’ and (f') := LI N F', (f) =
FYnF") =({),s =F.NF andj := J' NF’, from which it follows that ()" := §'9R/,
(f//)/ = "R, s’ = sR and i = jR.

In order to simplify our notation we are going to abuse the
notation of the ideals over K’ when it is clear over which field (K or K') we are working.
For example we are going to write Clg (J) for Cly/ (J') or (U; @ £71)(fp) for (LU; ®
£ 1)(f'p) and so on. Finally we inform the reader that the symbol ¢ (or ) will denote a
Grossecharacter (see below) and not the additive character that was used in the definition
of the epsilon factors.

The goal of this section is to prove our main theorem. We recall that this amounts to
proving the following

“w /o

symbol used in the

Theorem 7.1. If (i) Cly(3) = Cly, () (ii) Clp(1) — Clp(1) and (iii) O jp = ()
with € > 0, then we have the congruences

KHT KHT tw
Ja, €over duy s _ Jo,. € Ay, se

0, (B Q, (B

mod pZ, (7.1)
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for all € locally constant Zy-valued functions on G g+ with €7 = € and belonging to the
cyclotomic part of it, i.e. when they are written as a sum of finite order characters they are

of the form e =) ¢, x with x™ = x.

The strategy for proving the above theorem is as follows. By definition we have that the
twisted K HT'-measure is given as

/¢ wrr.n );:Z/TasjdEj = 37 Ba(65, ) (X (U9, S (8,807, ), 16 (4807, ).
J J

We consider the set of representatives {{l;} of Cly, (J). If we consider the map
p:Clx(3) — Clg, (3)F, (7.2)

we may pick representatives of Im(p) to be fractional ideals 4[; with the property il;-y =i,
for all v € T'. Moreover we may pick the other representatives of Cly,(J) such that, if
4; is a representative, then if 1137 is not in the same equivalent class as ; then it is also
a representative (and this must hold for all v € I'). We may split the twisted measure as

follows,
/¢ KHTtw(): Z E1(¢j,c§)( (uﬁ))\(u @0—,/F) (ilj®9_}/p))
st;€Im(p)
+ Y Buley, ) (XEE), M58, @05 0), (W @ 05 p). (73

U; ¢Im(p)
Our strategy is to compare the first summand (i.e those CM points that are coming from
K) with the K HT-measure of K through the diagonal embedding that we have worked
above. For the other part we will prove directly that, under the assumptions of our theorem,
it is in pZ,,. We start with the following proposition

Proposition 7.2. Let 4, be a fractional ideal of K'. Then for ¢ a locally constant function
invariant under I we have,

Ex(, (&§))(X (4] ), N (W @05, 1), 18 (W] @01, ), we (US9)) = By (6, ¢§) (X (85), A (L0057 1), 16 (4,00
fory eT.

Proof. The first thing that we note is that the following equality holds

Ex(, (&§)) (X (W), (W05 )18 (W] 205, 1), we (W089)) = By (6, (5))(X (W] ), MW @07 1), 15

for all v € I". Indeed it is enough to observe that % € MR* and hence we have the equality
of ideals 1] ® £ 1= U7 @ (£77). We now have, from the definition of the Eisenstein

Ep(6, 65) (X (85), A58 @ 07 2), 05 (W @ 05}, ), w0 (815)) =
& 524 (_1)1«9’1‘(1@ + s)g’ L(w)
<Q°°) (Dr) Z N (w)*|N (w)25] ls=0 - (7.4)

we(t; @(€) 1) (fp) />
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As we assume that ¢7 = ¢ for all v € T" we have that Pp(w?) = P¢(w). Indeed, from
the definition of the partial Fourier transform, we have

Po(x,y) = p"F VDN ga, y)ep (az), (1.5
a€Xq
for ¢ factoring through X, x v/, x (v'/f) with X, := v/, /ax], x (v'/f) with o € N. But
then
Pe(a,y7) = pelF AN N g0,y )ep (az?). (7.6)
a€Xq
As «y permutes X, we have
Z o(a,y)ep (ax?) Z o(a”,yVep (a¥x") Z ola,y)ep (ax), (1.7)
acXq a€Xq ac€Xq

which concludes our claim.
Back to our considerations we have that

N (w)F| N (w)2s] * N (w)F[N (w)2s] 70
wE(U; ®(&))(fp)/v/* we(WU;®(&)~1)(fp) /v
But the last sum is equal to ZwG(ﬂ;@(f*W))(fp)/rX % |s=0, which concludes
the proof. D

We know consider the measure nyIT; tgw We recall that ¢k is a Grossencharacter of

type —1X'. To simplify our notation we now write ¢’ := g and 9 := Y. We write
fmlte for its finite part. From the computations that we have already done before theorem
3.5 we have

[ somlle = ZEl(asxjfme, ) (XA (8 @ 072 1), 1€(84 @ 05, ), w0 (56))

= Ey().c5) (X(u§), N (W @ 05! ), 15 (8 @ 05 1), wmnwf)) 7
J
where we set

Ey(¢j,¢5) = E1((¢9'™1); pinites C?)-

Moreover we define the subset .S of the selected representatives of Cly, (J) as the set of
ideals that represent classes in Cly, (3)" but not in Im(p). Of course, under our assump-
tions that p is an isomorphism, we have that this set is empty, but we introduce this notation
in order to prove the second form of the main theorem, where we relax the assumption that
p is an isomorphism.

Corollary 7.3. For the twisted K HT-measure we have the congruences

/ Hugrse ()= D Burldy ) (XU N80, p) 1t (@05, 1), 0" (465))

s €Im(p)
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+ Y By (6, ) (X (L6), N (4 @ 07 ), 05 (4 @ 07} ), w0 (415)) - mod p, (7.8)
L[jES

for all Z,,-valued locally constant functions ¢ of G' such that ¢ = ¢ for all v € T..
Proof. It follows directly from the fact that |T'| = p and that ¢ = ¢ for all v € T". O

Our next aim is to prove the following proposition

Proposition 7.4. Under our assumption, for all Z,-valued locally constant ¢ with ¢ = ¢
forall v € T', we have the congruences

¥ /G (over) DT @) = 3 B0y, XM, (W 0051 1), 16205} 1), w0 (4)) mod p,

U €Im(p)

where ® was the extension of the Frobenious element from its action on Q" to its p-adic
completion J .

Proof. By definition we have that

/G(gﬁover)( prHéT ZE (pover)Y™P); rinite, Cj) (X (), As (L)), 0(8h;), w ™ (845))

= Ep (9077 o ver))j pinite, ¢5) (X (8), As (L), 6(Lh5), w™" (445))
=D Blyn) (90 vers, ¢)(X(8), As(8h), o(8h), " (),

where the sum runs over a set of representatives of Cl,(J) and
Eyr) (¢ over;, ¢;) = E,((0¢" " ower); finite, ¢,

where we note that ¢’ o ver = P as ¢’ = 1 o Ng/ /. Now we claim that ((bw’_l o

Ver);. finite = (gbi//_l)j_,fm,;te o ver. Indeed from the definition of (¢1/1/_1)j,fimte we
have

=1 A Y 7 =1 /= / =1 =1 o=l —1
(¢¢ )j,finite(xaaayab):¢j(x ,a ay b)¢ fznzte( , @ 7y7b)w (uj )

—_~—

Since the map ver(il;) = ;R = U we have ¢j o ver = (¢pover); (we recall that
¢;(t) = Bt/ “171)). We also have that (' "o ver)( Y=~ 1( 45 19R7). Hence in
order to conclude our claim we have to check that 1. Finite OVET = ('~ over) Finite- But
this last equality follows from the definition of the finite part as

’l/)/(l'/, CL/, ylv b/) = ¢}1’,nite($la a/a y/a b/)N/(I,),
where on the left hand-side of the equation is the restriction of 1)’ to identity component

(i.e. t4; = ') and N’ has the obvious meaning. But since ¢’ is of type —%’ we have that
1)’ o wer is a character of infinity type —p3 hence

(¢ over)(x,a,y,b) = (¢ o ver) finite(x, a, y, b)NP ().
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But by definition (¢’ o ver)(z,a,y,b) = ¥'(x,a,y,b) and NP (z)
N’(z) from which we conclude our claim. Now we have,

Frob, (Eyr (¢ owver;,c;)) = Frob, (Ep (((;51//1 o Uer)j fimite” cj>>

= Froby (Bp (60 ™) pinite 0 ver,e;) )

From the congruences between the Eisenstein series that we have proved in Proposition
4.3 we have that

= (N’ o ver)(x) =

Froby,(Eqyw)((¢ o ver);, ¢;)) (X (), As (L), 2(thy), w ™ (L))

By (67,5 (X (4), A8 ® 071, 68 @ 071, 1), w0 (466))  mod p,

where of course in the right hand side 4l; is understood as £1;9%". We sum over all represen-

tatives of C'l () and then, from Proposition 5.1 and our assumption that p is injective, we
obtain

a( /G (60 ver) (@)l (g))

= D Eyld, )X (E5), A58 @05, 5),05 (4 ® 05 ), 0™ (45)) mod P
U;eIm(p)

Lemma 7.5. Let ¢ be a locally constant Zy-valued function of G i that is cyclotomic i.e
¢ is the restriction to G of a locally constant function on G . Then we have that

Jo o(@)uli (g)
W €z, 71.9)
P

forallk € N

Proof. This follows almost directly Lemma 3.4 and the discussion after it. Indeed we may
write ¢ = Zx ¢y X, where x are cyclotomic i.e. x o ¢ = . For such characters it is known
(see for example [20]) that, for all o € Gal(Q,/Q,), we have

Je x@u5EN @\ Jox(9)7 uliE (g)

For all 0 € Gg, and ¢’s cyclotomic we have

<IG¢( uka(;T(g))U_Z a(fcx( ukaH(;T )U Z ,Jo(x "uka(sT(g)

QP(E)gk x (E)9k
o o o . fc (Q)Nﬁng(Q) .
But then as ¢(g) = (¢(9))” = >_, c3x(g)? the last sum is equal to ~—q, (@t Which
finishes the proof.

O

Note that a direct corollary of the proposition is
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Corollary 7.6. If ¢ is cyclotomic then,

L oot~ [ oo ver ol (o) =
G

= Z Ewr((ﬁj,cg)(X(il?),)\g(Ll ®9F,/F) (L ®9;,1/F)) mod p, (7.11)
u;es

where u € Z, is the element that has been fixed in section 2 by the property that =% ((E)) =

Uu.

Proof. We have
owver KPHT
P (/G(¢ o ver)(g)uffg(g)) = (QP(E)QP fG(¢ )(g)p’w 4 (g)) — w9 /C¥(¢OU€T)(9>HSPI{§T(Q)

Q,(E)9P
: Q,E)*  _ :
since gy = U and, from the assumption on ¢, we have by lemma 7.5 that
[ (dover)(9) k' ¥ (g) c 7. But . _ 7 h p d» Th
0, ()97 p- But as u := (7)) € Z, we have v’ = v mod p. Then
the proof follows from Corollary 7.3 and Proposition 7.4. O

Lemma 7.7. We have the congruences
o1 0@is (9 _ Jo )i (9)
Q,(E)9» Q,(E)
for all locally constant Z,-valued functions ¢ of G.

mod p (7.12)

Proof. As y? =1 mod p we have that
/G¢( Vg ( )=/G¢(g)zﬁ*”u§(HT(g) /¢ ) i (g) /¢ uHT (g) mod p.

Dividing by the unit 2,,(E')P9 and observing that u = é’;(EE); = %”p((%)) mod p, we have
fG o(g) pr{pI{ST(g) fG MS?T 9) » Q,(E)? mod p
O, (E)9P O (E)9 O (E)Ps ’

which concludes the proof. O

Now our assumptions of the main theorem imply that S = (). Then the last two state-
ments conclude the proof of the main theorem. Note that if we do not assume that S = ()
then we obtain the congruences

/ €owver d,uE/FE/ € dug/pr — A(e) mod pZy, (7.13)

GF GF’

where

Ale) = o D By (5, ) (X (85), M (4 @ 05 1), 15 (4 @ 05 ), w0 (45)).
s1;e8

(7.14)
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The Fukaya-Kato conjecture and the measure of Katz: We would like to finish this
work by stating the question of whether the p-adic interpolation properties of the Katz-
Hida-Tilouine measure are canonical. In [15] (page 67, theorem 4.2.22) Fukaya and Kato
conjecture a general formula for p-adic L functions for motives over any field. Does this
formula agree with Katz-Hida-Tilouine’s formula in the case where the motive considered
is the one attached to a Grossencharacter over a CM field? We remark that our question is
more concerning the p-adic and archimedean periods that appear in the two formulas.
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Appendix A. Evidences for the Needed Modification.

In this appendix we would like to indicate that the twisting of the Katz-Hida-Tiluine mea-
sure is needed, at least when the extension is ramified at p, in order to establish the congru-
ences. We assume for simplicity that the character vk is unramified (otherwise we have
to consider also epsilon factors at primes besides those above p but this will not modify
the main argument as these are always p-adic units) and we pick, with notation as in the
introduction, n = t. Let us pick as the locally constant function e that appear in the congru-
ences the character é := ¢ o Nk, for some finite Z; -valued character of GG -, which we
assume cyclotomic (for example ¢ := 1 or some of the p — 1 order characters factorizing
through the torsion of G, base changed to GG ). Then by the interpolation properties of
the measure we have

Joyg® S S rer (5)) (1= () 20 B0r) wm
KT T — L l , E/ (11— , 1— /
Q,(E)rs pg/ ocaly(pycr, X', 8') (1=t (p)) (1= Pt () \/\DTQ

[Mpes, Localy (9, %, 8') 5)) (0. 99xX)

VIDr] H., R
A.l)
where y runs over the characters of the extension K'/K. Now we note that x = 1
mod (¢, — 1) and, since Gal(K'/K) is a quotient of G, we have that
fGK DX dhpye _ fGK ¢ iy
W(E)Y Q(E)
or equivalently, by [25, page 274, (5.3.5)]

~

mod (¢, — 1) (A2)

T Localy(6xvx, £.6) J] (1 — ddxx(®)(1 — ¢vorex(B)) —mmm il L0 ¢¢KX) _

peS, peS, V | Dp|QE



February 11,2011 10:58 WSPC/INSTRUCTION FILE CongruencesCMrevIV

Congruences of L-values of CM-elliptic curves 43

= pgp Localy (¢35, 5, 6) (1 — oo (p)) (1 — (WK(IS))W mod (¢, — 1).
(A.3)
Taking the product over all x’s we obtain
VIDr| T, (Myes, Localy(0x¥x,5.0)) Jo,, & e (o ¢ o\ 4 (61)
VDl Tlyes;, Localy (9, 3, 0) QB Q(E)I ?
Now we note that
fGK ¢ dpiy : _ fGK P dpiy
( o ) = gm0 (A

as the values of the integrals are in Z,, since we assume that ¢ is cyclotomic. In particular

we have
Ja (;NSd,ulpK, Ja b o verdpy,
= D Diff = 2K d p. A5
a,mw U= g el (4
Our aim is to show that Diff # 1 in general. First we need to understand the factor
\ |Dp/| Hx(HpeEP Localy (px¥x,%,6)) w
ViDrlr Myesy Tocals (3o, 575 and where the quantity (B lies. We start
with the local factors. From Lemma 3.3 we have that
,(/)71(7_(_ ) np (Px)+np ()
Local(6xr,5.0)p = o O)ep (671 o) (VL)) (a6)

and

1 np (@) +np ()
Ve (Tp) > 7 (A7)

Local(¢phre, %, 8")p = c;(é')ep(qg_lﬂ//,dxl) ( N ()

where c(X) the local part of ¥k and dz; is the Haar measure that assigns measure 1 to
the ring of integers of K, (with similar notations for the second expression). Now we note
that (as easily seen from the functional equation and the fact that [ nd? 1 = @, x) we have
that

11 er(é. 0 daly) = T] I er (¢ ¢ das) (A.8)
pex’ X peX
where we follow Tate’s notation as in [29] for the Tamagawa measures dx.,, and dzx,. The
relation between the Tamagawa measure dx,, and the normalized measure dx; of a place
p is given by dxy, = N (p)~"(¥)/2dz; (There is a typo in Tate’s [29] page 17, but see the
same article in page 18 or Lang’s Algebraic Number Theory page 277). That implies
I €60 daty) = [] ep(d 9, day) N (p) e W72 (A9)
pex’ peED’
and

TT 11 er(ox: b dzy) =TT I en(dx. . da)N (p) 072 = T N(p) 7" 72 T [ ep (0,0, dara ).
X

X peES X peES peS
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So we conclude the equation

IT cs(@. 0 dan)N (o) 72 = T N(p) " [[ ep(@x. b dar)  (A10)
X

peX’ pex

or, equivalently,

[yes N(p) /2 -
ep (X, ¥, dx1) = ep (9,9, dxy). (A.11)
H.,H g V= e Nip) 72 pH o )

As we assume that ¥ and X’ are ordinary and, for simplicity, we take the extension to be

. Moes N @D/2 /1D ] ) .
ramified only at p, we have that =22 = £_ . Putting everything together
yatp HpezN(p)pnp(w)ﬂ \/|DF\p g Yy g 1og

we see that the discrepancy factor in the congruences,

\/W % HX (HpeEp LOCG,lp (QSXva Ea 5))

Diff .= = , (A.12)
VD[P HpGE; Local, (¢1hx, %, 6')
is equal to
B (my P8 (G0 ()
pifs = llber, 0 (i) (A.13)
= oty \ " () ‘
1 \(Tp
pes, C;:(‘y)( NP >
Now we claim that the factor
w*l(ﬂ, ) np(¢X)+”p(¢')
I Myes, (“67)
X PEE NG — 1. (A.14)

w1 (my) np (@) +np ()
1 (Tp
Hpé%( If\f(p) )

Indeed we have

_ ny (¢ +n 4 _ n (&)4‘" ('l/)/)
H (¢K}(7Tp)> (@) () _ H (1/1K10NK//K(7TP)> " ? (A1)
= N(p) pex Nk o Nkrjk(p)

For those p’ € X}, that are not ramified we have ny/ (¢') = ny(¢) for p € ¥, the prime

below p’. Similarly n,/ (¢) = ny(dx) = np(¢) for all the x, as these are ramified only at
the primes that ramify in K’/ K. Then we have

_ n ($)+n (7/)/) _ n n
H (le ONK’/K(Wp)> [ 4 _ H <¢K1(7Tp)>p( p (&) +np (¥))

Nk o Ngryk(p) N(p)

peX,, unram. peEX,, unram.

1 np (x@)+np (¥)
- H H <W> ) (A.16)

X pEX,, unram.
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Now we consider the ramified primes. We have

_ np (@) +np () _ np (@) +nyp (¢’
(e N(m) T (W(wp)) i
Nk o Nk (p) N(p)

peX), ram. pex,

(A.17)
For every p’ € E;, that is ramified (totally as we consider a p-order extension), we have
from the conductor-discriminant formula that

an )+ pnp(¥), (A.18)

for the prime p € X, below p’. Moreover, as the conductor-function ny, (-) is additive and
inductive in degree zero, we have that

Ny (@) = ny (Res(¢)) = ny (Res(¢))—np (1) = ny (Res(¢)o1) = ny(Ind(Res(¢))elnd(1)) =

= ny(IndRes($)) — np(Ind(1)) = np(Sxdx) — np(Syx) = an éx) = Y mp(x)

X
(A.19)

Putting all together we conclude our claim. Hence we have that

(x) Pt (my) np (éx)+np (¢)
L pes, 00) (Y467 L es, 670)
Diff = . (A20)
(‘n’ ¢)+”p( ) HPGZ/ C ( )
cp(9) < AL )
peE’ N(p)

Now we observe that

1111 (6 H H (ox¥r)p(0) = ] (@¢x)p (") [[ 20 (6)

X pEZ pezp
= 11 (vx)s pr =[] (6vx),(57), (A21)
peES, peES,

since Hx Xp(6) = 1 because we multiply over all elements of the multiplicative group of
characters of Gal(K'/K) and we know that y # x ! for all x # 1 as these are p-order
characters. Also we have that

H cp(0) = H (¢oNk/ /K )p(Vr oNK /K )p(6') = H (0¥ )p(Nioryxc0'). (A22)

peEX, peX, peX,

In particular, we observe that in general we have that

ITII &) # IT &), (A.23)

X peED, pesy

as Nk (0") # 6P when the extension K'/K is ramified at p. Actually, the two expres-
sions may not even have the same valuation.
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